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For a typical spark ignition engine approximately 40% of available thermal
energy is lost as hot exhaust gas. To improve fuel economy, researchers are
currently evaluating technology which exploits exhaust stream thermal power
by use of thermoelectric generators (TEGs) that operate on the basis of the
Seebeck effect. A 5% improvement in fuel economy, achieved by use of TEG
output power, is a stated objective for light-duty trucks and personal auto-
mobiles. System modeling of thermoelectric (TE) components requires solution
of coupled thermal and electric fluxes through the n and p-type semiconductor
legs, given appropriate thermal boundary conditions at the junctions. Such
applications have large thermal gradients along the semiconductor legs, and
material properties are highly dependent on spatially varying temperature
profiles. In this work, one-dimensional heat flux and temperature variations
across thermoelectric legs were solved by using an iterative numerical
approach to optimize both TE module and TEG designs. Design traits were
investigated by assuming use of skutterudite as a thermoelectric material
with potential for automotive applications in which exhaust gas and heat
exchanger temperatures typically vary from 100�C to over 600�C. Dependence
of leg efficiency, thermal fluxes and electric power generation on leg geometry,
fill fractions, electric current, thermal boundary conditions, etc., were studied
in detail. Optimum leg geometries were computed for a variety of automotive
exhaust conditions.
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INTRODUCTION

Increasing demand for fuel, limited reserves, and
environment concerns serve as motivation to im-
prove the efficiency of energy systems for economical
fuel use and reduction of carbon emissions. For a
typical automotive vehicle, only 33% of the combus-
tion energy provides recoverable mechanical work
spent in delivering piston movement and overcoming
pumping losses; the remaining 67% is lost as waste
heat. Thirty-seven percent of combustion energy is
lost to the engine coolant system and to friction, and
40% (approx. 60% of the waste heat) is dissipated to

the environment via hot exhaust gas (Fig. 1).1

Organic Rankine cycles and thermoelectric generators
(TEG) are two major options for exploiting the energy
available in exhaust gases. TEGs have several
advantages over Rankine cycle generators in that in
a TEG there are no moving parts, they are more
easily packaged, and have fewer noise, vibration, and
harshness issues. TEGs generate power on the basis
of the Seebeck effect, a means of direct conversion of
waste heat into a usable form of electricity which can
meet some vehicle auxiliary power demands and
thereby reduce the load the alternator places on the
engine. The objective has been to achieve a target of
close to 5% improvement in fuel economy for a mid-
sized vehicle by use of TEG output power.2
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The earliest prototypes, dating back to the 1960s,
were largely based on Pb–Te and Ge–Bi–Te-based
alloys.3,4 Leading automobile manufacturers, for
example Porsche,5 Nissan Motors,6 and General
Motors,7,8 have been working on these systems with
exhaust gases and engine coolant as the heat source
and sink, respectively. However, current projected
system efficiencies have been low (typically less
than 5%) and mostly hindered by the temperature
limitations and power-conversion efficiencies of the
thermoelectric materials. Matsubara9,10 reported a
highly efficient thermoelectric stack of TE modules
comprising segmented legs produced from highly
doped CoSb3 and filled skutterudite RM4Sb12
(R = Ce, Yb; M = Co, Fe, Ni, Pt, Pd) and HZ-14
(based on Bi2Te3 from HI-Z Technology), and
achieved 5–10% efficiency depending on engine
operating conditions. The operating temperature
was in the range 350–750�C, and it was suggested
that a thermoelectric figure of merit, ZT, of 1.5–2.0
would be needed to achieve 10% overall efficiency.
ZT is calculated by use of the formula ZT = S2T/qÆj,
where S is the Seebeck coefficient, q the electrical
resistivity, j the thermal conductivity, and T the
absolute temperature.

Several analytical and numerical models11–14

have been used to assess thermoelectric generators,
with different levels of sophistication. Espinosa
et al.15 used Mg2Si/Zn4Sb3 for high temperatures
and Bi2Te3 for low temperatures. This takes into
account the temperature-dependence of properties
along the heat exchanger but not within the legs.
Kumar et al.16–18 used a thermal resistance net-
work-based model to analyze a thermoelectric gen-
erator system for a General Motors prototype
generator designed for the Chevrolet Suburban.
Junction-averaged thermoelectric properties were
used to calculate the Seebeck voltage potential and
electrical power.

Optimization of TEGs requires a comprehensive
approach which addresses each and every compo-
nent of a generator system. Use of property-aver-
aging or a similar technique for thermoelectric
materials is not sufficient to maximize a generator’s
performance. The averaging techniques fail to de-
liver accurate results for thermoelectric modules
under high electric current density conditions.19,20

In addition, these techniques cannot be used for
precise optimization of thermoelectric leg geometry,
as shown in Appendix A. In these methods, the
Thomson coefficient is taken as zero. Also, variation
of material properties along the thermoelectric leg
height are not taken into account. The high cost of
rare-earth elements used in candidate TEM legs is
also a prime variable in system trade-off studies.

To address these issues, in this work we focus on
modeling the thermoelectric components of a TEG
system subjected to conditions characteristic of
automobile exhaust. A numerical model is used to
study the dependence of electrical power generation
on leg height, junction conditions, and area ratio of
n-type to p-type materials.20 The method takes into
account temperature-dependent properties along a
thermoelectric leg. Mesh independence is verified
and the model is used to analyze typical automobiles
exhaust conditions. The thermoelectric material in
this study is limited to multiple filled skutteru-
dites.21,22 These materials have desirable ZT values
at high temperature making them suitable for
applications related to diesel and gasoline engines.
Description of the model in the next section is fol-
lowed by results and conclusions from the study.

NUMERICAL MODELING

The thermal and electrical fluxes through the
thermoelectric legs of a TE couple (one n-type leg
and one p-type leg) were studied by use of the
numerical model of Shih and Hogan.20 A TE module
comprises many such TE couples connected in series
electrically and in parallel thermally. The n and
p-type legs are divided into segments lengthwise, as
shown in Fig. 2. Segment 0 is in contact with the
cold side junction and the Nth segment is in contact
with the hot side junction. TH and TC are hot side
and cold side junction temperatures, I is the electric
current through the thermoelectric legs, and RO is
the load electrical resistance.

Assuming one-dimensional conduction along the
thermoelectric leg, the steady-state energy balance
of a thermoelectric element is reduced to Domeni-
cali’s equation:23

@

@x
jðxÞ

@TðxÞ

@x

� �

¼ �qðxÞJ
2

þ JTðxÞ
@SðxÞ

@x
; (1)

Fig. 1. Energy flow in an internal combustion engine.
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qðxÞ ¼ JTðxÞSðxÞ � jðxÞ
@TðxÞ

@x
; (2)

where j(x) is the thermal conductivity, q(x) is the
electrical resistivity, and S(x) is the Seebeck coeffi-
cient of the thermoelectric materials as they vary
along the leg height dimension x. T(x), q(x) and J are
the temperature, heat flux, and current density flux,
respectively. In Eq. 1, the term on the left is the
Fourier conduction in one dimension, the first term
on the right hand is the Joule heating and the last
term includes both Peltier (rS at a junction) and
Thomson (rS in a thermal gradient) effects. In
Eq. 2, the first term on the right is the entropy
transport term and second term is the thermal
conduction.23 Equation 2 can be substituted in Eq. 1
to derive an equation in terms of heat flux q(x):

dqðxÞ

dx
¼ qðxÞJ2 1þ ZðxÞTðxÞ½ � �

JSðxÞqðxÞ

jðxÞ
; (3)

where Z(x) is the figure of merit, given as:

ZðxÞ ¼
S2ðxÞ

qðxÞjðxÞ
: (4)

Equation 2 can be rearranged to give Eq. 5 as a first
order equation in T(x):

dTðxÞ

dx
¼

1

jðxÞ
JTðxÞSðxÞ � qðxÞ�½ �: (5)

For n-type thermoelectric legs, Eqs. 3 and 5 can
be discretized along the height of the leg as a set of
algebraic equations represented by Eqs. 6 and 7.20

The subscript m denotes the mth TE discrete seg-
ment, where m = 0 and m = N, are the segments
attached to cold side and hot side junctions respec-
tively. A finite difference method is used to dis-

cretize gradient terms by use of the first order
forward difference approximation. The prescribed
hot side junction TN (Nth segment) and cold side
junction T0 (0th segment) temperatures serve as
boundary conditions. Current density flux through
each leg is input to these equations. Because Eqs. 6
and 7 are coupled, they must be solved iteratively to
calculate heat fluxes through each TE leg. The
properties of thermoelectric legs are averaged over a
discrete thermoelectric segment. These calculations
are performed for the n and p-type legs of the TE
couple.

Tmþ1 ¼ Tm þ
dx

jm
JTmSm � qm½ � (6)

qmþ1 ¼ qm þ qmJ
2 1þ ZmTmð Þ �

JSmqm

jm

� �

dx (7)

The leg efficiency is the ratio of the electric power
generated to the thermal power available at the hot
side junction. For the n or p -type leg, this may be
expressed as:20

gn;p ¼

Jn;p

R

L

0

Sn;pðxÞ
dTðxÞ
dx

dxþ Jn;p

R

L

0

qn;pðxÞdx

 !

qhn;p

: (8)

The first term in the numerator is the summation of
Seebeck potentials along the leg height; the second
term is the potential loss because of electric resis-
tance. For a TE couple comprising a single n and
single p-type leg, the efficiency can be expressed as:

gT ¼
gpQhp

þ gnQhn

Qhp
þQhn

¼
gpqhp

Ap þ gnqhn
An

qhp
Ap þ qhn

An

(9)

The mesh independence was first verified by
assuming a skutterudite module with n-type
Ba0.08La0.05Yb0.04Co4Sb12 and p-type DD0.76Fe3.4
Ni0.6Sb12 TE materials (Fig. 3).21,22 The leg effi-
ciencies were calculated by use of Eq. 8 for n and
p-type skutterudite legs at JP = 50.9 A/cm2 and
JN = �37.1 A/cm2, respectively. The cold side tem-
perature Tc was fixed at 100�C for calculations
throughout this study. The junction temperature
difference DT (TH � Tc) was set to 450�C and leg
height (Lx) as 10 mm. The values JP = 50.9 A/cm2

and JN = �37.1 A/cm2 are the optimum current flux
densities for DT = 450�C and Lx = 10 mm, as dis-
cussed below. The respective leg efficiencies were
plotted as a function of increasing number of
discrete segments along leg height (mesh size Nx),
as shown in Fig. 4. It was found that the solutions
varied by less than 0.02% from the finest mesh if a

Fig. 2. Schematic diagram of a thermoelectric couple with the legs
divided into segments lengthwise.
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mesh size of 80 was used. A value of Nx = 500 was
used for the remaining calculations in the paper.

Figure 5 shows the temperature and heat flux
profiles along the TE legs. Because material prop-
erties are functions of temperature, we observe
spatial variations in flux profiles. It should be noted
that temperatures of TE segments must match at
boundary junctions whereas the respective heat
fluxes do not match because input current densities
are different.

Equation 8 was used to calculate leg efficiencies
for different electric current densities. Figure 6
shows there is an optimum current density for each
n or p-type leg, which can be explained by Eq. 8. The
magnitude of the numerator will decrease for lower
current densities; the total potential will also
decrease with higher current density values how-
ever, with increasing electrical resistive potential
loss. Table I summarizes the optimum conditions
for both types of leg with different hot side and cold
side temperature differences; it is worthy of note
that n-type legs are more efficient than their coun-
terpart p-type legs.

THERMOELECTRIC MODULE
OPTIMIZATION

As depicted in Fig. 2, the TE couple consists of
single n and p-type TE legs. At steady-state opera-
tion the electric current is identical through both
legs, so the ratio of cross-sectional area can be rep-
resented as |�JPAP| = |JNAN| = |I|. The analy-
sis below emphasizes the effect of conditions such as
input current density flux, TE leg area ratio (AN/
AP), junction temperature, and leg height on the
efficiency of the thermoelectric module.

First, the dependence of module efficiency on area
ratio was examined. Figure 7 shows the module

Fig. 3. ZT curves for the skutterudites.21,22
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efficiency computed by use of Eq. 9 for different area
ratios (AN/AP) at DT = 450�C and Lx = 10 mm. For
skutterudites, the maximum module efficiency
(11.33%) occurs at an optimum area ratio of 0.8.
Module efficiency (Eq. 9) does not change if the area
ratio (AN/AP) remains constant which also limits JN

for a given value of JP. This implies that proper
sizing of AP can help to achieve maximum module
efficiency. However, the sizing of AP (or AN) will
depend on the magnitudes of the electric current
and thermal energy.

The variation of TEM efficiency with leg height
was studied by fixing the area ratio at 0.8. The re-
sults shown in Figs. 8 and 9 reveal the effect of leg
height on module efficiency for different current
density fluxes and heat fluxes, respectively. An
optimum value exists for both these conditions,
indicating that leg height cannot be independently
optimized without considering local heat transfer
conditions within the TEG. Because most TEG
designs use a flow-path that subjects TE modules to
different temperatures (hottest at inlet and coldest
at outlet of TEG), a truly optimum design will

Table I. Optimum current densities for skutterudites with leg height Lx = 10 mm

DTJunction (�C) gPeak,n Jn (Opt.) (A/cm2) gPeak,p Jp (Opt.) (A/cm2)

450 0.126 50.32 0.104 �37.34
350 0.101 40.53 0.084 �29.83
250 0.074 30.00 0.061 �21.76
150 0.045 18.64 0.036 �13.26
50 0.015 6.42 0.012 �4.42
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require different leg heights or fill fractions
(discussed below) at different points in the gas path,
because of changing heat fluxes during different
duty cycles.

Figures 10 and 11 show variation of module effi-
ciency as a function of hot side inputs (JP, qHP) at
Lx = 10 mm and AN/AP = 0.8 for different junction
temperatures. There is an upper limit for a given DT
across a TE module. The possible maximum module
efficiency decreases with decreasing DT across

junctions. These plots can be used for thermoelectric
module design on the basis of operating conditions
(junction temperatures).

For the skutterudites used here, maximum mod-
ule efficiency (11.35%) occurs at an optimum area
ratio of 0.8 for the specified conditions DT = 450�C
and Lx = 10 mm. The cross-sectional areas of the TE
legs can be varied without affecting module effi-
ciency as long as the ratio AN/AP is constant. For a
given AN/AP and DT, maximum efficiency is attain-
able at different JP or qHP. However, maximum
possible efficiency is limited by DT and decreases
with decreasing thermal gradient across junctions
(DT).

THERMOELECTRIC DESIGN FOR TEG
OPTIMIZATION

As already discussed, thermal energy can be
extracted from exhaust gas for thermoelectric power
generation. Waste heat extraction can be facilitated
by allowing a poorly conducting gas to pass through
a heat-transfer mechanism, for example a heat ex-
changer. Peak exhaust gas temperatures lie in the
range 550–650�C, providing the thermoelectric
modules with a waste heat energy supply of
approximately 10 kW for a mid-sized vehicle.16 The
approach used for thermoelectric design of such
systems has three stages:

1 the average heat flux is calculated for a given TE
module area on the basis of fill fraction;

2 the calculated heat flux is matched to that of a TE
module at a given leg height, DT, and AN/AP; and

3 electric power estimates and volume of TE mate-
rials are subsequently calculated.

Here, two scenarios are considered to assess the
efficacy of thermoelectric design as represented by
Fig. 12. Heat transfer occurs across a heat-
exchanger surface of width 0.5 m and length 0.5 m.
Case 1 represents configurations in which heat
transfer and temperature are uniform at the heat-
exchanger surface in a TEG system. In Case 2, the
heat transfer and temperature profiles at the sur-
face vary along the direction of flow. For ease of
calculation the variation along the flow direction
can be visualized as a series of step decrements
numbering 1–5, as shown in Fig. 12. One step
length is equal to 1/5th of the flow direction length.
A specific percentage of the heat transfer area is
covered by the thermoelectric legs and is repre-
sented by the fill fraction. Ninety percent of the
incident thermal energy is assumed to be conducted
through the thermoelectric legs, thus generating
electrical power. The remaining 10% is assumed to
be lost through the conduction in insulators be-
tween the TE legs and via radiation losses. The
optimum leg area ratio (AN/AP) of 0.8 is taken for all
subsequent calculations. The cold side junction
temperature is approximated as the coolant tem-
perature and kept fixed at 100�C.
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Case 1: Uniform Heat Transfer and
Temperature

In this case, there is a uniform supply of 10 kW
thermal energy through the exhaust gas over
2500 cm2 of heat-transfer surface area which is in
contact with the hot side surface of thermoelectric

modules. For example, after deducting losses and
transfer inefficiencies, the average heat flux over
the surface is 18 W/cm2 for a 20% fill fraction and
varies with different fill fraction values. A uniform
DT = 250�C is assumed across TE hot and cold side
junctions. Calculations for skutterudite TE modules

Fig. 12. Variation of heat transfer (a) and temperature (b) over a heat exchanger surface for Case 1 and Case 2. The linear variation is
approximated as stepwise profile in five steps for Case 2.
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were performed for a range of TE leg heights and fill
fractions. Figure 13 shows the estimated power
generation for given thermal energy and surface
temperature conditions. Figure 14 shows the
volume of TE material required to generate the
power that appears in Fig. 13. The fill fraction in-
creases with leg height to match the surface heat
flux and generate the same amount of electrical
power. This, in turn, increases the volume of TE
material
required. For TE modules with a leg height of
3.75 mm and a fill fraction of 15%, generation of
593.8 W electrical power is predicted; 140.6 cm3 of
skutterudite material over 2500 cm2 heat
exchanger area is required.

Case 2: Different Heat Transfer and
Temperature

This case mimics transfer in a TEG that has a gas
path with successive heat extraction along its
length. The heat transfer and temperature profiles
are equally distributed area-wise in five steps along
the flow direction. Figure 15 shows the electrical
power generated for different leg heights (3–10 mm)
and optimum fill fraction. The optimum fill fraction
along the steps in the flow direction and the total
material volumes required are plotted in Fig. 16.
The electrical power generation capacity of TE
couples decreases substantially along the flow
direction and is less than 10 W for Step 5; this is
indicative of strong dependence of TE efficiency on
junction DT. TE modules with a leg height of
4.5 mm and a fill fraction of 20% for Step1 and 15%
for Steps 2–5 generate electrical power of 758.9 W;
requiring 180.2 cm3 of TE material. However, the
thermoelectric couples in the Step 5 for this config-
uration only generate 3.39 W of electrical power
(Fig. 15).

Table II summarizes the energy distribution and
optimum configurations for both cases. The opti-
mum configuration for Case 2 suggests use of a
variable fill fraction along flow direction.

CONCLUSIONS

A numerical method has been used to calculate
heat transfer and temperature profiles for n and
p-type thermoelectric legs made of filled skutteru-
dite. Leg efficiency was found to be highly depen-
dent on current, junction temperature difference,
and leg height. Leg height, fill fraction, and area
ratio (AN/AP) are important in TEM optimization for
any maximum power generation study. However,
maximum module efficiency is limited by junction
temperatures. An iterative method enables accurate
design of optimum TEMs for waste automotive heat
recovery. Careful selection of leg height and fill
fraction helps achieve maximum electrical power
generation while minimizing material require-
ments. For a fixed heat exchanger surface, and
generation of the same amount of power, longer
thermoelectric legs require higher fill fractions or
larger cross-sectional areas to match the hot side
heat flux. This in turn increases the volume of
skutterudite required. For the automotive applica-
tions considered here (10 kW heat supply over
0.25 m2 of heat exchanger surface), leg heights in
range of 3–5 mm are found to generate the maxi-
mum possible electrical power.
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Fig. 15. Electrical power generation for different leg heights, optimum fill fraction, and AN/AP = 0.8. Steps 1–5 represent each row of TE couples
arranged along the flow direction.
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APPENDIX A: METHOD COMPARISON

The material properties of thermoelectric legs
depend on the temperature. Spatial variation of
the temperature lead to large differences in calcu-
lated properties if averaging principles are used.
The average calculations are performed by use of
Eq. 10:

gT ¼
IðaðTH � TCÞ � IRÞ

aTHI þKðTH � TCÞ � 0:5 I2R
: (10)

In this section, a list of such methods is presented
and the methods are compared with the iterative
method, which has been discussed in detail in pre-
vious sections of this paper. The methods of interest
are given with a brief description:

1 Simple average method: the leg properties are
calculated for the average junction temperature.
i.e. TM = (TH + Tc)/2. For example: an;p ¼

an;p
THþTC

2

� �

.

2 Integral average method:

i Integral average (a): Seebeck coefficients only
are integral averaged over TH and Tc. Other
properties are calculated for the average junc-
tion temperature.

an;p ¼

R TH

TC
an;pdT

TH � TC

(11)

ii Integral average (all): all properties are inte-
gral averaged over the junction temperatures.

The simple averagemethod over-predicts efficiency
values and does not match the iterative method
(Fig. 17). Integral average methods perform better
than the simple averaging method but may not be
suitable for analysis near the optimum point or for
high current values. Simple averagingmethods donot

take into account the Thomson effect at high currents.
The iterative method takes into account variation of
material properties; hence theThomsoneffect is taken
into account for different ranges of input current.
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Table II. Electrical power generation for both cases

Surface
heat transfer

(kW)

Electrical
power
(W)

Efficiency
(%)

Optimum
leg height

(mm)

Optimal fill
fraction

(%)

Volume of
skutterudite

(cm3)

Case 1 10.0 593.8 5.9 3.75 15 140.6
Case 2 10.0 758.9 7.6 4.5 20,15,15,15,15 180.2
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