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Abstract—Joint communication and sensing (JCAS) is an
emerging technology for managing efficiently the scarce radio
frequency (RF) spectrum, and is expected to be a key ingredient
in beyond fifth-generation (5G) networks. We consider a JCAS
system, where the full-duplex radar transceiver and the commu-
nication transmitter are the same device, and pursue orthogonal
frequency-division multiplexing (OFDM) waveform optimization
by jointly minimizing the lower bounds of delay and Doppler
estimation. This is attained by filling the empty subcarriers within
the OFDM frame with optimized samples while reallocating
a proportion of the communication subcarriers’ power, which
essentially controls the fairness between the two functionalities.
Both communication and filled radar subcarriers are used for
radar processing. The optimized sample values are found ana-
lytically, and a computationally feasible algorithm is presented
for this task. We also address how the peak-to-average power
ratio of the waveform can be controlled and minimized along the
optimization process. The results are then numerically evaluated
in 5G New Radio (NR) network context, which indicate a trade-
off between the minimization of the lower bounds. The main-
lobe width and the peak side-lobe level (PSL) of the range and
velocity profiles of the radar image are also analyzed. An inverse
relation between the lower bounds and the PSLs is observed,
while the main-lobe width can be minimized simultaneously. The
trade-off between communication and sensing is investigated,
which indicates that the lower bounds can be improved at the
cost of the communication capacity. Moreover, over-the-air RF
measurements are carried out with unoptimized and optimized
5G NR waveforms at the 28 GHz mm-wave band, to validate
the range profile’s PSL improvement in an outdoor mapping
scenario, depicting considerable performance gain.

Index Terms—5G NR, 6G, JCAS, joint communication and
sensing, joint radar-communication, LTE, multi-functional RF
systems, OFDM, radar, RF convergence.

I. INTRODUCTION

C
OMMUNICATION and radar/sensing systems have

functioned separately and independently from each other

in the past. The former have since then developed con-

siderably, e.g., in the form of fifth-generation (5G) mobile

communication networks [1] while there are already emerging
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research efforts towards the sixth-generation (6G) systems.

With further advances in, e.g., electronics and signal pro-

cessing techniques, the communication and sensing systems

can be potentially co-located [2]. Due to similar operating

frequencies in both systems, their spectra will coincide [3],

resulting in mutual interference and potential performance

degradation [4]–[6]. The major reason for this is that the radar

systems operate at fixed frequencies, which cause the available

dedicated spectrum for communication systems to become

a scarce resource [7]. Radio frequency (RF) convergence

is the umbrella of solutions under which the most novel

methodologies exist to combat this challenge [8], where the

scarce spectrum is utilized to jointly improve the sensing and

communication functionalities. The use of similar hardware

solutions in the two systems, such as phased-arrays, has also

complemented RF convergence. Thus, a joint communication

and sensing (JCAS) system can be pursued [2], [9], with

shared waveform and hardware, and minimal performance

degradation for both functionalities. For further information,

prominent surveys on the topic can be found in [2], [8]–[15]

to name but a few.

There are various application contexts for JCAS re-

search, such as cellular networks [16], [17], joint vehicular-

communication systems [18]–[20] and indoor mapping [21].

In such applications, the transmit (TX) antennas for the two

subsystems are considered to be the same, allowing a single

joint waveform to be used for both subsystems’ tasks. Since

the resources are shared, this will create an inherent trade-

off between the two [22]. In designing and optimizing the

joint waveform, performance metrics of both subsystems are

thus to be taken into consideration. To this end, constrained

optimization can be pursued to maximize or minimize the

chosen metric of one subsystem, while the other subsystem’s

metric is properly constrained [23]. For communications, the

primary metric is the achievable capacity [24]. For sensing,

in turn, various metrics are available, including the signal-to-

interference-plus-noise ratio at the radar receiver (RX) [25],

detection and false alarm probabilities [26], mutual informa-

tion of the RX signal [27], different characteristics of the time-

domain autocorrelation function, e.g., main-lobe width, peak

side-lobe level (PSL) and the integrated side-lobe level [28],

the PSL of the spatial waveform [29], [30], and the Cramer–

Rao lower bounds (CRLBs) of the estimates [31].

Designing a JCAS waveform by minimizing the CRLB

of range estimate is discussed in [32]. In contrast, in this

article we jointly minimize both CRLBs of range and velocity

estimates to design and optimize the joint waveform. Addi-
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tionally, we consider standard-compliance aspects of practical

mobile communication systems where the base station (BS)

is utilized simultaneously for radar purposes while trans-

mitting the downlink data modulated signal. Hence, the BS

simultaneously acts as a joint radar transceiver (TRX) and

communication TX with shared waveform. This is enabled by

the assumed time-division duplexing (TDD) principle of the

network [1] together with the full-duplex capability of the BS

[33], allowing to measure and process the reflections from

targets being illuminated by the TX waveform.

The main application framework in our work is 5G New Ra-

dio (NR) networks and their long-term evolution for enhanced

JCAS support. Hence, stemming from the 5G NR standard

[1], orthogonal frequency-division multiplexing (OFDM) is

assumed as the baseline TX waveform, likely to be important

also in 6G systems. In general, much research has already

been done using the same OFDM waveform for sensing

purposes, see, e.g., [34], [35]. Compared to other possible

JCAS waveforms, e.g., linear frequency-modulated chirp [8]

and cyclic prefixed single carrier [36], OFDM is of particular

importance in mobile radio networks due to its natural support

for multiple-input multiple-output (MIMO) processing and the

resilience to frequency-selective fading through computation-

ally efficient channel equalization methods. It is also helpful

in sensing since it decouples the range and velocity estima-

tion [8], while providing computationally efficient processing

prospects. However, it has also selected drawbacks, e.g., high

side-lobes in the range/velocity profiles, sensitivity to carrier-

frequency offset, and high peak-to-average power ratio (PAPR)

– something that we address along this work as part of the

optimization framework.

In this work, we assume that the OFDM TX frame is

not fully loaded, meaning that there are empty subcarriers

that form the physical basis for the waveform optimization.

Specifically, the empty subcarriers are filled using optimized

frequency-domain samples to allow for improved sensing

performance. Therefore, assuming that the total transmit power

is constrained, some power of the communication subcarriers

is effectively reallocated to these radar subcarriers, that

basically controls the two subsystems’ performance trade-off

(fairness). Further, the amount of power reallocated can be

decided by the BS according to the link budget. Specifically,

the frequency-domain samples at the radar subcarriers are

chosen by solving an optimization problem, such that they

improve the accuracy of the delay and velocity estimation.

We note that the radar subcarriers are transparent to the

communication RX, that can simply discard them in the

frequency domain data detection, and hence the approach does

not influence the communication RX design.

It is also shortly noted that the assumed availability of

empty subcarriers within the 5G NR physical downlink shared

channel (PDSCH) depends on instantaneous network load

and scheduling decisions. Interestingly, however, most of the

mobile applications correspond to bursty data, and thus one

can argue that the PDSCH resources are commonly not fully

utilized. Additionally, other physical signal structures such

as the downlink synchronization signal block (SSB) burst

is standardized such that there are good amount of empty

subcarriers [1] within the applicable OFDM symbols.

The scope and technical contributions of this article can be

finally summarized as follows:

• Adapting CRLB expressions for range and velocity esti-

mates found in existing literature, the solution to the joint

optimization of the two CRLBs is derived analytically

for an OFDM JCAS system to find the optimal radar

subcarrier allocation.

• A computationally efficient algorithm is presented to find

the solution to the joint optimization which provides the

optimal trade-off between the delay and Doppler CRLBs.

• It is shown that the radar subcarriers’ phases do not affect

the joint optimization, hence allowing for further opti-

mization of the TX waveform for PAPR minimization.

• The derived solutions to the optimization problems are

numerically evaluated and validated through simulations

in the timely 5G NR network context.

• We analyze the trade-off between the two subsystems and

show that there is an optimum power allocation which

allows both to function with sufficient performance.

• Finally, 5G NR waveforms with and without optimized

radar subcarriers are used for RF measurements at

28 GHz band to sense and map an outdoor environment,

showcasing the improvement of the range side-lobes in

the radar image.

The rest of the paper is organized as follows. Section

II describes the considered JCAS system model, together

with the signal expressions for both subsystems. Section III

outlines the general optimization problem, and the solution is

derived analytically. A computationally feasible algorithm is

also discussed for calculating the solution efficiently. Section

IV then applies the proposed solutions in 5G NR system

context, while providing a large collection of numerical results

and their analysis. Section V concludes the main ideas of our

research work. Finally, selected CRLB derivations and proofs

are provided in Appendices A and B.

II. SYSTEM MODEL

The considered JCAS system is shown in Fig. 1. The radar

TRX is also a communication TX, which can feature multiple

antenna arrays for TX and RX purposes, especially in case 5G

and beyond networks operating at the mm-wave bands. The

same OFDM waveform is utilized for both communication and

sensing. The TX signal x(t) is reflected from the targets in the

environment and received back at the BS as yr(t), and is used

for detecting the targets. For this, the TX operates in a full-

duplex manner [33]. The received signal at the communication

RX is denoted by yc(t).
The number of OFDM symbols for the whole waveform is

denoted by M , with N denoting the number of active sub-

carriers per each symbol. The number of communication and

radar subcarriers in the whole waveform are given by Nc and

Nr, respectively, with Nc+Nr = NM . Additionally, the active

communication subcarriers are divided into two classes—data

and control—with their total number of subcarriers being Ndata

and Nctrl, respectively, with Ndata + Nctrl = Nc. The time–

frequency indices of the control subcarriers are fixed, while

those of data and radar subcarriers are uniformly distributed.
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Fig. 1. The considered JCAS system model with the radar TRX and the
communication TX, adopting the joint waveform.

We note that both types of subcarriers are used for radar

processing at the radar RX. So, even without any dedicated

radar subcarriers in the waveform, targets can still be detected

with only the communication subcarriers. This will, however,

reduce the potential to improve the sensing performance

with JCAS waveform optimization, as shown in Section IV.

Additionally, the symbols on communication subcarriers are

assumed to be fixed, whereas those on radar subcarriers can

be modified.

The TX downlink signal is then given by

x(t) =
∑

m∈M

p(t− tm)

N

(
∑

n∈Rm

Xr,n,mej2πfn(t−tm) (1)

+
∑

n∈Cm

Xc,n,mej2πfn(t−tm)

)

,

where the two separate inner summations correspond to the

radar and communication subcarriers, respectively, while the

outer summation is over the OFDM symbols. The n and m

indices correspond to the subcarrier and OFDM symbol index,

respectively, with n ∈ [0, ..., N − 1] and m ∈ [0, ...,M − 1].

The variables p(t), Xr,n,m, Xc,n,m, fn and tm denote

the pulse-shaping function, the TX symbol on a radar and

communication subcarrier, frequencies of the subcarriers and

the starting time instants of the OFDM symbols, respectively.

Moreover, Rm and Cm are the radar and communication

subcarrier indices for the mth symbol, with Rm ∪ Cm = N ,

and N = {n|n ∈ [0, . . . , N − 1]}. The set of OFDM symbols

is given by M, with M = {m|m ∈ [0, . . . ,M − 1]}. The

total bandwidth of the signal is fN−1−f0 and the total signal

duration is tM−1+∆tM−1−t0, where ∆tM−1 is the duration

of last OFDM symbol. The frequencies and time instants are

given by fn ∈ {f0, . . . , fN−1} and tm ∈ {t0, . . . , tM−1}.
The instantaneous power for the radar and communication

subcarriers over the whole waveform are

Pr =
∑

m∈M

∑

n∈Rm

Pn,m, Pc =
∑

m∈M

∑

n∈Cm

Pn,m, (2)

where Pn,m = |Xn,m|2 represents the power of either subcar-

rier. Additionally, Pt = Pr + Pc denotes the total TX power.

A. Radar Subsystem

The received signal at the radar RX is given by

yr(t) =

Kr∑

k=1

Ar,kx(t− τr,k)e
j2πfr,D,kt + vr(t), (3)

where Kr, Ar,k, τr,k and fr,D,k are the number of point targets

in the environment, two-way attenuation constant between the

radar TRX and a particular target (from the radar equation),

delay to the target, and Doppler shift of the target, respectively.

The additive white Gaussian noise (AWGN) at the radar RX

vr(t) is normally distributed with zero mean and σ2
r variance.

The reflections from the kth target will be received at the radar

RX with a signal-to-noise ratio (SNR) of

SNRr,k =
Pt|Ar,k|2

σ2
r

. (4)

Substituting (1) to (3) and performing the discrete Fourier

transform (DFT) yields the relation between the TX and RX

frequency-domain symbols Xn,m and Yr,n,m, respectively, as

Yr,n,m =

Kr∑

k=1

Ar,kXn,me−j2πfnτr,kej2πfr,D,ktm + Vr,n,m, (5)

where the frequency-domain noise sample is denoted by

Vr,n,m. This can be simplified for a single target as

Yr,n,m = Xn,me−j2πfnτej2πtmfD

︸ ︷︷ ︸

Sn,m

+Vr,n,m, (6)

showing that the delay and Doppler shift cause RX symbol’s

phase to differ from that of the TX symbol. Furthermore,

the attenuation constant is normalized to unity while noise

variance is scaled accordingly, but we do not introduce new

symbols for Yr,n,m and Vr,n,m in order to keep notation simple.

B. Delay and Doppler-Shift Estimation

Re-writing (6) in matrix form yields

Y = DXB + V, (7)

where Y is the RX symbol matrix with (Y)n,m = Yr,n,m, X is

the TX symbol matrix with (X)n,m = Xn,m and V is the noise

matrix with (V)n,m = Vr,n,m, all of the same size N×M . The

diagonal matrix D is of size N × N with (D)n,n = Dn,n =
e−j2πfnτ . Similar diagonal matrix B is such that (B)m,m =
Bm,m = ej2πtmfD , of size M ×M .

The delay and Doppler shift of the target are then estimated

using maximum likelihood estimation (MLE), given by

θ = [τ, fD]
T , (8)

where θ is the set of parameters. For this, vectorizing (7) yields

y = s + v, (9)

where y = vec(Y), s = vec(DXB) and v = vec(v) are all of

the size NM × 1, and vec(·) is the vector operation. Vector

y is assumed to be normally distributed with mean µ and

covariance Σ, and

µ = E{y− s} = 0, (10)

Σ = E{(y− s)(y− s)H} = σ2
r I, (11)
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where 0, E{·} and I denote the zero vector, the expectation

operation and the identity matrix, respectively.

The likelihood function of y can then be written as

Py (y;θ) =
1

|Σ|πNM
exp

(
−(y− s)HΣ

−1(y− s)
)

=
1

σ2
r π

NM
exp

(

− (y− s)H(y− s)

σ2
r

)

. (12)

Taking the logarithm of (12) yields the log-likelihood function

logPy(y;θ) = − log
(
σ2

r π
NM

)
− (y− s)H(y− s)

σ2
r

. (13)

Removing terms that do not depend on the parameters results

in the simplified log-likelihood function as

logP ′
y(y;θ) = ℜ

(
yHs

)
. (14)

The estimated delay and Doppler shift, given by τ̂ and f̂D,

respectively, are found by maximizing (14) as

max
θ

logP ′
y(y;θ). (15)

Consequently, θ̂ = [τ̂ , f̂D]
T is the vector containing those two

estimated parameters.

When the frequencies and time instants are uniformly

spaced as fn = n∆f and tm = m
∆f

, where ∆f denotes

the frequency spacing, a grid-based method can be used

to estimate the parameters. In this case, the simplified log-

likelihood function in (14) can be re-written as

logP ′
Y(Y;θ) = ℜ

∑

m∈M

∑

n∈N

Ỹr,n,mXn,me−j2πn∆fτe
j2πmfD

∆f ,

(16)

where Ỹr,n,m denotes the conjugate of Yr,n,m. Then, quantizing

the delay and Doppler parameters as

τn′ =
n′

N∆f
, n′ ∈ N , (17)

fDm′ =
m′∆f

M
, m′ ∈M, (18)

and substituting to (16) yields

logP ′
Y(n

′,m′) = ℜ









element m′ in M -length IDFT
︷ ︸︸ ︷

∑

m∈M

(
∑

n∈N

Y ′
r,n,me

−j2πnn′

N

)

︸ ︷︷ ︸

element n′ in N -length DFT

e
j2πmm′

M









,

(19)

where Y ′
r,n,m = Ỹr,n,mXn,m. It is then observed that the

inner and outer sums correspond to the DFT and inverse DFT

(IDFT), respectively. As such, n′
max and m′

max are found as

those values that maximize (19) as

max
n′,m′

logP ′
Y(n

′,m′). (20)

These are substituted back in (17) and (18) to yield the

quantized delay and Doppler variables as

θ̂ =

[
n′

max

N∆f
,
m′

max∆f

M

]T

. (21)

C. Communication Subsystem

The RX signal at the communication RX is given by

yc(t) = hc(t) ∗ x(t) + vc(t), (22)

where ∗, hc(t) and vc(t) denote the convolution, impulse

response of the communication channel and the AWGN noise

at the communication RX with variance σ2
c , respectively, and

hc(t) =

Kc∑

k=1

Ac,kδ(t− τc,k)e
j2πfc,D,kt. (23)

Here, Kc and Ac,k are the number of scatterers in the environ-

ment and the corresponding attenuation constant for the path

between each scatterer and communication RX, τc,k and fc,D,k

are the delay and Doppler shift of each scatterer, and δ(t) is

the Dirac-delta function, respectively. In frequency domain,

this can be written per each communication subcarrier as

Hc,n,m =

Kc∑

k=1

Ac,ke
−j2πfnτc,kej2πfc,D,ktm , (24)

where Hc,n,m is assumed to remain constant for the duration

of each OFDM symbol.

The RX symbols at the communication RX can then be

written as

Yc,n,m = Hc,n,mXc,n,m + Vc,n,m, (25)

where Yc,n,m and Vc,n,m are the RX communication symbol

and the frequency-domain noise sample, respectively. The

capacity of the communication subcarriers is then given as

βc = ∆f
∑

m∈M

∑

n∈Cm

log2

(

1 +
|Hc,n,m|2 E{|Xc,n,m|2}

σ2
c

)

.

(26)

III. OPTIMIZATION OF RADAR SUBCARRIERS

This section discusses the methodology by which the radar

subcarriers are filled with optimized frequency-domain sam-

ples to improve the performance of the JCAS system. The

optimization is performed in two stages: first for the radar

subcarriers’ amplitudes (or powers) and then for their phases.

A. Power Optimization for CRLB Minimization

For the sensing subsystem, the error variances of the esti-

mated parameters in (21) need to be minimized in the ideal

case, but for this, the explicit expressions of them cannot be

found. Instead, the lower bounds for these error variances can

be calculated easily, and are given by their CRLBs as

var{τ̂} ≥ CRLB(τ̂), var{f̂D} ≥ CRLB(f̂D), (27)

where var{·} is the variance, CRLB(τ̂) and CRLB(f̂D) denote

the CRLB of the delay and Doppler estimate, respectively.

The CRLBs can be minimized, presuming that they also

minimize the corresponding practical error variances. Later in

the numerical results, we illustrate that such improvements

are possible. For this, the radar subcarriers within the OFDM

waveform are optimized such that they jointly minimize the

delay and Doppler CRLBs. For the signal model in (6), these
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are derived in Appendix A, and given by (46)–(47b), indicating

that they only depend on the amplitudes of the subcarriers and

not their phases. Table I defines some important parameters

necessary for the rest of the paper, in the order they appear in

the text.

Optimization problem 1. (Joint optimization) The joint

minimization of the delay and Doppler CRLBs aims at finding

min
Pn,m,Rm

CRLB(τ̂) (28a)

subject to

CRLB(f̂D) ≤ φ, (28b)

Pr ≤ Pt − Pc, (28c)

0 ≤ Pn,m ≤ Pmax, n ∈ Rm, ∀m. (28d)

Thus, CRLB(τ̂) is minimized when CRLB(f̂D) is con-

strained to be below φ, where the power allocated to a radar

subcarrier is limited by Pmax. The total radar power is based

on the difference between the TX power and communication

power. Here, we consider that Pt of the BS is known, as well

as Pc. As such, Pr can be found readily, and the optimization

intends to find the optimal powers Pn,m for the individual

radar subcarriers. Although the optimization minimizes the

CRLBs of sensing, the performance of the communication

subsystem can be kept at a satisfactory level by tuning Pc,

which essentially controls the fairness between the two.

To solve this joint optimization problem, due to the very

large search space of the subcarrier indices, optimal radar

subcarrier indices receiving some power according to (28d)

cannot be easily found. As such, a two-step process is applied

for solving the optimization problem. Firstly, it is assumed that

the optimal radar subcarrier indices are known. In that case,

the solution is given by the following theorem.

Theorem 1. In solving Optimization problem 1, there is an

optimal set of radar subcarrier indices of cardinality Nact, out

of which Nact − 1 radar subcarriers are allocated a power of

Pmax, while an additional radar subcarrier with index {K,L}
is allocated remainder power P∆. The delay estimate’s CRLB

at this point is given by

CRLB(τ̂) = φ
NUMc + Pmax

∑

m∈M

∑

n∈Rm,act
t̄2m + t̄2LP∆

DENc + Pmax

∑

m∈M

∑

n∈Rm,act
f̄2
n + f̄2

KP∆
.

(29)

Here

f̄n = fn −
1

N

∑

n∈N

fn, t̄m = tm −
1

M

∑

m∈M

tm,

(30)

NUMc =
∑

m∈M

∑

n∈Cm

t̄2mPn,m, DENc =
∑

m∈M

∑

n∈Cm

f̄2
nPn,m,

(31)

Nact =

⌈
Pt − Pc

Pmax

⌉

, (32)

P∆ = Pt − Pc−Pmax (Nact − 1) , (33)

where ⌈.⌉ is the ceiling operation, and Nact is the number of

activated radar subcarriers needed to satisfy the total radar

TABLE I
OPTIMIZATION PARAMETERS

Parameter Definition

φ Maximum allowable CRLB(f̂D)
Pmax Maximum power for a radar subcarrier

Nact Number of activated radar subcarriers

P∆ Residual power allocated to one activated radar subcarrier

Rm,act Set of subcarrier indices of the activated radar subcarriers

in the mth OFDM symbol

SNRr SNR at the radar RX

MSf Mean square bandwidth

MSt Mean square time

α Communication loading (α = Ndata

MN
· 100%)

∆PSD Power spectral density difference
between a radar and a communication subcarrier

power constraint. Due to the ceiling operation in (32), one

radar subcarrier will receive a lesser power than Pmax, which

is given by P∆. The set of activated radar subcarriers for the

mth OFDM symbol is denoted by Rm,act.

Proof. See Appendix B.

The next step in solving the joint optimization is to find the

set of Nact activated radar subcarriers out of all the possible

radar subcarriers. Since the possible combinations for the

activated radar subcarriers are given by
(
Nr

Nact

)
, the search space

is still huge. To reduce this, optimal radar subcarrier indices

for the separate optimizations of CRLB(τ̂) and CRLB(f̂D) are

utilized to derive the optimal indices for the joint optimization.

These optimization approaches are described next.

Optimization problem 2. (Separate minimization)

(a) min
Pn,m,Rm

CRLB(τ̂) subject to Pr ≤ Pt − Pc, and 0 ≤
Pn,m ≤ Pmax, n ∈ Rm, ∀m,

(b) min
Pn,m,Rm

CRLB(f̂D) subject to Pr ≤ Pt − Pc, and 0 ≤
Pn,m ≤ Pmax, n ∈ Rm, ∀m.

The optimal radar subcarrier indices for the two separate

CRLB optimizations are then given by the following theorem.

Theorem 2. The activated radar subcarrier indices for sepa-

rate minimization of CRLB(τ̂) and CRLB(f̂D) are respectively

given by the edge-most radar subcarriers in frequency domain

and edge-most OFDM symbols in time domain.

Proof. When only one parameter in (8) needs to be estimated,

Fisher information matrix will also have one element, given

by (43) for i = j = 1. For the two estimates, these are given

separately by (45a) and (45c), and the CRLBs are then

CRLB(τ̂)sep =
1

8π2(SNRr)
(34)

· 1
(

DENc + Pmax

∑

m∈M

∑

n∈Rm,act

f̄2
n + f̄2

KP∆

︸ ︷︷ ︸

MSf

)
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Algorithm 1 Joint optimization algorithm

1: Set i = 0
2: Initialize Ract,i to be the edge-most radar subcarriers

3: Set Ract,new,i = ∅

4: while i ≤ Nact do

5: Compute CRLB(τ̂)i and CRLB(f̂D)i
6: Select the activated radar subcarrier having the mini-

mum f̄n, with indices {nmin,mmin}
7: Select the unactivated radar subcarrier having the max-

imum f̄n on the maximum t̄m time instant, with indices

{nmax,mmax}
8: Set Xr,nmax,mmax

= Xr,nmin,mmin

9: Set Xr,nmin,mmin
= 0

10: Ract,i+1 = Ract,i\{nmin,mmin}
11: Ract,new,i+1 = Ract,new,i ∪ {nmax,mmax}
12: i←− i+ 1

and

CRLB(f̂D)sep =
1

8π2(SNRr)
(35)

· 1
(

NUMc + Pmax

∑

m∈M

∑

n∈Rm,act

t̄2m + t̄2LP∆

︸ ︷︷ ︸

MSt

) .

Here, CRLB(τ̂)sep and CRLB(f̂D)sep are the minimum CRLBs

when optimal radar subcarrier indices are used, and to find

these, separate optimizations are performed as in Optimization

problem 2.

From (34), to minimize CRLB(τ̂), MSf should be max-

imized. Hence, the edge-most Nact − 1 radar subcarriers

(maximum f̄2
n) are allocated Pmax, while the N th

act edge-most

radar subcarrier is allocated P∆.

From (35), to minimize CRLB(f̂D), MSt should be maxi-

mized. Hence, all radar subcarriers of the edge-most OFDM

symbols (maximum t̄2m) are allocated Pmax, while also for

some radar subcarriers in the least edge-most OFDM symbol,

depending on Nact. In that OFDM symbol, a single radar

subcarrier is allocated P∆.

Due to the joint estimation, both the CRLBs are degraded

w.r.t. the separate estimations, as observed from (47a) and

(47b). To find the optimal radar subcarrier indices for the joint

optimization, those for the separate delay optimization are then

used as a starting point to reduce the complexity of the search

space. A computationally efficient algorithm for this task is

provided by the following theorem.

Theorem 3. The optimal radar subcarrier indices for the joint

optimization can be efficiently calculated by the Algorithm 1.

Proof. The two CRLBs are inversely related as in (48). Hence

minCRLB(τ̂) =⇒ maxMSf , (36)

minCRLB(f̂D) =⇒ maxMSt. (37)

The minimum CRLB(τ̂) is given by (34), and it represents

the case when MSf is the maximum. This is the starting

point of the algorithm. Let the frequency-domain symbols

on Nmove (≤ Nact) activated radar subcarriers with indices

{n′
a,m

′
a}, a ∈ [1, Nmove] be moved to unactivated radar

subcarriers with indices {na,ma}. The maximum MSf is then

MSf = DENc + Pmax

∑

m∈M

∑

n∈Rm,act

f̄2
n + f̄2

KP∆

+Pmax

Nmove∑

a=2

(

f̄2
na
− f̄2

n′
a

)

+ P∆(f̄
2
n1
− f̄2

n′
1

). (38)

Similarly from (35), the MSt at this point is

MSt = NUMc + Pmax

∑

m∈M

∑

n∈Rm,act

t̄2m + t̄2LP∆

+Pmax

Nmove∑

a=2

(

t̄2ma
− t̄2m′

a

)

+ P∆(t̄
2
m1
− t̄2m′

1

). (39)

For least degradation of MSf , the indices n′
a are chosen

such that they have the least frequencies f̄n′
a

out of all

the activated radar subcarriers, while the indices na are the

next highest frequencies f̄na
, out of all the unactivated radar

subcarriers, ensuring that
(

f̄2
na
− f̄2

n′
a

)

is degraded the least.

Once the subcarrier indices for the activated radar sub-

carriers are found, the next step is to choose the OFDM

symbols for them. Following a similar logic, from (39) it can

be deduced that the indices m′
a should have the least time

instants t̄m′
a

out of all the activated radar subcarriers, while

ma should have the next highest time instants t̄ma
, for the

remaining unactivated radar subcarriers. This ascertains that(

t̄2ma
− t̄2m′

a

)

is maximized as much as possible. This is done

until all Nact radar subcarriers are moved. In the end, this

would generate the waveform with the highest MSt, viz. the

waveform when only Doppler estimation is performed.

For the same number of activated radar subcarriers moved

Nmove, better CRLBs cannot be found than the ones provided

by the algorithm since for any other combination of radar

subcarrier and OFDM symbol indices, either
(

f̄2
na
− f̄2

n′
a

)

or
(

t̄2ma
− t̄2m′

a

)

will be less than the one provided by Algo-

rithm 1, which ensures that the two CRLBs reside on the

Pareto curve. This completes the proof.

The i variable in the algorithm denotes the number of active

radar subcarriers moved from MSf to MSt maximization.

Thus, each CRLB(τ̂)i and CRLB(f̂D)i correspond to the trade-

off between the CRLBs of the two estimates and CRLB(τ̂)0
and CRLB(f̂D)Nact

correspond to the CRLB values when the

waveform is only optimized separately for either optimization.

Once the indices of the activated radar subcarriers are found

(contingent on the indices of the communication subcarriers),

depending on i, their amplitudes are given readily as
√
Pmax

(or P∆). As such, the computational complexity is low for the

amplitude optimization of the activated radar subcarriers.

B. Phase Optimization for PAPR Minimization

Since the CRLBs depend only on the amplitudes, the phases

can be optimized separately to minimize PAPR that is noto-

riously high for default OFDM waveforms [37]. Hence, the
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Algorithm 2 Phase optimization algorithm

1: Set m = 0, u = 0
2: while m ≤M − 1 do

3: while u ≤ U − 1 do

4: Set ζu,m as uniformly distributed random numbers

5: between [0, 1]
6: For n ∈ Rm,act, set Xr,n,m = Pmaxe

j2πζu,n,m

7: Compute the PAPR of the OFDM symbol (40)

8: u←− u+ 1
Set ζopt,m using Optimization problem 3

9: For n ∈ Rm,act, set Xr,n,m = Pmaxe
j2π(ζopt,m)n

10: m←− m+ 1

phases of activated radar subcarriers are optimized to reduce

the PAPR in our work [30], [38]. To reduce the complexity,

phase optimization is done for each OFDM symbol to reduce

that particular symbol’s PAPR, which allows to reduce the

PAPR of the whole waveform.

The PAPR of the mth OFDM symbol is

PAPRxm[a] = 10 log10
max{|xm[a]|2}
E{|xm[a]|2} , (40)

where xm[a] is the sampled sequence of the mth OFDM

symbol’s time-domain waveform, based on x(t) in (1). Here,

a ∈ [0, NIDFT− 1] and NIDFT is the IDFT size for one OFDM

symbol, and max{·} is the maximum operation. The phase

optimization can then be denoted as below.

Optimization problem 3. (Phase optimization of activated

radar subcarriers) We aim to find minζm
PAPRxm[a], where

ζm is the set of phases for the activated radar subcarriers in

the mth OFDM symbol, while ζopt,m denotes the correspond-

ing optimum phases.

To solve Optimization problem 3, selective mapping (SLM)

is used in this article [39]. Thus, U sets of random phases

are chosen for the activated radar subcarriers of each OFDM

symbol. For the mth OFDM symbol, these are given as

Zm = [ζ0,m, . . . , ζU−1,m], u ∈ [0, U − 1], with C{ζu,m} =
C{Rm,act}, where C{·} is the cardinality.

This operation thus produces U possible waveforms for each

OFDM symbol, and these can be given based on (1) as

xu
m(t) =

p(t− tm)

N

(
∑

n∈Cm

Xc,n,mej2πfn(t−tm)

+Pmax

∑

n∈Rm,act

ej2πζu,n,mej2πfn(t−tm)

)

, (41)

where ζu,n,m = (ζu,m)n, and xu
m(t) is the uth time-domain

waveform of the mth OFDM symbol. Since the U sets of

phases are random, the PAPR of each waveform is different,

and one set of phases will produce the minimum PAPR.

These are found by solving Optimization problem 3. This is

repeated for all the OFDM symbols to minimize the PAPR of

the whole TX waveform. This PAPR minimization scheme is

summarized in Algorithm 2.

For Algorithm 2, the search space is massive and an

exhaustive search is infeasible to be performed. Hence, the

Fig. 2. Resource grid showing the distribution of different PRBs of the
considered 5G NR waveform for M = 56 and α = 90%.

solution obtained is suboptimal in comparison to the global

optimum. Additionally, this cannot be performed in a real-

time system, while finding computationally more efficient so-

lutions to facilitate real-time processing is an important future

research topic. However, in this work, we demonstrate the

general prospects of also optimizing the phases of the activated

radar subcarriers for PAPR minimization. Further, any other

method which optimizes the phases of the subcarriers can be

readily applied for PAPR minimization, instead of the SLM

approach used herein, e.g., a modified version of the method

adopted in [40].

IV. NUMERICAL RESULTS

A 5G NR waveform is used for the simulations with param-

eters: M = 560, total bandwidth of 400 MHz, ∆f = 120 kHz

and centered around fc = 28 GHz. For this bandwidth,

the number of physical resource blocks (PRBs) is 264 with

N = 3168 subcarriers [41]. The total duration of the frame is

0.5 ms and the TX power is used at 30 dBm.

The resource grid in frequency domain is depicted in Fig. 2,

for a communication loading α of 90%, with α = Ndata

MN
·100%.

It shows the distribution of different PRBs. The control PRBs

recur for every slot (14 OFDM symbols) and span over three

OFDM symbols, with six PRBs. Within each communication

PRB, there exist two pilot subcarriers. The communication

subcarriers constitute quadrature phase-shift keying symbols,

while the pilots are binary phase-shift keying symbols. Each

OFDM symbol has a fixed number of radar subcarriers.

A. Simulation Results

Figure 3 shows the results for the joint CRLB optimization.

The delay and Doppler values are converted to range and

velocity, with the use of d̂ = cτ̂
2 and v̂ = cf̂D

2fc
, where d̂, v̂ and

c are the range estimate, velocity estimate, and speed of light,

respectively. The power spectral density (PSD) difference

(∆PSD) between a radar and communication subcarrier is

maintained at two values, 3 dB and 1 dB, and these cases

are denoted by Figs. 3(a) and 3(b), respectively.

For the optimized waveform, when α decreases, both

CRLBs also decrease. This is because with decreased α, num-

ber of radar subcarriers increases, and it gives more degrees

of freedom for the optimization. Comparing between the two

figures, reduced CRLBs are observed for the higher ∆PSD.
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Fig. 3. Trade-off between range and velocity root CRLBs for different α and MSf %, for (a) ∆PSD = 3 dB and (b) 1 dB, when activated radar subcarriers
are moved. The grey rectangle in (a) depicts the area corresponding to (b). When α = 2% and unoptimized, that corresponds to the point (0.0438, 0.1119).
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Fig. 5. Comparison between the main-lobe widths and PSLs, for fixed ∆PSD = 3 dB shown in (a) and (b), and for fixed α = 75%, shown in (c) and (d).
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Increasing this value increases the power allocated to a radar

subcarrier (Pmax), and from (32), this will reduce the number

of active radar subcarriers. This allows maximizing either the

MSf or MSt as required. Both figures also show the CRLBs

of the unoptimized waveform, where the radar subcarriers

are empty, and the communication subcarriers use all the

available power. Therefore, reallocating some power from the

communication subcarriers to the radar subcarriers allows to

minimize the CRLBs in comparison with the case when the

total power is allocated to the communication subcarriers.

Since the starting point of Algorithm 1 is the optimized

waveform with maximum MSf , radar power is allocated to

those radar subcarriers at the edges of the spectrum. To

improve MSt, some active radar subcarriers at the edges of the

spectrum can be moved to the edge OFDM symbols, which

in turn decreases MSf . Thus, when MSf % decreases, the

CRLB of range increases, while that of velocity decreases,

which depicts the inherent trade-off between the two CRLBs.

Here, MSf % denotes 100%− i
Nact
· 100% in Algorithm 1.

The effect of optimizing the radar subcarriers’ phases on

the PAPR is shown in Figs. 4(a) and 4(b), for ∆PSD = 3 dB

and 1 dB, and U = 50. Here and in the subsequent figures, the

default 5G waveform without any radar subcarriers is denoted

as unoptimized (black curve). Instead of using pure random

phases as in Algorithm 2, the chosen random phases are

further iterated using the fminunc function of the optimization

toolbox of MATLAB. This was done to lower the required U

than that is needed from pure randomization, but which also

depicts sufficient PAPR improvement. Then, the phases that

give the minimum PAPR are chosen as the optimum phases.

The unoptimized phases cases denote the waveforms where

the locations and amplitudes of activated radar subcarriers are

optimized to minimize the CRLBs, but their phases are not,

being simply uniformly distributed within [0, 2π]. In these

waveforms, when MSf % decreases, the number of activated

radar subcarriers in the edge OFDM symbols increases, while

in the center OFDM symbols, they will be decreased. Con-

sequently, these waveforms will have more power allocated

to the edges of the time-domain signal than for the center.

Although the average power of the time-domain signal remains

the same, this results in the peak power of the edge OFDM

symbols to increase. Thus, these waveforms will then have

higher peak power than that of the default 5G waveform,

whereas the average power is the same for both. This is the

reason for the PAPR to increase in the phase unoptimized cases

compared to the default 5G waveform. The same analogy can

be applied as the reason for the PAPR to increase when MSf %
decreases in both phase unoptimized and optimized cases.

Comparing between the Figs. 4(a) and 4(b), it can be

observed that when ∆PSD increases, the PAPR increases. This

is because when Pmax increases, the number of activated radar

subcarriers in (32) decreases, and hence the peak power of the

time-domain signal increases even more. Further, the PAPR

decreases with the increase of α, due to the reduction of

the activated radar subcarriers in the edge OFDM symbols.

However, phase optimization is observed to reduce the PAPR,

indicating the feasibility of numerically optimizing the phases

of the activated radar subcarriers.
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Fig. 6. The RMSEs of range and velocity for SNRr = −10 dB and ∆PSD =
3 dB, for unoptimized and optimized waveforms.

To evaluate the improved performance in a practical sce-

nario, simulations are performed by placing a point target with

varying velocity at different ranges. Then, the optimized joint

waveform is used as the TX waveform, and the reflected RX

signal is used for target detection. Next, MLE is performed

to estimate the range and relative velocity of the target. The

main-lobe width and PSL of the target in range and velocity

profiles are also then calculated. This is performed for many

iterations to obtain the average performance.

Figure 5(a) depicts the main-lobe widths of the peak cor-

responding to the detected target, in both range and velocity,

for ∆PSD = 3 dB, which are calculated as the null-to-null

distance of the main-lobe peak. The range profile’s main-lobe

width decreases when either α decreases or MSf % increases,

i.e., when more radar subcarriers are available for MSf maxi-

mization, the target can be made narrower in the range domain.

Additionally, the main-lobe width of the optimized waveform

can be lowered compared to that of the unoptimized waveform,

depending on α and MSf %. Similarly for the velocity, having

more radar subcarriers for MSt maximization (lower MSf %),

improves its main-lobe width, while marginally better main-

lobe width can be obtained than that of the corresponding

unoptimized waveform. So, the target can be made narrower

in range or velocity domains by allocating radar subcarriers

for either MSf or MSt maximization.

Figure 5(b) illustrates the PSLs for both range and velocity,

for ∆PSD = 3 dB. The PSL is calculated as the difference

between the main-lobe peak and the next peak within 40
samples, and a higher PSL is thus suitable for target detection.

The range profile’s PSL decreases when either α decreases

(increase of radar power) or MSf % increases (more radar

power for MSf maximization). When either of these happens,

most of the radar power is pushed to the edges of the spectrum,

increasing the ambiguity in range domain. For the velocity

profile, its PSL decreases when MSf % decreases. Hence,

this maximizes MSt by pushing more power towards the

edge OFDM symbols, thereby increasing the ambiguity in

velocity profile. To summarize, allocating radar power to either

the edges of frequency or time increases the ambiguity in

the corresponding range and velocity profiles. However, by

varying MSf % for a given α, either profile’s PSL can be

improved by properly allocating the active radar subcarriers,

outperforming the corresponding unoptimized waveform.
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Fig. 7. Trade-off between communication capacity and two CRLBs for different α and ∆PSD = 3 dB, when Pr −Pc is varied between −10 dB and 10 dB.

Targets in Fig. 9

(a) Mapped outdoor environment

Mixers

VST

RX

TX

(b) Equipment used in the measurement setup

Fig. 8. The outdoor sensing and mapping scenario indicating the targets in the environment, and the hardware measurement setup, which emulates the joint
radar TRX at 27.7 GHz.

(a) Unoptimized waveform (b) Optimized waveform

Fig. 9. The outdoor environment mapped with the unoptimized and the optimized standard compliant 5G NR waveforms at 27.7 GHz, for α = 25% and
∆PSD = 3 dB. Waveform bandwidth is 400 MHz.
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Next, the variation of main-lobe width of both profiles is

analyzed for different ∆PSD values, when α is fixed at 75%,

with the results depicted in Fig. 5(c). The main-lobe widths

in the figure are calculated as null-to-null distance while av-

eraging over different point targets and TX frequency-domain

symbol realizations. This results in somewhat wild variations,

however, a general observation is that for both profiles, when

∆PSD passes some threshold value for a given MSf %, the

main-lobe width decreases, and for certain combinations, they

can be made lower than that of the unoptimized waveform.

Figure 5(d) depicts the variation of PSLs of both profiles

with ∆PSD, for a fixed α = 75%. An increase of ∆PSD is ob-

served to generally decrease the PSLs of both profiles. Doing

that increases Pmax and from (32), the number of active radar

subcarriers is decreased. Since the radar power is fixed due to

fixed α, all that power is distributed among a lesser number

of active radar subcarriers. Hence, more power is pushed to

the edges of either the frequency spectrum or the time-domain

waveform, increasing MSf or MSt, respectively. Following a

similar analogy as for Fig. 5(b), the corresponding PSLs of the

profiles decrease accordingly. By suitably choosing ∆PSD for

a given MSf %, however, allows to increase the PSL behavior

beyond that of the unoptimized waveform.

The root mean square errors (RMSEs) of both range and

velocity estimates are next calculated, and Fig. 6 shows these

results for SNRr = −10 dB. For both estimates, optimized

waveforms have lower RMSEs than those of the correspond-

ing unoptimized waveforms. Moreover, the improvement is

clearly visible for the range estimate. Therefore, optimizing

the waveform based on the theoretical CRLBs also enables to

achieve performance improvement in a practical scenario.

To evaluate communication subsystem’s performance, a

multipath channel is simulated with free-space path loss of

121.4 dB, and RX noise power of −87.1 dBm. The communi-

cation capacity of the communication subcarriers is then calcu-

lated based on (26). Since some power is taken away from the

communication subcarriers to fill the radar subcarriers, there

will be a trade-off between each subsystem’s performance with

the power allocation Pr−Pc. Figures 7(a) and 7(b) depict this

in terms of the communication capacity and the two CRLBs,

when Pr − Pc is varied. Further, the percentages of CRLB

decrease/capacity loss denote the improvement/degradation

w.r.t. the unoptimized cases.

Both figures show that the CRLB improvement reaches a

maximum, decreasing there onward. When Pr −Pc increases,

more power is allocated for the radar subcarriers. Depending

on Pmax, there is a maximum number of active radar subcarri-

ers in the waveform, and once all of them are allocated Pmax,

there will be a residual power of Pt−Pc−Pmax (Nact − 1)−P∆

that is reallocated to the communication subcarriers. As such,

this will reduce the CRLB improvement.

The optimum power allocation Pr − Pc for CRLB im-

provement would thus be at the maximum point of each

curve. Increasing the power allocation beyond that would

be detrimental for both subsystems. Moreover, this power

allocation is less for higher α values. In that case, less number

of radar subcarriers exist, and less radar power is required.

Therefore, these two figures depict the trade-off between the

two subsystems, and depending on α, power allocation can

also be varied for optimum performance.

B. Measurement Results at 28 GHz Band

To observe and illustrate the performance in a practical

measurement-based scenario, the unoptimized and optimized

waveforms are next used to sense and map a real-world

outdoor environment. This section discusses the related mea-

surement setup and the scenario, while also illustrating the

results.

1) Measurement Campaign and the Scenario: Figure 8(a)

depicts the measurement scenario, with static targets high-

lighted (bicycles near some metallic structures). A vector

signal transceiver (VST) of model PXIe-5840 is used for TX

and RX processing at an intermediate frequency of 3.2 GHz.

Two mixers of model N5183B-MXG, operating at 24.5 GHz

are used at both ends of the VST to up/down-convert the sig-

nals to/from the mm-wave frequency of 27.7 GHz. Standard-

compliant 5G NR waveform with 400 MHz channel bandwidth

is utilized, without and with the optimized radar subcarriers.

As the TX and RX antennas, two horn antennas of model

PE9851A-20 are used to emulate the joint radar TRX, with

a 3-dB beamwidth of 17◦ and a gain of 20 dBi. Having

these directional beams emulate phased arrays, and allow to

compensate for the high attenuation evident in the mm-wave

frequencies. These antennas are then mechanically steered

between 5◦ and 85◦ directions with a step size of 2◦. A trolley

is used to mount the two antennas and carry all the equipment.

Two power amplifiers are also used at the TX chain. This setup

is shown in Fig. 8(b).

2) Sensing Results: Since only static targets are sensed, the

waveform with 100% of activated radar subcarriers for MSf is

used as the optimized TX signal, with ∆PSD of 3 dB. Further,

M = 20 OFDM symbols are used, but the other parameters

are the same as used in the simulations. For each angle, range

estimation is performed for the 20 OFDM symbols, and they

are coherently combined to obtain a single range profile. These

are then used to generate the map of the outdoor environment.

Figure 9(a) shows these mapping results for the unoptimized

waveform, with α = 25%, while Fig. 9(b) shows the corre-

sponding results when the waveform is optimized. The targets

in Fig. 8(a) are also circled in Fig. 9(b) for better understanding

and visualization of the environment. Comparing between the

two figures (e.g., highlighted area for 40–80m and 0–30◦), it

is clearly observed that the optimized waveform enables to

considerably minimize range side-lobes in the radar image,

indicating that allocating power for the radar subcarriers has

allowed clearly identifying the detected targets. Additionally,

the overall clutter level is clearly reduced. Therefore, though

the optimization is based on minimizing the theoretical CRLB

of the range estimate, it shows promising results in a practical

scenario as well. More comprehensive measurement results

and assessment are available in our related work in [20].

V. CONCLUSION

This article addressed the OFDM waveform optimization

for 5G–6G JCAS systems. Empty subcarriers within the wave-

form are filled with optimized frequency-domain samples to
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improve the radar subsystem’s performance, by reallocating a

portion of the communication subcarriers’ power. The results

indicate that the CRLBs and RMSEs of range and velocity,

as well as the transmit waveform PAPR can be efficiently

controlled and minimized through the described optimization

approaches. Further, the optimization is shown to narrow the

main-lobe widths of the range and velocity profiles, at the

cost of decreasing their PSLs. However, by properly selecting

the optimization parameters, improved performance is ob-

served when compared with the corresponding unoptimized

waveform. Additionally, the trade-off between the subsystems

indicates that the power allocation can be chosen intelligently

for optimal performance of both subsystems. Finally, over-

the-air RF measurements were performed at 28 GHz, with

both optimized and unoptimized 5G NR waveforms, for an

outdoor environment sensing mapping scenario to demonstrate

the range side-lobe improvement due to the optimization.

APPENDIX A

CRLB EXPRESSIONS FOR THE OFDM SIGNAL MODEL

Here, we derive the expressions for the delay and Doppler

CRLBs, using the Fisher information matrix, for the OFDM

signal model.

When the parameter estimation is considered to be unbiased,
∫
(θ̂ − θ)Py(y;θ)dy = 0, where Py(y;θ) is centered around

the zero vector. Differentiating w.r.t. θ, it can be restated

as E{(θ̂ − θ)
∂ logPy(y;θ)

∂θ

T
} = I. Pre/post-multiplying this

by wT and I−1(θ)w respectively, where w is an arbitrary

vector and I(θ) is the Fisher information matrix, and us-

ing the Cauchy–Schwarz inequality yields (wTI−1(θ)w)2 ≤
wT cov(θ̂)w · wTI−1(θ)I(θ)I−1(θ)w. Simplifying it results

in the matrix cov(θ̂) − I−1(θ) being positive semi-definite,

where cov(θ̂) = E{(θ̂ − θ)(θ̂ − θ)T } denotes the covariance

matrix of the zero-mean estimates.

Additionally, each element of I(θ) is given by I(θ)i,j =

E

(
∂ logPy(y;θ)

∂θi

∂ logPy(y;θ)
∂θj

)

, where i and j are the row and

column numbers of the matrix. Then, CRLBs of delay and

Doppler estimates are given by the diagonal elements of

I−1(θ) as [42]

CRLB(τ̂) =
I(θ)2,2

det{I(θ)} , CRLB(f̂D) =
I(θ)1,1

det{I(θ)} , (42)

where det{·} represents the determinant. Using the definition

of the second derivative and some simplifying analysis steps,

each element of I(θ) can be restated as

I(θ)i,j = −E
{
∂2 logPy(y;θ)

∂θi∂θj

}

. (43)

Substituting Py(y;θ) from (13) and using (10), (43) then

becomes I(θ)i,j =
(

2
σ2

r

)

ℜ
(

∂sH

∂θi

∂s
∂θj

)

. After performing the

two partial differentiations, this can next be written in the form

of

I(θ)i,j =
2

σ2
r

ℜ
(
sHDH

θi
Dθj

s
)
. (44)

Here, Dθ1 = (−j2π)diag(dτ ), in which dτ is of size NM×1,

where the first N elements are [f̄0, f̄N−1], and being repeated

for M times. Similarly, Dθ2 = (j2π)diag(dfD
), in which

dfD
is of size NM × 1 where sets of M elements are the

same, with the starting and ending indices being t̄0 and t̄M−1,

respectively. Mean-shifted frequency and time variables are

used since Py(y;θ) is centered around zero. Elements of the

Fisher information matrix are then

I(θ)1,1 =
8π2

σ2
r

∑

m∈M

∑

n∈N

f̄2
n|Sn,m|2 (45a)

= 8π2(SNRr)
∑

m∈M

∑

n∈N

f̄2
nPn,m = 8π2(SNRr)(MSf ),

I(θ)1,2 = I(θ)2,1 = −8π2(SNRr)
∑

m∈M

∑

n∈N

t̄mf̄nPn,m

(45b)

= −8π2(SNRr)(MSf,t),

I(θ)2,2 = 8π2(SNRr)
∑

m∈M

∑

n∈N

t̄2mPn,m (45c)

= 8π2(SNRr)(MSt),

where
|Sn,m|2

Pt
= Pn,m, and MSf,t is the mean square

bandwidth–time. Using (42), the two CRLBs are given as

CRLB(τ̂) =
1

8π2(SNRr)f(P)
,CRLB(f̂D) =

1

8π2(SNRr)g(P)
,

(46)

where

f(P) = (MSf )−
(MSf,t)

2

(MSt)
(47a)

=
∑

m∈M

∑

n∈N

f̄2
nPn,m −

(∑

m∈M

∑

n∈N t̄mf̄nPn,m

)2

∑

m∈M

∑

n∈N t̄2mPn,m

,

g(P) = (MSt)−
(MSf,t)

2

(MSf )
, (47b)

where the CRLBs are in a similar format as those in [43].

APPENDIX B

PROOF OF THEOREM 1

Here, the solution to Optimization problem 1 is derived.

Substituting for MSf,t from (47a) to (47b) gives
g(P)
f(P) =

MSt

MSf
.

Using this relation in (46) then results in

CRLB(τ̂)

CRLB(f̂D)
=

MSt

MSf

. (48)

Since the right-hand side of this equation denotes an inverse

relation, it can be deduced that the two CRLBs also have

an inverse relationship. Hence, for the minimum value of

CRLB(τ̂) in Optimization problem 1, the value of CRLB(f̂D)
should be maximized. This means that the inequality constraint

in (28b) simplifies into an equality constraint.

Differentiating CRLB(τ̂) in (46) w.r.t. the power of a

general radar subcarrier with indices {k, l} results in

∂CRLB(τ̂)

∂Pk,l

=

( −1
8π2(SNRr)

)

·
( f̄k − t̄l

∑
m∈M

∑
n∈N

t̄mf̄nPn,m∑
m∈M

∑
n∈N

t̄2mPn,m

f(P)

)2

≤ 0. (49)
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We next address the condition for which
∂CRLB(τ̂)

∂Pk,l
= 0.

Specifically, this happens when

f̄k

t̄l
=

∑

m∈M

∑

n∈N t̄mf̄nPn,m
∑

m∈M

∑

n∈N t̄2mPn,m

=
MSf,t

MSt

, (50)

where (45b) and (45c) are used to arrive at
MSf,t

MSt
. This

ratio is fixed for a given waveform and does not necessarily

become exactly equal to f̄k
t̄l

. Even at the extremely unlikely

case where it does, it happens only for one {k, l} pair,

and not for all radar subcarriers. Hence, this means that
∂CRLB(τ̂)

∂Pk,l
< 0, and therefore CRLB(τ̂) always decreases when

a radar subcarrier’s power increases. Hence, the minimum is

found when the power constraint in (28c) is satisfied with

equality: Pr = Pt−Pc. Thus, inequality constraints (28b) and

(28c) simplify into equality constraints.

Based on (48), the relation between the two CRLBs can be

written also using (45a) and (45c) as

CRLB(τ̂) =
(

CRLB(f̂D)
)
∑

m∈M

∑

n∈N t̄2mPn,m
∑

m∈M

∑

n∈N f̄2
nPn,m

=
(

CRLB(f̂D)
)

η(P). (51)

The derivatives of CRLB(f̂D) and η(P) will be necessary for

solving the optimization problem. They are given below by

using (46) and (51) respectively as

∂CRLB(f̂D)

∂Pk,l

=

( −1
8π2(SNRr)

)

·
( t̄l − f̄k

∑
m∈M

∑
n∈N

t̄mf̄nPn,m
∑

m∈M

∑
n∈N

f̄2
nPn,m

g(P)

)2

< 0, (52)

∂η(P)

∂Pk,l

=
t̄2l

∑

m∈M

∑

n∈N f̄2
nPn,m

− f̄2
k

∑

m∈M

∑

n∈N t̄2mPn,m
(∑

m∈M

∑

n∈N f̄2
nPn,m

)2 . (53)

To solve the optimization problem in (28a)–(28d), the

Lagrangian function is used [44], and can be denoted as

Q (P, ζ,β,γ, δ) =
(

CRLB(f̂D)
)

η(P)

+ ζ

(

Pt − Pc −
∑

l∈M

∑

k∈Rl

Pk,l

)

+
∑

l∈M

∑

k∈Rl

βk,l(Pmax − Pk,l)−
∑

l∈M

∑

k∈Rl

γk,lPk,l

+ δ

(

φ− CRLB(f̂D)

)

, (54)

where the objective function CRLB(τ̂) is replaced by(

CRLB(f̂D)
)

η(P) using (51). Here, ζ,β,γ and δ are the

Karush–Kunn–Tucker (KKT) multiplier corresponding to the

total radar power constraint, matrices of KKT multipliers

corresponding to the upper and lower bounds of power for

the individual radar subcarriers and the KKT multiplier corre-

sponding to the CRLB of the Doppler estimate, respectively.

To have an optimal solution, the KKT conditions should be

satisfied, which are given as

∂Q (P, ζ,β,γ, δ)

∂Pk,l

=
(

CRLB(f̂D)
) ∂η(P)

∂Pk,l

+(η(P)− δ)
∂CRLB(f̂D)

∂Pk,l

− ζ − βk,l − γk,l = 0, (55)

βk,l(Pmax − Pk,l) = 0, (56)

γk,lPk,l = 0, (57)

βk,l ≥ 0, (58)

γk,l ≥ 0, (59)
∑

l∈M

∑

k∈Rl

Pk,l = Pt − Pc, (60)

CRLB(f̂D) = φ, (61)

Pk,l ≤ Pmax, (62)

Pk,l ≥ 0. (63)

Defining two sets for the cases when the radar subcarriers

are activated and not activated, respectively, as

Zβ = {{k, l}|βk,l 6= 0}, (64)

Zγ = {{k, l}|γk,l 6= 0}, (65)

where from (56), Zβ is the set of radar subcarriers for which

Pk,l = Pmax (activated), while from (57), Zγ is the set of

radar subcarriers for which Pk,l = 0 (unactivated). Further,

Zβ ∩ Zγ = ∅.

Nact ≥ Nr: In this case, all radar subcarriers are activated

and receive Pmax. If NactPmax > Pt − Pc, the residual power

is reallocated to the communication subcarriers. Some special

cases can also arise, such as when Nact − 1 = Nr, the total

radar power is exactly divided among all the radar subcarriers,

while when Nact = Nr, all but one subcarrier receive Pmax

power, while the remaining power is given to the last. These

are uninteresting cases, and much attention is given to the

cases when the number of activated radar subcarriers is less

when compared with the total radar subcarriers.

Nact < Nr: The expression in (55) needs to be satisfied

for all the k and l values. It is clear that when Zβ = ∅ and

Zγ = ∅, it cannot be satisfied for all the radar subcarriers.

Thus, at least one {k, l} dependent β or γ parameter (either

the radar subcarrier should receive Pmax or zero power) should

exist. Evaluating KKT conditions for all these possible cases

of βk,l and γk,l,

Zβ = ∅,C{Zγ} = Nr: All radar subcarriers are empty and

the radar power constraint is not satisfied.

C{Zβ} = z,C{Zγ} = Nr − z, z ∈ [1, Nact − 1]: z

radar subcarriers are active with Pk,l = Pmax power. Since
∑

l∈M

∑

k∈Rl
Pk,l < Pt−Pc, power constraint is not satisfied.

C{Zβ} = Nact,C{Zγ} = Nr − Nact: The power require-

ment is met exactly (no fractional part due to the division in

(32)), and much attention is given to the next, which represents

a practical situation.

C{Zβ} = Nact−1,C{Zγ} = Nr−Nact: Here Nact−1 radar

subcarriers receive the maximum power, while an additional

radar subcarrier receives a power of PK,L = P∆. This denotes

the feasible solution to this optimization problem and the

function value at this point is given by (29).
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