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1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
THE OPTIMUM AXIAL FLOW TAPER I N  A 

COUNTERCURRENT zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAGAS CENTRIFUGE 

ABSTRACT 

The e f f e c t  of an a x i a l l y  va ry ing  c o u n t e r c u r r e n t  c i r c u l a t i o n  ra te  i n  a gas  

c e n t r i f u g e  on t h e  e f f i c i e n c y  f a c t o r s ,  eI ,  t h e  i d e a l i t y  e f f i c i e n c y ,  an< 
t h e  c i r c u l a t i o n  e f f i c i e n c y ,  is i n v e s t i g a t e d  and compared wi th  t h e  case i n  

which t h e  c o u n t e r c u r r e n t  c i r c u l a t i o n  ra te  is c o n s t a n t  th roughout  t h e  cen- 

t r i f u g e .  The optimum v a r i a t i o n  o f  t h e  c e n t r i f u g e  parameter  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm, which i s  a 

measure of t h e  c o u n t e r c u r r e n t  c i r c u l a t i o n  ra te ,  as a f u n c t i o n  of a x i a l  

p o s i t i o n  i n  t h e  c e n t r i f u g e  i s  determined.  

c o u n t e r c u r r e n t  c i r c u l a t i o n  ra te  h a s  i t s  optimum v a l u e  a t  eve ry  a x i a l  p o s i -  

t i o n  i n  t h e  c e n t r i f u g e ,  t h e  p roduc t  of t h e  e f f i c i e n c y  f a c t o r s ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAXec, can 

exceed 81 p e r  c e n t ,  t h e  nominal upper  l i m i t  o f  t h e  va lue  o f  t h e  p roduc t  o f  

t h e  e f f i c i e n c y  f a c t o r s  f o r  a c o n s t a n t  c o u n t e r c u r r e n t  c i r c u l a t i o n  r a t e ,  and 

can be q u i t e  c l o s e  t o  u n i t y .  

based  on a c e n t r i f u g e  p r e v i o u s l y  d e s c r i b e d  i n  t h e  l i t e r a t u r e .  

ec, 

It i s  shown t h a t  when t h e  

T h i s  i s  i l l u s t r a t e d  by numer ica l  examples 
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INTRODUCTION 

I t  has  p r e v i o u s l y  been shown t h a t  t h e  s e p a r a t i v e  work produced p e r  u n i t  

t i m e  by a c o u n t e r c u r r e n t  gas  c e n t r i f u g e  used f o r  i s o t o p e  s e p a r a t i o n ,  

denoted by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6U, can be expres sed  by an  equa t ion  of  t h e  form 

where e1 i s  t h e  i d e a l i t y  e f f i c i e n c y ,  ec i s  t h e  c i r c u l a t i o n  e f f i c i e n c y ,  

e F  i s  t h e  flow p r o f i l e  e f f i c i e n c y ,  and Gumax i s  t h e  maxiumum t h e o r e t i c a l  

s e p a r a t i v e  c a p a c i t y  o f  t h e  gas c e n t r i f u g e .  The b a s i s  €or t h i s  fo rmula t ion  

of t h e  s e p a r a t i v e  work e q u a t i o n ,  a long  wi th  t h e  d e f i n i t i o n  of  GUmax, can 
be found i n  t h e  appendices  t o  t h i s  r e p o r t .  It has  a l s o  p r e v i o u s l y  been 

shown t h a t  when t h e  c o u n t e r c u r r e n t  f low p r o f i l e  and t h e  c o u n t e r c u r r e n t  

c i r c u l a t i o n  r a t e  are a x i a l l y  i n v a r i a n t ,  t h a t  i s ,  t h e  same a t  a l l  a x i a l  

p o s i t i o n s  throughout  t h e  c e n t r i f u g e  ( t h e  case which'has been c a l l e d  pure  

a x i a l  f low by some and non-decaying a x i a l  f low by o t h e r s ) ,  t h e  c i r c u l a t i o n  

e f f i c i e n c y  i s  given by 

and t h e  i d e a l i t y  e f f i c i e n c y ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAeI, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAhas a maximum v a l u e  of about 81 per c e n t .  

The d e f i n i t i o n  of  t h e  c e n t r i f u g e  parameter m, which i s  a measure of the, 

c o u n t e r c u r r e n t  c i r c u l a t i o n  ra te ,  can be found i n  Appendix I which c o n t a i n s  

a review o f  t h e  Onsager-Cohen fo rmula t ion  of t h e  g r a d i e n t  equa t ion  f o r  t h e  

c o u n t e r c u r r e n t  gas  c e n t r i f u g e .  

I n  t h i s  work t h e  e f f e c t  of an a x i a l l y  va ry ing  c o u n t e r c u r r e n t  c i r c u l a t i o n  

ra te  i n  t h e  gas  c e n t r i f u g e ,  t h a t  i s ,  of an a x i a l l y  va ry ing  m-value, on t h e  

e f f i c i e n c y  f a c t o r s  e1 and eC is  i n v e s t i g a t e d  and t h e  optimum r e l a t i o n s h i p  

f o r  m as a f u n c t i o n  o f  ax ia l  p o s i t i o n  i n  t h e  c e n t r i f u g e  i s  determined.  I t  

i s  shown t h a t  when t h e  c o u n t e r c u r r e n t  c i r c u l a t i o n  ra te  has  i t s  optimum 

va lue  a t  every  a x i a l  p o s i t i o n  i n  t h e  c e n t r i f u g e ,  t h e  p roduc t  o f  t h e  e f f i -  

c i ency  f a c t o r s ,  e I X e C ,  can exceed 81 per c e n t  and can be q u i t e  c l o s e  t o  

u n i t y .  Th i s  i s  i l l u s t r a t e d  by numer ica l  examples based  on c e n t r i f u g e s  

whose p h y s i c a l  c h a r a c t e r i s t i c s  are t aken  from t h e  l i t e r a t u r e .  

For comple teness ,  t h e  performance of  c e n t r i f u g e s  i n  which t h e  magnitude 

of t h e  c o u n t e r c u r r e n t  c i r c u l a t i o n  i s  a x i a l l y  i n v a r i a n t  i s  reviewed and it 

i s  shown how t h e  v a l u e  of m which maximizes t h e  s e p a r a t i v e  work produced 

by t h e  c e n t r i f u g e  p e r  u n i t  t i m e  can be determined.  The d e t a i l s  are worked 

o u t  f o r  two cases: i n  t h e  f i r s t  case t h e  q u a n t i t y  x(1-x)  which appears  i n  

t h e  g r a d i e n t  equa t ion  i s  t r e a t e d  as i f  it w e r e  c o n s t a n t ,  i n  t h e  second 

case, c a l l e d  t h e  d i l u t e  approximat ion ,  t h e  q u a n t i t y  x(1-x)  i s  r ep laced  i n  

t h e  g r a d i e n t  equa t ion  by x a lone .  I n  t h e  f i r s t  case t h e  a n a l y s i s  i s  s i m -  
p l i f i e d  apprec i ab ly  and some u s e f u l  i n s i g h t  r ega rd ing  c e n t r i f u g e  perform- 

ance ga ined;  t h e  second case  is  of  more p r a c t i c a l  i n t e r e s t  i n  uranium 

i s o t o p e  s e p a r a t i o n  problems. 



3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
THEORY DEVELOPMENT 

When tlie produc t  withdrawal  r a t e ,  P ,  and t h e  waste withdrawal  r a t e ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAW, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof 

a c o u n t e r c u r r e n t  g a s  c e n t r i f u g e  are bo th  s m a l l  w i t h  r e s p e c t  t o  t h e  nagni-  

t ude  of  t h e  c o u n t e r c u r r e n t  c i r c u l a t i o n  r a t e ,  L ,  t h e  s e p a r a t i v e  performance 

of t h e  gas  c e n t r i f u g e  i s  s a t i s f a c t o r i l y  d e s c r i b e d  by t h e  s t a n d a r d  Onsager- 

Cohen fo rmula t ion  o f  t h e  g r a d i e n t  equa t ion .  The g r a d i e n t  e q u a t i o n  f o r  t h e  

e n r i c h i n g  s e c t i o n  o f  a g a s  c e n t r i f u g e  ( t h a t  i s ,  f o r  t h a t  p a r t  o f  t h e  cen- 

t r i f u g e  which l i e s  between t h e  feed  p o i n t  and t h e  p roduc t  wi thdrawal  p o i n t )  

can t h e r e f o r e  be w r i t t e n  i n  t h e  form 

P(yp  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- x )  

mL0 

m2 + 1 

2m 

The d e r i v a t i o n  o f  t h i s  e q u a t i o n  i s  p r e s e n t e d  i n  Appendix I a long  w i t h  an 

e x p l a n a t i o n  o f  t h e  n o t a t i o n  used. Fur thermore ,  when t h e  p roduc t  wi thdrawal  

ra te  i s  s m a l l  w i t h  r e s p e c t  t o  t h e  magnitude of  t h e  c o u n t e r c u r r e n t  c i r c u l a -  

t i o n  r a t e ,  t h e  s e p a r a t i v e  work produced per u n i t  t i m e  by a c y l i n d r i c a l  

volume e lement  of  t h e  c e n t r i f u g e  o f  l e n g t h  dz  and c r o s s  s e c t i o n a l  area 

equa l  t o  t h a t  o f  t h e  c e n t r i f u g e ,  l o c a t e d  i n  t h e  e n r i c h i n g  s e c t i o n  o f  t h e  

c e n t r i f u g e ,  i s  given  by 

where v " ( x )  deno tes  t h e  second d e r i v a t i v e  of t h e  v a l u e  f u n c t i o n  o f  t h e  

c o n c e n t r a t i o n  x .  

Combining t h e  t w o  preced ing  e q u a t i o n s  by s u b s t i t u t i n g  t h e  expres s ion  f o r  

dx/dz o b t a i n e d  from e q u a t i o n  (1) i n t o  equa t ion  ( 2 ) ,  one o b t a i n s  t h e  fol low- 

i n g  e x p r e s s i o n  f o r  t h e  s e p a r a t i v e  work produced per u n i t  t i m e  p e r  u n i t  

l e n g t h  of c e n t r i f u g e  i n  t h e  e n r i c h i n g  s e c t i o n  

The va lue  o f  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm which maximizes t h e  s e p a r a t i v e  work produced p e r  u n i t  t i m e  

p e r  u n i t  l e n g t h  o f  c e n t r i f u g e  may now be found by s e t t i n g  t h e  d e r i v a t i v e  

o f  d(GU)/dz w i t h  r e s p e c t  t o  m e q u a l  t o  ze ro .  T h i s  procedure  l e a d s  t o  t h e  

fo l lowing  e x p r e s s i o n  f o r  t h e  optimum v a l u e  of  m i n  t h e  e n r i c h i n g  s e c t i o n  

as a f u n c t i o n  of t h e  local  c o n c e n t r a t i o n  x and hence as an  i m p l i c i t  func- 

t i o n  of  a x i a l  p o s i t i o n  i n  t h e  c e n t r i f u g e  

where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAM deno tes  t h e  local  optimum v a l u e  of t h e  c e n t r i f u g e  parameter  m. 
For convenience ,  l e t  $ E ( x ) ,  a f u n c t i o n  of t h e  local  c o n c e n t r a t i o n  i n  t h e  

e n r i c h i n g  s e c t i o n  of  t h e  c e n t r i f u g e  and hence a f u n c t i o n  of a x i a l  p o s i t i o n ,  

be d e f i n e d  by 
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I t  should  be e v i d e n t  t h a t  $ E ( ~ )  i s  e q u a l  t o  z e r o  a t  t h e  t o p  of t h e  e n r i c h -  

i n g  s e c t i o n  where x i s  e q u a l  t o  yp and,  assuming t h a t  t h e  c e n t r i f u q e  param- 

e ters  $ and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBALO are c o n s t a n t ,  i n c r e a s e s  monotonica l ly  as t h e  f eed  p o i n t ,  

t h a t  i s ,  as t h e  bottom o f  t h e  e n r i c h i n g  s e c t i o n  i s  approached. Equat ion 

( 4 )  can now be r e w r i t t e n  i n  t h e  form 

o r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr 

from which, s i n c e  by d e f i n i t i o n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAM must be g r e a t e r  t han  z e r o ,  it fo l lows  

t h a t  

With t h e  d e f i n i t i o n  of t h e  f u n c t i o n  g iven  by equa t ion  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 5 ) ,  t h e  g r a d i e n t  

e q u a t i o n ,  equa t ion  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(1) , can be r e w r i t t e n  i n  t h e  form 

_ -  dx 2$x( l -x)  m - $E 
dz zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS O  m 2 + 1  

- 

which, when m h a s  i t s  optimum va lue  a t  every  a x i a l  p o s i t i o n  i n  t h e  e n r i c h -  

i n g  s e c t i o n ,  reduces  t o  

Thus, from t h e  combination of e q u a t i o n s  ( 7 )  a.nd ( 9 )  and t h e  d e f i n i t i o n  of 

$ E ( ~ ) ,  one can o b t a i n  e x p r e s s i o n s  f o r  x and $ E ,  and t h e r e f o r e  f o r  M, as a 
f u n c t i o n  of  t h e  a x i a l  p o s i t i o n  i n  t h e  e n r i c h i n g  s e c t i o n  of  t h e  c e n t r i f u g e .  

S i m i l a r  e q u a t i o n s  v a l i d  f o r  t h e  s t r i p p i n g  s e c t i o n  of t h e  c e n t r i f u g e  ( t h a t  

i s ,  f o r  t h a t  p a r t  o f  t h e  c e n t r i f u g e  which l i e s  between t h e  f eed  p o i n t  and 

t h e  waste  withdrawal  p o i n t )  can be ob ta ined  by r e p l a c i n g  t h e  q u a n t i t i e s  P 

and Pyp where t h e y  occur  i n  t h e  p reced ing  e q u a t i o n s  by -W and -WXW, 

r e s p e c t i v e l y .  

gas  c e n t r i f u g e ,  t h e  c o u n t e r p a r t  of equa t ion  (1) , i s  w r i t t e n  

Thus t h e  g r a d i e n t  equa t ion  f o r  t h e  s t r i p p i n g  s e c t i o n  of  a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
m2 + 1 dx w ( x  - xw) so- = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAqJx(1-x) - 

2m dz mL0 
(10) 

If one d e f i n e s  $ s ( x ) ,  a f u n c t i o n  of t h e  l o c a l  c o n c e n t r a t i o n  i n  t h e  s t r i p -  

p ing  s e c t i o n  of  t h e  c e n t r i f u g e  and hence a f u n c t i o n  of a x i a l  p o s i t i o n ,  by 

it fo l lows  t h a t  e q u a t i o n s  ( 6 )  through (3 )  , wi th  $E rep laced  by 4s, a r e  also 

v a l i d  f o r  t h e  s t r i p p i n g  s e c t i o n  of t h e  c e n t r i f u g e .  
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When m has i t s  optimum va lue  a t  every  a x i a l  p o s i t i o n  i n  t he  c e n t r i f u g e ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

' t h e  equa t ion  f o r  t h e  s e p a r a t i v e  work produced per u n i t  t i m e  p e r  u n i t  l eng th  

of c e n t r i f u g e ,  equa t ion  ( 3 )  , reduces t o  

o r ,  more s imply,  t o  

(13)  
d ( 6 U )  M2 - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 Lo$2 - -  

dz - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAM2 2so zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI 

s i n c e  t he  q u a n t i t y  i n  b r a c k e t s  i n  equa t ion  ( 1 2 )  i s  by v i r t u e  of t he  def in i -  

t i o n  of  t h e  v a l u e  func t ion  e q u a l  t o  u n i t y .  Equat ion (13)  can be compared 

wi th  

where $ i s  e q u a l  t o  $E i n  t h e  e n r i c h i n g  s e c t i o n  and + i s  e q u a l  t o  4s i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAthc 
s t r i p p i n g  s e c t i o n ,  which g i v e s  t h e  s e p a r a t i v e  work produced per u n i t  t i m e  

per u n i t  l e n g t h  o f  c e n t r i f u g e  f o r  t h e  case i n  which m has  any a r b i t r a r y  

va lue  whatever.  S ince  t h e  q u a n t i t y ,  L o $ ~ / ( ~ S O )  , i s  t h e  maximum s e p a r a t i v e  

work, a d j u s t e d  f o r  t h e  c o u n t e r c u r r e n t  f low p r o f i l e  e f f i c i e n c y ,  t h a t  can be 

produced p e r  u n i t  t ime per u n i t  l e n g t h  of  c e n t r i f u g e  (which is shown t o  be 

t r u e  i n  Appendix 111, t h e  c o e f f i c i e n c t s  of  t h i s  q u a n t i t y  i n  e q u a t i o n s  (13)  

and (14)  can be regarded  as t he  l o c a l  v a l u e s  of t h e  produc t  of t h e  i d e a l i t y  

e f f i c i e n c y  and t h e  c i r c u l a t i o n  e f f i c i e n c y ,  e1 Xec. From t h e  i n t e g r a t i o n  

of t h e s e  e q u a t i o n s  over  t he  l e n g t h  o f  t h e  c e n t r i f u g e  one can o b t a i n  the  

o v e r a l l  e f f e c t i v e  o r  average  va lues  o f  t h e  e f f i c i e n c y  f a c t o r s  f o r  t h e  cen- 

t r i  fuge 

ILLUSTRATIVE APPLICATIONS 

A. THE APPROXIMATION: X ( 1 - X )  = 4 

W e  c o n s i d e r  h e r e  t h e  case o f  a c e n t r i f u g e  i n  which t h e  a x i a l  end-to-end 

enrichment  is s u f f i c i e n t l y  small t h a t  t h e  q u a n t i t y ,  x(1-x)  , can be t reated 

as a c o n s t a n t ,  and w e  denote  t h i s  c o n s t a n t  va lue  of x(1-x)  by q. T h i s  

approximation s i m p l i f i e s  t h e  a n a l y s i s  cons ide rab ly  and p rov ides  some 

i n s i g h t  r ega rd ing  t h e  f u n c t i o n  M, i t s  v a r i a t i o n  wi th  a x i a l  p o s i t i o n ,  and 

i t s  e f f e c t  upon t h e  e f f i c i e n c y  f a c t o r s  o f  t h e  c e n t r i f u g e .  I n  t h e  n e x t  

s e c t i o n ,  Sec t ion  B, w e  c o n s i d e r  t h e  more r ea l i s t i c  d i l u t e  approximation.  

Under the  assumption t h a t  t h e  q u a n t i t y ,  x ( 1 - x ) ,  i s  e q u a l  t o  a c o n s t a n t ,  q ,  
t h e  d e f i n i t i o n  of  t h e  ' f unc t ion  $ E ( ~ )  , given  by equa t ion  ( 5 )  , can be 

r e w r i t t e n  i n  the  form 

P 
where p E - . 

LO 
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D i f f e r e n t i a t i n g  $ E ( x )  w i t h  respect t o  z ,  t h e  a x i a l  c o o r d i n a t e ,  assuming 

t h a t  t h e  c e n t r i f u g e  pa rame te r s  Lo and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA$ are independent  of  a x i a l  p o s i t i o n ,  

one o b t a i n s  

The g r a d i e n t  equa t ion  for  t h e  case i n  which m h a s  i t s  optimum va lue  a t  

eve ry  a x i a l  p o s i t i o n ,  e q u a t i o n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(91, can now also be r e w r i t t e n  i n  t h e  form 

The combinat ion of  e q u a t i o n s  ( A . 2 )  and ( A . 3 ) ,  accomplished by s u b s t i t u t i n g  

t h e  above expres s ion  for  dx/dz i n t o  e q u a t i o n  ( A . 2 ) ,  y i e l d s  

Changing t h e  dependent variable i n  t h e  above equa t ion  from $E t o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAM by means 

of  equa t ion  ( 6 )  and changing t h e  independent  v a r i a b l e  from z t o  s ,  where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs,  
which is  d e f i n e d  i n  t h e  e n r i c h i n g  s e c t i o n  by ( Z - z ) / S o  and i n  t h e  s t r i p p i n g  
s e c t i o n  by z / S o ,  i s  t h e  a x i a l  d i s t a n c e  from t h e  end of t h e  Cen t r i fuge  t o  

t h e  p o i n t  under c o n s i d e r a t i o n  measured i n  m u l t i p l e s  o f  t h e  m i n i m u m  s t a g e  

l e n g t h  S O ,  one o b t a i n s  

M - 2p - dM 

ds M 2 + 1  e 

_ -  (A.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 )  

I n t e g r a t i o n  o f  e q u a t i o n  ( A . 5 ) ,  assuming t h a t  t h e  c e n t r i f u g e  pa rame te r s  $, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
LO, and So,  are c o n s t a n t  th roughout  t h e  c e n t r i f u g e ,  y i e l d s  

M2 + 2 l n M  = 4ps + c , ( A . 6 )  

and e v a l u a t i n g  t h e  c o n s t a n t  of i n t e g r a t i o n ,  C ,  from t h e  boundary c o n d i t i o n  

a t  t h e  end  of  t h e  c e n t r i f u g e ,  M i s  e q u a l  t o  u n i t y  when s i s  e q u a l  t o  z e r o  

(which fo l lows  from e q u a t i o n  ( 7 ) ,  s i n c e  $ E ( x )  i s  e q u a l  t o  z e r o  a t  t h e  end 

of t h e  c e n t r i f u g e ) ,  one o b t a i n s  t h e  fo l lowing  e x p r e s s i o n  f o r  t h e  optimum 

va lue  of m as a f u n c t i o n  o f  a x i a l  p o s i t i o n  

M2 + 2 l n M  = 4 p s + 1  . (A.  7 )  

A s  d e r i v e d  and w r i t t e n ,  w i th  p e q u a l  t o  P/Lo and s t h e  d i s t a n c e  from t h e  

top of t h e  e n r i c h i n g  sect ion t o  t h e  p o i n t  under  c o n s i d e r a t i o n  measured i n  

minimum s t a g e  l e n g t h s ,  e q u a t i o n  ( A . 7 )  a p p l i e s  t o  t h e  e n r i c h i n g  s e c t i o n  of 

t h e  c e n t r i f u g e ;  however, w i t h  minor m o d i f i c a t i o n  it can also be a p p l i e d  t o  

t h e  s t r i p p i n g  s e c t i o n  of t h e  c e n t r i f u g e .  I t  i s  necessa ry  o n l y  t o  r e p l a c e  

p by w ,  where w i s  d e f i n e d  as t h e  waste withdrawal  ra te  W d i v i d e d  by LO,  
and t o  i n t e r p r e t  s as t h e  d i s t a n c e  from t h e  bottom o f  t h e  s t r i p p i n g  sec- 
t i o n  t o  t h e  p o i n t  under  c o n s i d e r a t i o n  measured i n  m i n i m u m  s t a g e  l e n g t h s .  

The optimum va lue  o f  m as a f u n c t i o n  of a x i a l  p o s i t i o n  i n  t h e  s t r i p p i n g  

s e c t i o n  i s  t h e r e f o r e  g iven  by 
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M2 + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2LnM = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 w s + 1  , 

where w i s  equa l  t o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAW/Lo. 

The optimum va lue  o f  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm i s  shown as a f u n c t i o n  of  a x i a l  p o s i t i o n  i n  e i t h e r  

t h e  e n r i c h i n g  s e c t i o n  o r  t h e  s t r i p p i n g  s e c t i o n  i n  F igu re  A . l ;  it i n c r e a s e s  

monotonica l ly  from i t s  minimum v a l u e  o f  u n i t y  a t  e i t h e r  end o f  t h e  c e n t r i -  

fuge as t h e  d i s t a n c e  from t h e  end of  t h e  c e n t r i f u g e  i n c r e a s e s  u n t i l  t h e  

f eed  p o i n t  of  t h e  c e n t r i f u g e  i s  reached.  It fo l lows  from e q u a t i o n  ( A . 7 )  

f o r  t h e  e n r i c h i n g  s e c t i o n  and i t s  c o u n t e r p a r t ,  e q u a t i o n  ( A . 8 ) ,  f o r  t h e  

s t r i p p i n g  s e c t i o n ,  t h a t  f o r  M t o  be cont inuous  a t  t h e  f e e d  p o i n t  of t h e  

c e n t r i f u g e ,  PSE must e q u a l  wSs, where SE is  t h e  l e n g t h  o f  t h e  e n r i c h i n g  

s e c t i o n  and S s  i s  t h e  l e n g t h  of  t h e  s t r i p p i n g  s e c t i o n ,  bo th  expres sed  as 

m u l t i p l e s  o f  t h e  minimum s t a g e  l e n g t h ,  S O .  I t  can a l s o  be shown from t h e  

fo rego ing  e q u a t i o n s  t h a t  when M i s  cont inuous  a t  t h e  f e e d  p o i n t  o f  t h e  cen- 

t r i f u g e ,  t h e  f eed  c o n c e n t r a t i o n ,  xFI  matches t h e  c o n c e n t r a t i o n  i n  t h e  cen- 

t r i f u g e  a t  t h e  f e e d  p o i n t  and no mixing l o s s e s  are i n c u r r e d .  

The ra te  of  separative work p roduc t ion  p e r  u n i t  l e n g t h  o f  c e n t r i f u g e  when 

m h a s  i t s  optimum va lue  a t  eve ry  a x i a l  p o s i t i o n ,  g iven  by equa t ion  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(131, 
can be w r i t t e n  wi th  s as t h e  independent  variable i n  t h e  fo l lowing  form 

f o r  t h e  e n r i c h i n g  s e c t i o n  

Changing t h e  independent  v a r i a b l e  from s t o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAM by means o f  equa t ion  ( A . 5 ) ,  

one o b t a i n s  

( A .  10) 

I n t e g r a t i o n  from t h e  bottom of  t h e  e n r i c h i n g  s e c t i o n ,  t h a t  i s ,  from t h e  

f eed  p o i n t ,  where t h e  optimum v a l u e  o f  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBArn w i l l  be denoted  by MF, t o  t h e  t o p  
of  t he  e n r i c h i n g  s e c t i o n  where the  optimum va lue  of m i s  e q u a l  t o  u n i t y ,  

under t h e  assumption t h a t  t h e  c e n t r i f u g e  pa rame te r s ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAq t  Lo,  and S o ,  are 
a x i a l l y  i n v a r i a n t  ( t h a t  i s ,  assuming t h a t  t h e  c o u n t e r c u r r e n t  f low p r o f i l e  

i s  independent  of ax ia l  p o s i t i o n ) ,  y i e l d s  

(A. 11) 

Divid ing  t h i s  r e s u l t  by t h e  maximum ra te  o f  s e p a r a t i v e  work p roduc t ion  of  

t h e  e n r i c h i n g  s e c t i o n  a d j u s t e d  f o r  t h e  c o u n t e r c u r r e n t  f low p r o f i l e  e f f i -  

c i ency ,  t h a t  is ,  d i v i d i n g  by t h e  q u a n t i t y  LO$%E/2, one o b t a i n s  t h e  fol low- 

i n g  expres s ion  f o r  t h e  p roduc t  o f  t h e  i d e a l i t y  e f f i c i e n c y  and t h e  c i r c u l a -  

t i o n  f o r  t h e  e n r i c h i n g  s e c t i o n  o f  t h e  c e n t r i f u g e  

(A. 1 2 )  
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FIGURE A.1. THE VARIATION OF THE OPTIMUM VALUE OF m WITH AXIAL POSITION 

Assumption: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx(1-x)  = q 
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Combining t h i s  r e s u l t  and e q u a t i o n  ( A . 7 ) ,  t h e  above e x p r e s s i o n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAfor t h e  

p roduc t  o f  t h e  e f f i c i e n c y  f a c t o r s  can be w r i t t e n  as a f u n c t i o n  s o l e l y  of  

t h e  v a l u e  o f  iq a t  t h e  c e n t r i f u g e  f e e d  p o i n t  as fo l lows  

(A.  1 3 )  

h l e n  i s  cont inuous  a t  t h e  f e e d  p o i n t  o f  t h e  c e n t r i f u g e ,  t h i s  equa t ion  i s  

a l s o  a p p l i c a b l e  t o  t h e  s t r i p p i n g  s e c t i o n  of t h e  c e n t r i f u g e .  The v a l u e  o f  

t h e  p roduc t  of  t h e  i d e a l i t y  e f f i c i e n c y  and t h e  c i r c u l a t i o n  e f f i c i e n c y ,  

eI X e C ,  f o r  bo th  t h e  e n r i c h i n g  s e c t i o n  and t h e  s t r i p p i n g  s e c t i o n  i s  shown 
as a f u n c t i o n  of t h e  l e n g t h  o f  t h e  e n r i c h i n g  s e c t i o n ,  PSE, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAor o f  t h e  s t r ip-  

p i n g  s e c t i o n ,  wSs, i n  F igu re  A . 2  f o r  t h e  case i n  which zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm h a s  i t s  optimum 

value  everywhere i n  t h e  c e n t r i f u g e .  I t  can be seen  t h a t  f o r  v a l u e s  o f  ~ S E  

or WSS g r e a t e r  t han  abou t  5.5 t h e  v a l u e  o f  t h e  p roduc t  o f  t h e  e f f i c i e n c y  

f a c t o r s ,  e I X e C ,  exceeds 0.815, t h e  upper  l i m i t  o f  t h e  va lue  of  t h i s  prod- 

u c t  f o r  t h e  case i n  which m i s  c o n s t a n t  th roughout  t h e  c e n t r i f u g e ,  and €or 

l a r g e  v a l u e s  o f  PSE o r  wSs t h e  v a l u e  of  t h e  p roduc t  o f  t h e  e f f i c i e n c y  fac- 

to rs  approaches u n i t y .  

I n  g e n e r a l ,  s m a l l  d e p a r t u r e s  from t h e  optimum c i r c u l a t i o n  r a t e  should  n o t  

a f f e c t  t h e  performance of  t h e  c e n t r i f u g e  a p p r e c i a b l y .  L e t  u s  t e s t  t h e  

v a l i d i t y  o f  t h i s  s t a t e m e n t  by c o n s i d e r i n g  t h e  case o f  a c e n t r i f u g e  i n  which 

t h e  a x i a l  v a r i a t i o n  of  m i s  given  by 

i n  t h e  e n r i c h i n g  s e c t i o n  and by 

(A .  1 4 )  

i n  t h e  s t r i p p i n g  s e c t i o n .  Equat ions  ( A . 1 4 )  and ( A . 1 5 )  are  r easonab ly  good 

approximat ions  o f  e q u a t i o n s  ( A . 7 )  and ( A . 8 ) ,  r e s p e c t i v e l y ,  over t h e  whole 
range of the arguments, ps and ws, and are somewhat simpler in form. A 

comparison of  t h e  v a l u e  o f  m as a f u n c t i o n  o f  a x i a l  p o s i t i o n  g iven  by equa- 

t i o n  (A.14) or ( A . 1 5 )  wi th  the v a l u e  of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAM given  by equa t ion  ( A . 7 )  or ( A . 8 )  

i s  p r e s e n t e d  i n  F igu re  A . 3 .  

The v a l u e  o f  t h e  p roduc t  of t h e  e f f i c i e n c y  f a c t o r s ,  eI x eC, f o r  a c e n t r i -  
fuge i n  which t h e  v a r i a t i o n  of  m wi th  a x i a l  p o s i t i o n  is  g iven  by e q u a t i o n s  

( A . 1 4 )  and ( A . 1 5 )  can be e v a l u a t e d  as fo l lows .  The g r a d i e n t  e q u a t i o n  f o r  

t h e  e n r i c h i n g  s e c t i o n  f o r  any a r b i t r a r y  v a l u e  o f  m ,  given  by e q u a t i o n  (31, 
can now be w r i t t e n  i n  t h e  form 

( A . 1 6 )  

Replacing dx/dz i n  t h e  above e q u a t i o n  by i t s  e q u i v a l e n t  g iven  by e q u a t i o n  

( A . 2 ) ,  and changing t h e  independent  v a r i a b l e  from zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz t o  s ,  one o b t a i n s  
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FIGURE A . 2 .  THE VARIATION OF THE PRODUCT OF THE EFFICIENCY FACTORS, 

eI zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAX eC, WITH ENRICHER OR S T R I P P E R  LENGTH WHEN m HAS I T S  

OPTIMUM VALUE EVERYWHERE 

A s s u m p t i o n :  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx ( l - x )  = q 
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FIGURE A.3. COMPARISON OF THE VALUE OF zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm GIVEN BY EQUATION (A.14) OR 
( A . 1 5 )  WITH THE OPTIMUM VALUE OF m GIVEN BY EQUATION (A.7) 
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Assumption: x(1-x)  = q 
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and 

(A. 1 7 )  

(A. 18) 

The independent  v a r i a b l e  can now be changed from s t o  m by means of  equa- 

t i o n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(A.14) w i t h  t h e  r e s u l t  

(A. 19) 

The i n t e g r a t i n g  f a c t o r  €or t h i s  f i r s t  o r d e r  l i n e a r  d i f f e r e n t i a l  equa t ion  

i s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJm zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA; i t s  s o l u t i o n  can t h e r e f o r e  be w r i t t e n  

(A. 2 0 )  

where t h e  subscript F d e n o t e s  t h e  value of t h e  variable a t  t h e  b o t t o m  of 

t h e  e n r i c h i n g  s e c t i o n ,  t h a t  i s ,  a t  t h e  f e e d  p o i n t .  

From t h e  combinat ion of e q u a t i o n  ( A . 1 7 )  and e q u a t i o n  (14), which g i v e s  t h e  

s e p a r a t i v e  work produced per u n i t  t i m e  per u n i t  l e n g t h  by a c e n t r i f u g e  i n  

which zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm h a s  any a r b i t r a r y  v a l u e ,  one o b t a i n s  

(A. 21) 

and i n t e g r a t i o n  over t h e  l e n g t h  of t h e  e n r i c h i n g  s e c t i o n ,  assuming t h a t  

t h e  c e n t r i f u g e  pa rame te r s  are c o n s t a n t ,  y i e l d s  

2 

GU(enricher)  = -!?&?. 2 } , 
psE zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( A .  22) 

Since  t h e  t e r m  i n  b r a c k e t s  i n  t h e  above e q u a t i o n  i s  j u s t  t h e  maximum 

s e p a r a t i v e  work a d j u s t e d  f o r  t h e  c o u n t e r c u r r e n t  f low p r o f i l e  e f f i c i e n c y  

produced per u n i t  t i m e  by t h e  e n r i c h i n g  s e c t i o n ,  it fo l lows  t h a t  t h e  prod-  

u c t  o f  t h e  e f f i c i e n c y  f a c t o r s  f o r  t h e  e n r i c h i n g  s e c t i o n  is  given  by 

n 

which can be w r i t t e n  i n  t h e  e q u i v a l e n t  form.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(A. 2 3 )  

(A. 24) 
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When zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm is  cont inuous  a t  t h e  f eed  p o i n t  of  t h e  c e n t r i f u g e ,  equa t ion  ( A . 2 4 )  

i s  v a l i d  a l s o  f o r  t h e  s t r i p p i n g  s e c t i o n  o f  t h e  c e n t r i f u g e .  The p roduc t  of  

t h e  e f f i c i e n c y  f a c t o r s ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAeI zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx e c ,  c a l c u l a t e d  from t h e  above r e l a t i o n s h i p  i s  
shown as a f u n c t i o n  o f  t h e  l e n g t h  o f  t h e  e n r i c h i n g  or s t r i p p i n g  s e c t i o n s ,  

t h a t  i s ,  as a f u n c t i o n  of PSE or WSS, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi n  Figure  A . 4 ,  where i t  is compared 

wi th  t h e  maximum v a l u e  o f  t h e  p roduc t  of t h e s e  e f f i c i e n c y  f a c t o r s  ob ta ined  

f o r  t h e  case i n  which m h a s  i t s  optimum v a l u e  a t  eve ry  a x i a l  p o s i t i o n  i n  

t h e  c e n t r i f u g e .  I t  can be seen  t h a t ,  o v e r  t h e  range  o f  v a l u e s  of  PSE or 

wSs o f  i n t e r e s t ,  t h e  v a l u e  of t h e  p roduc t  o f  t h e  e f f i c i e n c y  f a c t o r s  

o b t a i n e d  when m ( s )  i s  p r e s c r i b e d  by equa t ion  (A.14) or  ( A . 1 5 )  i s  l o w e r  

t h a n  t h e  maximum value of t h e  p r o d u c t  of t h e  e f f i c i e n c y  factors  o b t a i n e d  

when m ( s )  i s  p r e s c r i b e d  by e q u a t i o n  ( A . 7 )  or  ( A . 8 )  by o n l y  a f e w  t e n t h s  o f  

one per c e n t .  Thus it can be concluded t h a t  a very  good approximat ion  o f  

t h e  optimum f low t a p e r  i n  a c o u n t e r c u r r e n t  gas  c e n t r i f u g e  i s  one i n  which 

t h e  magnitude of  t h e  c o u n t e r c u r r e n t  c i r c u l a t i o n  ra te  i s  d i r e c t l y  propor- 

t i o n a l  t o  t h e  squa re  root of  t h e  d i s t a n c e  from t h e  p o i n t  under  cons ide ra -  

t i o n  t o  t h e  end of t h e  c e n t r i f u g e  and i n  which t h e  c o n s t a n t  of propor t ion -  

a l i t y  i s  24- f o r  t h e  e n r i c h i n g  s e c t i o n  and 20- f o r  t h e  s t r i p p i n g  

s e c t i o n .  

For  completeness  and f o r  purposes  of comparison,  it i s  a p p r o p r i a t e  t o  

review h e r e  t h e  c a l c u l a t i o n  of  t h e  v a l u e s  of t i e  e f f i c i e n c y  f a c t o r s  o f  t h e  

c e n t r i f u g e  €or t h e  case of a c e n t r i f u g e  i n  which t h e  parameter  m i s  con- 

s t a n t .  When m i s  c o n s t a n t ,  equa t ion  ( A . 1 8 )  can  be i n t e g r a t e d  d i r e c t l y  over 

t h e  l e n g t h  of t h e  e n r i c h i n g  s e c t i o n ,  from t h e  t o p  of  t h e  e n r i c h i n q  s e c t i o n  

where s and are bo th  e q u a l  t o  z e r o  t o  t h e  bottom o f  t h e  e n r i c h i n g  scc- 

t i o n  where s i s  e q u a l  t o  SE and $E i s  e q u a l  t o  ((bE)F, w i t h  t h e  r e s u l t  

S u b s t i t u t i n g  t h i s  e x p r e s s i o n  f o r  ( $ E ) F  i n t o  equa t ion  ( A . 2 2 )  , one ' f i n d s  t h a t  

t h e  s e p a r a t i v e  work produced p e r  u n i t  t i m e  by a n  e n r i c h i n g  s e c t i o n  opera-  
t i n g  w i t h  a c o n s t a n t  ( t h a t  i s ,  a x i a l l y  i n v a r i a n t )  m i s  given by 

(A .  2 6 )  

C l e a r l y ,  t h e  ra te  of separative work p r o d u c t i o n  by t h e  e n r i c h i n g  s e c t i o n  

w i l l  be a t  i t s  maximum v a l u e  f o r  s p e c i f i e d  v a l u e s  o f  t h e  q u a n t i t i e s  n and 

SE when ( $ E ) F  h a s  i t s  maximum va lue .  It fo l lows  from e q u a t i o n  ( A . 2 5 )  t h a t  
($E)F w i l l  be a t  i t s  maximum v a l u e  when m s a t i s f i e s  t h e  e q u a t i o n  (ob ta ined  

by s e t t i n g  t h e  d e r i v a t i v e  o f  ($E)F w i t h  respect t o  m e q u a l  t o  ze ro )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
. Q - ? Q + - =  Q2 1 ,  

PSE 

2PsE 
m2 + 1 

where Q = ~ . 

(A .  2 7 )  
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FIGURE A.4. COMPARISON OF THE PRODUCT OF THE CENTRIFUGE EFFICIENCY 
FACTORS, e1 x ec, FOR THE CASE WHEN zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm IS GIVEN BY EQUATIOPIS 
(A.14) AND (A.15) WITH THE CASE IN WHICH rn HAS ITS OPTIMUM 

VALUE 

Assumption: x(1-x)  = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAq 
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S i m i l a r  e q u a t i o n s  wi th  p r e p l a c e d  by w and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASE r e p l a c e d  by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS S  apply  f o r  t h e  

s t r i p p i n g  s e c t i o n  of t h e  c e n t r i f u g e .  The optimum v a l u e  o f  m f o r  t h e  c a s e  

i n  which zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm i s  c o n s t a n t ,  c a l c u l a t e d  by means o f  t h e  p reced ing  e q u a t i o n ,  i s  

s l i o w n  a s  a func t ion  of  t l w  l c n q t h  of t h e  e n r i c h i n g  or s t r i p p i n y  s e c t i o n ,  

t h a t  i s ,  as a f u n c t i o n  o f  t h e  q u a n t i t y  ~ S E  or WSS i n  F igu re  A.5. It  may 

be no ted  t h a t ,  as t h e  va lue  of  pSE becomes l a r g e ,  t h e  v a l u e  of  Q i n  equa- 

t i o n  (A.27) approaches a l i m i t i n g  va lue  o f  1 .2564;  t h e r e f o r e ,  f o r  l a r g e  

va lues  of  PSE, t h e  optimum v a l u e  o f  t h e  parameter  m i s  given  approximate ly  

by 1.262- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. 
The va lue  o f  t h e  p roduc t  of t h e  e f f i c i e n c y  f a c t o r s ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAeI x e C ,  f o r  t h i s  case 

i s  o b t a i n e d  by d i v i d i n g  t h e  expres s ion  f o r  t h e  s e p a r a t i v e  work produced 

p e r  u n i t  t i m e ,  given  f o r  t h e  e n r i c h i n g  s e c t i o n  by e q u a t i o n  (A.26) , by t h e  

maximum ra te  o f  s e p a r a t i v e  work p roduc t ion  a d j u s t e d  f o r  t h e  c o u n t e r c u r r e n t  

f low p r o f i l e  e f f i c i e n c y  and,  f o r  t h e  e n r i c h i n g  s e c t i o n ,  i s  given  by 

(A.28) 

An e q u a t i o n  v a l i d  f o r  t h e  s t r i p p i n g  s e c t i o n  i s  o b t a i n e d  by r e p l a c i n g  t h e  

q u a n t i t y  PSE by WSS. 

i s  shown as a f u n c t i o n  of  t h e  l e n g t h  o f  t h e  e n r i c h i n g  or  s t r i p p i n g  s e c t i o n ,  

t h a t  i s ,  as a f u n c t i o n  o f  t h e  q u a n t i t y  PSE or WSS, i n  F i g u r e  A.6 f o r  t h e  

case i n  which t h e  parameter  m i s  c o n s t a n t  and has  i t s  optimum va lue .  I t  

can be seen  from a comparison of  t h i s  cu rve  w i t h  t h e  curve  o f  F igu re  A . 2  

which g i v e s  t h e  p roduc t  o f  t h e  e f f i c i e n c y  f a c t o r s  f o r  t h e  case i n  which m 

h a s  i t s  optimum va lue  a t  eve ry  a x i a l  p o s i t i o n  i n  t h e  c e n t r i f u g e  t h a t ,  i n  

g e n e r a l ,  an  a p p r e c i a b l e  improvement i n  t h e  e f f i c i e n c y  o f  a c e n t r i f u g e  can 

be o b t a i n e d ,  w i th  r e s p e c t  t o  t h e  case i n  which m i s  c o n s t a n t ,  by p r o p e r l y  

a d j u s t i n g  t h e  l o c a l  v a l u e s  o f  t h e  magnitude o f  t h e  c o u n t e r c u r r e n t  c i r c u l a -  

t i o n  ra te .  

The va lue  o f  t h i s  p roduc t  o f  t h e  e f f i c i e n c y  f a c t o r s  

For the case in which zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm is constant it is a simple matter to resolve the 
produc t  o f  t h e  c e n t r i f u g e  e f f i c i e n c y  f a c t o r s ,  eI X e c ,  i n t o  i t s  components: 

t h e  c i r c u l a t i o n  e f f i c i e n c y ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAec ,  i s  given  by t h e  s t a n d a r d  e x p r e s s i o n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
c 

2 m 
eC = - 

m2 + 1 

and t h e  v a l u e  o f  e1 can be o b t a i n e d  by d i v i d i n g  t h e  p roduc t  o f  t h e  e f f i -  

c iency  f a c t o r s  by e C .  

which m is  c o n s t a n t  are also shown i n  F igu re  A.6. I t  can  be observed  t h a t  

t h e  i d e a l i t y  e f f i c i e n c y ,  eI, is  a l r e a d y  q u i t e  close t o  i t s  maximum va lue  

of  0.8145 when PSE or  WSS i s  e q u a l  t o  10 and i n c r e a s e s  o n l y  ve ry  s l i g h t l y  

as PSE o r  WSS i s  i n c r e a s e d .  

These components of  t h e  e f f i c i e n c y  f o r  t h e  case i n  
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FIGURE A.5. THE VARIATION OF THE OPTIMUM VALUE OF zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm, FOR THE CASE IN 
WHICH m IS CONSTANT, WITH THE LENGTH OF THE ENRICHING OR 
STRIPPING SECTION 

Assumption: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx(1 -x )  = q 
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FIGURE A . 6 .  THE VARIATION OF THE CENTRIFUGE EFFICIENCY FACTORS FOR 

THE CASE I N  WHICH zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm I S  CONSTANT AND HAS I T S  OPTIMUM 

VALUE WITH ENRICHER OR S T R I P P E R  LENGTH 

A s s u m p t i o n :  x(1-x)  = q 
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Numerical Examples 

The c e n t r i f u g e  dimensions and o p e r a t i n g  c h a r a c t e r i s t i c s  used by May’ i n  

h i s  p a p e r ,  S e p a r a t i o n  Parameters  of Gas C e n t r i f u g e s ,  are used h e r e  t o  

i l l u s t r a t e  t h e  a p p l i c a t i o n  of  t h e  p reced ing  e q u a t i o n s .  The v a l u e s  of  t h e  

c e n t r i f u g e  parameters, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA$, L o ,  and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS o ,  p r e s e n t e d  i n  Table A . l  are c a l c u l a t e d  

f r o m  t h e  model of t h e  i n t e r n a l  f l o w  i n  a gas c e n t r i f u g e  developed by 

Parker’ and Lotz3,  and summarized i n  a recent pape r  by t h e  a u t h o r .  They 
a g r e e  q u i t e  c l o s e l y  wi th  t h e  v a l u e s  o f  t h e  c e n t r i f u g e  parameters  p r e s e n t e d  

by May c a l c u l a t e d  w i t h  a somewhat d i f f e r e n t  model f o r  t h e  i n t e r n a l  f low. 

TABLE A. 1 

CHARACTERISTICS OF THE CENTRIFUGE MODEL 
- __-_ 

Cent r i fuge  Length ( c m )  335.3 

Cen t r i fuge  Radius ( c m )  9.144 

Opera t ing  Temperature zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(K) 300.0 
P D ,  U F g  (g/cm/sec) 2 . 2 5 7  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx 

P e r i p h e r a l  Speed ( m / s )  400.0 500.0 700.0 

A2 = MV2/(2RT) 11.29 17 .64  34.57 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
n 

I 

T Z ~ D  A M V ~  
bU(max) = - - 

2 [ 2 R T I L  (Sw/yr) 
23.47 57.30 220.11 

I 

I 

$ 0.02091 0.02093 0.02093 

Lo (gUFg/S) 0.03107 0.04007 0.05752 

S o  ( c m )  3.818 2.960 2.062 

L O $ ~ Z /  ( 2 ~ 0 )  ( S w / y r )  12 -72  21.19 43.67 

eF,  Flow P r o f i l e  E f f i c i e n c y  0.542 0.370 0.198 

Taking t h e  f e e d  ra te  t o  t h e  c e n t r i f u g e  t o  be t h e  1000 kg UFg/yr used by 

May, and assuming t h a t  t h e  c e n t r i f u g e  c u t ,  P/F, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAis e q u a l  t o  0 .5  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs3 t h a t  

t h e  c e n t r i f u g e  p roduc t  and w a s t e  wi thdrawal  ra tes  are e q u a l ,  and assuming 

t h a t  t h e  f e e d  i s  i n t roduced  a t  t h e  mid-point o f  t h e  c e n t r i f u g e  so t h a t  one- 

h a l f  o f  t h e  c e n t r i f u g e  s e r v e s  as t h e  e n r i c h i n g  s e c t i o n  and one-half  as t h e  

s t r i p p i n g  s e c t i o n ,  one can e v a l u a t e  t h e  performance of  t h e  c e n t r i f u g e  based 

on t h e  p reced ing  e q u a t i o n s  wi th  t h e  r e s u l t s  p r e s e n t e d  i n  Table A . 2 .  
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TABLE A. 2 

CALCULATED PERFORMANCE OF THE CENTRTFUGE MODEL 

Assumption: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx ( l  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx) = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAq 
___._ - .- 

Product  R a t e  ( g  UF6/S) 

Waste Rate (gUF6/s) 

Enr i che r  Length ( c m )  

S t r i p p e r  Length (cm) 

P e r i p h e r a l  Speed ( m / s )  

p = w  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
SE = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAss 

PSE = w s s  

Constant  m 

m (optimum) 

L (optimum) ( g  U F ~ / S )  

e1 ec 

du (SWU/yr) 

0.01585 

0.01585 
167.65 

167.65 

400.0 

0.5103 

43.92 

22.41 

6.001 

0.1865 

0.7921 

10.08 

500.0 

0.3957 

56.64 

22.41 

6.001 

0.2405 

0.7921 

16.79 

9.284 9.284 

0.2884 0.3720 

0.9393 0.9393 

11 .95  19 .91  

700.0 

0.2756 

81.30 

22.41 

6.001 

0.3452 

0.7921 

34.59 

9.284 

0.5340 

0.9393 

41.02 

I t  i s  e v i d e n t  from t h e  r e s u l t s  o f  t h e s e  c a l c u l a t i o n s  t h a t  bo th  t h e  optimum 

va lue  o f  t h e  c e n t r i f u g e  parameter  m and t h e  a s s o c i a t e d  maximum va lue  of t h e  

product  of t h e  c e n t r i f u g e  e f f i c i e n c y  f a c t o r s ,  e1 xec, are independent  of  

t h e  p e r i p h e r a l  speed of t h e  c e n t r i f u g e .  It can a l s o  be seen  t h a t  t h e  pe r -  

formance o f  t h e  c e n t r i f u g e ,  t h a t  i s ,  t h e  rate of p roduc t ion  of  s e p a r a t i v e  

work, i s  g r e a t e r  by about  18 .5  p e r  c e n t  €or t h i s  c e n t r i f u g e  when ope ra t ed  

wi th  t h e  optimum c o u n t e r c u r r e n t  c i r c u l a t i o n  rate a t  every  a x i a l  p o s i t i o n  

than  when ope ra t ed  wi th  t h e  b e s t  c o n s t a n t  c o u n t e r c u r r e n t  c i r c u l a t i o n  ra te .  
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B. THE DILUTE APPROXIMATION: X ( l - X )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= X 

Consider  now t h e  case o f  a c e n t r i f u g e  p r o c e s s i n g  a gas  mixture  i n  which 

t h e  c o n c e n t r a t i o n  o f  t h e  d e s i r e d  component is s u f f i c i e n t l y  smal l  t h a t  t h e  

q u a n t i t y  (1-x) Ls e s s e n t i a l l y  equal  t o  u n i t y .  S ince  t h e  mole f r a c t i o n  of  

t h e  U - 2 3 5  i s o t o p e  i n  n a t u r a l l y  o c c u r r i n g  uranium f e d  t o  an  i s o t o p e  sepa ra -  

t i o n  cascade is o n l y  0.0072, t h e  d i l u t e  approximation is  a case of real  

pract ical  i n t e r e s t .  The r e s u l t s  o f  t h e  a n a l y s i s  f o r  t h i s  case, however, 

cannot  be expres sed  i n  q u i t e  so simple a f o r m  as w a s  p o s s i b l e  f o r  t h e  

approximation used i n  P a r t  A s i n c e  i n  t h i s  case, as w i l l  be s e e n ,  t h e y  

depend on two groups o f  c e n t r i f u g e  parameters i n s t e a d  of on on ly  t h e  s i n g l e  

q u a n t i t y ,  PSE f o r  t h e  e n r i c h i n g  s e c t i o n ,  or  wSs f o r  t h e  s t r i p p i n g  s e c t i o n .  

Under t h e  assumption t h a t  t h e  q u a n t i t y ,  x ( 1 - x ) ,  can  be r e p l a c e d ,  wherever 

it occur s  i n  t h e  e q u a t i o n s ,  by x w i t h o u t  i n t r o d u c i n g  any measureable  e r r o r ,  

t h e  d e f i n i t i o n  o f  t h e  f u n c t i o n  $ E ( x ) ,  given  by e q u a t i o n  ( 5 ) ,  can be 

r e w r i t t e n  i n  t h e  form 

P 
where p - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

LO 

D i f f e r e n t i a t i n g  $E(x)  w i t h  respect t o  z ,  t h e  a x i a l  c o o r d i n a t e ,  assuming 

t h a t  t h e  c e n t r i f u g e  parameters, Lo and $, a r e  independent  o f  a x i a l  p o s i t i o n ,  

one o b t a i n s  

The g r a d i e n t  e q u a t i o n  f o r  t h e  case i n  which m h a s  i t s  optimum va lue  a t  

eve ry  a x i a l  p o s i t i o n  i n  t h e  c e n t r i f u g e ,  e q u a t i o n  ( 9 ) ,  can  now a lso  be 

r e w r i t t e n  i n  t h e  fo l lowing  form 

The combinat ion o f  e q u a t i o n s  ( B . 2 )  and ( B . 3 1 ,  accomplished by s u b s t i t u t i n g  

t h e  above expres s ion  f o r  dx/dz i n t o  e q u a t i o n  ( B . 2 ) ,  y i e l d s  

Express ing  t h e  q u a n t i t y  YP/X i n  t e r m s  of $E by means of  t h e  r e l a t i o n s h i p  

of  equa t ion  ( B . l )  and changing t h e  independent  v a r i a b l e  from z t o  s ,  where 

s ,  which i s  d e f i n e d  as i n  t h e  p reced ing  s e c t i o n  by ( Z - z ) / S o  i n  t h e  e n r i c h -  
i n g  s e c t i o n  and by z / S o  i n  t h e  s t r i p p i n a  s e c t i o n ,  i s  t h e  d i s t a n c e  a long  

t-ii(: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz-;ix.i zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs from t l ~ c !  c:iitl o f  t h e  cer1tr.i fuqt :  t-o t l i c ;  1mi .n t  under cons i .dera t ion  

measured i n  m u l t i p l e s  of tlie minimum s tagc  lenrjtl1 S o ,  assuming tliat t h e  

c e n t r i f u g e  parameter  S O  i s  a l s o  independent  of a x i a l  p o s i t i o n ,  t h e  p r e -  

ceding  e q u a t i o n  can be w r i t t e n  
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P 

where r - . 

2 1  

Changing t h e  dependent  v a r i a b l e  i n  t h e  above e q u a t i o n  f r o m  $E t o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAM by means 

o f  equa t ion  (61, one o b t a i n s  t h e  s imple  f i r s t  order d i f f e r e n t i a l  equa t ion  

d 

ds - M 2 + 1  
r!d2 + 2M - r _ -  

which can be so lved  by quadra tu re  wi th  t h e  fo l lowing  r e s u l t  

where use has  been made o f  t h e  boundary c o n d i t i o n  a t  t h e  t o p  o f  t h e  e n r i c h -  

i n g  s e c t i o n  t h a t  M is  equa l  t o  u n i t y  when s is  e q u a l  t o  ze ro .  

and w r i t t e n , w i t h p  e q u a l  t o  P/Lo and s t h e  d i s t a n c e  from t h e  t o p  o f  t h e  

e n r i c h i n g  s e c t i o n  t o  t h e  p o i n t  under  c o n s i d e r a t i o n ,  e q u a t i o n  ( B . 7 )  a p p l i e s  

t o  t h e  e n r i c h i n g  s e c t i o n  of a c e n t r i f u g e .  The optimum value of  m ,  c a l cu -  

l a t e d  as a f u n c t i o n  o f  ax ia l  p o s i t i o n  i n  t h e  e n r i c h i n g  s e c t i o n ,  t h a t  is ,  

as a f u n c t i o n  of t h e  q u a n t i t y  p s ,  f o r  v a r i o u s  v a l u e s  of t h e  parameter  r ,  
by means of  equa t ion  ( B . 7 ) ,  is  shown i n  F igu re  B . l .  I t  may be no ted  t h a t  

when r i s  e q u a l  t o  z e r o ,  equa t ion  ( B . 7 )  r educes  t o  equa t ion  ( A . 7 ) ;  t h u s  

t h e  curve  i n  F igu re  B . l  f o r  r e q u a l  t o  z e r o  i s  i d e n t i c a l  t o  t h e  curve  p re -  

s e n t e d  i n  F igu re  A . l .  

A s  d e r i v e d  

In  t h e  d i l u t e  approximation t h e  e q u a t i o n s  f o r  t h e  s t r i p p i n g  s e c t i o n  d i f f e r  

somewhat i n  form from those  f o r  t h e  e n r i c h i n g  s e c t i o n .  The d e f i n i t i o n  o f  

t h e  f u n c t i o n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA$ s ( x )  f o r  t h e  s t r i p p i n g  s e c t i o n  i s  given  by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
W 

where w zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE - . 
LO 

D i f f e r e n t i a t i n g  + s ( x )  w i t h  r e s p e c t  t o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz ,  t h e  a x i a l  c o o r d i n a t e ,  one o b t a i n s  

which, when combined w i t h  t h e  g r a d i e n t  e q u a t i o n ,  e q u a t i o n  ( B . 3 ) ,  y i e l d s  

(B. 10) 
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FIGURE B . 1 .  THE VARIATION OF THE OPTIMUM VALUE OF zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBArn WITH AXIAL POSITION: 
r = $/p for the enriching section 
r = -$/p €or the stripping section 

Assumption: dilute approximation 
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Express ing  t h e  q u a n t i t y  XW/X i n  t e r m s  of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA@S by means of  t h e  r e l a t i o n s h i p  

of equa t ion  ( B . 8 )  and changing t h e  independent  v a r i a b l e  from zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz t o  s ,  t h e  

preceding  equa t ion  can be  w r i t t e n  

( B .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA11) 

- +  where r = - . 
W 

Thus, by d e f i n i n g  r i n  t h e  s t r i p p i n g  s e c t i o n  as t h e  nega t ive  of  t h e  r a t i o  

of + t o  w ,  one can o b t a i n  e q u a t i o n s  f o r  t h e  s t r i p p i n g  s e c t i o n  which are 

s i m i l a r  i n  appearance t o  those  f o r  t h e  e n r i c h i n g  s e c t i o n .  Changing t h e  

dependent v a r i a b l e  i n  t h e  above equa t ion  from @S t o  M by means of  equa t ion  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(6) , one o b t a i n s  

rM2 + 2M - r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
772.1 

- dM 

d s  
_ -  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

I (B. 1 2 )  

which can be so lved  as b e f o r e ,  making use of  t h e  boundary c o n d i t i o n  a t  t h e  

bottom o f  t h e  s t r i p p i n g  s e c t i o n  t h a t  M i s  e q u a l  t o  u n i t y  when s i s  equa l  t o  

z e r o ,  w i th  t h e  r e s u l t  t h a t  M i n  t h e  s t r i p p i n g  s e c t i o n  i s  given  as a func- 

t i o n  o f  a x i a l  p o s i t i o n  by an equa t ion  of  t h e  same form as equa t ion  ( B . 7 1 ,  

b u t  w i th  t h e  q u a n t i t y  p s  on t h e  r i g h t  hand s i d e  of  t h e  equa t ion  r ep laced  

by w s .  The optimum va lue  o f  m as a func t ion  of  a x i a l  p o s i t i o n  i n  t h e  

s t r i p p i n g  s e c t i o n ,  t h a t  i s ,  as a func t ion  of t h e  q u a n t i t y  w s ,  €or  v a r i o u s  

v a l u e s  of t h e  parameter r i s  a l s o  shown i n  F igure  B . 1 .  P o s i t i v e  v a l u e s  of  

t h e  parameter r correspond t o  e n r i c h i n g  s e c t i o n s ,  n e g a t i v e  v a l u e s  o f  t h e  

parameter  r correspond t o  s t r i p p i n g  s e c t i o n s .  I t  fo l lows  from t h e  r e s u l t s  

of  t h e  c a l c u l a t i o n s  p re sen ted  i n  F igure  B . l  t h a t  i n  o r d e r  f o r  hi t o  be con- 

t i n u o u s  a t  t h e  feed  p o i n t  of  t h e  c e n t r i f u g e ,  t h e  q u a n t i t y  wSs must be 

g r e a t e r  than  ~ S E .  

The r a t e  a t  which s e p a r a t i v e  work i s  produced per u n i t  l e n g t h  of c e n t r i f u g e  

when m has i t s  optimum value a t  every  a x i a l  p o s i t i o n ,  given by equa t ion  
(13), can be w r i t t e n  wi th  s as t h e  independent v a r i a b l e  i n  t h e  fol lowing 

form f o r  t h e  e n r i c h i n g  s e c t i o n  

( B .  1 3 )  

Changing t h e  independent  v a r i a b l e  from s t o  M by means of  equa t ion  ( B . 6 1 ,  

one o b t a i n s  

(B. 14) 

I n t e g r a t i o n  from t h e  bottom of  t h e  e n r i c h i n g  s e c t i o n ,  t h a t  i s ,  from t h e  

feed  p o i n t ,  where t h e  optimum va lue  o f  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm is  denoted by MF, t o  t h e  t o p  of  

t h e  e n r i c h i n g  s e c t i o n ,  where M i s  e q u a l  t o  u n i t y ,  y i e l d s  t h e  fo l lowing  

expres s ion  f o r  t h e  s e p a r a t i v e  work produced p e r  u n i t  t i m e  by t h e  e n r i c h i n g  

s e c t i o n  
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2 
1 1 2 rMF+2MF-r  

r F 2MF zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASU ( e n r i c h e r )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= - {MF - - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAy & ~  - ( B .  1 5 )  

Divid ing  t h i s  r e s u l t  by t h e  maximum rate o f  s e p a r a t i v e  work p roduc t ion  o f  

t h e  e n r i c h i n g  s c o t i o n  a d j u s t e d  f o r  t h e  c o u n t e r c u r r e n t  f low p r o f i l e  e f f i -  

c i e n c y ,  t h a t  is , d i v i d i n g  by t h e  q u a n t i t y  LO$J2sE/2 , one o b t a i n s  t h e  fol low- 

i n g  e x p r e s s i o n  f o r  t h e  p roduc t  o f  t h e  i d e a l i t y  and c i r c u l a t i o n  e f f i c i e n c y  

f a c t o r s  f o r  t h e  e n r i c h i n g  s e c t i o n  of  t h e  c e n t r i f u g e  

(B. 1 6 )  

The p r o d c c t  o f  t h e  i d e a l i t y  and c i r c u l a t i o n  e f f i c i e n c y  f a c t o r s  f o r  t h e  

s t r i p p i n g  section o f  t h e  c e n t r i f u g e  is  given  by a n  equa t ion  o f  t h e  same 
form as e q u a t i o n  (B.16) ,  b u t  w i t h  t h e  q u a n t i t y  PSE r e p l a c e d  by WSS and i n  

which t h e  p e r m i s s i b l e  v a l u e s  of r are e q u a l  t o  o r  less t han  ze ro .  The 

v a l u e s  of t h e  p roduc t  o f  t h e  i d e a l i t y  e f f i c i e n c y  and t h e  c i r c u l a t i o n  e f f i -  

c i e n c y ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAeI Xec, f o r  bo th  t h e  e n r i c h i n g  s e c t i o n  and t h e  s t r i p p i n g  s e c t i o n  

are shown as a f u n c t i o n  of t h e  l e n g t h  o f  t h e  e n r i c h i n g  s e c t i o n ,  PSE, o r  o f  

t h e  s t r i p p i n g  s e c t i o n ,  WSS, for  v a r i o u s  v a l u e s  of t h e  parameter r i n  Fiqure 

8 . 2 .  It may be no ted  t h a t  when r i s  e q u a l  t o  z e r o ,  equa t ion  (B.16) reduces  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
to e q u a t i o n  (A.12); t h u s  t h e  curve  i n  F i g u r e  B . 2  for r e q u a l  t o  z e r o  i s  

i d e n t i c a l  t o  t h e  cu rve  p r e s e n t e d  i n  F igu re  A . 2 .  One would expect, based on 

t h e  r e s u l t s  o f  t h e  c a l c u l a t i o n s  p r e s e n t e d  i n  Figure  A . 2 ,  t h a t  t h e  c e n t r i -  

fuge e f f i c i e n c y  c a l c u l a t e d  assuming t h e  d i l u t e  approximation would n o t  

d i f f e r  a p p r e c i a b l y  from t h e  e f f i c i e n c y  c a l c u l a t e d  assuming t h a t  t h e  quant i ty  

x(1-x)  i s  c o n s t a n t .  

For  purposes  o f  comparison w e  w i l l  now c o n s i d e r  t h e  c a l c u l a t i o n  o f  t h e  

v a l u e s  o f  t h e  e f f i c i e n c y  factors o f  t h e  c e n t r i f u g e  f o r  t h e  case o f  a cen- 

t r i f u g e  i n  which t h e  parameter  m i s  c o n s t a n t .  The g r a d i e n t  equa t ion  f o r  

t h e  e n r i c h i n g  s e c t i o n  f o r  any a r b i t r a r y  v a l u e  o f  m ,  given  by equa t ion  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 8 ) ,  
can be w r i t t e n  i n  t h e  form 

( B .  1 7 )  
dx 2$x m -  $E 

dz S O  m 2 + l  
- =  -- 

when t h e  d i l u t e  approximation is  a p p l i c a b l e .  Replacing dx/dz i n  t h e  above 

equa t ion  by i t s  e q u i v a l e n t  g iven  by equa t ion  ( B . 2 ) ,  one o b t a i n s  

( B .  18) 

Express ing  t h e  q u a n t i t y  Yp/x i n  t e r m s  o f  ($E by means of t h e  r e l a t i o n s h i p  of 

equa t ion  ( B . l ) ,  and changing t h e  independent  v a r i a b l e  from z t o  s ,  t h e  p re -  

ceding  equa t ion  can be w r i t t e n  

(B .  19) 

which, when m i s  c o n s t a n t ,  can be i n t e g r a t e d  d i r e c t l y  ove r  t h e  l e n g t h  of 
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FIGURE B . 2 .  THE VARIATION OF THE PRODUCT OF THE EFFICIENCY FACTORS, 

eI X e C ,  WITH ENRICHER OR S T R I P P E R  LENGTH WHEN zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBArn HAS I T S  

OPTIMUM VALUE EVERYWHERE: r = +/p for the enriching section 
r = - +/w for the stripping section 

Assumption: dilute approximation 
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t h e  e n r i c h i n g  s e c t i o n ,  from t h e  t o p  of  t h e  e n r i c h i n g  s e c t i o n  where s and 

$)E a r e  both  equa l  t o  z e r o  t o  t h e  bottom of  t h e  e n r i c h i n g  s e c t i o n  where s i s  
equa l  t o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASE and $)E is  e q u a l  t o  ($E)F, wi th  t h e  r e s u l t  

( B .  2 0 )  

where Q zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= and r i s  equa l  t o  $/p.  

From t h e  combination of equa t ion  ( B . 1 8 )  and equa t ion  (141 ,  which g i v e s  t h e  

s e p a r a t i v e  work produced p e r  u n i t  t i m e  p e r  u n i t  l e n g t h  by a c e n t r i f u g e  i n  

which m has  any a r b i t r a r y  v a l u e ,  one o b t a i n s  

and i n t e g r a t i o n  o v e r t h e  l e n g t h  of  t h e  e n r i c h i n g  s e c t i o n  y i e l d s  

( B . 2 1 )  

(B .  2 2 )  

Since  t h e  f i n a l  term i n  b r a c k e t s  i n  t h e  above equa t ion  is  j u s t  t h e  maximum 

s e p a r a t i v e  work a d j u s t e d  f o r  t h e  c o u n t e r c u r r e n t  f low p r o f i l e  e f f i c i e n c y  

produced p e r  u n i t  t i m e  by t h e  e n r i c h i n g  s e c t i o n ,  t h e  p roduc t  o f  t h e  i d e a l i t y  

and c i r c u l a t i o n  e f f i c i e n c y  f a c t o r s  f o r  t h e  e n r i c h i n g  s e c t i o n  for  t h e  case 

i n  which zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm i s  c o n s t a n t  i s  given  by 

( B .  2 3 )  

It fo l lows  t h a t  t h e  r a t e  of  p roduc t ion  of  s e p a r a t i v e  work by t h e  e n r i c h i n g  

s e c t i o n ,  and a l s o  t h e  e f f i c i e n c y  of  t h e  e n r i c h i n g  s e c t i o n ,  w i l l  be a t  a 

maximum f o r  a given  va lue  of t h e  parameter r and of t h e  q u a n t i t y  pSE when 

t h e  q u a n t i t y  ($E)F has  i t s  maximum va lue .  And it fo l lows  from equa t ion  

( B . 2 0 )  t h a t  ( $ E ) F  w i l l  be a t  i ts  maximum va lue  when m s a t i s f i e s  t h e  equa- 

t i o n  (ob ta ined  by s e t t i n g  t h e  d e r i v a t i v e  of  ($)E)F wi th  respect t o  m equa l  

t o  z e r o )  

( B . 2 4 )  

S i m i l a r  e q u a t i o n s  wi th  p r ep laced  by w ,  SE r ep laced  by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS s ,  and i n  which r 
i s  e q u a l  t o  t h e  nega t ive  o f  t h e  r a t i o  o f  $ t o  w a r e  v a l i d  f o r  t h e  s t r i p p i n g  

s e c t i o n  of t h e  c e n t r i f u g e .  The optimum v a l u e s  of m f o r  t h e  case  i n  which 

m i s  c o n s t a n t ,  c a l c u l a t e d  by means of t h e  preceding  e q u a t i o n ,  are shown as  

a f u n c t i o n  o f  t h e  l e n g t h  o f  t h e  e n r i c h i n g  o r  s t r i p p i n g  s e c t i o n ,  t h a t  i s ,  a s  

a func t ion  of PSE o r  WSS, f o r  v a r i o u s  v a l u e s  of t h e  parameter  r i n  Figure  

~ . 3 .  The values o f t h e  product  o f  t h e  i d e a l i t y  e f f i c i e n c y  and t h e  c i r c u l a t i o n  
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FIGURE zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAB . 3 .  THE VARIATION OF THE OPTIMUM VALUE OF zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm, FOR THE CASE IN 
WHICH m IS CONSTANT, WITH THE LENGTH zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAOF THE ENRICHER OR 
STRIPPER: r = $/p for the enriching section 

r = -$/w €or the stripping section 

Assumption : dilute approximation 
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e f f i c i e n c y ,  e1  Xec, f o r  b o t h  t h e  e n r i c h i n g  s e c t i o n  and t h e  s t r i p p i n g  s e c t i o n ,  
f o r  t h e  case i n  which m is  c o n s t a n t  and h a s  i t s  optimum value,  are shown as 
a f u n c t i o n  of t h e  l e n g t h  of t h e  e n r i c h i n g  or  s t r i p p i n g  s e c t i o n ,  f o r  v a r i o u s  

values of  t h e  parameter  r ,  i n  F igu re  B.4. A s  i n  t h e  p reced ing  case, p o s i -  

t i ve  v a l u e s  of .he parameter r correspond t o  e n r i c h i n g  s e c t i o n s ,  n e g a t i v e  

v a l u e s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof t h e  parameter r correspond t o  s t r i p p i n g  s e c t i o n s .  Again,  when r 

i s  e q u a l  t o  z e r o ,  t h e  cu rves  are i d e n t i c a l  t o  t h o s e  i n  t h e  cor responding  

case of P a r t  A. 

Numerical Examples 

The same examples which were cons ide red  i n  P a r t  A of  t h i s  paper  w i l l  now be 
re-examined under t h e  assumption t h a t  t h e  d i l u t e  approximation i s  v a l i d .  

The c e n t r i f u g e  dimensions,  o p e r a t i n g  c h a r a c t e r i s t i c s ,  and t h e  v a l u e s  of  t h e  

c e n t r i f u g e  pa rame te r s ,  $, LO, and S O ,  are t h o s e  g iven  i n  Table A . 1 .  

Under t h e  s i m p l i f y i n g  assumption a p p l i e d  i n  P a r t  A ,  optimum c e n t r i f u q e  per- 

formance co inc ided  w i t h  symmetr ical  c e n t r i f u g e  operation, t h a t  i s ,  optimum 

c e n t r i f u g e  performance occur red  when t h e  enrichment  provided  by t h e  e n r i c h -  

i n g  s e c t i o n  and t h e  s t r i p p i n g  s e c t i o n  w e r e  e q u a l ;  when t h e  d i l u t e  approxi -  
mation a p p l i e s ,  t h i s  s i t u a t i o n  does n o t  occur .  S ince  symmetr ical  c e n t r i f u g e  

o p e r a t i o n  i s  desirable f o r  c e n t r i f u g e s  which are t o  be i n c o r p o r a t e d  i n t o  

s e p a r a t i o n  cascades, t h i s  r equ i r emen t ,  which can be expres sed  by t h e  con- 

s t r a i n t  t h a t  t h e  r a t i o  YP/XF e q u a l  t h e  r a t i o  XF/XW, is  imposed i n  t h e  

examples. It i s  a l s o  r e q u i r e d  t h a t  t h e r e  be no mixing of  unequal  concen- 

t r a t i o n s  a t  t h e  f eed  p o i n t  o f  t h e  c e n t r i f u g e ;  s a t i s f y i n g  t h i s  c o n d i t i o n  

r e q u i r e s  t h a t  ($E)F be e q u a l  t o  ( @ S ) F .  I t  i s  a lso r e q u i r e d  t h a t  t h e  cen- 

t r i f u g e  parameter  m be con t inuous  a t  t h e  f eed  p o i n t  of t h e  c e n t r i f u g e .  

t h e  case o f  a c e n t r i f u g e  o p e r a t i n g  wi th  a c o n s t a n t  m-value, t h e s e  con- 

s t r a i n t s  make it imposs ib l e  f o r  bo th  t h e  e n r i c h i n g  s e c t i o n  and t h e  s t r i p p i n g  

s e c t i o n  t o  o p e r a t e  w i t h  t h e i r  optimum v a l u e s  of  t h e  parameter  m given  i n  

F igu re  R . 3 :  t h e  v a l u e  o f  t h e  parameter m which i s  optimum €or t h e  cascade  

can be regarded  as t h e  r e s u l t  o f  a compromise between t h e  optimum va lue  f o r  

t h e  e n r i c h i n g  s e c t i o n  and f o r  t h e  s t r i p p i n g  s e c t i o n .  The r e s u l t s  of t h e  
c a l c u l a t i o n s  of c e n t r i f u g e  performance under  t h e  above mentioned c o n s t r a i n t s  

are summarized i n  Table  B . l .  

For 

The most obvious f a c t  a r i s i n g  f r o m  t h e  comparison o f  t h e  r e s u l t s  p r e s e n t e d  

i n  Table A . 2  and Table  B . l  i s  t h a t ,  a l t hough  t h e  r a t i o s  p/w and SE/Ss are 

a p p r e c i a b l y  d i f f e r e n t  depending upon whether  t h e  assumption x (1-x) = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAq or  

t h e  d i l u t e  approximation i s  used ,  t h e  v a l u e s  o f  t h e  parameter  m ,  t h e  cen- 

t r i f u g e  e f f i c i e n c i e s ,  and t h e  s e p a r a t i v e  work o u t p u t  o f  t h e  c e n t r i f u g e  are 

e s s e n t i a l l y  unchanged. Again it can be seen  t h a t ,  f o r  t h e  c e n t r i f u g e  model 

under c o n s i d e r a t i o n ,  t h e  performance o f  t h e  c e n t r i f u g e  is  about  18.5 per 

c e n t  h i g h e r  when operated w i t h  t h e  optimum c o u n t e r c u r r e n t  c i r c u l a t i o n  rate 

a t  eve ry  a x i a l  p o s i t i o n  i n  t h e  c e n t r i f u g e  than  when ope ra t ed  wi th  t h e  best  

c o n s t a n t  c o u n t e r c u r r e n t  c i r c u l a t i o n  ra te .  
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FIGURE B . 4 .  THE VARIATION OF THE PRODUCT OF THE EFFICIENCY FACTORS, 

eI X eC, WITH ENRICHER OR S T R I P P E R  LENGTH FOR THE CASE I N  

WHICH m I S  CONSTANT AND HAS ITS OPTIMUM VALUE: 

r = $/p for t h e  enr i ch ing  section 

r = -$/w for  t h e  s t r ipp ing  section 

A s s u m p t i o n :  d i l u t e  a p p r o x i m a t i o n  
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TABLE B. 1 

CALCULATED PERFORMANCE OF THE CENTRIFUGE MODEL 

A s s u m p t i o n :  D i l u t e  A p p r o x i m a t i o n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
-~ __ 

Feed Rate ( g U F 6 / S )  0.03171 

C e n t r i f u g e  Length ( c m )  335.3 

Per iphera l  Speed ( m / s )  

P + W  

sE + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASS 

C o n s t a n t  m 

P 

W 

S E  

SS 

p s E  

W S S  

m (optimum) 

L ( o p t i m u m )  ( g  U F 6 / s )  

YP/XF=XF/XW 

eI eC 

6u (SWU/yr 1 

400.0 

1.0206 

87.830 

0.4663 

0.5543 

43.168 

44.662 

20.130 

24.757 

5 * 995 

0.1863 

1.1887 

0.7919 

10.07 

0.4624 

0.5582 

42.713 

45.117 

19.751 

25.185 

9.269 

0.2880 

1.2072 

0.9391 

11.95 

500.0 700.0 

0.7913 

113.278 

0.3517 

0.4397 

55.396 

57.882 

19.482 

25.448 

5.991 

0.2401 

1.2501 

0.7917 

16.78 

0.3478 

0.4435 

54.638 

58.640 

19.003 

26.010 

9.260 

0.3710 

1.2753 

0.9389 

19-90 

0.5513 

162.608 

0.2318 

0.3195 

78.743 

83.865 

18.250 

26.796 

5.980 

0.3440 

1.3786 

0.7913 

34.56 

0.2279 

0.3234 

77.178 

85.430 

17.588 

27.627 

9.235 

0.5312 

1.4190 

0.9386 

40.99 



31 

APPENDIX I 

THE ONSAGER-COHEN FORMULATION 

OF THE GRADIENT EQUATION 

The equa t ion  of c o n t i n u i t y  f o r  t h e  p rocess  gas  i n  a c o u n t e r c u r r e n t  gas  

c e n t r i f u g e  a t  s t e a d y  s t a t e ,  t a k i n g  both  t h e  a x i a l  and t h e  r a d i a l  convec t ive  

t r a n s p o r t  i n t o  account ,  can be w r i t t e n  

The equa t ion  of c o n t i n u i t y  f o r  t h e  d e s i r e d  component o f  t h e  b ina ry  i s o t o p i c  

gas  mixture  which i s  t h e  p rocess  gas  i n  t h e  c o u n t e r c u r r e n t  gas  c e n t r i f u g e  

a t  s t e a d y  s t a t e ,  t a k i n g  bo th  t h e  a x i a l  and t h e  r a d i a l  convec t ive  t r a n s p o r t  

and t h e  a x i a l  and t h e  r a d i a l  d i f f u s i v e  t r a n s p o r t  i n t o  accoun t ,  can he 

w r i t t e n  

L a ( r c u c + r J r )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ - ( c w C + J z )  a = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 - 
r ar az zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(1.2) 

I n  t h e s e  e q u a t i o n s  

r i s  t h e  r a d i a l  c o o r d i n a t e  of  l e n g t h  i n  t h e  c e n t r i f u g e ,  

z i s  t h e  a x i a l  c o o r d i n a t e  of l e n g t h  i n  t h e  c e n t r i f u g e ,  

c i s  t h e  molar d e n s i t y  of t h e  p r o c e s s  g a s ,  

u i s  t h e  gas  v e l o c i t y  i n  t h e  r a d i a l  d i r e c t i o n ,  

w i s  t h e  gas  v e l o c i t y  i n  t h e  a x i a l  d i r e c t i o n ,  

5 i s  t h e  mole f r a c t i o n  of  t h e  d e s i r e d  component i n  t h e  p rocess  g a s ,  

Jr i s  t h e  d i f f u s i v e  f l u x  of  t h e  d e s i r e d  component i n  t h e  r a d i a l  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
J, i s  t h e  d i f f u s i v e  f l u x  of  t h e  d e s i r e d  component i n  t h e  a x i a l  d i r e c -  

d i r e c t i o n  , and 

t i o n .  

The d i f f u s i v e  f l u x  t e r m s  are given  by t h e  e x p r e s s i o n s  

Jr = -cD{ M 2  - M 1  U 2 r < ( 1  - <) + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz} , and 
RT 

(I. 3 )  

i n  which D i s  t h e  mutual d i f f u s i o n  c o e f f i c i e n t  f o r  t h e  two components of 

t h e  p r o c e s s  gas  mixture ,  

M1 i s  t h e  molecular  weight  o f  t h e  d e s i r e d  component, 

M 2  i s  t h e  molecular  weight  o f  t h e  o t h e r  component, 

R i s  t h e  gas  c o n s t a n t  (8.3143 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAX l o 7  erg/'K/mole) , 
T i s  t h e  a b s o l u t e  tempera ture  o f  t h e  process g a s ,  and 

w is  t h e  angu la r  v e l o c i t y  of t h e  p r o c e s s  gas which zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAwill be assumed zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAto 
be c o n s t a n t  and e q u a l  t o  5 2 ,  t h e  angu la r  v e l o c i t y  of  t h e  c e n t r i f u g e .  
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Since  t h e  r a d i a l  t r a n s p o r t  o f  bo th  t h e  p rocess  gas  and t h e  d e s i r e d  compo- 

nen t  must van i sh  a t  t h e  r o t o r  w a l l ,  t h a t  i s  where r i s  equa l  t o  a where a 

i s  t h e  r a d i u s  o f  t h e  c e n t r i f u g e ,  i n t e g r a t i o n  of  equa t ion  (1.1) wi th  r e s p e c t  

t o  r y i e l d s  

a 

r 

, a  
r c u  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI r -(cw)dr’ 

and t h e  i n t e g r a t i o n  of  equa t ion  ( 1 . 2 )  wi th  r e s p e c t  t o  r y i e l d s  

a 

r 
r c u t  + rJr = 1 r r a (cwS+Jz )d r ,  3 Z  . 

Replacing t h e  q u a n t i t y  r c u  i n  t h e  above equa t ion  by i t s  e q u i v a l e n t  g iven  by 

equa t ion  ( 1 . 5 ) ,  r e p l a c i n g  Jr and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJz by means of  t h e  expres s ions  given by 
equa t ions  (1.3) and (1.4), and s o l v i n g  t h e  r e s u l t i n g  equa t ion  f o r  t h e  par- 

t i a l  d e r i v a t i v e  of < wi th  respect t o  r ,  one o b t a i n s  

at 1 , a  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3E a a  A M U ~  a 
- = - - I r -(cw< - cD-)dr’ + 1 r’-(cw)dr’- -r< (1-<), ( 1 . 7 )  
ar r c D  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA32 32 r c D  az RT 

where AM i s  equa l  t o  M 2  - M I .  This  form of  t h e  equa t ion  of  c o n t i n u i t y  i s  

p a r t i c u l a r l y  convenient  f o r  use i n  t h e  fo rmula t ion  o f  t h e  g r a d i e n t  equation. 

Consider  now t h e  n e t  a x i a l  t r a n s p o r t  of t h e  d e s i r e d  component i n  a counter -  

c u r r e n t  gas c e n t r i f u g e .  The n e t  a x i a l  t r a n s p o r t  of t h e  d e s i r e d  component, 

T, can be ob ta ined  by i n t e g r a t i n g  t h e  expres s ion  f o r  t h e  molar f l u x  of  t h e  

d e s i r e d  component i n  t h e  a x i a l  d i r e c t i o n  over  t h e  c r o s s  s e c t i o n a l  a r e a  of 

t h e  c e n t r i f u g e  and can be w r i t t e n  

a t  
a a 

T = I 2~rrcwCdr - I 2mcD--dr , 
0 0 aZ 

where a i s  t h e  r a d i u s  o f  t h e  c e n t r i f u g e  r o t o r .  The f i r s t  i n t e g r a l  on t h e  

r i g h t  hand s i d e  o f  t h i s  equa t ion  r e p r e s e n t s  t h e  n e t  a x i a l  t r a n s p o r t  of t h e  

d e s i r e d  component due t o  a x i a l  convec t ion;  t h e  second i n t e g r a l  r e p r e s e n t s  

t h e  n e t  a x i a l  transport  of  t h e  d e s i r e d  component due t o  a x i a l  d i f f u s i o n .  

A t  s t e a d y  s t a t e ,  ‘I’ anywhere i n  t h e  e n r i c h i n g  s e c t i o n  o f  a c e n t r i f u g e  i s  
e q u a l  t o  Pxp where P is t h e  p roduc t  withdrawal  ra te  and xp i s  t h e  mole 

f r a c t i o n  of  t h e  d e s i r e d  component i n  t h e  p roduc t  stream, and T anywhere i n  

t h e  s t r i p p i n g  s e c t i o n  of t h e  c e n t r i f u g e  i s  e q u a l  t o  -Wxw where W i s  t h e  

waste o r  t a i l s  withdrawal  ra te  and xw is  t h e  mole f r a c t i o n  of  t h e  d e s i r e d  

component i n  t h e  w a s t e  o r  t a i l s  st ream. 

It  i s  now convenient  t o  d e f i n e  a f u n c t i o n  G ( r , z ) ,  sometimes c a l l e d  t h e  

stream f u n c t i o n ,  which i s  e q u a l  t o  t h e  nex t  a x i a l  t r a n s p o r t  o f  p rocess  gas  

i n  t h e  c e n t r i f u g e  between a c y l i n d e r  of r a d i u s  r and t h e  r o t o r  w a l l .  This  

f u n c t i o n  i s  given  by 
a 

r 
G ( r , z )  = I 2m’cwdr’ . (1.9) 
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I t  fo l lows  from t h i s  d e f i n i t i o n  o f  t h e  G-function t h a t  

where T i s  t h e  n e t  a x i a l  t r a n s p o r t  o f  process gas  i n  t h e  c e n t r i f u g e .  A t  

s t e a d y  s t a t e ,  T anywhere i n  t h e  e n r i c h i n g  s e c t i o n  of  a c e n t r i f u g e  i s  equa l  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
to P I  t h e  p roduc t  withdrawal  r a t e ,  and T anywhere i n  t h e  s t r i p p i n g  s e c t i o n  

of t h e  c e n t r i f u g e  i s  e q u a l  t o  -W, where W i s  t h e  w a s t e  or  t a i l s  withdrawal  

ra te .  By v i r t u e  of  t h e  above d e f i n i t i o n  o f  t h e  G-funct ion,  e q u a t i o n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(1.8) 
f o r  t h e  n e t  a x i a l  t r a n s p o r t  of t h e  d e s i r e d  component can be r e w r i t t e n  i n  

t h e  form 

a 
r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- Io a G  

0 ar 

a 
T = - 1  - ( d  (1.10) 

and,  provided  t h a t  bo th  G ( r , z )  and < ( r , z )  are cont inuous  f u n c t i o n s  o f  r ,  
t h e  f i r s t  i n t e g r a l  on t h e  r i g h t  hand s i d e  of t h e  equa t ion  can be i n t e g r a t e d  

by p a r t s  w i th  t h e  r e s u l t  

( I .  11) a <  
ar ’0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA82 

a 
a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAaE T = - T E ( 0 , z )  + I G-dr - ( 2nrcD-dr . 

S u b s t i t u t i o n  o f  t h e  e x p r e s s i o n  f o r  t h e  p a r t i a l  d e r i v a t i v e  o f  5 w i t h  r e s p e c t  

t o  r g iven  by equa t ion  ( 1 . 7 )  i n t o  t h e  above equa t ion  f o r  t h e  n e t  a x i a l  

t r a n s p o r t  o f  t h e  d e s i r e d  component y i e l d s  t h e  g r a d i e n t  equa t ion  f o r  t h e  

c o u n t e r c u r r e n t  gas  c e n t r i f u g e  i n  t h e  fo l lowing  form 

G a a  G a a  a a 

- -dr I r ’ z ( c w c ) d r ’  + Jo G d r  I r’ -(cD-z)dr’ aZ a 
’0 r c D  r r 

at 
aZ 

a 

- j0 2ITrcD-dr . (1.12) 

Assuming t h a t  t h e  cD produc t  which i s  independent  o f  t h e  p r e s s u r e  can be 

t r e a t e d  as be ing  independent  o f  t h e  r a d i a l  variable r ,  t h a t  i s ,  assuming 

t h a t  t h e  gas  i n  t h e  c e n t r i f u g e  i s  e s s e n t i a l l y  i s o t h e r m a l ,  t h e  p reced ing  

equa t ion  can be r ea r r anged  and w r i t t e n  i n  t h e  fo l lowing  form: 
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a a <  a a t  G zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA’ dr ’ 

a a a 
G zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 - d r  2nr’cw-dr’ + 2TcD 1 r - d r  - 1 - d r  I r - 1 

2ncD 0 r r a Z  0 0 3  r a z 2  

(I .  13)  

Tne s t a n d a r d  Onsager-Cohen form of t h e  g r a d i e n t  equa t ion  i s  o b t a i n e d  

d i r e c t l y  from equa t ion  (1 .13)  by t h e  a p p l i c a t i o n  of  t h e  fo l lowing  t h r e e  

s i m p l i f y i n g  assumptions.  These assumpt ions ,  because o f  t h e i r  importance 

i n  t h e  Onsager-Cohen fo rmula t ion  o f  t h e  g r a d i e n t  e q u a t i o n ,  could  be c a l l e d  

t h e  Onsager-Cohen assumpt ions .  

1. I t  is  assumed t h a t  t h e  r a d i a l  c o n c e n t r a t i o n  g r a d i e n t  of t h e  

d e s i r e d  component i s  s u f f i c i e n t l y  small t h a t  t h e  c o n c e n t r a t i o n  of  t h e  

desired component, 5, and i t s  d e r i v a t i v e s  w i t h  r e s p e c t  t o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz can be t r e a t e d  
as be ing  e s s e n t i a l l y  independent  of t h e  r a d i a l  v a r i a b l e  r .  Th i s  assumption 

p e r m i t s  t h e  removal of t h e  c o n c e n t r a t i o n  t e r m s  from i n s i d e  t h e  i n t e g r a l s  

o f  equa t ion  (1.13)  and r educes  t h e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  t o  an 

o r d i n a r y  d i f f e r e n t i a l .  L e t t i n g  x ( z )  r e p r e s e n t  t h e  r a d i a l l y  averaged va lue  

of c ( r , z ) ,  t h e  mole f r a c t i o n  o f  t h e  d e s i r e d  component, t h e  a p p l i c a t i o n  of 
t h i s  assumption p e r m i t s  one t o  rewrite e q u a t i o n  (1 .13)  i n  t h e  s imple r  form 

a 2  - r 2  d 2 x  
d r  - 

a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2 dx 1 

T d r  - + Ta  c D -  - - 1 a G 2  dx 

dz - 1 2TcD 0 dz dz 2 r 

a 
- ‘Mu* j0 Grdr x(1-x)  - (T-Tx) . 

RT 
( I .  14) 

2 .  I t  i s  assumed t h a t  t h e  t e r m  i n  equa t ion  (1.13)  o r  ( 1 . 1 4 )  c o n t a i n -  

i n g  t h e  second d e r i v a t i v e  of t h e  c o n c e n t r a t i o n  of t h e  d e s i r e d  component 

wi th  r e s p e c t  t o  z i s  s u f f i c i e n t l y  s m a l l  t h a t  it may be n e g l e c t e d .  The 

2 p p l i c a t i o n  of t h i s  assumption reduces  t h e  g r a d i e n t  e q u a t i o n  from a second 

o r d e r  d i f f e r e n t i a l  e q u a t i o n  t o  one of f i r s t  o r d e r .  The g r a d i e n t  equa t ion  

can now be w r i t t e n  i n  t h e  form 

where V ,  e q u a l  t o  ua, i s  t h e  p e r i p h e r a l  speed of t h e  c e n t r i f u g e  r o t o r .  

3. I t  is  assumed t h a t  t h e  n e t  a x i a l  t r a n s p o r t  of p r o c e s s  g a s ,  T ,  i n  

t h e  c e n t r i f u g e  i s  s u f f i c i e n t l y  s m a l l  compared wi th  t h e  c o u n t e r c u r r e n t  c i r -  

c u l a t i o n  r a t e ,  t h a t  is ,  compared wi th  e i t h e r  t h e  t o t a l  p r o c e s s  gas  upflow 
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L zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

o r  t o t a l  p r o c e s s  g a s  downflow ra te  i n  t h e  c e n t r i f u g e ,  t h a t  t e r m s  o f  t h e  
o r d e r  of T/L, where 

a 
1 

L zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 
2 0  

2'rrrlcwldr , (I. 16) 

can be n e g l e c t e d  wi th  respect t o  u n i t y .  Th i s  assumption allows bo th  t h e  

q u a n t i t y  L and t h e  G-function t o  be t r e a t e d  as be ing  independent  of  t h e  n e t  

a x i a l  t r a n s p o r t  of process gas  i n  t h e  c e n t r i f u g e .  

I t  is  convenient  t o  d e f i n e  a se t  of  c e n t r i f u g e  s e p a r a t i o n  pa rame te r s  based 

on t h e  s t a n d a r d  Onsager-Cohen form of t h e  g r a d i e n t  equa t ion .  L e t  each  term 

of equa t ion  (1 .15)  be d i v i d e d  by t h e  q u a n t i t y ,  L ,  w i t h  t h e  r e s u l t  

(1 .17)  
G T - TX 

a a 
1 

= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA{-e/ L r d r }  - - 
2TcD a 2 R T  0 L '  

which can be cons ide red  t o  be t h e  s t a n d a r d  f o r m  of t h e  Onsager-Cohen gra-  

d i e n t  e q u a t i o n .  By adop t ing  t h e  fo l lowing  d e f i n i t i o n s  f o r  t h e  c e n t r i f u g e  

s e p a r a t i o n  parameters  

LSc ( t h e  convec t ive  c o n t r i b u t i o n  t o  t h e  s t a g e  l e n g t h )  I 
G2dr 

a 

2ncD J~ L r  I 

1 - - -  

Sd/L ( t h e  d i f f u s i v e  c o n t r i b u t i o n  t o  t h e  s t a g e  l e n g t h )  

(I. 18) 

( I .  19)  

and $ ( t h e  s t a g e  s e p a r a t i o n  c o n s t a n t  o f  a t h e o r e t i c a l  s t a g e )  

(1.20) 

t h e  Onsager-Cohen g r a d i e n t  e q u a t i o n  can be w r i t t e n  i n  t h e  form 

T - TX 
ILSc+-}- Sd dx = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAqJ x(l-x) - ~ 

L dz L ,  
( 1 . 2 1 )  

where Sc, Sd, and $ are independent  of  t h e  magnitude o f  t h e  c o u n t e r c u r r e n t  

c i r c u l a t i o n ,  t h a t  i s ,  independent  of L. The t e r m  i n  b r a c k e t s  i n  equa t ion  

( 1 . 2 1 )  can be regarded  as t h e  l e n g t h  o f  a t h e o r e t i c a l  s t a g e  i n  t h e  c e n t r i -  

fuge.  By adop t ing  t h e  fo l lowing  d e f i n i t i o n s  for t h r e e  a d d i t i o n a l  c e n t r i -  

fuge s e p a r a t i o n  parameters 

Lo ( t h e  va lue  o f  L which minimizes  t h e  stage l e n g t h )  = Js/s, , ( 1 . 2 2 )  

S O  ( t h e  minimum v a l u e  o f  t h e  s t a g e  l e n g t h )  = 2- , (1.23) 
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and m ( t h e  r a t i o  o f  t h e  a c t u a l  c i r c u l a t i o n  r a t e , L , t o  L O )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= L/Lo , ( 1 . 2 4 )  

t h e  Onsager-Cohen g r a d i e n t  e q u a t i o n  can be w r i t t e n  i n  t h e  a l t e r n a t i v e  form 

T - TX sol% = lJx(1-x) - ___ . zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm2 + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 
I- 

dz mL 0 2m 
( 1 . 2 5 )  

I t  may be no ted  t h a t  t h e  v a l u e  of L which minimizes t h e  s t a g e  l e n g t h  also 

has  t h e  e f f e c t  of maximizing t h e  a x i a l  enr ichment  a t  t o t a l  r e f l u x ,  t h a t  i s ,  
when T i s  e q u a l  t o  ze ro .  
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APPENDIX zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI1 

THE SEPARATIVE zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAWORK PRODUCED BY A CENTRIFUGE 

The s e p a r a t i v e  work produced p e r  u n i t  t i m e  by an inc remen ta l  l e n g t h ,  dz ,  

of a c o u n t e r c u r r e n t  isotope s e p a r a t i o n  e lement ,  such as a c o u n t e r c u r r e n t  

gas  c e n t r i f u g e ,  i s  o b t a i n e d  from 

dx 

dz  dz 
- -  d ( A U )  - (T -Tx)-  v " ( x )  , (11.1) 

where v " ( x )  i s  t h e  second derivative o f  t h e  v a l u e  f u n c t i o n  and is equa l  t o  
[x2 (1-x) ' I - ' .  S u b s t i t u t i n g  f o r  (T - Tx) i n  t h e  above equa t ion  u s i n g  t h e  

Onsager-Cohen fo rmula t ion  o f  t h e  g r a d i e n t  e q u a t i o n ,  equa t ion  (1.251,  one 

o b t a i n s  

(11 .2)  

I t  can be seen  from t h i s  equa t ion  t h a t  t h e  separative work produced by t h e  

inc remen ta l  l e n g t h ,  d z ,  o f  t h e  c e n t r i f u g e  w i l l  be a maximum when 

(11. 3)  

The maximum s e p a r a t i v e  work o u t p u t  o f  t h e  inc remen ta l  l e n g t h ,  d z ,  o f  t h e  

c e n t r i f u g e  i s  t h e r e f o r e  g iven  by 

(11 .4)  

A lower s e p a r a t i v e  work o u t p u t  t h a n  t h a t  g iven  by t h e  above e q u a t i o n ,  
a t t r ibu tab le  t o  t h e  fac t  t h a t  dx/dz d i f f e r s  f r o m  i t s  o p t i m a l  va lue  g iven  
by equa t ion  ( 1 1 . 3 ) ,  i s  s a i d  t o  r e s u l t  from a d e p a r t u r e  from i d e a l i t y  and 

is t aken  i n t o  account  by an i d e a l i t y  e f f i c i e n c y  f a c t o r ,  eI- The t e r m  

m2/ (1 + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm 2 )  which depends on t h e  coun te rcu r ren t  c i r c u l a t i o n  rate and 

approaches u n i t y  as t h e  c o u n t e r c u r r e n t  c i r c u l a t i o n  becomes l a r g e  i s  c a l l e d  

t h e  c i r c u l a t i o n  e f f i c i e n c y ,  eC. 
shape of t h e  c o u n t e r c u r r e n t  a x i a l  v e l o c i t y  pro f i l e  can be regarded  as t h e  

maximum s e p a r a t i v e  work, t a k i n g  i n t o  account t h e  g a s  f low p a t t e r n  i n  t h e  

c e n t r i f u g e ,  which cou ld  be produced per u n i t  l e n g t h  of c e n t r i f u g e .  Thus 

t h e  ra t io  o f  t h i s  t e r m  t o  t h e  maximum t h e o r e t i c a l  s e p a r a t i v e  c a p a c i t y  of 

t h e  gas  c e n t r i f u g e  is  c a l l e d  t h e  f low p r o f i l e  e f f i c i e n c y ,  eF. The maximum 

t h e o r e t i c a l  separative c a p a c i t y  of a c o u n t e r c u r r e n t  gas  c e n t r i f u g e  i s  
given  by t h e  well-known r e l a t i o n s h i p  

The q u a n t i t y  L o $ J ~ / ~ S O  which depends on t h e  

TZCD AM+ - - -  
( t h e o r e t i c a l  max) - 2 [ ~ R T ]  - (11 .5)  



38 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
When t h e  shape o f  t h e  a x i a l  v e l o c i t y  p r o f i l e  i s  i n v a r i a n t ,  t h a t  i s ,  when zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
LO, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA$, and S O  are c o n s t a n t  over t h e  l e n g t h o f t h e  c e n t r i f u g e ,  equa t ion  ( 1 1 . 4 )  

can be i n t e g r a t e d  w i t h  respect t o  z and t h e  r e s u l t  exp res sed  i n  t h e  form 

(11 .6)  
* ' ( t heo re t i ca l  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAmax) - AU = e I x e C x e F  

Here eI and e C  r e p r e s e n t  t h e  v a l u e s  o f  t h e  i d e a l i t y  e f f i c i e n c y  and t h e  

c i r c u l a t i o n  e f f i c i e n c y ,  r e s p e c t i v e l y ,  averaged ove r  t h e  l e n g t h  of t h e  

c e n t r i f u g e .  
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