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Tunable directional scattering is of paramount importance for operation of antennas, routing of light,
and design of topologically protected optical states. For visible light scattered on a nanoparticle, the
directionality could be provided by the Kerker effect, exploiting the interference of electric and magnetic
dipole emission patterns. However, magnetic optical resonances in small sub-100-nm particles are
relativistically weak. Here, we predict inelastic scattering with the unexpectedly strong tunable directivity
up to 5.25 driven by a trembling of a small particle without any magnetic resonance. The proposed
optomechanical Kerker effect originates from the vibration-induced multipole conversion. We also put
forward an optomechanical spin-Hall effect, the inelastic polarization-dependent directional scattering.
Our results uncover an intrinsically multipolar nature of the interaction between light and mechanical
motion and apply to a variety of systems from cold atoms to two-dimensional materials to superconducting
qubits. An application for engineering of chiral optomechanical coupling and nonreciprocal transmission

at nanoscale is proposed.
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I. INTRODUCTION

Scattering of light manifests itself in everyday life,
fundamental science, and device applications [1]. Elastic
Rayleigh scattering governs the blue color of the sky and
sea. Inelastic Raman scattering is a workhorse of sensors.
The ability to control the direction, frequency, and polari-
zation of the scattered light is essential for optical devices.
However, both Rayleigh and Raman scattering usually have
a symmetric emission pattern: the waves are symmetrically
scattered in two opposite directions, in particular, forward
and backward [2,3]. The asymmetry can be induced if the
particle that scatters light moves. Then, the Doppler effect
leads to a difference between the incident and scattered
light frequencies [4], which depends on the scattering angle
in a highly asymmetric way. As first noted by Raman
himself [5], it vanishes for the forward-scattered wave and
reaches maximum for the backscattered one. The scattering
cross section depends on the angle between the incident
light propagation direction and particle velocity, enabling
cooling of atomic gases in optical molasses [6]. Still, the
asymmetry of the emission intensity pattern remains small
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unless the particle velocity becomes comparable to that
of light, which is realized, e.g., for Compton scattering
of x rays [7].

A simpler mechanism to achieve strong scattering direc-
tionality was proposed by Kerker et al. [8]. Rather than using
mechanical motion, it requires a scatterer to possess both
electric dipole (ED) and magnetic dipole (MD) susceptibil-
ities. Since the electric field of these two modes is of the
opposite spatial parity, their interference enables directional
forward or backward scattering depending on the relative
phase [9-11]. Thus, implementation of the Kerker effect
requires magnetic response of the same strength as the
electric one. At optical frequencies this becomes challenging
since magnetic dipole transitions are intrinsically relativis-
tically weak [12]. A promising recently emerged work-
around is provided by submicron-size high-refractive-index
dielectric nanoparticles [13—15] hosting both magnetic and
electric Mie resonances. For instance, Huygens metasurfaces
of Si nanodisks that transmit light forward changing its
phase without reflection open new avenues for wave front
control at the nanoscale [16,17]. However, optical Kerker
effect for the particles smaller than the wavelength in the
medium ~100 nm is still unfeasible.

Here, we uncover a deep nexus of the motion-induced
scattering directionality and the Kerker effect. We put
forward an optomechanical Kerker effect, where strong
tunable directionality is achieved for light scattered by a
small particle without any magnetic response that trembles in
space. Our main concept is sketched in Fig. 1. The incident
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FIG. 1. (a) A sketch of the motion-induced multipole con-
version. Trembling of an oscillating dipole in the space u leads to
appearance of an electric quadrupole and a current curl. The latter
yields a magnetic dipole m. (b) A sketch directional inelastic light
scattering on a trembling particle. (c) A sketch of the trembling
resonant layer, an optomechanical analogue of Huygens surface.
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wave excites electric dipole polarization, that oscillates in
time. Trembling of the electric dipole in the direction
transverse to its polarization induces the loop electric
current j with nonzero magnetic momentum m as well as
the electric quadrupole (EQ) momentum. Interference of
ED and MD + EQ contributions results in unidirectional
scattering as shown in Figs. 1(b) and I(c). While the idea
to use motion-induced conversion of electric dipole to
magnetic dipole seems straightforward, a naive expectation
would be that the magnetic dipole is relativistically weaker
than the electric one and their interference cannot result
in any significant directionality. We found that magnetic
and electric dipole components counterintuitively are of the
same order when inelastic light scattering is considered. To
demonstrate this, we have developed a novel theoretical
framework of multipolar resonant optomechanics. It incor-
porates the effect of the resonant dispersion of the moving
medium on the multipolar emission in a rigorous non-
perturbative fashion and goes beyond previous approaches
[18-20] restricted to nonresonant scatterers. Our predictions
are quite general and apply both for particles and for thin
layers, as shown in Figs. 1(b) and 1(c). We also put forward
an optomechanical spin-Hall effect, i.e., directional inelastic
scattering of light depending on its circular polarization.
An application of the uncovered effects for design of chiral
optomechanical coupling at nanoscale and nonreciprocal
transmission is proposed.

II. DIRECTIONAL INELASTIC SCATTERING

A. Nonresonant inelastic backscattering

We start with the qualitative geometrical consideration to
reveal a drastic difference in the angular patterns of elastic
and inelastic scattering. Figure 2(a) sketches the plane wave
with the frequency w that is scattered on a small particle
trembling at the frequency Q along the incident light
propagation direction. The incident light induces dipole
polarization of the particle that then emits light in a
different direction. The shift of the particle in the real
space u. (1) gives rise to an additional time-dependent phase
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FIG. 2. (a) A sketch of light scattering on a trembling particle.
The incident and elastically scattered light are shown by yellow
color, inelastically scattered light is shown by blue color. Inelastic
scattering is caused by the temporal modulation of the optical
path (cyan and magenta arrows) due to particle displacement. (b),
(c) Diagrammatic representation for the inelastic light scattering
on a trembling particle. Wavy lines denote photons, bubbles
correspond to the dressed polarization operator of the particle at
rest, dashed lines represent mechanical displacement, solid dot
stands for the optomechanical interaction given by Eq. (AS).

of the scattered light ¢(6,1) = (1 —cos)(w/c)u,(1),
where the two terms are illustrated by cyan and magenta
arrows in Fig. 2(a) and @ is the scattering angle. The electric
field of the scattered wave reads E'(0) = E,(0)e'?®"), with
E,(0) being the electric field of the light scattered by the
particle at rest. Taking the particle displacement in the form
u,(t) = u.e”™ 4 c.c. and expanding the scattered field
into series over u,, one obtains harmonics at the frequencies
o+ pQ with integer p. We suppose that the vibration
amplitude is small. Then, the electric field of the harmonic
at the initial light frequency w, that describes the elastic
light scattering, coincides with E;(6). Its angular depend-
ence is governed by the well-known electric dipole radi-
ation pattern that yields equal amplitudes of forward and
backward scattering [21]. The linear-in-u, terms yield the
harmonics at anti-Stokes- and Stokes-shifted frequencies
o £ Q that describe inelastic scattering. Their intensities
read

I'(0) ~ (@/c)?|u *(1 = cos 0)*1,(6). (1)

where 1,(0) « |E4(9)|* is the intensity of elastic dipole
scattering. In stark contrast to elastic scattering, the inelastic
scattering is strongly anisotropic. In forward scattering
geometry, the particle shift does not change the optical
path. Thus, Stokes and anti-Stokes light intensities vanish
for & = 0. The inelastic scattering is the most intensive in
the backscattering geometry, § = z, when the optical path
change is maximal.

B. Multipolar resonant inelastic scattering

The above geometric consideration predicting the
inelastic scattering asymmetry has a crucial limitation:
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It is applicable only to the particle with the frequency-
independent polarizability. Indeed, in the case of resonant
optical response, the elastic scattering intensity 7, strongly
depends on the light frequency. Yet, it is completely unclear
which frequency to choose in Eq. (1): that of the incident
light @ or that of the scattered light @' = @ £ Q.

To resolve this fundamental problem, we develop a
rigorous theory of light interaction with a polarization of
a trembling medium. We stress that the inelastic scattering
considered here is caused by the motion-induced modula-
tion of the interaction between light and scatterer, in con-
trast to conventional resonant Raman scattering that is due
to modulation of the eigenenergies of the scatterer itself.
We derive the general expression for inelastic scattering
intensity in Appendix B while here we focus on the case
of a small trembling object described by the frequency-
dependent electric dipole polarizability tensor et(w). In that
case, the amplitude of inelastic scattering comprises two
terms that are diagrammatically represented in Figs. 2(b)
and 2(c). They show the vibration quantum (dashed line)
being absorbed or emitted either before or after the medium
polarization (bubble) is induced. This reflects the change
of the optical path before and after the scattering on the
particle; see cyan and magenta arrows in Fig. 2(a), res-
pectively. Concomitantly, the two terms in the inelastic
scattering amplitude feature polarization operators P at the
frequency of scattered light ' and at that of the incident light
o. It is the interference of these two contributions, which can
be both constructive and destructive for objects with resonant
permittivity, that leads to the strong directivity of the
scattered light.

For the electric field at the anti-Stokes-shifted frequency
o' =w+ Q at r —> oo, we get

ia)/2eia}’r/c

B =5

—Q(u - Eg)a(o)ng — Qn - a(w)Eou],,  (2)

[@ (ny - uw)a(0)Ey — w(n - u)a(w)E,

where n =r/r, ny and E are the propagation direction
and electric field of the incident wave, subscript L indicates
that the perpendicular component with respect to n should
be taken, [E], = —n x (n x E). The field Eq. (2) can be
decomposed into electric dipole p, quadrupole Q, and
magnetic dipole m contributions oscillating at the fre-
quency ' with the amplitudes

d= éa(a)’)[a)(no ‘u)Ey — Qu x (ny x Ey)],

0 =3a(w)Ey @ u+3u ® a(w)Ey—2I(u-a(o)Ey),

m = (o - Q)la(@)Eo x ul. (3)
C

where (@ ® b),; = a,b; and I is the identity matrix. All

the multipole terms are of the same order; however, the

induced electric dipole is proportional to the polarizability
at the scattered light frequency a(w’) while electric quadru-
pole and magnetic dipole are determined by a(w).
Therefore, the frequency dependence of polarizability
can be exploited to tune d, m, and Q to the Kerker
condition.

C. Optomechanical Kerker effect

Now we analyze in detail the direction pattern Eq. (2) for
light scattered on a trembling particle with the isotropic
resonant electric dipole polarizability a(w). We focus on
the anti-Stokes component at the frequency ' = @ + Q.
Similar results for the Stokes component are obtained by
inverting the sign of Q and complex conjugation of the
particle displacement vector u. First, we neglect the last two
terms in the right-hand side of Eq. (2) proportional to the
parameter Q/w, that is small for realistic systems. Figure 3
shows the radiation pattern of the light scattered on the
particle trembling along the propagation direction of
the linearly polarized incident wave. Figure 3(a) shows
the usual elastic electric dipole scattering at the frequency
, while Figs. 3(c) and 3(d) correspond to the inelastic
scattering to the frequency «'. Figure 3(c) shows the
contribution of the first electric dipole term in Eq. (2) to
the scattered field, while Fig. 3(d) corresponds to the
second term in Eq. (2) and a combination of magnetic
dipole and electric quadrupole radiation. The total scatter-
ing intensity is a superposition of the patterns Figs. 3(c)
and 3(d) with the coefficients a(®’) and a(®), respectively.
While the frequencies w and @' are close, the corresponding
polarizabilities can differ strongly in the vicinity of the
material resonance. Figures 3(b) and 3(e) show the two
limiting cases when a(®') = £a(w). In the nonresonant
case, a(@') = a(w), the interference of electric dipole,

Elastic Inelastic scattering
scattering | Off-resonant Resonant
afw) = alw) | a(W)>aw) aW)<a(w) afw)=—alw)

(a) (b) () (d) (e
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FIG. 3. Radiation pattern for (a) elastic light scattering and
(b)—(e) inelastic scattering by a trembling particle for different
ratios of the polarizabilities at initial and scattered frequencies
a(w) and a(w’). The interference of the electric dipole (c) and
magnetic dipole and electric quadrupole (d) patterns results in
directional inelastic forward (e) and backward (b) scattering.
The light is incident from the bottom (yellow arrow) and is
linearly polarized (green arrow), the particle trembles along the
light propagation direction (black arrow). Red and blue colors
indicate the sign of electric field.
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magnetic dipole, and electric quadrupole radiation leads to
the complete suppression of forward inelastic scattering,
Fig. 3(c). In the opposite case of strong frequency depend-
ence of polarizability when a(w’) = —a(w), Fig. 3(d), the
inelastic backscattering vanishes.

Using Eq. (2) we evaluate the cross section of the
inelastic scattering for unpolarized light,

6
o lawmy ~ a(w)n] -uP[L + (g )] ()
where do is the solid angle for scattered light direction.
In the nonresonant case when a(w') = a(w) and ngl|u,
we recover the geometric optics result Eq. (1) with do
(1 — cos6)? and suppressed forward scattering.

The asymmetry of the light scattering pattern can be
quantified by the directivity D(n) =4z ( [do)~'do/do [22].
In the considered geometry, u||n,, the directivity for forward
(n = ny) and backward (n = —n,) scattering reads
15a(') F a(@)?

D(+ngy) = 10ja(a) > + 4|a(w)]*”

(5)

For the nonresonant case, when a(w’) = a(w), the forward
scattering is absent while the backward directivity reaches
30/7. The maximal value of forward (backward) directivity
is 5.25, which is achieved when a(w@') = +(2/5)a(w).
Thus, the directivity of the optomechanical Kerker effect
surpasses the limiting value of 3 for the classical Kerker
effect, because the electric quadrupole contribution is addi-
tionally involved [11]. Even larger values of directivity
[23,24] can be achieved in second- and higher-order inelastic
scattering processes, where the scattered light contains
higher electric and magnetic multipoles.

For numerical demonstration, we consider the simplistic
general model of the particle characterized by the resonant
polarizability

(6)
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where A is a constant, @, is the resonance frequency, and
I is the resonance width. Such dependence corresponds to,
e.g., exciton resonance in quantum dots and transitional
metal dichalcogenide monolayers, electron transitions in
cold atomic gases, plasmon resonance in graphene,
resonances in atomic nuclei probed by Mdssbauer y-ray
spectroscopy, and superconducting resonators for radio-
frequency electromagnetic field; see Sec. VI. Figures 4(a)
and 4(b) show the color plots of the directivity of backward
and forward anti-Stokes (Q > 0) and Stokes (Q < 0) light
scattering depending on the incident light frequency w
and the trembling frequency Q. In the dark areas bounded
by the solid lines, the directivity is larger than 3, which
can be termed a super-Kerker effect. For backward and
forward scattering it is realized when initial and scattered
light frequencies @ and @' = @ + Q are located on the
same side or on the opposite sides of the resonance,
respectively. Shown in Fig. 4(c) is the degree of directivity
[D(ny) — D(—ng)]/[D(ny) + D(—ng)]. Red and blue colors
indicate predominance of the backward and forward scatter-
ing, respectively. The degree of directivity reaches +1 if
a(@") =F a(w), which is realized at Q = 2(w, — @) >T
and Q — 0, respectively.

III. OPTOMECHANICAL SPIN HALL EFFECT

The interference of the electric and magnetic modes is
known to give rise to a strong circular polarization of the
scattered light upon excitation with a linearly polarized
light [25,26]. Conversely, photons with opposite circular
polarizations scatter in different directions. This is termed
an optical spin-Hall effect [27,28] in analogy with the spin-
dependent scattering of electrons in solids [29]. Here,
we put forward an optomechanical spin-Hall effect, i.e.,
inelastic polarization-dependent directional scattering on a
trembling particle.

The two first terms in Eq. (2) are dominant and yield the
scattered light with the same polarization as the incident.
Optomechanical spin-Hall effect results from the last two
terms, which give a small correction of the order Q/w
describing linear-to-circular polarization conversion. The
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-4 0 2 4
Light frequency (w—w,)/T’ o

(a) Backward and (b) forward directivity of nonpolarized light inelastically scattered by a trembling resonant particle

depending on the incident light frequency @ and trembling frequency €2. Solid line shows the directivity equal to 3 that limits usual
Kerker effect. (c) Degree of directivity [D(ny) — D(—ny)]/[D(ng) + D(—ny)].
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circular polarization degree of the plane wave with the
electric field amplitude E can be defined as P.(n) =
in - [E x E*]/|E|*>. Substituting here the scattered wave
from Eq. (2) we obtain for the case of nonpolarized
incident light

_Q 2nxng [a(@") + (ng - n)a(w)|u
ol+(ny-n)> [a(0)ng—a(w)n]-u’

(7)

c

where we keep linear in Q/w terms only. Equation (7)
indicates two possible origins of circular polarization:
(i) the phase difference of the polarizabilities a(w) and
a(w') and (ii) the phase difference of the components of the
displacement vector u. The first mechanism is likely to
contribute in the vicinity of the material resonance where
the phase of a rapidly changes by 7. The second mechanism
is realized even away from the resonances; however, it
requires the particle trembling around a circle or an ellipse
rather than just along one axis.

Figure 5 shows by red and blue color the circular
polarization degree of the anti-Stokes-scattered light for
different particle trembling directions, indicated on the
left, and different relations between polarizabilities at the
frequencies of incident and scattered light, indicated on
the top. The plots on the gray background show the cases
where both mechanisms (i) and (ii) are absent, so the
circular polarization does not emerge. The first mecha-
nism is realized for the plots on the blue background,
where we as an example assume a(@') = ia(w). For u||n,
see Fig. 5(d), the dependence of P, on the azimuthal angle
is described by the second angular harmonic, so P, is
inverted when the incident light with the perpendicular
polarization is considered. For unpolarized excitation,
the circular polarization vanishes in agreement with
Eq. (7). Figure 5(h) shows the angular pattern of P, for
light scattered by the particle trembling perpendicularly to
the direction of incident light and E|ju. For the other
linear polarization of the incident light (not shown), the
conversion to circular polarization is absent. Therefore,
even for the nonpolarized incident light the circular
polarization of scattered light persists and it is described
by Eq. (7).

Now we turn to the second mechanism of the generation
of circular polarization, that is realized for the plots on the
yellow background. Figures 5(i)-5(k) illustrate the circular
polarization of the light scattered by the particle trembling
around a circular trajectory in the plane perpendicular to the
incident light direction. Then, the forward- and backward-
scattered light reveal opposite signs of circular polarization,
except for the case of Fig. 5(1) when the scattered wave
is of the order of the small parameter Q/w and linearly
polarized; see Eq. (2). Figures 5(m)-5(0) and 5(q)-5(s)
show the pattern of the circular polarization degree of
the light scattered by the particle trembling around a
circular trajectory in the plane parallel to the incident light

aw)>a(w) awW)<Ka(w) a(w)

FIG. 5. The anti-Stokes light scattering pattern with the
degree of circular polarization marked by red and blue colors.
Light is incident from the bottom and linearly polarized, see
yellow and green arrows on the left, respectively. Rows
correspond to different trembling directions indicated by black
arrows on the left. Columns correspond to different relations
between particle polarizabilities at the frequencies of incident
and scattered light, a(w) and a(@'), indicated in the top. The
colored areas represent different origins of the optomechanical
spin-Hall effect: phase difference between the polarizabilities
a(w) and a(w’) (blue color), the phase difference between
components of the displacement vector u (yellow color), or
their combined action (purple color).

propagation direction. The circular polarization sign
depends on whether the light is scattered to the left or to
the right with respect to the plane of trembling. Finally,
if both optomechanical spin-Hall effect mechanisms are
present, see plots on the purple background, their interplay
leads to a strong asymmetry of both the scattering intensity
pattern and the circular polarization pattern.

IV. OPTOMECHANICAL HUYGENS SURFACES

A two-dimensional planar array of scatterers tuned to the
Kerker condition is known to demonstrate no forward or
backward scattering [16,17,30]. When the backscattering
is suppressed it realizes a Huygens’ surface that transmits
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light without reflection and modifies only its phase. An
optomechanical analog of the Huygens’ surface is a thin
layer with a resonant dipole polarizability that trembles
along its normal; see Fig. 6(a).

Since the flexural layer vibrations can possess an in-
plane wave vector ¢, the direction of scattered light can
differ from that of the incident light. It is determined from
the conservation of the in-plane wave vector component in
the process of anti-Stokes (Stokes) scattering, k' =k + ¢,
where k = (w/c)cos@ and k' = (0'/c)cos@ are the in-
plane wave vectors of the incident and scattered light, and
0 and @ are the angles between the light propagation
direction and the layer normal. The electric field amplitudes
of the anti-Stokes forward- (—) and backward- (<)
scattered light are given by the diagrams of Figs. 2(b)
and 2(c) and read E/;" =>,5 OJ “E, ol ., Where
0,0 enumerates two polarizations, s and p. The Jones
matrix S;;(/H) with the elements (see Appendix C for
calculation details)

/

S = i 2 cosfcos P[0, 0) F ry0, w)],
c

—( .’ cos@sin ¢
Sps = l:w[i‘l,(g,w/) + rS(Q, a))],
—(«<) _ _'2/ : AN
Ssp | =—i : sing[ry (6, @) F r,(0, w)],
. / —sinOsin@
syic) = s mSmOSnG .y 2 (0.0)

c cosd

(8)

describes polarization conversion, where r (0,®) and
r,(0. ) are the reflection coefficients for oblique inci-
dence of s- and p-polarized light on the layer at rest, and ¢
is the angle between the in-plane wave vectors k and k'.
Similarly to the optomechanical Kerker effect for the
trembling particle, the forward (backward) scattering on a

trembling layer vanishes when r,(,)(6/,@') = £ry, (0, ).
The power of the anti-Stokes light scattered forward
(backward) into the solid angle do by the unit area of
the layer for the case of unpolarized excitation with the
intensity /, reads

dar a) cos?d' 1
== S
do ¢? cosé 22| oo’

TPlugPro. ()
Figures 6(b) and 6(c) show the forward- and backward-
scattered power for the case of normal incidence, 8 = 0,
and constant |u,|?. Both plots feature two resonances
indicated by dashed lines: the resonance for incident light
at w = w, and the resonance for scattered light at
@ + Q = w,. Since the vibration frequency € increases
with the vibration wave vector ¢ = (@'/c) sin @', the two
resonances split with an increase of the scattering angle 6'.
The main result of Figs. 6(b) and 6(c) is that the forward
scattering involving vibration with ¢ = 0, i.e., for & =0,
is suppressed while the backward scattering at ¢ = 0 is
increased. The absence of the forward-scattered wave in
the limit Q, g — 0 has a clear physical interpretation: in
the quasistatic picture, the shift of the layer as a whole
affects the reflected plane wave but does not affect the
transmitted one.

V. RESONANT CHIRAL OPTOMECHANICS

We now discuss how the tunable directional scattering
demonstrated above can be used for the design of chiral
optomechanical interaction at the nanoscale. Chiral quan-
tum optics has recently emerged as a concept to couple the
wave vector of propagating light to the spin of quantum
emitters [32,33], enabling nonreciprocal transmission of
light and one-way superradiance. The chiral optomechan-
ical coupling, i.e., when the light propagating in opposite
directions interacts with mechanical modes differently,
can be induced by an optical pump with a propagating

(a) / 90°
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FIG. 6.
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(a) A sketch of light scattering on a resonant layer with flexural vibrations. Color maps of (b) backward- and (c) forward-

scattered power for the case of normal incidence as a function of incident light frequency and scattering angle @'. Dashed lines indicate
the resonances for incident and scattered light. The reflection coefficient of resonant layer was taken in the form r,(,)(w.8) =

—iFs<p)/(a) —w, + iFS(m), with Ty =T/ cos@ and ', = I'cos @ [31]. The linear dispersion of phonons was assumed, €

with (s/¢)(w./T) = 5.
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wave [34,35]. The pump wave vector breaks the parity and
time-inversion symmetries and imposes different phase-
matching conditions for copropagating and counterpropa-
gating waves, enabling nonreciprocity in optomechanical
waveguides and circular resonators [36—38]. However, this
mechanism cannot be used in subwavelength systems
where the phase-matching condition is relaxed.

In the optomechanical Kerker effect demonstrated above
for subwavelength particles, the light scattering amplitude
Eq. (2) depends on the propagation direction of both
incident and scattered waves. This results in dominance
of the backward or forward scattering indicating that the
particle vibrations are preferentially coupled to backward or
forward propagating light and enabling chiral optomechan-
ical effects even for strongly subwavelength systems.

To illustrate applications of such intrinsically chiral
coupling, we consider the simplest optomechanical system
depicted in Fig. 7(a). It consists of a one-dimensional
waveguide and a small resonant particle located inside or
in its vicinity and interacting with the guided mode. The
particle is confined in such a way that it can move along the
waveguide with the eigenfrequency €, and some mechani-
cal damping y. In the absence of particle motion, the light
propagation through the waveguide can be characterized by
the reflection coefficient r(w) and transmission coefficient
t(w) = 1 4 r(w). The system is pumped from the bottom by
the laser light with frequency w, and electric field amplitude
Ey. We study pump-dependent reflection and transmission
coefficients for additional probe optical waves at the
frequency w, incident either from the top or from the bottom.

Probe reflection and transmission are modified due to the
processes where in the presence of pump field the probe
photon is converted to a mechanical vibration quantum,
which is then converted back to a photon. The amplitude of
the latter process is, as it was calculated in the previous
sections, proportional to r(@) — s'r(wy), where s’ = +1

@ | ! ©

|
[

ump frequency (w —cw,)/T
(=}

| .
ol 2 T [t [ty OR = [ il
: B A S s, ) R R

Probe

Probe frequency (wo—w,)/T Probe frequency (wo—w,)/T

Pump ‘! Eo -0 -05 0.0 0.5 1.0
y ST, 6R, [wJ [(mv*yQ,)]
FIG.7. (a) A sketch of an optomechanical system consisting of

a waveguide and a small particle that can oscillate in space along
its axis. Color plots of the optomechanically induced probe light
(b) nonreciprocal transmission and (c) asymmetrical reflection as
a function of pump and probe light frequencies. Calculation is
made for a resonant particle with the reflection coefficient
r(w)=-il'/(w—w,+ i), Q. =T, and y = 0.2T".

corresponds to the scattered photon propagating in the
same (opposite) direction as the pump light. The amplitude
of the reciprocal process of light-vibration conversion is
calculated similarly. It consists of two contributions cor-
responding to processes shown in Figs. 2(b) and 2(c) and is
proportional to (@) + sr* (@), where s = £1 corresponds
to the incident probe photon propagating in the same
(opposite) direction as the pump light. It is instructive
to consider a nonresonant case when r is frequency-
independent and purely imaginary. Then, the conversion
between the probe light and the vibration occurs only at s,
s’ = —1; i.e., only the probe wave which propagates in
the direction opposite to that of the pump can couple to the
mechanical mode.

The optomechanical correction to the light transmission
(s’ = s) and reflection (s’ = —s) coefficients reads

i [r@) = sr(an)lir@) + o) o

2 —Q2 J

oS/, =
Y omo (0 — wy + iy)?

where J = |Ey|?/(2x) is the power of the pump light, m is
the particle mass, and v is the speed of the waveguide
mode. Equation (10) yields 65, . # 65__, meaning that the
light transport is nonreciprocal. The transmission coeffi-
cients for the probe waves propagating in the direction of
pump and in the opposite direction become different, as do
the corresponding reflection coefficients. Using Eq. (10)
we calculate 6T = 144 [ — |14, [* and 6R = |ry4|* — |ry ) |*:

8w r(w)|r
570 =52 i e )
8w 2
SR(w) = —m—nge r(wg) Im (a)—a)|0 (+ l)}|/) o (11)

Figures 7(b) and 7(c) show the dependence of the nonre-
ciprocal transmission 67 and reflection 6R on the frequen-
cies of the pump and probe light for the case of a particle
with resonant polarizability. The nonreciprocity arises
when the detuning between pump and probe matches the
mechanical frequency, w — @, = £Q,, enabling excitation
of vibrations. Note that the sign of 67 is inverted in the
vicinity of material resonance frequency @,, opening a way
for tunable optomechanical nonreciprocity.

The emergence of the pump-induced scattering non-
reciprocity can be understood as a result of an effective
synthetic magnetic field, induced by the pump wave and
acting upon the probe [39—41]. For multiple scatterers in a
one-dimensional or two-dimensional array with properly
engineered phase difference, this magnetic field can lead to
the formation of the topological edge states of light and
sound [42,43]. Such effects are out of the scope of the
present study, where we focus on the chiral interaction for
one scatterer only.
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The optical pump also modifies the properties of the
mechanical motion [44]. The effect is described by the self-
energy correction

o
C2m*Q,

= (@ = Q)r* (g — Q) = 2Q|r(wo)

Z(Q) (w0 + Q)r(wy + Q)

— 2iwplmr(wy)] (12)
derived in Appendix D. The real and imaginary parts of
self-energy represent the correction to the mechanical
eigenfrequency and damping, X£(Q,) = 6Q, — idy. If the
mechanical frequency €, is smaller than the width of the
reflection coefficient resonances, the corrections describing
optomechanical spring and heating or cooling effects are
given by

e, P
J d
5y:m—v2[|r|2—Re%(a)r)} (14)

In the absence of optical losses the optical theorem
yields Rer = —|r|?, so Eq. (14) is simplified to 8y =
(J/mv*)[2|r]> + wd|r|*/dw]. Therefore, optomechanical
heating or cooling effects are realized when the reflec-
tion coefficient decays or grows with the frequency,
respectively.

VI. CONCLUSION

To conclude, we discuss the possibilities for experimen-
tal realization of the optomechanical Kerker effect. The
proof-of-principle observation of the suppression of the
forward inelastic scattering in the nonresonant regime,
Fig. 3(b), seems to be relatively straightforward for an
arbitrary subwavelength particle. The only requirements
are to operate in the far-field regime and to avoid the
internal deformations of the particle, so that it trembles
as a whole. The true challenge is to realize a dynamical
tunability between forward and backward scattering by
exploiting the resonance of particle polarizability. This
requires the width of the resonance I to be comparable with

4 Tunable forward or Nuclei @
10°F packward scattering
21 O SQUID
< 10 Cold
G 0 atoms
Z 10%
i) @® OQDs
g 1072F =% TMD
= Directional e
104+ backscattering
@ Graphene
1 0_6 [ 1 1 1 1 1
0.lmeV  10meV leV 100eV 10keV
Photon energy fiw
FIG. 8. Tunability of various resonant optomechanical systems

operating in different spectral ranges. When Q < IT" (blue area),
the directional scattering can occur only in the backward
direction. When Q > I' (red area), one can realize both direc-
tional forward and backward scattering by a proper tuning of the
incident light frequency and trembling frequency. Numerical
parameters and references are given in Table I.

the frequency of vibrations €2, i.e., narrow resonances and
high vibration frequencies. Table I presents an overview of
various potential systems in different ranges of the electro-
magnetic spectrum and Fig. 8 visualizes their tunability
Q/I'. Apparently, the highest degree of tunability can be
attained by exploiting the Mossbauer resonances in the
nuclei of crystals for y rays [45]. Namely, the linewidth can
be as narrow as 0.5 MHz [46], while the gigahertz-range
hypersound waves in metals are available [47]. Further
opportunities are provided by organizing planar cavities for
synchrotron y radiation [48]. The opposite side of the
electromagnetic spectrum, with sub-0.1-meV rather than
10-keV photon energies, is represented by the supercon-
ducting qubits [49]. They feature a high quality factor
resulting in potentially high tunability when being coupled
to the ultrasound generator [50]. An apparent drawback of
such a setup is a relatively weak scattering efficiency due
to the vibration amplitude being relatively small as com-
pared to the electromagnetic wavelength; see Table I. The
terahertz and optical frequency ranges are accessible by
membranes made of graphene [51] and transition-metal
dichalcogenide monolayers (TMDs) [52], respectively.
These platforms feature reasonable coupling strength but
have limited tunability because of the relatively low

TABLE I. Parameters of various resonant optomechanical systems.

System hw, '/(2x) Q/(2n) u Tunability (/')  Coupling [(®,/c)u]
Plasmon in graphene [51,54,55] 0.1-1 eV 10 THz 0.1 GHz 10 nm 1073 0.01-0.1
Exciton in TMD monolayers [52,55] 2 eV 20 GHz 0.1 GHz 10 nm 5% 1073 0.1
Exciton in colloidal QDs [50,56] 2 eV 400 MHz 20 MHz 200 nm 5% 1072 2

Cold atoms [53] 1.5eV 10 kHz 100 kHz 200 nm 10 1.5
Superconducting qubits [49,50] 20 pueV 0.1 MHz 20 MHz 200 nm 200 2x 1073
Resonance in nuclei [46,47] 15 keV 0.5 MHz 10 GHz 1073 nm 2 x 10* 0.1
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frequency of the flexural vibrations (<0.1 GHz) as com-
pared to the broad width of plasmonic or excitonic
resonance. High tunability and strong optomechanical
coupling efficiency for visible light can be realized by
exploiting narrow resonances in cold atoms vibrating in an
optical trap [53]. Alternatively, one could use excitonic
resonances in artificial atoms, colloidal quantum dots
(QDs)[50].

The rich consequences of the interplay of magnetic and
electric response on the electromagnetic wave propagation
have been known for at least 50 years, since the seminal
work by Veselago on the media with negative permittivity
and permeability [57,58]. Still, the mutual effect of electric
and magnetic resonances is very far from being completely
understood. For example, it has been realized only quite
recently that the interference and coupling of electric and
magnetic resonances underpin bianisotropic photonic topo-
logical insulators [59,60], where the light backscattering on
disorder is suppressed. We demonstrate that the proposed
optomechanical Kerker and spin-Hall effects with trem-
bling-induced magnetic response open a pathway to engi-
neer chiral optomechanical coupling at the nanoscale,
expanding chiral quantum optics [32,33] to the optome-
chanical domain. Our results can be instructive for the
design of nonreciprocal topological circuits [61,62], where
the disorder-robust propagation of light and sound is
ensured by the time modulation of optical and mechanical
properties [41,63,64].
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APPENDIX A: POLARIZATION OF
TREMBLING MEDIA

We consider light with frequency @ incident on a
medium vibrating with frequency Q. The medium motion
is described by the displacement vector u(r,t) =
u(r)e ™ 4 c.c. We suppose that the vibration amplitude
is small and focus on the linear-in-u effect only, i.e., the
appearance of polarization at anti-Stokes- and Stokes-
shifted frequencies w =+ Q.

Consider the unitary volume of a medium that in the
absence of vibration has coordinate r. Its polarization at
time 7 is determined by the electric field E(r, ) that has
acted on it in all previous moments of time ¢ < f,

P(r.t) = /_t dty(r.t —)E(r,t), (A1)

(o]

where y(r, 7) is the dielectric susceptibility function. Here,
we do not account for the possible change of susceptibility
under medium deformation, because such a photoelastic
effect requires separate microscopic calculation. While
photoelasticity may give dominant contribution to opto-
mechanical coupling in resonant structures [65-68], it does
not play any role in the effects we consider, where the
objects move as a whole and deformation is absent. The
electric field E(r, ') in Eq. (A1) should be calculated in
the reference frame that moves and rotates together with
the considered medium volume. Keeping linear-in-u terms
only, we obtain

- 0 rot u 10u
E—E+<u 8r>E > XE+c8tXB’ (A2)
where E and B are the electric and magnetic fields in the
reference frame at rest, and all quantities are evaluated at
the moment 7. The second term in the right-hand side of
Eq. (A2) stems from the fact that the electric field should be
evaluated at the point r + u(r, ¢'), the third term accounts
for the medium rotation, and the last term comes from the
Lorentz transform.

Equation (A1) gives the polarization of the unitary
volume of an undeformed medium in the reference frame
that moves and rotates with the medium. In the reference
fame at rest, the polarization density reads

P=P- (u%)iw%xﬁ—ﬁ divu, (A3)
where the last term accounts for the difference between the
deformed and undeformed unitary volumes. Additionally,
the magnetization M = —Ou/0t x P appears in the frame
at rest due to the Lorentz transform.

Finally, we combine Eqgs. (A1)-(A3) and evaluate the
current j = OP/0t 4 rot M in the reference frame at rest.
The relation between the currentj at the anti-Stokes-shifted
frequency @’ = @ + Q and the vector potential A of light
at the initial frequency w in k space assumes the form
Ji(@') =3 6l 1Ay (), where we use the gauge with
zero scalar potential,

My o = &Y s qi(@0 ) A g1 (0, @)

A p (0.0 ) k(@) (A4)
Xg(@) = [[x(r,7)e* " dzd’r and u, are the spatial
Fourier transforms of [e(r, w) — 1]/(4x) and u(r), respec-
tively, superscript 7" denotes matrix transposition, and
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FIG. 9. (a),(b) Diagrammatic representation for the optome-
chanical interaction of light (wavy line), medium polarization
(bubble), and mechanical vibration (dashed line). (c),(d) The
contributions to the amplitude of light scattering by a trembling
medium that together with contributions shown in Figs. 2(b)
and 2(c) give the full amplitude of inelastic light scattering. Wavy
line denotes photon and corresponds to the Green’s function for
vector potential D(k,w)=—4z(1-k®k/®?)/(@> —k?), empty
and filled bubbles correspond to the bare and dressed polarization
operators of the medium at rest, Il and P = II(1 — DIT)~!,
respectively, dashed line represents mechanical displacement u,,
solid dot is the optomechanical interaction A given by Eq. (A5).

/

. W —w
Apigi(@ @) = i(uy - k) — i o k®u,
ou, @q9—qQu,
Y et B BL Al § A
ot 21 (A3)

To calculate the polarization at the Stokes-shifted frequency
o — Q, one should change in the above equations the
sign of € and replace u, with u’,. The quantity SII is
the correction to the polarization operator caused by the
medium vibration. The two terms in the right-hand side of
Eq. (A3) can be represented diagrammatically as shown in
Figs. 9(a) and 9(b). The wavy line corresponds to a photon,
the dashed line is a vibration, the bubble stands for
polarization operator of medium at rest, Iy (@)=
@’)w_(w), and the solid dot represents optomechanical
interaction A.

APPENDIX B: LIGHT SCATTERING ON
TREMBLING OBJECTS

Here we describe how the amplitude of inelastic light
scattering on a trembling object of an arbitrary shape can be
calculated. We use ¢ = 1 for simplicity. The full amplitude
can be represented as a sum of four terms diagrammatically
shown in Figs. 2(b), 2(c), 9(c), and 9(d). They correspond
to the medium polarization, described by the dressed
polarization operator P = II(1 — DITI)~!, accounted for
before, after, or both before and after the optomechanical
interaction.

Note that the photon Green’s function Dy (w) = —4z(1 —
k ® k/w?)/(w* — k?) is k-even while the optomechanical
interaction A is k-odd in the absence of the last term

describing medium rotation; see Eq. (AS5). In the main text,
we consider the small object characterized by the wave-
vector-independent dressed polarization operator Py ; (@) =
w’a(w). In such a case, the summation over the phonon
wave vectors in the intermediate states of the diagrams
Figs. 9(c) and 9(d) yields zero. The scattering amplitude is
then given by the remaining diagrams Fig. 2(b) and 2(c).

In the general case, all the diagrams of Fig. 9 contribute
to the total scattering matrix element that reads

Mg = A% - (1 +PD)(ATH + TIA) (1 + DP)A,,

where Ay = \/27/weye™ and Ay = \/2n/w'e’ e are
the vector potentials of the incident and scattered photons,
and e, and ¢’ are their polarizations. Introducing the field
distributions of incident and scattered photons in the form
Ay(r) = (1+DP)A; and A™(r) = (1 +DPT)A;, we
finally obtain the scattering amplitude per solid angle do:

(B1)

dSy iw'”
= s [ W) A ) A ) A0
+A(—w, - ) A*(r) - I(r,w) Ay (r)ldr.  (B2)
Here, the operator A with the components
0 o - 0
Ayl @) = (u '5>5aﬂ T or
lw
+ f—,ea/,y(rotu)y (B3)

2w

is the optomechanical interaction operator Eq. (AS) in the
coordinate representation, and the polarizability operator
can be readily expressed via the dielectric permittivity as
I(r,w) = w*le(r,w) — 1]/4n. When the time-inversion
symmetry holds, the dielectric permittivity tensor is sym-
metric, so [T =II. Then the distributions A (r) and .A’*(r)
can be calculated as the fields induced in the system by the
light incident with wave vectors k and —k’, respectively.

APPENDIX C: LIGHT SCATTERING BY A
VIBRATING RESONANT LAYER

We derive here the amplitudes of light scattering on a
vibrating resonant layer, Eq. (8). The layer is described
by a dielectric susceptibility tensor with the components
)(a/}(r’ C()) = 511/}5(Z)){(60) and )(zz = )((lz = )(za = 0. Here
a, p = x, y are the in-plane coordinates and z is the layer
normal. Using the Green’s function

27i k.k
Daﬂ(k7 Z, w) =7 (501,5 - wZﬂ

= )efk:zl, (1)

where k = (k,, k,) is the in-plane wave vector and k, =

Vw? —k?, the dressed polarization operator of the layer
P =TI(1 —DII)~! can be evaluated. We find
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* 1 (0)5(2) kaky

Poplk, 2z, 0) = 1_2mw 2(@)/k. <5 7)
x(@)8(z) kaky
1—2mkz)((w) k-

(€2)

and P, = P,, = P, = 0. The amplitude of coherent light
reflection from the layer is given by r = ’* - (2ziP/k.)e,.
For s- and p-polarized light we obtain

2z’ y(w)/k,
rilk, ) = 1 = 27ie” y(w)/k.’ )
rylle.w) = e 0) “

1 = 2zmik, y(w) "

To calculate the amplitudes of light scattered by a layer
vibration, we use the approach described in Appendix B.
First, we calculate the vector potential distribution induced
by a photon at the frequency w incident from z — —oo with
the in-plane wave vector k and the polarization e,

27 . .
Ay () = \[Zekr{eet 4+ [r,(k.)e,

+ r,(k,w)e; + sgnzr,(k, w)e ek}, (C5)
where e = e; + e, + e, with e ||z being the out-of-plane
component of the light polarization vector e, and ¢, ||k, e, Lk
being its in-plane components. The layer polarization
induced by the photon reads

k.0 )
I(r,w) A, (r) = ! 2275;) ok
6()2
X |:r5(k,0))et+pl"p(k,a))el . (C6)

Then we calculate A(w', ).A,,;(r). Keeping in mind that
according to Eq. (B2) the result is to be multiplied by
II(r,w).A, (r), all we need are the in-plane components of

Ao, w)A,;(r) at z = 0. They read
, .2 QK2
Al ) Ay =i Py k(e +e;) +Jk_zel
e- k

mwmmpyww,<m>

-
o k,

where the dots replace the out-of-plane component. Note
that when evaluating the action of the optomechanical
interaction operator Eq. (B3), in the last term describing the
layer rotation we used rotu = 2(du, /0y, —0u,/0x,0). The
factor 2 arises from the contribution of du,/dz (a = x, y)
that are nonzero even though u, =0 at z = 0.

Finally, we calculate the backward and forward photon
scattering amplitudes:

w/

G, A A 0) Ay
-+ A(_w’ _a)/)Aa)’,—k : l-[~/4-w,k]dZ

Rofe) =
(C8)
We make use of Egs. (C6) and (C7) and take into account
that for the photon incident from z — 40, the in-plane

components of AA have opposite signs, while II.A is the
same. Finally, we obtain

-k

1/2 {[r’eg—i—k/zrpel] [kz(e,+el)+e;€ (k—%k’)}
Z

k7 / k/ 2

“[k (ej+e))+ k’ <k’—k>] [r e’+k2 € ]}

v
(C9)

where the quantities without (with) a prime refer to the
initial (scattered) photon. Multiplying the result by the

factor \/w'/w to relate electric fields rather than the photon
amplitudes and considering e and e’ that represent s and p
polarizations, we recover Eq. (8) of the main text.

APPENDIX D: OPTOMECHANICAL
SELF-ENERGY CORRECTION

The optical excitation of the optomechanical system
leads to modification of the mechanical motion properties.
The modification can be described by the self-energy
correction to particle vibration frequency €, due to the
processes where the vibration quantum is converted to an
anti-Stokes or Stokes photon and then converted back; see
upper four diagrams in Fig. 10. For the sake of simplicity,
we disregard here the light polarization and consider the

(aS-out) ko, wo ko, wo
i I !
ol o al! o
(S-out) ko, wo ko, wo  (S-in) ko, wo ko, wo
] ] !
of o of|

(2-out)
ko, wo ko, wo ko, wo ko, wo
<2 Pl = <=

/

o/’ \a

FIG. 10. Diagrammatic representation for the optomechanical
correction to the mechanical motion self-energy. Star stands for
the optical pump. In the four upper diagrams, the solid dot
denotes the first-order optomechanical interaction, Eq. (B3). In
the four lower diagrams, the solid dot represents the second-order
optomechanical interaction described by A = —|u|?k?, where
k is the wave vector of the involved photon, and u is the
displacement.
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scalar problem. The optomechanical interaction vortex is
then limited to the first term of Eq. (B3). The contributions
to self-energy assume the form

Zas-out = _a)(2)|u|27)(w0 + Q)|AO|27

Zs.ou = —@g|ul*P* (@ — Q)|Ao .

Ank? dk
2 — 2 2A 2/ —,
aS-in |u| |P(w0)| | 0| (a)o—I—Q+i0)2—k22ﬂ'
Ank? dk
Sgin = uP 2A2/ >
sin = [ PP ol | g oo,
(D1)

Additionally, the second-order optomechanical interaction,
that corresponds to simultaneous vibration absorption
and emission, should be taken into account. The processes
featuring such interaction are depicted as the four lower
diagrams in Fig. 10 and yield the self-energy corrections

47k? dk
s = <2 Pl PlAsfRe [ e
22—in = 2@%|MA0|2RCP(Wo). (D2)

We sum up all the above contributions, express the result
via the reflection coefficient r(w) = 27iP(w)/w, take
into account the vibration quanta normalization |u|?>=
1/(2m&,) and obtain Eq. (12) of the main text.
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