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Oracle inequalities for a Group Lasso procedure applied to
generalized linear models in high dimension

Meélanie Blazere, Jean-Michel Loubes and Fabrice Gamboa

Abstract

We present a Group Lasso procedure for generalized linear models (GLMs) and we study
the properties of this estimator applied to sparse high-dimensional GLMs. Under general
conditions on the covariates and on the joint distribution of the pair covariates, we provide
oracle inequalities promoting group sparsity of the covariables. We get convergence rates for
the prediction and estimation error and we show the ability of this estimator to recover good
sparse approximation of the true model. Then we extend this procedure to the case of an
Elastic net penalty. At last we apply these results to the so-called Poisson regression model
(the output is modeled as a Poisson process whose intensity relies on a linear combination of
the covariables). The Group Lasso method enables to select few groups of meaningful variables
among the set of inputs.

Keywords: Generalized linear model, high dimension, sparse model, groups of variables,
Group Lasso, oracle inequalities.

1 Introduction

Handling high dimensional data is nowadays required for many practical applications ranging
from astronomy, economics, industrial problems to biomedicine. Being able to extract information
from these large data sets has been at the heart of statistical studies over the last decades and
many papers have extensively studied this setting in a lot of fields ranging from statistical inference
to machine learning. We refer for instance to references therein.

For high-dimensional data, classical methods based on a direct minimization of the empirical
risk can lead to over fitting. Actually adding a complexity penalty enables to avoid it by selecting
fewer coefficients. Using an £y penalty leads to sparse solutions but the usely non-convex mini-
mization problem turns out to be extremely difficult to handle when the number of parameters
becomes large. Hence the ¢; type penalty has been introduced to overcome this issue. On the
one hand this penalty achieves sparsity of an estimated parameter vector and on the other hand
it requires only convex optimization type calculations which are computationally feasible even for
high dimensional data. The use of a ¢; type penalty, first proposed in [25] by Tibshirani, is now
a well established procedure which has been studied in a large variety of models. We refer for
example to [2], [5], [26], [8], [24], [32] and [4].

Group sparsity can be promoted by imposing a {5 penalty to individual groups of variables
and then a ¢; penalty to the resulting block norms. Yuan and Lin [31] proposed an extension of
the Lasso in the case of linear regression and presented an algorithm when the model matrices in
each group are orthonormal. This extension, called the Group Lasso, encourages blocks sparsity.
Wei and Huang [29] studied the properties of the Group Lasso for linear regression, Nardi and
Rinaldo [18] established asymptotic properties and Lounici, Pontil, van de Geer and Tsybakov [14]
stated oracle inequalities in linear Gaussian noise under group sparsity. Meir, van de Geer and
Bithlmann [17] considered the Group Lasso in the case of logistic regression and Zhang and Huang
[32] studied the benefit of group sparsity. Another important reference is the work of Negahban,
Ravikumar, Wainwright and Yu [20]. In this last paper a unified framework for the study of rates of
convergence in high dimensional setting is provided under two key assumptions (restricted strong
convexity and decomposability). This work and these two assumptions will be discussed in more
details in Section 3.



In this paper we focus on the Group Lasso penalty to select and estimate parameters in the
generalized linear model. One of the application is the Poisson regression model. More precisely,
we consider the generalized linear model introduced by McCullagh and Nelder [16]. Let F be a
distribution on R and let (X,Y) be a pair of random variables with X € R? and Y € R. The
conditional law of Y|X = z is modeled by a distribution from the exponential family and the
canonical parameter is the linear predictor. Thus the conditional distribution of the observations
given X = zis P(Y|f*,z) = exp(yﬂ*Tm—w(ﬁ*Tx)), where 8*T z satisfies fexp(yB*Tx)F(dy) < oo
and ¢ is the normalized function. Notice that E(Y|X) % ¢ (8*7 X) in other words g*7X %2

R(E(Y]X)) where h = 1/1/71 is the so-called link function. Some common examples of generalized
linear models are the Poisson regression for count data, logistic and probit regression for binary
data or multinomial regression for categorical data. The quantities of interest that we would like
to estimate are the component (87)igj<p of 8* and for a given x we may also wish to predict
the response Y|X = z. A natural field of applications for such models is given by genomics and
Poisson regression type models. In particular thousands of variables such as expressions of genes
and bacterias can be measured for each animal (mices) in a (pre-)clinical study thanks to the
developpement of micro arrays (see, for example, [3] and [7] ). A typical goal is to classify their
health status, e.g. healthy or diseased, based on their bio-molecular profile, i.e. the thousands of
bio-molecular variables measured for each individual (see for instance [9], [22] and [21]).

The paper falls into the following parts. In Section 2 we describe the model and the Group Lasso
estimator for generalized linear models. In Section 3 we present the main results on coefficients
estimation and prediction error and in Section 4 we consider the model in the particular case of
a Poisson regression. We also study here the general model in the case of a mixture of an ¢; and
{5 penalty. The Group Lasso estimator is then used on simulated data sets in Section 5 and its
performances are compared to those of the Lasso estimator. The Appendix is devoted to the proof
of the main theorems.

2 Sparse Variable selection for generalized linear models

2.1 The model

The Exponential family on the real line is a unified family of distributions parametrized by
a one dimensional parameter and is widely used for practical modelling. Let F' be a probability
distribution on R not concentrated on a point and

O := {9 eR: /exp(ex)F(dx) < oo}.

Define
M) = /exp(ﬁx)F(dx) (0 €0)

and

¥(0) = log(M(6)) (6 € O).

Let P(y;6) = exp(8y —1(0)) with 6 € ©. The densities of probability (related to a mesure adapted
to the continuous or discrete case) { P(.;0) : § € ©} is called the exponential family. © is the natural
parameter space and 6 is called the canonical parameter. The exponential family includes most of
the commonly used distributions like normal, gamma, poisson or binomial distributions [16].

We consider a pair of random variables (X,Y) where ¥ € R and X € RP such that the
conditional distribution Y|X = z is P(Y|8*,z) = exp(y8* 2z — ¢(6*"x)), with 7z € ©. Our
aim is to estimate the components (5)1<j<p of B* in order to predict the response Y|X = z

J
conditionally on a given value of x. We assume that

e (H.1): the variable X is almost surely bounded by a constant L i.e. there exists a constant
L > 0 such that || X ||eo< L ass.

e (H2): for all z € [-L, L)?, *"x € Int(©)



and we consider

A={BeRl:Vze[-L L], B zec0}.
Let (X1,Y1),..., (X, Y,) be i.i.d copies of (X,Y) where X; = (X;1,..., X; )T fori=1,....,n. We
consider the case of high-dimensional regression i.e p > n. The log-likelihood for a generalized

linear model is given by
n

LB) =Y Wip"X; — (8T X;)] .

i=1

We denote the generalized linear model loss function by

1B) = 1Bz, y) = —yfp(x) + ¥(fa(x)), (1)

where f5(z) := 8Tz. Notice that this function is convex in 3 (as 1 is convex). The associated risk
is defined by PI(8) =: El(3;Y, X) and the empirical risk by P,I(5) where

S [-ViBTX + (BT X))

i=1

S|

Pnl(ﬁ) =

Obviously

B* = argmin PI(B).
BeEA

2.2 Group Lasso for generalized linear model

Assume that X is structured into Gy, groups each of size d, for g € {1,...,Gp}. Fori =1,...,n
we set
X = (X}, X9, XET

where
_ T
X7 = (Xﬁl,...,Xidg)
and ngl dy = p. This decomposition is often natural in biology and micro arrays data when
the covariates are genes expresssion (see for instance [23] and [30]). We allow the number of
groups to increase with the sample size n, so we can consider the case where G,, > n. Define

Amax 1= ge{Ilr,l.?L.},(Gn}dg and dpyin = ge{{r}?rlen}dg. For 8 € RP we denote by 39 the sub-vector of

whose indexes correspond to the index set of the g group of X.
Let us consider the Group Lasso estimator which achieves group sparsity and is obtained as
the solution of the convex optimization problem

Gy,
B, = argmin {Pnl(,ﬁ) +y s(dg)||ﬁg||2}

peA =

where 7, is the tuning parameter.

Here ||.||2 refers to the Euclidian norm and s is a given function. An increase in 1, leads
to a diminution of the 89 to zero, this means that some blocks become simultaneously zero and
groups of predictors drop out of the model. Typically we choose s(dg) := \/ch to penalize more
heavily groups of large size. Notice that if all the groups are of size one then we recover the
Lasso estimator. The Group Lasso achieves variables selection and estimation simultaneously as
the Lasso does. The penalty function is the sum of the /5 norm of the groups of variables. Thus
the Group Lasso estimator acts like the Lasso at the group level [18], [14], [31]. Actually the
objective function above is the sum of a particular loss function (which is convex and based on
the exponential family) with a weighted regularizer. This type of convex optimization problem is
referred as a regularized M-estimator in the paper of Negahban et al. [20]. We can also notice that
the penalty norm satisfies the decomposability condition defined in this last paper.

We study estimation and prediction properties of the Group Lasso in high dimensional settings
when the number of groups exceeds the sample size i.e. G, > n. Define H* = {g: 8*9 # 0} the
index set of the groups for which the correponding sub vectors of 8* are non-zero and m* := |H*|.



Such a set characterizes the sparsity of the model. In the following H*¢ denotes the index set of
the groups which are not in H*. We can notice that H* and m* depend on n but for simplicity we
do not specify this dependency. In general, it will be hopeless to estimate all unknown parameters
from data except if we make the assumption that the true parameter is group sparse. In this
paper we consider that £* is partitioned into a number of groups, in correspondance with the
partition of X, only few of which are relevant. The index of group sparsity m* will be discussed
more deeply after Theorem 3.7. We also assume (H.3): there exists a constant B > 0 such that

Gn *
2921V dgllB*%l2 < B.

3 Main Results

3.1 Bounds for estimation and prediction error

Under some assumptions on the value of the parameter r,, and on the covariance matrix of X
we are going to show the ability of this estimator to recover good sparse approximation of the true
model. To prove oracle inequalities for the Group Lasso applied to generalized linear model we
need to state concentration inequalities for the empirical process P, (I(8)) for 8 € A. This step
is essential to compute an appropriate lower bound for the regularization parameter that ensures
good statistical properties of the estimator with high probability. Notice that this step requires a
boundedness assumption on the (X; ;) (cf. proof of Proposition 3.1).

To state concentration inequalities we first break down the empirical process into a linear part
and a part which depends on the normalized parameter 1)

(Pr —P) (I(8)) = (Pn = P) (L(B)) + (P — ) (s(13))
where 1;(83) == ;(B,z,y) = —yBTx and 1,(B) := 1y(B8,z) = ¢(BTz). Define

Gnp
A= 1{Ly <r./2}

g=1
where

YiX! - E(YX?))

1 n
Ly := H\/@Tb ;(

2
for all g € {1,...,G,} and

,
B = sup lvn (B, 87)| < 3"
B:35 Vg l1B9 =792 <M

where .
(Pn = P) (lp(B8%) — Ly (8))
G
Zg:nl VdgllB9 — B2 +en
with M = 8B +¢,, and £, = £. We assume that G,, and n are such that log(fif") < 1. The next

proposition shows that the event A N B occurs with high probability for some suitable values of
the tuning parameter.

vn(B,B") =

3|

Proposition 3.1. Let

axr
{lz|<Lkn}NO n

rm 2 AKL {CL,BV m |'(/)/(q;)|)} 210g(2Gy)

where K is a universal constant, A > /2, kn := 17TB + % and Cr, g is defined in Lemma 3.2. We
have )
P(ANB) =1 —(C+ 2dmas)(2G,) 472,

where C 1s a universal constant.



The proof rests on concentration inequalities and is detailled in the appendix. Indeed infering
a bound for the probability of the events A and B is equivalent to prove concentration inequalities
for the linear and non linear part of the empirical process. A concentration inequality for the linear
part is derived from Bernstein inequality once the following lemma has been proved. This lemma
provides moment bounds for Y.

Lemma 3.2. Let (X,Y) a pair of random variables whose conditional distribution is P(Y; 8*|X =
z) = exp(yB* 'z — (BT x)) and assume assumptions (H.1-3) are fulfilled. For all k € N* there
exists a constant Cr g (which depends only on L and B) such that E(]Y|*) < k!(Cr B)F.

The boundedness assumption on the components of X is required to prove this lemma. Then,
for the non linear part of the empirical process, we use again this assumption to show that we
can restrict the study of ¥ to a suitable compact set. Since 9 is lipchitzian on this compact set,
concentration results for lipchitzian loss functions (see [12]) allow to bound the probability of the
event B.

Thus, on the event A which occurs with high probability (see Proposition 3.1), we have an

upper bound for the linear part of the empirical process (P,, — P) (ll(ﬁ*) - ll(Bn)>

Proposition 3.3. On the event A

(P = P) (1(8) —(Ba)) < anﬁg 5.

Proof. We have
. —P) (1(8") ~ ()

Gnp n
=>_(B1-p)" [; D ViX! —E(YX?)
g=1 i=1

Gn

9 g9 (YiX? — E(Y XY
Z dy135 = B2 H\/» Z )

2

The last bound is obtained by using Cauchy-Schwarz inequality. Then on the event A the propo-
sition follows. O

Therefore the difference between the linear part of the empirical process and its expectation
is bounded from above by the tuning parameter multiplied by the norm (associated to the Group
Lasso penalty) of the difference between the estimated parameter and the true parameter 5*. We
can state a similar result for the non linear part of the empirical process, the key of the proof is
based on the fact that the estimator /3, is in a neighborhood of the target parameter 8* on the
event A B.

Lemma 3.4. On the event A\ B we have Zfz"l \/dg||/§’,9L — B*2 < M, where we recall that
M =8B+e¢, ande, = +.

n

Then the next proposition provides an upper bound for (P, — P) (lw(ﬁ*) - lw(ﬁn)> and is
directly involved by the definition of B and Lemma 3.4.

Proposition 3.5. On the event AN B

(Po = P) (16(8") — 1s(Bn)

G’!L
Tn ~ *g
<3 (Z_} V|83 — 57112 m) .



Once concentration of the loss function around its mean is stated, we have to ensure that the
loss function is not too flat in such a way that if the loss difference 1(3,) — [(8*) converges to
zero then Bn converges to 8*. In this paper such a property holds assuming that the covariance
matrix satisfies a Group Stabil condition (see condition below). This condition is closely related
to the one of Negahban et al. [20] called Restricted Strong Convexity property. Notice that in our
analysis the boundedness of the covariates is required to prove such a property. In fact, thanks
to the boundedness of the covariates, we first bound from below the mean deviation of the loss
function by a quadratic function (see Proposition A.1 in Appendix A). This first step enables to
relate the deviation in the loss to the deviation of the estimated parameter from the true one.
Then the Group Stabil condition implies that the loss function satisfies a local strong convexity
property. This has been characterized as a common step for convergence of M-estimator (see
[20]). Notice that the boundedness assumption on the components of X is not required to obtain
a kind of strong convexity. For example, as stated by Negahban et al., if the covariates have
sub-gaussian tails and if the covariance matrix is positive definite then the loss function satisfies a
form of restricted strong convexity property with high probability. However, as noticed above the
boundedness assumption is necessary to establish Proposition 3.1.

Therefore the key condition to derive oracle inequalities rests on the correlation between the
covariates i.e. on the behavior of the Gram matrix %Z?:l X; X which is necessarily singular
when p > n. Meier, van de Geer and Bithlmann [17] proved that the group Lasso is consistent
in the particular case of logistic regression and gave bounds for the prediction error under the
assumption that E(X XT) is non singular. In this paper we give sharp bounds for estimation and
prediction errors for generalized linear models using a weaker condition similar to the restricted
eigenvalue condition (RE) of Bickel, Ritov and Tsybakov [2]. This condition is quite weaker than
the one of Bunea, Tsybakov and Wegkamp [6]. In their article Bickel, Ritov and Tsybakov also
give several sufficient conditions for RE (which are easier to check). Here we use a condition which
is a group version of the Stabil Condition first introduced by Bunea [5] for logistic regression in
the case of an ¢; penalty. This condition is similar (within a constant ¢) to the condition used by
Lounici, Pontil, van de Geer and Tsybakov [14] to state oracle inequalities for linear regression.
For ¢g, € > 0, we define the restricted set as

S(eo,e) =98: > Vdgll6%la <co Y Vdgll62+e

geEH**® geH™*

On this set we assume that the covariance matrix satisfies the Group Stabil condition defined
below. This condition ensures local stong convexity in a neighborhood of 5*.
Let ¥ := E(XXT) be the p x p covariance matrix.

Definition : Group Stabil Condition
Let co,e > 0 be given. ¥ satisfies the Group Stabil condition GS(cp, e, k) if there exists 0 < k < 1
such that

R N ]

geH*
for any § € S(co,¢).

Before going any further we have to define two norms that are used to control the estimation
error. For all z € RP, let

Gn
Izllr =Y Vdgll2?]l2
g=1
and

Gn
lzllz1 =D 1129]l2-
g=1

The norm ||.||g is called the regularizer norm.

We are now able to state the main result of this paper which provides meaningful bounds for
the estimation and prediction error when the true model is sparse and log(G,,) is small as compared
to n.



Let v* := 3 ¢y~ dg. We recall that r,, :=17B + 2,

Theorem 3.6. Assume condition GS(3, ﬁ,k‘) 1s fulfilled. Let

oz AKL{Cop v o @ <2

maxr
{|z|<Lk,}NO n

where A > /2, K is a universal constant and Cr.p is defined in Lemma 3.2. Then, with probability
at least 1 — (C' + 2d,naz)(2Gn)_A2/2 (where C' is given in Proposition 3.1), we have

R 4 1 1
n * <7 n * ]- - a0
I =l < e + (14 ) 5

1B = Bl € —— ey + (14 — ) ——
n - ~ 77{‘7’1 - -
21 an dmin 7 Tn 2n dmzn
and 2 16 2r, +1
E (ATX _ *TX) <= 2 % Tn )
& p c%k:rn 2¢ym
where

o , NED)
Cp = min .
{jzI<L(9B+1)}ne 2

Notice that ¢, > 0 since the measure associated to the distribution F' is not concentrated on a
point.

These results are similar to those of Nardi and Rinaldino [18] who proved asymptotic properties
of the Group Lasso estimator for linear models. We can notice that if v* = O(1) then the bound

log G,
n

on the estimation error is of the order O ) and the Group Lasso estimator still remains

consistent for the ¢ ;-estimation error and for the f;-prediction error under the Group Stabil

condition if the number of groups increases almost as fast as O(exp(n)). The term /log G,, is the

price to pay for having a large number of factors and not knowing where are the non zero ones.
Since ||Bn, — B*[l2 < ||18n — 8%||2,1, we also have

1B = B*lla € ———ray* + (14 - —
n X5 ~—"n — 5 /"
2 an dmin 7 Tn 2n dmin

However, a sharper bound for the ls-norm of the estimation error holds but under a stronger
assumption than G'S(3, o, k).

52

Theorem 3.7. Assume GS(2m*,3, 5=, k') i.e there exists 0 < k' < 1 such that

?2n?

6756 > K ST 073 - ——

2n
geJ

for any & such that Y- ;o \/dgll6%]2 <332 ¢y \/dgll07]|2 + = and J such that |J| < 2m*. Then
we have with probability at least 1 — (C' + 2d7mgg)(2Gn)*A2/2

. d 16 2r, +1 1
- 112 < 10 max 2 % n — N
180 =572 <103 00\ w22 ™ F e T 2Wm

Proof. Let J* = H* U I and I is the set of indice corresponding to the m* largest values of
Vdg|lBg — B*||2 in H*“. We can prove (see proof of Theorem 3.1 in [14] with A\, = r,,1/d, ) that

A dmax A *g
S B -3 <9 1B - 83 (2)

d
geJ*e R g e g



and

S VAglIBL - Al <3 @Hggfg*g”ﬁ%,

geJ**© geJ*

Therefore on one hand, using assumption G.S(2m*, 3, ﬁ7 k:/), we deduce
KOS5 - 513 SE(BEX—ﬁ*TX)QJri )

2n

geJ*

and on the other hand, by the same arguments as those used in the proof of Theorem 3.6 to state
Equation (14), we have

. > 16 o, + 1
E (@?X - 5*TX) < Q—k,?“iv* + = = (4)
Cn

2ncy,

From equation (3) and equation (4) we conclude

16 ,, 2r+1 1
n

39 _ B*9)|2 < _—
Z 167 = B2 < k'chr 2k’ c,n + 2k'n’ 5)
geJ* n
Finally inequalities (2) and (5) conclude the proof. O

The convergences rates obtained in Theorem 3.6 and Theorem 3.7 are exactly of the same order
as the ones stated by Lounici and al. [14] for the Group Lasso in a Gaussian setting. The oracle

inequality stated in Theorem 3.7 shows that the ls-estimation error is bounded by O (7*%)

under GS(2m*, 3, ﬁ, k/). Therefore, in the case of finite size groups, m* still could be much larger
than log G,, and the estimator remains consistent. We can also notice that the number of samples
required in order that the prediction and estimation error (with respect to the lo norm) goes to
zero is almost of the order of O (v*log Gy,).

As mentionned above the group structured norm satisfies the decomposability property (see
[20]). Furthermore, under the assumptions made, the loss function satisfies a local restricted strong
convexity property. According to Negahban et al., these properties are two important conditions
that ensure good statistical properties of M-estimators. This is especially true for the Group Lasso
applied to generalized linear model as shown in Theorem 3.6 and Theorem 3.7. Indeed, these two
theorems demonstrate the ability of the Group Lasso to recover good approximation of the true
model for sparse generalized linear models under the Group Stabil condition.

3.2 Lasso for generalized linear models

When each group is of size one we recover the Lasso estimator

3, = argmin {P,1(3) + 2r,||8]|1}
BeA

where |||l = Z?=1 |8;]. Thus following step by step the proof of Theorem 3.6 we can easily
deduce bounds for estimation and prediction error for the Lasso estimator in the case of gen-
eralized linear models. Notice that the ls-estimation error of the Lasso applied to GLMs was
first studied by Negahban and al. (see [19] and [20]). The Lasso is a special case of the Group
Lasso where v* = s* with s* := |[I*| = |{j: 8} #0}| and G, = p. We still consider high-
dimensional data i.e. n < p and sparsity assumption on the target §* ie. s* < p and we
assume (H.1-3) except that for (H.3) we consider the ¢; norm ie. [|f*||y < B. The condi-

tion G5 in this case requires the existence of 0 < k < 1 such that 6736 > ijeI* 6? — ¢ for

any 0 € S(cg,e) = {(5 ERP 1) e |0] < codjer- 194 +5}. We recover the Stabil condition

St(co, e, k) of [5]. We also define condition St(2s*,co, ¢,k ) i.e there exists 0 < k' < 1 such that
588 > k ZjeJéjz — ¢ for any ¢ which satisfies >, ;e [6;] < cod ¢ ;6] + € and J such that
|J] < 2s*.



Theorem 3.8. Assume condition St(3, 5=, k) is fulfilled. Let

?2n?

, log(2p)
> AKL -08(2p)
o {OL’B V (012 0ol (x)} n

where A > /2 and Cr,B depends only on L and B. We have, with probability at least 1—C’(2p)‘A2/2
(where C' is a universal constant),

R 4 1 1
I = 1 < opras + (14 ) 5

cnk Tn /) 2N
and > 16 %y + 1
]E < ATX _ *TX) < e 2 % Tn .
Fn P c,%krn 2ney,
Furthermore if St(2s*,3, ﬁ7 kl) holds then we have
- d 16 2r, + 1 1
L — * (|2 < 10 max 2 ok n
||6 ﬂ ||2 dmin k,QC%rnS + Qk'cnn Qk’/n )
with ¢, := min {7’02@)} .
{lz|I<L(9B+2)}n6

Proof. The proof of Theorem 3.8 follows the same guidelines as the one for the Group Lasso. The
main difference comes from concentration inequalities for the linear and log Laplace transform part
of the loss function, leading to simpler bounds. O

This result extends the one of Bunea [5] for logistic regression to generalized linear model and
states convergence rates for the estimation and prediction error. The error bounds presented in
Theorem 3.8 are of the same order as the ones stated by Bickel, Ritov and Tsybakov [2] in their
analysis of the properties of the Lasso for standard linear models. We can also notice that in [19]
Negahban and al. obtained bounds for the ls-estimation error of the Lasso applied to GLMs of
the same order as the one we get but under stronger conditions. In fact they assume that the
distribution of the response Y based on a predictor X is given by

P(Y|X;5%) = exp(Y BT X — (8" X))

with |X| < A and |Y| < B and that ¢ is bounded from below on a suitable set. In our work
we do not make these two last assumptions. The restricted eigenvalue property they use is also
slightly stronger than St(3,e,,k). In addition we establish oracle inequalities for the prediction
error.

The bounds in Theorem 3.8 are meaningful if 7, is small (in particular if n > log(p)) and s* is

small. Indeed, the bound on the [;-estimation error is of the order of O s*\/lo% . We can also

notice that the minimum number of samples required to make the Ils-estimation and prediction
error decrease to zero is of the order of O (s*logp).

Then a relevant issue is the benefit of the Group Lasso over the Lasso. To understand better
the power of a group structured estimator when the covariates have a group structure we refer to
Huang and Zhang [10]. In this paper the authors investigate the benefit of sparsity with group
structure compared to the usual Lasso. They develop a concept called strong group sparsity which
means that the signal §* is efficiently covered by grouping. They showed that the Group Lasso is
better than the usual Lasso for strongly group sparse data in the case of a standard linear model
(see also [15]). Comparing Theorem 3.6 and Theorem 3.8 we see that an important improvement
over the Lasso is given when the number of non-zero groups is much smaller than the total number
of non-zero coefficients. Actually when the number of covariates increases this estimator removes
completely the effect of the number of predictors. Indeed if we assume that the maximum size
of the groups is finite then the estimation error for the Group Lasso depends only on the total
number of groups G,, and on the number of significant groups m*. Besides the prediction error



for the Lasso is of the order of 0(5*107%) whereas it is of the order of O(m*%) for the Group
Lasso. Therefore if 5* has a group structure this is a meaningful improvement when p is large and
the number of groups G, is much more smaller. Notice this comparaison must be tempered by
the fact that the two estimators require different conditions on the covariance matrix. In fact for
a same data set there is not a condition which is weaker and implies the other. We also refer to
the simulations in Section 5 that show some of the benefit of the Group Lasso over the Lasso when

the covariates have a group structure in term of estimation and prediction error.

4 Applications and extensions

4.1 Group Lasso for Poisson regression

Sparse logistic regression has been widely studied in the literature (see, for example, [5] and
[17]) but not the Poisson one for a sparse model. This last model is also very useful for many
practical applications. For instance it is used to model count data and contingency tables. Poisson
models are a special case of generalized linear models where the conditionnal law of Y given X =«
has a Poisson distribution with parameter A*(z) := exp(8*”x). Therefore the conditional mean
for Poisson regression is modeled by E(Y|X = x) = exp(8*”z). Thus the normalized function 1 is
the exponential function and is defined on R. For this special link function we are going to specify
the constants which appear in Theorem 3.6. The log-likelihood based on the observations is given
by

=Y [ViB"X; — exp(87X;) — log(V;!)]
i=1
and thus the Poisson loss function is defined by
1(B) =:1(B; 2, y) = —yBTx +exp(BT ).

Tt is formula (1) with ¢ = exp. In the particular case of Poisson regression the conditional law is
defined by Y| X ~ P (A*(X)) and the higher moments for a Poisson distribution are given by

B

E(YFX) =Y V(X)) Sux

=1

1

where Sp., = il Zi: (—-1)i= l(l) > 0 is the number of partitions of a set with [ members into k£

undersets. The number Zz 151k := By, is called the k'™ Bell number and this number satisfies

the relation B,11 = _, ( ) By (see for example [11]). So we can easily prove by induction that
By, < k! for all k > 1. Then we have on the event {0 < \*(X) < 1}

k

k
E(Y*)=E <Z (A" (X)) Si:k) < X:Sz w <k

=1

and on the event {1 < A*(X)} using (H.1) combined with (H.3) we find
251 VE (X (X)) < Ri(eRP)E
Because e“B > 1 we deduce that for all k > 1
E|Y|F < k!(elP)*.

Thus for Poisson regression we have Cy, g = eXZ. Besides max {|¢ (x |} = elfn and min wT(x) =
|r|\ Kn |93|<L(QB+%)
%e*L(gB+%) where we recall that k, := 17B + % Therefore, in the case of Poisson regression,

Theorem 3.6 becomes

10



Corollary 4.1. Let ¢, := %e*L<9B+71L). Assume that condition GS(3, 5=, k) holds. If

5 2n?
log(2G,,)
n

with A > /2 then, with probability at least 1 — (C + Qdmaz)(QGn)’A2/2, we have

Ty = AK LeL(7B+3)

R 4 1 1
n — * gin* 1 ] 5
182 = 8l <~ +< + n)Qn

1B = Bl € —— gy + (14 — ) ———

n - \77.71 - -
21 an dmin 7 Tn 2n dmzn

and

16 5 ., 2r,+1

”
n
2k 2ne,

Furthermore if condition GS(2m*,3, 2=, k') holds, then

’2n?

B (51X -57X) <

. d 1 2rp, +1 1
- % 2< max 160 —— 2 % n 1 .
1B = 5713 < 5 l T e T

4.2 Elastic net for generalized linear models

The most difficult part of the proof of Theorem 3.6 is to prove Proposition 3.1. Once this
proposition has been proved it becomes easy to generalize the results presented above to any
standard penalization using a modified version of the condition GS (depending on the norm we
use). For example we can replace the ¢; norm by a combination of ¢; and ¢5 norms. It is the
so-called Elastic net introduced by Zou, Trevor and Hastie [33] in the frame of linear regression.
They showed that this estimator outperforms the Lasso in many situations for real world data and
simulations. It is an alternative to the Group Lasso (the Elastic net has a behaviour similar to
the one of the Group Lasso estimator). As the Lasso does, the Elastic net encourages sparsity and
group selection but contrary to the Lasso when the sample size n is smaller than p the Elastic net
can select more than n significant variables. This estimator is the solution of a convex optimization
problem. Zou, Trevor and Hastie in [33] proposed an algorithm to solve this problem. The Elastic
net estimator for the generalized linear model is defined by

3, = argmin {P,U(B) + 2,181 +tn||5||§} (6)
BEA

where 7, and t, are the penalty parameters. Theorem 4.2 is an extension of the results first
proved by Bunea [5] in the special case of logistic regression. Let 2¢t,B = r,. We have the
following theorem

Theorem 4.2. Assume condition St(4, 5, k) holds. Let

/ log(2
rn =2 AKL{CrL gV mazx [ (z)] log(2p)
{l=|<L(17B+2)}ne n

where A > /2 and Cy, g depends only on L and B. Then, with probability at least 1 — C’(Qp)*“ﬁ/2
(where C' is a universal constant), we have

A N (2.5)2 . 1 1
e R (e P
and
2r, + 3

2052, .
" 2c,m

R 2
]E( I'x — *TX) < ————F—1r2s
Bn 8 enk(tn + cnk)
where ¢,, == min {1&2(96)}

{lz|<L9B+1)}ne

We can notice that thanks to the 5 penalty the bound for the ¢ and £5 errors are less sensitive
to small value of k and small value of ¢, (which can appears when L or B are large).

11



5 Simulations

We are going to compare the performances of the Lasso and Group Lasso for Poisson Regression
on simulated data sets. Computations have been performed using R. We use the package grplasso
developped by Meir, van de Geer and Buhlmann [17] for the Group Lasso and the package glmnet
developped by Friedman, Hastie and Tibshirani [8] for the Lasso. The function glmnet fits the
entire lasso regularization path for some generalized linear model via penalized maximum likeli-
hood. We use this function in the particular case of Poisson regression. The function grplasso
fits the solution of a Group Lasso problem for a model of type grpl.model which generates models
to be used for Group Lasso algorithm and identify the exponential family of the response and the
link function which is used. Here we consider the function PoissReg() which generates a Poisson
model.

We simulate 100 data sets for each simulation and we ran the Lasso and Group Lasso on these
data sets. Each data set X is cut into three separate subsets: a training data set, a validation
data set and a test data set. We simulate responses via the model Y ~ P(exp(X5*)) where
B* = (5*1, ...,B*G) with g groups with non zero coefficients among the G groups. The training
data set (Xirain Of size Nyrain) is used to fit the model (we estimate the target 8* for a sequence of
the tuning parameter A and denote by ) the estimate of 8* obtained for such a parameter for the
Lasso and the Group Lasso estimator). Then, we use the validation data (Xyaq of size nyaliq) to
evaluate the performance of the fitted model according to a specific loss function. We define the
optimal tuning parameter as the one for which the deviation from the fitted mean to the response

valid
with the parameter vector 3y, .. Then we compute the hits i.e the number of correctly identified
relevant variables, the false positives i.e the number of non significant variables choosen as relevant
and the degreee of freedom i.e the total number of variables selected in the model. Finally, we
estimate the performance of the selected model by computing the coefficients estimation error
18 = Brgpe 11 and the prediction error || Xiest5* — XtestBaoy |2 on the test data (Xiest of size ngest)-
We ran the Lasso and Group Lasso on these data sets.

Fight models are considered in the simulations. For each simulation nyqin = 50, nyeiq = 50,
ntest = 100. To compare the Lasso and Group Lasso we use a random design matrix where the
predictors are simulated as followed according to a uniform distribution to have bounded predictors.

is minimal i.e. Agp € argmin{ |y — exp(Xvalidﬂ)\)H%}. From that we determine the model
A

opt

1. e X;=U;+¢ for 1 <i<10 with Uy ~ U([0,1])
o X, =Us+e for 11 <i <20 with Us ~ U([0,1])
o X; =U; for the last 100 variables U; ~ U([—0.1,0.1])
with &; i.i.d ~ U([0,0.01)).

The covariates within the first two blocks are highly correlated (~ 0.8) and there are small
correlations between the blocks. The target is

B* =(0.3,..,0.3,0.2,...,0.2,0,...,0,...,0, ..., 0).
—_— —— = N——

10 10 10 10
N—————
10

2. The simulation is the same as the first one except that ¢; i.i.d ~ U([0,1]). Thus there are
small correlations within and between groups (~ 0.5).

3. The simulation is the same as the first one except that &; i.i.d ~ U([0,1.2]). Thus there are
very small correlations within and between groups (~ 0.2).

For all the following simulations the non zero groups are generated in the same way as
in the second example. For j =1,..,m* and ¢ = 1,...,d;, X; = U; +¢; where U; ~ U([0,1])
and ¢; 1.i.d ~ U([0,1]). The non influencial groups are simulated according to X; = U; with
U; ~ U([-0.1,0.1]). In the two following simulations we increase the size of the non zero
groups

12



B*=1(0.3,...,0.3,0.2,...,0.2,0, ...,0, ..., 0, ..., 0).
——— ———— —— ——
20 20 20 20

—_———
10

B* =(0.3,...,0.3,0.2,...,0.2,0, ...,0, ..., 0, ..., 0).
—_— —— S~——

5 5 5 5
—_— ——
10

In the last three simulations it is the number of the non zero groups which is increased.

6.
B* =(0.2,..,0.2,0.2,...,0.2,0, ...,0, ..., 0, ..., 0).
—_— —— S~——
10 10 10 10
—_—
10
7.
B* =(0.2,..,0.2,...,0.2,..,0.2,0, ...,0, ..., 0, ..., 0).
— N S——
10 10 10 10
4 10
8.
B* =(0.2,..,02,...,0.2,..,0.2,0, ...,0, ..., 0, ..., 0).
—— —— — N——
10 10 10 10
6 10

The results of the eight simulations are reported in Table I hereafter where p is the number of
covariates, s* the number of significant covariates, G the number of groups, m* the number of non
zero groups and v is the size of the non zero groups. The Group Lasso seems to perform better
than the Lasso to include the relevant predictors into the model particularly when there are high
within group correlations. The Lasso tends to select fewer variables among the influencial ones
(the Lasso selects only some variables from the groups of highly correlated predictors) than the
Group Lasso does in the case of highly correlated covariates and when the size or the number of the
nonzero groups is large. The Group Lasso succeeds in including the true significant groups in most
of the cases. On the contrary the Group Lasso estimator tends to add more irrelevant covariates
than the Lasso does in particular when the number or the size of the non influencial groups is
large. We can expect such a result because the Group Lasso estimator includes not single variable
one after another but groups of variables (when one of the covariates is included in the model
all the others which belongs to the same group are also included in the model). Thus the Group
Lasso selects models that are larger than the true model. However when the Group Lasso selects a
number of covariates which is the same than the number of significants covariates it is, with high
probability, the correct groups which are included. We have also measured the performances of the
Lasso and Group Lasso in terms of estimation error and prediction error. The Group Lasso seems
to perform better than the Lasso in term of estimation error and of prediction error in most of the
cases and the improvement is particularly meaningful for prediction error. We can also notice that
the performances of the two estimators decreases with the increase of G and m*. To conclude, the
Group Lasso estimator seems to perform better than the Lasso to include the hits in the model
and in terms of prediction and estimation error when the covariates are structured into groups and
in particular in the case of high correlations within groups.

To better understand the difference of behaviour between the Lasso and the Group Lasso in
terms of variables selection we also provide some kind of ROC curves. These curves are created by
plotting the fraction of true positives (of the estimated parameter) out of the positive coefficients
of B* for discretized values of the penalty parameter going from zero (completely dense solution)
up to the value where the first group of covariates enters the model (completely sparse solution).
To ensure that we well detect each new inclusion of covariates, the discretization involves 10000

13



Simulation 1 2 3 4 5 6 7 8
s*/p 20/120 | 20/120 | 20/120 | 40/240 | 10/60 | 20/120 | 40/140 | 60/160
G 12 12 12 12 12 12 14 16
m* 2 2 2 2 2 2 4 6
v 10 10 10 20 5 10 10 10
Mean Hit lasso (%) 86,9 99,4 99,95 66, 27 87,6 95,9 78,79 54,16
Mean Hit group lasso (%) 100 100 100 98,5 100 100 100 98,8
Mean False positive lasso (%) 15,02 10,61 9,25 2,39 47,38 | 18,96 9,33 8,87
Mean False positive group lasso (%) 28,7 36,1 33,9 74 34,2 29,6 61,9 37,9
Mean Nonzero lasso 32,4 30,49 29,24 31,29 | 32,45 | 38,14 40, 85 41,37
Mean Nonzero gp lasso 48,7 56,1 53,9 187,4 27,1 49,6 101,9 97,2
Mean Prediction error lasso 0,19 0,15 0,18 6,73 0,15 0,17 3,22 17,97
Mean Prediction error gp lasso 0,021 0,007 0,004 1,98 0,03 0,016 0,012 1,32
Mean Estimation error lasso 6, 36 2,84 2,08 9,79 15,31 6,37 8,45 16,28
Mean Estimation error gp lasso 5,54 2,66 1,64 18,65 4,22 3,40 2,77 12,76

Table 1: Results of the simulations for the eight models

values of the penalty parameter. We plot the curves for each model considered. Three models are
described below and the respective ROC curves are shown in Figures 1, 2 and 3.
For each model we have

o forj=1,...,m"andi=1,...,d;, X; = Uj + ¢; where ¢; i.i.d ~ U([-1,1]) and U; ~ U([0,1])
for simulation 1 and U; ~ U([—1,1]) for simulation 2 and 3 .

e for the non significant groups X; = U; with U; ~ U([-0.1,0.1]) for simulation 1 and 2 and
U; ~ U([-0.01,0.01]) for simulation 3.

1. For the first simulation the target is
g*=1(0.2,..,0.2,...0.2,...,0.2,0, ...,0,...,0,...,0).
—_—— Y N——

5 5 5 5

10 50

ROC curves parametrized by the regularizing parameter
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Figure 1: Simulation 1

2. For the second simulation the target is
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B* = (0.2,..,0.2,...0.2,...,0.2,0, ..., 0, ..., 0, ..., 0).
—_— ~——

10 100

ROC curves parametrized by the regularizing parameter
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Figure 2: Simulation 2

3. For the third simulation the target is
8*=(0.2,..,0.2,...0.2,...,0.2,0, ...,0, ...,0, ..., 0).
—_— =

5 5 5
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Figure 3: Simulation 3

The simulations clearly illustrate that contrary to the Lasso the Group Lasso includes not single
covariates one after another but all the covariates which belong to the same group at the same time.
The Group Lasso tends to include in priority the significant groups and then the non significant
groups in such a way that for some values of the penalty parameter the rate of perfect selection can
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be very close to one and even equal to one in some particular cases (see for instance Figure 1). We
can notice that the ROC curves for the Lasso follow at the beginning those of the Group Lasso and
then fall below. The break in the curves of the Lasso illustrate a special feature of this estimator.
Actually the number of covariates included in the model for the Lasso is restricted by the sample
size whereas for the Group Lasso the restriction is given by the number of groups. That is why
for the Lasso the number of true positives but also the number of false positives are smaller than
those of the Group Lasso (once approximately 100 covariates are added in the model the Lasso
stop including other ones). We can also notice that the Group Lasso is less stable than the Lasso
in terms of variables selection. In fact a little change in the penalty parameter can substantially
increase the number of false positives. This particular feature of the Group Lasso due to a group
structure penalty is reflected in Table I with a rate of false positives larger for the Group Lasso
in most of the cases. Thus Figures 1, 2 and 3 confirm what has been previously deduced from
the results presented in Table I. To conclude the Group Lasso seems to be more reliable than the
Lasso to include the variables of interest but in return it tends to incorporate more false positives.

6 Conclusion

We consider the generalized linear model in high dimensional settings and use the Group Lasso
estimator to estimate the regression parameter 5* when the covariates are naturally structured
into groups of variables and the true parameter is group sparse (just a few variables are relevant to
explain the response). Under some assumptions on the sparsity of 5%, on the correlations between
the groups of covariates and on the tuning parameter of the estimator we state general oracle
inequalities for estimation and error prediction for the Group Lasso estimator applied to generalized
linear models. In the particular case of groups of size one, we provide original inequalities for
the Lasso in the case of generalized linear models extending the results of Bunea [5] for logistic
regression. Furthermore, we extend these results to other penalties such as the Elastic net. Then
we compare the performances of the Lasso to the ones of the Group Lasso on simulated data. We
show the improvement in terms of variables selection and prediction errror of the Group Lasso
compared to the Lasso when the covariates are structured into groups. Moreover we illustrate on
these simulated data the impact of the total number of groups, of the number of non zero groups
and of the size of the groups on the performances of the Group Lasso. The conclusion is that
the Group Lasso estimator behave well in a high dimensional setting under sparsity and group
correlations assumptions. However the main drawback of the Group Lasso is that we need an a
priori knowledge on the groups and it is not always possible.

A Proof of Theorem 3.6

A.1 The main steps of the proof
The proof follows the guidelines in [4] or [13]. Using the mere definition of ., we have

G Gn
Pol(Bn) +2rn > /dgllB%]l2 < Pul(B*) +2r > \/dg|l8*l2. (7)
g=1 g=1

Hence we get
G

P (l(Bn) — l(ﬁ*)) + 27, ; Vgl B2

Gn
< (B =) (187) — 1(Bn) ) + 2 > V157 (8)

We decompose the empirical process into a linear part and a part which depends on the normalized
parameter 1.

(P —P) (18" ~ 1(Bn))
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= (P = B) (4(8") ~ u(Ba) ) + (B = P) (10(87) — y(Bn)
where
L(B) =B, x,y) =-yB
and
Lp(B) = 1y(B,2) = (B ).

From Proposition 3.3 and Proposition 3.5 and by adding r, Yo", \/dg||34 — 89|z to both sides
of the inequality (8) we find, on A N B, that

Gn
ra > Vg3 = 2+ (1(8.) = 18"

Gr
A * * A Tn
<2ra > Vg (182 = 8112 + 118"l = 13312 + S-en-
g=1

If g ¢ H* then ||55 = 87|l + |87 ||> — [|33]| = 0 and otherwise [|8*9la — (|69l < |35 — 5*7|2- So
the last inequality can be bounded by

Ao 3 AlIBL = Bl + Fren. ©)

geEH™

By the definition of 8* we have P (l(Bn) - l(,B*)) > 0 and therefore

> VA8 = 5N <3 Y VI8~ Bl +

g¢H* geEH*
iefB,—pre S(3, %) The next proposition provides a lower bound for P <Z(Bn) — l(ﬂ*)).

Proposition A.1. On the event AN B we have

P (1(B0) ~1(8)) > euE [(fm (X) = fo- (X ﬂ

with en = mg%ﬁﬂ {w/’;z) }
P (Z(Bn) - 1(5*)) =-E {E(YlX) (f,;n (X) - fﬁ*(X))]
+E [¢' (fo- (X)) (5, (X) = f5- (X))

v (fa(X

v |2 g <X>)2]

where TX is an intermediate point between STX and B7X given by a second order Taylor
expansion of 9. Since ¢ (fg« (X)) = E(Y|X) we find

W (f5(X

P (16, —15) =& |2 (4 ) fﬁ*<X>)2] .

Besides we have ~ ~
187X < 187X - BT X|+ |87 X|

n

G Gn
<0877 = Bl X N2+ D 118721 X 2.
g=1

1

Q
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Applying (H.1), we find
1X9]l2 < L/d,.

Then using Lemma 3.4 and (H.3) we find
IBTX| < LM + LB as. (10)

Furthermore, 8* and 3, belongs to A which is a convex set. Therefore 8 € A and 87X € © a.s.
Thus we conclude

P (Z(Bn) _ 1(5*)) > c,E {(fén(X) - fﬁ*(X))z}

where ¢,, := min wT(x) . O
{|lz|<L(M+B)}n©

From Propositon A.1 and (9) we deduce that
G ) . 2
rn > Vg3 — 2 + e (BT X — 577 X)
g=1
~ N Tn
<dr Y VAl =B Nl2 + 5 en. (11)

gEH™

Then the end of the proof is similar to the end of the proof of Theorem 2.4 in [5]. Let ¥ be the
p X p covariance matrix whose entries are E(X,X;). We have
~ 2 ~ ~
E(BIX = 87X) = (B - B)S(B0 - 8°).

Because condition GS(3, 5, k) is satisfied we have

Cn(Bn - B*)Tz(Bn > cpk Z Hﬁg *g||2 n.

2
geEH*

Then by using Cauchy-Schwarz inequality in (11) we find

Gn
TnZ \/(TQH/BTQL — B*QHQ _|_an. Z Hﬂg _ /B*g”g
=1 geH™

~ En
Sdra [ D7 dg [ D0 1B = BB+ (ra + 1) 5

geEH™ geEH™*

Now the fact that 2xy < taz? + y2/t for all t > 0 leads to the following inequality

G
S VAN~ 87z + ek S 1188 — 57713
g=1

geH™

* * En
<4+ 5 Y 1B - B0+ i+ D)
geH*

1
Replacing ¢ by s in (12) we obtain
c

n

on 4 1.¢e
> \dgll By — B —r, 1 -
2 ol = B2 < oy + (L )5

n

i.e
N 4 1 e,
”Bn B HR Tn’V +(1+ )2
n

cnk
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What is more

n

Vdmin || B — B |21 < \/@HBZ — B2

g=1
This yields
A " 4 " 1 1
10 = Bllas < st + (1 " ) e (13)
A similar argument could be made to prove
B(ATX -5 7X) < gt + (14

Finally we conclude the proof using Proposition 3.1.

A.2 Proof of Proposition 3.1

Proof. Let A > /2. We recall that we have made the assumption % < 1. We deduce
Proposition 3.1 from the two following lemmas.

Lemma A.2. Let
Ty > (8\/§AL0L,B bg(?f“) v (16 A2LC, 5 @ )

with A > 1. Then ,
P{A} > 1 — 2dpae(2G,) 4.

, [2log2G,,
Ty = 20AL ( maz_ | (x)|> 2log 2Gn
{lIIgLﬁn}ﬁe n

P(B) > 1— C(2G,) /2

Lemma A.3. Let

where A > 1. Then

2
where we recall ky, := 17B + —. We can notice that P(B) — 1.
n

n— oo

Thus if

/ 210g(2G,,)
i 2108(26,)
oz arL{cay  me @}y

with K choosen such that
rn = max (C1, Ca, C3)

where
log(2G,
Cl = 8\/§ALOLVB %GY)
log(2G,,
Cy = 16A2LCL,B¥
and
/ [2log 2G,,
Cs3 := 20AL ({z|<nii§}me|¢ (9:)) —
then P(ANB) = 1 — (2dmax + C)(2G,)~4/2. O
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A.3 Proofs of the technical lemmata
Proof of Lemma 3.2

Proof. Let 6 € Int(0) and Yy be a real random variable with density exp(fy — ¢ (6))F(dy). First
we prove that for all & € N, there exists a constant Cy > 0 which depends on 6 such that

E|Yy|* < kICH.

The k' absolute moment of Yy is the k" derivate of Hy := E(e*1¥*!) at 0. Let s € C be given. We

have
Mo (s+0)+M_(0-—2s)

where we define My and M_ as

M — C
T e =[50 ¢??F(dy)
and
M- ’ cC — C

z o [, o€ F(dy).

M is analytic on Qg := {z € C: Re(z) € Int(0)} and so does My and M_. Therefore Hy :
s +— E(e*1Y0]) is analytic on Up := {s € C: Re(s + ) € Int(©) and Re(d — s) € Int(O)}. Since
0 € Int(©), Hy is analytic at the point 0 and hence the function is also holomorphic in a neighbor-
hood of 0. We recall the following result for analytic functions (see [28]).
Theorem: If f is holomorphic on a domain Q of C then f € C*°(Q) and if in addition Q is simply
connected then for all contour v around z € Q0 we have

M (z) = L'/ (v f(:)>n+1dv'

um

Using the previous theorem on Hy at 0 and taking v as a circle with radius R centered in 0
(such that Hy is holomorphic on D(0, R), of course R depends on #) we obtain that for all £ € N

(k) k!
H < —
| 0 (O)‘ om

Hp(v) ’ k!
v| < = sup |Hp(2)|. (15)
s RF .\<n

1
and the result follows with Cp := max (1, 7 Sup |H9(z)|> Thanks to assumption (H.2) we can
lz|<R

apply (15) with 6 = B*T X and find that for all k € N,

E([Y]*X) <k (Chery)"

Finally (H.1) combined with (H.3) leads to

k
E (|Y]*) < &! ( sup Cg)

6|<LB

and the result follows with Cr g := sup Cjp. O
|6|<LB

Proof of Lemma 3.4

Proof. The proof is based on the convexity of the loss function and of the penalty, the main idea
of the proof is similar to the one used by Bithlmann and van de Geer [4] for the Lasso to show

and § 1= tf, 4+ (1—1t)58*.

consistency of the excess of risk. Define ¢t :=

M+ g0 /g |55 — 5+ 2
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Notice Z?z"l VdglIB9 — 892 < M. By convexity of 8 — l() and 8 — ||]|2 combined with the
fact that 3, satisifies (7) we find

Gn
B (1(B) = 1(8)) +2rn Y /g1

Gn
< (Bu=P) (18" = UD)) +2r > /18

On the event A B we have

Gn
P (Z(B) - l(ﬂ*)) +2r, ; Vdg|l8%]2

Gn Gn
s * En *
<0 D VBB =5 ek v 20 87

Because P (Z(B) - l(ﬂ*)) > 0, by adding to both sides of the inequality 2r, Zfz"l VdgllB*9]2 and
by using the triangular inequality we have

Gn Grn
> VB B le < 43 V157
g=1 g=1

Therefore, using (H.3), we have

G

= ~ N En M
E: Vdg”ﬂg_‘ﬁ ﬂb < E?‘+453::??~
g=1

i.e.

S

Gn
Y VAR - < 5
g=1

and then the definition of ¢ leads to

Gn
> VdgllBg — 5|2 < M.
g=1

O
Proof of Lemma A.2
Proof. We have
G 1 n 2 72
c Y9 _ _n
PA) <Y P = (YiX! —E(YX9)|| > —d,
g=1 i=1 2
G, dg 1l ”
< ]P’{n Y (vix?, -E(YXY))| > 2} (16)
g=1j=1 i=1

For j=1,..,dyand i =1,...,n, let
Wi = YixX?, B (ViX).

The random variables {W;;},_,
all m > 2

,, are independant, identically distributed and centered and for

m
m k k
E[W5I™ < (m)mei,ﬂk (EJYi X"
k=0
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By using Jensen inequality we obtain
E[W5[™ <2 max {E|Y: X ;|"E|Y: X, 5"}
For all k € N, by (H.1) and Lemma 3.2 we have
E|Y;X; ;" < L*K! (C1.B)" .

Therefore E[W}|™ < m!(2LCr, g)™. Hence the conditions are satisfied to apply Bernstein concen-
tration inequality [1] with K = 2LCy, g and 0? = 8(LCy, p)?. Thus we obtain

P(rlz >7"n/2>

> W

=1
<o (e (= &ooxp (T (17)
S\ \T6zeL s ) TP \320LCL 52 ) )

Finally, from (16) and (17), we deduce that P(A") is bounded by

nrn

- —nr?
2 max n AT~ 7" .
max (eXp (16LCL,B) exp (32(LCL,B)2>>

log(2G,,)
n

Therefore if

Ty = A216LCL,B

V AS\/iLCLyB %

with A > 1 then ,
P{AY} < 2dmax(2G,) .

Proof of Lemma A.3

Proof. The proof rests on the following Lemma

Lemma A.4. Let R > 0 be given. Define

Zp = sup {{(Pr, = P) (lp(B%) — Lp(8))]}-
S5 dgllBI—B792<R

P <ZR > ASDLR\/M> < (2G,) (18)
n

where D = {|x\<L7(7}%(fB)}m® {W) (x)|}

Proof. Let f3 satisfy Zf;l V/d4)|39 — B*9||2 < R. Notice that if we change X; by X, while keeping
2

the others fixed then Zpg is modified of at most —LRexp (L(R + B)). To see this let
n

If A>1 then

and

then we have



= (157, X0) — (B, X0) — (5%, X)) + 105, X))
< W FTXNIET X - BT+l (BT X)X - BTX]

with BTXi which is an intermediate point between A7 X; and B*TXi (using a first order Taylor
expansion of the exponential function). Then, using the same argument as for (10), we have

6T X;| < LR+ LB.

Therefore ,
(Pr, = P)(Ly(B") = 1y (B)) — (P, = P)(1y(B%) — 1y(B))
2

< —LR

! 2
h = ZLRD.
n {|x|§Lr(r}2afB)}ne|w (x)l o R

We can apply McDiarmid’s inequality also called the bounded difference inequality.
Theorem. Let A a set. Assume g : AN — R is a function that satisfies the bounded difference
inequality

sup lg(x1, .oy xn) — g1, ...,xi_l,x;,xiﬂ, e )| < G
ml,...,xn,wgeA

Let X1, .., X,, be independent random variables all taking values in the set A. Then for allt > 0,
n C2

P{g(X1,.... X,) — Eg(X1, .., X,) >t} < e 20/ Zi et

We can apply McDiarmid’s inequality to Zr and obtain

2
P(Zr —EZr > u) < exp (_nu) .

2R2L2 (D)?
[2log2G, .
Therefore if r,, > ADLR 2log 2G with A > 0 then
n

P(Zr —EZg > 1) < (2Gn) . (19)
Now we have to bound the mean EZg.
Lemma A.5.

EZpr < ARLD 2log(2Gn)
n

Proof. First let us introduce two theorems. Let X, ..., X,, independent random variables with
values in some space X and F a class of real-valued functions on X.

Theorem: Symmetrization theorem [27]. Let ey, ..., €, be Rademacher sequence independent
of X1,...,X, and f € F. Then

E | sup
fer

< 2E | sup e f(X; .
(s

Theorem: Contraction principle [12]. Let x4, ..., z,, elements of X and e, ..., &, be Rademacher
sequence. Consider Lipschitz functions g;. Then for any function f and h in F, we have

Z {f(x:) - ]E(f(Xy))}D

i=1

E (;Lelg ; €i{9:(f(wi)) — gi(h(xz‘))}D
< 2E <;lell; ;%(f(%‘) - h(%’i))D
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Let €1, ..., €, a Rademacher sequence independant of X1, ..., X,, and let Sg := {B e RP: Zf;l Vdgll B9 — B*|2 < R}.

Then by the Symmetrization theorem and the Contraction theorem (¢ is D-lipschitz on the com-
pact set Sg ) we have

a8 X, - BT X;)

1 n
EZR<4DE<supZ )
=1

BeSr M

by Holder inequality for the last bound. Now we are going to use the following theorem which is
a consequence of Hoeffding inequality.

Theorem. Let Xi,..., X, be independent random variables on X and f1, ..., fn real-valued func-
tions on X which satisfies for all j =1,....p and alli=1,...,n

Efj(X:) =0, [f;(Xy)] < aij.

n

1§~ X7
e,

i=1

< 4DRE ( max

Then

; ) < /2log(2p) max
1<j<p

By applying this theorem we obtain

L5~ X7
n i,

i=1

E( -— ><L 210g(2G.,)
gG{l,...,Gn}

Thus

EZp < ARLD,| 208(2Cn) (20)
n

So we can conclude from (19) and (20) that if A > 1 then

P <ZR > ASDLR/ 210g2G”> < (2G,) (21)
n

for all R > 0. O

Split up
Gn
{ﬂ ER?: S /dgl|pT - 572 < M} ’
g=1

where M = 8B + ¢, into two sets which are

G,
By = {B :> V187 - 872 < en} ,
g=1
Gr
E, = {5 tEn < Z\/@Hﬂg - B2 < M}
g=1

j'n/ G’VL
Sy {B 127 0e, < Y7 VA8~ 572 < ng"}
j=1 g=1
where j,, := |logy(nM)| + 1 is the smaller integer such that 2n¢, > M. We recall that

(B P ((8) — Lu(®)
) e e g + e

24



and to simplify notation let

and

o(t) == ¥ ().

max |
{lz|<t}n©

2
Let A > 1. We recall that «,, := 17B + — = 2M + B. On the event E,
n

P <p vn(8, 89| > ALOLO(Li,) MQG))
BEE; n

2log(2
<P <sup |an (B, 8%)| = AI0L® (LK, )er, Og(G")>
BEE; n

2log(2G,

<P ( sup [an(B, 87| > ASLO(L(en + B))eny| 282Cn)
BeEL n

given that 2M > ¢,. From Lemma A.4 with R = ¢,, we deduce

P (Sup [vn (8, 8%)| = A10L®(Lk,) 210g(2Gﬂ>>

BEE; n

<(2G,)~ . (22)

On the event Es, using the same type of argument as for (22) with R = 27¢,, (given that 2M > 27¢,,)
forall j =1,...,4, , we find

BEE, n

< gn(2G,) ™.

Finally we have
A2
2

<C'(2Gn)” (23)

where C” is a constant (because j, = |logy(nM)] +1 and n < G,,) and the result of Lemma A.3

follows from (22) and (23) with C =1+ C". O

B Proof of Theorem 4.2
The main step of the proof are the same as for the Lasso.

Proof. By the same arguments as the ones used to prove (8) we have
P (1(8") = UBa) ) + 20nllBalls + tall B3

< (o —P) (1(8") = UB) ) + 2rallBll1 + tallB°13. (24)

The upper bound of (P,,—P) (ll(ﬁ*) -1 (Bn)), of (P,,—P) (l¢(ﬂ*) —ly (Bn)) and the lower bound of

P (l(ﬁ*) — Z(Bn)) remains the same as those presented in the proof of Theorem 3.8 (see Proposition

3.3, Proposition 3.5 and Proposition A.1). Once these three propositions are proved, the rest of the
proof is similar to the one for logistic regression presented in [5]. On the event ANB (which occurs
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with probability at least 1 — 2(2;0)1*‘42 — C’/(Qp)’AQ/2 >1- C(2p)fA2/2) by adding 7, ||3n — 8%||1
and tn 3 i r. (87 — ;)% to both sides of the inequality (24), we have

rallBa = B*l11 + P (U8 = 1Ba)) +ta > (8] = B)?

Jjer*
< 27| Bn = B I1 + 2rllB* Ml = 2rallBulls +tn Y (85 — B))°
Jjer*
N N Tn
*tn”@l”%thnHﬂ ||§+?5n (25)

1
with £, = —. On one hand, by the same argument as for (9) we get
n

2 allB = Bl + 20181 — 2rallBalls < dra 3187 — Byl

Jjer*
and on the other hand . .
tn Z (ﬁj* - Bj)2 - tn”ﬂn”g + thﬁ*Hg

Jer*
<2 Y 87720 Y BB
jer* Jjer*
<ra 1B = Bl.
Jjer+

Therefore inequality (25) can be bounded by

rallBu = 811 + B (1B0) = UB7)) + 10 D (8 = By)?

jerx
* A * 2 Tn
< dry Z 185 — Bj| + Z 185 = Bil + -en-
Jjer* Jjer*
Since P (l(ﬂ*) - Z(Bn)) > 0 we have
o * * A T'n
Tl B — B*Il1 < 5y ; 18] = Bl + en
J

and then A R .
D185 =Bl < A 18— Byl +

jeI=¢ Jer

Thus (Bn — p*) € S(4, %) Using Proposition A.1 in the case of groups of size one we find

PallBo = B+t (8~ B)° + e (BTX — 57X’

JEI*
* ) Tn
< o1y, Z |6j - 6]' + ?en,
Jjer*
with ¢, := min {w Z(I) } The rest of the proof follows the guidelines of the proof of
{lzl<L(9B+1)}ne

(13) and (14) and leads to

X . (2.5)%r,s* 1. en
n— <—F——F+10+—)=.
IR N Sk
and ) ( )2
~ 2(2.5 2r, +3
IE( Tx — *TX) <{— 2g* n .
Bn g enk(tn + cnk) " 2nc,
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