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ORBIFOLD STABILITY AND MIYAOKA-YAU INEQUALITY FOR
MINIMAL PAIRS

by

Henri Guenancia & Behrouz Taji

Abstract. — After establishing suitable notions of stability and Chern classes for singular
pairs, we use Kéhler-Einstein metrics with conical and cuspidal singularities to prove the slope
semistability of orbifold tangent sheaves of minimal log canonical pairs of log general type.
‘We then proceed to prove the Miyaoka-Yau inequality for all minimal pairs with standard
coefficients. Our result in particular provides an alternative proof of the Abundance theorem
for threefolds that is independent of positivity results for cotangent sheaves established by

Miyaoka.
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1. Introduction

In 1954 Calabi conjectured that a compact complex manifold with negative first Chern
class ¢1(X) < 0 admits a Kéhler-Einstein metric. This conjecture was famously settled
by Aubin [Aub78] and Yau [Yau78] leading to many remarkable applications in algebraic
geometry for those manifolds. An important consequence was the celebrated Miyaoka-Yau
inequality (cf. [Yau77]):

(1.1) (2(n+1) - co(X) —n - (X)) - (—er (X)) 2 >0,

Henri Guenancia is partially supported by NSF Grant DMS-1510214. Behrouz Taji was partially sup-
ported by the DFG-Graduiertenkolleg GK1821 “Cohomological Methods in Geometry” at Freiburg.
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where n = dim(X).
The first main result of the current paper is the generalization of Inequality (1.1) to the

case of all minimal models.

Theorem A. — (The Miyaoka-Yau inequality for minimal models)

Any minimal model of dimension n verifies the Miyaoka-Yau inequality:
(1.2) (200 +1) - e2(X) =+ (X)) - (—ex (X)) 2 > 0,

A minimal model X is a normal complex projective variety with only terminal singular-
ities whose canonical divisor is a Q-Cartier nef divisor. According to standard results and
conjectures in the Minimal Model Program minimal varieties exist, at least conjecturally,
in the birational class of any non-uniruled projective manifold. In this context, thanks to
his celebrated result on the so-called generic semi-positivity of cotangent sheaves, Miyaoka

proved that the inequality

(1.3) (3ca(X) — c}(X)) - H" 2 >0,

holds, for any ample divisors H C X, cf. [Miy87]. In this light, the inequality (1.2) can be
seen as bridging the gap between the two inequalities of Miyaoka (1.3) and Yau (1.1), when
the polarization is chosen to be the canonical one.

More generally, minimal models are studied in the setting of pairs (X, D) where a projec-
tive variety X is considered together with a divisor D such that Kx + D is nef and (X, D)
has only “mild” singularities. Naturally one would like to generalize the inequality (1.1) in
this setting.

Generalization of Miyaoka-Yau inequalities have attracted a lot of attention over the
last thirty years, with major contributions due to Tsuji, R. Kobayashi, Tian-Yau, Simpson,
Megyesi, Y. Zhang, Song-Wang, Greb, Kebekus, Peternell together with the second author,
to cite only a few. We have tried to render a brief account of these contributions in the last
section of the introduction.

One of the remaining cases of interest for this inequality is that of log canonical pairs
(X, D) where Kx + D is nef. Here the situation gets significantly more complicated; even
when defining the correct notion for Chern classes. In fact in the most general setting, where
all possible rational coefficients for D are allowed, it is not even clear how one should define
higher Chern classes. However, under the assumption of Theorem B below (which seem
to be somehow the maximally singular cases where orbifold Chern classes can be defined,
cf the remarks under the aforementioned theorem), there exists a Zariski open subset X°
with codimx (X\X°) > 3 where it is possible to find a collection of local smooth charts
encoding the structure of the boundary D. Then, one can follow constructions similar to
those of Mumford [Mum83] for Q-varieties to define co(X, D) cycle theoretically. With
this definition at hand, we prove the Miyaoka-Yau inequality for minimal dlt pairs whose

boundary has standard coefficients:
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Theorem B. — (The Miyaoka-Yau inequality for minimal dlt pairs)
Let X be a normal, projective variety of dimension n and let D be an effective Q-divisor
with standard coefficients, i.e. D =Y (1 — -X) - D; with n; € NU {co}. Assume that

(1) Fach component D; of D is a Q-Cartier divisor;
(i) The pair (X, D) has dlt singularities;
(#i1) The Q-line bundle Kx + D is nef.
Let v denote the numerical Kodaira dimension of Kx + D. Then, for any ample divisor H

in X, the inequality
(1.4) (2(n+1) - e2(X,D) —n-c}(X,D)) - (Kx + D)"- H > 0.
holds, where i = min(v,n — 2) and j =n —i— 2.

We follow the usual convention by setting “n; = co” when the expression (1 — ni) is equal
to 1. Also recall that the numerical Kodaira dimension v(B) of a nef Q-divisor B is defined
by v(B) := max{m € N | ¢;(B)™ # 0}. For the definition of the various types of singularities
that appear in this paper we refer to [KM98, §2.3]. We recall that klt singularities are dlt.

A few remarks about Theorem B. — We would like to detail a few points in Theo-
rem B.

(a) First, the restriction on the singularities is essential to guarantee the existence of
suitable covers, and consequently a good notion for co(X, D); we refer to Section 2.4 for an
in-depth discussion.

(b) We can extend Theorem B to the following case:

* The pair (X, D) is log smooth, where D = >"d; - D;, d; € [0,1] N Q.

(¢) The strategy of the proof of Theorem B relies, in a crucial way, on an approxima-
tion process which amounts to replacing (X, D) by (X, D + - H) for some suitable ample
divisor H, and then passing to the limit when m — oo. This approximation, detailed in

Proposition 2.16 is required for the following two things.

x To be able to deal with the case where Kx + D is nef but not big.

s To clear the poles of the Higgs field in the last step of the proof: as the new
pair is klt, the canonical Higgs field on the cover has no poles along the divisor
(rather zeros), allowing us to apply Simpson’s results on the Kobayashi-Hitchin

corresp ondence.

The remark above highlights the importance of having a good (intrinsic) theory of orbifold
sheaves (and related objects) in the case of boundary with arbitrary rational coefficients,
which forms the main bulk of the preliminary sections 2 and 3 of the current paper. These
constructions provide sufficient flexibility that is crucial in dealing with the approximation
process mentioned above. Indeed it is in this context that we establish slope semistability
for the tangent sheaf of minimal models; a result that turns out to be an essential tool in

proving Theorem B.
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Theorem C. — (Semistability of the orbifold tangent sheaf of minimal lc pairs).
The orbifold tangent sheaf of any minimal log canonical pair of log general type (X, D) is
slope semistable with respect to Kx + D.

The general strategy to prove Theorem C is inspired from [CP16] and [Guel6], and the
main analytical input is the theory of conical/cuspidal metrics, cf §4.1. These metrics are the
logarithmic (or pair) analogue of Kihler metrics and they provide canonical -though possibly
singular- hermitian metrics on the orbifold tangent sheaf of a pair (X, D), say when Kx + D
is ample. These metrics are the key to derive geometric properties of the orbifold tangent
sheaf (like semistability) knowing only positivity /negativity properties of its determinant.
However, when the pair (X, D) is singular, these metrics are unfortunately too singular to
carry over the existing analysis in the (log) smooth case. So one needs to regularize the
metrics on a resolution and control the resulting error terms.

The control of the error term is given by Lemma 4.3; from a technical point of view,
this constitutes the core of the proof. This lemma is the equivalent in this more general
context of [Guel6, Lemma 3.7]. However, the strategy of its proof is completely different
and somewhat simpler. It relies on pluripotential theory and more specifically on the notion
of strong convergence developed e.g. in [BBET19]. We explain in Remark 4.4 why a new
strategy was actually needed.

The last step of the proof of Theorem C is to relate the semistability of the orbifold
tangent sheaf of a resolution to the one of X. This is a place where it is crucial to
have defined the orbifold tangent sheaf in an intrinsic way (that is, not with any particular

choice for a cover but rather the possibility to work with all adapted covers at the same time).

Application to the Abundance Conjecture. — The inequality (1.4) in dimension 2
and in the smooth setting was established by Miyaoka through purely algebraic methods. In
higher dimensions a weaker inequality was famously proved, again by Miyaoka ([Miy87]),
via his work on generic semipositivity of the cotangent sheaves of minimal models, an ap-
proach that heavily depends on sophisticated characteristic-p arguments. Miyaoka’s result in
dimension 3, and its generalization by Megyesi (K792, Chapt. 10]), namely the inequality

¢s(X,D) - (Kx +D) >0

for a minimal lc pair (X, D) with klt X, were fundamental to the proof of Abundance
conjecture for threefold cf. [Kaw92] and [K*92]. In this light, Theorem B provides an
alternative way for proving the Abundance Conjecture (in dimension 3), that is independent

of generic positivity results for cotangent sheaves of minimal models.

Structure of the paper. —
e Sections 2 and 3 provide the suitable algebraic framework to work with sheaves on pairs

(X, D), where D has rational coefficients. Roughly speaking, every lc pair (X, D), with
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X being klt, has a natural structure of a smooth Deligne-Mumford stack in codimension
two (see Subsection 2.3). Such structures can then be endowed with linearized sheaves; the
orbifold sheaves. In particular, and inspired by the works of Campana, we can naturally
define an orbifold tangent sheaf for the pair (X, D) (Definition 2.23). The Chern classes of
such orbifold sheaves can then be defined in an orbifold sense (see Section 2.6).

e In Section 4, after recalling the basic definitions about conical/cuspidal metrics, we
then use the regularity results of [GP16] about conical/cuspidal Monge-Ampere equations
to derive the semistability of the orbifold tangent sheaf of any minimal lc pair, in the spirit
of [Guel6]. Even though the global approach is similar, one of the key estimates (Lemma
4.3) requires a new input, cf Remark 4.4.

e In Section 5, and by following a similar strategy to that of [GKPT19], we prove Theo-
rem B using Theorem C to construct a a stable orbi-Higgs sheaf whose Bogomolov-Gieseker
Chern class discriminant is equal to that of Miyaoka-Yau for the orbifold tangent sheaf of
(X, D). At this point Simpson’s result on the Kobayashi-Hitchin correspondence for Higgs
bundles can be used to prove the Miyaoka-Yau inequality for (X, D).

Previously known results. — As we explained above already, the Miyaoka-Yau inequal-
ity and its various generalizations have been intensely studied. There are been different
types of generalization so far:

- By relaxing the assumption on ampleness of Kx and replacing it with Kx nef and
big. The first approach seems to be due to Tsuji [Tsu88] using orbifold metrics; later, Y.
Zhang [Zha09a] gave a proof using the Kihler-Ricci flow relying on the scalar curvature
bound of Z. Zhang [Zha09b]. Finally, Song and Wang [SW16] used the regularity results
of [JMR16] about conical metrics to reprove that inequality. The idea that conical metrics
could be used to generalize Miyaoka-Yau inequality has been suggested by Tian [Tia94]
already twenty years ago.

- In the setting of log smooth pairs (X, D) with standard coefficients, the Miyaoka-Yau
inequality has been obtained by R. Kobayashi [Kob84]| (assuming D reduced) and Tian-Yau
[TY87] (in general). The proofs rely on the generalization of Aubin-Yau theorem in this
setting, where the suitable geometry involves orbifold and cuspidal metrics. Using conical
Kihler-Einstein metrics, Song-Wang [SW16] (partially) generalized these results to the case
where (X, D) is log smooth and D is smooth with arbitrary real coefficients in (0, 1).

- For singular klt surfaces, and more generally for log canonical pairs (S,C) where S is a
klt surface and C' is a (reduced) curve such that Kg + C is nef, the Miyaoka-Yau inequality
was showed by Megyesi [KT92, Chap. 10].

- In another direction, Simpson [Sim92] observed that Miyaoka-Yau inequality can be
(almost formally) deduced from Bogomolov-Gieseker inequality for semistable bundles using
the Higgs bundle Qx & Ox.
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- Using Simpson’s much more robust approach and the first author’s semistability result
[Guel6], Greb, Kebekus, Peternell and the second author have recently proved the Miyaoka-
Yau inequality for projective minimal varieties of general type with kit singularities, cf.
[GKPT19].

Acknowledgements. — Both authors would like to thank Daniel Greb, Stefan Kebekus,
Robert Lazarsfeld, Mihai Paun, Thomas Peternell and Jason Starr for helpful discussions.
The authors also owe a debt of gratitude to the anonymous referees for numerous helpful

comments and for pointing out some errors in an earlier version of this paper.

2. Preliminaries on orbifold sheaves, Chern classes and stability

We begin the current section by reviewing some basic orbifold constructions. These
constructions will then be used in Subsection 2.6 to introduce relevant notions of stability

and Chern classes that are crucial for the rest of the paper.

Definition 2.1 (Pairs). — A pair (X, D) consists of a normal quasi-projective variety X
and a divisor D =" d; - D;, where d; = (1 — %) € [0,1] N Q with a; € NU {400}, b; € N,
and each D; is prime. We say that (X, D) has standard coefficients if b; = 1, for every i.

In the following, a; and b; are always assumed to be relatively prime.

Definition 2.2 (Pull-back of Weil divisors). — Let f : Y — X be a finite and surjective
morphism between normal quasi-projective varieties Y and X. For every Weil divisor D C
X, we define the pull-back f*(D) by the Zariski-closure of (f]5-1(x,.,))" (D

Xreg)

2.1. Adapted morphisms. — We now recall a notion of morphism that encodes frac-
tional structure in the boundary divisor of a given pair. See for example [JK11, Sect. 2|
or [CKT16, Sect. 2.6] for similar definitions and more examples.

Definition 2.3 (Adapted morphisms). — Let (X, D) be a pair as in Definition 2.1. A
finite, Galois and surjective morphism f:Y — (X, D) is called adapted to (X, D) if
(2.3.1) The variety Y is a normal and quasi-projective.
(2.5.2) For every D;, with d; # 1, there exists m; € N and a reduced Weil divisor D, C'Y
such that f*(D;) = (mja;) - D;.
(2.3.3) The morphism f is étale over the generic point of Supp(|D]).
Furthermore, we say that f is strictly adapted if m; = 1, for all i.

It will be important for subsequent constructions to work with adapted morphisms that
are, in codimension one, only ramified along a given boundary divisor. For this we introduce

the notion of orbi-étale morphisms.

Definition 2.4 (Orbifold-étale morphisms). — Given a pair (X, D), we call a strictly
adapted morphism f :Y — (X, D) orbifold-étale, if the divisorial part of the branch locus of
[ is contained in Supp(D).
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2.2. Orbifold structures. — In this subsection we give a construction of local charts
adapted to pairs, which we will use for the orbifold notions of stability and Chern classes

introduced later on in the current section.

Definition 2.5 (Local orbifold structures). — Let U, C X be a Zariski open neigh-
bourhood of x € X equipped with a surjective, étale (quasi-finite) morphism o, : U, — U,
and a morphism g, : X, — U, adapted to o(D):

fa
Xz U, - U,.
adapted étale

We call the ordered triple (Uy, fz, Xz) an orbifold structure at . Furthermore, if (X, f3D)
is log-smooth, we say that the orbi-structure defined by (U, fz, X.) is smooth.

Let us emphasize that we do not require o, to be finite and thus no such assumption has
been made for f, either. As we will see later this has to do with the fact that algebraic klt
varieties have algebraic quotient singularities in codimension two only in the étale topology,

cf. e.g. the proof of Proposition 2.12. However, we note that g, is assumed to be finite.

Definition 2.6 (Strict and étale orbifold structures). — In Definition 2.5, if f, is
strictly adapted or orbi-étale, we say that the orbi-structure at x is, respectively, strict or
étale.

Definition 2.7 (Global structures). — Let C = {(Uy, fo, Xo) }acr, where I is an index
set, be a collection of ordered triples describing local orbi-structures on X. Let o, € I
and define Xop to be the normalization of the fibre product (Xo X x Xg) with the associated
commutative diagram:

9Ba
Xap —> X

gaﬁi J/fﬁ
fa

Xy —— X,
where gag : Xog = Xo and gga : Xop — X are the projection maps. We say that C defines
an orbi-structure on the pair (X, D), if the following holds.

(2.74) X =Uqser Ua-
(2.7.5) The two morphisms gga and gap are étale in codimension one.

We note that the latter assumption is equivalent to the condition that, for each o, 8 € I,
the two morphisms f, and fg have the same branch locus in codimension one with equal
ramification indices.

If the structure C is smooth, i.e. if the local orbi-structures (Uy, fo, Xo) are smooth for
for any a € I, then it follows from Nagata’s purity of branch locus that the varieties X,z

are smooth and the morphisms g, are étale, for all indices «, 5 € 1.
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The reader may also like to compare the data {(Uy,, fo, Xo)}a to the definition of an
algebraic Deligne-Mumford stack with local isotropic groups being trivial at the generic
point of X, and cyclic of order a; over the fractional components of D. Here X should be

thought of as the coarse moduli space.

Definition 2.8. — We say that a pair (X, D) admits an orbi-structure in codimension k
for some integer k € N if there exists a Zariski open subset X° C X such that

(2.8.6) codimx (X \ X°) > k.

(2.8.7) (X°,D|xo) admits an orbi-structure.

Assumption (Orbi-structures are smooth). — From here onwards and until the end
of the paper, any orbi-structure on any pair (X, D) will be assumed to be smooth, unless

otherwise stated.

Note that a variety X admitting a (smooth) orbi-structure has necessarily finite quotient

singularities in the étale and consequently analytic topology.

2.2.1. Ezamples. — Every pair (X, D) with D reduced, trivially admits an orbifold struc-
ture via the identity map. We now give a list of examples that are relevant to the rest of

our discussions in the current article.

Example 2.9 (Orbi-structures for snc pairs). — Every pair (X, D) with X smooth
and D having a simple normal crossing support admits various orbi-structures. Indeed, for
every ¢ € X there exists a Zariski open subset U, C X that can be endowed with a natural
étale orbi-structure as follows. Let U, be a Zariski neighbourhood of x where each irreducible
component {(D;|y,)}*_; of D — | D] is principal, given by the zero locus of f; € Oy,. Let
{t:}%_, parametrize each copy of C in the cartesian product C* x U,. Then, the subvariety
V,, C Ck x U, defined by the zero locus of {(t%* — f;)}¥_, admits a projection onto U, that
is orbi-étale with respect to (X, D)|y,. The existence of the orbi-étale structure now follows
from repeating this construction for each z € X.

Such pairs also admit a global, but certainly non-canonical orbifold structure. More
precisely, thanks to Kawamata’s construction, cf. e.g. [Laz04a, Prop. 4.1.12], every snc
pair (X, D) admits a strict, orbi-structure f : Y — X, which fails to be orbi-étale along a

non-unique, very ample divisor.

Remark 2.10. — As a consequence of Example 2.9 above, any pair (X, D) admits various

orbi-structures in codimension one.

Exzample 2.11 (The normal case). — In the normal case constructions similar to the
smooth example exist. For example, thanks to [CKT16, Prop. 2.38], there exists a (global)
strictly adapted morphism f : Y — (X, D). We note that in this construction f: Y — X
is constructed as the finite morphism in the Stein factorization of the map Y » X , where
Y is the smooth quasi-projective variety in the Kawamata covering f: Y — ()Z' , 5) of a
log-resolution 7 : X — X of (X, D):
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vy 1 %
YfX.

As such the morphism is branched in codimension one over Supp(D) and a divisor H.
Moreover, if one assumes that each component D; of D is Q-Cartier, then one can guarantee
that H belongs to a very ample linear system in X. To see this one can argue as follows.
By assumption, there exist m; € N such that for any index i, m; - D; can be written as
the difference of two very ample divisors A; and B;: m; - D; = A; — B;. Let E an effective
exceptional divisor such that —F is ample over X and that, for sufficiently small € € Q,
the two divisors (7*4; — ¢ - E) and (7*B; — ¢ - E) are ample in X.

Now, let ¢; € N be sufficiently large and divisible so that ¢;-(7*A;—eF) and ¢;-(7*B;—¢-E)
are very ample. After pulling back we have

(ci-my) 7Dy =c¢;- (7"A;j —e-E)—c¢;- (7"B; — e - E).

The original arguments of Kawamata as in the proof of [Laz04a, Thm. 4.1.10]—via the
so-called Bloch-Gieseker covering—mnow apply and we can construct a covering o : Z — X
by taking roots. In particular there exists a line bundle .4 on Z such that

N ®laircimi) o 0% (W*(Ci “my Dl))

Following the rest of the arguments of Kawamata as in [Laz04a, Prop. 4.1.12] we can then
proceed to construct the morphism fas above with H (the additional branch locus) being

a general member of a very ample linear system in X.

2.3. Orbi-structures for log canonical spaces. — In this section, we construct orbi-
étale structures in codimension two for pairs satisfying the assumptions of Theorem B.

Later, this will make it possible to define a meaningful notion of Chern classes for such pairs.

But first, let us recall the following result, which is a consequence of the classification of

dlt singularities pairs in dimension two, see [GKKP11, Cor. 9.14] for more details.

Proposition 2.12. — (DIt spaces admit orbi-étale structures in codimension 2).
Let (X, D) be a dlt pair with reduced D. There exists a Zariski open subset X° C X with
codimx (X\X°) > 3 over which (X, D) admits an orbi-étale structure.

Proof. — According to [GKKP11, Cor. 9.14], there exists a Zariski open subset X! C X
with codimy (X\X1) > 3 such that

k
D|X1 C U Ui,

=1
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where each U; is a Zariski open subset equipped with a finite, quasi-étale, surjective and
Galois morphism of quasi-projective varieties f; : X; — U; and such that (X;, f5(D)) is
log-smooth.

On the other hand, as X\D is klt, it has only quotient singularities in codimension
two, cf. [GKKP11, Prop. 9.3]. Thanks to Artin’s approximation for algebraic quotient
singularities [Art69, Cor. 2.6], it follows that there exists an open subset X2 C (X\D) with
codimx\ p((X\D)\X?) > 3, admitting a Zariski open covering Uy 1, . .., Ug4q satisfying the

following properties.

(2.12.8) Each U;, i € {k+1,...,k+ 1}, is equipped with an étale and surjective morphism
o; (7} — U;.

(2.12.9) For each such (71 there exists a quasi-étale, Galois, surjective morphism g; : X; — ﬁi
with X, smooth that is ramified only over the singular locus of U;.

Now, for i € {k+1,...,k +1}, let f; :== g; o 0; and define X° = X! N X2 The set
{(Ua), fo, Xa) Yaer, I ={1,...,k+ 1}, now defines a orbi-étale structure over X°.
O]

2.4. Two examples of singularities without orbi-structures. — The very elemen-
tary examples below show how the restrictions on the singularities in Theorem B cannot be
removed if one wants to find a smooth cover (in codimension two) that is adapted to the

boundary divisor.

The first example below shows that if the pair (X, D) is not dlt but merely log canonical,
there is no hope in finding a smooth cover in codimension two, even if the coefficients are

standard.

Ezample 2.13. — Set X := C2, and let C = {y? + 23 = 0} C C? be the cusp. Then it
is well known that lct(X,C) = 2, which means that (X, 2C) is lc but not klt. Denote by
Y = {t® = y?> + 23} C C? the standard cover and set C’ := {t = 0}. The ramification

formula can be written the following two ways
5
Ky ~q p*(Kx + 60) or Ky +C' ~Q p*(Kx + C)

which shows that Y is indeed lc but not klt and that (Y, C’) is not lc. (We also note that the
singularity (Y;0), called simple elliptic, is not —as expected— a finite quotient singularity,
cf. [Kol97, Thm. 3.6].)

The next example, in a similar vein as above, shows that if one does not require D to have
standard coefficients, then the ramified covers will in general not be klt; an obstruction to

much of the theory that will be developed in Subsection 2.6, cf also Proposition 2.12.

Example 2.14. — Let (X, D) be a pair with X smooth, D irreducible and reduced such
that let(X, D) < 1. Then for m large enough, (X, iD) is klt; however, any cover p: Y — X
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ramified at order m along D will satisfy
m—1
Ky ~q p*(Kx + TD)

but for m large enough, the pair (X, -1 D) is not klt (or lc) anymore so that ¥ has worse
singularities than le. Therefore Y cannot be (locally) covered by a smooth variety, which as
we will see in Subsection 2.6 poses a major difficulty for defining orbifold Chern classes.

2.5. The approximation process. — In the current section we establish a technical
ingredient that enables us to reduce the problem of establishing the Miyaoka-Yau inequality
to the kit case. This is the content of Proposition 2.16, but first need the following variant
of [KIM98, Prop. 5.20] on the behaviour of singularities under certain finite morphisms. We
note that we will use the notation (X, D),es to denote the locus of X,eg over which D has

simple normal crossing support.

Lemma 2.15. — Let Y be a quasi-projective variety and let Dy be an effective Q-divisor
such that (Y,Dy) is dlt. Let f : X — Y be a finite surjective morphism from a normal
variety X and let us define the effective divisor Dx by the identity Kx+Dx = f*(Ky+Dy).
Assume that f~1((Y, Dy )reg) C (X, Dx)reg- Then (X, Dx) is dlt.

Proof. — We follow the proof and notations of [Kol97, Prop. 3.16]. Let Zy (resp. Zx) be
the complement of (Y, Dy )reg (resp. (X, Dx)reg) in Y (resp. X). By the assumption made,
one has f(Zx) C Zy. For any birational proper morphism 7y : Y’ — Y one deduces a
proper birational morphism 7x : X’ — X by taking the normalization of the fiber product.
As (Y, Dy) is dlt, it follows that for any prime divisor Ey C Y’ such that my (Fy) C Zy,
one has a(Ey,Y,Dy) > —1. Let us now consider a prime divisor Ex C X’ such that
mx(Ex) C Zx, its image Ey on Y’ satisfies my (Ey) C Zy, and it the follows from the
proof of loc. cit. that a(Ex, X, Dx) > a(Ey,Y, Dy), which concludes the proof. O

Proposition 2.16. — Let (X, D) be a dlt pair with standard coefficients such that each
component of D is Q-Cartier. Then, there exists an ample divisor H such that the following
condition is satisfied:

For all integers m > 2, the new pair (X, D,,) := (X, D + % - H) is a klt pair admitting an
orbi-étale structure in codimension two, up to a strictly adapted morphism. More precisely,
there exists a strictly adapted morphism f:Y — (X, D — | D|) with Y having an orbi-étale

structure {(Va(m)s fa(m): Ya(m))} in codimension two with respect to the divisor f*(Dy,).

Remark 2.17. — The orbifold structure on (X, D,,) is not the obvious one but it is rather
the one adapted to the decomposition (2.10) below.

Proof of Proposition 2.16. — Let L be a very ample Cartier divisor and A € |L| a general
member to be chosen later. Define H := A — | D|. Now, the divisor D, := D + (1/m) - H
can be decomposed as:

(2.10) Dmi= (D—|D)) + (-1 |p] + L.a
——— m m
Dorb
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From here, we proceed in several steps.

Step 1. (X, D,,) is klt.

Given 7 : X — X a log resolution of (X, D), the linear system |7*L| on X is basepoint free.
By Bertini theorem, one can choose a sufficiently general member 7* A of that system that
contains no components of the exceptional divisor or the strict transform of D, and such that
7* A + Exc(n) + 7* D has snc support, cf. [Laz04b, 9.1.9 & 9.2.29]. As a consequence, the
pair (X, D + A) is lc and as X is klt, it follows easily that (X, D,,) is klt as soon as m > 2.
More can be said: since (X, D) is dlt, the proof of [KM98, Lem. 5.17(2)] and Szabo’s char-
acterization of dlt pairs [KIM98, Thm. 2.44] easily imply that (X, D+ A) is dlt for A general.

Step 2. Global cover adapted to D°™.

Following Example 2.11, we can find a morphism f : Y — (X, D°™) strictly adapted to
D°™. By construction, f is ramified along a divisor a general member H' of a very ample
linear system in X. For simplicity we assume that f is totally ramified along H’. As such,
the same arguments as in Step. 1 show that (X, D°™ 4+ H') is dlt and thus so is

N -1

(X7 Dorb + . H/)7

where N = deg(f). From the ramification formula
. . N -1 ,
Ky + f*(|ID|+A)~q f (Kx—FD—FT -H'+ A),
together with Lemma 2.15, it follows that (Y, f*(| D] + A)) is dlt.
Step 3. Covers adapted to (1 — ) [D] + - A.
According to Proposition 2.12; there exists Y° C Y with codimy (Y\Y®) > 3, over which we

can find a finite family of (quasi-finite) quasi-étale covers h, : W, — V,, by quasi-projective

varieties W, factoring as follows:

W, e A
Ta 0o
Galm& Alc
‘7a
and such that:

o Y ={]J, Va.
e For each a, the pair (Wy, h% f*(| D] + A)) is log-smooth.

e Each r, is Galois and o, is étale.

Now, following Example 2.9, for each W, one can find a finite collection of finite maps

Gap - YaB — Wou
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whose images cover W, are branched exactly at order m along h, (f*(|D]+ A)). Moreover
each g7 gh? (f*(| D] + A)) is log-smooth.

Now, define f,3 := gasoha. Noting that the branch locus of g, is equal to h ' (| D]+ A),
from the constructions in Example 2.11 it follows that along the fibres of (gas o ro) the
ramification index is constant and therefore it is Galois.

Let a(m) denote the indexing pair (a, 8) and define

Wa(m) = Im(fa(m) : Yam) = Wa),
hg(m) = ha‘Wg(m), and

Va(my = Im(ha(m) : Waim) = Va)-

Finally, set D{f,i(m) = hlo (f7(LD))) and Aw,,, = hg, (f*A). We summarize this
construction in the following diagram.

fa(m)

/gg(’m)/—\ f

Wa(m) ——> Vam) €Y X.
a(m)

adapted to (1 — %)D{;}‘i(m) + %Awg(m) - adapted to D°P

Ya(m)

The collection {(Vg(m), Ja(m)s Yg(m))} now defines, up to the strictly adapted morphism
f:Y — X, an orbi-étale structure for the pair (X, D,,). O

2.6. Orbi-sheaves and Chern classes. — In this subsection we introduce sheaves and
Higgs sheaves associated to orbifold structures. We will then define a notion of orbifold

Chern classes.

Definition 2.18 (Orbi-sheaves). — Let C = {(Uq, fa, Xa)tacr be an orbi-structure on
a gwen pair (X, D). As in Definition 2.7, let Xop be the normalization of the fibre product
Xo Xx Xpg with naturally induced morphisms gog : Xag — Xo and gga : Xag — Xg. We
call a collection {F o} of coherent sheaves of rank v on each X, an orbi-sheaf on (X, D)

of rank r with respect to C, if the following conditions are verified.

(2.18.11) There exists an isomorphism

9ap(Fa) = 9pa(Fp)

of sheaves of Ox,,,-modules on Xag.
(2.18.12) The collection {Fq}a verifies further natural compatibility conditions over triple
overlaps.

We denote this collection by Fc. We say that F¢ is torsion-free, reflexive or locally free

orbi-sheaf, if each F, is torsion-free, reflexive or locally free, respectively.

Remark 2.19. — From the compatibility condition (2.18.11), with a = f, it follows that
each .%, has a natural structure of a G-sheaf, where G, := Gal(Xa/U'a).
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Definition 2.20 (Orbi-subsheaves). — Let (X, D) be a pair with an orbi-structure C =
{(Uas fo, Xa) Yacr- Let 8¢ and Fe be two orbi-sheaves with respect to C. We say that F¢

is an orbi-subsheaf of 8¢, if, for each o, we have the inclusion F, C &,.
One can also naturally define orbifold morphisms.

Definition 2.21 (Orbifold morphisms). — An orbifold morphism of two orbi-sheaves
Fc and Ye is a collection of morphisms of sheaves of Ox_-modules ¢ : Fo — Yo that can
be glued, that is, for every o and B, the diagram

" 9;/3¢a "
gaﬂfa gaﬂ%
« i gz;a(z)[i N J/
gﬂayﬂ gﬁagﬁ

commutes, where the vertical isomorphisms are the ones defined in Definition 2.18.

2.6.1. Higgs sheaves in the orbifold setting. — Higgs bundles are holomorphic bundles with
compatible and integrable smooth operators. To define orbifold Higgs sheaves we first recall
the definition of the sheaf of 1-forms adapted to a given orbifold structure.

Notation 2.22. — Let f : Y — X be a morphism adapted to D, where D = > d; - D;,
d;=(1- Z—i) € (0,1]NQ. Set Dy = f*(|D]). For every prime component D; of D — D], let
{Dy }i(#) be the collection of prime divisors that appear in f~!(D;). We define new divisors
inY by

(2.13) D .= b, - D

Definition 2.23 (Orbifold (co)tangent sheaf). — Let (X, D) be a pair with a given
orbifold structure C = {(Uy, fo, Xa) tacr- Let Go = Gal(Xa/(}a). For every a € I, define

D%a and Dy, to be the divisors defined in Notation 2.22. Define Q%Xu)me) to be the kernel
of the sheaf morphism

((fa)lx. ) (@ log("D)))

D Opy
RIONE

induced by the natural residue map. We define the orbi-cotangent sheaf Q} of (X, D) with
respect to C to be the orbi-sheaf given by the collection of G4-sheaves {Q%memD)}QGI. We
define the orbifold tangent sheaf T ¢ py by the collection {7 x, j..p)}a>» where Tix, 1. D) =
(Q%Xa,me))*'

By Q[;(] and f)(-) in Definition 2.23 we denote the reflexive hull of Q% and f*, respec-
tively. We note that when (X, ZD%G) is not log-smooth, through coherent extensions,
we can use Definition 2.23 to define the orbifold cotangent sheaf as a reflexive sheaf on X,

which we can denote by le)](a furD)" We refer to [CKT16, §3] for local, explicit description
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of the orbi-cotangent sheaf in terms of differential forms with zeros and poles. Using this

description it is not difficult to check that Definition 2.23 indeed defines an orbifold sheaf.

Let us briefly explain the case of the smooth orbi-étale structure C = {(Uy, fo, Xo)} for a

log-smooth pair (X, D) with D = > (1 — a%)DZ-. The more general case will be similar.
According to Definition 2.23, for each « we have

Q%Xaaf(uD) = Qﬁ(u :

Let X, be the normalization of X, x x Xg with maps f,5: Xop = X and fgq : Xog —
Xp. The condition (2.7.5) now guarantees that, as subsheaves of QE(QB, the two sheaves
f;BQ%Xa fuuD) and f;aQ%Xﬁ f,D) A€ isomorphic. The compatibility condition over triple

overlaps can be checked similarly.

Definition 2.24 (Orbi-Higgs sheaves). — Let (X, D) be a pair equipped with an orbi-
structure C. We call an orbi-sheaf F¢ an orbi-Higgs sheaf, if there is an orbi-sheaf morphism
Oc : Fo — Fc @O satisfying the integrability condition ¢ ANOc = 0. An orbi-Higgs subsheaf

1s then defined to be an orbi-subsheaf that is invariant under 6c.

2.6.2. Global covers associated to orbi-structures. — In this section, we recall a construc-
tion due to Mumford [Mum83, §2] enabling to define Chern classes for varieties with
quotient singularities. We refer to [GKPT19, §3.7] for more details in the case of orbifold
with no boundaries; the classical Q-varieties. Let us note that in our case, the local covers

will not be quasi-étale but this won’t affect the general constructions.

Let (X, D) be a pair with an orbi-structure C = {(Uq, fa, Xa) }acr. We consider a finite,
Galois field extension of the function field C(X) containing all the function fields C(X,).
Let )A(c be the normalization of X in this field extension so that X = )?C /G with Galois
group G. Let f: )?C — X be the induced finite Galois morphism factoring through each f,:

Xe

where we have set X, := f~1(U,). By construction, flg, factors through fa, so that there
exists qq : )?a — X, such that fl)?a = fo 0 qo. We sometimes refer to f as the Mumford
cover associated to C = {(Uy, fo, Xa)}acr. Furthermore, given any orbi-sheaf %¢ we can
define a G-sheaf agf\c on )?c associated to C by

Zelg, = da(Fa)-

2.6.3. Orbi-Chern classes. — Let (X, D) be a pair such that X°, the maximal Zariski
open subset of X over which (X, D) admits an orbi-structure C = {(Ug, fo, X3)}, satisfies
codimyx (X\X°) > 3.
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Let f: )A(g — X° be the Mumford cover, defined in Subsection 2.6.2, associated to the
orbi-structure C. Let G := Gal()/(\'g /X°). Following the notations introduced in Subsec-
tion 2.6.2, let Z¢ := {.#3}. be a coherent orbi-sheaf and ff\c" the associated G-sheaf on )?g
defined by the equality %ﬂ %o =4 (Z£2).

As )25 is normal, it is Cohen-Macaulay in codimension 2, so up to shrinking X° one can
assume that )A(é’ is Cohen-Macaulay. Combined with the smoothness of X7, this implies
that the finite morphism g, is flat (see, for example, [GKPT19, Obs. 3.5]) and therefore
the finite resolution of each Z2 by locally free sheaves lifts. Thanks to [Mum83, Prop. 2.1],
the G-sheaf Lg/"\c" on )A(g has a finite, locally free resolution; in particular we can define its
Chern classes z?\co . We define the ith orbifold Chern class of .Z¢ by:

1 —
a(F) = g Vil 7)) € Ani(X2) 0 Q

where 1, is the canonical map
Pe : A%(X)CRQ = A,_o(X°) ©Q,

defined by the cap product with [)?g] and pushforward. (V)

On the other hand, from the localization sequence of Chow groups, we have A,,_;(X°) &
Ap—i(X), whenever codimyx (X\X°) > i. As aresult when X is projective, and by using the
homomorphism v, the classes ¢1(#g) and co(Fg) are all well-defined as multilinear forms
on N* (X)%_land N! (X)&_Q, respectively.

Remark 2.25. — Recall from Remark 2.10 that any pair (X, D) admits an orbi-structure
C in codimension one. Now, if F¢ is a coherent orbi-sheaf with respect to C, the construction

above allows us to construct its first Chern class ¢1(Fg) € A,—1(X).

Remark 2.26. — 1t is clear from the above construction that Chern classes of orbi-sheaves
can be defined even in the absence of the Galois property for adapted morphisms in the
orbifold structure in Definition 2.5 and the linearization property for such sheaves in Def-
inition 2.18. But as we will see next, such equivariance conditions is necessary to have a

meaningful notion of products for Chern classes.

To see that we can define product of Chern classes of orbi-sheaves in the Chow group
A(X°) ® Q, we need to equip this graded group with a ring structure compatible with t,.
To this end, we are going to assume that the orbifold structure C = {(U2, fa, X2)} satisfies
the following condition:

Assumption 1. — In the setting of Definition 2.5, the (adapted) morphism g, : X2 — U2

factors as follows:

1. As we are defining Chern classes as elements of Ae(X°) the appearance of the factor ﬁ is natural.

More precisely, this choice is a reflection of the fact that the composition of maps Ae(X°) — A"™* ()/(\'g)G RLN
Ae(X°) is just multiplication by |G| (see [Mum83, Lem. 3.5]). For the map Ae(X°) — A"*’()?E)G we
refer the reader to [Mum83, Thm. 3.1] or Claim 6.2 in the appendix of this paper.
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9o
m ~ Oa
X2 we U? U?
* adapth * \ay v

where W¢ is smooth and p,, is adapted (and flat).

Using the arguments of [Mum83, Thm. 3.1], we show in Appendix §6 that ¢, is a group
isomorphism. A key consequence is, as in the case of [Muma83], that A,(X°) ® Q can then
be endowed with a compatible ring structure (as long as Assumption 1 is satisfied). As a
result, as an element of A,_j_¢(X°), the product cx(Fg) - ce(¥45) of two orbi-sheaves Z#2
and &2 is well-defined. In particular, ¢?(#g) is a multilinear form on N*(X )%72.

To finish these preliminary discussions on the definition of orbi-Chern classes we now

investigate a simple example where the orbifold data is given by a single chart.

Example 2.27. — Let (X, %D) be a log-smooth pair with D being reduced and irreducible
and let f:Y — (X, %D) be an adapted morphism defining a smooth, orbi-étale structure
for (X, %D) Assume that f is totally ramified along D. Define Dy := f~!D. We are
interested in computing ¢; and cq of the orbi-sheaf {Op, } in terms of (the numerical class

of) D.
c1({Opy}) = — - fu(c1(Op, ) N[Y])

: f*(DY)

3I=3[=3=

s

where by Dy (resp. D) we mean the class of [Dy] € A,—1(Y) (resp. [D] € A,_1(X)).

Similarly we have:

2({0p,}) = - fo(e2(Opy ) 1 V)
1

= - fo(c1(Oy (Dy))? N [Y])
Lo
=’
2.6.4. Slope and stability. — Having thus far established the definitions of orbi-sheaves and

Chern classes, we can now define a notion of orbifold stability.

Definition 2.28 (Slope of orbi-sheaves). — Let X be a normal projective variety and
D a Q-effective divisor with an orbi-structure C in codimension one. Given an orbi-sheaf
Fe we define its slope pp(Fc) with respect to a nef divisor P on X by

1

k() 7 T

up(Fe) =
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where [P] denotes the numerical class of P, cf. Remark 2.25.

Definition 2.29 (Stability of orbi-sheaves). — In the setting of Definition 2.28 as-
sume that the nef divisor P verifies P*"~1 # 0. We say that a torsion-free orbi-sheaf & is
semistable with respect to P, if for every non-zero, torsion free orbi-subsheaf %c C &¢ we

have

(2.14) up(Ze) < pp(ée),

In case of stability we require the inequality in (2.14) to be strict for any such subsheaf Fc
with rank(%#c) < rank(ée).

3. Behaviour of Chern classes and stability under change of orbi-structures

In this section, we investigate how Chern classes may change once we allow the orbifold
structures to vary. Provided that change of structure is compatible in a sense to be defined,
we show that such characteristic classes remain invariant under change of orbifold structures.

We will also establish similar results for the notion of slope stability.

Set-up 3.1. — Let (X, D) be a pair equipped with two orbi-structures C1 = {(Ua, fa, Xo) }acr
and Co = {(V3,98,Y3)}ses. Let Zyp be the normalization of the fibre product X, xx Y3

leading to the commutative diagram:

gaps
Zopg —> Yp

fa[ii J{gﬁ
fo

Xy —— X,

Having defined hag := g3 © gag, assume that C' := {(Zag, has, Ua N V3)}(a,8)erx is also an
orbifold structure ().

Definition 3.2 (Compatible orbi-sheaves). — In the situation of Set-up 3.1 let Fe,
and Y, be two locally free orbi-sheaves (with respect to Ci and Co respectively) and define
the two orbi-sheaves Fer = {fi5Fa} and Yo == {9,393} (with respect to C') (). We say
Fe, and Yo, are compatible if Fer and Yoo are orbifold isomorphic (see Definition 2.21).

Example 3.3. — (Compatibility of orbi-cotangent sheaves) Let C; and Cy be two
strict orbi-structures for a pair (X, D). Then the orbi-cotangent sheaves Qél and QéQ are

compatible.

2. This can be easily guaranteed for example when C; and Cy are strict (but this is not a necessary

condition).
3. The fact that .Z,/ and ¥/ are orbi-sheaves can be checked by a straightforward diagram chasing and

the universal property of fiber products.
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Set-up 3.4. — In Set-up 3.1, let )?Cl and )A/CQ be the global Mumford covers associated to
C; and Cy, respectively (see the construction in Subsection 2.6.2) and set Gy := Gal(X¢, /X)
and Gy := Graul(}/}c2 /X). Let Z be the normalization of X in a Galois field extension of C(X)
containing all the function field extensions C(Z,g), and with G := Gal(Z/X), resulting in
the commutative diagram:

7 f2 1/;02

gap l

Zop ——= V3 |/r,

ha
fo X.

(X

In the next proposition, we show that Chern classes for compatible orbi-sheaves are well-
defined.

Proposition 3.5. — (Invariance of Chern classes for compatible orbi-sheaves)
Let X be a normal projective variety and D a Q-effective divisor such that (X, D) has a set
of orbi-structures J = {C;} in codimension k > 1. Let {Z¢,} be a collection of compatible
locally free (or reflexive) orbi-sheaves. Then, as multilinear forms on Nl(X)&fk, the Chern
classes ¢, of Fe, are all equal.

If additionally, the structures C; satisfy Assumption 1, then the powers ¢} of the Chern
classes of F¢,, seen as multilinear forms on Nl(X)gfzp, are all equal provided that ¢p < k.
Proof. — Let Cy, C2 € J. It suffices to show that the desired Chern classes for .%¢, and %,
coincide with the assumption that both are locally free. Let X° be the maximal open subset
of X over which C; = {(Ug, fa, X3)} and C2 = {(Ug, g3, Ys)} are defined. In the situation
of Set-up 3.4 after replacing X by X° we have

20 f2 ?Coz
ﬁJ{ J{f%z
fjg\gl

X,

where 2", Xgl and }A/COQ play the role of 2, )?cl and }7@2 in Set-up 3.4.
The isomorphism between the two locally-free sheaves ﬁ*(%l) and f;(:?\cz) implies that

(i Ze,) = anfs Fe,) € A¥(Z°).
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The first part of proposition now follows by using the projection formula for Chern classes,
cf. [Ful98, Thm. 3.2], together with the commutativity of the above diagram. The sec-
ond part is entirely similar granted that Assumption 1 ensures that the map v, from the

construction in §2.6.3 is a ring morphism. O
Next we show that, for compatible orbi-sheaves, semistability is also a well-defined notion.

Proposition 3.6. — (Independence of semistability for compatible orbi-
sheaves).

Let C1 and Cq be two orbi-structures over X in codimension one. Let F¢, and Fc, be any
two compatible locally free orbi-sheaves. Then, the orbi-sheaf F¢, is semistable with respect
to a nef divisor P C X, if and only if ¢, is semistable.

Proof. — Let X° be the locus of X over which C; and Cy are both defined. We will follow
the notations and constructions in Set-up 3.4 over X°.

Assume that %¢, is P-semistable and that .#¢, is not P-semistable, as orbi-sheaves.
Then, %2 is not semistable. This implies that E(é‘&) is not semistable. Then from the

isomorphism

fi(Fe,) = 13(Fe,)
it follows that ﬁ"(%l) is not semistable; let 4 C ﬁ"(%l) be a destabilizing subsheaf. Now,
according to [HL10, Thm. 4.2.15], there exists a subsheaf J# C %, such that

G = fr(A).

Noting that pup(Fe,) = pp(Fe,) (thanks to Proposition 3.5), it follows that . properly
destabilizes Z¢, , contradicting the semistability assumption on ¢, .
O

3.1. The second Chern class of a pair (X, D). — In this section, we explain how to
define the second Chern class of a mildly singular pair (X, D).

Notation 3.7 (Orbi-Chern classes of pairs). — Let J = {C;} be the collection of strict,
orbi-structures for a given pair (X, D) satisfying Assumption 1. Assume that members of

J are étale orbi-structures so that ¢a(Q} ), ¢f(€¢,) are independent of the choice of i. We
define ¢o(X, D) := ¢2(Q,) and ¢i(X, D) := c}(Q,).

One can define the square of the first Chern class as well as the second Chern class of any
pair (X, D) that satisfies the assumptions of Theorem B. Indeed,

e the proof of Proposition 2.16 shows that Assumption 1 is satisfied up to a strictly
adapted cover f : Y — X. Therefore, when D™ £ 0, it is possible to define
first and second Chern classes of the orbifold cotangent sheaf as cycles on the
adapted cover Y and then, by an abuse of notation, define ¢;(X, D), for i = 1,2
(resp. c1(X, D)?), to denote their cycle theoretic pushforward on X, divided by
the degree of f.
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e Furthermore, the orbi-étalité of these covers on Y coupled with a slight generaliza-
tion of the proof of Proposition 3.5 guarantees that these definitions are independent
of the choice of the orbifold structure on Y and the adapted morphism f:Y — X.
In particular, for i = 1,2, the cycle ¢;(X, D) (resp. ¢1(X, D)?) in X is well-defined.

Ezample 3.8 (The log smooth reduced case). — If (X, D) is log smooth and D
is reduced, then one can check from residue exact sequence that co(X,D) = co(Qx) +

Kx-D + ¢c2(Op). If we write D = > D; its decomposition into irreducible components,
then CQ(OD) = Zz ng + Zi<j Dsz = l)2 — Zz<] D D

Exzample 3.9 (The general log smooth case). — If (X, D) is log smooth with coeffi-
cients in [0,1]NQ and D = > (1 — %)Di is its decomposition into irreducible components,
then (X, D) admits an orbi-étale structure (defined over the whole X). In particular, one
can define ¢1 (X, D) and c3(X, D); let us check that one recovers the classical classes, cf e.g.
[Tia94].

Given a (local) strict orbi-étale cover f : Y — (X, D) of degree N := [], a;, we have an

exact sequence
(3.1) 0— Qfy s p) — [*Qx(log™ D7) — P Oy, pys — 0

0)
where Dif @) is the collection of prime divisors defined by f*D; and the sum runs over all
indices i and k(i) such that a; # +00. As c1(Oy, pir) N [Y] = b; [Di¥] and f.Di¥ = %Di, we
get

a(X,D) = f*(Cl( YfD)) [Y])

=c1 (R (log™D7)) Z L (D¥EN[Y))
i,k(7 )
:Cl(KX + D)

For the computation of ¢2(X, D), we will need the identity

(32) (D Oupy) = Zb A (Ov(DEN2+ 3 bibjen Oy (DED)). ¢ (O (DID)).
' z<’§:’£<ll
along with the standard formula
c2(Qx (log"D7) = e2(Qx) + 1 (Kx)- > Di+ Y _ D;-D; + ZD

1<j

where as usual we don’t distinguish between D; and its class [D;] € A,,—1(X). Relying on

the exact sequence (3.1) and the identity

1 (X eov (D) a0y (D) N1Y]) =

*l al—aj
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we get

C2(X,D):%f*<cz(9(1y,f,D))ﬂ[Y])—%ﬁ(@( D Opp) ) - Lerlkx + D) 20,

i3a;7+00
bib; bi
=2 (Q (log"D7)) Z 2 P-> =L D Dj =Y ei(Kx) - —D;
— a;a - s
1<J [3
,Z ,Z(EJFE, bib, —2\D; - D;
aZ aZ i< a; a; aia;
b
=c2(Qx) + e (Kx) - D+ (1- —)D2+Z ;{)Di.Dj.
A i<j J

Here, i, range among all indices (not just those with a; # +00) unless specified otherwise.

The next example shows that unlike ¢1 (X, D), the second Chern class cz(X, D) does not
only depend on the class of linear equivalence of D, so that one needs to be very careful

when one modifies the divisor.

Example 3.10. — Let X =P? let z € X, let 7: Y = Bl,X — X, and let E C Y the
exceptional divisor. Choose Hj, Hs two hyperplanes such that x € Hy and x ¢ Hsy. Let
us denote by H{ (resp. HJ) the strict transform of H; (resp. Hs) by w. Then one has
7*H) = H{ + F and n*Hy = H). As 7*Hy and 7* H; are linearly equivalent, the formula in
Example 3.8 shows that co(Y,7*Hs) — co(Y,7n*Hy) = H{- E =

3.2. Continuity of Chern numbers. — The following intuitive result shows that the
approximation procedure introduced in Proposition 2.16 will not affect the properties of
Chern classes. More precisely, let (X, D,,) be the klt pair from Proposition 2.16 with its
orbifold structure Cy(y,) in codimension 2 (which is not the obvious structure associated to
Dy, =D+ L H). Then we have:

Proposition 3.11. — (Continuity of orbifold intersection numbers).  With the
notations of Proposition 2.16, the orbifold structure Co(my for pair (X, Dy,) satisfies:

lim ¢ (X,Dn) = «a(X,D)
m——+oo
im ex(X, D) = c2(X, D)

as multilinear forms on NI(X)%f1 and (Nef(X)g)" ™2, respectively.

Proof. — Recall that D,, = D + %H, and as ¢1(X, D) = a1(Kx + D) (see, for in-
stance, [CKT16, Cor. 3.9]), the first identity follows.

To prove the second equality, we will assume that D is reduced; as D°™ is independent
of m, the fractional case follows from identical arguments. We shall utilize the orbi-étale
structure constructed in Proposition 2.16 and we will follow the notations introduced in this
construction with Uy (m) = Va(m) (see the proof of Proposition 2.16). Let us also decompose
Ja(m) into orbi-étale morphisms tq(m) @ Xam) = (Waim), mAW

a(m)) and Ug(m) * Ya(m) —
(Xg(m) (1 — l/m)DX

i)’
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fa(m)

Ug(m) La(m) ho(m)

Yo(m) Xa(m) Wa(m) -

Ua(m)

where Ay, = h} =d}

a(m) a(m) a(m)
Proposition 2.16 we know that f;(m)( ) is snc and therefore we have:

(A) and DX

a(m) *

(D). Define da(m) = ta(m) © haim)- By

0— O}

(Ya(m)sfa(m)>»Dm) — Uy af

1
m) (Q(Xg(m)’dg(m)’ V%LA) log a m)D @ ODU — 0,

Ya(m)

where {DY” }j are irreducible components of f (Dl) Let Z¢,,, and %, . be the

two orbi- sheaves associated to u, (Q%Xa(m) Qo )log(d;(m)D)) and @OD” , Te-

a(7n)

spectively, so that

(3.3) ca(X, D) = c2(Fey ) — %((KX + D) - D) — c2(%e )

(see Example 2.27). From the equality (3.3) it is clear that it suffices to prove the following
two claims.

Claim 3.12. — limy, 00 c2(Fc,,,,) = c2(X, D).

Claim 3.13. — lim,, Cz(gcg,”)) =0.

Proof of Claim 3.12. — We use the exact sequence

1 1
0— Q(Xa(m) do(m) = A) Q(Xg(m) da(m)s = A) log(da(m)D - @ OD” =0,

X o (m)

where Dy p my ATC irreducible components of d’, m)(D ). From this sequence it follows that

the equahty
1 1
c2(¢gica(m>) - 02(X> *A) + 62(%a(7n)) + (KX + EA) -D
holds, where ¢, ., is the orbi-sheaf associated to (P OD” . Next, we use the fact that

Xa(m)

ta(m) is flat and unbranched at the generic point of D together with standard Chern class
calculations to show that

o (m)

62(% ) - CQ(%O(M))
where .z s the orbi-sheaf associated to €@; Op; -, with Dw, ., = hi, (D) =

We (m)
i
> Diy, .
On the other hand, we have

c2(X) + Kx - D+ea(dtg,, ) = c2(X, D).
Therefore, to prove Claim 3.12 it suffices to show the following assertion.

Subclaim 3.14. — lim,, o0 c2(X, iA) = co(X).
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Proof of Subclaim 3.14. We use the exact sequence

1 <] ol ~
(3.4) 0= Qfy iy = Ay, 108(A4) = EB OA&QW -0,
7
where A\&am) =(m— I)AE(W”), Aé{a(rn) being the irreducible components of d;(lm) (4).
Let <, ,,, be the orbi-sheaf associated to @ O z . Using the exact sequence (3. 4)
- Xa(m)
we have
1 1 m—1
ca(X, EA) =c(X) + Kx - A+ co(9,,,) — c2(9,,,) — (Kx + EA) : (T) A
We can now establish Subclaim 3.14 by taking m — oco.
This finishes the proof of Claim 3.12. O
Proof of Claim 3.13. — Chern class calculations in Example 3.9, Equation 3.2, with a; = m

and b; = 1 show that

1 2

(3'5) CQ(gCg(m)) < ﬁ - D7,
as multilinear forms on Nef(X)E{z. Now, as m — oo, the right hand side of (3.5) goes to
zero and thus so does ¢y (gcgm))' O
The proof of Proposition 3.11 is now complete. O

4. Semistability of the orbifold tangent sheaf

4.1. Metrics with conic and cusp singularities. — Given numbers dy,...,d; € (0,1)
and a number k£ < p < n one can consider for D = {z € C : |z| < 1} the following model
Kihler metric on (D*)? x D"~P:

k. _ P . _
idz; N dz; idz; N dz; . _
(41) med:ZW+ Z 72+szzj/\dzj
j=1 J j=k+1
The metric wpeq is called the standard metric with mixed conic and cusp singularities
along D := Z§=1 d;lz; = 0] + Z§=k+1[zj = 0]. It has cone singularities with cone angles

2m(1—d;) along [z; = 0] for 1 < j < k and cusp singularities along [z; = 0] for k+1 < j < p.

Now, if X is a Kahler manifold and D = )", d; D; a divisor with simple normal crossings
support and coefficients d; € [0, 1], one says that a K&hler metric w on X \ Supp(D) has
mixed conic and cusp singularities along D if for any € X and any open set 2 5 x endowed
with local holomorphic coordinates (z1, ..., z,) such that the pair (£, D) is isomorphic to
((D*)P x D™P, Z?:l dilz; = 0]+ 3°%_; 1 [25 = 0]), there exists a constant C' > 0 such that
under that isomorphism, one has

—1
C Wmod Sw< C'Wmod

on 2\ Supp(D).
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Given a compact Kéhler manifold X and a divisor D = Z?Zl d;D; with coefficients
d; € [0,1] and simple normal crossings support, it is easy to give examples of such metrics.
Moreover, if the real cohomology class ¢; (K x+D) € H?(X,R) is assumed to be Kéhler (that
is, it contains a Kéhler metric) then there exists a unique Kéhler metric w on X ~\ Supp(D)
with mixed conic and cusp singularities along D such that Ricw = —w. This is the content
of [Gueld], [GP16, Thm. 6.3]. More precisely, it is shown there that any (weak) solution
wx + dd°p of a Monge-Ampere equation of the type

ertF
(wx + ddp)" = N PRET wy
j=1193
has mixed conic and cusp singularities along D. Here, wx is a reference Kéhler form on X,
F € C>(X), and o0, is the canonical section of D;, measured with respect to an arbitrary
smooth hermitian metric |-| on Ox(D;) and ¢ € £(X,wx) is the unknown function, cf

[GZO07] for the definition of the latter functional space.

Let us conclude this section by explaining how the model metric wmoq from (4.1)
pulls-back to ramified covers along D when D has fractional coefficients. More pre-
cisely, if one writes d; = 1 — b;/a; and if fo : D" — D" is defined by fo(wi,...,wy,) =

a ag
(wi*, ... Wi, Weg1, . - ., wy), then

k p . _
Smod = 3 |5 POVidsy ndzy + S — NI SN n s,
Wmod = z idz; Ndz; + + idz; Ndz
fO od L | J| J J 4 |ZJ‘2 10g2 |ZJ|2 . J J
j=1 j=k+1 i>p

In particular, in the case where D has standard coefficients (that is, b; = 1) and |D| = 0,
fowmod is equal to the euclidian metric. One sometimes say that in that case, wmod is
smooth in the orbifold sense.

In general though, fiwmoa will have zeros (and not poles anymore) along Z?Zl d;lz; = 0].
A useful observation is that fjwmoeq induces a continuous hermitian semipositive metric on

the trivial vector bundle on D™ generated by

Ly, O b, O ) o 0 B

1—
z — ..., 2 T e
1 LR R P Ozkp1’ P02, 0zpi T O

821

which is degenerate precisely along fi|D].

Note that one has a similar phenomenon if instead of choosing this very particular cover, one
chooses a cover of the form w +— (w{v7 ... ,w,iv, Wk+1,---,Wy) wWhere N is divisible by any
of the a;’s. In that case, the pull-back of wmea by 7y is equal to E?Zl |2 |2(N0i /a5 =Dz A

% p _idzindz; idz: A dzs
dz; + Zj:k-H 252 log2 [2; 12 + Zj>p idz; N dZz;.

4.2. Setting. — Let (X, D) be a n-dimensional projective log canonical pair. Let us set as
before D =371, (1— %)Di for some positive integers a;, b; satisfying b; < a; and (a;,b;) = 1.

One allows the possibility a; = +00. One considers a strong log resolution 7 : X — X of the
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pair (X, D); one can write 7D = D + (exc. div.) where D = S(1 — b;/a;)D; is the strict

transform of D. One has:
(4.2) K¢ +D=n"(Kx +D)+E

where E = ) ¢;E; is a m-exceptional divisor with coefficients ¢; > —1. Finally, let us
set N = lem{a;,1 < i < r} and choose a sufficiently ample divisor H on )Z'; Kawamata’s
construction allows us to get a cover adapted to ()Z' , 5) More precisely, one can find is a
finite morphism f : Y — X which is a ramified Galois cover of group G and it satisfies the
following properties:

(4.0.3) f is étale over the complement of >, _, D;+ H;

(4.0.4) The support of f*(D + H) has simple normal crossings;

(4.0.5) Near any point yg € Y, there exist a G-invariant open set €y > Yo, a system of
coordinates (wy) centered at yg, a system of coordinates (zj) near f(yo) and an
integer p = p(yo) such that with respect to these coordinates, the map f can be
locally expressed as

f(wly"'awn) = (w{V’"'vwzlgv7wp+la"'7wn)

where for each 1 < k < p, (2, = 0) is a local equation (near (yo)) of one of the
components of >, . D;+H.

Note that we have chosen that particular cover (with equal ramification index along all the
divisors) only to simplify the notations, as any smooth adapted cover would have worked
for what follows. Let us set

D'=fD= Y (NJZéi).DQjL > D
v a;=-400

a; <+oo

and f*H = NH’. With these notations, the divisors D}’s and H are reduced. With
these notations, the ramification divisor of f becomes (N — 1)> D, + (N — 1)H'. By the
ramification formula, one gets:

K}~,+Z<1]\;éi)D§f* <K)~(+15+(1]1[)H>

(2

or equivalently

a;
Here, the index i varies over all possible indices (and not just those for which a; # 4+00). To
lighten notation, let us set B = > e; B; where B; is either one of the divisors D} in which
case e; := 1 — Nb;/a; or B; = H' in which case e¢; := 1 — N. One gets a divisor B with

integral coefficients and simple normal crossings support which satisfies
Ky + B = f*n" (Kx + D)+ f*E.

Note that neither B nor —B is effective in general (unless either [D] = 0 in which case
B <0 or D is reduced in which case f = Idg and B = D > 0). On )7, the orbifold tangent
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sheaf of the pair ()? ,5), ie. 9077 1.y coincides with (the sheaf of sections of) the vector
bundle defined as the locally free Oy-module generated by
e 0 . 0 0 0

21 ye s B AT AT A
0~ 0zp Ozpi1 0z,

whenever B is locally given by (z{*---z,” = 0) — up to relabelling the coefficients e;. In
order to lighten notation slightly, we will denote by T3 (—log B) the latter vector bundle

and identify it freely with its associated (locally free) sheaf of sections.

4.3. The semistability theorem. — We can now prove the slope-semistability of orbi-
tangent sheaves for minimal pairs of log-general type, noting that this theorem holds ir-
respective of the choice of the orbifold structure, consisting of adapted or strictly adapted

charts.

Theorem 4.1 (Semistability of orbi-tangent sheaves). — In the setting /.2, assume
that Kx + D is nef and big. Then ,7(37 7.5y is semistable with respect to f*m™*(Kx + D).

Remark 4.2. — In the course of the proof, we actually do not use the bigness assumption.

However, semistability with respect to an arbitrary nef class is not a very meaningful notion.

Proof. — Let o; (resp. t;) a section of Ox(D;) (resp. Ox(Ej)) cutting out D; (resp.
E;). One chooses smooth hermitian metrics h; (resp. h;) on these bundles and a K&h-
ler form wg on X. Finally, let wx € c¢1(Kx + D) be a smooth form (not necessarily

semipositive). Because of (4.2), there exists a smooth volume form dV on X such that
—Ric (dV) + Zl(l - %)@hl (D;) =m*wx + Zj Cj@hj (Ej)

For ¢ > 0, the cohomology class {7*wx + twg} is Kéhler; therefore, one can solve for any
€ > 0 the following Monge-Ampere equation:

I +£2) 0 Desesdy

(4.6) (T*wx +twg +ddp )" = .
11 |Ui|2(1*a7)

and obtain a Kéhler current w; . := m*wx + twg + dd°p; . that is smooth outside Supp(D)

along D; if

and has mixed conic and cusp singularities along D — with cone angles ngi
T

a; < 400, or cusp singularities along D; otherwise. This follows from [GP16, Thm 6.3], as
explained in §4.1.

Moreover, w; . is an approximation of the Kéhler-Einstein metric in the sense that:

(4.7 Ricws e = —wie +twg — (1 —1)O. +tO(E)) + [D]
’ 2 .
where ©, = Zj c;j (ﬁ'?j;!; EISI};ijiJ) is an approximation of [FE], the current of

integration along £ and ©(E) 1=}, ¢;Op,(E;). The reason we change ¢; into (1 —t)c; is
to prevent ¢;. from getting unbounded along Ecj:q E; when ¢ — 0, t > 0 being fixed.

Pulling back w; . by f, one gets a positive current f*w; . which satisfies:
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(4.2.8) f*wy e is smooth outside Supp(D’ + H') = Supp(B).

2”Nbl along D/ (if a; < +00) and 27N along H'; and f*w; .

(4.2.9) f*w . has cone angles
has cusp singularities along [D']. Equivalently, f*w;. has cone angles 27(1 — ¢;)

along B; if e; < 1 and cusp singularities along B; if e; = 1.
(4.2.10) Ric(ffwie) = —ffwre +tffwg — (1 —1)f*O. —tf*O(E) — [B].

This is a consequence of the third property of the Kawamata cover ~y recalled above, cf last
paragraph of §4.1. Let us recall what Item (4.2.9) means. Denoting B_ (resp. B ) the union
of components of B with negative coefficients (resp. positive coefficients, or equivalently
coefficients equal to 1) and choosing a chart  C Y along with local coordinates (zq,. .., z,)
for which Supp(B-)NQ = (z1---2p = 0) and By NQ = (2p41--- 2 = 0), then f*w,. is

quasi-isometric (on €2) to the model metric below:

(4.11) Z |2k | 2% idzy A dZ), + Z _dde NdZ dzk + Z idzy N dZg

2
k=p+1 |Zk| IOg |Z IEE k=r+1

Recall that for 1 < k < p one has e; < 0 so that the model metric above has zeros along
B_ and "poles” along B .

From now on, one will set w := f*w; .. Because of (4.2.8)-(4.2.9), w induces a bounded
hermitian metric on T (—log B) which is smooth outside Supp(B). The strategy is to use
this metric to derive the semistability property of the bundle; it is inspired from [CP16]
and [Guel®|.

If 7 is a reflexive subsheaf of Tj: (—log B) of rank p, then it induces a generically injective
map of sheaves (AP.7)** — APTy(—log B). Setting L := (AP.%)** to be the determinant
of .7, one gets a non-zero section u of ATy (—log B) ® L', As w is smooth (and Kéhler)
outside Supp(B), it induces a smooth hermitian metric ~ on the vector bundle T (—log B)
on that locus. Let us choose some fixed smooth metric h;, on L. This enables one to
compute the squared norm |u|? of the section u with respect to h @ hzl; this is a bounded
function on Y. In order to apply the vector bundle version of Lelong-Poincaré formula to
dd® log |u?| hoh; s ONe needs some additional regularization processes.

First, as |u[? may not be smooth along Supp(B), one introduces (x;,)y>0 a family of
cut-off functions for Supp(B); one can arrange that the L! norm of dd®x, (computed with
respect a smooth metric on V) tends to zero when 5 — 0, cf e.g. [CGP13, §9]. Then to
prevent log |u|? from being unbounded (below), one chooses a constant A > 0, and evaluate

the smooth quantity (outside Supp(B)):

(4.12)
c 1 [(D"u, u)|?
dd® log(|ul*+)\?) = e (D’u|2 -

-1
oz (Onang (WTy(=log B) @ L )u,u>>
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Here, D’ is the (1,0)-part of the Chern connection of h ® hzl and for a (vector-valued)
(1,0)-form «, one uses the notation |a|? := a A @ Outside the support of B, one can
identify T (—1log B) with T%; moreover, one will identify in the following ©,(APT5) with
On(APTy) ® Idg-1. Finally, as [(D'u,u)[* < |D'ul?-|u|?, one deduces from the equality
(4.12) above:

2 On(APT: )u, )
c 2 2y 5 |ul _ (O Y/t
(4.13) dd®log(|ul® + A7) > PEFSE <6hL(L) PIE

-1

Wedge inequality (4.13) with x,,w™™" and integrate on Y:

(4.14)

2
_/~1og(|u\2+x2)ddcww”*1 > [ vl <@hL(L)—
Y

O Ty
y Juf? + % e

Juf?

Recall that t,e being fixed, w is equivalent to the model metric given in (4.11). In
particular, it follows that +dd°x, A w™! is uniformly dominated by the volume form of
a metric with cusp singularities along Supp(B) — whose mass is finite. As yx, converges
smoothly to zero outside Supp(B), Lebesgue’s dominated convergence theorem shows that
the left hand side converges to 0 when 7 tends to 0, A > 0 being fixed. By the same token,
the first integral in the right hand side converges to [5 O, (L) A w"~! when 7, X approach
zero. As the potentials of w have finite energy (cf [Gueld, Prop. 2.3]), this integral is
nothing but the intersection number L- {w}"~! = ¢1(F)- (f*7*(Kx + D) + tf*{wg}). So
one is left to estimating the second integral in the right hand side.

By the symmetries of the curvature tensor, one has the following identity (outside
Supp(B)): nO,(Ty) Aw™ ! = (fRicw)w™ where 1 : Q%l — T%’O is the standard isomor-
phism induced by w which extends to an operator Q%’l — End(Ty). As a result,

nOR(APTy) Aw™ ™' = (fRicw)P w"

where for any endomorphism f of an n-dimensional vector space V, one defines
P APV — APV by fP(v1 AL . Avp) = 22:1 VA A1 A f(vk) Avgri A . Avy,. These
two operations preserve positivity (of (1,1) forms and hermitian endomorphisms respec-
tively). Moreover, it is easily checked that for any (1,1)-form «, one has trgnq(fo) = trya,
and if f is any positive semidefinite endomorphism of V', then trgnq(f"'?) < (;) trEnd (f)-
Thanks to item (4.2.10) in the properties of w = f*w; . one sees that outside Supp(B),
(Ricw)™ = —pldaory, + tf* (W)™ — (1 — (EF0.) -t (O(E))™

Let wg be a reference Kéhler form on EN/; there exists C' > 0 such that 0 < ffwg < Cwy,
and therefore

(4.15) trgna(f wg) P w™ < nC (Z) wy Aw" !
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*, \AD

As a consequence, ff, W w™ L tC’ ff/ wg A w"~! which is independent of £ and
* Q) A

tends to zero when ¢ goes to zero. The same argument shows that f}; Wu)"

converges to zero when ¢ and then ¢ approach zero.

Furthermore, f is generically unramified along Supp(F) hence f*FE has simple normal
crossings support and f*©. is a standard approximation of the current of integration along
frE. Write f*E = ) c;E}; then f*©. = cj(aj e +5;e) with o . = (“3'5%2)2 |D't|* and
Bje = ‘t;‘i% f*On,;(E;) where t; = f*t;. Until the end of this paragraph, one will drop
the indexes j and ¢ to lighten notation. One needs to evaluate the quantity (§(c+ 3))" Pw™.
The term (fo)"Pw™ is positive and dominated by n(Z)IdApT}7 ~aAw" L. The term (§3)"\Pw"

is dominated (in norm) by ‘t/lcz%ldApT?-f*wX A w"™ 1. Therefore,

<|j(0l + 6))/\Pu7 u> n n—1 052 * n—1
2 w" < Cahw er.f wg Aw
n—1 n—1 062 * n—1
= C(a+,8)/\w —CB/\w +W‘f w);/\w
n— 0/62 * n—
< Cla+p)Aw 1+W.fw)}/\w !

so that:

(GO ) ot o [ ot 105 [ g au
< . ~
é} e A <O ?f@EAw +C§;SH%P+€2waAw

As E is m-exceptional, the first integral on the right hand side equals tE-{wg}; in

particular, it does not depend on £ and converges to 0 when ¢ — 0. The term equals
CIGl 32, I% uﬁ% wg A wl'=! which converges to zero by Lemma 4.3 stated at the end of
y :

this proof.

Putting everything together, one obtains:

2 (0, (AT
Xoul? O TyJuw) onor gy g1,

v |ul? + A2 |ul?
where:
2 t 2 *(we — O(E) Pu,u
n—_P X;IUI o L= b xalul® (G we — O(F)) ) Al
n Jy |u|? + A2 n Jy |[ul2+ A2 |u|?
and

11—t X7I|U"2 <(ﬂf*98)/\pu7u> A n—1
— w
P S Y CAR TV E
We claim that I and I3 converge to zero when ¢, ¢ go to 0, say for n = A = 0. More precisely,

Is =

one can dominate point-wise the absolute value of the integrands of I and I3 by an (n,n)-
form o, independent of both 7 > 0 and A > 0 that satisfies lim;_,olim._,o ff/ Qe =
0. Dominated convergence enables to first pass to the limit when, in that order: n, A, e,

converge to zero.
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Moreover, dominated convergence show that I; converges to —£ fy w"™ when 1, A converge
to 0. As the potentials of w have finite energy, this integral is nothing but —£{w}" and this
quantity (depending on ¢ only) converges to —£([f*7*(Kx + D)|") when ¢t — 0. Combining
this with (4.14), one finds:

ney(F)- [f " (Kx + D)™ < —p([f 7" (Kx + D)]")
Now the determinant of the dual of Ty (—1log B) is Ky + B = f*n*(Kp + D) + f*E. As

E is m-exceptional, the intersection of ¢1 (T (—log B)) with [f*7*(Kx + D)]"~! is precisely
—([f*m*(Kx + D)]"™), hence semistability of 7% (—log B) follows. O

In the course of the proof above, we used the following result:

Lemma 4.3. — The positive current wy . solution of the Monge-Ampére equation (4.6)
satisfies, for each fired t > 0 and each index j:

li =
i“/ t; |2+s2‘“xwts 0

Remark 4.4. — Note that because the potentials of w; . are unbounded, one cannot di-
rectly use an argument based on Chern-Levine-Nirenberg inequality as in [GGK19, Claim
9.5]. Moreover, because of the conic part in (4.6), one cannot reproduce the arguments of
[Guel6, Lem. 2.1] based on [Guel6, Prop. 1.1] as it would involve (among other things)
having at hand a model conic/cusp metric with bisectional curvature bounded above and,

as far as we know, such a metric has not yet been proved to exist.

Proof of Lemma 4.3. — Let V. := {|t;]* < e}. One has

2
e
n—1 n—1
/~ TEre ng/\wm <5/ wX/\oJ756
X t* +e X

and this quantity is dominated by e{wg}-{wi-}""! which obviously converges to zero.
Here we have used that because the potentials of w;. have finite energy, the mass of the
(mixed) Monge-Ampere products of w; . is computed in cohomology. We are left to prove
the following;:

: n—1
(4.16) gl_rg% VewX/\wta =0

The first observation is that thanks to [GW16, Thm. A], the potentials ¢; . of w; . satisfy

(4.17) Ore = Z —loglog? |o;|> + Ry
a;=-400
where supg |R¢ .| < C; for some constant C; > 0 mdependent of e. Moreover, one has

uniform C* estimates for ¢; . on any compact subset of X~ Supp(D + E); therefore any
weak limit ¢, of ¢, . (when € approaches 0) satisfies:



32 HENRI GUENANCIA & BEHROUZ TAJI

e 1 is smooth on X ~ Supp(D + E), and satisfies the following equation on that
locus:

11 |t;|2¢ =D eveqy
o %)

(4.18) (T*wx +twg + dd“Py)"

® sUpy W’t — Zai:Jroo —10g10g2 |Ui|2‘ < 400
It follows from the second point and [Gueld, Prop. 2.3] that v, has finite energy with
respect to any Kihler form w such that w + dd®y; > 0. In particular, the equation (4.18)
is satisfied on the whole X (as the Monge-Ampere of ¢; puts no mass on pluripolar sets).
As (4.18) admits a unique solution (by comparison principle, cf [BG14, Prop. 4.1]), all
subsequential limits of (¢;.)e>0 when ¢ — 0 agree, and therefore ¢, . converges weakly to
the solution ¢; of (4.18). We want to show that the convergence is actually strong. For

that purpose, one observes that the quantity

I(pn 1) = /}2(% — 1) (MA(1.0) — MA ()

converges to zero when ¢ — 0 thanks to Lebesgue dominated convergence theorem (by (4.17),
©t — pt - is uniformly bounded). By [BBE'19, Prop. 2.3|, this implies that ¢; . converges
strongly to ¢;. In particular, the measures (wg 4wy, )" = (Wg + T wx +twg + dd°p. )"

converge weakly to the non-pluripolar measure (wg + w,, )" when € — 0, ¢ > 0 being fixed.

Now, assume that (4.16) does not hold. As (wg 4wy, )" > wg Awl !, this would imply
that

limsup/ (wg +wp, )" >0
Ve

e—0
In particular, denoting M; := {wg + m*wx + twg}", one could find § > 0 and a sequence
(ex)r>0 converging to 0 such that for any k& > 0:

| grun, ) <M=
X\ng
In particular, given ky > 0, one would have for any k > ko:
| gt <M=
X\Vak0
As weak convergence of measures does not increase the mass, one would find:
/~ (Wg +wp,)" < My —0
X\ng
As this holds for any k¢ > 0, one deduces:
/~ (wg +wp,)" <My =96
X~{t;=0}

which contradicts the fact that ¢; has finite energy with respect to (1 + t)wg + T*wx.
Therefore (4.16) is proved, and the lemma follows. O
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4.4. Proof of Theorem C. — Let f : Y — (X,D = > d; - D;) be a strictly adapted
morphism, provided for instance by Example 2.11. We note that Y is not necessarily lc. Let
7:X = X bea strong log-resolution for the pair (X, D). Set D C X to be the birational
transform of D by the morphism 7. Let Y be the irreducible component of the normalization
of (Y xx X) inducing surjective morphisms 7 : Y 5Y, f: Y — X and the corresponding
commutative diagram:

=)
d
t

Y
v f

X

Note that as 7 is a projective birational morphism, the finite morphism f (Y o X is
Galois. Let f : Y — (X, D) be an adapted morphism such that the two orbi-cotangent
1 1 ;
sheaves Q(f/,ﬁﬁ) and Q(?,f,f)) are compatible (see Example 3.3).
Now, according to Theorem 4.1 we know that Q%? 7.5)

7*(Kx + D). Therefore, by Proposition 3.6, so is Qé? 7.5 We now claim that Q%

is semistable with respect to
v.f.0) 18
semistable with respect to Kx + D.

Otherwise, there exists a reflexive subsheaf .% C Q%Y £.D) such that

fps (K x+0) (F) > :“f*(KX+D)(Q%Y,f’D))'

z 1
But then the subsheaf % C Q(?,f,D) defined by

T (> 1
F = (7 /)mﬂ(?’fﬂ),

which verifies the equality fiz« r« (k1) (F) = fip= (K x+D)(-F ), destabilizes Qz? 7.5y & con-

tradiction.
Remark 4.5. — We would like to emphasize that, as evident from the proof, Theorem C
is valid for any choice of an orbifold structure for (X, D) and not necessarily those that are

strict.

5. Orbifold Miyaoka-Yau inequality for minimal pairs

5.1. Proof of Theorem B. — Let H be the ample divisor in Proposition 2.16 and set
Ca(m) = {(Ua(m) fa(m)s Xa(@m))} to be the orbi-structure for the klt pair (X, D,,) in codi-
mension two. To avoid unnecessarily cumbersome notations we will assume that D—|D| = 0.

Step 1. Restriction to a general surface Sy,.

Let f!. : Y, — (X,D,,) be a morphism strictly adapted to D,, decomposed as in (2.
10). By Theorem C, the sheaf Q%Ym,f;n,Dm) is semistable with respect to Kx + D,,. As
semistability is determined in codimension one, its coherent extension QR]/ S D) is also
semistable, the latter being a reflexive sheaf on Y,,,. Now, according to Flenner’s restriction

theorem ([Fle84]) —which generalizes Mehta-Ramanathan’s theorem to normal varieties—
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for sufficiently large, positive integer a,,, there is a complete intersection curve C,, := D1 N
...ND,_1, where D; are general members of |a, - (Kx + D.,)| such that (Q%Ym,f;n,Dm) loy,,)
is semistable, where Cy,, = (f1,)"*(Cn).

We observe that as Q%Ym’ 1 D) and Qég(m) are compatible in codimension one, thus so
are their restrictions Q%Ym, D) loy,, and Qéﬁ(m |, Y. Therefore, using Proposition 3.6,
it follows that Qéﬁ(m) |c,, is also semistable. In particular, for S,, := Dy N...N D,_s, the
restriction Q}:g(m) |s,, is semistable with respect to the orbifold structure Cg,, o(m) o0 Sm

naturally induced by the restriction of Cy(pm)-

Step 2. Construction of a stable orbi-Higgs sheaf.
Let Oc,,,,, is the orbi-sheaf defined by {Ox, ., }. Define the orbi-Higgs sheaf by & =

a(m)

Qéa(m) ®Oc,,,,, together with the canonically defined Higgs map fc, ., : éc, (., = ¢Co(m) @
Qég(m’) defined by the isomorphism
1 1
ch('m) - OCQ(”L) ® ch(rn)
when restricted to the first factor and zero when restricted to ch(m).
Now, consider the restriction
(O@C577L7g7n = gcm|sm = Qég(m) |Sm 69 ch(m) |Sm = Qég(m) |Sm @ OCS7n,g7n7

with the Higgs field fc, . ~defined by the composition

ecg(m) 5m
@@Csm o > g)cs

mo,e;

1
m ® Qca(m)

1
Sm gcsm »QXimy ® QCSm,gm :

As Sy, is general and &, ) is reflexive, it follows that &¢g | o, 18 locally free. (To be clear,
is not the orbi-sheaf Qf_ @ Ocs,, o, )

Csm fyeue, 20y,

Claim 5.1. — The locally free orbi-Higgs sheaf (écg . ,0cs, . ) is Higgs stable with
respect to (Kx + Du,)ls,, -

Proof of Claim 5.1. — Let ﬁcsm&m C écs,, .o, be an orbi-Higgs subsheaf. As there are
no non-trivial subsheaves of (Qém)\gm that are invariant under the Higgs operator ¢, .,
the orbi-sheaf Zc, , ~must have a non-trivial projection onto an orbi-subsheaf fcsm,g,;
of Ocg,, .. - Let

( 5.1 ) 0 gCS ™y, ‘gZCS ™l "?CS mHQm 0

be the resulting exact sequence of orbi-sheaves, where %csm,gm is a locally free subsheaf
of Q¢ |s,,. The rest of our arguments are now very similar to those in [GKPT19, §7].

From (5.1) and the inclusion %, . C Ocg it follows that
(5 2) C1 (stm am ) Sa (chm e )
4. By the notation Q(lj () |c,,, we mean the pullback of Qé ) to the orbi-sheaf on C),, with its naturally

induced orbifold structure. We refer to [GKPT19, Subsect. 3.6.2] for more details in the more classical

setting of Q-varieties (which readily generalizes to the current context).
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Let r := rank(Z¢,,, ). By dividing the two sides of (5.2) by (r — 1) and using the semista-
bility of Q5 |s,,, we find that

r—1
r

/’l’(gcsm,,a )= lu'(ngmrﬂm)

Em

1 -1
ﬁ((KX + Dm)|5m)2 L= " by the semistability of Qéﬁm ls
1
< — (K Dy, 2
(x4 Da)ls,)

= N(Qégm |5, ®Ocs, 0 )

<

m

as required (here p is the slope with respect to Kx + D,y,). O

Step 3. The Miyaoka-Yau inequality.

Let gy, : §m — Sm be the global Mumford cover associated to the orbi-structure Cs,, o
on S,, and G,, := Gal(§m/Sm). Following Subsection 2.6.2, let @%Smam be the locally free
G-sheaf on §m associated with é"csm’&m. It comes naturally equipped with a Higgs field
écsm «,, Such that

By a, = Cesy 0 @ Wi,

¢ Sm fre2vos

where #;,, C Q[SA’I] is a locally free subsheaf. Set H,, := (Kx+D,)|s,, and ﬁm = (gm)* Hum.

m

Smﬁgm

Clatm 5.2. — For an equivariant resolution ,, : §m — §m, there exists an ample divisor
fIm - gm such that the locally free Higgs sheaf

(G o 0, 0 )= () (Ees, u Ocs,, )

is Higgs G.,-stable with respect to ﬁm, that is for the Higgs, G,,-subsheaf ‘%sm, C

QXm

o ) < wg (ées, . ). Moreover, one can arrange that

Xm
o~

() Hi = Hyn, as 1-cycles on S,,,.

we have ,ugm(ézvcsm

Csm Qe

Proof of Claim 5.2. — First, we notice that from the orbi-Higgs stability of (‘g)csm‘gm e, o )

it follows that the locally free Higgs sheaf ((?Csm - acsm,gm) is G,-stable, i.e.

~

(5.3) tg, (Fes,a,) <ig, (e, .a,)

X Xm

for every Higgs, G,,-subsheaf '%sm,gm C ‘;@\Csm,gm' This is because, every such sub-
sheaf (which we may assume to be saturated) descends to an orbi-Higgs subsheaf
(g\csm&m,ecsm&m) C (éacsmygm,ecsm&m) on .S,,,i.e. ECSm&m = q;m (ECSm,gm)’ cf. [HLlU7

~

Thm. 4.2.15]. Here, the morphism g, :Sa  — Sa,, factors gm:

I gm
Scsm o Sm

J |

9o, Pa,,

L Ln Qo
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as defined in Subsection 2.6.2. Therefore the orbi-stability of (&¢, ' .Ocs,, .. ) ensures
that Inequality 5. 3 holds. As a result, the pull-back Higgs bundle (cg’csm o) 9Csm . ) is
G -stable with respect to ﬂ'mHm.

Now, let E be an effective exceptional divisor that is relatively anti-ample. As stability

is an open condition, it follows that for any sufficiently small € € QT we can guarantee that

H,, = (7%, H,, — ¢ - E) is ample and that (é%s Gcsm&n) is Higgs stable with respect
H,,. This finishes the proof of Claim 5.2. O

From the original result of Simpson on the existence of HYM metrics, cf. [Sim88,
Prop. 3.4], it thus follows that & ., verifies the Bogomolov-Gieseker inequality. Hence,

by projection formula, so does ‘DECsm,gm and thus the inequality

1
(.4 (2 +1)- Qe 0m) — 1 G Qey ) (EKx + D+ — - H)" 2>0

holds for all m > 2. The inequality in Theorem B now immediately follows from (5. 4) by
taking the limit m — oo, using the continuity property in Proposition 3.11.

5.2. About the assumptions on the singularities. —

A more general setting to prove Miyaoka-Yau inequality would be the one for pairs (X, D)
such that (X, D) has log canonical singularities with Kx + D nef. As mentioned in the
Subsection 2.4, this context is too general for a workable definition of an orbifold second
Chern class co(X, D), even if the space X is assumed to be klt.

Looking carefully at the proof of Theorem B, one may observe that what we really need is
the existence of an orbi-étale structure in codimension two for (X, D) as well as for (X, D,,),
cf. Proposition 2.16. Both of these conditions are satisfied in two particular cases: if (X, D)
is log smooth or if X klt and D is reduced.

% Assume that (X, D) is log smooth. Then the existence of an orbi-étale structure
on the whole X follows from Example 2.9. In particular, in view of Example 3.9,
one has for any log smooth, log canonical pair (X, D) such that Kx + D is nef and
big, say:

(2(n+ 1)-e2(X, D) _n'c%(XvD)) (Kx +D)n_2 >0

where c2(X, D) = c2(Q2x) + e1(2x) D+ 2,5 (1- Z—) (1- %)Di'Dj +> (1 -
%)Df This generalizes [SW16, Prop. 4.2 and 4.5].

% Assume that X is klt and that D is reduced. The main point is to obtain
[GKKP11, Prop. 9.14] in this setting. This can be checked using the classifica-
tion of pairs (S, C') where S is a klt surface and C a reduced curve with (S, C) lc,
cf e.g. [K192, Chapt. 10 p.117] combined with the reduction argument given in
[GKKP11, Sect. 9].
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6. Appendix. Products of orbifold Chern classes

We will be following the notations and settings of Section 2, in particular those of Sub-

section 2.6.3. Our aim is to prove that the natural map
Yo : A*(X2)9®Q = Ap_a(X°) ©Q
can be used to equip A(X°) with a ring structure. This can be achieved, as in [Mum83] in

the case of Q-varieties, by using the following lemma.

Lemma 6.1. — Assuming that C = {(UZ, fa, X3)} verifies Assumption 1, the map e is

a group isomorphism.

Proof. — The proof follows from the arguments of [Mum83, Thm. 3.1]. Let Z° €
A, (X°). We first show that Z° naturally gives rise to an orbifold sheaf.
Consider (p),)~1(Z) as a reduced subscheme of V.

Claim 6.2. — The collection of G-sheaves

{96 (O@r)-1(29)) }

is an orbifold sheaf.

Proof of Claim 6.2. It suffices to establish the compatibility condition for overlaps. To this

end, consider another local orbifold chart

’
pB [e] pﬁ o

)

XO
B adapted B quasi-étale

where Wg is smooth, with the resulting commutative diagram of fibre products:

fBa

Xaﬂ Xﬁ
Jap \LP
B
Pha
Fos ap = Wg
ipf,,; \LP;}
o P
Xe ? we Xe.

Here, WaOB =Wy xxo Wg and X 5 is the normalization of X2 X xo Xg with g.g being the
morphism induced by the universal property of fibre products.
Now, since both W and W are smooth and p’Ba and p/, 5 are quasi-¢tale, it follows from

the purity of branch locus that p’aﬂ and p’ﬁa are in fact étale. As a result we have

(Pap) (Opry-1(29)) = (D) (O -1(29))-

On the other hand, from the commutativity of the diagram we find:

(6.1) 13 (POt 1(29)) = G5 ((Pos) Oy 12 )
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f3a (050w, -1(2)) = 9ap ((plﬂa)*o(p}a)*l(Z"))'

As the right hand side of (6.1) and (6.2) are isomorphic, so are the sheaves on the left

hand side,

claim.

as required. Compatibility over triple overlaps follow similarly. This proves the
O

The rest of the proof is now identical to the arguments of Mumford, cf. [Mum83, p. 287].
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