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Abstract

The onset criterion for radiation driven islands [Rebut and Hugon,

Plasma Physics and Controlled Nuclear Fusion Research 1984 (Proc.

10th Int. Conf. London, 1984), Vol. 2, IAEA, Vienna, 197, (1985)] in

combination with a simple cylindrical model of tokamak current chan-

nel behavior is consistent with the empirical scaling of the tokamak

density limit [Greenwald, Nucl. Fusion 28 (1988) 2199]. Many other

unexplained phenomena at the density limit are consistent with this

novel physics mechanism.
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The empirical scaling of the density limit in tokamaks has long been

known and is a surprisingly robust experimental result. Whereas the exact

form of the scaling law evolved over decade long international experimental

activities [1, 2, 3, 4, 5, 6], the physics mechanism for the onset of the density

limit, which has come to be known as the Greenwald limit after the author of

reference [3], has remained elusive. The phenomenology has been described

in great detail (for an excellent review of the experimental observations see

[4]). The onset of the plasma collapse associated with this empirical limit

is associated with both the radiative collapse of the current profile and the

appearance of one or more low order magnetic islands. The phenomenology

is apparently universal.

A list of unexplained phenomena are associated with the density limit:

1) The scaling is universal, but the phenomenon appears associated with

radiative collapse which can be complicated given the quantum nature of

impurity line radiation.

2) If the physics is associated with radiative collapse, why is the density

limit so weakly dependent on heating power?

3) Why is the limit only weakly dependent on the type of radiator?

4) The collapse is associated with the onset of magnetic islands, so why
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does the limit not depend on plasma shaping or q (both which are known to

affect MHD stability)?

5) Why is the density limit power scaling different in stellarators?

6) Why are tearing modes associated with the radiative collapse?

We put forward and analyze the basic hypothesis that radiation driven is-

lands, described first in [7], are the cause of the density limit. The association

between radiation driven islands and the density limit is not new. In fact,

the possibility of the islands occurring at the density limit being radiation

driven is discussed at length in an experimental context on the ASDEX-U

tokamak by Suttrop in Reference [8], however the possibility of a causal rela-

tionship was not considered. An important additional step in understanding

radiative islands was taken in Reference [9] when a radiative term was added

to the Modified Rutherford Equation [10] and the time dependence of island

growth at the density limit was analyzed. However, this work also did not

claim a causal link between radiative islands and the Greenwald limit. The

theory of radiative islands was further expanded and formalized, where an

additional term is added to the modified Rutherford Equation, and shown

to be consistent with the early appearance of NTMs in NSTX [11]. Obser-

vations of the tearing phase of snake modes on Alcator C-Mod tokamak [12]
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have also been associated with radiative drive. The onset criteria for the

effect is easily understood: the interior region of an island contains impuri-

ties, the impurities radiate cooling the island interior, thereby increasing the

local resistivity, thus the helical current perturbation is increased causing the

island to grow. A key additional observation is that the interior of the island

is shielded from any auxiliary heating power that is deposited in the core of

the device, being shunted around the island by heat conduction parallel to

the magnetic field. At this point, it becomes clear why such a process would

not occur in stellarators. In stellarators, the equilibrium is determined by

external coils. This means that a perturbation to the equilibrium magnetic

field due to the inductively driven plasma current is not possible, because

there is no inductively driven current. Thus in stellarators added heating

power raises the density limit like P 1/2 as would be expected from global

power balance. The situation for a tokamak island is shown schematically in

Figure 1. The problem of heat conduction around a thin island is handled in

detail in Referenc [13]. We imagine a scenario where an island of small but

finite size has been created by a perturbation. Because it is shielded from the

auxiliary heating sources, which are typically centrally peaked, the stability

criterion for radiative driven islands of the island interior is expressed as a
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constraint on the radiated power and the ohmic power such that:

Prad < ηJ2 (1)

which we rewrite:

EeffνeZeff
ne <

meνei
e2ne

J2 (2)

where Eeff is the energy lossed per excitation collision summed over all

radiating lines, νeZeff
is the effective collision frequency for radiative colli-

sions, ne is the electron density, me is the electron mass, νei is the electron-ion

collision frequency, e is the electron charge, and J is the local current den-

sity with all quantities evaluated at the rational surface of interest. This

expression can be rewritten as:

ne <

√

me

e2Eeff

νei
νeZeff

J or ne < f(Z, Te)J (3)

This is suggestive of the Greenwald limit [3] which is written

ne <
Ip
πa2

(4)

where n̄e is the line averaged (as from an interferometer) electron density,

Ip is the total plasma current, and a is the plasma geometric minor radius.
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The difference between Equation 3 and Equation 4 being the island onset

criterion is given in terms of local parameters where as the Greenwald limit

is in terms of global parameters.

It is appropriate to discuss in some detail the term under the radical

in Equation 3. It turns out the realization that the balance described by

Equation 1 gives scaling laws similar to the Greenwald limit is also not new.

In fact there are many papers proposing this type of balance, all of which

considered balancing radiative loss against the ohmic heating in some region

of the plasma cross-section (see, for example, [16, 17]). Most of these were

not considered seriously as explanations of the density limit because they do

not explain the fact that density limit does not increase as P
1/2
aux. However,

the detailed ohmic vs. radiative power balance calculations have been done

previously. In particular, reference [16] shows that over a wide region which

covers most of the existing tokamak database, the ratio of the radiated power

to the ohmic input power is very nearly independent of plasma temperature.

To relate the local parameters of Equation 3 and global parameters of

Equation 4 we consider a family of current profiles of the form:
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J =
J0

(

1 +
(

r
r0

)2ν
)1+

1

ν

(5)

As ν increases, the profiles go from peaked to flat, representing a typical

collapsed current profile for large values of ν. This class of profiles was first

used in Reference [14]. Additionally we assume a parabolic density profile.

A representative set of current profiles at fixed edge-q is shown in Figure 2.

Each curve has J0 chosen such that q0 = 0.9, consistent with the observation

that the peak current density inside the q = 1 rational surface saturates due

to the m/n = 1 instability (aka the sawtooth instability).

To understand where the Greenwald limit lies in this space we first plot

contours of constant total plasma current versus the free profile parameters

ν and r0 (shown in Figure 3). Additional information is required to locate

the density limit. In particular, since it is well established the current profile

peaks as the density limit is approached, a measure of the current profile

peaking for each value of the plasma current is required. The required infor-

mation is taken from a plot from Reference [15]. Figure 6 of this reference

shows the operational boundary for the JET tokamak as a function of qedge

and li. The upper bound of this plot represents the density limit. The limit
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is parameterized with a linear fit given by:

li = 0.12 ∗ qedge + .6 (6)

where li is the normalized internal inductance of the plasma (as defined

in reference [15]). The contour of the fit curve given by Equation 6 is shown

in Figure 3. We note here that for plasmas with high internal inductances

as described by the relationship above, plasma boundary shaping does not

have a strong effect on the low order rational surfaces so that the shape of

these surfaces will be roughly circular. This is a plausible explanation as

to why plasma shaping does not affect the Greenwald limit. We also note

that the experimentally observed current profile peaking at the density limit

corresponds to the knee in the constant q contours where the main variation

in the profile parameters changes from strongly varying r0 to strongly vary-

ing ν. This corresponds to the point where the bulk of the (fixed) plasma

current is now inside the q=1 surface. further increase in li from this point

lead to rapid reductions in the current density outside the q = 1 surface.

This behavior is important in understanding the relationship between the

average current density (as appears in the Greenwald limit Equation 4) and

the current density at a local surface as given in Equation 3.
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The next step is to see if the local criterion due to the onset of a radiation

driven island actually corresponds with the Greenwald limit. In other words,

along the contour that represents the current profiles for the density limit in

Figure 3 there should be a correlation with the following expressions

f(Z)J(rm/n)

ne(rm/n)
=

Ip
neπa2

(7)

The assumption of a parabolic density profile n(r) = n(0)(1 − (r/a)2)

gives

J(rm/n)

Itot(1−
r2
m/n

a2
)
=

ne(0)

ne

1

f(Z)πa2
(8)

where the term on the right is constant for the purposes of this discussion.

As an example, the contour of the expression above for the q = 2 sur-

faces as determined by the profile model is shown in blue in Figure 3. The

agreement between the observed experimentally determined current profile

behavior and the behavior of the radiation driven onset criterion is remark-

able given the simplicity of the model used to describe the profile behaviors.

The final step is an evaluation of the numerical coefficients in Equation 8.

All quantities are known except the numerical factor f(Z) which is defined

in Equation 3. The variables are reformulated according to the cooling rate
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expression given in Reference [18], which assumes coronal equilibrium. The

ion-electron collision frequency is taken from the NRL plasma formulary [19].

The expression then becomes:

f(Z) =

√

3.26x10−9nD ln ΛD (1 +
∑n

i=2
αzi)

T
3/2
e

∑n
i=1

nziLzi

(9)

where Lzi is the cooling rate of the ith impurity from Reference [18], ln ΛD

is the Coulomb logarithm for the main species assumed to be Deuterium, αzi

is the impurity impact strength factor defined as Z2
i (nZ/nD). Assuming the

following parameters: single impurity species is Carbon, nC/nD ∼ 5.5%,

Te = 1keV, ln ΛD = 15 and using LC = 10−35(Wm3) and with the fraction

on the left side of Equation 8 set to 3 as determined from the contour plot

in Figure 3 yields:

f(Z)πa2J(rm/n)

Itot(1−
r2
m/n

a2
)

ne

ne(0)
∼ 1.7 (10)

compared to an expectation of unity. Given the limitations of the model

and example employed this is surprisingly good agreement.

This model is consistent with all the unexplained phenomena presented

above. It also is consistent with detailed analysis of phenomenology of density

limit disruptions described in numerous publications. Of particular note are:
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1) the cold bubble formation described in [20], which may be caused by

a 1/1 radiation driven island,

2) the loss of confinement near the density limit [4], which could be due

to the onset of stochasticity in the presence of multiple islands

3) the ability to exceed the density limit by profile peaking, which would

not affect the density at the 2/1 surface [21]

4) the doubling of the density limit in helium observed in Reference [22]

likely a direct result of the collisionality scaling of Equation 3 assuming fixed

impurity densities

There are two important factors that make this potentially complex phe-

nomena exhibit such a simple scaling behavior; the clamping of the the cen-

tral current density inside the q = 1 surface forces the q=1 radius to grow

and the profile develops a top-hat like distribution and, as discussed previ-

ously, the ratio of ohmic heating to the total radiation is nearly independent

of plasma temperature, over a wide range of parameters.

One obvious prediction of this work is that direct heating of the rational

surfaces that participate in the radiation driven island phenomena should

suppress these islands, since this would avoid the shielding process described

above. Operating above the density limit could be important for burning
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tokamaks, such as ITER [23]. In fact this result may have already been

demonstrated in experiments, such as in References [24, 25]. For future toka-

maks, which may operate at higher temperature and density, bremsstrahlung

radiation may become dominant giving a lower density limit. Additionally,

radiation driven islands should be exacerbated in plasmas with high non-

inductive current fractions, since only the ohmic current participates in heat-

ing the interior of the island. This may explain the common practice of using

“preventative ECRH” to avoid the onset of neoclassical tearing modes. In

fact this phenomenon may partially explain the difficulty in finding a reliable

predictor for the onset of neoclassical tearing modes because the radiation

driven terms are not considered in neoclassical island threshold analysis [26].

It is hoped that given the apparent success of this simple model in explaining

the observed global scalings will lead to a more comprehensive analysis of the

possibility that radiation driven islands are the physics mechanism responsi-

ble for the density limit. In particular, with modern diagnostic capabilities

detailed measurements of current densities, electron densities and impurity

concentrations at rational surfaces should be possible, enabling verification

of the mechanism described above.

The first author would like to acknowledge helpful discussions with R. B. White and
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Figure 1: Representation of single lobe of a magnetic island schematically

showing the heat flow from the auxiliary heating around the island (red

arrows), the resistive heating inside the island (blue area), and the radiation

losses from within the island interior (green arrow).
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Figure 2: Plot of the family of current density curves used for the density

limit model. This set of curves have constant qedge = 3.5. The red triangles

indicate the position of the q=2 surface for each profile.
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Figure 3: Contour plot of the total plasma current (black) as a function of

the profile parameters ν and r0. Also shown in the plot are the contour of

the current profile peaking at the density limit as given by Equation 6 (red)

and the best fit contour of the quantity from Equation 8 (blue). The green

curves show the location of qedge = 2 and qedge = 8 for reference (contour

labels indicate qedge values).
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