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Waves appear in a liquid layer with a free surface if a sufficiently high horizontal temperature gradient is

imposed. These waves have been compared to the hydrothermal waves predicted by a linear stability analysis

of a parallel flow. However, depending on the experimental configurations, significant differences with theory

are found. We show that there exists another kind of wave that cannot be explained by previous analysis. Our

aim is to investigate which is the mechanism leading to this instability. Differential interferometry is used to

obtain quantitative information on the temperature field. Experimental evidence is presented suggesting that

these waves are the result of a boundary layer instability: the roll near the hot wall begins to oscillate, and the

perturbations are dragged and amplified downflow. This mechanism could explain discrepancies between

theory and some experimental observations. @S1063-651X~97!04108-1#

PACS number~s!: 47.20.Dr, 47.20.Bp, 47.27.2i

I. INTRODUCTION

A fluid layer heated from one side ~and cooled from the
opposite! gets into motion, no matter how small the imposed
temperature difference DT between the end walls is. Two
unbalanced forces set up a global flow. The first one arises
from the change of the surface forces with temperature, also
called the Marangoni effect. The second one is gravity, act-
ing upon the density variations with temperature. The two
main experimental parameters, the temperature difference
DT and the depth of the fluid layer h , can be expressed in
terms of two nondimensional numbers: the Marangoni num-
ber Ma and the Rayleigh number Ra. We use the following
definitions for Ra and Ma:

Ra5

agbh4

nk
, Ma5

ds

dT
bh2

mk
, ~1!

where a is the thermal expansion coefficient, g is the grav-
ity, b is the imposed ~horizontal! temperature gradient, h is
the layer depth, n is the kinematic viscosity, k is the thermal
diffusivity, s is the surface tension, and m is the dynamic
viscosity. The ratio Ra/Ma, sometimes called the dynamic
Bond number, depends on h2, and gives the relative impor-
tance of the gravity and surface tension forces. Thus for
small h the Marangoni effect dominates, while for large
depths gravity effects overcome the surface tension forces.
There is still another nondimensional number: the Prandtl
number Pr, defined as Pr5n/k , that accounts for the relative
importance of thermal conduction and viscous dissipation.
The geometry of the container is defined by two aspect ra-
tios, namely, Gx and Gy . The first one corresponds to the

distance between hot and cold walls divided by the height of

the fluid layer; the second to the transversal dimension of the

cell divided by the height.

In this work, we examine shallow layers, where surface
tension effects are more relevant than gravity. The liquid
used has a moderate Pr number, moderate meaning between
10 and 100, so the velocity follows the temperature field.
Considerable interest in this configuration comes from sev-
eral industrial processes taking place in similar situations:
the fabrication and purification of high-quality crystals,
electron-beam vaporization of metals and laser welding, for
instance. Experiments are being carried out to explore the
possibility of manufacturing crystals in space, where gravity
is negligible and only surface tension forces are relevant. The
knowledge of the mechanisms leading to instabilities as the
control parameter DT increases should help to improve these
industrial procedures.

An analytical expression for this basic flow can be found,
and experiments @1# showed that this description is accurate.
Except near the end walls, the flow is horizontal, from hot to
cold near the surface, and in the other sense near the bottom.
It is therefore two dimensional in the core. Starting from this
situation, several studies—both theoretical and experi-
mental—have tried to describe the flow structure as DT is
increased. As soon as the basic flow becomes unstable, dif-
ferent kinds of phenomena have been observed in several
experiments, some of which differ from the theoretical
analyses.

Smith and Davis @2# performed a stability analysis for an
infinite fluid layer with a free surface, where a constant hori-
zontal temperature gradient was imposed. They did not take
into account neither gravity nor heat exchange to the atmo-
sphere. They found the most dangerous modes for a range of
Pr numbers and provided the corresponding instability
thresholds. For a range of small to moderate Pr numbers,
they found that the instability was oscillatory, coining the
term ‘‘hydrothermal waves.’’

Some experiments, carried out independently by several
groups @1,3–5# indeed showed the existence of waves. But
some intriguing features were also found that could not be

*Present address: Laboratoire de Physique, Ecole Normale Supér-

ieure de Lyon, 46 Allée d’Italie, F-69364 Lyon Cedex 07, France.

Electronic address: agarcima@physique.ens-lyon.fr

PHYSICAL REVIEW E AUGUST 1997VOLUME 56, NUMBER 2

561063-651X/97/56~2!/1699~7!/$10.00 1699 © 1997 The American Physical Society



explained within the theoretical results. Both Schwabe et al.

@4# and Ezersky et al. @5# observed a different sequence of
states as they increased the control parameter DT in a large
Gx configuration. In fact, before waves showed up, stationary
corotative rolls were observed with their axes oriented per-
pendicularly to the temperature gradient. This new state had
not been predicted. Villers and Platten @1# performed careful
velocity measurements on a narrow channel (Gy'1) differ-
entially heated at the ends, and they also found stationary
corotative rolls that have been studied in new experiments
with large Gx @6#. While the basic flow was found to be
correctly described by theory, these stationary corotative
rolls are clearly a depart from it. Daviaud and Vince @3# used
a cell with a large Gy and small Gx . They found rolls for
large depths. In this case, the rolls are counter-rotating and
oriented in the same direction as the temperature gradient.

Other theoretical and numerical studies followed, starting
from a different hypothesis. Gravity, for example, was taken
into account @7,8#, and the Biot number—which gives the
heat loss to the air—was assumed to depart from zero @9#. It
was consistently found that instabilities were waves propa-
gating with a given angle against the temperature gradient, or
stationary counter-rotating rolls aligned with the temperature
gradient, depending on the value of the parameters @9#.

In the experiments it is observed that starting from rolls a
further increase of DT leads to the appearance of waves,
which were found and described experimentally by Daviaud
and Vince @3#, Schwabe et al. @4#, and Ezersky et al. @5# in
different geometries. Oscillations were also found by Villers
and Platten @1#, but the constraints of their experimental
setup did not allow a detailed study. Some features of the
waves—such as frequency—seemed to fit the theoretical de-
scriptions, but there were, however, significant discrepan-
cies. In some cases, waves were found to travel at an angle
and/or direction different to the predicted @10,4#. In other
cases @3#, waves resembled more closely the theoretical stud-
ies @9#, traveling at a certain angle against the temperature
gradient.

In summary, theoretical analyses reproduce some fea-
tures, but none can explain all the observed behaviors. Here
we address the question of the physical mechanism lying at
the origin of the waves, in an effort to elucidate these dis-
crepancies. In order to do that, we have set up an experiment
to observe the hot end of a fluid layer. We chose interferom-
etry because it is a noninvasive yet sensitive method.

In Sec. II, experimental procedures are described. Results
are presented in Sec. III. A brief discussion—where we ven-
ture a possible explanation of the phenomenon—is elabo-
rated upon in Sec. IV. In Sec. V, some conclusions are pro-
vided.

II. EXPERIMENTAL SETUP

Three liquids have been used: silicone oils 47V5 and
47V0.65 from Rhône-Poulenc, and decane. Their Prandtl
numbers are respectively 30, 10, and 15 at 20 °C. The phe-
nomenology presented in this paper is basically the same for
these three liquids. In the following, we will just give one
relevant figure of any of the liquids. It should be understood
that the physical parameters for which the same phenomenon
is observed in the other liquids may change.

The box used in this experiment is made of glass of good
optical quality whose surfaces are polished to one wave-
length or better. It is 10 cm long and 1 cm wide. The width
of the cell cannot be increased significantly without produc-
ing so large a deflection in the laser beam that interferometry
becomes impractical. Two metal prismatic pieces, whose
section is 131 cm2, are placed inside the box, at the two
ends, to provide isothermal heating and cooling. Water is
circulated through these pieces from thermal baths where
temperature is fixed with a precision better than 0.05 °C. A
thermocouple is attached to each metal piece near the bottom
to register the temperature at the end walls. The air tempera-
ture is also monitored, although the heat exchange to the
atmosphere cannot be controlled.

Various interferometry setups are commonplace. As typi-
cal temperature gradients have an order of magnitude of
1 °C/cm, an extremely sensitive apparatus would produce a
lot of interference fringes for our system. Instead, a differen-
tial interferometry, in one of the variations of the Jamin in-
terferometer @11#, has been used. We provide a sketch of our
setup in Fig. 1. A polarized He-Ne laser of 5 mW is filtered
and collimated. The expanded beam is sent horizontally to
the convective box, perpendicularly to the temperature gra-
dient. After going through the liquid, the beam arrives at a
glass flat polished to one wavelength, where the beam is
reflected in both the first and second surfaces. These two
reflections interfere. The interferogram is captured with a
standard video camera and sent to a computer for acquisition
and processing. A video recorder connected to the system
allows one to register a movie of dynamic events.

In our setup, the two interfering beams have both passed
through the liquid. In other interferometers, for instance in
the Mach-Zender interferometer, the beam is split and one of
the beams travels outside the object under study, thus pro-
viding an absolute reference when recombining with the
beam that has gone through the object. This is not the case
here. The information that can be obtained from our interfer-
ometer concerns the temperature difference between the
zones crossed by the rays that interfere. If they are close
enough, one can take the local temperature gradient instead
of the temperature difference. If we call k the interference

FIG. 1. Sketch of the experimental setup. L: laser; SF: spatial

filter; C: collimating lens; B: convective cell; GF: glass flat; S:

screen; CCD: camera; de: lateral shear; PC: computer.
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order, then the difference of k between two points of the
interferogram reads @12#

d~k !5l
de

l

dn

dT
dS dT

dx
D . ~2!

In this formula, l is the length of fluid crossed by the laser
beam, i.e., the transversal dimension of the layer; de is the
spacing between two interfering rays when entering the cell,
sometimes called the lateral shear of the apparatus, and its
value can be calculated from the thickness of the optical flat
and its inclination; l is the light wavelength; dn/dT is the
variation of the refractive index with temperature; and
dT/dx is the local temperature gradient in the direction of
the shear introduced by the interferometer. In our setup, l is
1 cm; l , the wavelength of the He-Ne laser, is 0.6348 mm,
and the lateral shear de is 3 mm and has the same orientation
than the temperature gradient ~see Fig. 1!. It follows that an
interference fringe, whose k is constant, is also a line where
the local temperature gradient is constant. All the factors
multiplying the temperature gradient can be calculated from
the properties of the interferometer except dn/dT . We have
obtained this value by measuring n with an Abbe refracto-
meter for the liquids we use. The values of dn/dT obtained
for 47V5 and 47V0.65 silicone oils and decane are, respec-
tively, 23.731024 °C21,26.331024 °C21, and 24.9
31024 °C21. The relative precision of the coefficient of
d(dT/dx) in Eq. ~2! is about 10%.

III. RESULTS

Our primary interest is to characterize the fluid layer de-
stabilization. In particular, we want to study the waves which
emerge above a temperature gradient threshold. We first turn
to the basic flow, which is a well-characterized state, to test
our experimental method. To understand the meaning of the
interferogram, we need to obtain a relation between the tem-
perature field and the interference order k . This is an inverse
problem for which the general solution is not easy to find.
But we can attempt to extract some quantitative information
from the interferometry if we include previous knowledge,
gathered by other means, on the temperature field. We in-
deed know that corotative rolls appear for given values of the
control parameters; if we take a temperature field sinusoi-
dally varying along both x and y , and calculate the constant
gradient lines, we find a pattern of concentric fringes. Things
are not so simple in the real system, where the rolls are
inclined, but every pair of these concentric patterns can be
identified with a roll ~Fig. 2!.

Temperature measurements with thermocouples provide
an independent test for the interferometry. However, we have
estimated that thermocouple probes—even if they are very
small—may yield a systematic error as high as 0.2 °C. Tak-
ing this remark into account, we present, in Fig. 3, the tem-
perature profile along the cell obtained with a thermocouple
at the depth where the amplitude of the rolls is larger. After
subtracting the constant temperature gradient between the
two walls, the roll at about 2.5 cm from the hot side is found
to have an amplitude of about 0.3 °C.

The roll shown in Fig. 2 has been obtained under the same
conditions, i.e., the same Ma and Ra, and at the same place.

Assuming a constant background temperature gradient—note
that a constant temperature gradient gives no fringes—we
can calculate the roll amplitude. We proceed in the following
way. We take the light intensity along a line going through
approximately the middle of the roll @see Fig. 2~b!#. For ev-
ery two consecutive maxima of light intensity in the image,
d(k) is equal to 1. The temperature gradient for these points
is given by Eq. ~2!. The gradient for every intensity mini-
mum can also be obtained, but an interpolation for all the
curves is not reasonable because of the nonlinearities in the
detection system. Once a set of temperature gradients is ob-
tained at different points along the line, a numerical integra-
tion is performed on their interpolation, and the temperature
along that line is obtained: see Fig. 2~c!. The amplitude of

FIG. 2. ~a! Interferogram obtained at 2.4 cm from the hot wall

~left side!. The dimensions of the zone displayed are 3 mm high

~the whole liquid layer! by 7 mm. Note that at the points marked

with X the temperature gradient is the same than in the background.

~b! Light intensity along a segment passing through the two points

marked with X in ~a!. The two points marked with X are indicated

here with arrows. To find the amplitude of the roll, superimposed

on a constant temperature gradient, the temperature gradient is

taken to be zero at those points for the calculation. A temperature

gradient can be assigned to each maximum and minimum of this

line after Eq. ~2!. ~c! The temperature profile resulting from the

above-mentioned calculation ~the origin of temperatures is arbi-

trary!. One can see that a concentric set of fringes is equivalent to

half a roll.
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the roll is about 0.25 °C, which is in agreement with
the thermocouple measurements. Assuming the temperature
field will adopt some known configuration, one can
therefore extract quantitative information from the interfer-
ometry.

Above a temperature gradient threshold, the flow becomes
unstable, and the rolls begin to oscillate. Indeed, we ob-
served waves propagating from the hot side to the cold side.
So we tried to visualize the region just near the hot wall,
imposing a temperature difference such as to produce waves
in the fluid layer. A roll whose amplitude is much larger than
that of the other rolls in the cell can be seen there. This roll
begins to oscillate: above a certain temperature threshold,
waves are released. They are detached from the roll near the
surface ~Fig. 4!. The tip of the roll observed in Fig. 4 moves
back and forth. Each time it retracts, it releases a ‘‘drop’’ of
hot fluid near the surface; cold fluid is seen to rise from the
bottom and to join the hot ‘‘drop.’’ This can be seen in the
interferogram as two concentric sets of fringes. The en-
semble is dragged downflow, and constitutes one wave ~in
Fig. 5, one of these waves is shown at the middle of the cell!.
The picture we get from this scenario is quite similar to that
observed by Dubois and Bergé in Rayleigh-Bénard convec-
tion @13#. They identified the oscillation mechanisms with
boundary layer instabilities. In our case, these instabilities
cause the release of a perturbation with a perturbation that is
dragged by the flow.

The frequency of the waves has been described elsewhere
@4,10#. It is interesting to check that the rotation period of the
roll adjacent to the hot wall is consistent with the frequency
already reported. We measured this period in two ways.
First, aluminum particles were seeded and tracked ~see Fig.
6!. In the second method, a fine resistive wire was placed
inside the roll and a short temperature pulse was released.
With a thermocouple placed elsewhere in the roll, the time of
travel can be measured. This latter method is obviously more
perturbative than the former, but timing is much easier. With
both methods a period of about 1 s is obtained in a situation

where waves were measured to have a frequency of 1.2 Hz.
It should be noted that in this roll the velocity is not at all

constant. Near the hot wall the fluid accelerates, reaching a
maximum speed near the surface. At that point the fluid turns
abruptly and leaves the hot wall parallel to the surface. The
return travel to the hot wall is much slower. Therefore the
roll is not symmetric.

A measurement similar to that presented in Fig. 2 can be
carried out for waves, which are in fact small traveling rolls.
The temperature amplitude for the wave shown in Fig. 5 is
given in Fig. 7. The value obtained is in agreement with
measurements obtained from thermocouples ~Fig. 8!. It can
be seen that the waves are much stronger near the surface,
not only from thermocouple measurements, but from inter-
ferometry as well: fringes are more compressed in the upper
part. Some amplification mechanism, maybe due to a surface
instability, must be present, as shown in Ref. @10#.

We complemented these observations with the shadow-
graph method ~Fig. 9!. The cell is shown from the side, and
an arrow marks the position where waves detach from the
first roll. The first roll oscillates at a frequency of about 1 Hz,
and the waves are produced accordingly at this frequency.

FIG. 3. Temperature profile along the cell, obtained with a ther-

mocouple for the same conditions as Fig. 2. Rolls are seen over a

constant background temperature gradient of about 0.7 °C/cm. The

amplitude of the roll located at about 2.4 cm from the hot wall is

about 0.3°, which is consistent with the result shown in Fig. 2. The

error bar is the standard deviation from the mean of a large number

of consecutive measurements; the precision, however, might be

much smaller due to the systematic perturbation introduced by the

thermocouple.

FIG. 4. The tip of the firs roll is shown in these two shots at two

stages of the oscillation. In ~a! the tip ~the protruding set of lines at

the left upper half! has advanced and it is about to release a hot

‘‘drop.’’ In ~b! the hot ‘‘drop’’ has been released, and the tip of the

roll is retracted. The concentric set of fringes that can be seen in ~a!

at the right half of the picture is the cold ‘‘drop’’ of fluid that has

risen from the bottom and has joined the previous hot ‘‘drop.’’ @The

hot wall is at the left, and the photographs cover the same area as

Fig. 2~a!.#
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IV. DISCUSSION

In this section we show that the waves we observed differ
from the hydrothermal waves predicted by theory. We then
provide some qualitative arguments in favor of another
mechanism that might explain the experimental results pre-
sented in Sec. III.

There exist notable differences between these waves and
hydrothermal waves. First, there is the parameter space
where they show up. Hydrothermal waves appear only at
small depths of fluid and for smaller temperature differences
@3# than the waves we report here. Second, the direction of
propagation is different. Hydrothermal waves go from the
cold to the hot side, with the wave vector oriented at a given
angle to the temperature gradient @2,7–9#. In our case, the
waves travel from the hot to the cold end, with the wave
vector perpendicular to the temperature gradient. We pro-
pose that the physical origin of both waves is different. Ad-
ditional work on the subject is in progress @14,15#. Waves
traveling in the same direction as the temperature gradient
seem to be nothing but the result of the oscillation of the first
roll that the flow carries down and amplifies. The observa-
tions we carried out strongly suggest that this could be the
underlying process that gives rise to the waves traveling
from the hot to the cold wall.

As we have stated, the first roll—and accordingly the

waves—oscillate at about 1 Hz. We propose an underlying
mechanism that leads to the observed characteristic time of
the instability, namely, the formation of a vertical thermal
boundary layer. The time that it takes for a thermal boundary
layer to develop along a vertical hot wall can be obtained
from quite general assumptions @16#. If a sudden temperature
step is applied to the wall, the characteristic growth time of

FIG. 5. A wave at about the middle of the cell @the dimensions

of this picture are the same as in Fig. 2~a!#. The hot and cold

‘‘drops’’ have joined, forming a roll that moves toward the cold

side ~at the right!. It can be seen that the amplitude of the wave is

larger near the surface.

FIG. 6. This picture depicts the tracks of aluminum particles

seeded in the fluid. For a small temperature gradient, such in this

case, only the first roll, near the hot wall, is present. The photograph

covers a zone of 8 mm high and 32 mm long ~approximately one

half of the cell!. It should be noted that the shape of the roll changes

with depth.

FIG. 7. Temperature profile of the wave shown in Fig. 5. It has

been calculated following the same steps as in Fig. 2, taking a line

that goes through approximately the middle of the wave.

FIG. 8. The amplitude of the waves as a function of the depth. It

has been obtained for a layer 2.8 mm high. The error bar is the

standard deviation. In dynamic measurements, thermocouples intro-

duce smaller deviations in the amplitude than in absolute measure-

ments such as that of Fig. 3. It is clearly seen that the amplitude is

larger near the surface.
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the boundary layer is found to be @17#

t5

h2

kRa1/2 . ~3!

Schöpf and Patterson carried out an experiment to study
the transient regime in a side-heated cavity, and found that
the characteristic time for the development and destabiliza-
tion of the vertical boundary layer agrees with this formula.
In our experiment, the situation is different: the vertical wall
is kept at a constant temperature, and the surface is free. But
we suspect nevertheless that the mechanism might be quite
similar. Formula ~3! gives 1 s for our parameters, which is in
agreement with the measured frequencies. But we are not
able to provide further evidence in support of it. In the for-
mula, t does not depend on h , and in the experiments the
dependence of t on h is very weak indeed within the limits
of the experimental error @5#. In Eq. ~3!, t depends on DT

and the square root of the viscosity, but only small changes
are accessible in the experiments. It should be remarked,
however, that the tendency of t is in agreement with formula
~3! when the viscosity or the temperature difference are
slightly varied @5#.

The oscillations of the thermal boundary layer along a
vertical hot plate is a well-known mechanism @18#, and
waves have been found in experiments carried out in closed
cavities heated from the side @19,20#. We venture there are
two processes that give rise to waves in a lateral container

heated from the side: the hydrothermal instability, and the
vertical boundary layer instability. This could explain the
different propagation schemes observed in experiments.

V. CONCLUSIONS

We have produced evidence showing that there is a
mechanism different from the hydrothermal instability giv-
ing rise to waves in a shallow liquid layer with a free surface
heated from the side. The situation we presented can be
viewed as a thermal boundary layer instability along the ver-
tical hot wall. This instability can create a perturbation which
is dragged downflow. This picture shares some features with
the description provided by Bergé and Dubois of Rayleigh-
Bénard convection @13#, even if the experiments are not
analogous. This alternative mechanism may explain the dif-
ferences between the propagation schemes observed in some
experiments that did not fit in theoretical descriptions.
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