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Amphiphilic molecules are renowned for their ability
to partition chemically immiscible components into
nanoscale domains. Often these domains exhibit in-
triguing complex periodic geometries with long-range
order. Surprisingly, the diverse systems that self-
assemble in this manner, surfactants, lipids, soaps, and
block copolymers, exhibit topologically identical geom-
etries, suggesting to researchers that a common set of
principles govern amphiphilic phase selection. From
this association has emerged the belief that constant
mean curvature (CMC) interfaces are generally good
models for block copolymer microdomain geometries. By
taking advantage of new developments in polymer
theory, we accurately examine this hypothesis for the
first time, and find it to be wrong. Furthermore, our
study reveals new explanations for complex phase
selection that are relevant to numerous block copolymer
systems.

A block copolymer consists of chemically distinct
polymer chains (i.e., blocks) joined together to form a
single macromolecule. As a consequence of a general
tendency for the blocks to separate, tempered by the
restriction imposed by the covalent bonds that connect
them, these molecules exhibit amphiphilic behavior.
Even in the simplest case, AB diblock copolymers, a rich
assortment of ordered phases has been documented.1-8

The composition of the AB diblock (i.e., the volume
fraction f of block A) controls the geometry of the
structure (see Figure 1). For nearly symmetric diblocks
(f ∼

1/2), a lamellar (L) phase occurs. For moderate
asymmetries, a complex bicontinuous state, known as
the gyroid (G) phase, has been observed in which the
minority blocks form domains consisting of two inter-
weaving threefold-coordinated lattices.1,2 (Prior to the
discovery of the G phase, a double-diamond (D) struc-
ture formed from two fourfold-coordinated lattices3 was
erroneously associated with the bicontinuous state in
these materials.4) Another complex structure, the
perforated lamellar (PL) phase, occurs when the minor-
ity-component layers of the L phase develop a hexagonal
arrangement of passages.5 At yet higher asymmetries,
the minority component forms hexagonally packed
cylinders (C) and then spheres (S) arranged on a body-
centered cubic lattice. Eventually, as f f 0 or 1, a
disordered phase results.

The complete mean field or rather self-consistent
field theory (SCFT) for block copolymers was developed
by Helfand and co-workers.9 However, at the time of
its development, it had to be supplemented with ap-
proximations limiting its effectiveness. Nevertheless,
important advances were made by examining this
theory in the limits of weak10 and strong11 segregation.
(The degree to which the A and B blocks segregate is
determined by the product øN, where ø is the Flory-
Huggins A/B interaction parameter and N is the total

degree of polymerization.) The combination of these
works established that the underlying physics control-
ling block copolymer phase behavior involves a competi-
tion between interfacial tension and the entropic penalty
for stretching polymer coils so as to fill space uniformly.
The balance determines the equilibrium size of the
microdomains and dictates the geometry of the struc-
ture. Although these earlier approaches correctly pre-
dicted the classical phases (i.e., L, C, and S),10,11 they
failed to account for the more recently discovered
complex phases (i.e., G and PL).12,13

With new advances,14 it is now possible to implement
the full SCFT. The first calculations14,15 to do so eval-
uated the free energies of the structures described above
and established the phase diagram. This demonstrated
that complex phase behavior occurs in the intermediate-
segregation regime as opposed to the weak- and strong-
segregation regimes treated by Leibler10 and Semenov,11

respectively. For intermediate segregation (e.g., øN )
20), the new calculations predict the sequence L f G
f Cf Sf disordered as f progresses from 1/2 to either
0 or 1. Although PL is absent from this sequence, it is
nearly stable at the L/G phase boundary, consistent with
where it is observed experimentally.6 This supports
very recent experiments indicating that the PL struc-
ture is only a long-lived metastable state. The D phase
is clearly unstable, in agreement with current experi-
ments.4,6 Given this theoretical accomplishment, we
now probe deeper into the theory14 to examine the
physical factors responsible for complex phase behavior.
As described below, the explanation lies in the detailed
shape of the dividing interface between the A and B
microdomains.

Earlier works, such as that of Semenov,11 illustrate
that the phase transitions are driven by a tendency to
curve the interface as the diblocks become asymmetric
in composition. The curvature allows the molecules to
balance the degree of stretching between the A and B
blocks. We demonstrate this quantitatively in Figure
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Figure 1. Area-averaged mean curvature 〈H〉 as a function
of the A-block volume fraction f for each of the structures
shown schematically calculated using self-consistent mean-
field theory.14,15 The stable and metastable states are shown
with solid and dashed lines, respectively, and transitions are
denoted by dots. As the molecules become asymmetric,
structures with more curvature are preferred.
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1 by evaluating the area-average 〈H〉 of the mean
curvature H ≡

1/2(C1 + C2) for each structure, where C1

and C2 are the principal curvatures16 at a given point
on the surface. (Throughout this paper, lengths are
expressed in terms of the statistical end-to-end length
of an unperturbed diblock.) The trend in Figure 1 is
obvious; as f deviates from 1/2, transitions occur to
structures possessing more interfacial curvature. How-
ever, based on variations in 〈H〉 alone, we might expect
the sequence L f PL f G f D f C f S f disordered,
indicating that something in addition to curvature is
responsible for complex phase selection.

While the average 〈H〉 of the mean curvature controls
the sequence of phases, we will demonstrate that the
standard deviation σH of the mean curvature governs
the phase selection. According to an idea proposed by
Thomas et al.,8 interfacial tension is a dominating factor
in block copolymers, and therefore structures adopt
area-minimizing surfaces of constant mean curvature
(CMC),16 which implies σH ≈ 0. Here, we demonstrate
that there is a second equally important factor, packing
frustration, which has been identified earlier by Gruner
and co-workers for lipid-membrane forming systems17,18

and subsequently suggested as a mechanism in block
copolymers.2,7 For block copolymers, this mechanism
translates into a tendency to form domains of uniform
thickness so that none of the molecules are excessively
stretched, which causes σH to deviate from zero. Al-
though this effect has been observed in ABC triblock
copolymers,19 it is typically regarded to be of minor
importance. Below we show that this is not true, and
that in fact it plays an instrumental role in complex
phase selection.

The above mechanisms are most easily discussed in
terms of the C phase. Figure 2a shows the A-segment
profile φA through a cylinder for two degrees of segrega-
tion; this demonstrates both the increase in domain size
and the decrease in interfacial width as øN increases.
The interfacial surface, given by φA ) 1/2 (see Figure
2a), is in general not circular.19 It is well approximated
by r(θ) ) r0(1 + δ cos(6θ)), where δ measures the
deviation from CMC. While the interfacial tension and
packing considerations in the minority domain favor δ
) 0, the majority domain prefers δ > 0 so as to produce
a more uniform thickness (i.e., L1 ≈ L2 in Figure 2b).
However, the frustration in the majority domain is small
and δ only deviates slightly from zero (see Figure 2c).
In general, all the classical phases, L, C, and S, allow
the molecules to pack efficiently and therefore do not
exhibit significant variations from CMC. Contrary to
published speculations,8 the surface becomes less CMC-
like at strong segregations as demonstrated by Figure
2c. The explanation is simple; as øN increases, the
molecules become highly stretched relative to their
unperturbed end-to-end statistical length, making it
more difficult to fill the corners of the Wigner-Seitz cell.
This observation that increasing øN amplifies the pack-
ing frustration will explain the absence of complex
phases in the strong-segregation regime.

Unlike the classical phases, the complex phases suffer
from high degrees of packing frustration, producing
large deviations from CMC. Figure 3 shows the inter-
facial curvature over elementary units of the C, G, PL,
and D structures calculated at the C/G transition in
Figure 1. From the distribution of H, shown with the
color scale, the average 〈H〉 and standard deviation σH

are calculated for each structure. While the C structure
is nearly CMC (i.e., σH ≈ 0), the complex phases all

exhibit significant variations in H. The quantity σH

directly reflects the inability of a structure to simulta-
neously minimize surface area and packing frustration,
and therefore is correlated to its stability. We attribute
a large portion of σH to frustration in the minority
blocks, which have to fill the space at the center of the
connectors in Figure 3. Naturally, this frustration is
largest for the four-connector (i.e., the D phase). We
believe G is favored over PL because its majority domain
is less frustrated. Support for these deductions comes
from calculations on diblock/homopolymer blends.20

Adding homopolymer to the minority domain relieves
packing frustration and can cause a transition from G
to D. Similarly, adding homopolymer to the majority
domain of G can stabilize PL. In Figure 4, we demon-
strate that this increase in stability is accompanied by
a decrease in σH; further explanations for the trends in
Figure 4 will be provided in a future publication. We
note that this reduction in packing frustration closely
resembles what is encountered with membrane-forming
lipids and surfactant solutions.17 Finally, the theoreti-
cal13,15,21 and experimental7 evidence that complex
phases are unstable at strong segregations is rational-
ized by recalling that increasing øN exacerbates the
packing frustration.

Figure 2. (a) A-segment profile across a minority domain of
the cylinder (C) phase for f ) 0.3378 at two degrees of
segregation, øN. The location of the interface defined by φA )
1/2 is indicated with dots. (b) The Wigner-Seitz hexagonal unit
cell showing the interface between the A and B domains, and
a representative diblock copolymer molecule. The interfacial
shape is, in general, well described by r(θ) ) r0(1 + δ cos(6θ)).
The stretching energy of the B domain prefers δ ≈ 0.03 as
illustrated in the figure so as to produce a relatively uniform
thickness (i.e., L1 ≈ L2). On the other hand, interfacial energy
favors δ ) 0 (i.e., a CMC surface). (c) The values of δ that
minimize interfacial tension and packing frustration for vari-
ous segregations at f ) 0.3378. The small values reflect a near
absence of packing frustration in the C phase.
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Figure 3. Interfacial surfaces associated with elementarv
units of the C, G, PL, and D structures calculated at the C/G
p_hase boundary (.yN:20 andf :0.3378). For each structure,
the distribution of mean curvature H over the surface is
indicated using the color scale, and the area-average (Ii) and
standard deviation ou of H is provided. The large values of
oH reflect large degrees ofpacking frustration peiturbing the
interface away frorn CMC. Note that the three-connector of
the G structure is planar, but the connector ofthe pL phase
is slightly lorrplanar, which produces an asymmetry beiween
the top and bottom sides. The bar at the 6ottom reDresents
one unit of length.

While the individual mechanisms that control com-
plex phase selection are conceptually familiar,8,17,18 16

the best of our knowledge, there are no prior first-
principles calculati ons thorou ghly examining their rel a-
tive importance. As a result, packing frustration has
failed to receive proper recognition for its influence on
block copolymer phase behavior. The full SCFT permits
this study because it allows each microstructure to
adjust its interface so as to minimize the energy
associated with the combination of interfacial area and
packing frustration. Other calculations13,21,22 typically
require a priori assumptions regarding interfacial shape,
while those that do allow the segment profiles to
adjuslro'rz are unable to treat experimentalfu relevant
degrees ofsegregation where the interface is suffrciently
developed to apply these concepts. Based on our SCFf
calculation, packing frustration prevents the stability
ofthe D and PL phases, and in general the stability of
all complex phases in the strong-segr:egation limit. We
have also illustrated which domains of the D and pL
phases are most frustrated and how this can be relieved
with the addition of an appropriate homopolymer. Such
ideas will guide future efforts to stabilize new complex

t'igure 4. Plots similar to Figure B using the same color scale,
but caiculated with added homopolymer. (The degree of
polymerization of the homopolS,'rner-equals that of the d]block.)
Surface units on the left each containabotft20Vo B homonolv-
mer while those on the right have about 10% A homopolymer,
which segregates to the majority and minority do*"i"s,
respectively. In each case, structures are compaied in the i* G two-phase coexistence region at yN : 20.-

phases-in block copolymer blends, and may shed ad-
ditional light on the role of molecular frustration in
ordered soft materials in general.
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