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ABSTRACT 

The losses in a loaded induction motor are 

appreciably greater than the segregated losses based 

on the standard theory, but the precise causes of 

such losses were not fully understood. 

An investigation has been carried out into the 

nature of these additional losses and a theory is 

presented which explains their origins in detail. 

The proposed theory is based on the Fourier analysis 

of the stator' and rotor mmf waveforms into a series 

of space harmonics. 	Each harmonic is then consider-

ed as if acting on its own; incremental paramotors 

being used when saturation is present. 

A full mathematical derivation is given of the 

lossess produced by current flow between two adjacent 

squirrel cage bars, through the rotor iron, when the 

squirrel cage is not perfectly insulated from the 

rotor laminations. 	The theory also includes a cal-

culation of the eddy-current and hysteresis losses 

in the stator and rotor teeth, caused by the high 

frequency harmonic fluxes that penetrate them. 	It 

shows how the eddy-currents in the rotor iron sur-

face can reduce the value of the differential har-

monic leakage of a bar, thus allowing more harmonic 



bar current to flow and hence more I2R loss to be 

produced. 	It discusses how the effective skew 

differs from its geometrical value, depending on the 

width of the rotor bar. 

The effect of saturation on the load losses is 

investigated both theoretically and experimentally 

and proper saturation factors are derived for this 

purpose. 

Practical tests were carried out on eleven 

squirrel-cage induction motors and one slip-ring 

motor in order to verify the theoretical formulae. 

A new back-to-back testing technioue was developed, 

and by its use direct measurements of the load losses 

under normal operating conditions were made to a 

high degree of accuracy and reliability hitherto 

unobtainable. 	Other tests included measurements 

of the torque-slip characteristics both at reduced 

voltage using a swinging stator dynamometer, and 

at full voltage using an accelerometer. 	A special 

accelerometer, embodying a filter with time varying 

components to give a very high attenuation at the 

noise frequencies, was designed for use with this 

last test. 

Comparisons between theoretical calculations and 

experimental results from all the tests show a good 



agreement. 	Having established the validity of the 

theoretical formulae, the effect of variations in 

each machine parameter (skew, bar insulation, slot 

combination, and air gap length) on the load losses 

is investigated and ways of reducing these losses 

suggested. 
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CHAPTER 1 

INTRODUCTION AND DEFINITIONS 

1~1 Practita1 definiti6n of, load losses. 

The load losses are defined 1 ,2 as the difference 

between th~ total power loss of a ~achine on load and 

the losses determined by the loss segregation method. 

The segregated losses are: 

(i) The friction and windage loss (Frw ) and 

~tat6~ core ioss (Pfel>. These losses are measured 

by a no-ioad test after correcting for the stator 

copper 16ss produced by the no-load current. (This 

assumes that the stat6r core loss due to the main 

flux do~s ndt bhange with load.) 

(ii) The stator copper loss (Pel) calculated 

as Pc1 ~ 3112Rl where Ii is the stator phas~ cu~rent 

and R1 the stator winding resistance ~er phase mea-

sured at the operating temperature. 

(iii) The rotor conductor loss (PC2) calculated 

as Pc2 =s(Pi-JI12Rl~Pfel)' wheres is the $li~ at 

full load and P. is the stator input pO't4'er .. 
~ 

Thus if the total loss of a machine on load is 

Pt £ (p t.e = P. - P ) the load loss is defiried by: 
l. 0 

P,e£ = P t ,e - (p f\tT + P f e 1) - Pel - p c 2 (1.1) 



21 

1.2 IJfathematical formulation and definition of load 

losses. 

The definition of Eqn. 1.1 is based on the way 

that the load losses manifest themselves during load, 

and point s to a method by '~rhich they can be measuredo 

It does not define load losses in terms of their causes 

nor does it state the place at which they are dissi-

pated. This is done by the theoretical definition 

given in this Section and is a necessary prerequisite 

to any theoretical investigation of load losses .. 

The usual theory of the induction motor is based 

on the assump.:tion that the radial component of the 

magnetic fie1d in the air gap of the machine is sinuw 

soidally distributed in space and forms a single wave 

that rotates round the air gap· at it~ synchronous speed. 

This condition w·Quld exist, however, only if the 

surfaces of both stator and rotor ''lore smooth and the 

~indings s~nusoidal1y distributed on themo 

In the real machine the windings are placed in 

slots, and therefore the resulting w~f and flux density 

distributions are not sinusoidal but contain, apart 

from the funda.mental ,.qave, a series of harmonics which 

also rotate round the air gap at their own synchronous 

),4 speedso 

Al though the amplitudes of the se harmonic flu:,~ 

waves are much smaller than the amplitude of the funda-
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mental, they induce in both the stator and the rotor 

high frequency flux pulsations which can produce losses 

comparable in magnitude with the losses produced by 

the fundamental flux 't'leVe. Since the mmfs producing 

these fluxes are proportional to the currents flowing 

in the windings, the losses produced are also dependent 

on the load currents. 

The losses referred to as "load-losses" in this 

thesis are therefore defined as follows: 

If the total loss of a machine on load is P t £, 

and if the losses in the same machine under the same 

external loading conditions are Pit when the machine 

is excited by a siu$le and purely sinusoidal air gap 

mmf wave then the load losses are defined as 

In a machine where saturation is not present the 

above definition reduces to: 

.~ +I: ~ I),e,e = Ptv L.- PtlJ. (1.3) 
v /1 v II IV 

where P is the total loss produced directly by the tv 

}h stator mmf harmonic and occurring at the vth har-

monic frequenty, and PtlJ. is the total loss due to the 

~th rotor ~~f harmonic, (induced by the stator jh 

harmonic) and occurring at the ').lth harmonic frequency. 
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The definition of Eqno 1.2 is almost exactly 

the same as the definition of Eqn. 1.1 except that it 

is stated in terms of the causes of the load losses. 

The definition of Eqn. 1.2 attributes the existence 

of the load losses to the harmonic flux waves rotating 

in the air gap of the machine. The main difference 

betlfreen the two definition is that Eqn. 1.2 includes 

in the value of load loss the losses that are produced 

by the stator rnmf harmonics on no-load, l"hereas the 

definition of E~n. 1.1 does not. Thus the load 

losses as defined by Eqn. 1.1 are directly dependent 

on the value o£ 12 whereas as defined by Eqn. 1.2 

they are dependent on both Ii and I
2

• (The losses 

caused by the stator mmf harmonics 'depend on 11 and 

those caused by the rotor nwf harmonics on I
2

0 It 

will be shown later hO"t'rever that the former are 

alw"ays appreciably greater than the latter so that 

the load losses as def~ned by Eqn. 1.2 can be taken 

S~nce the difference between 

It and 12 is small, however, the difference between 

the theoretical and practical definitions is small. 

In any case the load losses as obtained by one of the 

above definitions can easily be converted to the v'alue 

of the load losses as obtained by the use of the other 

definiti.on. 
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Quite apart from the losses produced by the har

monics due to the non-sinusoidal mmf distributions 

other losses also occur due to the flux harmonics pro

duced by the slotting on either side of the air gap. 

These harmonics are independent of the currents that 

flovr in the windings, and their amplitudes depend only 

upon the variations in the air gap permeance and the 

magnitude of the main flux wave; ioe •. upon the slot 

openings and the termi~al voltage. The losses pro

duced by them therefore also occur on no-load in a 

machine excited by a purely sinusoidal air gap mmf wave, 

and as such are fundamentally dif1erent in naiure f~om 

the losses produced by the ~nf harmonics. Failure to 

apprec~ate this fact has led to many cisunderstandings 

and inaccurate terminology inthe past. 

Although as stated above, the slot openings pro

duce losses which are not included in the load losses, 

in either of the above definit~ons, they nevertheless 

have an indirect effect on the load loss by modifying 

the losses produced by the r.unf slot-harmonics as shown 

in Section 601. Also in a heavily saturated machine 

the losses produced by the flux pUlsations due to the 

slot openings are not constant but vary with loado 

'The difference betvreen the full-load and no-load values 

of these losses may therefore be classed as an "extra" 
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load loss and is treated in greater detail in Chapter 

13. 

1.3 The approach to the problem. 

The load losses increase the total loss of a 

machine and so reduce the efficiency and increase the 

temperature rise, thus limiting the maximwu output 

power than can be obtained from it. Increases in out-

put power of 10, 20 or sometimes 30 per cent could be 

made for the same temperature rise, if the load losses 

could be eliminated. 

Whereas as stated above the ,load losses may be 

a significant portion of the total loss in an induction 

motor, they are nevertheless only a small fraction of 

the output of the machine. Thus to determine these 

losses directly by measurements of input and output 

powers, would require tests of very high accuracy 

indeed which are difficult to perform. Even then 

only moderate accuracy for the losses could be 

achieved. In view of this and the lack at the time 

of any other means of testing which was free from 

theoretical or practical objections, a less direct 

but more tangible line of attack was fol10wed. 

This consisted of investigating the effects of 

the load losses on the torque-slip characteristics 



26 

of the machine over the entire speed range, (i.e. 

braking, motoring, and generati,ng regions). Since 

the load losses increase very rapidly as the speed 

depart s further at:ray from synchronous speed - due to 

the iricrease in the load current - the problem'of mea

surement is not as difficult as it is under the no'rrnal 

conditions of operation. It should be noted, however, 

that this line of attack is not merely a substitute for 

a test measuring the load losses directlyo It is in 

many ways preferable as it shows more clearly tho 

true rtature of load losses over the entire range of 

harmonic frequencies, and is also important for start-

ing. The torque slip characteristic provides a result 

which is a much more stringent test for the theoreti

cal f'ormulae than a single value of load losses taken 

at the noreal operating ~oint. 

Torque-slip charaeteristics were taken at both 

low and high values of current, (Chapters 3 and 4 

respectively), and the results give the load losses 

under conditions of both unsaturated and saturated 

leakage flux paths. Direct measurements of load 

losses using a back-to-back test developed later on 

(Chapter 5) give the load losses under conditions of 

both saturated and unsaturated main magnetic flux 

paths. Thus a comprehensive set of' experimental 
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~esults is obtained under all possible conditions that 

can exist in a machineo 



CHAPTER '2 

DESCRIPTION OF HACHINES 

The eJ~erimental work described in the thesis 

was performed on eleven 7t hp squirrel cage induction 

motors and one 5 hp slip ring motor. For the mea

surement of the torque-slip characteristics a single 

stator wqS used \'{i th all squirrel cage rotors but a 

second identical stator "{'las of course necessary for 

the back-to-back tests. 

Table 1 

'Par~ieulars of stators of squirrel cage machines 

Rated voltage 

No. of poles 

No. of slots 

Uinding pitch 

Turns in series/phase 

Phase connection 

Carter's coefficient 

Internal gap diameter 

External gap diameter 

Lalninat ion thicYJ1ess 

l.!oo v 

4 

36 

7'i.8% 

378 

delta 

1.225 

13.97 cm 

22 .. 21 em 

.636 ern 

The slot shape is shown in Figll 



24·4 mm. 

I 

I-- 10·3----1 

fig.1. Stator slot dimensions. (3x full scale) 

13·5 mm. 

fig.2. Rotor slot dimensions. 

(rotor N° 1 ) 

(sxfull scale) 

29 



Table 2 

Particulars of squirrel cage rotors 

Rotor No. No. o:f bar skew interlaminar 
slots insulation insulation rbb 

stator 
( -4 - - - slot - Q-m x10 ),. 

pitches 

.1(a}(b)(c) 45 potash 0.705 Fe-scale 6.0 
treatment 

2 45 if 0 " " 5.5 

3 45 " 1.101 " II 6.5 

4: 45 " 0.705 Varnish 6.5 

5 50 II n Fe-scale 7.0 

6 32 " u " f7 6.0 

7 23 Ii II " If 5.0 

8 l15 slots rr " tt 1.21 
cleaned 
before 
casting 

9 n no treat- " " fI 2.9 
mont 

10(a) " glass " If rr 800 
silicate 
insulation 

10(b) If It " " " 1200 
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All rotors had the follo't~Ting in common. 

length of stack = 11.44 em 

lamination thiclmess = .639 
-8 resistivity of cast aluminium = 3.71:::1::10 Q-m .. 

Unless otherwise stated, the air gap lenth is 

For the rot or s ~'ri th differing number s of 

slot~ the bar depth was kept constant thus eliminating 

any variations due to skin effects between the differ-

ant rotors. Also in order to maintain the same 

magnetic flux conditions in the iron teeth and the 

same current loading conditions in the conductors of 

the different rotors, the ratio of tooth width to 

slot pitch was kept constant. Despite difficulties 

associated wi th manufacture this constancy 11as kept 

to within an accuracy of ! 1%. The cross section of 

the slots for all rotors was coffin shaped and is 

shown in Fig.2 for the 45-s1ot rotor. 

Rotors No. 10(a) and 10(b) had the inside walls 

of the slots blasted with rochite salt powder which 

provided a very effective insulation of the squirrel 

cage bars. The thickness of the rochite deposit 

however reduced the effective bar area by 2% and this 

must be taken into consideration in the theoretical 

calculations. 

Rotors No. 8 and 9 were not treated in a way 

that would provide any degree of bar insulation, and 
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therefore there is an intimate contact between the 

aluminium bars and the iron. One of these rotors 

(No.8) had the ±ns~de walls of the slots cleaned just 

before casting and the interbar resistance for this 

rotor is very low. (Lower than that of rotor No.9 

which had no treatment at all.) 

Table 3. 

Particulars of stator of slip ring motor 

Rated voltage 

Number of slots 

Turns in series/phase 

\Jinding pitch 

Number of poles 

Phase connection 

Lamination thickness 

Ta.ble If. 

Number of slots 

Skevl 

Turns in series/phase 

l'linding factor 

Phase connection 

Geometrical air gap = .33 mm. 

99 

77.8% 

delta 

.636 mm 

24 

1 stator slot 
pitch 

104 

66.7% 

star 
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PAR T ONE 

THE MEASUrt~I£NT OF LOAD LOSSES 



CHAPTER 3 

14EASUREIt-iENT OF TORQUE-SLIP CHARACTERISTICS AT LO'hT 

CURRENTS. 

The torque-slip characteristics of all squirrel 

cage rotors were taken at both constant voltage and 

constant current conditions and frequencies of supply of 

1 2 50, 33 /3 and 16 /3 cis. Reduced terminal voltage 

(25% rated voltage) was used for the constant voltage 

tests in order to av~id heating problems and also to 

avoid saturation of the main magnetic flux paths. 

3.1 Dynamometer me~surements. 

If any quantitative comparisons are to be made 

bet't"leen the theoretical and experimental results, 

great precision is required in the measurements_ It 

was found that an accuracy of better than 1% could 

be achieved in the measurement of torque by the use of 

a swinging stator dynamometer with weights used to 

balance the stator. In order to achieve stable 

operation in what is normally the unstable reg~on of 

the induction motor, the dynamometer vIas supplied in 

a Ward-Leonard connection. 5 • 

Corrections to the measured torque v'lere of course 

made to account for the friction and windage of the 
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rotating parts. Thus if Q1 is the measured dynamo-

meter balancing torque with the inducation motor 

excited and Q
2 

the balancing torque ·uith no excitation 

to the motor but with the set running at the same 

speed, then the electromagnetic torque developed by 

the induction machine is given by Q~ - Q20 
1 

It should be ~oted thet Q1 is not exactly the 

induction motor shaft torque. Q1 does not include 

the 1'lindage torque of the coupling bet1'\Teen the tl'lO 

machines (lv 1) nor aoes it include a fraction A. coup • 

of the dynamometer t·rindnae toraue (yJd ). ... yn. This 

fraction A represents the percentage tubes of air 

floilT w'hose energy is not dissipated by ilnpinging on 

projecting stator parts. Thus the quantity Q1 is 

less than the shaft ~orque by the aQount (:1 1 + coup • 

AU
d 

). 
yn. 

This amount was determined experimentally 

as t d b ~ l' 6 sugges e y ~r~er ~ng and found to be less than 

4% of the total windage loss. In any case the error 

does not affect the results obtained by the method 

described above since this small fraction of windage 

torque is excluded from both Q1 and Q,2 so that their 

difference (Ql - Q2) is unaffected. 

3.2 Measurement of the fundamental torque. 

The f1.U1.damental torque produced by the induction 

motor "VJ"as calculated from measurements of the input 
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power to the stator o£ the induction machine and o£ 

the stator winding resistance. 

Since the speeds of rotation of the stator har-

monic fields are small compared to the speed of the 

fundamental ",rave, the p01tJer input to the rotor due to 

these fields is small and becomes even smaller due to 

the different direction of rotation of the various 

, . 
11.armonJ.c s 0 This is so despite the fact that the 

harmonic torques produced may be of a very tonsider-

able magnitude. It follows thorefore that the po't'ler 

input to the rotor, given by: 

T,J = .J 

~ T ... in 31 2n ..-.. 
1 .1..'"\.1 - 1" fe1 (3.1) 

is almost el),tirely due to the fundamental. 

In Eqn. 3.1 P. is the measured stator input and 
J..n 

P the stator iron loss at the test voltage. The - fei ~ 

value of the s.tator phase resistance H1 is, of course, 

taken at the operating temperature ,\'Thich l'las kept as 

constant as possible. Readings o£ R1 were made 

before and after each torque measurement and the 

resistance was not allowed to vary by more than 105%. 

The small variations in input power due to the slot 

harmonics near their synchronous speeds are apparent 

in the curves sho~m in Chapter 8, and particularly so 

in the curves corresponding to the rotor 1-;1"i thout Skel'l 
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for which these harmonics are largest. 

An overall accuracy·of better than 0.5% is 

believed to have been achieved in the measurement of 

the fundamental torque, and the speed lras measured on 

an electronic digital tachometer to lrithin ~ 0.5 rpm. 

The e:lrperimental setup is shot'm in Fig.3 and a 

typical speed torque curve in Fig.q. 
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fig.3. General experimental set- up for torque measurement. 
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CHAPTER 4 .. 

NEASUREIViENT OF TORQUE-SLIP CHARACTERISTICS AT HIGH 

CURRENTS 0 

Although the measurement of the torque-speed 

characteristics by the s"ringing stator dynamometer 

technique of the last Chapter is perfectly satisfac-

tory when the currents flo'v-ring in the machine 't>tJ'indings 

are small; (not much above their ful1 load value), 

the time taken for each reading is long and therefore 

the method could not be used "trThen large currents are 

flowing, because of the excessive heating of the 

machine that would result. Thus if the torque-speed 

characteristics are to be measured at the rated 

voltage over the slip range 0 (s (2 an automatic 

recording technique must be used which obtains the 

entire curve in a fe1'l seconds 0 

4.1 The accelerometer measurements. 

4.1.1 The principle of the methodo 

If an induction motor is running on no-load and 

the phase sequence of the supply is suddenly reversed, 

the machine will decelerate from a speed of almost 

n in one direction to standstill and then accelerate 
o 

to a speed of almost n in the other directiono o 

During the deceleration and acceleration processes 



there is an electromagnetic torque acting on the 

rotor, its value depending on the instantaneous slip 

of the rotor l'lith respect to the revolving magnetic 

field. 

If the rotor inertia is given by J (kg_l:l
2 ) and 

the instantaneous rotor speed is w (rad/sec)~ then 
r 

the electromagnetic torque T is given by: 
e 

dw -
T = J -..!. + Tfl'l 

e dt 

where T.p is the friction and "',indage torque of the 
.LW 

rotating parts and the (-) and (+) signs correspond 

to the decelerating and accelerating periods res-

pectively. 

If Tf'~:l is neglected Eqn. ll.1 ShO't'TS that the 

electromagnetic torque is proportional to the accelera-

tion w. . Thus all that is needed is to obtain a 
r 

speed and an acceleration signal during the speed 

reversal. Hhen these signals ~re fed into the X and 

Y axes respectively of an automatic recorder the 

resulting curve is - apart from a small correction 

due to the friction and windage torque - the speed-

torque characteristic to a scale of J N-m/rad/sec. 

4.1.2 The design of the accelerometer. 

It 'V'las found after a short preliminary investiga-

tion that with no extra inertia added to the natural 
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inertia of the induction motor, the time for the 

speed reversal with rated supply voltage was so short 

that it '"las comparable 'vi th the period of the supply 

frequency. The electrical transients follol'Ting the 

sl\]'itching of the phase sequence of the supply existed 

throughout the decelerating and accelerating periods 

so that the curves obtained "'lere not the true steady-

state torque-speed characteristics. An extra inertia 

about '0 times the natural inertia of the induction 

motor \~TaS therefore coupled to the machine and the 

time for the complete speed reversal \<Tas then in

creased to about 2 seconds. 

A speed signal can be obtained during the speed 

reversal of the induction motor from a d.c. tacho-

generator coupled to it. This signal can then be 

electrically differentiated ""i th respect to time to 

obtain acceleration. Any high frequency noise that 

may exist on the speed signal before differentiation 

is greatly magnified by the differentiating process 

and introduces a "mush" on the acceleration output. 

Thus in order to eliminate this mush and obtain 

accurate speed-torque characteristics a low noise 

(2% max:i,.mum ripple) t achogenerator l'1"as used and an 

elaborate filtering system developed to eliminate 

the remaining noise 'i'Thich is primari1y introduced by 



the conunutator segl'!lent s. 

The frequency of the commutator ripple noise is 

given by: w = n 
n • w uhere 11. is the number of commu-c r c 

tator segments~ Thus the noise frequency varies 

linearly with machine speed as shown in Fig.5. 

It lvas noticed from the S1'linging stator dynamometer 

tests (e.g. Fig.4) that the harmonic torques near' their 

synch,ronous speeds are quite sharp and therefore as the 

induction motor passes through these speeds during the 

reversal, large amplitude and quite high frequency 

acceleration signals result. Since these signals must 

be recorded lvithout appreciable attenuation, an ordinary 

low pass filter cannot be used effectively to reduce 

the commutator ripple noise. A filter is required 

l'Thich 'will discriminate between noise and signal even 

though their. frequencies are (at lO~'l speeds) comparable 

in magnitude. 

The circuit of Fig.6 has a transfer characteristic 

as shot'Tn in Fig.7 and is seen to present fill infinite 

impedance when in resonance. The resonant frequency 

to is given by 11/Leo c If the value of either L or C 

CQuld be varied continuously to could be made to coin
e 

cide with w at all rotor speeds and the commutator 
11. 

ripple would be continuously eliminated. Of the t'tvo 

elements in Fig.6 the capacitor is the easiest to vary 

but even then an air-cored continuously variable capacitor 
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fig.5. Switching characteristic of filter. 
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fig. 6. Variable parameter filter. 
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fi g. 7. Frequency response 

of fig.6 with constant C. 



of large enough value is impracticable. The capacitor 

was therefore varied in steps by connecting other capa-

citors in parallel 1-rith it, (as shovrn dotted in Fig.6) 

in such a way so that w approximately follows the noise 
c 

frequency w as the machine speed varies. 
n 

The variation 

of w with speed is shown by the stepped curve in Fig.5. 
c 

The control of the swit6hing in and out of the 

capacitors is performed by a single transistor, level- , 

sensing circuit fed by a speed signai as ShOlfl1 in Fig.B. 

There is one such circuit corresponding to each capacitor 

Sl'Ti tch. 

A speed signal is obtained from an auxiliary and 

not necessa~ily ripple-free tachogenerator coupled to 

the induction motor. The rectifier shown converts the 

tacho output to a unidirectional signal independent of 

the direction of rotation of the induction machine. 

When V is large enough for the voltage ~ at the base 
S D 

of the transistor to just become positive the transistor 

conducts and the relay switches the corresponding aapa-

citor in the filter circuit. The critical value of V 
s 

at which the switching occurs is determined by the ratio 

Rl : R2 and can be varied by varying Rio Thus the values 

of ill in the circuits controlling different capacitors 

are adjusted so that the sl'ri tching occurs at the required 

instant 0 



from tacho "'" 12 V 

relay 

to capacitor 

-12 V 

fig.8. Circuit for control of th'e 

5wi tching of capac itors in fig.6. 

There IS one circuit for each capacitor 

and Rl is varied to give switching at the 

right instant. 
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-It should be noted that when the signal V falls s 
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below its cr~tical value the relay will switch the capa-

citor off again so that the circuits operate correctly 

during both the decelerating and accelerating periods of 

the speed reversal of the induction motor. 

In the eJ~perimental equipment the capacitance 'Hes 

varied in 10 steps. With every switching of a capacit6r 

a transient is associated ~rhich introduces a very sharp 

spike in the. signal being filtered. ~;Then a capacitor 

is being s~itched out the spike is practically non 

existent, but it becomes apprecaible when a capacitor 

is being switched in. However these spikes are of 

very high frequencies and can easily be completely 

eliminated by an ordinary low-p~ssfilter that follows 

the variable capacitance filter. The lO't'T-pas g fil ter is 

sho~m in Fig.9 and its transfer function in Fig.tO. 

It is seen from this last figure that the cut off fre-

quency of the filter is high (about 100 cis) and there-

fore it does not appreciably attenuate the signal the 

highest frequency of "Vlhich is about 25 cis - corresponding 

to a time of speed reversal of 2 seconds. 

Once the signal from the tachogenerator has been 

filtered it can be differentiated quite easily by an 

ordinary differentiating circuit as sholm in Fig.11 and 

then fed into the Y-axis of a recorder. 
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The complete circuit is sh01'.rn in the block-diagram 

of Fig.12, ~nd n typical p10tter trnce shown in Fig.13~ 

In order to establish the nccuracy of the accelero-

" meter, measurement S t::lClde 't"J"ith a supply voltage of ~ /4 

rated vo1tnge (100 v.), were compared lIlith similar mea-

surements tnken by the swinging stator dynamometer (see 

Chapter 3). The torque-speed characteristic obtained 

by the accelerometer, after correcting for friction and 

~\Tindage, is shov-rn in Fig.14, together ""ith corresponding 

points measured by the dyncmo~eter. Thus the accelero-

meter results are seen to be correct to ~ 2%, an accuracy 

appreciably better than is usually associated with this 

method. 

4.2 Heasur,ement of the funaamental torque. 
·'t 

In order to measure the effect of the load losses 

on the output torque, both measure~ents of the total and 

funrlamenti:ll torques Dre necessaryo The fundamental 

torque can be deduced from me~surement s of input pO"i"ler' 

as eJ~ln~ned in Section 302. Electronic multiplying 

and sUn1ning units were employed in order to obtain the 

instantaneous power flow to the induction mnchine during 

the speed reversald From this pO~'ler input the stator 

r2R and iron losses uere subtracted to give the air-gap 

p01-'ler. 

mental 

This pO;ler plotted cgainst speed is the funaa-

speed-torque curve to a scale of 
.., 
l.. ~ 

I OJ s 
N-m/U. 
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The arrange~1ent of the apparatus is sho"t'ln in Fig. 

15. The stator core loss depends on the voltnge 

(V-l
i

R1 ) where V is the terminal vol.t~ge and 

voltage drop across the primary resistance. Thus as 

the machine reverses in speed, I~ is large and the 

vultage (V-I1R1 ) is appreciably less than V with the 

result that the stator core loss is reduced below the 

valus calculated by neglecting the lARA voltage drop. 
). i. 

Although this reduction in the stator core loss can be 

properly simulated it requires more summing units, and 

the loss Vlas therefore simulated by a properly propor-

tionec1 constant quantity as sho'wn in Figo15. This 

constant quantity is based on the mean voltaga (v-.IR ) 
~1 1. .L _ 

'Vlhere I1R-1 is the [.lean value of the stator resistance 
.ll. 

drop during the reversal. The error in the resultant 

fundamental speed-torque curve due to this npproximation 

is smc:ll and the saving of electronic equipHlent con-

siderableo 

~ typical plotter trace is shown ~n Fig.16. 

Again in order to establish the aCC'lrracy of the 

method, a comparison irlaS l:tlDde, nt c: reduced supply 

voltag~, (100 v.), between power input measurements 

u~ing wattmeters and the above method. The results 

are sho't"m in Fig.1F-? fron which the accuracy over most 

of the speed range is seen to be l'li thin ! 2.5%. 
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CHA:?TER 5. 

I'lEASUREHENT CF LOA"0 LOSSEStJ1TDER NGl~I-1AL LOAD. 

The last t'\lJO Chapters dealt vTith the rz;.easurement of 

the ·torque·-slip characteristics of induction motors at any 

value of supply voltage~ From the torque--speec1 curves 

the load losses can be measured as the difference between 

the fundamental and e.ctualt.orques .. This difference is 

appreciable at 1arge values of fundcdrlental slip, (due 

to the high currents that flow in the machine ~n these 

regions), but becomes very small and difficult to mee-

sure under the normal operating conditions. The bacl:-

to-back test described below (originally suggested by 

Dr. D.G .. O.No.:rris) W£lS developed to measure the load 

losses under the usual conditions of operation. 

The baclc···to-back test. - . 

Direct curren'l:; or synchronous machines can operate 

either as motors or as generators at exactly the same 

rotor speed. ~ro similar mach~nes, belong~ng to one 

of the above two groups~ can therefore have their shafts 

directly connected C1nd be operated in a bDcl: .. ·to·-be.ck 

arrangement where one machine ~s acting as c motor and 

the other as a generator. The net energy input to the 

system would then be the total loss in both machines, and 

cen be measured directly 2nd accurately. 



Induction machineD on the other hand ~ust - if 

opere:ted from a constant frequency supply - run at 

different speeds ",han generating than "'Then motoring. 

Thus direct she.:ft connection bet'VTeen the nH:~chines is 

not Ijossible .. 

Attempts have been made in the past to remove this 

restriction and the following methods of testing evolved. 

(i) The supp1y to one induction machine is ~t 

a lower frequ·el1.cy than the second supply in 1'Ihich case 

the tvIO 111(;).chine shafts can be coupled directly.7 

(ii) The two machines are supplied at the Bame 

frequency and the rotors are belted together using pulleys 
o "'-'1 

of different diameters.O,~L 

(iii) With the se~e supply to the two machines 

their shafts are connected together through a differen-

tial gear-boJ=:. 9 

(iv) The two induction motors are coupled to t'\tJ'O 

d.c. machines and the load b2Ck is ~ffected through 

these two r.:l8chines. This test is associated w'ith n 

t b 'I. t 1! ...!. t ..t::' t~ "! h' 10 separa e nc~- O-Dnc~ cas OL ne O.Co maC_lnes. 

All the above tests introduce losses in e.uxiliary 

apparatus Hhichcannot be accurately measured. The test 

described below introduces no such extraneous losses and 

provides for the :first tilne an 2ccurate rnethod of deter-

mining induction motor losses. 



In this t~st the two inductioh machines are 

coupled to t1<io dynamometers that are· loaded in a back .... 

to-back arrangement as shown in Fig.18. The' GY11.ah10-

~eters a~e fixed on a stationary bedplat~ whilst th~ 

stators of the two induction motdrs are strapped to~ 

gether and are free to rotate on their ovm bearingso 

The mech~nical ClrT2ngement o'f the test is shown in 

Fig.19. 

Ohe madhirte is driven at a speed of n rpsj and g ,; 

·the other runs tIt a. speed of n· 'trlhere n"".~ /, n (1'1 • m' ,w 0 g 

The first machine is tb.en operating E:S a genert. tor Clnd 

the second One as a motor. The speeds nand n are 
m g 

adjusted (by varying the :field suppli.es to the oy-l'1.a-

r.Jometers) until the tHO stator :frnmes have no tendency 

to rotate, '{·rhich meel1.S that the *orques in· the two 

couplings are equal. If at this point of balance 

the electrical ~nput to the two induction machines is 

P then the total electrical loss of both machines ~s 
ac 

given by: 

= 

In App endi:r I 

>-' 

ac + T .2 1t (n - n ) 
g n1i 

• ..t. • 
J.~ J.S t;ho~rn that the pOl"Ter input P 

~c 

supplies th~ stc;:tor losses plus very nearly the vthole 

of the load losses. The mechenicel pow'er input 

T.2 n(n - n ) supplies the fundnmel1.t c l rotor I 2 H. losses 
gill. . 

and a negligible part of the loed loss. Thus the load 
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fig.19. Mechanical arrangement of back- to - back test. 

A fixed bedplate. 

B dynamometers. 

C induction machines. 
D floating bedplate. 

E extra support bearings. 

F couplings with lines for digital speed measurement. 

G counter-weight. Q) 



losses can be determined to a suffic~ently high degree 

of accure.cy as~ 

f~ 
\ ... fa 1 

The measurement of the 

3
-:- 2.,.,. \ 

+ .1..1 .!.1:.1. I 

.... 2 .. _ 
rotor .L J.-\. loss is usually 

the least relioble and most inaccurate of the 

"conventional" loss meD.suremen~t D 0 It ~s therefore an 

important advantage of this test th~t the rotor funda-

cental loss does not enter ~nto the determination of 

the load loszes as calculated :from E·:::.:n. (5.2). 
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The value of the load losses measured in the bac1=:-

to-back test is the sum of the load losses of the two 

machines. If the two machines are identical their load 

losses under the same loading conditions call be assumed 

to be the same .. Rotors Nos. l(a), l(b), and 1(c) in 

Table 2 (Chapter 2) are nomirial1y identical. Their 

true identity l'l~S established by measuring their torquc-

slip characteristics by the methods of Chapters 3 ~nd 

4. The ident~ty of two mach~nes c~n also be checked 

- to some extent - by the bnc~-to-back test itself, by 

reversing their operation so thnt the motor becomes a 

generator ond vice vers~; if the mach~nes are the same, 

the pOller :flo'\'T should rer.;;.ain l.::.nchc'tl'1.ged. 



Having established the identity between these rotorri 

the total load loss mee.sured in the bac!::.-to- bacl: test, 

can be spl~t up into the individual loss losses in the 

ratio: 

= [1]2 [n"jl.6 f .. 1 r ... - . -I rJ 
g g 

= [ ] 

2 - ] Im t i-sm 
I 1+s g g 

1.6 

It is ejt:pluinec1 in the Introduction th8t the lOG'.d 

losses depend both on the value of I~ and I
2

• 
- i 

It is 

ShOl'ln in the next Chapt er hO~'lev er that the dependenc e on 

Ii is much larger than thnt on I2 and hence the currents 

I and I in Eqn~ 5.3(a) can be token to be the stator 
m g 

currents in the motor and generator respectively. The 

quadre.tic variation of load losses ~:ri th curl"'ent is derived 

theoretically in the next Chapter. It is also shown ~n 

th~t Chapter that the variation with speed is extremely 

cor.:lplex but nUfa1crical computations sho,,",! that it can be 

satisfDctor~ly approximeted by a 1.6 power law. 12 

1'>. 9 
Other i.nV'estig~tors·-J' have aloo found experim~ntall.y 

that the inde:;: of vc"riation of load lossen ""lith :frequency 

lies beiween 1.5 and 2. In any case D~nce the sl~ps 

51"" and Sg are both small compared 1-lith unity 

the ratio (1 - s )/(1 + 
m 

... s ) 
(;r' 
o 

in Eqn. 5.3 (b) 



is neer unity and e sm2ll error in the ::' .. 6 power index 

only causes a very small error in the div~s~on of the 

load losses between the two machines. 

By testing rotors Nos. l(a) and l(b) against each 

other in the back-to-back arrangement the load losses 

of these rotors were precisely measured at ~ll condi-

tions of current, voltage, ~nd speed loading. Rotor 

No.1 (a) ",,'Jas then used as a stand~rc1 clgainst l:rhich all 

other rotors were tested. 

Fig.20 shows the variat~on of load losses' with 

current 1.\ for rotor No. 1(a}. The results obtained 
J.. 

for this and all other rotors are compered with ench 

other and with the theoretical predictions of load 

losses in Chapter 8. 
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CHAPTER 6. 

THEORETICAL ANALYSIS OF LOAD LOSSES 

6. L Analysis of the c;.!.r gap fields .. 

Thi£ Section deals ~'ri th the general nature of' the 

fields that exist in the air gap of an induction nachine. 

It considers both the harmonic flux density fields of the 

stat.or and the harmonic and subharmonic fields of the 

rotor, ~s produced by the interaction of the mmf and 

pcr~eance harmonica. It gives a phycical picture of the 

!l.1echC'lnism by ~lhich torques, (both Dynchronous nnd asyn-

chronous), are produced and is &n essential preliminary 

to «;: better understc.nding of the more s:.)ecific analyses 

that follo':-! in later Sections. 

6.·::'.1 .{:?-_r.. g~p fields due to the stator harmonics .. 

It is sho~Jn in Appendi:iC II· that the stepped mmf 

distribution (Fig.21) produced by a three ph~se double-

layer lap winding can be analysed by Fourier series into 

• l' .J.. \..... ..l.~ v th b . a serJ.0S OJ!:. ro iL-a~J.ng .o.arr..l0nl..C Haves, tine one el.ng 

given by: 

l'lhere 

f 
1v 

is 

!-i' 
... 1v 

= 

= 

F cos (W-l; ~ 
lv y 

complGx amplitude 

3J2 3
i 

I.!'" 

2p • 
( -dp v) 

1t V 

+ e ) v 

given 

0 Ii 

~,~. 3 
Go.O. 

D 
V 

and 6 is given by Er.:n. II.8 in t~ppenc1ix II. v 

(6.1) 



fig.21. Stepped m.mf distribution due to currents 

in a three phase winding. 

fig.22. Equivalent circuit of v t h stator 

field harmonic. 
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The origin is taken to be the centre of a stetor 

sloto 

If the actual air gap length is g then the air gap 

permeance can be written as: 

A = - 'Y ' 1 
Y I cos 

2 

2 7t S 
1 } Jl:... -.. )I 

lOy 

7tS 
2 x [1- v/, II CO S 

IJ. pY 

21tS 
Y Ii cos __ 2_ ..",. 
2 pY ..... 2 - ... 

(6.)) 

whe]."e the .stetor and rotor coordinates x.., and x
2 

are ... 

Dho1·n1. in Fig. 23 .. 

1"'b.e C1vere.f;:.e I~ermeance A is eC:lu~l to (ll //P-1>: k ). 
~ 0 0 ~ c1 c2 

The pulsationsY::', Y 2' etc .,in the curly brackets, are 

·due to th.e stator slot openings; and the pulsations 

Y· II y" etc in the sc .... ~uare brackets ere due to the l' 2 0 , 

rotor slot openings. 

15 Freeman. 

These coefficients are given by 

Transforming the rotor coordinate x 2 to the stator 

side, Eqn. 6.3 can be re-written as: 

] 

A Ly 
-' 2 c 

cnS .. 
cos--_J.. x 

pY 1 
L~ d.1tS2 

Y "cos--"-( "',. t., Rt '\ d Y \ ..... 1 -u: .t ) 
~.; no P .r c=..;" •• a=.,-,r.:. •• 

c='1,2 •• 
L. y " • Yd'" ,::, 1 . 2 
~ . c 1t ·C' d TtS ] 

d -1 2 C cos ( 1~) Y .. =~,,) cos y ( X -1 - til a. t ) =1., •• J. P ..L r 
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fig.23. stator and rotor coordinates. 
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fig. 24. Addition of slot harmonic fields due to permeance and mmf. 
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The last term of' EC2n. 6. 11. can be neglected as it 

involves the products y : y .. II '~'lhich uTe very s!:lall second 
c a 

order quantities. 

TI'le air gel:> :flu;:~ density fields due to tl1.e stator 

th 
\) harmonic is therefore given by multiplying together 

Eqns. 6.1 and 6.4 as: 

= 

It can be 3 shOlln , by considering the synm1etry of 

the -:.rinc1ine diotributiol1., that v cannot take any v~lue 

but is limited to the v~lues given by: 

\) = 6 -.:,.. +.0 
l..'i..l .t (G.6) 

i,.,here is a positive or negative integer including 

sero. A negative value of \) indicates that the harnonic 

rotates in a direction opposite to that of the f~~damental. 

Considering the fundamentE!l mmf 'hTnve (v = 1) Eq.n. 

6.5 gives the corresponding flux density field as: 

= B .. [ cos (wt -
~ ..: 
\.,;)-

.; .- ~ 2 cos 
+1 + c=- ... ,-2 •• 

~, 

e ) _ 
1 

, y " dS 
./ c1 cos f [ 1. + ( 1. ~~ s ) __ 2 1 w t 

L-..-i 2' p .. 
- + 1 :!:' -d-~ .... , 2 •• 

(6.7) 
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lThere is given by: 

B 1 g-L = (6 .. 8) 
2 TIn-I"" I" p .. b lO. -II :.. 2 c 1. C 

In the follo~~Ting Sections it is shovln that by far 

the most iF.lport ant stator n'll~l:f harmonics 
8

1 

are the slot 

harmonics of order v = r _. - +:;~, ,,;·:rh ar e r 
p 

in any positive 

or negative integer .. It is also sho"nl in Appendix II 

that for these slot harmonics the angle 

6 
v = = 6

1 
+ 2nTt: where n is any integero 

Thus from Eqns. 6.1, 604 end 6.S the flux density 

fields corresponding to the stator slot harmonic Dmf 

waves are given by: 

b 
S1 

( r-
p 

= B 
S1 

. [cos [oot 

+1) 
( r -=-+1) 

p 

3 

y' 
c 

2 
+ .... +2 c=-.i-'-IO. 

cos {wt.~ [(r-c) 
S 1 
p 

~ .c: 1t .. ,.. d1tS , ~1 -1 2 
~ /. Y flcos foot- (r-. -+1 )--~ + 6 } .. cos-(:~"!: - 00 Rt) 
~ d . P Y 1 pY 1 r 
d:;:1,2 •• 

(6.9) 

is given by: S .. 
tI .i , 
\ T-+"i} 

P 
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D 
51 

(1"-.-+1 ) 
P 

= 
311of: Z~_" k d · ~ p..:. 

S 
(6.10) 

2n' ".~~ "", (r 1+-4 'I 
~2.,-C :: .;:.',., c 2" P 1. J 

C01::lparing ~(:ns. G.7 end 6.9 it is seen that ";1"hen 

the values of c a.nd r coincide, the second term 

of E:::ln. 607 and the first ter£l1 of Ec~n. 6.9 repreSel1.t 

waves which are of the sam~ order, rotate at the same 

speed, and are therefore stationary with respect to each 

other. These t1'io 1Ilaves should therefore be considered 

together as one resultant field h~ving the complex 

amplitude: 

[ 13' J res slot 
= 

The :fac to:!.~ 15' 
1 

, 
Yc 
2 

in Eqn. 6.8 represents the 

(6.11.) 

of the stEltor fundamental mmf due tc the roto:.:- cur:;.. ... ents 

and is therefore given by:) 

D.., = 
.L. 

The damping 

SA st 

T ..... 1 

3., 
(r-=-+ 1 ) 

P 

by which the stator 

(r--!' +1)- mmf harmonic is reduced by the corresponding 
p 

fre~uency rotor currents is similerly given by: 



SA 
( r"""::"+ 1 ) 

P 

= 

I 
rrA c 

'::>1 
(r- +1) 

p (6. 13 ) 

Since for the slot harcon!cs the harmonic leakcge 

reactance is r"luch larger than the harmonic magnetising 

reactance, (see Chapter 7 ), the harmonic magnetizing 

current is very nearly the same as the tot~l current 

I 1. and hence: 

Introducing the damping factors from Eqnso (6.12) and 

(6.14) into Eqns. (608), (6.10) and (6.11) (taking the 

fundamental air gap voltage E as the reference phasor), 

this last equation m~y be re-written 28: 

-;,.<rhere 

and B 

B' = - ] l res .. slot 

e and e are the ·_~)hase 
1 1:1 

s 
(r'J

1
+1 ) 

.L 

and B are the g1 

p~nding space phasors. 

':"\ 
-D 0 

gl 

Y' 
C 

"2 6 

je 
E I!l 

an~lcs of I end I 
o 1 ill 

cagnitudes of the corres-

Figs. 24(a) and 24(b) show the georeetrical repre-

sentation of E~n. 6.15. It is seen that the bac!~'lard 

rotating i11k1.f slot harmonics (r nega-tive) add >;vith the 

permeance slot harmonics to g~ve a resultant: 
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= 
a' + 1/ a I 

(6. 16) 

where a' ~s the rCltib 

D 
S.A! 

(r-=-+1) 
1'1 

B ~ 
g.1. 

yt 
C 

2 

= 
2 

s .~ 
, ( ..!L of '. Y ~+J..) 

C ::' 

I 
1 

o I 
El 

(6.16)(a) 

Thus the losses caused by the resultant field and 

'&1'hich are shO'V:Tn in the later Sections to depend on 

B2 are greater than the sum of the individual losses 
res 

of the ~mf end permeence slot harmonics by the fnctor: 

£: = 
(r < 0) 

1 + 
2sin 6 .. 

1 
(6.17) 

Similarly (Figo24 (a» the forwerd rotating mmf 

slot haroonics (r pos~tive) add with the perm3nce slot 

harmonics to give a resultant fielcl 'C"rhose losses are 

less than the sum of the individual losses of the 

h~rmonics by the factor: 

2sin e 
z: = ..'! 1 (6. 18) 

(r> 0) .L -
0.'+ 1/0.' 

It is seen therefore that the pre3ence of the slot 

openings increases th.a losses due to the becl-tVlelrc rota-



ting fields (by the factor C (r < 0» and decreases the 

losses ~ue to the forward rotating fields (by the factor 

HO":-'Tever, since the bacl:vrarcl rotating fields 

are a.l-uays more ir..1portant than the IOTwnrd rotating 

ones, (see later Sections) the overall effect of the addi-

tion of the harmonic fields ca.used by the slot open-

ings to those caused by the mmf harnonics,is an increase 

in the overa11 loss above the sum of the losses of the 

individual component fieldso To apply the exact 

corrections given by Sqns. 6.17 and 6.1.8 to every slot 

harmonic is a very laborious process, since both 

~ (r <. O) and z: (r) 0) vary ";Ii t~'1 loe.d as 81 end a.' changes co 

This increase in the overall loss was therefore taken 

into consideration by increasing the amplitude of all 

the fields due -Go the mmf' slot harmonics by a constant 
As ~ 

mean factor = (1 + '/2 A ), as suggested by Alger; o 

~Jhere A is the hc~lf ar~"l.:plitude of the permeance pulsa
s 

tion due to the stator slot openings. Once this 

corrGction is applied, the t"iilO components of the 

resultant slot harmonic fields, ( . 
\~.e. that (lUG to the 

ctator mn1:f harmonics, Dnd that due ·to the stator slot 

openings), are considered separately. The losses 

produ.ced by the former are then in'cluded in the load 

loones whilst thODe of the latter harmonics are con-

sidered as no-load losses in accordance with the 

definition given in the Introduction. 
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6~1.2 A~r gap fields due to the rotor harmonics. 

Each one of the stator f~eld harmon~cs ~nduces 

currentn in the rotor s.qu.1rDel cage bars 'tJ"hose f're-

quency depend s on the relative motion of the 'rotor v:7i th 

respect to the harmonic iri question. These currents 

produce a rotor r..n:1f '~rhich cant ains e~p2.rt from. a wave 

of order V a series of subharmonics of different number 

of' poles- from the inducing field. Lilfschi t z3 has 

ShOl<Tn -t hat the 11th +,' h 
f"" O.l.·C ese subharmonics induced by 

the j:11. • -.I- h . 
v SliJa..,or armonlC has the order: 

= (6.19) 

where k2 is any positive negative or zero integer. 

As an example Te:ble 5 ShO-;'-TS the rotor harmonic s 

that are produced by the various stator harmonics in a 

4-pole machine with 36 stator end 45 rotor slots. 

The harmon_ics in the induction motor produce 

asynchronous £'.8 't'rell as synchronous torques. 

J\Il asynchronous torque occurs vJ"hel1. a trC2velling 

harmonic wave due to either the rotor or the stator 

induces currents or losses in the opposing member of the 

machine 1'lhich are of the same f'rer.:uency as the ind-tlcing 

field. A synchronous torque occurs uhen a stator 

harmonic \J produces 2~ rotor harmonic l.l l'lhich has the 
a a 

same rotational fre:':luency and order as another stator 



harmohic ~b st a single rotor speed. In such a case 

v is the source of 
a excitation for the rotor, and vb 

the SO'Llrce of power of the st e1tor. It can be easily. 

h ·3.l...~ -t. tl .. S o"V-rn .. na.... - le synC1.1.TOnOUS 

speed of: 

n = 
21' o 

-torque is produced 

rps 

l;There is the value in E~no 6.:i9 that gives 

value r.-t:' II in c_1ue st ion .. ......... a 

~,t a 

(6.20) 

the 

From Table 5 it is seen that there exists no 

v~lue of rotor harmonic (ll ) that coincides with a 
a 

stator harmonic ~~) and is not caused by it. 
D 

There-

fore no sY-ilchronous torques e)::ist in a machine v,ri th 

36 stator arid 45 rotor slots to which Table 5 applies. 

Table 5 

stator and rotor harmonic fields. 

stator harr::1onics :aotor harmonics 

(V) pole-pairs (ll) pole-pc.irs 

- kn=O k =1 2:2=-1 
t:. 2 '-' 

..... 

+2 +2 ~4'7 I r-~~3"'1 · . 
...:10 -10 +35 -55 ' \ 

+1l1 +t4 +59 -31 · 
-22 -22 +23 ~67 · . 

~ 
+26 +71 -19 

-34 -34: +:1 -79 ' . 
+38 +38 +83 _'I . . · 
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The rotor subharmonic fields, given by Zqn. 6.~9 w~th 

k2 # 0, react back on the stator and cause losses 
.... 1" 

"ilhich a1 so appcc:r t' LO as narmonlC torques. • 

The harmonic currents that flow in the bars of a 

sc~uirrel cage "J'inc1ing aTe small due 'co the f'Elet that 

the harmonic leaI:age reactai1.Ce is appreciably larger 

than the harmon~c magnetising reactance. Thus the 

rotor subharmonic fiGl~s produced by the 
tl~ v .. stator 

harmonic field (where vI 1) &rG small and their reaction 

back on the s~ator can be neglacted. These subhar-

monic fields can, therefore, be considered to contri-

bute only to th~ differential lea~age reactance of 

the th 
v stator harmonic. 

The rotor subharmonic fields produced by the 

stator fundament~l field, hO'i;T8Ver, t:1ay be &ppreciable 

and their reaction back on the stator is consideredo 

These rotor Bubha:.. ... monic fields (rotor slot harIHonics) 

The stz.tor 

slot harmonics are shown encircledD 

It can b0 shoun) that the rotor slot hClrmonic 

Inl:1fs produced 'by the stator func1e:nental field can be 

1'1r itt en as! 

f 
211 

= W • cos [1+(1-s) ~J 
[ 

1:,..,3 

... 21l P 

(6.21) 
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uhere F211 is its cOi:lple:: amplitude given as: 

= 312 
1t 

,..,.. 

"-'1 
2p 

(6.22) 

The damping of the rotor slot h~rQonics by any 

currents thcit these harmonics may induce in the stator 

winding is neglected since the induced stator harmonic 

current S J are extrernely sr . .1all. I·lore is said o:f 

these matters in Section 6.6. 

The rotor !!mlf given by s~~n. 6.21. acts on the air-

gap permance of E0n. 6.4 to produce the flu~ density 

waves given by Eqn. 6~23 

C 1t S "1 1:: 9 S Ttx -1 k S 
Y ' . ~ f r .. (.. ) t.... 2 ] 1,\ t .JI.. ( 2 2 1) cos--y-J:

1
.coc. i.. .... + 1..-8 W --y --+. + c p . ' p p 

c=1,2, •• 

Again 'comparing E::~n. 6.23 \:'rith Eqn.6 0 7 giving the 

i'l.,'!.ndament al flu:;: den.si ty it is seen that the first 

term of Eqn.6.23 and the last term of 1]>:':l'1..6.7 repre-

sent waves which are stationary with respect to each 

other. 
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It can be shown by an analysis identical to that 

given in AppendiJ~ II but appliec to -::11.3 rotor, that for 

the roto1" slot harr..::.onics e == 
11 

e • 
1 

Hence by a 

direct analogy to E~n~6.16 the resultant rotor slot 

harmonic field; caused by both the rotor ~nf ~nd the 

rotor slot openings; ce:n be ~1ri tten ~s: 

[ B" ] res slot 

== 

y" 
2 (....£) 2 

B k S + \Bg1 2 
( 2 2 -1) ---+ ... 

P J-~ll.o 2 Z.:,.' k_"1 . ./ ~ up 1. 

B 1.~ ~ .. -...,,.:,,., 
.( L.I " +1) 

p 

w .fI Id 

2 

1+ 

I 
2 

2sin e 
2 

a. "+ 1 fa. " . 

l (6.25)(a) 

and e is the angle betlreen 12 and the referenc e phasor 2 

Eo Again the pos~tive sign in Eqn.6024 app11es to the 

be.ck-~'lard rotat:ing harmonics and the negative sign to the· 

forward rotating ones~ 

Uhen the rotor slot openings are small, (as is the 

case for practically all cast alucinium rotors), Y " d 

becomes very small and a." very large. The correction 

factor given by th2 second square root in E .. =.-.n. 6' .. 24 

therefore becomes un~ty and the total loss caused by 

the rotor slot harmon~c fie~ds in the stator can be 



taken to be the sum of the individual losses caused by 

the fields due to the rotor ~~f and slot openings. 

6.2 lIarti.1onic losses in rotor bars and hc;..rmonic 

equivalent circuit. 

If saturation in the magnGtic circuit of the machine 

is neglected then superposition can be used to cnlcu-

late the tote.l shaft torque of the induction motor by 

treating each harmonic field wave separately and ad~ing 

their individual mrques. This corresponds to having 

a different "motor" for each harmonic, the motors 

being connected in series mechanically. The conven-

tional equivalent circuit of the induction motor is 

thenr.:71odified as sho;'m in' Fig. 25. In this figurs the 

harmonic circuits excited by the current 11 and having 

v as a suffi:;:;: are those due to the ctator mmi' har-

Gonicn. The harl:tonic circuits e:z:cited by a current 

- :"! 'I • .12 ena navJ..ng a suffix ~ are due to the rritor emf 

harmonics; and the harrnon~c c~rcuits excited by a 

current I and having a suffix ~r or ~H are cue to the 
o 

combination of the fundan:ental flux density anc the 

stator and rotor slot openings respectively. 

The ci~cuit of Fig.25 applies only to the calcu-

lation of the 16sSGS and torqUes prodUced by the har-

monic. c.urrent s that flow' in the rotor or stator 1(findings. 
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In Section 6.6 itis shown that the brenches 

that are shunting the reactances x .. 11 ere very large 
In. 

thus allowing only very small harmonic currents to 

flo~'r in the sta.tor "Hindi11.gs. The most ir.1portant 

harmonics cont~ibuting to the load losses dissipated 

in the ~achine windings are therefore the stator cof 

11. arE!oni c s 0 

The equivalent circuit of a single stator ha.rmonic 

is shotm in Figo22, and since this i~ essentially the 

saL19 as the equiv~lent circuit of the fundamental, it 

produces a torque-slip characteristic of the same shape 

es the main torque-'curve, but wi th a synchronous speed 
n 

o 
V- instead of at n • 

o 

Due to the fact that the harmonic magnetising 

reactance is very much sr..1aller thnn the main magnetising 

reactance (see Chapter 7), the haroonic terminal voltage 

If/, in Fig.22 is m:.tall in compnrison with the terminGil 
.LV 

voltage V-s... The voltnge V1v therefore does not appre-

ci~bly affect the current T .. which is primarily deter-
1. -

cined by-he fundamentalo Hence the equivalent circuit 

of Fig.22 can be considered as being e::;::ci ted by a 

current source of r;Jagni tude I" rather than by a vol tage 
.L 

sourCG. This is rnther ir.1portan t sine e it ShovTS that 

the fundaQental subdivision is in the current distri-

but ion. 



Once all the parameters in the harmonic equivalent 

circuit of Fig.22 are determined (see Chapter 7) one 

can use the equivalent circuit of Fig.25 lJith. aD. many 

harmonic branches as necessary t6 calculate the total 

losses dissipated in the t.lachine ,>rindings, or to cal-

culate the torQue-slip characteristic. This has been 

done for rotor No.1(a) (see Table 2, Chapter 2) and· the 

result is sho1:m by curve liB" in Fig.26. Curve "C" of 

the same figure· shows the measured torque-slip charac

teristic of' the t:!achine "\·ri th the sal~e rotor, and curve 

"A" the fundamental torque, (both calculated and 

measured) • 

From this figure it is obvious that the difference 

bet~"reen the fundc:.n1ent al and the ectual torque; a 

difference due to the load losses; cannot be explained 

quantitatively by the 0Cluivalent circuit of Fig.25 and 

e.t least part o'f this (; ifference must be attributed to 

other caunes. The effects of the cross-current losses 

ana of the stator and rotor iron losses on the torque

slip character~stics and the load losses are therefore 

investigated in the follo';'ring Sections. 

603 Losses due to itlperfect inslilat:ton bet'ttTeen the 

squirrel c~ge bars and the rotor iron. 

If the bars of a squirrel cage winding are skewed 
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but not com.pletely insulated Iror.:! the rotor 1amina-

tions, the difference in the voltage induced between 

adjacent bnrs vTil1 circulate currents in the circum-

ferential direction. The se current s :flolTing fror.~. bar 

to bar via the rotor iron produce losses in the rotor 

11hich result in a corresponding loss of accelerating 

torque. The theoreticc\l analysis of the load losses 

clue to this mode of current flow has been investigated 

by Rossmaier, 17 and Oclok:!.8 both of ~'lhich derived 

expressions :for the cross-current load loss. The 

anaiysis of Section 6.301 is similar to the analyses of 

the above Qentionea investig~torse It VIas found, 

hOl'lever, that the interbar resistance rbb in tha equa-

tions is highly non-linear and so in order to choose 

the ri.ght value .C' ·t· 1 o~ rbb 1 13 a so necessary to investi-

gate the spac~al distribut~bn of ~nte~bar voltage and 

current 0 This is do:ne in Section 6.3 .. 3 .. 

6.3.1 Cnl~ulQtion of losseso 

The analysis of load lo~ses carried out in this 

section is based on thefollo'lling 2ssumptions: 

(i) The interbc~r impedance (il~lpede,nce between two 

neighbouring bars) is ass'U.!tled purely resistive. 

The v~lue of this resistance (~bb) is ~ssumed to 

be coristant independent of the magnitude or 
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frequency of the interface current that floVTs. 

It is left until later on (Chapter 7) to deter-

mine the "best" constant value to be used in 

actual calculations. 

(ii) The impedance of the end-rings is neglected in 

compariSOl1. 1-'lith the bar impec1ance. Vlith no end-

ring impede.nce ~nd no ske~'l, no interbar voltage 

e:::;~ist s,. The end-ring il'i.lpedance l'lould introduce 

a l~ss even with no skew and it causes an error 

in the calculation irJhen Ske1tT is present. An 

approximate check showed the effect was 

negligible. 

(iii) The width of the bars is neglected. The effect 

of the bar w~dth on the differential harmonic 

leakage and the effective skew is conside~ed 

separately in Section 6.7 atid in Chapter 7. 

Fig.27sho~'IS two consecutive bars of the squirrel 

cage. The electrical angle betHeen the bars v'll..th res,... 

P$ct to the th 
v stator f~eld hnrmdnic is ev ' the 

effective length of the rotor stac~ ~s i, and the 

effective skew is U v r~dians per unit length of stack. 

Subscript lib" refers to the bar quantities e,nasub .... 

script Hbb" to the interb~r region. 

IIi the following ennlysis the capital letters for 

volt~gesand. currents are phas6r::xu~antities, (unlesG 



1 + dJbV(n+1).j; 
Dv(n+1) J x 

l + J1bYr1.j; .' 
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rotation of v fJ.J harmonic: [>-

fig.27 Section of the squirrel cage. 
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otherw"ise stated), representing ho.rmonic components. 

Capital l~tters for rearitanees and resistan~es refer to 

total values, whereas small letters r~fer to the values 

for a unit length o£ rotor stack. The meaning of all 

symbols can be found in the Nomenclature. 

Kirchho:ff's :first la~T applied to element 0 ~ of the 

th n bar gives: 

ox = 

= I ( - I bb v n-l) bbvn (6.26) 

'1here I b " v is the circUnlferent ial current per uni t 
0, 

length; 

Since sinusoidal conditions are considered the 

following r~lations " apply to the bar and interbar 

currents: 

and 

Ib V(n-l) = 

I bbv (n-1)= 

IbV • e . n 

·e J v 
(6.27)(a) 

(6.27)(b) 

. Substituting Eqn. 6.27(b) into Eqn. 6.26 gives: 

= 
-s J v 

Ibbvn (l-e ) (6.28) 

Kirchhoff's second law applied to path ABeD gives: 
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aIbbvn 
= Ib v n· sb v· 6 x + ( Ib b v n + a x - • {) x). r b b 

where EDA and ECB are the voltages induced in bar 

sections DA and CB respectively by the_yth stator 

field haroonic; zbv is the total bar iopedance per 

(6.29) 

unit length of stack with respect to the 
th . 

v harnonJ..c 

and rbb :i.s the bar-to-bar resistance per unit length. 
j 6v 

Since ECB = EDAo e- substitution into Eqn o6.29 

gives after some simplification. 

T 
..t. -- •. 
bvn 

rbb 

l . 2 8". !Sln v 

2 

• Ox 

The elc!;]en-cal voltage EDA is given by the flux 

cuttirtg rule as: 

K' = B 1 v. 6:::::: • ;;.;.IDA 

where B is the r~s flux density due to the stator 
1" 

(6.30) 

(6·31) 

current only, and u" is the 1inear speed of the rotor 

th bars with respect to the v stator field harmonic. 
i a. ... ,. 
v v"" 

The factor e is introduced to account for the phase 

sh:Lft in the voltage iridueed at different parts of the 

bar due to skew. The voltage induced at the center of 

the bar is taken as the reference phasoro The total 



voltage induced in bar section DA is, of course, the 

sum 6£ the voltage induced by the stator vth harmonic 

and the voltage induced by the revolviJ;1.gfield of the rotor 

produced by all the bar currents due to the 
th .. . 
v narr..1onJ.c. 

This second part of the induced voltage, however, is 

taken into consideration by using the total bar ioped.ance 

Zt) \I which includes the bar magnatising reactance ..... ...., 
bi:1V 

the differential leakage reactance x b ... , end the slot 
qv 

leakage reactance x b • s £- In this way E is 
DA 

the voltage 

induced by the stator field. acting alone, and is thus 

given by Eqn. 6.31 despi-te the fact that the totC'.l air-

gap flux density Bgt can have radial as w~ll as axial 

components due to the redistribution of currents in the 

rotor. 

The flmc density B1 v in Eqn. 6.31 is given by: 3 

= 
3 I '""'k 110 1 L;~l dpv 

2n;gk pv 
c 

and the speed U v is given by: 
2Yf 

2v 

Substituting the above t~TO equations into Eqn. 

6031 gives: 

= 
311 I .. Z1k .. ., Y. f 2v . jcx.v x 

0,1.' dPV [) 
--~~----~2~~--------' x.e 

1tgk pv 
c 

(6.33) 

Eliminating EDA bett'leeli Eqns., 6., 30 and 6.33 the 

following equation results: 

jcx.\.I:;~ 

= I I'"r' R. e 
b .:£1.. --

V ov OV 



,:,·;here the subscript "nIl :for -the bar current has been 

dropped since all the bar~ are ~denticial. 

In Eqn. 6.34 above E 
ov 

the oagnitude of the 
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voltage iriduced ~n a un~t length of bar and is given by: 

= (6.35) 

or ~ -- xl 0 I.4 ~o v nr.,lV 1 

or = X":l" • I .. /(gZ~ lc~ ) 
~. v i. .l. upv, 

'vThere xb is the L1Ed?:netj.sin.1! reactance of a single 
L1V ~ ~ 

brir per unit length of stack, and X in the total 
EJ v 

nagnetising reactance of the th h ... v ... arlllon~c::tn 

valent circtiit ~eferred to the stator side. 

The quantity 

~, 

.!L bl:>v - 6v l . 2 
~ Sl..n 2 

the 

has been introduced to Sir.lplify the e~{prcssions 0 

equi-

Eqn.6034 is a differential equatio::.'1 .giving the bar 

cUrrell.t at a distance :'.: :froL~ the centre of the rotor 

stack. ItB solution is 
.. ; 9 

given by:.)!. 

'7 e 
~ov. 

..; a. . ..,.. 
til \)~ .. 



where A a~cl B are constants to be evaluated from the 

bOuridary conditions, ;:lnd y" =J·z~v is the propagation 
rbb v 

constant-by analogy to transmission line theory. 

The voltage bet1J'leel"l adjacent bars at the point :K 

1· C! • 
t:J • 

1 arbv 
= .~ (-~j-e-v)· --ax- · rbb 

1-e 
(6.39) 

ana since the i~pedance of the end-rings is neglected 

V · , ... - + IJ '2 bb" 19 sero a~ A -- ~/~. 

(6 .. l:cO) 

The abo7e two conditions can be used to calculate 

the constants A and B of Eqn. 6038 as shown in Appendix 

III. 

The lODoes ~n the ~otor due to the 
th v stator 

harconic are given by: 

= s·ae 
2 

is the conjugate of the voltage E induced 
bV 

in the bar at point x, and is therefore gi..-en by: 

-ja."x 
E 0 C 

0\1 

Hence the rotor power loss becomes: 



P 
2v 

+£/2 
i j(X. "'r 

r I.E .. e- v ..... 
::...e bv OV 

/2 

O .... r ..... 
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('6/11" ., lC I 

Eqn. 6s41 includes the ~osses due to both bar and inteT-

ba:i. .... currents. 

Substituting the value of I., , fror{l :2,::11.. 6 .. 38 into 
DV ~ 

6 ~ d ~ . th ~ t t" 12 . ~qn.o~l an perzorclng e In egra lon g2ves: 

or: 

Once the losses due to the 

"'II" (a. 2 "'(2)2 • 
IV v + V 

coshy £ .
v 

Y sinhY £ v v 

th 
v stator h~rmonic are 

(6.42) 

determined the asynchronous torque proGuced by this 

harmonic can be caldul~ted froe the equatlon: 

T' = 
2v 

P 
2.v 

~ • s 
Ov v 

Hhere w is the h~rr20nic synchronous speed and S \1 the 
ov 

slip of the rotor with respect to the th . 
v harl:.10nlC field. 

The loss expression of Eqn. 6.42 is the most con-

vel1.ient one, for nur;.:erical computations, "{·:;hereas th.e 

e:~pression of Eqn. 6. l,!:J is r.:lore suitable i£ any theore-



tical deduct~ons are to be made (e.g. see Chapter 9). 

6.3.2 Choice of interbar resistance. 

It has already been stated that th~ interbar 

resistance r b is not constant but varies as sho~m in .. b 

Fig.28. (See Chapter 7 f'or the eJ~act fore of the 
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Thus to determine the best possible constant value 

o~ rbb that must be used, one must have some idea o~ the 

value of interbar current that is floliing. FrOo Eqns. 

6.)8 and 6.28 the harmonic interbar current can be 

calculated as: 

=( -\6 ) • [AYv sinhyv x+B yvcoshyvx+ 
1-a \I 

and hence the total interbar current is: 

00 

L Ibb\l 

(6.45)(a) 

(6.45) (b) 

The values of the cOllstants A and B are given in 

Appendix III. 

This distribution of cros~-current flo~'l along the 

bar is shown in Fig.29o From this figure it is seen 

that the wBximum value of the cross-current Ibb occurs 

ne~r the centre of the rotor stack. If this va1ue of 

Ibb is assumed to determine the value o£ r bb , then 
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nssmuing a value ~or rbb the current Ibb can be calcu~ 

lated trom Eqn. 6.45(b)~ Using this value of' Ibb arid 

F:i.g .. 29 another value o:f ~~." can be obtained l'rhi6h again 
no 

could be tised to calculate Ibb and so on until an 

aocurate value of rbo is obtained';' Thi.s iteration 

process although possible is very difficult indeed to 

perform in practice and conSUE8S a very grec:-t deal of 

computer ~ime. Noreover, the value of r" b that ~Jould. 
iJ . 

be obtained isocrictly applicable only to the central 

region of the rotor stack. Near the ends of the stack 

the cross-current Ibb is ~uch less. than Ibb and so in 

these reg~ons rbb should be calculated from the initial 

slope of the curve in Figo28. In view of these un--

certainties, the cooplexity of the above iteration pro-

cess was not thought to be justified end another method 

of choosing rbb was therefore used. 

Although -the cross-current I
bbv 

depends very much 

on the interbar resistance, the bar-to-bar voltage ~s 

not affected a great deal. Thus putting r bb ...... 00 and 

using the relation V . ::: Ib1'''' v' bOv ..., 

voltage can be calculated as: 

e 
.1'":\ l. 2 v 
J~ .'. :J:s~n ov 2 = -e J v 
cr.,,( i-e ) 

rbb the interbar 

sin 
ex. .e 

V 

2 
-e 

jex.,,::;~ ] 
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and the maJ::imw~ value (given by putting x=O) finally 

simplifies to: 

:"E a.ve S ,. 
ov 2 v 

Vbbv = - . 4sin T .sin 
2 ex. 

V 

-J 

e 

The above expression gives the interbar voltage of 

one particular frequency produced by the 
th v stator field 

harmonic only. Other harmonics produce interbar vol-

tages of' di:ff'erent f'requencie's and phase angles. Thus 

the total voltage, (which is the sum of all these 

different voltages), is non-sinusoidal and non-periodic. 

The rnaxi!:!ili:: value that it can reach, hOl1"eVCr, is the . ., 

sum of the amplitudes of its harmonic cornponents l'lhich 

is given by: 

00 

l-V 1· ~ 4 12) (Eex.0V 

bb total- V ~ L-- v 
\1=1 

ex. ,e 
. 2 v . 

.S1n ......,.-- .Sl.n 
L} 

e 
v 

2 ) 

(6048) 

The value calculated fron Eqn. 6.48 could be used. 
( 

in conjunction with Fig.28 to determine what value .of 

rbb sho~ld be used in the computations. (See Chapter 7)~ 

A comparison of the cross-current losses calculated 

by the use of the previously des~ribed it~ration process 

of choosin~ r bb , w~th the results obtained by the' use 

of Eqn.6.48 ':Tas made for one case only and the agree-· 

ment 1-{as found to be quite good. 53 
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604: Effect s of, eddy current s on the rotor iron. surface. 

6.4.1 Calculation of fltL~es.20 

As the magnetic fields rotate past the rotor sur-

face, eddy currents are induced in the rotor laminations 

2 
1"lhl.ch cause sur:face I R losses and also oppose the pene-

tration of flux into the rotor body in accordance 1'~Tith 

Lenz 1 S lc.H.rf. 

Considering the vth stator field harmonic by 

itself: the magnetic flux density wave is given by: 

= OJ t ) 

1jjhich in terms of the rotor coordinate (Fig.23) 

becomes: 

= 

"ttrhere Sv is the slip of the rotor w"i th respect to the 

th 
v stator he~rmonic given by Sv = \I (1-s+ 1/V) ~ 

Eqn. 6.4:9 can be expended to give: 

y • sin Sv wt 

(6.50) 

The terras of Eqn. 6.50 represent two pulsating 

o . 
fields which are out of phase by 90 both in space and 

in tir..1e. Figs. 30 arid 31 shoW these two flux dens~ty 

distr~butions in relation to a rotor .ooth. The net 



1---
I 

I L __ --~------------: ' 
I I I 

I I I I 

,: ----,---,---, I -' _ _ _ _ _ _ I I --r- I 
I 
I 

y 
-v 

I 
I 

I 

X ----4 , I-- I 

th fluxes. fig.30. Too 

101 

tube of flux 
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fIme entering the rotor tooth body is given by the inte-

gration of the flu1::: density distribution over the rotor 

tooth lvid.th A 2. Thus it is seen that for the sine 

component (Fig.30) no f1ux ont.ers the tooth and all the 

flux linGs must therefore closo themselves in the tooth 

top. For the cosine bo~ponent on tho other hand, there 

is some flu::;~ ~ tf that enters the tooth body, given by tva 

the difference between the two ahaded areas in Fig.)l. 

" Hence: ~ tvo = 

= 

,e • 

B 1v 

VTtX dx 
y 

,,{here ~J 
VTt\ 

= (-~), is half the electrical angle that 

a rotor tooth Bubtends with respect to the ~h stator 

~ield harmonic. 

If the a.mount of flux given by Eqn. 6.51 is sub .... 

tracted from the flUQ~ entering the tooth top, the remain-

ing flux lines must close themselves on the tooth .surface. 

Referring to Fig.3D the total flux entering the 

tooth top betl-1een the tooth tip and point x is ~ ~Jx1 

,.,here: 



II 
~ V xl = 

= 

"',. 
~ .. 

'B 
1\1 

• V TtX dx 
s~n -y 

V \ITt:;, 
n (-=-) (cos - - cos 13" ) l..}1 v v 1t Y V 

104 

(6~52) 

per m~it axial length o£ tooth. 

The fl~~ entering the 1eft hDnd portion of the 

tooth surface is therefore: (putting x=O) 

= (L) (1 - cos (3 II 
\Itt V (6.53) 

Similarly for the cosine co~ponent (Fig.31) one 

gets: 

" = 9? vx2 J
x 

("0 \/ nx 
,0 .. · cos --v- -

1..\1 .i. o 

[ sin (~) sin ~" . ] y v 
B ~r = 1\/ 

. ~:... (VTtx, 13" --; v 
y 

(6.54) 

The maXil!1Wn flux occurs at a vCliue of x giv-en by: 

.. .,. = 
"''''0 ( 

• r.:tu j y Sl.n I-'v 

(Vlt) • arc cos fl~ 

c).s can easily be shoilln by differenti.ating Eqn. (6.54). 

Hence: 

[ 
\1'JtX 

] sin 0 sinl3 u 
" y 
<.p" B.., J£: 

'v (6.55) = \12 J.V 0 \/Tt Xo 
tt 

~v --y-
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Once the flm!: distribution is knolvn the flux lines 

in the rotor tooth can be drawn in by projection :from 

the flux curves and using free-hand flux plotting as 

shown by the full lines in Figs. 30 and 31. 

6.q.2 Calculation of losses. 

If' in the flux plots derived in the Clbove Section 

thel"e are n tubes of flux, the elemental :flux in each 

tube will be: 
1\ 

"'" (_CI> ) 6'J1! = per unit a:Jrial length of tooth. 
n 

The £lux density is therefore: 

B = = n (5 b) 

where ob is tne 'breadth of a curvilinear square, 

22 Carter has shown that if fIm!: puls~tes through 

a lar.;rination of thickness h vIi th a maximUJ.7! flux density 

B and angular ~requency 00, and if the reuctio:i1. of the 

eddy currents on the forcing f'luJr: is neglected, the 

eddy current loss is given by: 

p it: 

e 

. 2 
vlb/m 

The edd.y current loss for each curvilinear sqUtlre 

is therefore: 
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p " 
h J B2 CJ.)2 

(6 b) 2 = 24"p e 

h J $2w 2 
= 2 24 "pn 

If there is a total of N curvilinear squares in 

the flux plot, and the number of rotor slots. is 52' 

then the total surface eddy current loss becomes: 

P II 
e 

Nt 
2 I n .2±p 

(6.56) 

~ 

Substituting for the values o:f<I? given by Eqns. 

6.5.3 and 6.55 for the sine and cosine components of the 

flUx respectively, one finally gets: 

P II 
ev = 

2 ( vmc 

( 

V1tXo) sin! y 0 
y v'/tx o 

y 

'"'There subscript If 1 rt refers to the sine :flux plot and 

subscript "2 11 to the cosine one. 

Using Eqn. 6.57 the surface loss in the rotor, 

produced by the 'lith stator harmonic can be calculated, 

and the sum of the losses produced by all the harmonics 

will give the total rotor sur£ace loss. 

It should be noted that skin effects have been 

completely neglected and so the value of: the surf"ace 
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loss calculated from Eqn. 6.57 will give a value on the 

high side since the volume of the material eJccited. by 

the harmonic :rlme is in f~ct reduced by the reaction of 

the eddy currents. 

carter21 considered the problem of'a wave travelling 

on top of a smooth laminated surface and obtained 

e::t~pressions for the surface loss Tllh.ich take into con-

sideration the damping of the flux by the eddy currents 

as \-rell as the boundary cond.itions imposed by the edges 

of the laminations. 

The surface losses calcu1ated by the present semi-

ana1ytical method applied to rotor No.1, gave values 

about twice as high as those ca1cu1.ated by Carter's 

method.. This is partly due to the neglected eddy 

current reaction effect but also due to the fact that 

the surface 10sses are increased by the slott·i.ng ot: 

20 the rotor surface as shown by Dreyfus. This last 

effect was not included in Carter's analysis. 

In the actual calculation a value half way 

between that given by Eqn. 6.57 and that given by 

Carter's method was used. The numerical results have 

shown that the surface 10sses in the rotor "Tere not a 

very large pert o~ the total load loss and hence the 

small errors i.ntroduced. by the compromising method of 

calculat ion mentioned. above l'lere not very important. 
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6.4.3 The reduction of leakage reactance. 

The eddy currents that are induced on the rotor 

surface not only cause losses in the surface itself, 

but by damping the differential: harmonic leakage flux 

of the squirrel cage, cause 'more harmonic currents to 

flow in the bars and hence also increase the bar 12R 

losses. This increase of the bar r2R loss ~s by no 

means secondary in importance to the rotor iron surface 

losses. 
\ 

This is particularly so when skin effects are 

pronounced, (i.e. at high harmonic frequencies)1 in 

which case the extra bar losses can be several times 

the value of' the surface loss. 

To account for this effect the factor kd£ by 

l'lhich the undamped value of the differential l:eakage 

reactance must be multiplied will now be calculc:ted. 

, .• (V1tV ) Consid.fJr ,an rumf l'J"ave g:i.ven by f\J =F\Js1n y. +wvt 

to t~avel on the two sides of a lamination of thick-

ness h as shoV'm in Fig.33e If the displacement 

curreilt in the iron is neglected in comparison with 

the conduction current, it is ShOl>ffi in Appendix IV' 

that the y-component 01' the phasor flux density inside 

the lamination satisfies the equation: 

= o (6.58) 



h '! 2 
1.'1 ere oLe = 

·W'}J.'\l 
J v 0 

p 
+ (~)2 

Y 

The solut~on for B therefore has the form: 
yv 
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= C lex C 
",,8 + 2 

-kx 
e (6.60) 

.1 .. 

where C
1 

and C
2 

are constants that can be evaluated 

from the fact that on the surface of the lamination, 

(x = ! h!2), the flux density becomes B 
ov 

The constants are then calculated as: 

hk/2 e 
·-hk/ 

2 
+ e 

= '}J.11 F v. o 0 

and the flux density at any point inside the lamination 

is therefore given by: 

B 
ov • 

cosh kx 
kh 

cosh 2 

The total flux carried by the lamination per unit 

length in the z-direction is: 

cI> = v 

= 2 hk 
B v • '1 tanh 2 o ~ ... 

If no eddy currents w~re present and the flux 

penetration "t~Tas unopposed the lamination 't'Jouid carry 

a flwt ~ g~ven by: ov 



Hence: == 

l"h 
t h -an -2 

1 ... ., 
1..L 

If' the :forcing mrnf on the surfaces of the lamina-

tion was pulsating ~nstead of a travelling wave the 

flti.J~ ~ttenliation l10uld still be given by an expression 

of the form $ho~m by Eqn. 6.61 but k
2 

l'.Jould have the 

value: j co l-1.l.l / P == 1/6
2 

w·here f> in the claosical 
v 0 ' 

depth ot penetration. 

It is seen from Eqn. 6.59 that the effective pene-

tration of the flux into the lamination is sl~ghtly 

l'IOrSe for a trClvelling rather than a pulset:ing mag-

netic field 0 . Ho"ltrever, at the values of frequency 

(CO\l) and lfTavelengths (2Y/V) in question this change is 

totally negligible as can be seen by comparing the t·wo 

The second term is less than 

1% 6£ the first term and hence to a good approximation: 

, 2 
A == 

j (0 1111 v 0 
== p 

in 1irhich case Eqno 6 i. 61 reduces to: 

= 
11 

tanh 2b 
! (6 .. 62) 

The damping factor k dtv is sho~m plotted in Fig. 

35 against frequency and v1i th the permeabiii ty 11" as a 

parameter .. The figure appl~es to laminat~ons d£ thiek-
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ness .635 mIn l-lhich are used in all the experimental 

rotors. A value of p of 900 was used in the calcula-

tions and thi.s choice is explained in the next Section. 

6.5 Iron losses in the rotor teeth. 

6 .. 5.1 Damping of the tooth flux. 

It loTas calculated in Section 6.41 that an amount 

of' flux ~ given by Eqn. 6.51 pe:aetrates the "{fThole 
t VO 

of the rotor tooth and not merely the surface. 

The flux density in the tooth body is therefore 

given by: 

BH 
tvo ~A,e) (s in fj" 1 2 . v 

B • - .. 
1V w~ . P~ •. 

~'lhere l'r.t~ is~he l1Tidth of the rotor tooth body. 

(6.63) 

In a squirrel cage, however, each rotor tooth has 

a 1. ow impedance loop surrounding it and therefore cir-

culating currents can be induced in this loop to 

oppose the flux penetration into the tooth. 

Consider for example the analogous system shown in 

l\i is the mutual inductance bet'vleen the tv-IO 

coils and £1 and £2 their leakage inc:luctances. 

It can be easily sho1'm that for this system the 

damping of' the tooth :flux hy the currents circulating 

round the tooth is given by the factor, 

= 1 _ M 
M+£2 

(6.64) 



The value of Iv1 in Eqn. 6.64 includes not only 

the magnetising field reactance x but also the 
mv 

differential harmonic reactance x 2dv o 

Thus 11 = x + y-
In v "2dv 

(6.65) 

Although normally x2dv is considered as a leakage 

reactance for calculations of torque from the equivalent 

circuit; ~n the context o~ the present discussion it 

cannot be considered as sudh since it is directly the 

result of the harmonic currents induced in the squirrel 

cage bars by the a~r gap harmon~c fieldSa It should. 

be noted here that the difference between the actual 

stepped air gap field and the fundamental si.nusoid 

is not a true leakage flux. For example the stator 

and rotor f~eld waveforms may be stepped, but ~f they 

are identical the true leakage is zero, despite the 

fact that neither waveforms are sinusoidal~ 

The subharmonJ..c fields produced by the stepped mmi" 

waveform cay or may not produce torques - depend~ng 

on the stator and rotor circuits - but they always 

contribute to the damping of the tooth fluxes. 

The leakage reactance l2 is the sum of the slot 

£2 = x 2 Q IJ + j~ ~tC. skv 

= [ 21 1-k 
skv x+x . 

2s.£ ffiV k 2 . 
skv 

(6.66 ) 
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where JC2s£ includes the small end-ring leakage to the 

actual slot leakage. 3 

Substituting Eqns. 6.65 end 6.66 into Eq.n. 6.64 

gives: 

+ 
(6.67) 

x + x 
2d V 2st 

The flux density penetrating the rotor tooth bodies 

is therefore modified by this factor and is given by: 

B" -tv - En 
tvo 

ktl 
• -t V 

= kr v • B1 v (:f) (Sin~JI ) 
• rr 

~v 
(6.68) 

6.5.2 C~1.cu.latio~n. of ~ro.tor . .too.thiron.l.osse-B. 

The flux density Btv given by E~lno 6.68 causes both 

eddy current and. hysteresis losses in the tooth iron ... 

The hysteresis losses, however, are very difficult to 

calculate exactly, due to the unsymmetrical magnetisa

tion of the iron. 23 ,24,25 

Since the magnet ising mrnf consists of a main field 

and a series of harmonics, (particularly the slot-

harmonics), the hysteresis loop traversed will have 

several oinor loops quite apart from the main loop_ 

If' only one harmonic 111nlf is considered. together "lith the 



:fundamental then the hysteresis loop is as shoit'rn in 

The tot~l hysteresis loss per fundamental 

cycle iu this case is given by: 

v 

Loss/cycle = A o +L 1-. nv 

116 

v'There IL is the area of the mai.n loop due to the fundao 

mental and A is the area of th~ nth minor loop due 
nv 

to the vth stato::, harmonic. 

The total hysteresis loss p~r cycle cOllnidering 

all the harmonic mL~fs superimposed on the main field, 

but neglecting the interaction between the harmonics 

themseives,is therefore: 

v 
Total losri/cycle = ""A n~ nv 

Obviously one cannot use Eqn~ 6.69 for any practical 

calculations "'J'ri thout doing a great dee.l of experimental 

work on the magnetic material itsslfo 

In view 6f this d~fficulty the iron losses in the 

teeth - both eddy current and hysteresis - were cal

culated by Eqn. (6.70) which 1Tas suggested by Richter. 26 

" p = tv 
[()' f: 

h v (6,.70) 

where ~ and~()' are experimentally determined material 
{l e 

constants25 ,27,28,29 and f'v i3 the frequency of' the 

rotor tooth flux pulsat~on due to the vth stator f~eld 



B 
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fig.36. Unsymmetrical hysteresis loop. 

(Fundamental plus one harmonIc pulsation.) 

117 

H 



118 

1·6 b-------+------+------:::=oo~ Lower scale 

,·4 
Upper scale 

N 

~ '·21-------+------/------+-------/--4--,.-----+-'-----1-------+
.0 

~ 

t 
>-
t-

III 
z 
w 
0 

x 
::::> 
-1 
u. 

/ , 

'·0 

Incrementar p'ermeability = 900 

·8 

·6 

Min 0 rio 0 p fill ed in f r e e - hand 

·4~-+-----+--------~------~-----_+-----~~-----~ 

·2 

o 

o 

fig.37. 

200 400 

2,000 

600 800 

4,000 

AMPERE TURNS PER METER 

1000 

Magnetization curve of rotor iron. 

1200 

6,000 



119 

harmonic. l:,Tt is the l'TCightof the rotor tooth body, 

including a correction due to the iron in the rotor core 

betl'reen t~10 consecutive teeth, "t-'Jhich is also excited by 

the harmonic tooth £lux. 20 

6.5.3 Choice of iron permeebil~tyq 

In vie'V{ of ~'Th8.{; has already been said about the 

nature of magnetisation in the teeth, the magnetic per-

ceability that should be used in connection with the 

~f'ielcl harmonics, (e. go in calculating the d.amping 

factor kd£v in Sectiori 6.4.]), should be the incre

mental permeability given by: 

(see Figs. 37 & 36) 

This value of' permeability varies bet'tveen the 

different minor loops, depending on the value that the 

fundamental flux density has at the instant of' the 

pulsation. Houever., .£.n overall mean value can be 

estimated and a value of incremental ~ of 900 was 

chosen for the numerical computations, baDed partly on 

th~ results of Spooner30 , Ba1123 and reference 29 and 

partly on the results of Smith31 who showed that the 

value of incremental ~ can be appreciably reduced wh~n 

the pUlsations Occur at high frequencies, (like the 

present case). 
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6.6 Load losses in the stator due to the rotor mmi' 
! 

harmonics. 

The last three sections, have dealt with the losses 

that are produced in the ~otor by the stator field har-

monics .. This Section v"rill consider the losses produced 

in tho stator due to the rotor field he.rmonicB \'rhich 

result from the rotor stepped mIn.£' d.istribution. In 

many ways the losses in the stator can be deduced from 

the formulae giving the losses in the rotor by inter-

changingste.tor and rotor, quantities as explained below. 

6 .. 6.1 Harmonic losses ~n stator winding. 
, ... + 

The rotor h~rmonic fields will induce harmonic 

currents in the stator 1,rinding if cl'osed paths exist 

r. • i6 for them to £low 1n. The magnitude of the induced. 

currents "'Iill d.epend on the magnetic interlinkage bet"V1een 

the stator and rotor windings with respect to the har-

monic in question. 17'\1 th th J.. 1 .. .li. ClUS e 1..1. ro Lor :larOOnlC g1 v en 

by Eqno 6.21 induces currents in the stettor ""rhose mag-

nitude is reduced by the factors: 

( . ~~ ) Sln -

k 20 sin }.L1t y = 
:- sin 1!~. . dPl1 2Y 

2nq' 

and k = (Sin~~~ ~/2 ) 
skll 

.lL i/ 2 

(6.73) 
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The factor of Eqn. 6.72 :La the stator 'V'Tinc1ing f'2C-

th . 
tor with respect to the P rotor h&rmon~c and the 

factor of E:.jon. 6. '13 the sl~eV'r factor also "&ri th respect 

to the same harmonic. 

For the stator slot harmonics 1[ is alrrays equal 
-- dpv 

to k dp1 and is very nearl.y ec~uD.l to unity; 1tlherees 

for the rotor slot hermon~cs kd <k~ ~ in all cases. 
PP uIJl 

Thus the stator slot harmonics are reduced bnly by 

skewing whereas the rotor slot harmonics are reduced 

by ske"ring as l'rel1 \:lS by the stator pitching. 

The factor k~ is s@all for the usu~l stetor 
ap lJ. 

pitching and slot combinations, end the losses produced 

by the hart.1onic currents induced in the st~tor winding 

are negligible as they are proportional to k~p~o 

Hence in most practical cases the stntor winding can 

be assumed to present an open-circuit to the rotor slot 

h 
. 4: armon:l.Cs. 

In special 2 cases "Iirhere Ie ~ 
. cPlJ. 

is not sri.lall the 

extra losses in the stator cen be calculated quite 

easily by conventional theory applied to each rotor 

harmonic. Alternatively the losses can even be 

dec1uced from Eqn. 6.43 by multiplying it by k!p~' setting 

rbb =QJ), and interchanging rotor ber quantities ~1ith 

stator quantities referred to a single stator slot. 
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6.6.2 Losses in the stator iron surface and the 

stator teeth. 

The pattern of flux penetration into the stator 

teeth can be deduced in an exactly analog6us way to 

that used for the calculation of flux densities in the 

rotor teeth. (Sections 6.4 and 6.5). The harmonic 

flm{ density in the stator tooth body can therefore be 

calculated to be: 

= . (A1£). (Sin 1311' ) 
11'1' r 

t 13
11 

and since only the rotor slot hnrmonics ind.uced by the 

stator fundamental field need b0 considered; (soe 

Section 6.1.2) 

by Eqn. 6.25. 

En becomes 
r.:.11 

The angle 13' 
11 

B 
1:

2
51") 

( ,J CJ +1) 
P 

in Eqn. 6 .. 7 l} 

l'J"hich is given 

is half the 

electrical angle that a stator tooth subtends with res-

th pect to the 11 rotor field harmonic. (~ = l1ltA""l ) 
2Y .. 

Since the flux giv'3n by Eqn. 60 7 l}. can penetrate 

a stator tooth unopposed, it causes an iron loss in the 

teeth - both due to eddy currents and hysteresis -

whose total value is: 

= 
') 

+ (J f t ... ] • ~j':' 
e 11 v 

S 
1 



Again Wi is the weight of one" stator tooth body 

~ncreased by the we~ght of some of the ~ron ~n the 

stator core, between tvo consecutive teeth, which is 

also e~{ci tea by the harmonic tooth flux. 20. 

6.7 Effect of saturation on the load loss foru1ulae. 

6.7.1 Necessary modifications. 
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In the foregoing theory it has been assumed that 

the stato:Q and rotor mmi' l"r8vef'ormc can be analysed into 

ser~os of harmon~cs, and that each harmonic can be con-

sidered in ioolation from the rest. Under the non-

linear condition£) reoulting fror .. 1 saturation, it is 

strictly not PODDible to consider each harmonic field 

separately ~nd calculate the total load loss by adding 

the individual harmo'nic losses. This restriction, 

h011ever, must be relaxed by necessity since it is simply 

not :feCSlsible to consider the losses and torques pro

duced by a stepped stator eppliec1 t;'1.mf ·v-ri thout first 

analysing the U"l.t"iilf' I.'Tavei'orr.l into harmonic s. J... further 

justif~cation :for considering the mmf wavef'orr..l as a 

series of harmonic fields, even under saturated condi-

tions, comes from the :fact that the harmonics are small 

compared .Ii th the :fundar .. 1ent al and therefore non-linear 

interactions between themselves can be neglected. Thus 

each harmonic can be considered by itself together 11i.th 



the :fundamental provided that increr:'lental c.:uanti ties 

are used for the har~onic parameters. 

The effect of saturetion of the main I:aagnetic 

flu:: pe.ths on the load losses in therefore assurned to 

be ful.ly taken into account by: 

(~) Increasing the effective value ot the air 

gap in the formulae of Sections 6.1 to 6.6, by a fnc-

tor k ~ (to be calculated). 
s.:.. 

(~~) Reducing the effective value of the incre-

mental permeability of the rotor iron in Section 6.5. 

The effect of saturation of the laaksge magnetic 

:flux paths on the load losses is included by applying 

a saturation factor ks2 to the harmonic magnet ising 

reactance 1Cm v and differential l..eakage reactance ::K
2d 

v 

in the load loss formulae. This factor 1:s2 is cal-
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culated in exactly the same way as the saturation £ac-

tor for the sig-zag leakage ~s calculated by Angst,3 2 

(see also Chapter 7). 

All that is left therefore is to calculate the 

factor k .. due to the saturation of the main magnetic 
SJ. 

flu:;: paths.; The incremental perneability under 

saturated conditions can be chosen by the empirical lcP'lTS 

30 given by Spooner. 
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6.7~2 The ~aturation factor k~1. 
,.j.r... 

The definition of 

Numerical computations using the formulae developed 

~n the last f~ve Sections ~ndicate that the slot har-

monics (of both the stator and the rotor) are the main 

contributors to the total load losses. These harmonics 

follOvT the flux-paths sho7tm dotted in Fig.38. 

If a± any instant of time, nlot A is displaced by 

an electrical angle e from the centre of the phase 

band carrying maximum current, then, neglecting the 

variations of the main flux density over a single slot 

pitch, the flux density in the teeth on either side 

of slot A is approximately given by, say, b (6) and 
ms 

that in the teeth on either side of the rotor slot B 

approximately given by~ say; b
mr

< e). These flu~~ den~· 

sities cause mfi'd' drops of F (6) in one sta-cor tooth 
s 

and F (0) ~n one rotor tooth. 
r 

The nnuy drops in the 

cores over the distance Ai and A2 are small &nd are 

neglected. 

Thus if the mm:f drops across the air gap at the 

point e is F ~ (e), then the total mmi' consumed in on'3 
eo 

hal::-: of the sl-ot harmonic flux path shoVlrn do·tted is 

F (6) + F (6) + F (e) and this is equivalent to in~· 
g s r 

creasing the value of the air gap by the factor: 
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fig.38. Slot harmonic flux paths. 

fig.39. Induction motor phasor diagram. 
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stator 

rotor 



k (e) 
s = l + 

F (6) + F (8) 
s . r 

F (6) 
\7 o 
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It is e::;(ple<.ined in Chapter .5 that the load losses 

can be taken to yary as . 2 :I • 
1..... ana sJ...nce 

JL 
= I~. cos e , the 

.1 

importnnce that the saturation of a tooth has on the ;load 

losses is determined by the ""freight II 
2 

factor cos 6
A 

~'There 

6 is the distance of the tooth from the maximum current Ii,. 

density position. The total \freight is given by: 

It / 
f' 2 

1;1 = f. 2 lt
/
, 

cos e d e = " 2 
- It/2 

and hence the v~lue of the saturation factor properly 

averaged over a pole pitch is given by: 

k ". 
S.l 

2 = -7t 

It/2 

r. 
.~ 7t I 

, f 2 

Ie (6) 
s 

2 
cos"' 6 d 6 

6.7.2.2 The calculation of' flux densities. 

The phasor c1ie.gran! of' the induction motor is shol'm 

in Fig.J9. The space phasors Ii and I2 represent the 

stator and rotor currents and are in line ,-rith the posi-

tion ilIhere the currents are r..luximulll. 

The n'h"11f ph'Bsors F 1 and F 2 represent the !l1ngnetic 

axes of I~ and Y2 and are therefore at right angles to 
J_ 

the currentn. 
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F~g.40 shows the current density and flux den~ity 

-vIe.ve S in the air gap of a developed machine. 

The curve b' corresponds to the phasor~' and 
mg m 

i~ to the phasor 11 in Fig-39. The actual flux density 
~ ~ 

distr~bution, however, has a flattened top due to the 

iron saturation as sho~nL by the curve b • mg This 

curve can be analysed into a fundamental sinusoidal 

£lUJ~ distribution of the se.ma pole pi teh as b t a.nd mg 

a ser.ies of harmonics, by far the most important of 

1'Jhich is the third. 33,34 

Thus to a good approximation. 

b = Btl cos (8+6) - k Bft cos (6+8
1

) (6.78) 
mg mg 1 3 mg 

where BU is the amplitude of'" the fundamental compomg 

nent of b • mg 

If the total flux per pole is ~ then: 

,ey 
= 1t 

\'Thich gives Eft = mg 

The flux densities in the stator and rotor teeth 

are b = b r..?s mg A "VT' l' t and b = b • A. /"'&1t" 1-:There "' .. mr rug 2 . .Jt. 

and "'2 are the slot pitches and "1¥1.1. and w_~ the tooth 
'" t. 

body widths of the stator and the rotor respective1y. 
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fig.40. Current and flux density distributions. 

o H .. 

fig. 41. Idealised saturat ion curve. 



The ampl,itudes of the fundamentals of band bare ms fir 

therefore given by: 

and 

Bit = ms 

E" = mr 

respec·cively. 

n: p q, 

1t P '-P 

The f1ux ~ ~s given by: ~ 

The caloulation of Ie ," 
., L Sk 

6 .. BO(a) 

6.80(b) 
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Let the magnetisation curve of the iron be appro1ci--

mated by a straight line ~ntersecting the flux density 

aXls at B as shown in Fig.41. o ~hen the tooth flux 

densities are lesD than B , no ampere turns are consumed 
o 

~n the teeth and the factor k (6) in Eqn. 6.76 is 
s 

unity. 

Let the stator tooth flu::i~ density b reach the 
filS 

value B at e:n angle e t then from Eql1.s. 6.78, 6.79 o 0 

and 6.80(a) 

Bn cos (6 +6 ... ) - k B" cos 3 ( 6 + 6 .. ) = B 
rns o:.t s rns 0 JL 0 

or: (:? ) = 0 
rna 

(6.81) 



Eqn. 6.81 is a cubic ~n cos (8 +8~) and can be 
o J. 
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solved to yield B. 
o 

The rotor tooth flux density b mr 

reaches the value B at a different angle e '0 In o 0 

practice, however, the angles e and 8 9 are very near o 0 

each other, due to the fact that 

slightly different. 

f-lfl and Btl are only 
"""'ms mr 

When the total flux densities are greater than B , o 

the magnetic field intensity is given by: 

is: 

H = (6.82) 

Thus the ampere turns consumed. in a stator tooth 

F (e) 
s 

B" ms 
= ~·1 .h s 

B 
[cos(e+81)-k3cos3(e +B:!.>] - 1'1

0 ~hs 

(6.83) 

and those in a rotor tooth: 

F (e) = 
r 

Bft 
~.h 

}:I.[ r 

B 
[ cos (e + e 1 ) -- k 3 cos 3 (e + e 1 ) ] - 1,:

0 
• h r 

The ampere turns consumed in the air gap in: 

F (e) = 
g 

(6.85) 

Substituting Eqns. 6.83, 6.84 and 6.85 into Eqn. 

6.76 gives: 

(6.86) 



"t-rhere: 

and 

= ~l. + 
I·i. g. B" mg 

l-L B (h +h ) o or s 

caces w~ll now be discussed: 
6 

1rThen e > 1t 0 as ShOtrffi in Fig. 42 (a) 1 7i - '2 
e 

and (ii) 1vhen 6
1 
< -Ii - 2 0 as shov",rn in Fig. 42"(b) • 
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(6.88) 

CE:se (i). The value of k (6) is given by Eqn. 
s 

and is equal to unity in the range 8
0 
< 8 < it -8 -26 • o '1 ... 

Thus frohl Eqno 6.77 the saturation factor is given by: 

2 
= ..... 

2 
+ Tf 

2 
+ it 

it 

Tt .-6 - 2 6 
o 1 r 

.~ cos2 6d 6 
o 

(6089) 

After integration the above expression reduces to: 
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fig. 42. a. Main flux saturation when 9,> 11/4 - ,9
0
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fig. 42.b. Main flux saturation when 8,) TI/4 - 9
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k = 1+ s1 

2 (a -1) 
[ (a -l -- 1 ) (6 + 61 ) + 4 . ( sin 2 e + s in 2 ( e + 2 e ~) ) + 

1t ... 0 . 0 0 J. 

t;'There 

a
2
sin261 

+ 

Case (ii) <II 

"'i cos (6 0 + 61 ) _ 1 sin 6 1 ) 
(tanh-· -tanh 

• 1. 1 
- s\\'\ 9· t'\ , 

~ raj 

(6.90) 

The value of k (6) is given by Eqn. 
s 

6.86 in the range -261 - eo <8 < 6
0 

and is equal to unity 

in the ranges 6
0 
< e<n/2 and -TC/2 < e < -2 6

1 - 6
0

,; Thus' 

k ~ is again given by art expression of the sarne type 
s.:.. 

as sho'~'In in Eqn. 6.89, but the limits of the first 

t"VTO integrals must be replaced by (-26~-6 ) as the 
.J;. 0 

lower limit and 8 as the upper one. 
o 

The limits of 

the third integral must be replaced by (6 , 
o 

- 1t /2) and 

(n/2, -261 -8 ) on the lower and upper side respectively. 
... 0 

The final integration gives the saturation factor as: 

The factor k .. calculated in the above section is 
Sl.. 

used to increase the effective value of the air gap 

for the slot harmonic s from g to k
sl

0 g 1rlhen saturation 

of the mai.n magnetic f1ux path is present. The 



formulae developed in the ,first 5 Sections of the 

present Chapter are theri used with this modified air 

gap to compute the value of the load losses under the 

normal operating conditions. 
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CHAPTEH 7 

THE DETERHIHATION OF ?A~{AIJlE'l'ERS IN THE THEORETICAL 
/ 

FCRHULhE 

Before the theoretical formt;:lae of Chapt e1" 

6 can be ~sed to determin~ the load losses of a machine, 

the numerical values of the quantities ~Thich appear in 

the formulc.e must be l;no~m. The existing classical 

methods3 ,35 of c~lculating harmonic parameters and 

especially harmon~c react~nces~ are grossly ~naccurate 

since they neglect the effects of slot openings, 

satu:..~ation, damping e-tc .. It is the purpose of this 

Chapter to ce.lculate some of these quantities and 

describe the measurement of those paran.1eters which 

cannot be calculated. 

7.1 The calculation of harmonic resistance and 

reactances. 

There are two harmonic reactances that appear in 

the theoretical formulae of Chapter 6 .. The magnetizing 

harmonic reactance::z: and the rotor leal::age harmonic my 

reactance x
2 

' (e.g. see the harmonic equiv'alent circuit 
, .. y 

of Fig.22). 

7.1.1 The magnetising reactance xrn y. 

The'value of given by L~wshitz3 as: 



JC " mv = 

for the th 
v stator field harmonic; 1Plhere J( is the 

m 

magnetising reactance of the fundamental. 

This value of x applies to all phase belt har
mv 

monics but not to the slot harmonics. 

in Section 6.1 that the orders of the slot harmonics 

are such that the~r magnitudes are modified by the 
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stator slot permeance variations, and that this effect 

could appro~imately be taken into consideration'by 

increasing the magnet ising reactance of th~se harmonics 
A 

by' a mean factor (1+ 2~ ). Thus the mClgnetising 
o 

reactance of the slot harmonics is given by: 

.... A -''''In 
(1+ ~ ) :l{ = 

v 2 niv 2A 
0 

S 
for 1 + 1 • 

+ + + J v = r-- r = -1, -2, -
P 

~ , 

(7.2) 

It should be remembered th.t fo~ the stator slot 

harmbnics kd = kd' ~. pv p1. 

Eqns at 7. 1 and 7 .. 2 apply only vlhen the machine is 

not saturated. 

It "ras sho~.;n in Sec t j_on 6 .. 7, that Hhen the main 

It!ag::'1.etic flux paths are saturated by the :fundamental 

flU:i~, the effective value of the ail'" gap is increased 

by a :factor 1, 
~. ..., 

Sl 
given by Eqns. 6090 and 6.91. Since 
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x is iriversel'y proportional to the air g·ap, Y is rn - ~v 

e~~ectively decreased by the factor (1/k ,,). The v€llue 
BY.. 

of k 1 ~s Section 607 w~s calculated only for the slot 
s. 

hnrmonicso The saturat~on factors for the phase-belt 

harf.1.1onics are slightly higher than 1: "'1 but, because 
s~ 

of the relative unimportance of th0se h&rmonics, negligible 

error is introduced by the use of the sal11e natur8tion 

factor. 

An apparently similar, but in fact qv"..ite different 

effect occurs vlhen the func1ament&l l·eakageflux paths 

Dre saturated by the ha.rmonic :fluxes themselves. 

Angst 32 haS derived saturation factors by which the zig·-

zag leakD.ge reactance t (1Jhich under the present nomen·· 

clat~~e would ba called the sum of the s16t harmon~c 

magnetizing reactances), is reduced due to the satura-

tion caused by the load currents. Angst IS t:lethod of 

calculating the saturation factors involves en ~terat~on 

process betjlOen the saturation factor formulae ("fIlTith 

an assumed stator current) and the usual e,C"uivalent 

circuit to determine the value of the stator current to 

be used ~n the next iteration o Thus the saturcltion 

factors obtain~d by this process take into consideration 

the fact that magnetic saturntion reduces the slot 

harmonics according to ~ law which is somewhere between 

a constant he,:r'r~lonic flux lc.n1" and a const ant harmonic rnmf' 



140 

These saturation I£lctors, (k "' say) are there
Sc~ 

fore applied to reduc~ the value of "&<lhen the funcla-

mental lea~age flux paths a~e s~turated. 

Thus the har~oTIic m&gnetising react~nces can be 

calculated, under all possible conditions that can 

exist in a machine, from Eqns. 7.3 and 7.4. 

... ,. (k )2 Ie .. '" f£l dpv s2 ..... = J'. 

v 2 kop't, 0 mv k 
sl 

for the phase-belt harmonics, 

.. ,. A 1: 
J __ 

82 and l~ 
( A 

S ) x = 
v 2 

.i. + 2A • ~ t:I.!V 
0 C!1 

;:J ...... 

for the slot harmonics. 

It should be noted that because of the difference 

in the ways that the two saturation factors are defined, 

k , " 1 and s1 ~ 

then uni-tyo 

so t h ==" +- 1,. Ik ... c. III ~'II.. 2' ~ 
S s.!. 

7.1.2 The rotor differential harmonic leakage 

react~nce, (X
2d 

) and skew leakage reactanc~, 
,\) ~------------------~~--~---------

(JC"J ). 
-- Srl:V -

The rotor differential harmonic leakage reactance 

is given by Richter35 as: 

( 
.. ~ )2 r,\... 

~ dpv 
o ---1 .. 

..L\'" ~ .A ap..t.. 



"trJhere ~ 't' , 
2c1 v 

2 

[ 

1tp V ] 

= 8 2 

sin ;: v 
- 1 

It is vlell lC1.o'V'rn, however, that -the value of the 

differenti21 leakage reactance calculated from Eqn.7.5 

is too high and the calculated harmonic torques corres

pond~nglY too low. 36 ,37,)8 

In Section 6. 4: it w'e.S shol1Tn that the eddy current s 

induced on the rotor surface dAmp the di£ferential 

leakage flux pUlsations und reduce the value of the 

leakage reactance by the factor k dlv shown in Figo35. 

38 Taegen has shown that when the rotor slots are 

open the d~fferentiel leakage reactance is modified by 

the slot opening, and the value of ~2dV in Eqn. 7.6 

then becorues~ 

2 

[ sin 

npv 
.kv 

1 
S 1 ~2dv = 2 -

TtpV 
kv --0 S 

2 

W
2 

being the effective width 
,-,0 

of the slot, opening, (including the very hec,vily se~tura-

ted tooth tip) and ~2 the rotor ~lot pitch. 

HOl'leVer, there is c.1 further and more iraportc.nt 

influence OI the rotor slot openings. By influencing 

the air gap perrneance, the rotor s10t openings affect 

the dif':ferential leakage fluxes to ::: far grea.tsr extent 



than they affect the fund~twental fields (e.g. they 

reduce the differential leal:age :flux much more than 

Carter's coefficient would indicate). This influence 

has not been fully realised in the past and &ccQunts 

for the consistently high values that are obtained for 

the differential leakage reactance by using the classi-

cal methods of calculation. In A.ppendix V it is ShOvffi 

that x
2dv 

must be multipli'c d by a factor k 
ov 

to account 

for this effect; and this factor is c~lculated in th~t 

Appendix. 

Thus the rotor differential harmonic leal~£ige re-

nctanc~ under unsature.ted conditions is given by: 

'1:.. ,(' 
.t!.. IJ ,,!.-

X
2dv 

In dpv Jr (li: );2 
= v 2 cl

dP1 
• 't"2d v 

dtt-v 0 v 
12 -
·:Cskv 

The in:fluence of' saturation on the differential 

haroonic leakage reactances is assumed to be the s&ce 

uS the influence on the magnetising reactances. 

Hance saturation factors of k ~ and k are applied to 
s-"- s2 

Eqn. 7.8 to t~ke into consider~tion the saturation of 

the main and leakage flux p2ths respectively_ 

Therefore 

(~dPD2 . 
\1-..'OP1 . 

generally given by: 

l' 
2dv 

1r '.~ lr ";:"'d /J... • ~L. .... 1.. 2 tt-v ov S 

,.. 1 .. 2 1. "", ....... 1 
S.i.. S : v 



The skew leakage rea~tance is given35 as: 

X .. 
SlCV = ~,. 

..I"rn v (7.10) 

lrThere k "I is the sl:e't'l factor 't'lith respect to the har-
s!:~vo 

nonic in question and is given by: 

a. £ 

(Sin v 

) 2 (7.11) 
1~ -
-slevo - 0.1 

\. -2-

If' the vridth of the squirrel cage bar is neglected, 

the actual skew is the geometrical skew of the rotor 

bars. If, however, the bar width is taken into con-

sideration the actual skew is reduced by the factor ~v 

as sho~m in Section 7030 The skew factor then becomes: 

kl s ... (V 

and the skew leakage reactance is given by: 

y = :'slcv 

If the saturation factors for the skew leakage 

reactarice are assumed to be the same as the saturation 

factors for the harmonic magnet ising reactance x , then mv 
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Eqn. 7 .. 13 applies to both saturated and unsaturated 

conditions depending on \Ilhether the value of x in the 
mv 

equation is the saturated value or not .. 

7.1.3 The rotor slot leakage reactance and,bar 

resistelnce ., 

The rotor slot leakage reactanbe (x
2sl

) and bar 

resistance (r
2

) can be calculated at low' frequencies 

from the slot dimensions. At high frequencies, however, 

eddy currentt flowing in the bar conductor reduce the 

slot leal{:age flux and increase the r2R loss in the bar .. 

Thus correction factors Ic .... and k must be applied 
.1:;,.. r 

to the deC. values of the slot reactance and resistance 

in order to account for the aeep be,T effects. It should 

be noted that ~lthough d~ep bar effects may be com-

pletely negligibls as far as the fundamental is con-

eerned, they are far fron negligible for the harmonics 

especially for the ones of high ord~r, e.g. the Slot 

harI:l0nic So 

The factors k and k ..... used in the calculations "\4"ere 
}: .!L 

obtained by appro~~imating the rotor slot s to an open 

rectangular shape; and using 1-1e11 kno~'ffi :formulae 0 39 

The factork~~ was later checked experimentally by actual 
""'" 

measurements of the vari2tion of slot leakage reactance 

l~ith frequencyo The measurements were performed on ~otor 
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No.l(a) a£ter~ of course, the end rings were turned off. 

(See Section 7.2). The cOl~1parison bet~1een the calcu-

lated and measured factors is shown in Fig.43. 

When the leakage flw{ paths are saturated, the slot 

leakage reactance is reduced even further by a satura

tion factor k s ) calculated by Angst. 32 

Thus ::2s£ and r 2 are given by: 

= 

and = 

X
2 

I). 
JOSN 

.. H: 3 s 

7 .. 1.4. The tot e.l il~'lpedanc e of' a rot or bar. 

The resistance and reactances calculated in the 

last three sub-sections are referred to the stator side 

and apply to a unit length of rotor stacko (See Nonien-

clature) .. These quantities can be transferred back 

to the rotor, vrith :;."espect to one rotor bar, by tJulti-

plying by the transfer factor 

= 

Thus the total bar impedance - per unit length of 

rotor stack - and referred ·to the th -I- t v s "a or field har-

Donie is: 
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• ...;.r J :to 
s 

.(x ,+x
2d 

+ xl .. '" + x 2 ~) (7~16) 
mv v S~V s~ . 

lr.Tl-iich using Eqri'L~ 7.3,7.4,7.9,7 .. 13, 7.14(a) and 

gives: 

Zb~,' = r., + J,. (xb ' ' + xb'd" +:JC-. b) 
v DV I:lV 'v bS~ 

( , \ 7.17) 

\,rhere: r bv is the resistance of a unit length of a 

rotor bar, 

and 

Xbb£ is the slot leakage reactance of a unit 

length of iotbr slot~ 

:it = bmv ,2 
gk .... k 2. P ltV c.11. C 

for the phade.;..belt harmonics 

, I . , 2 
grl: -,:C, 2' p1tV 

C l C '-' 

A~ ks2 
• ( 1 + 2 A ). k, l' 

o s 

for the slot harmonics. 

• (kd t) • Ie ) ~ 
JC,\I 0\1 

lC
2 s 

k ~. 
01 

The quantities xb£:1 v and :trbd v are thE) magnetibing 

arid differential leakage harci6nic ~eactanc~s of a unit 

length 'of a rotor bar. 

Thus it is seen from Eqns~ 7.1'1 to 7 ~ 20 that the 

actual value of the total bar impedance, (not the referred 
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value), is unaffected by the ske1<l[ of the squirrel cage. 

7.2 Measurement of ~nterbar res~stance. 

In order to calculate the losses caused by the 

cross currents the value of the interbar resistance must 

be lmo-vm. Hence, after completing all other tests on 

rotors No.1, 8 and 10 (b), ,their end rings were turned 

off and resistance r:.1easurements bet~Jeen' all L15 pairs of 

adj ac ant rot or bar s -vv-ere made 0 The turning off of the 

end rings -VJas done slow'ly a~o carefully so that the bars 

were not broken loose from the rotor iroh in which case 

the contact resistance would change. 

Neasurements of interbar impedance were made using 

the circuit of Fig.44, and the results for rotor NOe1(a) 

The fact that the ii:lpedance be-

tweeh bars is resistive even at high frequencies is 

sho't'm by osc:lllograms 1 and 2. 

Out of a total of 45 pairs of cdnsecutive rotor 

bars, 41 eJdl.ibited a characteristic of type itA" (Fige 

45) and 4: a characteristic of type "B". For reasons 

e:g:plained later on, curves A and B of Fig .. l15 sho\-! values 

of 4Rbi' where Rbi is the resistance between one parti

cular bar and the rotor iron, deduced from the measure

mentso 
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A characteristic of type HAlt is what one vTould 

e~{pect from a contact joint. The resistance decreases 

as the current through the contact increases. A 

characteristic of type "BH is, hO'ifTeVer, entirely dif'fer-

ent in natu.re. 

This curve shows a very marked break-do"tvn effect. 

The initial slope of the curve corresponds to a resis·

tance five times as large as that of curve A, indicating 

that the bars exhibiting this type of characteristic 

are much better insulated. As the voltage increases 

to about 500 r:1V a breE4kdol'JIl occurs of the thin insu

lating film betlrleen the aluminium. and the iron, ~nd 

there is a corresponding reduction in the contact resis-

tance. .This first breakdown of the alurninium oxide 

insulating film is, however, not complete. As the 

vbltage is pgain increased to a value just above the 

value at which the first breakdown occurred, a second 

breakdo-vm takes place as marked by point 'X' in Fig.q5. 

This is probably due to the fact that the sharp points 

where the contect bet-v,reen the aluminium and the iron 

~s most inticate, (points marked Y in Fig.46), break 

down first because of the higher electric field inten

sity. around these points; 'w'hereas points marked 'Y' in 

the same figure break dOVJn later 1-1"i th a slightly higher 

applied voltage. 
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points marked Y cause main break down. (see fig. ) 

II 1/ Y' II secondary JJ II 

fig.46. The bar- iron interface. 
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If the test on one of the pairs of bars having 

a characteristic of ty-pe "E" is repeated, the dotted 

curve C in Fig.q5 is obtained. Thus, once the insu-

lating film breaks d01irn, the characteristic of a bar 

changes perr..1anently from that of type "B" to one of' 

type "A". This means that the other 41 bars may have 

also been well insulated after manufacture, but their 

insulation was daoaged during operation, probably 

because their breakdown voltage I,ras less than that of 

the reoaining four bars. 

Although ~t has al~endy been ~tated that the inter-

bar impedance is purely resistive, the value of this 

-18 
resistance may change with frequency (Odok~ ) due to 

eddy currents - flowing on either side of the inter-

face - forcing the cross currents to flow through the 

tdp layers -only. Fig.47 shows the variation of rbb 

with frequency up to 6 kci/s. From this figure it is 

seen that a change of only 9~ occurs between d.c. and 

1 kc/s. Since this is the range of frequencies in-

du6ed in the rotor by the stator heoonic fields, it 

~as assuilled in the calculations that rbb was independent 

of frequency and its value at 50 cycles per second lU;lS 

used throughout. 

Fig.48 ShO-VfS th.e cross vol tage distribution along 

the bar calculated by the use of Eqn.6.48 in Section 
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6.3. From this figure and Fig.l.!S the "best" possible 

constant value of rbb can be chosen for rotor No~1(a), 

as shown by the straight line of Fig.45. It should be 

noted here that during norm.al oI>erntion the cross current 

flows through the half bar-iron contact surface of one 

bar, then through the tooth iron, and finally through 

the half' contact surface of the next bB.r. 

should be the resistance of' those tt'TO he~lf surf'aces in 

series; neglecting the iron tooth. ir .. lpedance ~'lhich ~'Tas 

calculated to be small. Tbb is therefore given by 

4:ctb J.' ":There R.. . is the resistance between a typical bar 
IO.J. 

and the rotor iron. Since the curves ,A, Band C in 

Fig.45 ShO'tT the quantity 4R
bi

, the straight line also 

sho'{m in this figure is directly comparable -:Tith these 

curves. 

Fig.q9, compares the interbar resistances of rotors 

No.l(a), 8 and 10(b). It should be noted that this 

figur,9 is plotted on a logari thu:ic basis and therefore 

it is the levels of the curves, and not their slopes, 

that indicate the extent to which these rotors are insu-

latedo Thus, rotor No.8 has an interbcr resistance 5 

ti~es lower, and rotor No.10(b) almost 200 times higher 

than that of rotor No.i(n). 

In Table 2 (Ch[;.pter 2) the rrbestlr possible constant 

values of Tbb are tabulated for all the experiraental 

rotors. Howe~~r, apart fro~ tho above cantioned three 
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rotors which had their end rings turned off and the 

interbar resistances measured at current levels com-

parable to the ones existing under noroal operation, 

the interbar res~stances for the remaining rotors ware 

esticated from low-current measurements o These E1ea-

suremcnts vrera performed by passing a current in the 

squirrel cage end rings and collecting it from the 

rotor shafto If the resistance of the rotor bars and 

the iron parts of the circuit is' neglected then the 

measured voltage drop is due to the bar-iron interfaces 

18 
of all bars connected in paral1el.~ The interbar 

resistances obtained from these measurel:lents are 

corrected, (using the exact results of rotors No.l{a), 

8 and 10(b»,to give a good estimate of rbb under norcal 

operating conditionso It is seen frOD Table 2 that 

rotors with supposedly identical insulation do in fact 

have very sioilar values of r bb • It is also seen 

from Fig.45 that the scatter of the measured interbar 

resistance character{stics for different pairs of bars, 

is quite small. 

7.3 The effec t i ve sl:~nr 0 

Since the flux density in the air gap of a machine 

does not vary in the axial direction, the currents 

induced in the rotor would flow axially if allowed to 

do sOo If the bars of a squirrel cage are skel,,'red, however, 
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the bar currents cannot flow axially. In this case 

the currents will not flow parallel to the centre line 

of the bart but in a d~rection more nearly axial. 

If the resistivity of the bar material was zero 

all the bar current would flo'V'l from tip to tip as Sh01,'ln 

in Fig.50(a). In thc.t case the actual 81::e11" 110uld be: 

A' = s1: 

l rThere A is the ~ometrical ske't"T (in. r~1atres) and -r.'T 
g 2e 

the effective bar width. (see later on). 

S~nce the resistivity of the bar material, however, 

is not zero the current ~vill distribute itself in the 

bar and the net. current flow will then be in a dir~c-

tion .... "hich is a compromise bet,,,een that of miniml.u:? 

resistance and that which deviaies least from the axial 

direction as shown in Fig.50(b). 

The current density at x=O would be much higher 

at the extreme right-hand corner (Fig~50(b» tha~ at 

the left-hand tip. The current density at the left-

,hand cbrner is therefore assumed to be zero and the 

density distribution acrds~ the bar arbitrarily taken 

to be linear as sho~m in Fig.50(c). 

The actual f10\1' of current along the b~r is shown 

in the 3-climensional p~cture of Fig.51~ where the con-

tours represent equidensity lines and the height of the 

surface above plane P represents the magnitude of' the 
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current density at the po~nt in question. 

't;li th the assUlTIption of a linear current density 

distribution made above, the effective ske~'r is given 

by: 

A sic = 

Thus knowing A it reDains to determine the g 

effective bar width w in order to calculate the 
2e 

effective skew A 1. 
S.I.-C 

If the bar sect~on is redtangular w2e is, of 

course, the width of the rectangl~. If the section 
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is coff:i.u shaped, ho,'rever, "fir 2e can be taken as the mean 

bar vridth 'trT2 show'n in Fig.52 provided that the skin 

effect is not pronounced a~d the whole d~pth of the 

bar is effectively used. If the skin effect is pro-

nounced then practically all the current is carried 

by the shaded area of Fig.52 and w2e should be replac~d 

by 

Thus in the nur~1erical. computations the 't!idth of 

the squirrel cage be!r at a depth equal to the depth of 

penetration was used for the effective bar width w
2e 

in Eqn. 7.22. The effective skew can thus be obtained 

by 1:1u1 t iplying the geometric al skel'T by: 

= 

as is done in Section 7.1.2. 
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CHAPTER 8 

COI·1P ARISON OF RESUL1'S 

This Chapter compares the results of the tests 

described in Chapters ), 4 and 5 with the results of the 

calculations set out in Chapter 6 using values of the 

parameters as calculated or measured in Chapter 7. All 

nuraerical computations were perforced either on the 

London University Atlas computer using the Algol 60 

progra~jing language, or on the Imperial College IBM 

7090 computer using Fortran IV. 

8.1 Speed-torque curve:s at 101-1 currents. 

Fig.53 shows the torque-speed character-

istics of ~otor No~1(a) measured at 100 vdlts with a 

50 cis supply_ From this figure the effects of the 

th . th stator slot har~onics ~ 17 and 19 ftir the particular 

stator used - are clearly visible ne;;lr their synchronous 

speeds of -88, c1ncl +79 rpm respectively_ The dip due 

t th 7th. . ~. 1 ~ o e narmon~c ~1e a, though less marked can also 

th 
be~seen, but the 5 harmonic is virtually non existent 

due to the choice of the stator winding pitch. (7/9ths
). 

These very sha~p dips near the synchronous speeds of the 

harmonics are primarily controlled by the harmonic bar 

current losses. At small harmonic slips, the other tw·o 
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components of load 16ss (the cross current and the iron 

los~es) are very ~m~ll end therefore do not affect th~s 

part of the curve a great deal. A"/lay from these 

points, of course, all three types of load loss and 

their associated torques become significant·~ 

The full-line curve of Figo53 shows the measured 

total electromagnetic torque, and the dotted curve the 

measured torque produced by the fundamental 0 (see 

. . \ 
Chapter 3 I. The chain-dotted curve is the total 

electromagnetic torque computed from the theoretical 

formulae of' Chapter 6 and ShO·~IS art excellent agreement 

't'litil the r..leasurements throughotit the speed range .. 

The calculated flli~dactental torque is to all practical 

purposes coincident v'Ii th the m~asured fundar:1ental 

torquo. 

Figs .. 54 and 55, show the torque-speed character-

istics of the same rotor bll.t ~\lrifh frequencios of supply 
.; 2 

of 33·/3 and 16 13 cis respectively. These curves 

provide further experimental result s wi th 't-'lhich the 

theoretically predicted curves can be compared. The 

agreement bet,-reen the COi~putations and the measurements 

is again seen to be very good. 

Having established the applicability of the theo~ 

retical formulae at least as far as rotor No .. 1(a) is 

concerned, these forr:lulae can nOl'l be used to separate 
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out each component of load loss at any given value of 

slip. Considering the normal operating point (s=.05) 

the following division is calculated. 

harmonic bar current losses 20% of total 

cross current losses 50% of total 

iron losses 30% of total. 

It should be noted that the iron losses include 

both stator and rotor surface and tooth-body losses. 

HO~tlrever nur.Jerical cEllculations ShO"itI that t'he stator 

iron losses 'with this rotor are small, (mainly due to 

the large number of' rotor slots), although it uill be 

seen later on that this is not ~~ways the case. Of 

the rotor iron losses it was found that th~ losses in 

the tooth bodies contribute the largest part, and th~t 

the surface losses are relatively not so important. 

Rbtor No.2 .. 
, - Fig.56 sho~s the torque-slip character-

ist~cs of rotor NO.2 .. The dips in the torque due td 

the stator sldt harmonics hear their synchronous speeds 

are no~v much more pronounced due to the increase in 

the harmonic bar current losses caused by the absence 

of ske:r. The rest of the curve, however, is sim~lar 

in me.gnitude to thpt for rotor No.1. /;"gClin the theo-

retic81 curve sho~m chain-dotted is in very good ~gree-

ment with the experimenta1 speed torque curve throughout 

the speed range. 
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Considering' the normal operating point (s= .. 05) a 

once more the follov-ring subdivision of the tot'sl load 

loss between the three types of loss can be calculated: 

harmonic bar current losses 80% of total 

cross current losses o 

iron losses 20% of total. 

~ith zero skew no cross currents flow irrespective 

of lfuether the squirrel cage bars are insulated or not; 

the cross current losses of this rotor are therefore 

zero .. The rotor iron losses are olso reduced below 

the value they had for rotor No.1 due to the fact that 

the circulating currents in the squirrel cnge oppose 

the flux penetration into the rotor teeth., (see Section 

The stator iron losses, Dre pructically the 

same as for rotor No.1 and are still not v~ry significaht. 

Rotor No.3. Fig.57 ShO"V1S the tor~ue-speed character .... 

istics of rotor No.3 .. The .dips in the torque curve 

due to the stator slot hC1rmonics near ·their synchronous 

speeds have now almost disappeared, since with e skew 

of almost one stator slot pitch, the overall harmonic 

voltages and currents induced iri a ·bar by the stator 

slot harmonics are practically zero, ~nd the harmonic 

bCir current losses are therefore negligible. It is 

interesting to notice that the 7th 1 •• 
narI:10nlC J..9 also 

apprec iably reduced by the skevlo 
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The computed torque speed curve show"n chairi~dotted 

is once more in close agreement ~'lith the test results. 

The following subdivision of the total load losses 

between the three types of loss is now calcul~ted at 

the full load o~erat~ng conditions: 

harmonic bar cu~rent loss 0 

cross current loss 10% of total 

iron losses 90% of totD.l~ 

It is shown in Chapte~ 10 that the cross current 

load losses are reduced if the skew is increa~ed and 

the cross path resistance rbb is high. (The opposite 

is true if rbb is lou.) The value of rbb correspond

ing to rotors Nos. 1 to 7 and rotors Nos. 10{a) and 

10(b) are on the high side. Thus the value of the 

cross current load losses f6r the present rotor ~s 

reduced below the value they had for rotor No.1. 

The rotor iron loss~s on the other hand are now in-

creased since the harmonic fluxes can penetrate the 

rotor teeth unopposed dUG to the absence of any circu-

lating currents in the squirrel cage. 

Rotor No.4,. The torque'-Ellip chc:racteristics of this 

rotor are exactly the same as those of rotor No.1, 

thus verifving that the iron oxide scale forcs an eff~c-
<oJ . • 

tive interlawinar insulation and that the interlaninar 

currents and their assoc~ated losses can be assumed to 

be zero .. 
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:Rotor No.5 0 The torque-speed characteristics df 

rotor No.5 are sho·trn'l in Fig. 58. It is. seen that the 

total load los~ for this rotor, (which ~s proportional 

to the difference between the totel electrocagnetic 

and the fundamente:l torques), is higher than the total 

load loss for rotor No.1 lrhich h8S a st:1aller !lU!::iber of 

rotor bars. Hare is said about the effect of the 

slot numbers in Ch~pter 11. The agreement b'3ttreen 

the experimental and the theoretical results is seen 

to be good. 

Rotors No.6 and 7. The tor1.ue··slip char&cteristics of 

these rotors are shown in Figs. 59 and 60 respectively. 

Although both of these r6tors have fewer numbers of 

slots thsn rotor No.1; it is sean thElt -~fhere~s rotor 

No.6 ho.s much lO~Jer total load losses thnn rotor No.1, 

the difference in the load losses of rotors No.7 and 

No.1 is not so ~eatj It should be noted that the 

theory given in Chapter 6 predicts this phenomenon Qnd 

it is e:i~plained :further in Che.pter t 1 ~ 

The iron losses in the Dtntor teeth due to the 

rotor slotn~onic fields are no longer negligible, 

(due to the soall nwnber of rotor slots) c.nd can ~ccount 

for up to 15% of the tot&l lo~d losso 
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It can be seen from Fig.59 thet rotor No.6 

exhibits a very large synchronous cusp in the torque-

speed curve at a reverse speed of -187.5 rpm. This 

synchronous torque aoes not affect tha normCtl oper£.tion 

of the ~achine, but it prevents the machine from re-

versing l-fhen plugged, due to the fact that the torque 

e]~tends well into the negati va region. By an analysis 

of the harmonic cont ant of the squirrel cage vlinding; 

similar to that Sh01ID by Table 5 in Chapter 6; it is 

found that the synchronous tor~ue is due to the inter~ 

acti6n of the _17th stator c- • 1-'" h . . t h t? ~, '7 t h :L 1..9 u j, armon~c ~"l~ _ ne 1 

rotor field harmonic. Since these harmonics are the 

first slot harmonics of both the stator and the rotor 

- and are ther~fore the largest harmonics in existence 

- the resulting synchronous torque has the largest 

possible" magnitude. 

Rotors No.8 ~nd 9. The torque-speed curves of rotors 

No.8 and 9 are sho~-rn in Figs. 61 and 62 respectively. 

The cross current losses for these rotors are greatly 

increased due to the good conduction between the squirrel 

cage bars and the rotor iron. The theoretical forl~ulae 

are seen to predict this increase in the load losses 

vTith good accuracy and the cornputed curves (sho'lln chain-

dotted) are in good agreement ~<rith the rneasured resul ts 

for both rotors. It should be noted from these figures 



I 

I 

1500 

c 
~ 

A jmeasured total torque 

I B 'calculated 

C ~undamental 
" " 

torque 

1200 900 600 300 

QJ 
:::s 
0-
L 
o 

6 NM 

f- 15 

o 300 (500 900 1200 1500 
Speed ---.. r.p.m. 

fig.61. Torque speed characterist ic of rotor N° 8. (100 v. 50 cIs) ex> 
o 



I 

~ ~ ft -----~ / ----~ ~ "..... 

-~ -'1.-
~ -------,.,..--

------- _----- --Ifto--- . 

____ fundamental torque 

---calculated " 
---.- measured " 

1500 1200 900 600 300 

6 

(lJ 

::J N.M. 
0-
L 
0 

5 r-
/"" '\ / 

>If" " v,.... \ ./ 
/ 

~\ ./ / 4 /'/ 

",/ 

~ ./ 
/ 

./ t( 
/' 

/ o / 
V .... 

3 il ___ ~/ 
~- P' 11 / 

v\ v I 
( 

2 

~ 
.I 

1 

o 300 600 
Speed 

900 1200 
r.p.m. 

fig. 62. Torque speed curves of rotor N° 9 . (100 V, 50 cIS) 

\\ 

~ 
I 

1500 

(» 



182 

that the fundamental torque is also slightly higher 

than its value for rotor No.1. 1-:Ji th such Do high 

degree of conduction between the squirrel cage bars and 

the Totor iron, the interbar voltages at fundar:lental 

slip frequency, are also large enough to produce funda-

l::len-cal cross-current s~;fi tll. a corresponding incr(~ase in 

J.::he funaaLlental tor':lue. It can be shOv'Tn theoretically 

however that the increase in the harmonic torques due 

to the cross currents is al"&rays larger than thG increa.se 

in the fUnaal:lental tortlue due to the seue rea,son, no 

oatter how good the c6nduction is. This indicates 

that bad squirrel cage insulation all'Tays reaul ts in 

greater load losses and a worse torque-slip che~&cter-

istic .. 

aotors No .. 10(a) and 10(b). Fig.6) shows the torque 

speed characterist~cs of ~otor No.l0(b)o The dips in 

the torque curve due to the stator slot haroortics neer 

their ~ynchronouc speedc are the came ~n thone of 
bean 

rotor No.1 nince, an hnc alroedy oentioned, thase dips 
/ 

are priDarily due to the circulating harnonic bar 

current [j "t'Thich rer.1ain ul1.chnnged. f...:way frOI~1 thena 

pointfJ, hO"v-1CVer, the load lonDec and C'.:.GDociated torques 

are reduced due to the absence of the cross currentn 

caused by the al~ost perfect insulation of these rotors. 

The iron load losses ~re the saoe as those of rotor No.1 



5 N.M. 

t 
""r'" "" / \ 

// / \ 

V 

V 
\ 

:J - . \ 
0- / 
L / \ 
~ 4 

/ \ 
,,/ Ai \ // \ 

1.-/ , \ 
/' \ 

/ / \ 

"" \ 
,/ \ // \ 

3 I // 

L,./ 
\ 

~ 
~ 

~ /' 
/' 1\ vv ~--

!-- v"""'" 
l7 \ 

- - .,.,..' 
"...., 

\ --,,- \ -- .{ \ - \ --~- I li ---
1--- -

V 
2 f------- \ 

, - - - - fundamental 1 
--- calculated torque \ 

I 
e III measured torque I 

I 
1 \I 

1500 1200 gOO 600 300 o 300 600 gOO 1200 1500 
speed -- r.p.m. 

fig. 63 Torque speed curves of rotor N° 10.b. ( 100 V , 50 cIs) 
00 
W 



at the GaEle value of load current. 

It is seen fror.l Fig063 that the c8.1culated curve 

iG agai.n in good agreer.;7.ent 'tJ'!ith the I:1eesUl."'ed one el-

though slightly lower. This slight difference ney be 

due to the fact that at the ends of the rotor core the 

s~uirrel cage berz Here not coupletely insulated due to 

breaking - caused by the pressure applied to the core 

ends during casting - of the very brittle glass-silicate 

material used for the bar insulation. A few laoinations 

were removed froe the ends of the core when making the 

cross~path resistance measurements of Section 7.20 

It is i/Torth while to COllunent n01-'T on the generul 

shape of all the curves given in Figs. 53 to 63. It is 

seen frow these figures that there is generally a loss 

of accelerating tor,que in the region 0 < s (1 and a 

gain of bralcing torciue in the region -:; <s <2 .. Since .J.. 

the higher haroonics, andparticulsrly the slot har-

1110nics, 11etVe their synchronous sp$eds nee,]." the stand-

still point, the "harmonic raachines" forr:!ea by each 

stator and rotor field haroonic, act uS generators in 

the accelerating range of the induction motoT; and so 

absorb part of its torqueo In the bra~ing range on the 

other hand the "harr..lonic machines" act as Glotors adding 

to 'the fundaoental torque of the induction motor. 



Another general point of interest about these 

gr&phsis that the diffe~erice between the total and 

:fundc::mental torques nee.T st2;ndstill is cori1Jlaratively 

suall. At standst~ll it should be reoenbered that 

the slot harmonics, and indeed any other pair of con·~ 

secutive steier or rotor harmonics; oppose each other 

and the net harmon~c torque produced is therefore scalI. 

In this case the lower stetor slot hz:rL1onic, (the 17th 

for the present stator), is acting as a generator with 

By = -1, ;;rhilst the other stator slot harmonic (19
th

) 

is acting as a motor with Sy = +10 Since the magni-

t" ... "'..l.' A 7th .. . . uce ox ~ne i narmon1C is 1arger than that of the 

tb 19 -, the nat result is a snall but alw~ys negative 

harGl0l1.ic torque. Thus, this explains "!,Thy the oe.s.sured 

total torque at standstill ~s always slightly less 

than the fundamental standstill tor~ue for all the 

rotors, as can be seen from Figso 53 to 63. 

8 .. 2 Speea~torcfue curves at high currents. 

The torque-sl~p characteri~tics of rotor~ No.1(a), 

2, ), 5, 6, 7, 8, 9, end 10(b) taken at full voltage, 

(LiOO v), ere shol'J'l1. in Figs.. 64, 65, 66, 67, 68, 69, 

70, 71 end 72 respectively. The theoretically pre-

dicted curves are sho~~ chain dotted in all figures. 

It is seen that the theory given in Chapter 6, with the 

parartleters l:lodifiec1 to includ.e sC1turation as explained 
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in Chapter 7, gives results which ere in reasonably 

good agreement with the experimental ones, although 

the predicted curves ~re not as close to the De&sured 

ones as in the case of no satur~tion. This greater 

discrepancy is due to the difficulty in calculating 

accurate vnlues for the saturation factors. 

It should be noted that with saturntion present, 

the total electrocagnetic torque at any speed,is not 

proportional to the square of the voltage, nor is it 

exactly proportional to the square of the load current 

as the ordinary equivalent circuit Hould suggest. 

The furicJar~lental torque is very nearly proportional to 

However, the harmonic torques (Dnd hence the load 

losses) vary in a very complex but less rapid fashion 

Jrith 12 and therefore these torques are a s~allerpro-

portion of the fundamental torque than U11.der unsntura-

ted conditions, because of the satu~ation of the leakage 

:flux paths. 

Thus the total electromagnetic torque in the l:lotor-

ing region at full voltage, is slightly higher than the 

:tor,que at reduced voltage proportioned ns the square 

of the current. Th:is is in agreement l"ith the e::peri-

mental results obtein~d by othe~ investigetors. 40 
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8.3 The load losses at normal load .. 

In Fig.73 the crosses show· values ot: load losses 

for rotor No.l(a) measured under normal operating con

ditions by the back-to-back test at rated voltage. 

(l.l:OO v.). The circles in the same figure sho,\., values 

of the load losses of the same rotor measured at 100 v. 

rhe points Sh011n by the triangles ,\qere measured from a 

reve~se-rotation test, and are seen to be higher than 

the results of the back-to-back test. 

The load losses predicted theoretically are sho'\~ 

by. curves A and B of Fig.73 corresponding to supply 

voltages of 400 and 100 volts respectivelye The theo

retical computations are seen to agree reasonably 1!Jell 

,-lith the experimental resul~.e 

Table 6 compares the values of the load losses 

for rotors l(a) and 10(b) as measured by the back-to

back test and also gives computed values of these losses. 

The values of the load losses for all rotors, as listed 

in the above table.~ are bompatible ,\'1i th the load losses 

as measured from the torque.-speed ctirves. For e;,cample, 

th~ relative values of the load Idsses of the different 

rotors measured at the reverse rotation point (s=2) of 

the torque-slip characteristics of the last t't'TO Sections, 

are apprc>x.imately the sa~e as the relative values of the 

ioad losses obtained from the back-to-back test. Thus 
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Table 6. 

Comparison of load losses :for different rotors measured 

by the back-to~back test. 

" 
., .. 

Rotor No. 200 V~ Full load. current: 400 v. Full load current 
.~. 

See Measured Calculated Measured Calculated % of' 
Table 2 output 

, .. . , 

1(a) 186 190 171 164 .3.05 

2 185 180 170 152 .3.04 

3 179 190 158 151 2.82 

4: 190 195 17.3 16.3 .3.09 

5 .352 3.39 .320 295 5.71 

6 109 93 92 76 1.64 

7 241 244 215 211 ·,3.84 

8 502 461 451 407 8.07 

9 ,305 279 277 242 4.95 

10(a) 104 94 86 79 1.5.3 

10(b) 100 94 85 79 i.52 
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.. 4 lJ: 45 
although there may be some doubt ' as to the absolute 

~alue of the load losses obtained b~ the reverse rota-

tion test, th~ test gives an approximately correct value 

for the ratio of the load losses 6€ two different machines 

and this in itself is useful. 

By. compar:i.ng the results of rotors No.1, 5., 6 and 

7, in Table 6, the varia~ion of loa~ losses with slot 

combination can be experimentally derived and is shown 

by points in Fig.73(a). The, curve in the same figure 

shows the predicted variation. A theoretical investi-

gation of the variation of each component of the load 

losses \'1i th slot combination is carried out in Chapter 

11. 

Compari,ng the results of rotors No.1, 8, 9, 10 (a) 

ana 10(b) shol-TS that the i:r:tterbar resistance plays a 

vital role in determining the magnitude of the load 

losses.. Thus rotor No.8 ''lith 1/5th of the interbar 

resistance of rotor No.1 has more than 2-1 times as much 

load losses, l·rhilst rotor No. 10(b) ''lith 200 times the 

interbar resistance of rotor No.1 has about half the 

load losses of this last rotor. The v'alues of rbb 

for rotors No.l0(a) and 10(b) are large enough to make 

the component of load loss due to interbar currents 

zero in both cases. The variation of interbar current ' 

loss with rbb is discussed in greater detail in Chapter 9. 

'. :;. 
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In Fig~ 74 curve A sho"t'Ts the measured values of the 

load losses of ihe slip ring machine described in Chapter 

2. The results are based on a carefully cond.ucted input

output test at rated vol tage., performed by Mr. SoN. Ghani 

at the Imperial College LaboratoriesD Curve B of the 

same figure is the predicted value of the load losses of 

this machine using the theoretical formulae of Chapters 

6 and 7. Since the slip ring machine is quite differ-

ent in construction from the squirrel cage ind.uction 

motors d.eal t w'ith previously ,the agreement bet"Teen curves 

A and ~ iri Figo74 in important in establishing the vali

dity of the theoretical formulae,' arid. their applicabil

ity to any kind of indhction machirie. 
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CHAPTER 9 

THE EFFECT OF BAR INSULATION ON THE LOAD LOSSES ' 

9,,1 Simplifications to 'fross current loss formula 

Although the loss calculation (by computer) using 

Eqns. 6.42 or 6,,4)' offers 110 particula~ difficulties 

for a given case, a general discussion of this type of 

load loss with varying machine parameters is scarcely 

possible by its d~rect use. 

The following two subsections deal with two special 

cases also dealt with by OdOk,,18 

(i) Whbn the inte~bar resi~tance is low. 
; 

and (ii) Wh~n the interbar resistarics is relatively 

high. 

9.101 Low interbar resistance 

If the interbar resistance is low enough so that: 

and Y v .......,.. ($) so that: 

then the loss formula of Eqn .. 6,,4) simplifies to: 
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2 

[ rbb\l 

1 P2 v 
2 DR £ 2 ex." 

(9.3) = s .E -- + 2 2 ov e zbv y • v zbv 

9.102 Highinterbar resistance 

By "high intcrbar :resistance" is meant the condi-

tiori for which the following approximations holdo 

2 2 
ex. v » y v 

iDe 0 r b bv » zb v 

and sinh y v,e -... y v,e 

coshy£ ~ 1 
v 

Under these assumptions the loss formulae of Eqn.;, 

6 .. 43 becomes: 

[ ( ~ £92 

] P2V 
2 ,e rb·,e . Si:~£~ . = S oE .. ·2 + 2 

. 
2 0 v 

ex. r' l zb vi v bb v 
G 

From Eqn. 9.4 one can now see very clearly just 

how· trtuch loss is due to the cross currents and hoVl much 

due to the harlnonic bar currents that flo·w in the squirrel 

cage. Only th~, first t,erni in the square bracket~ con-

tains the quantity rbbv and. it indicates that the load 

loSs due td the interbar flb~ decreases as rbb v increa$cs; 

whereas the opposite is true for the case of low interbar 

resistance (Eqno 903) 0 
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The second term of Eqno 9. lJ: gives the loss due to 

the harmonic currents in the burs 
a. £. 

only. It should 

be noted that the terin (sin + / a. ,e 2 
_v_) 

2 
is the skew' 

factor. (see Sections 7.1 and 7.3). 

F~go75 shows the variation of the total losses due 

to the cross currents with the value of the interbar 

resistance r. b for a constant value of skew. 
b 

9.2 The location of the place of dissipation of 

the cross current losses. 
i 

The interbar current losses due to the th v stator 

field harmonic arc given by Eqn. 6.43. If in this 

equation rbb is set to infinity, (~.e.y set to zero), 
v 

the loss formulae becomes: 

p = 
2voo 

2 
S 0 E 

2 ov 

w'hich represents only the losses produced by the 

harmonic currents flowing in the squirrel cage bars. 

One might therefore tend to conclude that the 

difference between P'2 as given by Eqno 6. 43 and P2 v vOO 

as given by Eqn. 905 is the pow"er loss in the interbar 

region. Certainly the difference (P
2v 

- P 2voo ) is 

caused by the interbar currents; its place of dissipa-

tion, how'ever, is not solely the intcrbar region. This 
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tends to zero 

o • 

fi9.75. Variation of the total loss due to the cross 

currents with interbar r,esistance. 

fig.76. Current di stri butions along a bar. 
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can be seen very clearly from Eqn .. 6.38 which gives the 

value of the bar current I bv at any distance x from the 

centre of the barD This distribution is show·n in Fig. 

760 Since the current I bv flowing along the bar varies 

along the length of the bar, the loss: 

is in general different from "lhat it would have been 

w·ith no interbar currents flowing. In the latter case 

Ibv would have a constant value given by 

.. k 1 s ~v 

Thus in general the effect of the cross currents 

is twofold: 

(i) It increases the I2R losses in the squirrel 

cage bars themselves by the amount: 

pI 
2v 

and (ii) It causes losses in the interbar region given 

by: 



pH 
2v 

The overall loss caused by currents ,in the bars 

and the interbar region is therefore: 

p, = p. +p' +P" 
2v 2voo 2 V 2\.1 

where (P
2 

+ P
2
' ), is the loss in the bars and ptt 

\.100 \.I 2\1 

the loss in the interbar region. 
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As an example c6nsider the case of zero cross path 

resistance. 

= 

Letting rbbv = 0 in Eqno 6043 gives: 

2 S E 0 

2 0\.1 
,e D 

rb 

The losses P2\.100 arc given by Eqno 905, and the losses 

plr in the i:hterbar region arc obviously zero 's1,·nce 
2v 

rbb = 00 

p' 
2\.1 

= 
, ' 2 
S DE olo 2 ov 

(1- k 2 ) skv (9010) 

w"hich is the extra loss dissipated in the bars due to 

the int erbar cru.;.,rent s .. 

It is interesting to note, from Eqn. 909 that a 

sl(ew"ed 'and compl~tely uninsulated squirrel cage winding 

behaves in exactly the same manner as a winding with 

no skew. 
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9 .. 3 The modified harmonic equivalent circuit. 

The loss formula of Eqn. 6 .. 43 can be re-l'lritten 

in the form: 

S E 2. 2 2 = 2 OV £ k slev • + 

+ 
2cx.

V

2 coshYv £-coscx.v£ ] 

£2 2 (. 2 Y; 2 ) 2 • Y sinh Y £ 
rb' b· • It 1 cx. + v v v v s cv v 

and the loss formula for P2 (Eqn. 9.5) as: voo 

(9.12) 

where Ztbv = £.zbv is the total impedance of one rotor 

bar .. 

The losses P2 can also be calculated from the 
voo 

harmonic equivalent circuit of Fig .. 77(a); "lv-here 

• ~r ,...., 
JA + L.J 0 m v 2 Voo-

From the similarity of Eqns .. 9.11 and 9.12 there

fore, the losses P2v can be cCllculated41 from tho equi-. 

valent circuit of Fig .. 77(b) where: 

= 

1 
jX +Z2 mv v 

(9.14)(a) 

1 +. 2 (Xv 
2 

[COSh Yv£-cos av£ 1 
rbbv£l{:!kv(ae+y ;) r bbv R,2k ;kv(a:+ ~)2 YV'sinh Yv £ 

(9.14)(b) 



r = OJ 
bb 

equivalent to 

(b) above 

Z 
2vco 

Zl 
2v 

(a ) 

(b) 

(c ) 
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fIg. 77. Harmonic equivalent circuit- including cross current effects. 
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Ztv is the "total generalised impedance" o£ the rotor, 

including the e£fects o£ bar and interbar burrents, and 

Z2V is the "total generalised rotor leakage impedance". 

The impedance Z2v can be considered as the parallel 

combination o£ t"ro impedances: Z2 and Z' ,l-There voo 2 v 

Z2v represents the e££cct o£ the cross currents only. 

The resulting circuit is shown in Fig.77 (c) where: 

1 zr- = 
2v 

1 1 
Z 2 v - ~Z~2-v-oo-

Substituting the values o£ Z2V and Z2v~£rom Eqnso 

9. 14(c rand 9.13 into E0.n. 9015 gives: 

zt 
2v 

Thus if each harnionicbranch of the equivalent 

circuit of Figo 25, representing the interaction betl-reen 

the vth stator harmonic field and the rotor circuits, is 

shunted by tho impedance· Z2 v given by ;Eqn., 9. 16, the cir

cuit of Fig.25 will correctly represent the effects of 

both bar and interbar currents. It should be noted, 

however, that the impedance Z~v is not composed from a 
\ 

constant resistance and inductance but is a complex 

function of £requency 1-rhich is not physically realisable. 



The frequency response locus of Y2 v == 1/Z2v is 

sho'wn in Fig .. 78 for the first slot harmonic (17 th). 

213 

This figure is calculated from Eqnso 9 .. 16 and 9 .. 14 (b) 

using the paracetcrs of rotor No~1 and curves are sho,~ 

for two values of interbar resistance r bb .. The markings 

on the curves correspond to the values of the fundamental 

slip at each point .. A slip of 0.05 is the normal full 

load condition. 

It is possible to normalise the curves of Y2 v with 

respect to any machine parameter, in lV"llich case the 

modified. equivalent ,circuit of Fig.77 (c) can be solved. 

(or consulted) for each harmonic without the use of a 

computer .. This may be useful ai the designihg stage of 

a machine .. 



~ 
L 
o 
C 

0'1 
o 
E 

·05 

·2 

·8 

'05 

A: Admittance 

B: " 

1·059 

Real ~ 

, -5 
Y2v= Y2v- Y

2VOO 
(r

bb
=7 x 10 Q-m) 

I' II 

-4 
(rbb= 1·5x10 Q- m) 

fig.7B. Admittance loci of first slot harmonic. ( 17 th) 

214 



215 

CHAPTER 10 

THE EFFECT OF SKEW ON THE LOAD LOSSES. 

It is the intention of this Chapter to simplify the 

theoretical formulae of Chapters 6 and 7 in a uay that 

will make obvious the variation of each component of load 

loss with skew. In this Chapter and the ones that 

follow, by load loss is meant the load loss of the induc-

tion machine under normal conditions of operation. 

Due to the simplifications introduced, the final results 

arrived in Sections 10.1, 10.2 and 10.3 are only of a 

qualitative nature. 

10.,1 Harl:10nic. bar current ioad ,losses ~ 

The Ibad losses due to the harmonic currents in~ 

duced in the squirrel cage ~y the vth stator harmonic 

field are given by Eqn. 905 as: 

P G k 2 
2 v 00 = 1 v· sk v 

where G1v = S E2 r / 
2 oV b 

(10.1) 

(10.2) 

The factor G1v is a constant independent of skew, 

and k is the skew factor given by Eqn. 7.12. sl(v 

The total harmonic bar current losses are therefore 

given by: 

G 12 
1 v • ~sl~ v 
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A numerical calculation of G
1 

indicates that its , v 

values for the phase belt harmonics, arc very much smaller 

ih~n those for the ~lot harmonics, primarily due to the 

~eduction of the former by the stator winding factor 

kd • pv 
Thus ih most practical cases the sum of Eqn~ 

10~3 need only extend bver the slot harmonics, and in 

particular over the first stator slot harmonic pair of 

+ Sl 
orders (- /p +1). 

The number of stator slots per pole pair is always 
S 

much greater than unity, and hence (~ -l +1) is very 
p 

S1 
nearly equal to ~ -0 The skew· factors k 1 for the 

p sev 

two slot harmonics are practically equal and have a 

mean value k 1 0 s_c 

The tbtnl harmonic bar current losses given by Eqno 

10~j therefore become: 

loss 

P '1 2 
200 = .!.~ 1 • s .... ~ 

Hence the variation of this component of load 

wi th ske"l depends on the factor k 2 w·hich is show·n sl{: 

plotted in Fig.79. The abscissa of this figure is 

marked in terms of the effective skew·, which makes the 

figure quite general. 

1002 Cross current load 10S9GS. 

The variation of losses due to interbar currents with 
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skew is very strongly dependent on the value of the inter

bar resistance, as can easily be soen by inspection of 

Eqns. 903 and 9.4. From these equations it follows 

that, for a relatively well insulated machine (Equo 9.4), 

the 10ss0s in the interbar region decrease as the skew 

increases, but that the opposite is true if the insulation 

is very pooro (Eqno 9.,,3) 0 The losses are, of course, 

zero if the skew' is zero (and the end ring impedance 

negligible) irrespective of whether the rotor is inSUlated 

or noto 

Fig.80 shows the variation of the cross-current 

load losses with skew, for differerit degrees of insula

tion of the squirrel cage 0 The curves "\V'ere calculated 

from the exact loss formula given by Eqn. 6.43 after 

subtracting from it the losses due to the harmonic 

currents flo1"ing in the squirrel cage bars. The calcu-

lation summed the losses of all harmonics 1"ith orders 

up to 100, and it was again noted that the slot har

mdnics were the main contributors to the total cross 

'current load loss. 

10.3 Iron load lossos in the stator and the rotor. 

The iron load losses in both the stator and the 

rotor, consist ofthc surface losses produced by the 

harmonic :flux that closes it self in the tooth crovTns, 
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and the tooth body losses produced by the flux that 

penetrates deep into the teeth, as explained in Chapter 

6. The stator and rotor surface losses and the stator 

tooth body loss~s, are practically independent of the 

rotor skew and need not therefore be discussed further 

here. 

The losses in the rotor tooth bodies, arc given 

by Eqn .. 6.70 .. Substituting the value of B~v froe 

Eqn. 6.68' into Eqn. 6.70 gives the lossses as: 

2 2 A 2 2 
( k t', , v) "B, 1 v ( ) • ;:::'ij 

\"t 

Thus the rotor tooth iron losses of each har~onic 

are proportional to the square of the damping factor k tv 

of that harmonic ~'lhich is a function of the skcw' factor 

Ie'l as seen by Eqn. 6067. s (v If only the first pair of 

stator Glot harmonics is considered once more, the same 

arguments put for't'rard in Section 10.1 apply and the 

losses p~ become propor~ional to (kr)2, where: 

le" t = 1 -
x + x nv 2dv 

(10.6) 

k 1 is again the mean value of the skew factor for s ~ 

the t"lO slot harmonics, and the quantities w'ith the bar 
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ori top represent mean values of the reactances of those 

t'>lO harmonic s 0 

Fig.81 shows the variation of (k~)2 with the 

effective bar skew~ The figure was calculated using 

a value of ~ corresponding to the experimental stators, 
111 V 

and values of ~2dv and ~2S£ corresponding to the slot 

dimensions of rotor NOol. This, how-ever, is only by 

the '>lay of an illustration, and curves similar to that 

in Fig.81 apply to all squirrel cage induction mQtorso 

10.4 The total load losso 

Although the final results of the last th~ee 

sec~ions arc only approximate, they rteverthelcss indi-

cote clearly how each component of load loss varies ~ith 

the skew"ing of the squirrel cage bars. By c ol~b ining 

the results of those Sections the variation of the total 

load loss wi~h skew can be estimated. 

Figo79 shows that the harmonic bar current losses 

arc maximum at zero skew and minimum at full ske,';, 

whereas Fig.81 shows that the iron load losses are maxi-

mum at full sIrel" and minimum at zero ske't'To 

high Fig.80 ShOl'lS that the cross current losses sho,.; a 

J 
maximum at an int ermediate ske'we Thus f:or.,ll relatively 

well insulated machine, the three types of loss will 

combine to form a total loss, which does not vary a 

great deal ",lith the skewing of the squirrel cage bars. 
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On the other hand, for a machine with poor insulation 

(r
bb 

low) Figo80 shows that the cross current losses 

increase very rapidly indeed with increasing ske~, 

with the rcsrilt that the total losses also increase. 

The above conclusions arc portrayed in Fig.82 

w'hichshol.fs the· variation of the total load losses with 

skewo 

It should be noted here that it docs not necessar

ily fcl~ow that the smaller the value of the load 

loss the better is the performance of the machine 0 

For 0 rotor without sleEn'l for ejcomple, (rotor Nd.2), the 

dips in tIlb torque-speed curve near the synchronous 

SpCdds of the stator slot ha~mdnics arc ~c~y pro~ 

nounced and Inay interfere with the starting of the 

motoro On the other hand a rotor 'tvi th full skel';, 

(rotor NOD3) might have too high a leakage reactance, 

w'ith the result that the fundamental torque is reduced" 

These objections are borne out by the experimental 

resul t s of rotors No 01, 2 and 3 sho"m in Figs. 53, 56 

and 57 respectively. 
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CHAPTER 11 

THE EFFECT OF SLOT COMBINATION ON THE LOAD LOSSES 

This Chapter show's h01'l each component of load loss is 

influenced by the number of stator and rotor teeth and indi-

cates a very effective method of reducing load losses by a 

proper choice of slot combination. 

11.1 Harmonic bar current load losses. 

Th~ harmonic bar current losses are given by P2v in 

Eqn. 9.50 If the number of rotor slots is increased, the 

bar section must be decreased proportionally so that the 

total rotor iron area carrying the main' magnetic flux remains 

unchanged. The value of the bar resistance (rb ), therefore, 

increases in proportion to the number of rotor slots. 

The bar impedance zbv is given by Eqn. 7017 as: 

= r + j(xb + xbd + xb 0) b v mv v SIC. 
(11.1) 

At the normal operating point the harmonic frequencies 

are so high that the bar resistance r
bv 

in the above equation 

b~comes totally negligible compared 'vith the reactance term 

in bracltet s a The cOl11ponent~ of the bar reactance due to 

the main harmonic flux, the differential leakage flux, and 

the slot leakage flux were calculated in detail in Chapter 

7, ,,,here the effects of permeunce variations, saturntion of 

the main and leakage flux paths, damping, etc. were considered. 

In the present discussion, however, these corrections 



are not the main consideration and therefore the theo-

retical formulae are used 1Qithout them, since this 

greatly facilitates the interpretation of the final 

results" 

The total bur impedance, per unit length of' rotor 

stack, is therefore given by: 

(11.2) 

which after substitution of the value of xbdv from 

Eqn. 7,,20 (with nll the correction f'actors omitted) 

gives: 

Eqno 

e 2 
v 

) z . (2 + jxbs,e bv = JXbm v· . e v 
s~n '2 

= jxbmv [DV+(. ::v)2 ) (1103) 

s~n -
2 

Stibstituting the vnlueof z from Eqn. 1103 into bv· 

9 .. 5 and also introduCi:h.g the value of E from Eqn" ov 

6035 ,gives after some simplification:' 
2 

1 
p = 

2v 00 
(11.5) 



1'There G is 
2v 

rotor slotso 

a constant independent of the number of 

Eqno 11..5 npplies to each harmonic individually. 
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If, once more, only the first two stator slot harmonics 

nre considered and. their orders tnken to be equal to 

+ Sl 
- -, (see Section 10.1), then the load loss becomes 

p 

proportional to the factor: 

2 
1 

= 

T'J v + 

The variation of this loss foetor with slot com-

binntion for different values of T'J is shown in Fig. 83. v 

The value of T'J v for the 45 slot rotors under investiga-

tion for example was calculated to be about .75 at the 

normal operating condition. 

Quite part from the lond losses, the no-load losses 

caused by the permeance var~ations at the air gnp, vary 

(with slot combination) in a manner very similar to that 

described by Eqn. 11.6 as shown by· Algeri.!:2 and Bnumann .. 43 

Alger also calculates the varlntion of this component 

\ . , 
of lond. loss (due to the hnrmonJ.c bar currents) w'ith the 

number of slots for the cnse 1'1here T'J v = o. 
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11.2 Cross cu~rent lond losses. 

The variation of load losses, produced by the cross 

currents, with slot combination is d.iscussed. in this 

Section separately for the cases 'of 101q and high inter-

bar resistances. Once more only the stator slot har-

monies are considered. 

(i) Low' int erbar resistance. 

From Eqn. 9.3 it can be seen that only the second 

term in the square brackets contains the interbar resis-

tance r~bv bnd therefore this term taken by itself gives 

the losses in the cross paths 6s: 

= 

or = 2 ~ • 
3 

(r' ) /2 
bbv 

.Re [ 1 ] 
Yv z~ v 

S2
oE!V·Re I 

'\'There r bbv is given by Eqn. 6,,37 as 

4 
.. 2 rtp v 

Sln -
S2 

ZbV 
-5/2J 

and is therefore n function of the number of rotor slots. 

Substituting the expressions for 

into Eqno 11.7 gives: 

E , 
OV rbb v' nnd. zb\l 



-3 

n S 3 Sl . ( ::1) /2 
G] v· ( ~ n S 1'\ • ---~----';---::5=-/-2 

s~n -S] ( n; 51 ~ 2 
2 S 

2 

\'rhere G is n constnnt independent of the number of 
3v 

slots .. 

If the numbe-r of stator slots is considered fixed 
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and the number of rotor slots varying, nnd if ~v is set 

equal to zero, Eqno 11 .. 8 becomes: 

P 2v = 

= 

The variation of Ie' with slot combination is shol'rn in 
c 

Fig.84o 

(ii) High interbnr resistance. 

If the cross path resistance is high, the losses 
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produced by the crOSE currents are g~ven by the first 

term of Eqn. 904: as: 

= S .E 2 £0 
2 0 v 

1 

1-;hich, after subst~tution for Eo v and r bbv ' becomes: 

. [ sin 
2 Tt 51 

1 P2v G 
1 52 

~ 
Llv 

D 0 Tt5 
1 

1 
52 
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G
4v 

1 kIf = . - • 
5 3 c 

(11.10) 

1 

,-There G4 v ~s a constant and 

kIf 
C = 

. 2 Tt 51 
Sln S-

2 

The var~nt~on of kIt 1'l~th slot comb~nnt~on ~s shol-m 
c 

in F~g.84 together with k~. 

1103 Iron lond losses in the stator nnd rotor teeth. 

(~) Losses in the rotor teeth. 

These losses are g~ven by Eqn. 6.70. If the 

expression for the tooth flux density ~s substituted 

from Eqno 6 .. 68 into Eqno 6.70, the iron losses then 

become: 



P" tv 

where G
5 

v is a const ant. 

(0 + po 
e 

The fnctor k.t;v is given by. Eqn. 6.67 and it n01'1 

simplifies to: 

sin 

11:S 
1 

2 
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le" tv = 1 (11.11) 
11: Sl 2 
s;- 1 

• 
11: Sl + .~ 

k 
Sln -- sk v 

S2 

+ " -1 v 

From Eql1.. 11.11 it is seeh that th0 effects of 

skbw and slot combinat~bn nre interlbckod in the ex-

pression for k~ and cannot be separated into two 

different factors as was possible with the expressions 

for the losses in the squirrel cage and the cross~path 

region. 

Since the importance of the iron losses in the 

rotor teeth is maximum 1'l"hen the squirrel cage bars nre 

fully skewed, (see Section 10.3) only the condition of 

approximntely full skew is ~onsidered in the present 

discussion. In this case the skew factor k 1 for the s :C v 

slot harmonics is very nearly zero, nnd the value of 

is very nearly unity. The iron lond losses in the 



rotor teeth nre then given by: 

P" 
tv 

G • 
5v 

(O' 
e 

,,,here l~'.' is the fnctor 
J. 

(

. n: Sl )' 2 SJ.n --
. S2 

n:S 
1 

s;-
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1- " ~ . (11.12) 
J. 

The vnrintiol1. of kll w'i th slot combinntion is shOlnl -·"i 

in Fig.85. 

(ii) Losses in the stator teeth. 

These losses nre given by Eqn. 6075, which, nfter 

substitution of the vnlue of Bt'· from Eqn. 6.74, gives: 
110 

(Sin~~2 o n: 8 
.. 2 

-..I 

Sl 

Since S2». t in all prncticnl machines, the term 

pO' /S in the last brnckets of Eqn. 11013 is small 
h 2 

compared with O' and the above.equation simplifies to: 
e 

G6 0 

. 11 (

. n: S2~2 8J.n --8
1 

. 
O' . n: S 

e 2 

~ 

(11014) 

The iron losses in the stator tooth induced by the 

'rotor mmf harmonics nre therefore proportional to tho 
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factor k!, where: 
1 

Sln -
S1 

(.

' 7t. S2. ) 2 

236 

The variation of k! w'ith slot combination is shown 
1 

in Fig.86o 

11.4 Trital load loss. 

Comparing Figs~ 83, 84, 85 and 86, it is se.en that 

the harmonic bar current losses, cross current losses, 

and rotor tooth iron losses (i.eo all components of 

l6cd loss dissipated in the rotor) increase as tbe slot 

combination (S2/S
1

) Cl.epnrts from the values 1, 1./2 , 1/3 , 

It is nlso seen thnt the component of load 

loss dissipnted in the stntor - iDeo the stetor tooth 

iron loss - increases as the slot combinntion departs 

from the values 1, 2, 3 etc. It is therefore 

obvious, that the totnl load loss in a machine is mini-

mised by having a number of rotor slots ns nearly equa1 

to the nu~hci~ of stntor slots as possible i.e. kecpihg 

Obviously the condition S1 = S2 must be 

avoided since it lends to standstill locking, end other 

values of slot combinntion near unity mnyproduce 

. lJ:7 49 50 objectionnblo nOlse ' , or synchronous locking 

. torques. 48,46 For excmple, Fig.59 giving tho torque-
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slip characteristic of rotor No.6 (with a slot combinn-

tion 36/32), shows such a locking torque in the negative 

speed rnngeo The correct choice of slot combinations 

is therefore not an easy matter when the performance 

of the machine is to be optimised as n w"hole 0 However, 

it is seen from Figs. 83 to 86 that the variation df 

the lQad. losses l'lith slot combination is very much 

more pronounced than their variation l~i th sItelY, (Compare 

Figs. 83 Dnd 82 remembering that the first one is 

plotted on a semilognrithmic scale), and hence 5 2/51 

should all';ays be lcopt ,·;i thin the range 075 <52/51 < 1. 25. 
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CHAPTER 12 

THE EFFECT OF AIR GAP LENGTH ON THE LOAD LOSSES 

12.1 Harmonic bar current load losses. 

These losses nrc given by Eqno 9.50 If the values 

of Eov and zbv are substituted from Eqnso 6036 (0) nnd 

7.~7, and the harmonic bar resistance neglected in 

comparison w·i th the totnl harmonic bar reactance, then 

Eqn. 905 reduces to 

p = 
2voo 

1 

(1 Xbdv :8£) + - + 
X bmv bm v 

1 (1201) = 
(k7v + T) v ) 

where G
7v 

Dnd k7v arc constants independent of the air 

gnp lengtho The bar reactance xbs£ is independent of 

the gap length, and the magnetising bar reactance xb m v 

is, to the first approximation, inversely proportional 

to g, thus T) = :=:b o/xb is proportional to go v SA, mv 

Eqn~ 12.1 then shows that the harmonic bar current 

losses decrease withincreosing air gap length, but that 

the decrease is always less rapid than an inverse 

proportion. 

12.2 Cross current load losses. 

(i) Low interbor resistance. The losses in the 
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cross pnths with n low value of rbb are given by the 

second term of Eqn. 9 .. 3. Uith the snme assumption of 

a negl±gihle rb mnde above, this equation becomes: 

= (12.2) 

showing on increase in this type of loss with an in-

crease in the air gapo 

(ii) High interbnr resistance. The cross 

current lond losses "lith a high value of ,rbb are given 

by the first term of Eqn .. 9.4 "rhich simplifies to: 

= 
1 

G9v 0 -

g~ 

shol-ring a decrease in this component of load loss 'with 

an increase in the air gap. 

It should be rioted that this decrease ~s very 

much more rapid thnn the increase ,·rhich result s when 

the 1ntcrbar resistance is low. (Eqno 1202)0 Thus 

fd~ most practicnl mnchin~s where ~bb has an intermcdi~tc 

value, thd c~oss current losses genernlly dccre~se with 

nh increase in thd ai~ gap length. 

1203 Iron lond losses in the stntor and rotor teeth .. 

These losses are given by Eqnsa 6.70 and 6 .. 75. 

Both stator and rotor iron tooth losses are seen to 

vary as 1/g2, since the magnitude of the stator and rotor 

1 
harmonic fields vary as -/g. 



12~4 The total load 10sso 

The variation of the total load losses 'with nir 

gap length can be calculated directly from the formulae 

of Chapters 6 and 7. It is shown (for rotor No.1) by 

curve A in Fig.B7o This curve can b~ approximated 

quito accurately by Eqno 12040 

1 
"2 

where P££g and Plio arc the values of tho load losses 

at air gap values of ~ and g respectivelyo 
o 

Eqno 12.4 shows that the load losses decrease 

wifh the air gap, but ndt as rapidly as the ratio 

go 2 35 (_. -) which ,-tas suggested by some investigators. 
g 

Inr order to verify Eqn. 1204 experimentally tho air 

gap of rotor No.1 \vasincrease'dfrom 033 mGl to D 51 mIn 

and its torque-slip charncteristic measured at both 

values of air gap as shown in Fig .. 8Bo By l:1aking the 

necessary corrections as regards the difference in the 

load currents, the reduction in the load loss at .51 

r.am air gap as cOI:lpared to its value at 033 1:11:1 air gap, 

is l:1casurod - at the revcrse-rotntion pbint to be 56% 

nhd calculated fror:l Eqn. 1204 to be 61%, a fair ngree-

Dont. 
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CHAPTER 13 

FURTHER VERIFICATIONS OF .THE THEORY,AND "EXTRA',' LOAD 

.LOSSES CAUSED BY THE CONBINED EFF,ECTS OF PERMEANCE 

HARMONICS'AND SATURATION. 

13.1 Measurement and pr~d~ction of the stator tooth 

flux~so 

In the first eigh-: Chapters methods of calculating 

and measuring loed losses and torques were p~esented 

and good agreement between the rcstilts was obtained. 

The basis of an accurate theorcticnl determination of 

the lond lossds, or their associated torques, is the 

ability to calculate co~rcictly the rna~nitudes of the 

harmonic magnetic fields that exist in the machine 

and the values of the harmonic reactances due to these 

fields. 

The harmonic fields are calculnted in detail in 

Section 601, Chapter 7, arid in Appendices II and V. 

It is thcrcfo~e desirable to have n direct experimental 

verification df the mag~itude of these fields which 

would ~er~e as a ~ery valuable intermediate check in 

the calculation of the ioad losseso 

A measurement '\rhich can be done quite easily is 

that of the stator tooth fluxo Ten turns of very 

fine wire 'tV'ere 1'low1.d round each of six stator teeth; 
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with the wire lying aloft~ the centre-line of the stator 

slots. The voltage generated in the search coils lIas 

then a measure of the flux that enters one st~tor siot 

pitch and. almost all of this flux passes dO'wn the stator 

toothe. A typical oscillogram of this flux: is sho"\m in 

The air gap flux density field due to the 
th v 

stator harmonic is given by Eqno 6.5 as b 1v = f 1v oA 

where f 1 v and A are give:rl by Eqns. 601 and 6 Q 4 respect-

iv-ely. th The air gap flux density field due to the ~ 

rotor slot harmonic, produced by the r6tor currents 

induced by the fundamental field, is 

where f2ll. is given by Eqno 6.21. Hence the total flux 

that enters the stator tooth over a stator slot pitch 

is: 2ltY 

~ 
cpt t = J (b 1 v -t b 2 l-L) dX1 

o 
(1).1) 

(It shotild be noted thrit the origin is taken at the 

centre of a stator slot as shown in Fig.2).) 

~ubstituting the values 6f b1v and b2~ and per

.forfuing th~ integration, ~qno 1).1 gives after some 

manipulation: 
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" 

v 

, Yd. 
L -sr 

4- + 2 
d=-1, .... 2,.o 

-" 'P • L ov1 

cos [( 1+ 1\:2
5

2 (l-s )')cnt + 6 _ l11t p ] 
P 11 S1 

~<P 0)11 ~ 
Y ft dS2 d [Ttp . "2 . sr (11+-)] . 

+ + S1 P 
l.l d=-1,-2, •• 

cos [Ill' 3 t+ 8 v- C)1+ 
d.S2 -) 

p · ~; J (1302) 

"There: = w _ (13.3) 

W f = 
3 

(1).4) 

The function sr(6) is defined as: sr(6) 
. 6 

_ (sl.n ) 
6 

Also 'P ov1 = 
3J21J.oZ11<:dpV·ll y 

Ttgkc1kc2·v.S1 
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and = 

In an exactly analogous ,-ray the flux that enters a 

rotor tooth over a rotor slot pitch is given by: 

= 

w"hich after integration becomes: 

<p " = 2: <P sr (:Y.
1tp l{1- L 

t v o2v S 2 d po s • 

-'tn 2:. ~ sr L'f" 2 • v o2v + c=-i,-2,OD 

+ L<p 02Jlsr(~1tP)'{1- ~ 
1.1. 2 d pOSe 

cS
1 ["\ 't e III. __ ) It PJ cos I.U 2 + 11 - \' + 

P S2 

l\]"here: 00 1 = 00-

\lltoo R r 
y 

(13.8) 



W
2 = w -

w' = {1+ 
1 

w' {1+ = 2 

Also, 4> 02 V = 

k
2

S 
~ 

p 

k
2

S
2 ---

P 

c S. In:w. a r 
pY 

.(l-s)}w-

.. (l_s)}W -

4> ov1 and 4>0111 are given by Eqnso 

ivelyo 
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lJ,TtWr a 
(13.11) 

Y 

1l1tW R cS
1 

TtW R r . r (13012) 
Y pY 

S1 
= 4> 0111 • ( S2 ) where 

13.5 and 1305 respect- .. 

Eqns.. 13 .. 2 arid 13 .. 8 give exact e:·::pressions for the 

~tator and ~otor tooth fltixes. The fluxes in the stator· 

teeth due to the stator harmonics occur at low fre-

quencies, (line frequency), and cause negligible losses .. 

The fluxes in. the rotor teeth,due to the rotor harmonics 

also ()CCu~ at low frequencies4 (fundamental slip fre-

q1.l.ency), and their associated losses are also negligible .. 

Thus the fluxes in the teeth of a member of the machine 

(stator or rotor) baused by the field harmonics dtie to 

that member, can be neglected and only the fluxes .caused 

by the field harmbnics of the opposite member need be 

considered. This amounts tb neglecting the first ti'ro 

terms of Eqri .. 13.~, and the l~st two terms of Eqno13 .. 8 .. 

It is interesting to riote th~t if the effect of the slot 

openings 6h the ai~ gap permearlce is als6 n~glected, ioeb 

if one assumes a uniform air gap of value gkclokc2' then 

Eqn .. 13 .. 8 reduces td ECj,l1.o6051 , and Eqn .. 1302 reduces to 
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a flux expression corresponding to the flux density 

In Section 601 it was proved that the fundamental 

mmf interacts w·ith the slot permeance variations of the 

air gap to produce fields of the same order and frequency 

as the slot harmonic fieldi due to the mmf harmonics~ 

It "Was also shoun in that Chapter that the slot har-

monic fields due to both causes can be vectorially 

added to give a resultant slot harmonic frequency field 

as shown by Eqno 6016 in the case of the stator fields 

and by Eqn. 6024 in the case of the rdtor fieldso 

In an exactly analogous manner~ the resultant 

slot harmonic frequency tooth fluxes can be derived 

and arc shown. by Eqns. 3013 and 3014 for the stator and 

rotor teeth respectively. 

[ 4' ~cs.} slot · J1+ ~,: - 2sine2 
= <pI 

k 2S 2 
+ 1 

ex"+ --(------- +1) a. " p (i3 .. 13) 

f " ] <pIt )1+ ~,' 1 - 2sin6
1 

<Preso = + , 
1 slot rS ex +Ct" <_1 +1) 

p 
(13014) 

"There: (. ~rrp) s J.n s-:--- ' 
, <p 

.... 1. 
<p k 8 2 

= 0111 1J.1t P 
( 2 +1) S; p 



and: 

rS 1 
(-- +1) 

p 

"There v = p 

= 

+ + + 
k2 = - 11 - 2 , 3, .• 0 

tp . 
o2v 

r + + + = -1, -2, -3, 000 

and a.' and a.t! are given by. Eqns. 60 16 (a) and 6.25 

(a) respectively. 
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The positive signs in the square roots of Eqns. 13.13 

and 13.14 correspond to negative values of rand k2 and 

vice versao 

The resultant stator tooth slot harmonic flux 

[ <Pres 0 1] slot 
occurs at the rotor slot harmonic frequency 

of: 

w 
211 

w 
o 

whereas the resultant. rotor tooth slot harinonic flux 

[ ~ res.2]Slot 
of: 

occurs at the stator slot harmonic frequency 

w 
o (13016) 

as can easily be seen from Eqns. 13.2 and 13080 

FroI~ Eqns 0 13. i) and i3. 16 the st ator tooth flux and 

the voltages that this flux 't'Tould induce in the 10-turn 

search coils can be calculated. A comparison of the 

measured coil voltages, (taken with the machine running 
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under normal operating conditions), '\'lith the calculated 

values of these voltages, shows an exact agreement as far 

as the frequency of the signals is concerned arid an agree

ment of ± 4% in the magnitud~ of the signals for all 

degrees of current loading and all the rotors listed in 

Table 20 This agreement is the final experimental 

proof 6f the vaiidity of the theoretical formulae of 

Chapters 6 and 7. In the eA~eriments the various fre-

quency components of the search coil voltages "lere 

separated out on a Radiometer wave analyser. 

It may be interesting to comment no'\'; on the gcn-

eral '\'raveform of the tooth flux oscillograms .. This 

"('raveform is composed of: 

(i) The "main"supply-frequency component due to the 

(ii) 

fundamentai flux, as shown in Fig.89(a)o 

A "first" rotor slot-harmonic..Jfrequency component 

given by Eqns. ~J 0 1J and 1J 015 'l'li th h:
2 

= -10 

The last equ~tion shows that, during normal 

machine operation when s« 1, this component re

presents a field travelling in a direction 

opposi.te to that of the fundamental field and has 

(1-S~/p) as many pol~sj (Sec Figct89(b). 

(iii) A "second" slot-harmonic-frequency component 

given by the same equations as before but with 



fundamental 

first slot 
harmonic 

second slot 
harmonic 

sum of slot 

harmonics 

total: 

ADDADn~ADnnAAAnDn 
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,n f\ () n f\ (\f\ AOA f\ f\ f\ {\f\(\f\f\{ 
\TV V \J V vvlJV V VlJ \rV\)\J \TV V 
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a 

b 

c 

++-+-+-+t-H'-H--++-4.L--~~l--++-++-++--f4---H+ e = a + b + C 

fig. 89. Waveforms of tooth fluxes. 
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This represents a wave travelling 

in the same direction as the fundamental w"ave 

and has (1+S2/p) as many poless (See Figo89(c». 

+ Other slot harmonic components given by k2= -2, 
....... + 

-3 etco These \vill be neglected in this quali-

tative explanation. 

Considering the first' two slot harmon~cs by them-

selves, they can be added together to form the ampli-

tude modulated 1'lave of Fig .. 89 (d) 0 l'lhen this wave is 

added to the fundamental, the resultant tooth flux wavc-

form is as show"n in Fig. 89 (e), 'Which has the sante shape 

as the oscillogram of the stator tooth flux. (OsCo3). 

1302 Load losses caused by the combined cff6~ts of 

pbrnieance l).u:r;-mon:Lc fields and saturation. 

All the thebretical work df Chapter 6 is b6ncerned 

w{th the ~agnetic fields, (ahd thei~ associated losses) 

produced by the non sinusoidal mmf distributiono The 

effect of the slot openings on the magnitude of these 

fields has been considered, but the magnetic fields 

caused by the air gap permeance variations due to the 

slot openings themselves have been neglected, on the 

grounds that the losses these fields produce are part 

of the no load loss and as such are outside the scope 

of the present work. (See Section 6.1). This is true 
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if the saturation of the leakage reactances at the 

full load value of the current is negligible, as is the 

case with all machines with closed or semiclosed slots, 

but it isnot true if the full load current causes 

appreciable saturation, as in the case of machines 

,\'1i th completely closed Blot s. 

On no load the current flo~V"ing in the squirrel cage 

windihg is practicalli zbro and the reactance of the 

"finding is unsaturated and high. On load a current I2 

flol'l"s in the squirrel cage bars, and if the rotor 

slots are closed by a thin magnetic bridge, this 1..,ill 

become saturated and the bar reactance 1·rill be reduced. 

Thus although the magnitude of the field harmonics due 

to the permeancc variations may be the same on load as 

it is on no load, the currents those harmonic fields 

induce in the bars - and hence the losses produced ~ 

are higher on load than on no 10ado 52 

This increase of the losses caused by the per-

meance har~onic fields between load and no load is 

therefore equivalent to and indistinguishable from an 

increase in the load losses caused by the fields due 

to the Inmf harmonicso 

Let the losses in the rotor caused by the field due 

to the stator mmf harmonic when excited by a current 11 

be: 
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JJ (."'. .. .... othe· r machine parameters) ~ 2\1 .h.2 \1' 

"t'There L2 \1 is a function representing the sum of the rotor 

load loss formulae given in Chapter 6.. ~2\1 is a func

tion of all the machine parameters including the rotor 

leakage reactnnce 'i·rhich is separated out. 

Also let the losses in the stator caused by the 

:field due to the "}.lth rotor Imnf harmonic wll.en excited by 

n current I2 be £111; where £111 is a function represent

ing the stator surface anu tooth body iron loss formulae 

of Section 6.6. of: ill is inclependent of either the stator 

or tho rotor harmohic lenka~c reactances. 

The magnitudes of the fieids uue to the stator slot 

openings are given by Eqn. b ~ 16 (a) as a fraction 1/ a.' 

of the value of t~e corresponding (sa~e order) slot har-

monic field due to the stator mmf harmonics at full load. 

Similarly, the magnitudes of the fields due to the rotor 

slbt openings are given by Eqn. 6025(a) as a fraction 

1/0." of the correspohding slot harmonic field clue to the 

rotor mmf harmonics at full load. 

The total harmonic lo~ses on no load are therefore 

given by: 

"" L . L 2\1 (x2 \1' 
\1 #1 
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"There the first term of Eqn. 13 ~ 17 is the loss caused by 

the stator ~nf harmonics on no loao, and the second and 

third terms are the losses caused by the permeance flux 

harmonics also on no load .. The losses in the stator 

due to the rotor mmf harmonics are zero, since on no 

load 12 is negligible anG these hnr~onics nre also 

negligible. 

When the machine is on load the harmonic losses 

become: 

= Lcl
2 

( x 2' , ..... ) + 
v/1 v v 

. (1 2 ~ L . 1 1 2 
; 0: I ) L 2 ( x 2 ' ...... ) + (Uti) 

v 11 v v 

(13.18) 

where x~vis the value of the secondary har~onic leakage 

'-Then saturat eu by the load current 12 flowing in the 

squir.rel cage. 

The measured load loss w·ould therefore be: 

p 
,e,e meas. = Ph" - P 

tC. ho 

,~ 
- L 2 v (x2 ' 

v 11 v 
... ) ] 



258 

The third term of Eqn. 13.19 is normnlly scalI and 

can be neglected, whereas the last term is the "extra 1l 

load loss intro(lucec1 by the combined cffects of slot 

openings and saturation when x~v is appreciably different 

from ...... "':"2 v· 

It should be noted'that x
2v 

is the total harconic 

1ea~age reactance of the rotor. The differential hnr-

monic leakage is almost a11'lays the largest component of 

the total and can never be saturated by the full load 

current 0

32 Also of the slot leakage only the part 

corr6spondirtg to the tooth tip or the slot bridge will be 

saturated, an (1 the rest l'rill remain unaffected 0 Thus 

although the snt~ration of the slot bridge may vary 

betuecn extremcs from no loac1 to full loac1~ the value of 

x 2v varies more slowly since the largest portion of it 

remains cortstantb 

It is interesting to note that ,-rhen the nU.:lbcr of 

rotor slots is near the nwnber of stator slots, the differ-

ential harmonic leakage becomes very large indeed and the 

other leakage reactance COl:lponents can be neglecte(l in 

comparisono The value of x 2v then remains constant an(l 

the "extra" load losseD are negligible .. Conversely if 

the slot combination is far away from unity the relative 

importance of the reactance due to the slot bridge increases 
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and large v~riations of x 2 may then result between load 

rind no load.. The "extra" load losses will then become 

ir.1portant.. Thus those losses can be Ibinimiscc; in the 

same way as the load losses produced by the fields due 

to the l~llnf harmonics, by making 5
2
/51 ~ 1 .. 

Although none of the expcrir.lental rotors used .in 

this investigation hael slots cOl:1pletely closee1 l'lith iron 

bridges, a theoretical investigation has been carried out 

to determine the l1iagni tude of the "c:~tra II load losses in 

rotor No.1 .. 

The lo~ses in the rotor produced by the harmonic 

fields due to the stator slot openings, can be ~eter

mined from formulae analogous in every "ray to those of 

Chapter 6, by replacing the a~piitudes of the fields clue 

to the l~lf harmonics by the amplitudes of the fields due 

to the permeance harmonics. The variation of ~~ with 

current 12 is determined from the magnetisation curve 

of the rotor iron.. When these values of secondary 

leakage renctances are introc1ucec.l into the formulae, 

the variation of the rotor losses produced by the har

monic fields due to the stator permeance variations, 

w'ith I2 can be calculated and is ShOl·m. in Fig.90 .. 
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The ordinate of tho curvo in Fig.90 at n zero value 

of rotor current, (stator current value of I ) represents o 

the high frequency -'harmonic- no load loss in the rotor. 

It is seen frol:l Figo 90 thnt the rotor losses procuced 

by the stator slot openings (which may be a significant 

part of the total 110 load loss) ,increases 1'1hen the 

machirlo is on full load by 10% above the no load value 

of these lossoso 



CHAPTER 14 

CONCLUSIONS AND SUGGESTIONS F OR FURTHER 1'lORK 

Part one of the thesis describes three different 

methods of measuring load losses either directly or by 

means of the torque slip characteristics. The measure

ment of the torque speed curves, both ,\'lith the s1'ringing 

stator dynamometer, (at lo'\~ values of current loading), 

and using a doc. tachogenerator with a differentiator, 

(at high values of current loading), has been done in 

the past. The methods described here, however, achieve 

a very much better accuracy, particularly in the accelero-

meter test. In this last test an accuracy of 2% has 

been achieved by incorporating a variable element fil

ter in the device iri order to eliminate the commutator 

ripple noise from the tachdgenerator output. l'li thout 

this filter o'nly q'l1:alitative results can be obtained from 

the accelerometer as 'was the case in the past. The 

direct measurement of load losses under full load con

ditions, us~ng the hack-to-bac~ test ~rrangement, is 

entirely new and constitutes the most reliable and 

accurate test to date. The load losses can easily be 

obtained from this test to ~n accuraby of 1~2%~ 

Part two of th~ thesis calculates the losses produced 

by the field harmonics that are generated ih the air gap 

of the machine due to the non-sinusoidal winding distri-
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bution on the stator and rotor surfaceso The losses 

considered are: 

and 

(i) r2R losses in the squirrel cage bars due 

to the harmonic currents that are induced 

in them by the rotating field harmonics. 

(ii) Losses caused by the interbar currents that 

flow in the rotor 'when the squirrel cage is 

ske1·red but not COI:lpletely insu1 ated from the 

rotor iron laminations. 

(iii) Losses in the stator and rotor iron. These 

losses include both those dissipated at or 

near the surface and those "dissipated in the 

tooth bodieso Both eddy current and 

hysteresis losses were considered. 

The resulting load loss formulae contain harmonic 

parameters (mainly reactances) 1'Thich cannot be accurately 

determined by classical methods of calculation. It was 

found necessary to apply the follol'ling corrections to 

these parameters: (The correction factors are calculated 

in Sections 6.1, 604, 6.5 and 607 of Part 2 and the 

entire of Part 3)0 

(i) The magnitudes of the slot harmonic fields 

are altered by the influence of the slot-

openings. 



(ii) The different harmonic leakage reactances 

are reduced by eddy currents ~duced in the 

rotor iron surface. 

(iii) The rotor tooth flux is reducetl by the damping 

(iv) 

action of the harmonic currents that flow in . 

the squirrel cage l'1indingo 

The magnitudes of the harmonic fields are 

reduced ''Then the iron is satu:i.~ated by, either 

the main flu~t, . or the fundamental leakage 

(mainly harmonic) fluxes 0 

(v) The differentail harmonic leakage reactances 

(vi) 

are reduced by the slot openings much more 

than Carter's coefficient would s~ggesto 

The eff'cactive skew' of the squirrel cage wind

ing is different from its geometrical value 

and is reduced by the width of th~ r6tor bars. 

It is considered to be of importance that all the 

correction factors are calculated in a rather rigbrous 

manner. None of the factors or values of parameters used 

in this thesis are empirical and the present work has 

re&loved much of the empiricism that 't'las considered 

necessary in the pasto 

In Part 4 the experimental results obtained in Part 

1 are compared w'i th the theoretical predictions of Part 

2 using the values of parameters determined in Part 3. 
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The agreement between theoretical and e~~cricental r~sults 

for' all the tests on all 11 squirrel cage rotors and one 

slip ring motor '"las found to be very good and far better 

than anything published to dato. 

In Part 5 there is a general d~scussiort of the effect 

of machine parameters on the load losses. Section 9.3 

shoUB hOH the harmonic equivalent circuit of the induc

tion motor can be codified to include the effects to 

irtterbar currents by shunting the secondary impedance 

branch by an operational impedance Z2v' which was cal

culatedo Th~ effect of skew of the squirr~l cage bars 

on the load losses is discussed in Chapter 10, where it 

''las sho'·Tn that for a relatively well insulated rotor, 

skewi~g does not mak~ a great deal of difference as far 

as the load losses are concerned, but that for a badly 

insulated machine the skew· sn.ould be kept to a ll1iriimum 

to limit these losseso 

In Chapter 11 it 11]"aS show·n that the load losses 

vary 1'li th slot combination in a very much 1110re pronounced 

l1ay than they do u·ith any other cachine variable. It 

was pointed out that the load losses are miniQiscd lilian 

the slot combination is ncar unity, and although this 

conclusion \\fas l:..no't'lTI. from past experience , it is the first 

time that a quantitative variation of the total load 

loss with the ratio S2/S1 has been derivedo 



In Chapter 12 it 1'HlS sho'\vn that the load losses 

decrease as the air gap is'increased, but controlling 

the load losses in this way is not easy, because the 

main magnetic fields also depend a great deal on the 

air gap length. For example an increase in g also 

decreases the main magnet ising reactance X and hence 
m 
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increases the no load current I '\"Thich is an undesirable o 

effect. 

In Chapter 13 some measurements of the stator tooth 

fluxes are given and comparisons 'w'i th theoretical 

results provide a further ~heck on the theory. Ncasure-

ments of the rotor tooth fluxes wore not t~ken but this 

could be done by future investigators and could provide 

very important information on the behaviour of the squirrel 

cage. (For example it could give ali c:;::perimental checl;: 

on the damping factors k tv in Scction 6.5 ond Itd£v in 

Section 604). These measureoents could be done by 

either inserting search coils in the rotor and amplify-

ing the signal by means of an amplifier rotating 1jith 

the rotor before collecting it frO!:l slip rings, or by 

building an inverted. r.lachine l'rhich has the squirrel cage 

on the stationary mecber and the primary winding on the 

. . 5 l,l: rotating member supplied through SllP rlngs. Also in 

Chapter i 3 the "e:rtra" load losses introduced by the 



combined effects of the slot openings and saturation 

are investigated theoretically. Future worl: could in-

clude an c:::pcril:lcntal investigation on this topic by 

testing two rotors identical in every respect except the 

size of the rotor slot bridge. 

Firially it should be noted that although eleven 

entirely different squirrel cage rotors, and one slip 

ring motor, have been tested and the results provide a 

very good. check on the theoret ical '\'Tork, the theory has 

not been applied to large induction machines. It is 

felt that the same formulae derived in Chapter 6 apply 

without any modification to induction motors in general 

,~hcthcr they arc squirrel cage or slip-ring, small or 

large; this last type, hO,\"cvcr, should be investigated 

further in future wor:":o 
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APPENDIX I 

The distribution of power flow in the back-to-back test 

Figo 91 sho"t"TS a line diagral!l of the pO"'ler flo"'l in the 

back-to-back testo 

Let T = electromagnetic torque, lvhich is equal on 

the two cachine sets. 

Tfm , T
fg 

= fundamental torques, on motor and generator 

respectivelyo 

T£m' T£g = stray torques, corresponding to the load 

losses. 

P ,P = stator iron losses • ... fem - feg 

From Fig.91 the electrical power input to the two 

induction machines -i C! • .... ~ . 

Poc = P2 - Pi 

The po~rer to the induction motor 1· C! • 
;.:) . 

''There: 

The 

1'lhorc: 

n 
'&'2 = 

T = fm 

pOllor fror.1 

p = 1 

Tfg = 

(p + 3I 2R ) + ill oT 
fern 101m 0 ED 

T + T,em 

tho generator is: 

illoTfg-: (P
fcg 

2 
+ 3I.. R

l
) J.g g 

T - T,eg 

(I.4) 

(1.5) 



induction machines 

/ 

electrical 
supply 

fig. 9 1 Power flow in the back to back test 
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Substituting Eqns. (I.2) to (lo5) into Eqn. (I.1) 

gives: 

P = (PI" + P f + 3l-11~1'R""1+ 3l~ 2 Rl )+{T o o2TCn +To .2TCn } ac I em' eg ..L j,"/"1£ .Lg g /C,m m IVg g 

- [ T.eg • 

.n s 
g g 

- T" • 1+8 /C,m 
g 

n s ] rn m 
1-s 

1:1 

(I.6) 

The first ter~ in the round brackets of Eqn. 1.6 is 

the total ntator l~ss of the two induction machines; the 

second term in the curly brackets is the. load loss; and 

the terms in the square brackets arc small because of the 

low value of slip during normal load. Their difference 

is even smaller and can be neglected. 

The net mechanical pow·cr input to the t,.,o induction 

machines is: 

p = 2nT(n - n ) mech. g In 

[ 

n s 
= (s w T +s W T )+ TOg. g g 

g 0 fg m 0 fm IV 1+s g 

The first term in the round bracl:ets of Eqno leo 7 is 

the funda~cntal rotor conductor loss and the second term 

in the square bracl:et s is the same as the last term of 

Eqn.I.6 and is therefore negligiblc. 



Adding ~qno 1.7 to 1.6 checks that tho net power 

input to tho induction machines, (p +P. h)is tho total ac moc 

electrical power loss·in these m~chincs. 
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APP~NDIX II 

The mmf diGtribution produced by a three-phase ,'rinding 

In order to Clvoid unnecessary complications that are 

introduced by unsymmetrical ,'rindings, and because the 

machines under investigation have t1'To-layer lap w'indings, 

only this type of winding is considered here. How'ever, 

it can be quite easily sho1'm that the conclusions drawn 

in this AppendiJ: are quite general and apply to all types 

of machine windings. 

Fig.92 shows a two-layer lap winding with a pitch 

of 11. Al though the actual winding goes frol:} A to At, 

B to B' etc.,in the mathematical analysis the winding can 

be considered to be made up of t1'ro full pitch "~findings 

in tw'o layers, as sho1'Tn by A to A", B to B", etc. 

(a) TOP LAYER 

Tnl::ing the origin as the centre of a slot, the mmf 

of phase I can be "rri tt en as: 

f '.II = 
q-l 

L n~.. c nA 1 
A V • sinv(i'" - -y-)" sin w t 

c=O 

where Av is the amplitude of the 'J
th mmf harmonic 0 

If the winding of Fig.92 has a total of lil phases the 

mmf of the (n_l)st phase is given by: 
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fig.92 Two layer lap winding with: 
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top layer 

bottom layer 



f vn = 

and the total 

therefore 

f' = vtop 

q-l 

L 
c nA

1 - ( n· ... · n n ) ( _ _nn) A v • !3 in v Y"~ - - - It sin w t Y m1 m1 
c=O 

th v harmonic mmf due to the top layer is 

111 -1 q-1 
1 

LL 
n=O c=O 

c nA.
1 - ( n 1t) . ( n:: ~) Avosin wt- - .sJ.nV -- - -

m~ Y Y m~ 
~ ~ 

(b) BOTTON LAYER 

The time phase angle of the bottom layer is the same 

as for the top one but tho space phase angle is less by: 

V (l-w/y)n: radianso 

Thus the total vth harconic mmf due to the bottom 

layer is: 

f 
\I bottom 

(c) TOTAL 

+ 1t (1 _ 't~T » 
Y 

(II.2) 

From Eqnso 11.1 and II.2 the total vth harmonic mmf 

for the whole uinding is: 



fv 

q-~ 

rAySin(oot 

c=O 

:;~ sin 
VTt X [ --y -

n It) 2 . - - • s~n 
lU1 

Vnlt 
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vw·lt 

2Y X 

+ ~(1 _!!) J 
2 Y 

(11.3) 

Performing the summation 1'Ti th respect to c one obtains 

after some simplification: 

m -1 
1 

= Avo 2q kd 0 Ie .~ sin Vlt 
v p\l L 

n=O 

}:::: sin (Olt (II.4) 

If \I is allow~d to have b~th positive ahd negative 

values, then Eqno 11;4 can be condensed to: 

m -1 
,1 VltA 

f = A' 1 r (..r.. n 1t( v -1 ) _ \/Ttx _ V1t + ·1 ( . 1») 
V V 0 "'~dp \I a q • L cos w" + tt1i y- 2' '2Y .. q-

n=O ' 

Per:f<irli1ing the sUlrihlation 1'lith respect to n one finally 

obtains: 

£v Fv (<l? t 
VTtx. e v) = .cos - --y + (11.6) 

n ) 
sin (v -1) -

1'There Fv = Av ami ql\:dp V {m sin(Y-1} \m 
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and e 
v 

1 ( V -1 )'"' vnA 1 n 
-_ (E!.::-.) 0 I~ () ( 1 l'1) 2 In.. + q-l 2Y - v - Y 2 (II.8) 

J.. 

It can be easily sho'hrn fror.l Eqn. 1108 that the angles 

e for the fund~mental (v=1) and for the Blot harmonics 
\I S 

of the l'linding (\1= r p 1 +1) differ only by an integer 

number OI 2n radians. 



APPENDIX III 

Thc calculation of tho constants A and B in Egno 6038 

It is stated in Scction 603 that tho constants A 

and B in Eqn. 6038 can be found from the tl'TO conditions 

[alb] 
ax v +t 

atx== /2 

= 0 

Ibv = A cosh y v ~:+Bsinh Yv x + 

ja. x 
E 0 v 

ov 

, (a. 2 y2) 
r bbv \I + V ja. x 

or . E v 
bv JCX. v ov· c 

honce -- = A.Y v sinhYv)c+B. Yvcosh YV1r. + 2 2 ax '( ) rbb a. v +yv 

Putting X= +£/2 and 

gives: 

~"...... - -£/2 in the above equation 

a. £ 
. v 
J--

ja. E e 2 
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Yv£ Yv£ 
Ay~inh 2 +By~osh-2-+ 

v ov = 0 (III.1) 

and -A y sinh 
v 

y £ 
v 

2 

y t 
v 

+BYvcosh -2- + 

a. t 
. v 

-J--
j a. E e 2 

v ov = 0 

1 (0. 2 Y 2) 
rbbv v + v 

(Il1 .. 2) 



Subtracting (111.2) from (11Ie1) gives: 

A = 

a. ,.e 

(
sin v ) 

• 2 a,e . 
. h v 

Yv s1n ~ 

Adding.(1IIo2) to (111.1) gives: 

B = 
-ja. E. 

v .0 V 

1 (a. 2 Y 2) 
r bb v v + v 
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(1I1.3) 

(1I1.4) 
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APPENDIX IV 

The penetration of a travelling magnetic field into a 

lamination 

Consider an l!ll~f "i'rave of the form: 

vn y ) +-y 
(IV. 1) 

to travel on the tw'o sides of a lamination of thickness 

h as sho't'ln in Fig. 33; '{'Thero Fv is the phasor value of 

the mmf. 

If the displacement current in the iron is neglected 

in comparison with the conduction current; MaXt'lell t s 

equations for the field vectors inside the lamination 

become: , 

curl H ::: J -
curl E ... oB = ,-

at 

! ::: pi 
and B = 1111 H -- 0-

where 11 will be taken as a,constanto 

From Eqnso IV.2(a) and IVo2(b) one obtains: 

curl curl H ::: curl J 

or: curl curl·B = 
-1111 0 oB 

P • at 
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h · 1 ' d c1' B _ M 2B w 1C~ Decomcs: gra 1V v 
- 1111 oB o 

and since div B = 0 everYl'Thore: 

oB 
= '\1'\.1 

o ot (IV .. 3) 

Since B has only one component; B , (see Figo33) 
y 

Eqno IV.3 becomes: 

= (Iv.4) 

NOl" obvious+y since the applied mr..lf on the surfaces 

of the lamination has the form of Eqn. IVo 1, the y-

component of the phasor magnetic field. inside the iron 

will be given by an expression of tho form: 

B = 
Y 

BlOC 

j ( to t + vn y) 
v Y 

w"here Bl is a function of x in Figo 33 .. 

Thus the operator ~t in Eqno 

0
2 

IVo~ can be replaced 

by j and the . operator -- by: 
ay2 

(v; ) 2. 

Eqn. IVo4 therefore becomes: 

a
2B

y _ (j W~)1)10 + <;n) 2] . By = 0 

ax2 

and if' k 2 is substitut.cd for tho expression in square 

bracl~ets then: 



APPENDIX V 

The reduction of the differential leakage reactance by 

the slot openings. 

Eqno 6.2] gives the rotor fields in the air gap of 

an induction motor. If only the influence of the rotor 

slot openings on these fields is considered, (and the 

stator slot openings neglected), this equation can be 

r e~'rr itt en as: 

b., 5 
lC2 2 
(-- +1) 

p 

= 

w'here the function 

p(k
2

) - [1+ (1-s) 

p (k
2

) is 

1(2 S 2 
Jwt 

p 

(V.1 ) 

given by: 

TIV' lC
2

5 2 ..... 1 
+1) 6 (V. 2) ... y- ( : . + 

P 11 

:l5qn. (V 01) can be expanded for different vaiues of 

lc
2 

to give: 

k2 = 0 (fundal:lental field) 

+ + 
d=-1,-2, 

r" 
2d .cosp(-d)(V.]) 

k2 = -1 (bacla~ard rotating, rotor first slot harmonic) 
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b 5 = B .cosp(-l)-B 
52 L y II 

'. ~o cosP (-i-d) 
·2 

2 (1--. ) 
P 

(1--) 
P 

+ + 
d=-1,-2,o .. 

(v.4) 



k2 = +1 (forward rotating, ~otor first slot har~onic) 

L: " yd 
b S = B s "cosp(l)- B S ". 2 .cosp(1-d) 

(.2 +1) (2 +1) (~ +1) d. 
p P P 

(Vo 5) 

k2 = -2 (backward rotating, rotor second slo-t harmonic) 

b 25 
2 (1--) 

= B 
Y d 

25 .cosp(-2) -B 25
2 

oL 2"" ocosp(-2-d) 
(1 __ 2) ,(1--) d 

p p P 
(v.6 ) 

k2 = +2 (forward rotating, rotor second slot harmonic) 

b 
~ Y" 

25
2 

= B 25 cosp(2)- B 25 o~ 2d ocosp(2~d) 
(1+-) (1+ __ 2) (1+ __ 2) d 

p p p 

etc. 

Fields 6f the same order can be added or subtracted 

from each other to produce a resultant fieid. Fi.elds of 

the same order occur l'lhen the value of (1'i:
2
-d) for a 

certain k2 ai1.d d, is the sam~ as another value of: k
2

• 

(See Eqn .. Vo1)~ For exiul1ple "Then d = +1 the second 

term of Eqno (V.l!) and the first term of Eqno (v,,6) can 

be added togethero 

Consi.d.ering only the first tl'TO harmonics produced 

by the air gap permeance variations, (d = !1 and !2) the 

total airgap rotor field can be calcul"bed from Eqns. 



a a o 
;;:) 0 

b" - [B - y 1. {B + B g - 1 2 S2 
(1--) (1+ 

p 

+ [ B S2 
( 1- -) 

p 

+[B 8
2 (1+ -) 

P 

" { Yl - } Y" 2" B1 +B 25
2 

- 22 
( 1- -) 

p 

y1. · {B1 +B 25 l - 2 
(1+ 2) 

y" 1 
2 

y!,' 
.t. 

2 

B 

• B 

8
2 (1- -) 

P 

8 2 (1+ -) 
p 

P 

y" 
2 - -2 

" B 52 ] 
ocosp(-l) 

(1+ -) 
P 

Y2 
• B 52 J co sp ( 1 ) 2 

(1- -) P . 

• cosP(-2) 

eoooo etc .. 

The first term of Eqno (Vo8) is the fundamental 

field produced by the rotor. The quantities in the 

curly brackets of this term are totally negligible. 

The second and third terms of Eqno Va8 represent the 

first rotor slot harmonic pair, and the fourth und fifth 

terms the second rotor slot harmonic pair. These last 

four terms of Eqn. v.,8 contain terms involving B1 , the 



fundamental fieldo In Section 6 .. 1 it is shown hOlq these 

fields can be separated out and considered to produce 

ohly no load losses provided that the r~maining fields 

due to the mmf harmonics are multiplied by a certain 

factor. This will not be discussed further in this 

Appendix and the quantities, (in the last four terms of 

Eqno V 08) involving B1 ~qill be left out 0 

Thus the first slot harmonic pair of the rotor field 

becomes: 

Yl 
-2 B 2S 2 

(1+ --) 
P 

oB 

(1+ 

S l·COSP(~l) 
~) 
P 

and the second slot harmonic pair of the rotor field 

becomes: 

[ 
B 

28
2 (1± -) 

p 

y" 
1 -

- - B 2 
(Vol0) 

(1+ 

Bxpressions(Vo9) and (VoiO) show that the rotor 

slot openings reduce the rotor slot harmonic fields. 

Reference 3 shows that the reactance corresponding 

to a sinusoidal magnetic field of magnitude B and order 

n is proportional to Bin. Thus the reactances of the 

first harmonic pair are: (From expression V.9 and Eqn.V.2) 



x 
52 

(1+ -) 
- p 

[ 

y 1. -= K. B 5 - 2 B 25 
(1+ .2) <1::: __ 2) 

- 2 . p 

y" 2 
2 

1 
5 

( + _2) 1 - p 

(V.ll) 

and of the second harmonic pair: (From expression V.l0 

and Eqno Vo2) 

x 
+ 

25,.. '1- -") P 

= Ie 0 [ B 25 -
(1~ __ 2) 

P 

tI 
Yl 
"2" B 5]0 

(l~ 2) 
P 

1 
252 (1~ -) 

P 

(V.12) 

The differential leakage reactance of the rotor (lvith 

respect to the fundamental field) is defined by:J5 

=L x 

mlO 
m8

2 
(1+-)· 

p 

and if only the first two rotor slot harmonic pairs arc 

considered: 

+ x 8
2 

(1- -) 
P 

+ ... ,. ... -.. 
28

2 
(1+ --) 

P 

w·hich using Eqns. (Vo 11) and (V. 12) becomes: 

+ x 
25

2 
(1- -) 

P 



[
f-

x 2 d.1 ~ K. l B 52 
(1+-) 

P 

+{B 25 
(1+ __ 2) 

p 

+f B 25 
(1- .2) 

p 
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Yl 
2 .. B 25 

( l-r--2) 
p 

Y
" } 2 - 1 2,B 52 .. --S-

(1--) (1~) 

Y " 1 -
- - B 2 52 l 

(1+ -'-) } 
p 

Y " 1 
2 B S} 

(1- 2) 
p 

P P 

B 5 L 
(1~)~ 

P 

1 

2S2 
(1+ --) 

P 

1 

+ 

J 

1 
5 

(1- ~) p 

If the rotor slot openings are hegiectcd 

(yll = Y It = 0) the differential leakage reactance becomes: 
1 2 

B 
52 

B 
52 

B 
25

2 
B 282 (1-

1 
[ (1+-, ) (1--. ) (1+--) -) 

p 
+ 

p 
+ 

p P 
x 2d10 = K 52 52 25 '+ 252 (1+ -) (1- -) (1 + ..-3..) (1- -) 

P p P p 

(Vo15) 

Therefore the rotor slot openings reduce the 

differential leakage reactance w'ith respect to the funda-

mental field by the factor: 



Ie 
x 2d1 

01 - x 2d10 
(v .. 16) 

k 
Al 

or: 01 = C1 

where A1 and C1 are given by the right hand sides of 

Eqnso (Vo14) and (V.15) respectively. The values of 

the rotor flux densities in these two expressions arc 

\ " ," g:i.yen by Eqn .. (6~2l.l:) and the values ofYl and Y2 are 

given in Ref .. 16. 

Although only the reduction of thri differential 

leakage reactance of the fundamental ,.,ave has been 

derived ho!-e ~ it can be easily sho'tvn that the differ

ential leakage reactance of the Jh field harmonic is 

reduced by a factor: 

Ie 
O\J 

X
2dv - ---

= (v.18) 

,,('Thore Ji-V and C v are given by e)cpressions exactly analo-

gous to the right hand sides of Eqn. (V" 14) and (V .15) , 

tl th h . but referred to 1.e v armonl.c .. 

Numerical computations for rotor Nool for example 

gave values of kol (by which the differential leakage 
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reactance of the fundamental is reduced) of 0.89, and of 

k (by liliich the differential leakage reactance of the 
ov 

stator slot harmonic fields is reduced) of 0.660 
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