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ABSTRACT

The losses in a loaded induction motor are
appreciably greater than the segregated losses based
on the standard theory, but the precise causes of
such losses were not fully understood.

An investigation has been carried out into the
nature of these additional losses and a theory is
presented which explains their origins in detail.
The proposed theory is based on the Fourier analysis
of the stator and rotor mmf waveforms into a series
of space harmonics. Each harmonic is then consider-
ed as if acting.on its own; incremcntal paramotors
being used when saturation is present.

A full mathematical derivation is given of the
lossess produced by current flow between two adjacent
squirrel cage bars, through the rotor iron, when the
squirrel cage is not perfectly insulated from the
rotor laminations. The theory also includes a cal-
culation of the eddy-current and hysteresis losses
in the stator and rotor teeth, caused by the high
frequency harmonic fluxes that penetrate them. It
shows how the eddy-currents in the rotor iron sur-
face can reduce the value of the differential har-

monic leakage of a bar, thus allowing more harmonic



bar current to flow and hence more IaR loss to be
produced. It discusszes how the effective skew
differs from its geometrical value, depending on the
width of the rotor bar.

The offect of saturation on the load losses is
investigated both theoretically and experimentally
and proper saturation factors are derived for this
purpose.

Practical tests were carried ouf on eleven
squirrel-cage induction motors and one slip-ring
motor in order to verify the theoretical formulae.

A new back-to-back testing techniogue was developed,
and by its use direct measurements of the load losses
under normal operating conditions were made to a
high degree of accuracy and reliability hitherto
unobtainable. Other tests included measurements
of the torque-slip characteristics both at reduced
voltage using a swinging stator dynamometer, and

at full voltage using an accelerometer. A special
accelerometer, embodying a filter with time varying
components to give a2 very high attenuation at the
noise frequencies, was designed for use with this
last test.

Comparisons between theoretical calculations and

experimental results from all the tests show a good



agreement. Having established the validity of the
theoretical formulae, the effect of variations in
each machine parameter (skew, bar insulation, slot
combination, and air gap length) on the load losses
is investigated and ways of reducing these losses

suggested.
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CHAPTER 1

INTRODUCTION AND DEFINITIONS

1.1 Practical definition of load losses.

The load losses are defined1’2 as the difference
between the total power loss of a machine on load and
the losses determined by the loss segregation method.

The segregated losses are:

(i) The friction and windage loss (Pfﬁ) and

stator core loss (P ). Theseé losses are measured

fel
by a no-load test after correcting for the stator
copper loss produced by the no-load current. (This
assumes that the stator core loss due to the main
flux does not change with load.)

(ii)} The stator copper loss (Pcl) calculated

as P = 3112R

c1 where I, is the stator phase current

1

and R1 the stator winding resistance per phase mea-
sufed at the operating temperature.

(iii) The rotor conductor loss (Pcz) calculated

5 }; where s is the slip at

full load and P, is the stator input power.

as P_, --S(Pi 3L,°R, Proq

Thus if the total loss of a machine on load is
Pop (PL,=P, - P_) the logd loss is defined by:

Pog = Pip - (wa * Pfel) - Poq 7 Pea (1.1)
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1.2 Mathematical formulation and definition of load

logses.

The definition of Egn. 1.1 is based on the way
that the load losses manifest themselves during load,
and points to a methcd by which they can be measured,
It does not define load losses in terms of their causes
nor does it state the place at which they are dissi-
pated. This is done by the theoretical definition
given in this Section and is a necessary prereqguisite
to any theoretical investigation of load losses.

The usual theory of the induction motor is based
on the assumption that the radial component of the
magnetic field in the air gap of the machine is sinu~
soidally distributed in space and forms a single wave
that rotates round the air gap at its synchronous speed.

This condition would exist, however, only if the
surfaces of both stator and rotor wore smooth and the
windings sinusoidally distributed on them.

In the real machine the windings are placed in
slots, and therefore the resulting mmf and flux density
distributions are not sinusoidal but contain, apart
from the fundamental wave, a series of harmonics which
2lso rotate round the air gap at their own synchronous
speeds.B’q

Although the amplitudes of these harmonic'flux

waves are much smaller than the amplitude of the funda-
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mental, they induce in both the stator and the rotor
high frequency flux pulsations which can produce losses
comparable in magnitude with the losses produced by
the fundamental flux wave. Since the mnifs producing
these fluxes are propor'tional to the currents flowing
in the wiﬁdings, the losses produced are also dependent
on the load currents.

The losses referred to as '"load-losses" in this
theéis are therefore defined as follows:

If the total loss of a machine on load is Pte’
and if the losses in the same machine under the same
external loading conditions are Pée when the machine
is excited by a single and purely sinusoidal air gap

mmf wave then the load losses are defined as

P = P - P!

ee = Pre - Pie (1.2)

In a machine where saturation is not present the
above definition reduces to:

Fop = Z P, +z ;.— P (1.3)

S vl SRR 1

where P is the total loss produced directly by the

Y
th . . th
v stator mmf harmonic and occurring at the v haxr-

n

monic freguenty, and P is the total loss due to the

tu
th . . Jh
n rotor mmf harmonic, (induced by the stator

harmonic) and occurring at the uﬁh harmonic frequency.
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The definition of Egn. 1.2 is almost exactly
the same as the definition of Egn. 1.1 except that it
is stated in terms of the causes of the load losses.
The definition of Egn. 1.2 attribufes the existence
of the load losses to the harmonic flux waves rotating
in the air gap of the machine. The main difference
between the two definition is that Een. 1.2 includes
in the value of load loss the losses that are produced
by the stator mmf harmonics on no-load, whereas the
definition of Egn. 1.1 does not. Thus the ioad
losses as defined by Egn. 1.1 are directly dependent
on the value of Iz&whefeas as defined by Egn. 1.2
they are dependent on bofh I, and Iz. (The losses
caused by the stator mmf harmonics depend on 11 and
those caused by the rotor mmf harmonics on 12. it
will be shown later however that the former are
always appreciably greater than the latter so that
the load losses as defined by‘Eqn. 1.2 can be taken
to depend only on Iiu) Sinée the difference between v
11 and 12 is small, however, the difference between
the theoretical and practical definitions is small.
In any case the load losses as obtained by one of the
above definitions can easily be converted to the value
of the load losses as obtained by the use of the other

definition.,
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Quite apartxfrom the losses produced by the har-
monics due to the non-sinusoidal mmf distributions
other logses also occur due to the flux harmonics pro-
duced by the sglotting on either side of the air gap.
These harmonics are independent of the currents that
flow in the windings, and their amplitudes depend only
upon the variations in the air gap permeance and the
magnitude of the main flux wave; i.e. upon the slot
openings and the terminal voltage. The losses pro-
duced by them therefore also occur on no-load in a
machine excited by a purely sinusoidal air gap muf wave,
and asvsuch are fundamentally different in nature from
the losses produced by the mmf harmonics. Failure to
appreciate this fact has led to many misunderstandings
and inaccurate terminology inthe past.

£lthough as stated above, the slot cpenings pro-
duce losses which are not igcluded in the load 1ossés,
in either of the above definitions, they nevertheless
have an indirect effect on the load loss by modifying
the losses produced by the mmf slot-harmonics as shown
in Section 6.1. Also in a heavily saturated machine
the losses produced by the flux pulsations due to the
slot openings are not constant but vary with load.

'The difference between the full-load and no-load values

of these losses may therefore be classed as an "extral
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load loss and is treated in greater detail in Chapter

i3.

1.3 The approach to thé problemn.

The load losses increase the total loss of a
machine and so reduce the efficiency and increase the
temperature rise, thus limiting the maximum output
power than can be obtained from it. Increases in out-
put power of 10, 20 or sometimes 30 per cent could be
made for the same temperature rise, if the load losses
could be eliminated.

Whereas as stated above the load losses may be
a significant portion of the total loss in an induction
motor, they are mnevertheless only a small fraction of
the output of the machine. Thus to determine these
losses directly by measurements of input and output
powers, would reguire tests of very high accuracy
indeed which are difficult to perform. Even then
only moderate accuracy for the losses could be
achieved. In view of this and the lack at the time
of any other means of testing which was free from
theoretical or practical objections, a less direct
but more tangible line of attack was followed..

This consisted of investigating the effects of

the lcad losses on the torgue-slip characteristics



v}
(@)

of the machinc over the entire speed range, (i.ec.
brakiﬁg, motering, andvgenerating regions). Since
the léad losseé increase very rapidly as the speed
departs further away from synchronous speed - due to
the increase in the load current - the problem of mea-
surement is not as difficult as it is under the normal
conditions of operation. =~ It should be noted, however,
that this line of attack is not merely a sgbstitute'for
- a test measuring the load losses directly. It is in
many ways preferable as it shows more clearly the
true hature of load losses over the entiré range of.
harmonic frequencies, and is also important for start-
ing. The torgue slip characteristic provides a result
which is a much more stringent test for the theoreti-
cal fbrmﬁlae than a single value of load losses taken
at the normal operating point.

~ Torgque-slip characteristics were taken at both
low and high values of current, {Chapters 3 and 4
respectively), and the results give the load losses
under conditions of both unsaturated and saturated
lecakage flux paths. Direct measurementé of load
losses using a back-to-back test developed later on
(Chapter 5) give the lcad losses under conditions of
both saturated and unsaturated main magnetic flux

paths. Thus a comprehensive set of experimental
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results is obtained under all possible conditions that

can exist in a machine.
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CHAPTER * 2

DESCRIPTION OF MACHINES

The experimental worl described in the thesis
was performed on eleven ?% hp squirrel cage induction
motors and omne 5 h? slip ring motor. For the mea-
surement of the torgue-slip characteristics a single
stator wgs used with all squirrel cage rotors but a
second identical stator was of course necessary for

the Back-~to-back tests.

Table 1

“Particulars of stators of sguirrel cage machines

Rated voltage : Loo v
No. of poles : 4

No. of slots K 36
Winding pitch : 77.8%
Turns in series/phase : 378
Phase comnnection : delta
Carter's coefficient : 1,225
Internal gap'diameter i 13.97 cm
External gap diameter : 22.21 cm
Lamination thickness f .636 cm

The slot shape is shown in Figitl



figl. Stator slot dimensions. (3x full scale )

i 30°

13:5. Mmm.

fig2. Rotor slot dimensions. (5 x full scale)

(rotor N°1)



Table 2

Particulars of sguirrel cage rotors

. 30

Rotor No No., of bar skew {interlaninar r
“l slots | insulation " insulation bb
stator ‘ _
- - - slot - Q-m(x10 ")}
pitches
1(ai(b)(ec) 45 potash C.705 Fe-scale 6.0
' treatment
2 45 5t O 1] ] 5.5
3 45 " 1.101 " " 6.5
L 45 " 0.705 Varnish 6.5
5 50 " " Fe-sczle 7.0
6 32 (] 1t 1} 11 6'0
7 23 " " " i 5,0
8 45 |slots " mooon 1,21
cleaned
before
casting
9 " no treat- " i 1 2.9
ment
10{a) ] glass " i " 800
: silicate
insulation
10(b) ] 1" " " 1" 1200
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£1) rotors had the following in common.

length of stack = 11,44 cm
lamination thickness = .636
resistivity of cast aluminium = 3.71::10‘8'9-:11.;

Unless otherwise stated, the air gap lenth is
«33 mm, For the rotors with differing numbers of
slots the bar depth was kept constant thus eliminating
any variations due to skin effects between the differ-
ent rotors. Also in order to maintain the same
magnetic flux conditions in the iron teeth and the
same current loading conditiqns in the conductors of
the different rotors, the ratio of tooth width to
slot pitch was kept constant. Despite difficulties
associated with manufacture this constancy was kept
to wifhin an accuracy of Iy, The cross section of
the slots for all rotors was coffin shaped and is
shown in Fig.2 for the L45-slot rotor.

Rotors NWo. 10{a) and 10(Db) had the inside walls
of the slots blasted with rochite salt powder which
provided a very effective insulation of the sguirrel
cage bars. - The thickness of the rochite deposit
however reduced the effective bar area by 2% and this
mast be taken into consideration in the theoretical

calculafions.
Rotors No. 8 and 9 were not treated in a way

that would provide any degree of bar insulation, and
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therefore there is an intimate contact between the
aluminium bars and the iron. Cne of these rotors
(No.8) had the inside walls of the slots cleaned just
before casting and the interbar resistance for this
rotor is very low. (Lower than that of rotor No.9

which had no treatment at all.)

Table 3.

Particulars of stateor of slip ring motor

Rated voltage : 240 v
Number of slots : 36
Turns in series/phase : g9
Winding pitch - i 77.8%
Number of poles k&

Phase connection : . delta
Lemination thickness : .636 mm

Table 4.

Number of slots 2k

Skew : 1 stator slot
pitch

Turns in series/phase : 104

Winding factor i 66.7%

Phase connection : star

Geometrical air gap = .33 mm,
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CHAPTER 3

MEASUREMENT OF TORQUE-SLIP CHARACTERISTICS AT LOW

CURRENTS.

The torgue-slip characteristics of all squirrel
cage rotors were taken at both constant voltage and
constant current conditions and freguencies of supply of
50, 33%/3 ana 16%/3 c¢/s. Reduced terminal voltage
(25% rated voltage) was used for the constant voltage
tests in order to avoid heating problems and also to

avoid saturation of the main magnetic flux paths.

3.1 Dynamometer measurements.

If any guantitative comparisons are to be made
between the theoretical and experimental results,
great precision is required in the measurements, it
was found that an accuracy of better than 1% could
be achieved in the measurement of torgue by the use of
a swinging stator dynamometer with weights used to
balance the stator, in order to achieve stable
operation in what is normally the unstable region of
the induction motor, the dynamometer was supplied in
a Ward-Leonard connection.s.

Corrections to the measured torgue were of course

made to account for the friction and windage of the
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rotating parts. Thus if Q1 igs the measured dynamo-
meter balancing torgque with the inducation motor
excited and Q2 the balancing torcue with no excitation
to the motor but with the set running at the same
speed, then the electromagnetic torque developed by
the induction machine is given by Qi - Qz.
It should be noted that Qi is not exactly the
induction motor shaft btorque. QiAdoes not include

the windage torgue of the coupling between the two

machines (W ) nor does it include a fraction A
coupl.

-

of the dynamometer windafie torgue (wdrn ) This

fraction A represents the percentage tubes of air

flow whose energy is not dissipated by impinging on

projecting stator parts. Thus the quantity Q1 is
less than the shaft torgue by the amount (“coupl. +
AT ). This amount was determined experimentally

dyn.

as suggested by Emmerling6 and found to be less than
L% of the total windage loss. In any case the error
does not affect the results obtained by the method
described above since this small fraction of windage
torgue is excluded from both Q1 and Q2 so that their

difference (Q1 - QZ) is unaffected.

3.2 Measurement of the fundamental torgue.

The fundamental torgue produced by the induction

motor was calculated from measurements of the input
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power to the stator of the induction machine and of
the stator winding resistance.

Since the speeds of rotation of the stator har-
monic fields are small compared to the speed of the
fundamental wave, the power input to the rbtor due to
these fields is small and becomes even smaller due to
the different direction of rotation of the various
harmonics., This is so despite the fact that the
 harmonic torgues produced may be of a very consider-
able magnitude. It follows thorefore that the power

input to the rotor, given by:

Ta o 3 2 - E
U = P, - 3I,°Ry P et (3.1)

is almost emrtirely due to the fundamental.
In Egn. 3.1 Pin is the measured stator input and
Pfei the stator iron loss at the test voltage. The

value of the stator phase resistance R, is, of course,

1
taken at the operating temperature which was kept as
constant as possible. Readings of R1 were made
before and after each torque measurement and the
resistance was not allowed to vary by more than 1.5%.
The small variations in input power due to the élot
harmonics near their synchronous speeds are apparent

in the curves shown in Chapter 8, and particularly so

in the curves corresponding to the rotor without skew



for which these harmonics are largest. (Fig.56).
in overall accuracy of better than 0.5% is
believed to have been aChieved in the measurement of
the fundamental torqué, and the speed was measured on
an_electronic diéital tachometer to within ¥ 0.5 rpm.
The experimental sebtup is shown in Fig;j and a

typical speed torgue curve in Fig.,h.
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CHAPTER 4.

MEASUREMENT OF TORQUE-SLIF CHARACTERISTICS AT HIGH

CURRENTS .

Although the measurement of the torgque-speed
characteristics by the swinging stator dynamometer
technique of the last Chapter is peffectly gsatisfac-
tory when the currents flowing in the machine windings
gfe small; (not much above their full load valug)?
the time taken for eaéh reading is long and therefore
thé method could not be used when large currents are
flowing, because of the excessive heating of the
machine that would result. Thus‘if the torgue-speed
chafacteristics are to be measured af the rated
voltage over the slip range O«<§ <2 an automatic
recording technique musf bé used which obtain; the

entire curve in a few seconds.

4,1 The accelerometer measurements.

L.,i1.1 The principle of the method.

It aﬁ induction motor is‘running on no-load and
the phase seguence of the sﬁpply is suddenly reversed,
the machine will decelerate from a speed of almost
né in one direction to standstill and then accelerate
to a speed of almost ng in the other direction.

During the deceleration and acceleration processes



there is an electromagnetib torgque acting on the
rotor, its value depending on the instanfaneous slip
of the rotor with respect to the revolving magnetic
field.

If the rotor inertia is given by J(kg-ma) and
the instantaneous rotor speed is o {rad/sec), then

the electromagnetic torcue Te ig given by:

aw. 3 T, (L.1)
e at i

where T, is the friction and windage torque of the
rotating parts and the (-) and (+) signs correspond
to the decelerating énd accelerating periods res-
pectively.

If T, is neglected Zun. 4.1 shows that the
electromagnetic torcue is proportional to the accelera-
tion é. . Thus all that is needed is to obtain a
speed and an acceleration signal during the speed
reversal, When these signals are fed into the X and
Y axes respectively of an automatic recorder the
resulting curve is - apart from a small correction

due to the friction and windage torque -~ the speed-

torque characteristic to a scale of J N-m/rad/sec.

L,1.2 The design of the accelerometer.

It was found after a short preliminary investiga-

tion that with no extra inertia added to the natural
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inertia of the induction motor, the time for the
speed reversal with rated supply voltage was so short
that it was comparable with the period of the supply
freqﬁency. The electrical transients following the
switching of the phasé sequence of the supply existed
throughout the decelerating and accelerating periods
so that the curves obtained were not the true steady-~
state torgue-gpeed characteristics. An extra inertia
about 30 times the natural inertia of the induction
motor was therefore coupled to the machine and the
time for the complete speed reversal was then in-
creased to about 2 seconds.

£ speed signal can be obtained during the speed
reversal of the induction motor from a d.c. tacho-
generator coupled to it. This signal can then be
electrically differentiated with respect to time to
obtain acceleration. tny high frequency noise that
may exist on the speed signal before differentiation
is greatly magnified by the differentiating process
and introduceg a "musgsh" on the acceleration output.
Thus in order to eliminate this mush and obtain
accurate speed-torgque characteristics a low noise
(2% maximum ripple) tachogenerator was used and an
elaborate filtering system developed to eliminate

the remaining noise which is primarily introduced by
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the commutator segments.

The frgquency of the commutator ripple noise is
given by: W, = M e where n is the number of commu-
tator segments. Thus the noise freguency varies
linearly with machine speed as shown in Fig.5.

It was noticed from the swinging stator dyramometer
tests (e.g. Fig.l) that the harmonic torques near their
synchronous speesds are guite sharp and therefore as the
induction motor passes through these speeds during the
reversal, large amplitude and guite high freguency
acceleration signals result. Since these signals must
be recorded without appreciable attenuation, an ordinary
low péss filtér cannot be used effectively to reduce
the commutator ripple noise. A filter is required
which will discriminate between noise and signal even
though their frequencies are (at low speeds) comparable
in magnitude.

The circuit of Fig.6 has a transfer characteristic
as shown in Fig.7 and is seen to present g infinite
impedance when in resonance. The resonant freguency
mc is given by 1//E61 If the value of either L or C
could be varied continuously w, could be made to coin-
cide with 0 at a2ll rotor speeds and the commutator
ripple would be continuouély eliminated. Of the two
elements in Fig.6 the capacitor is the eaéiest to vary

but even then an air-cored continuously variable capacitor
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of large enough value is impracticabdble. The capacitor
was therefore varied in steps by connecting other capa-
citors in parallel with it, (as shown dotted in Fig.6)
in such a way so that W approximately follows the noise
frequency 0y, @8 the,machine speed varies., The variation
of 0, with speed is shown by the stepped curve in Fig.5.

The control of the switching in and out of the
capacitors is performed by a single transistor; level- .
sensing circuit fed by a speed signal as shown in Fig.8.
Thefe is one such‘circuit corresponding to each capacitor
switche.

L speed signal is obtained from an auxiliary and
not necessarily ripple—free tachogenerator coupled ;o
the induction motor. The rectifier shown converts the
tacho output to a unidirectional signal independent of
the direction of rotation of the induction machine.
When Vs is large enough for the voltage Vb at the’base
of the transistor to just become positive the transistor
conducts and the relay switches the corresponding aapa-‘
cifor in the filter circuit. The critical value of Vs
at which the switching occurs is determined by the ratio
R; R, and can be varied by varying R, - Thus the values
of Rl;in the circuits controlling different capacitors
are adjusted so that the switching occurs at the required

instant.
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‘It should be noted that when the signal Vs falls
below its critical value the relay will switch the capa-
citor off again so that the circuits operate correctly
during both the decelerating and accelerating periods of
the speed reversal of the induction motor.

In the experimental eguipment the capecitance was
varied in 10 steps. With every switching of a capacitor
a transient is associated which introduces a very sharp
spike in the signal being filtered. When a capacitor
is being switched out the spike is practically non
existent, but it becomes apprecaible when a capacitor
igs being switched in. However these spikes are of
very high freguencies and can easily be completely
eliminated by an ordinary low-passfilter that follows
the variable capacitance filter. .The low-pass filter is
shown in Fig.9 and its transfer function in Fig.10,
it is seen from this last figure that the cut off fre-
guency of the filter is high (about 100 c/s) end there-
fore if does not appreciably attenuate the signal the
highest frequency of which is about 25 c¢/s - corresponding
to a time of speed reversal of 2 geconds.

Once the signal from the tachogenerator has been
filtered it can be differentiated quite easiiy by an
ordinary differentiating circuit as shown in Fig.il and

then fed into the Y-axis of & recorder.
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The complete circuit is shown in the block-diagram
of Fig.12, aond é typical plotter‘trace shown in Fig.13.

In order to establish the accuracy'of the accelero-
meter, measurenents made with a supply veltage of 1/4
raoted voltage (100 v.), were compared with similar mea-
sufements faken by the swinging stator dynamometer (see
Chapter 3). The torgue-speed characteristic obtained
by the accelerometer, after correcting for friction and
windage, is shown in Fig.lé, together with corresponding
points measured by the dynaﬁometer. Thus the accelero-
meter results are seen to be correct to t 2%, an accuracy
appreciably better than is usually associated with this

method.

L,2 lMeasurement of the fundamental torgue.

In order to measure the effect of the load losses
on the output torgue, both measurements of the total and
fundamental torgues are necessary. The fundamental
torgque can be deduced from measurenents of input power:
as explained in Sectiom 3.2. Electronic multiplying
and sunmming units were employed in order to obtain the
instantaneous power flow to the induction machine during
the speed reversal, From this power input the stator
IZR and iron losses were subtracted to give the air-gap

power. This power plotted against speed is the funda-

"

. 1,

mental speed-torque curve to a scale of "/uw N-m/il.
~
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The arrangement of the apparatus is showﬁ in Fig.
i5. The stator core loss depends oun the voltage
(V"Iiﬁi) where V is the terminal voltage and 1,R, the
voltage drop across the primary resistance, Thus as
the machine reverses in speed, I1 is large and the

voltage (V-IiPQ) igs appreciably less than V with the

result that the stator core loss is reduced below the
value calculated by neglecting the Iiﬁi voltage drop.
Although this reduction in the stator core loss can be
properly simulated it reguires more summing units, and
the loss was therefore simulated by a properly propér—
tioned constant quantity as shown in Fig.i5. This
constant gquantity is based on the mean voltage (V~TZ§E)
where EZ§1 is the mezn value of the stator resistance
drop during the reversal. The error in the resultant
fundamental speed-torcue curve due to thig approximation
is smell and the saving of electronic eguipment con-I
siderable.

L typical plotter trace is shown in Fig.ib.

Lgain in order to establish the accuracy of the
method, a comparigon wes made, at a reduced supply
voltage, (100 v.), between power input measurements
using wattmeters and the above method. The results
are shown in Fig.17 from which the accuracy over most

of the speed range is seen to be within - 2.5%.
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CHATTER 5.

ME4LSUREMENT CF LCALD LOSSES UIIDER NORIGAL LOAD.

193]

The last two‘Chapters dealt with the measurement of
the torcue-glip characteristics ¢f induction motors at any
value of supply voltage. From the torgue--speed curves
the load losses can be measured as the difference between
the fundamental and actualtorgues. Thig difference is
appreciable at large values of fundeamental slip, {(due
to the high currents that flow in the machine in these
regions), but becomes very small and difficult to mea-
sure under the normal operating conditions. The baclz-
to-back test described below (originally suggested by
Dr. D.G.C.Morris; was developed to measure the load

losses under the ugsual conditions of operation.

5.1 The back-to-back test.

Direct current or synchronous machineg can operate
either as motors or as generators at exactly the same
rotor speed. Two similar machines, belonging to one
of the above two groups,; can therefore have their shafts
directly connected and be operated in z bsck--to-baclk
arrangement where one machine is acting as a motor and
the other as a generator. The net energy input to the

system would then be the total loss in both machines, and

cen be measured directly and accurately.



Tnduction machines on the other hand must - if

operated from a constant freguency supply -~ run at

. .

different speeds when generating than when motoring.
Thus direct shaft cbnnection between the machines is
not possible:

Attempts have been made in the past to remove this
restriction and the following methods of testing evolved.
(i) The supply to one induction machine is at

a lower frequéncy than the second supply ih which case
the two machine shafts can be coupled diréctly.7
(ii) The two machines are supplied at the same

freguency and the rotors are belted together using pulleys

s
0 -,
6,1

-5

of different diameters.
(iii) With the sazme supply to the two machines
their shafts are connecbed together through a differen-
tial gear-boxr.
(iv) The *wo induction motors are coupled to two

de.c. machines and the load baciz is affected through

associated with a

e
6]

s test

S

these two machines. Th

e
~ 10

separate back-to-back test of the d.c. machines.
411 the above tests introduce losses in auxiliarf

apparatus which cannot be accurately measured. The test

described below introduces no such extraneous losses and

provides for the first time an accurate method of deter-

mining induction motor leosses.



In this test the two induction machines are
coupled to two dynamometers that are loaded in a baclk-
to-back arrangement as shown in Fig.isf The dynamo-~
meters are fixed on a stationary bedplate whilst the
staﬁors of the two induction motors are strapped to=
gether and are free to rotate on their own bearings.
The mechanical arrangement of the test is shown in
Fig.19.

One machine is driven at a speed of n_ rps, and

U

the other runs at a speed of o3 where n1/’n <\n .
.l L

The first machine is then operating as a generator and
the second one as a motor, The speeds n, and n,_ are
: v B

adjusted (by varying the field supplies to the dyna-

mometers) until the two stator frames have no tendency

to rotate, which means that the torgues in the two

couplings are egual. If at this point of balance

.

the electrical input to the two induction machines is

ch then the total electrical loss of both machines is

<o
given by:

e = o . U 3y [~
I’t’e - .'.ac + T .Bn(ng nﬂ']‘./ ()oi)

In Appendix I it is shown that the power input P"c
: i
supplies the stator losses plus very nearly the whole

6% the load losses. The mechanical power input

T.Bn(no~ - nm) supplies the fundamental rotor IQR losses

and a negligible part of the load loss. Thus the load
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losses can be determined to a sufficiently high degree

of accuracy as:
P,o=D - {7 + 31,%R.) (5.2)
£L = T ac ‘Y fei 1 1/ ' * =
2 .
The measurement of the rotor IR loss is usuzlly

the least reliable and most inaccurate of the
econventional loss meagurementsg. It is therefore an
important advantage of this test that the roter funda-
mental loss does not enter into the determination of

the load losses as calculated from Eon. (5.2).

5.2 Experimental procedure.

The value of the load losses measured in the baci-
to-back tesgt is the sum of the load losses of the two
machines. If the two machines are identicel their load

losses under the same loading conditions can be agsumed

to be the same. Rotors Nos. i{a), i(b), and t{c) in
Table 2 (Chapter 2) are nominally identical. Their

true identity was established by measuring their torgue-
slip characteristics by the methods of Chapters 3 and

L, The identity of two machines can also be checized

- to some extent - by the bacl:~to-bacl: test itself, by
reversing their operation so that the motor becomes a

generator and vice versaj; if the machines are the same,

the power flow sghould remain unchanged.
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Having established the identity between these rotors
the total load loss measured in the baclk-to-~back test,

can be split up into the individual loss losses in the

ratio:
- [ 12 . 1.6
i I IT
Ll m o
o = — . — 5.3(&)
"e,e I I
3 . & | g
[ 12 i 1.6
I, i-s ’
Kid Py - AY
= il - P o b
5 -y 5.3(bJ
g z

It is explained in the Introduction that the lozd

losses depend both on the value of I, and Iz.
X

shown in the next Chapter however that the deépendence on

S

fEN

it

I, is much larger than that on I, and hence the currents

i
AV}

I and I_ in Ean. 5.3(a) can be taken to be the stator

o wh
m g

currents in the motor and generator respectively. The

guadratic variation of locad losses with current is derived

=

theoretically in the next Chapter. It ig =zlsgo shown in

that Chapter that the variation with speed is extremely

cemplex but numerical computations show that it can be

4
. s

by & 1.6 power law.

iR

mete

satisfactorily approx

13,9

oy

Cther investigators zve also found eéxperimentally

that the index of variation of load logses with freguéncy
lies between 1.5 and 2. In any case gince the slips

o end s are both small compared with unity ..
& (=)

ati i - 3 y o4 \
the ratio (:z sm;/(I + 8,) in Egn. 5.3 (b}
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is near unity and a small error in the 1.6 power index
only causes a very smell error in the division of the
load lossesg between the two machines.

By testing rotors MNos. 1(a) and 1i(b} against each
other in the back~to~ba§k arrangement the load losses
of these rotors were precisely measured at all condi-

—

nd speed loading. Rotor

M

tions of current, voltage,
No.i(a) was then used as a standard sgainst which all
other rotors were tested.

Fig.20 shows the wvariation of load losses with
current I, for rotor No. 1(al. The results obtained
for this and all other rotors are compared with each
other and with the theoretical predictions of load

losses in Chapter 8.
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CHAFTER 6.

THEQRETICAL ANALYSIS CF LOAD LOSSES

Z

6,1 Ahnalysis of the air gap fields.

This Section deals with the genexral nature of the
fields that exist in the air gap of an induction machine.

.2

It considers both the harmonic flux density fields of the
stator and the harmonic and subharmonic fields of the
rotor, as produced by the interaction cf the mmf and
pernmeance harmonics. It gives =z phycsical picture of the
mechanism by which torques, (both synchronous and asyn-

chronous), are produced and is an essential preliminary

to & better understanding cof the more specific analyses

b

that fellow in later Sections.

6.1 Air gap Tields due to the stator harmonics.
-

It is shown in Appendix II that the stepped mmf
distribution (Fig.21) produced by az three phase double-

layer lap winding can be analysed by Fourier series into

. . . th .

& series cf rotating harmonic yraves, the V one being
given by: VI
g : . z,

£ =. F cos (W - ~ +06_ 3 6.1

-le iv ( Y ) / ( . )
where Fiv is its complex emplitude given as:3

SO bis
- _ 3\/2 L ¢ dp\) - k—~ _ \
fiay T - B Ty ) I'i . Dv {(6.2)

and 6 is given by Ecn. II.3 in Lppendix II.
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\

- Y
fig.21. Stepped mmf distribution due to currents
ina three phase winding.
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The origin is taken to be the centre
slot.
If the actual air gap length is g th

-
°

=]

permeance can be written =z

69

of a stator

en the air gap

S, 2“51
A = A {1 -y ' cos ==z, - Y_!' cos K. ~ee}x
o 12 -7y S 2 S ST 1 .-
TS 215
X [*-'Y" CO8 === xx - Y " cos 2 X~ sae ]
i pPY 2 2 pY 2
(6.3)
where the stator and rotor coordinates x, and x, are
shown in Fig.23.
The average permeance ) _is egual to (¥ gk ,k _.).
o o ci ¢c2

The pulsationsy, etc,, in the curly

2

I

due to the a

stator slot openings; and the

Yi"’ yz" ctc., in the sguare brackets are

rotoxr slot openings. These coefficients

i5

Freeman.

Transforming the rotor coordinate %,

side, Egn. 6.3 can be re-written as

3
.

‘ CmdH,
A = AO 1~ YC’ coS pY* x1 - Aid
":1,200 d=1’
C TS
+ > 4 > 2 Y cY"' 1
- o ¢®'d cosl( .,
c=%,2.., d=1,2., pPY i

brackets, are
pulsations

due to the

are given by

to the stator

dﬁsz

] Z {~ =

., Yg cos i EI
dﬂsz

Jcos 57 (:1— rRt}
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The last term of Zgn. 6.4 can be neglected as it
involves the products Yc’yd“ which are very small second
crder guantities.

(ae}

The air gap flux density fields due to the stator

e

v}

v harmonic is therefore given by multiplying together

c
n
By

iv >1~v'A (6.5)

2
it can be shown”, by considering the symmetry of

the winding digtribution, that v cannct take any value

but is limited to the values given by:

v = 6k1 + 1 (6.6
where Ik, is a positive or negative integer including
Tero. L negative value of V indicates that the harronic

rotates in a directiocn opposite to that of the fundamental.
Considering the fundamental mmf wave (v=1) Ecn.

6.5 gives the corresponding flux density field as:

b, = B, [cos (ot - —=+ 8) -
N Y mx, eS,
— - — tw &
Lo z cos fu 75 +1)+e,]
02“11"200

; ! 'Y’H as
4 —Zcos{[2+(t-g) 2]t0t
: T 2 P

nx, dSz
X \
- = 52+1) + 8, ]] (6.7)
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givén by:

€3

49
b
[EN
]

vhere |

_ 3“0\/2 :'1 kdp - -
gl — ., I, . D (6.8)

gl L Io
argk (. oP

uif.
i

In the following Sections it is shown that by far

the most important stator mmf harmonics are the slot

S

harmonics of ordexr V = 1 == +1, where r is any positive
&

or negative integer. It is also shown in ippendix IX

that for these slot harmonics the aungle

6, = °© g = 6. + 2nm vhere n is any integer.
r"\l o e 6 -* 6 L’L = 3 6 ‘th i1 e d “"t
Thus from Egns. O.%iy, 0.4 and 6.5 e flux density

fields corresponding to the stator slot harmonic rmf

waves are given by:

. ' S, bi
b = B 5 . [cos fot - (r—= +1) —— + 8]
S ( . - -
{ Pt 41) Ty +1)
Yé S1 T,
. e— cosfwte [{r-c) —= +1] —= + 8}
— 2 5 Y i
C==1-2,.
; Q or ™
[ ) T J\; d 82

1
- 1 s - e - 6 It e @7
/ Y dco {wt (rp +1) 7t 1].co 57 (f1 rRt)
d=1,2..
(6.9)

where B

.
[A]

o]
.

s, ven by:

H i

Cr——+1)
D

[N
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Comparing Zons. 6.7 and 6.9 it is secen that when
the values of ¢ and T coincide, the second term
of Brn. 6.7 and the first term of Egn, 6.9 re?resent
waves which zre of the same order, rotate at the same
speed, and are therefore stationary with respect to each
other. These two waves should therefore be considerad

together as one resultant field having the complex

1
— - - Ye
bz“e = B . - B PR -éf- (6.11

“lslot e gt
{r....:..l_'l\
t1)
B

The factor D, in Egn. 6.8 represents the damping

[N

of the stator fundamental mmf due tvthe rotor current

and is therefore given by:3

T&
D,’ = "“':: (6012)
* I,
i
The damping factor D by which the stator
. D,
{(r—=+1)
S, st P
T 5 ) . . e
(r§~ +1) mimf harmonic is reduced by the corresponding

frecuency rotor currents is similariy given by:



-:-fl"n
< I~
— (-.j_j.'. +‘)
DI = Ve ot (6.13
i3 \ g
(37"{3_""1/ Ii

vSince for the slot harmonics the harmonic leaikzage
reactance is rmuch larger than the harmonic magnetising
reactance, {see Chapter 7 ), the harmonic magngtizing
current is very nearly the same as the total current

Ij and hence:

(601k)

(=N

D S potid

(et )
p
Introducing the damping factors from Egns. (6.12) and
{(6.14) into Egns., (6.8), (6.10) and (6.i1) (taking the
fundamental air gap voltage T as the reference phasor),

this last ecguation may be re-written as:

~— < 8 1 1)
-é-l = B : i._.}} .Tf’.. EJ n
Tes 1 s10t sl - gL 2
(r;—+;)
(6.15)

where 01 and © are the phaese angles of I, and Ir

i A 17}

and B S and BS1 are the magnitudes of the corres-
. ;

A
e
( ) +L)

ponding space pPhasors.

o

Figs. 24(a) and 24(b) show the geometrical repre-~
sentation of Zcn. 6.15, It iz seen that the baclkward
rotating mmf slot harmonics (»r negative) add with the

permeance slot harmonics to give a resultant:
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where a' is the ratio

B og
(r§i+i)

=

: - —_— = (6.16) (2)
C

1 N
=2 Y1 (rtit)
gJ_ o] [#] o

(w3}

Thue the losses caused by the resultant field and

which are shown in the later Sections to depend ou
2 . + s
Bres are greater than the sum of the individual losses

of the mf and permeance slot harmonics by the factor:

in0
2sin 1

(6.17)

= 1 +
I'(O) . a'+1/a'

Similarly (Fig.24 (a)) the forward rotating mmf
slot harmonics (r positive) add with the permance slot
hérmonics to give’a reéultant field whose losses are
less than the sum of the individual losses of the

harmonics by the factor:

C - 1 1 | (6.18)

YAV
(I‘} G/ a'+ 1//a"

L

It is seen therefore thaet the presence of the slilot

openings increases the losses due to the backward rota-



ting fields (by the factor C(I_<O))and decreases the
losses due to the forwerd rotating fields {(by the factor
C(r) O))° However, since the backward rotating fields
are always more important than the forwérd rotating

ones, (see later Sections) the overall effect of the addi-

tion of the harmonic fields caused by the slot open-

e

ings to those caused by the mmf harmonics,is an increase

in the overall loss above the sum of the losses cof the
individual component fields. To apply the exact

corrections given by Zgns. 6.17 and 6.18 to every slot
harwmonic igs a very laborious process, since both

nd . v with 1 5] and a' Se
C(r(\O) and C(r) oy Yary with load as 6, and o' change

This increase in the overall loss was therefore taken

s
ct
K

correction is applied, the two components of the
resultant slot harmonic fields, {(i.e. that dus to the
stator ﬂmf harmonics, aﬁd that due to the stator slot
openings;, are considered separately. The losses
produced by the former are %hen included in the load
losses whilst those of the latter harmonics are con-

sidered as no-locad losses in accoxrdance with the

definition given in the Introduction.



6.1.2 A4ir gap fields due to the rotor harmonics.

Tach one of the stator field harmonics induces
. , :
currents in the rotor sguirpel cage bars whose fre-
guency depends on the relative motion of the roitor with

respect to the harmonic in guestion. These currents

produce a rotor mmf which contains apart from a wave

of order y a series of subharmonics of different number
of poles from the inducing field. LiwschitzB has

th , . .
shown that the W of these subharmonics induced by

th .
the V stator harrmonic has the order:

4

L = v+ k (5— ‘ (6.19)

where kz is any positive negative or =zero integerf

As an example Table 5 shows the rotor harmonics
that are produced by the various stator harmonics in a
L-pole machine with 36 stator and 45 rotor slots.

The harmonics in the induction motor produce
asynchronous as well as synchronous torgues.

An asYnchronoué torgue occurs when a travelling
harmonic wave due to either the rotoxr or the stator
induces currents or losses in the opposing member of the

&0

machine which are of the same frecuency as the inducing

field. A synchroncus torgue occurs when a stator

harmonic Va produces & rotor harmonic ¥ which has the
<«

same rotational freguency and ordexr as another stator



harmonic Vv

st a single rotor speed.
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In such a cace

b
v is the source of excitation for the rotor, and Vi
the source of power of the stator. It can be casily .
shown3 that the synchronous torgue is produced at a
speed of:
Zfo
n = —— rps (6.2C)
J‘.\..‘.t oy
s O
where kz ig the value in Eon. 6.19 that gives the
in guestion.

value cfoa

From Table 5 it is

value of rotor harmonic (¥ _)
o

stator harmonic {V

\
b

3,

and is not

seen that

there exists no

that coincides with a

caused by it. There-

fore me synchronous torgues exist in a machine with

36

stator and 45 rotor slots to which Table 5 applies.

Table 5
Stator and rotor harmonic fieldids.
Stator harmonics Rotor harmonics
(V) pole-pairs {(*) pole-pairs
- . =0 It =1 k =-1
.:.".2 2 >
+2 +2 lj@? lw§3l :
=10 -10 35 55 .
+1h +il +59 ~31 ’
-22 -28 +273 -67 o
+26 +26 Al -1 .
~3% ii -79 .
+38 +03 ~ o
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5, given by ZEan. 6,19 with

0
©

The rotor subharmonic fiel
kz # 0, react baclz on the stator and cause losses
wnich also appear as harmonic torgues. .

“he harmonic currents that flow in the bars of a
sqguirrel cage winding are small due to the fact that

the harmonic lealiage reactance is appreciably larger

than the harmonic magnetising reactance. Thus the
. . e . , th
rotor subharmonic fields produced by the v stator

harmonic field (where v 1) are small and their reaction

(4]
(5

baclk on the stator can be neglected.  These subhar-

monic fields can, therefore, be congidered to contri-

bute only to t1e differential lealzage reactance cof
ytb .

the stator harmonic.

The rotor ~prarionlc fields produced by the

stator fundﬁmentol fleia however, may be appreciable
1] L] i

®
[N
©

and their reaction baclz on the stator is considerx

.

These rotor subharmonic fields (roter slot harmonic

p s

arz shown in sguare boixes in Table 5. The gtator
gclot harmenics are shown encircled.

it can be sho 3 that the rotor glot harmonic
mmfs produced by the stator fundamental field can be

written as:

Ll WD oy
= 7 14(i-8) 2] wi. LB 44 5
fau = Foy + €OS [1+(1-8) 5 ] ¥ ( o +1) o+ S
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where ng is its comple:r amplitude given as:
r T - N
. 34 i
= _3Vv2 o dpt 2 (6.22)
2 u - T ZP ° o e I 5 o adi
siti 22
(2+ )
P

The damping of the rotor slot harmonics by any
currents that these harmonics may induce in the stator
winding is neglected since the induced stator harmonic
currents. are extremely small, lore is said of
these matters in Section 6.6.

The rotor mmf given by 3Z:n. 6.2% z2cts on the air-
gap permance of Ern. 6.4 to produce the flux density

waves given by Bagn. 6.23

2,5, T, k5
b . o« = B . JJcos{lt+(i-g)2=Tug 2 (—2241)+ 0}
.«':‘.?02 x’;zsz . B Y Y L
(—= +1) ( +1) '
P
‘ c NS, t. S Tx, S
. r‘, Ca 2 w & 2 2‘ e
_ E Y! CO..r——é—-.f—mi.CO,,{ 1+(i-g) > ] t v ( > +1)+ p,}
C=1’2’-0 .
p S? Tz, 52 ]
Nt { 1w J ...-..'. Wt - —(l @)+t 0
E eos i+ S}(l d/ Jot 7 [p o=Cit 1+ "
a=%0,%
(6.23)
Lgzin comparing Ecn.6.23 with BEgn.6.7 giving the
fundamental fluxr density it is seen +nat the first

term of Zan.6.23 and the last term of T-n.b6.7 repre-

sent waves which are stationary with regpect to each

other.
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It can be shown by an analysis icdentical to that

given in Appendix ITI but applied to the rctor, that for

the rotor slot harmonics 8 = 6 ., Hence by a

e
‘--.-\

, v 25in 8
Bllys = [8% . v 597 . 2 (6.24)
TeS 1 s1ot (‘g 2 gt 2 gt fon
+ %
2z, %
3RV 2 3 Egne Ip .
where B g = , 5 (6.25)
272 a1 1 (. 272
( P +1) arpgh 17ea et ot ?
B .S
’ e fa] 4\
. A 5 +2) 2 1.2 ,
ot = = o E~‘(6-25)(a)
1] .
. '{.{ . .*moo 4]
B, == Yan(—2-2 ;1)

and O  is the angle between I2 and the reference phasor

6]

E. Lgain thé positive gign in Eqn.6°24 applies.to the
backward rotating harmonics aﬁd the negative sign to the.
forward rotating ones.

hen the rotor sloé openings are small, (as is the

case for practically all cast aluminium rotors), Y,

becomes very small and a' very large. The correction

factor given by the sscond sguare root in Eqn.6;24
therefore becomes unity and the total loss caused by

the rotor slot harmonic figlds in the stator can be
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tzlzen to be the sum of the individual losses caused by

-

the ficlds due to the rotor mmf and slot openings.

6.2 Harmonic losses in rotor bars and harmonic

ecuivalent circuit.

If saturation in the magnetic circuit of the machine
is neglected then superposition can be used to calcu-
late the total shaft torQue of the induction motor by
treating each harmonic field wave separately and adding
their individual brgues. This corresponds to having
a different "motor" for each harmonic, the motors
being connected in series mechanicaily. The conven-
tional ecuivalent circuit of the induction motor is

then modified as shown in PFig.25. In this figure the

and
<3

2

rarmonic circuits excited by the current I, and having
V as a suffix are thogse due fto the ctator mmnf har-
raonics. The harmonic circuits excited by a current

I, and having a suffix 1 are due to the rotor pmf
harmonics; and the harmonic circuits excited by a
current IO and having a suffix A' or A" are due to the
combination of the fundamental flux density and the
stator and rotor slot openings respectively.

The circuit of Fig.25 applies only to the calcu-

{
lation of the losses and torgues produced by the har-

monic currents that flow in the rotor or stator windings.
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n " "



oA

In Section 6.6 itis éhown that the branches
that are shunting the reactances X, 878 very large
thus allowing only very small harmonic currents to
flow in the stator windings. The most important
harmonics coniributing to the load losses dissipated
in the meachine wiﬁdings are therefore the stator mmf
harmonics.

The eguivalent circuit of a single stator harmonic
is shown in Fig.22, and since this is essentially the
same as the eguivalent circuit of the fundamental, it

produces a torgue-~slip characteristic of the same shape

ag the main torgue-curve, dut with a synchronous speed
%o
at noy= 5 instead of at n.

Bue to the fact that the harmonic magnetising
reactance ig very much smaller than the main magnetising
reactance {see Chapter 7), the harmonic terminal voltage
Vivih Fig.22 is small in comparison with the terminal
voltage Vi' The voltage Vivthergfore does not appre-
ciably affect the current I1 which is primerily deter-
mined by he fundamental. Hence the eguivalent circuit
of Fig.22 can be considered as being excited by a
current source 6f magnitude Ii rather than by a voltage
source. This is rather important since it shows that
the fundamental subdivision is in the current distri-

bution,
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Once all the parameters in the harmonic eguivalent
circuit of Fig.22 are determined (see Chapter 7) one
can use the eguivalent circuit of Fig.as with as many
harmonic branches as necessary to calculate the total
losses dissipated in the machine windings, or to cal-
culate the torgue-slip characteristic. This has been
done for rotor No.1i{a) (see Table 2, Chapter 2) and the
result is shown by curve "B" in Fig.26. Curve "C" of
the same‘figure shows the measured torgue-slip charac-
terigtic of the machine vith the same rotor, and curve
HAM the fﬁndamental torqgue, (both calculated and
measured).

From this figure it is obvious that the difference
between the fundamental and the actual torgue; a
difference due to the load losses; cannot be explained
quantitafively by the equivalen% circuit of Fig.25 and
at least part of this difference must be attributed to
other causes, The effects of the cross-current losses
and of the stator and rotor irom losses on the torgue-
slip characteristics and the load losses are therefore

investigated in the following Sections.

" 6.3 Losses due to imperfect insalation between the

sguirrel cage bars and the rotor iron.

If the bars of a sguirrel cage winding are skewed
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but not completely insulated from the rotor lamina-
tions, the difference in the voltage induced bétwéen
adjacent bars will circulate currents in the circum-
ferential direction. These currents floving from bar
to bar via the rotor iron produce losses in the rotor
which result in a correspondihg loss of accelerating
torgue. The theoretical analysis of the load losses
due to this mode of current flow has been investigated

p ,
17 and Oc!o‘é:“8 both of which derived

by Rossmaier,
expressions for the cross-current load loss, The

a2nalysis of Section 6.3.%1 ig similar to the analyses of

the ahove mentioned investigators. It was found,
however, that the interbar resistance Tub in the egua-

tions is highly non-linear and so in order to choose

the right value of LR it is also necessary to investi-
gate the spacial distribution of interbar woltage and
current. This is done in Section 5.3.3.

6.3.2 Calculation of losses.

s of load losses carried out in this

¥R

The analys
section is based on the following assumptions:
(1) The interbar impedance (imﬁedance between two
neighbouring bars) is assumed purely resistive.
The velue of this resistance (?bb}

be constant independent of the magnitude or
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frequency of the interface current that flows.
It is left until later on (Chapter 7) to deter-
mine the "best" constant value to be used in

actual calculatiocnse.

~~
[N

.

~

The impedance of the end-rings is negleéted in

comparison with the bar impedance. With nc end-

ring impedance and no skew, no interbar voltage
exists. The end-ring impedance would iptrodgqe'
a loss even with no skew and it causes an error
in the calculation when skew is present. &n
approximate check showed the effect was
negligible.

(iii) The width of the bars is neglected. The effect
of the bar width on the differential harmonic
leakage and the effective skew is considered
separately in Section 6.7 and in Chapter 7.

Fig.27shows two consecutive pars of the squirrel

T

age. The electrical angle between ithe bars with res-

. th ~ s s
pect to the Vv stator field harmonic is GV, the

[¢]

effective length of the rotor stack is £, and the'
effective skew is %, radians per unit length of stacl.
Subscript "b'" refers to ﬁhe bar guantities and sub-
script "bb" to the interbar region.

In the following znalysis the capital letters for

voltages and currents are phasor cguantities, (unless
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otherwise stated), representing harmonic components.
Cepital letters for reactances and resistanges refer to
total values, whereas small letters refer to the values
for a unit length of rotor stack. The meaning of all
symbols cén be found in the Nomenclature.

Yirchhoff's first law applied to element dx of the

nﬁh bar gives:
9L, ,
bx - 1 _b¥Vn 5, , "
Tovn * Tppvin-1) - % “bvn * O X+ Iypvne 0%
0L,y
. b¥n _ _ "
.. T35 Typvm-1) - Tobvn (6.26)

vhere I ., is the circumferential current per unit

A

length.
Since sinusoidal conditions are considered the
following relations ' apply to the bar and interbar

currents:

Fy
‘Ian .« ©

Tyvin-1) (6.27)(a)

Jje,

and I e

»bv(n-1)~ Tbbvn® (6.27)(b)

.Substituting Egn. 6.27(b) into Egn. 6.26 gives:

aIbvn jev
5% = Ippvpli-e ) (6.28)

—

firchhoff's second law applied to path ABCD gives:
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01
bbvn

- - - T . O .

Epa = Ben = Tovns Zpve 0% Ippun + 5% x)e Ty,
I o b o GX_I o r (6029)
bV(n+1) bv bbvn bb

whgre Epa and E.p are the voltages induced in bar

. ; -t

sections DA and CB respectively by the. v h stator

field harmonic; sz is the total bar impedance per
. " ; . th .
unit length of stack with respect to the Vv harmonic
and rbb is the bar-to-bar resistance per unit length.
" J 6y

Since B = B, ,. € substitution into Em.5.29
CB DA :
gives after some simplification.,

2

o I rbb ,
B, = I, v 2, obx - —VB by
DA bvan® “byv } x> ° o 8 T
’ x Lgin®™ v _
2 (6.30)
The elemental voltage EDA is given by the flux
cutting rule as:
javx ,
Eyn = Byye dx . uy . e (6.31)

where B1 is the rms flux density due to the statoxr
Y

current only, and uy is the linear speed of the rotor

3

bars with respect to the vtn stator field harmonic.

Jjo
The factor e " is introduced to account for the phase

shift in the voltage induced at different parts of the
bar due to skew. The voltage induced at the center of

the bar is taken as the reference phasor. The total
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voltage induced in bar section D4 is, of course, the

th

sum of the voltage induced by the stator V harmonic

and the voltage induced by the revolvingfield of the rotor

: X : th . .
produced by 211 the bar currents due to the V=~ harmonic.

This second part of the induced voltage, however, is
taken into consideration by using the total bar impedance

Zy y which includes the bar magnetising reactanc xij,
L

the differential leakage reactance x and the slot

bdv?

leakage reactance x In this way E is the voltage

b.sk’ DL
induced by the stator field acting alone, and is thus
given by Egn. 6.31 despite the fact that the total air-
gap flux density Bgt can have radial as well as axial

components due to the redistribution of currents in the

rotor.
The flux density B, in Eqgn. 6.3% is given by:3
B = 2ot % Xapy - (6.32)
iv 2nglk pv *oe
C
‘ S 2Yf2v
and the speed u, is given by: u, = — -

Substituting the above two egquations into Egn.

6.31 gives:
3p L2, k. . Y. £ Joy =
o 17 aov Y . .
oa T T o a— 2--5x.0 (6.33)
’ ek ‘
g CP

Bliminating By, between Eons. 6.30 and 6.33 the

following eguation results:

P E_ERL = T o D javx (6.30L)
bbv axz - by Zby T Tov © +3%



where the subscript '"n' for the bar current has been
dropped since all the bars are identical.
In Egn. 6.34 above Z,, is the magnitude of the

voltage induced in a unit length of bar and is given by:

. dap 2V :

E . = 9. (6.35)

[ IRV} v, 2

T[g:.i_cp\’

b - > . f e - / : P
or By 0T Fpay o I1 . t3u1.ﬂdpv, SZ) 6.36(z)}
o b} = X . I PE 1. Y ’ 6(%

v “ov v "':-./('ebi Cdpv) 6.36(b
where X is the magnetising reactance of a single

bmav
bar pexr unit length of staclz, and Ly is the total
Lot
N e ‘ th S e .
magnetising reactance of the v harumonic in the egqui-
valent circuit referred to the stator side.

The cuantity

(6.373

has been introduced to simplify the expressions.

.-

al eguation giving the bar

Y

pee

Bgn. 6.34 is a different

current at a distance 3z from the centre of the rotor

19

stack. Its solution is given by:

el
i

p Gy wiBainh ¥ e A — - aan
by k coshy xz+BsinhYx + ‘ (6.38)



where 4 amd B are constants to be evaluated from the

. : >,
boundary conditions, and =17 . X .
ary ‘ S = Yy = is the propagation
bbV
constant-by analogy to tramsmisgion line theory.

The voltage between adjacent bars at the point x

F
(0]

y 9T,
V = I « X = "'( Z )a Y » I . ’
bb v bbv® " bb 3o, 0 bb  (6.39)

and since the impedance of the end-rings is neglected

Vbbv is mero at z = ~ £/2.
o '
. by
— - L
i.e. 5% = 0 (6.40)

<~ at X:ire/Q

The above two cconditions can be used to calculate

the constants A and B of Bgn. 6.38 as shown in Appendix
ITT.

The logses in the rotor due to the \ﬁh stator

harmonic are given by:

+£/2

i

S
F SsRe J I = dze
2v 2 /o BV Tby
. Ay

where B, * is the conjugate of the voltaﬁe‘E,v induced
v 8]
in the bar at point

~
<y

and is therefore given by:

'“ja' VX
B — n

= E e
bv ov’

=

ilence the rotor power loss becomes:
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I E _.e dax (6.%41)

[
o

<

Y]
R ]

Egn. 6.41 includes the losses due to both bar and inter-
bar currents.

Substituting the value of Ebv from Ezn. 6.38 into

12

Sgn. 6.4%1 and perforwming the integration gives:
v a
i) 25, £ ZaVZ(tanth£3052 v£4cothYV£sin2
Pov = T eRel gy + — s 2
’ bbv a Ty Y, (&5+ Y
(6.42)
or:
o) 2S" £ 2(12 coshy £ - coso kL
Poy = r?v 2 e 5 * —. : .
bbhv a, +Yv“ (av2+.n?) szinth£
(6.L43)
Cnce the losses due to the vth stator harmonic are
determined the asynchronous torgue produced by this
harmonic can be calcﬁlated froiz the eguation:
PPv '
Tay T e, (6.44)

where‘wov is the harmonic synchromnous speed and s, the

slip of the rotor with respect to the ' harmonic field.
The loss éxpression of Zqn. 6.42 is the most con-

venient one for numerical computations, whereas the

zpression of ZEgn., 6..43 is more suitable if any theore-



96

tical deductions are to be made (e.g. see Chapter 9).

6.3.2 Choice of interbar registance.

It heas already been stated that the interbar

resistance r
> L ¢ bb

Fig.28. (See Chapter 7 for the exact form of the

is not constant but varies as shown in

curves.)
Thus to determine the best possible constant value

of r that must be used, one must have some idea of the

b
value of interbar current that is flowing. From Egns.
6.38 and 6.28 the harmonic interbar current can be

calculated as:

javz
4 -1 Jaone
Ibbv = -~3€—5 . Ayv51nhyvx+Bchoshyvx+ r (a2+.Ya)
l-e bbY " Y v
(6.45)(a)
and hence the total interbar current is:
o0 .
I, = E (6.45) {b)
V=1

The vaiues of the constants 4 and B are given in
Appendix III.

This distribution of cross-current flow along the
bar is shown in Fig.29. From this figure it is seen

that the maximum value of the cross-current I occurs

bb

near the centre of the rotor stack. If this value of

I is assumed to determine the value of r then

bb bb’
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fig29. Distribution of cross - currents.
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fig.28 Typical variation of interbar resistance Pob
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assuming a value for r the current Ibb can be calcu-

bb
lated from Egn. 6.45(b). Using this value of Iy and

Fig.29 another value of r . can be obtained which again
b » -

could be used to calculate I and so on until an

bb

accurate value of Tin is obtained. This iteration

computer *®ime, Moreover, the value of L that would

be obtained is strictly applicable only to the central
region of the rotor stack. Near the ends of the stack

the cross-current Ib is ruch lesgs than Ibb and so in

b

these regions Ty should be calculated from the initial

slope of the curve in Fig.28. In view of these un-
certainties, the complexity of the above iteration pro-

cess was not thought to be justified and another method

bb

bAithough the cross-current I

¢f choosing r was therefore used.

. depends very much
bbv < y

on the interbar resistance, the bar~to-bar voltage is

not affected a great dezl. Thus putting réb~»cm and
. v . s _ o a
using the relation Jbbv = Ibbv o rbb the interbar

voltage can be calculated as:
2 eV
j Lgi ——— a 0L a7
JE - 4sin” £ x avﬁ jo,, =
a:(i-e )
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and the maximun value (given by putting x%=0) finally

simplifies to:

3 ev
B @ £ 6 Y2 ,
oy _ oV . 4 . 2 . v .
Jbbi = ) . Lgin - esin g~ . e (6.57)

The above expression gives the interbar voltage of
one particular freguency proéuced by the \fh stator field
harmonic only. Other harmonics produce interbar vél«
tages of different freguencies and phase angles, Thus
the total voltage, (which is the sum of all these
different voltages), is non-sinusoidal and non-periodic.
The maximdm value that it can reach, however, is the .
sum of the amplitudes of its harmonic components which

is giveh‘by:

o £
v

. ,

, Boy 2 '
| ~ = 4‘/2 /A .sin — .sin
[ Pb 1 total @ Z;

v=1 v

o] @
<
-

(6.48)

The value calculated from Eqn.v6.48 could be used

in conjunctién with Fig.28 to determine what value of
rip Should be used in the computations. (See Chapter 7).
Avcomparison of the crbsswcurrent Josseés calculated
by the use of the previously described iteration process
of choosing rpye With the results obtained by the use
of Eqn.6.48 was made for one case only and the agree-

53

ment was found to be cuite good.
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6.4 Effects of eddy currents on the rotor iron surface.

6.4.1 Calculation of fluxes.

As the magnetic fields rotate past the rotor sur-~
face, eddy currents are induced in the rotor laminations
which cause surface IZR losses and also oépose the pene-
tration of flux into the rotor body in accordence with
Lenz's iaw.

Considering the viB stator field harmonic by
itself: the magnetic flux density wave is given by:

:vnxl

b, = B,, cos { 5 * w i)

which in terms of the rotor coordinate x_, (Fig.23)

becomes:

VTDS?
= (&
by = By cos —g

+ S\}wt) (6949)

where s, is the slip of the rotor with respect to the

th . . ‘
v stator hermonic given by s, = V (i-s + 1/V}):
Bgn. 6.49 can be expznded to give:
VT X VT
b = B cos cos syWt - in in s, W
v 1v T Sy t Blv S v e SAM Sy t

(6.50)

The terms of Egn. 6.50 represent two pulsating
fields which are out of phase by 900 both in space and
in time. Figse. 30 and 31 show these two flux density

distributions in relation to a rotor #%ooth. The nsat
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fig.30. Tooth fluxes.
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flux entering the rotor tqcth body is given by the inte-
gration of the flux density distribution over the rotor
tooth width KQ. Thus it is seen that for the sine
component (Fig.Bb) no flux entura the tooth and all the
flux lincs must therefore closc themselves in the tooth
top. for the cogine bompanenﬁ on the other hand, there
is some flux @gvo that enters the tocth body, given by

the difference between the two shaded areas in Fig.31.

+Xz/2
. " K = I3 ..Y.T_‘.}E
Hence: @tVQ = £ . I Blv cos =% dx
T a/2
sinBG'
= By, - ?\2.6 A~y (6.51)
_ vn)\:a : _
where Q' = (EY ), is half the electrical angle that

a rotor tooth subtends with respect to the ¥R Siator
field harmonic.

if the amount of flux given by Egn. 6.51 is sub-
tracted from the flux entering the tooth top, the remain-
ing flux lines must close themselves on the téoth surface.

Referring to Fig.30 the total flux entering the
tooth top between the tooth tip and point x iséﬁyxi
where:



~r
P

" = ‘B. in LLX
“ta/2
Y e A .
= Biv(ﬁ)(COS v:t[ - cOos B’\; ) (6.52)

per unit axial length of tocoth.

The fiux entering the left hand portion of the

tooth surface is therefore: (putting x:G)
3! = B (L) (4 - cos B ) (6.53)
Dya = Py Yvm + v °

Similarly for the cesine component (Fig.31) one

gets:
x vrx sinpy
" - { ‘ - 4
® yx2 j \Byyc08 =% Blv(wﬁﬁu—“)) dz
sin (vgg) sin By
= B ee - -
4 ' VTlyr 1
Voo (=) B,
Y

(6.54)

The maximum flux occurs at a value of x given by:

sin&ﬁ

1]
A\

x (z;) arc cos
.4&.0 - VT‘ o C. =]

Hence
‘JTLXO
~ sin 7 sinf ¥
t —_ B b - A
®y2 v o VT X " (6.55)
o pv
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Once the flux distribution is known the flux lines
in the rotor tooth can be drawn in by projection from

the flux curves and using free-hand flux plotting as

shown by the full lines in Figs. 30 and 31.

6.&.2 Calculation of losses.

If in the fiux plots derived in the above Section
there are n tubes of flux, the elemental flux in each

tube will be:
N

A = (%J per unit axial length of tooth.

The flux density is therefore:

A
AD @

B = 5% = wouy

where 6b is the breadth of a cﬁrvilinear sguare,
(Fig.32). |

Carter22 has shown that if flux pulsates through
a lamination of_thickness h with a maximum £lux density
B and angular frequency 0w, and if the reuction of the
eddy currents on the forcing flux is neglected, the

eddy current loss is given by:

2 .2 .
h.,3 B w . 2
P 11 - P . S .v"] M
e (2) 3p ¥b/m

The eddy current loss for each curvilinear square

is therefore:
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fig.33. Penetration of a rotating
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If there is a total of N curvilinear sguares in

the flux plot, and the number of rotor slots. is S?,

then the total surface eddy current loss becomes:

P o= 5. . —L . (Bun) (6.56)
e 2 2 L
n .2%p

&
Substituting for the values of ® given by Egns.
6.53 and 6.55 for the sine and cosine components of the

flux respectively, one finally gets:

N\ 2
S.4 B, .Ywsyh N
_ 2™ iy v 1 2
Py = 3y ° == . ;fé (1 - cos B )™ +
VK
N, VR )2 sin o
£a o Y
z VIt X
n, o
Y

(6.57)
where subscript "i" refers to the sine flux plot and
subscript "2" to the cosine one.

Using Bqn. 6.57 the surface loss in the rotor,
produced by the vth stator harmonic can be calculated,
and the sum of the losses produced by all thé harmonics
will give the total rotor surface loss.

It shculd be noted that skin effects have been

completely neglected and so the value of the surface
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loss calculated from Egn. 6.57 will give a value on the
high side since the volume of the material excited by
the harmonic flux is in fact reduced by the reaction of
tﬁe eddy currents.

Carter21 considered the problem of ‘a wave travelling
on top of a smooth laminated surface and obtained
expfessions for the surface loss which take into con-
sideration the damping of the flux by the eddy currents
as well as the boundary conditions imposed by the edges
of the laminations.

The surface losses calculated by the present semi-
analytical method applied to rotor No.1l, gave values
about twice as high as those calculated by Carter's
method. This is partly due to the neglected eddy
current reaction effect but also due to the fact that
the surface losses are increased by the slotting of
the rotor surface as shown by Dréyfus?O Thisg last
effect was not included in Carter's analysis.

In the actual calculation a value half way
between that given by BEqn. 6.57 and that given by
Carter's method was used. The numerical results have
shown that the surface losses in the rotor were not a
very large part of the total load loss and hence the
small errors introduced by the compfomising method of

calculation mentioned above were not very important.



6.4.3 The reduction of leakage reactance.

The eddy currents that are induced 6n the rotor
surféce not only cause losses in the surface itself,
but by damping the differential harmonic leakage flux
of the squirrel cage, cause more harmonic currents to
flow in the Bars and hence also increase the bar IZR
losses. This increase of the bar IZR loss 1s by no
means secondary in importance to the rotor iron surface
losses. = This is particularly so when skin effects are
pronounced, (i.e. at high harmonic freguencies), in
which case the extra bar losses can be several times
the value of the surface loss.

To account for this effect the factdr kdﬁ by
which the undamped value of the differential leakage

reactance must be multiplied will now be calculated.

Considgr_an'mmf wave given by f, =FVSin(v§y *o t)
to travel on the two sides of a lamination of thick—
ness h as shown in Fig.33. If the displacement
curreht in the iromn is neglected in comparison with
the cOndﬁction current, it is shown in #Zppendix IV
that the y~componeht cf the phasor flux density inside

the lamination satisfies the equation:

D A = Y = 0 (6.58)
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jorn
where k° = _,%__QN + (%-T-t--)2 (6.59)

The solution for BYv fherefore has the form:

B, = C, % 4 ¢, o FF (6.60)
KAY i 2

where 01 and Cz are constants that can be evaluated

from the fact that on the surface of the lamination,

4 e i- g Fale T 3 - f
(x = h/2), the Llux density becomes B = WLF .

The constants are then calculated as:

B

oV
Cy = Cy = Ric/, Thic/

e + e

2

and the flux density at any point inside the lamination
is therefore given by:

cosh kx

cosh %E

Byv = Bo\) °

The total flux carried by the lamination per unit

length in the z-direction is:

+h/2
- s
e, = '3h Byv ay
~h
2 hilc
= Bo\’ - 'i': tanh ~2—*

If no eddy currents were present and the flux
penetration was unopposed the lamination would caryy

a flux éov given by:



kh
Q\J tanh 'é""
Hence: 3;—- = —-—_‘F-._——- (6o61)
o E;

If the forcing mmf on fhe surfaces of thé lamina-~
tion was pulsating instead of a travelling wave the
flux attenuation would still be given by an expression
of the form shown by Egn. 6.61 but %2 would have the
- value: jmvuuo/ p= 1/62 where #» igs the classical
‘depth of ﬁenetration. |

It is éeen from Egn. 6.59 that the effective pene-
tration of the flux into the lamination is slightly
wofse for’a travelling rather than a pulsating mag-
netic field.: However, at the values of freguency
(@) and wavelengths (2Y/V) in question this change is
totally negligible as can be seen by comparing the two
terms of Eqn. 6.59. The second term is less than
1% of the first term and hence to a good apprOXimation:

2 Jo, e
e = e = —
P 52

in which case Egn. 6.6%1 reduces to:

' : h
3 tanh 77
kd,@v' = '7@"" = T (6-62)
' oV /20

The damping factor kazv ig shown plotited in Fig.
35 against freguency and with the permeability & as a

parameter. The figure applies to laminations of thick-
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ness .635 mm which are used in all the experimental
rotors. A value of p of 900 was used in the calcula-

tions and this choice is explained in the next Section.

6.5 Iron losses in the rotor teeth.

6.5.1 Damping of the tooth flux.

It was calculated in Section 6.41 that an amount
of flux étvo given by Egn. 6.51 pemetrates the whole
of the rotor tooth and mnot merely the surface.

The flux density in the tooth body is therefore

given by:
’ i lzﬁ_ | sin B (6.63)
B¥vo 31y - vy “\ 8" » °

\Y

where wj is Fhe width of the rotor tooth body.

In a squirrel cage, however, each rotor tooth has
@ low impedance loop surrounding it and therefore cir-
culating currgnts can be induced in this loop to
oppose the flux penetration into the tooth.

Consider for example the analogous system shown in
Fig.34. M is the mutual inductance between the two
coils and £i and 22 their leakage inductances.

it can be easily shown that for this system the
damping,éf the tooth flux by the currents circulating

round the tooth is given by the factor,

‘ b4
kv = .—E‘l = 1 - M (6.64)

ty Wﬁo . M+£Z
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The value of M in Egn. 6.64 includes not only
the magnetising field reactance xmv but also the

differential harmonic reactance ody®

Thus M= x_ o+ x,. » {(6.65)

Although normally x is considered as a leakage

2cv
reacﬁance for calculations of torgue from the eguivalent
circuit; in the context of the'present discussion it
cannot be congidered as such since it ig directly the
résult of the harmonic currents induced in the sguirrel
cage bars by the air gap harmonic fields. It should
be noted here that the difference‘ﬁetween the actual
stepped zir gap field and the fundamental sinﬁsbid
is ﬁot a true 1eakage'flux. For example the stator
and rotor fiéld waveforms may be stepped, but if they
are identical the true leakage is zero, despite the
fact that neither waveforms are sinusoidal.

The subharmonic fieclds produced by the stepped mmf
waveform may or may not produce torques ~ depending
on the stator and rotor circuits - but they always
contribute tc the damping of the tooth fluxes.

The leakage reactance £2 is the sum of the slot

and skew leakage, i.e.

gz = Xosk Fsiv
‘ 14k2kv
= % b x| ——Y {(6.66)
2sk my }r?., )



where Xogp includes the small end-ring lezkage to the
actuai slot leakage.3
Substituting Eqns. 6.65 and 6,66 into Egn. 6.64

giveg:

x +

e < 3
1§¥ = 1 - ~ Hy ‘20\3 (6.67)
v "“‘—'—-mv X + X
2 t Fagy 238
slv :

The flux density penetrating the rotor tooth boedies

is therefore modified by this factor and is given by:

i — " t
Bév - Btvo ° ktv

(6.68)

1
W
»
e
<
TN
>)
3%
.
0
e
B8
=

6.5.2 Calculation of .rotor tooth iron losses.

The flux density By  siven by Eyn. 6.68 causes both
eddy current and hysteresis losses in the tooth iron.
The hysteregis losses, however, are very difficult to
calculate exactly, due to the unsymmetrical magnetisa-
tion of the iron.23’24'25

Since the magnetising mmf consists of a main field
and a series of harmonics, (particularly the slot-
harmonics), the hysteresis loop traversed will have

several minor loops guite apart from the main loop.

If only omne harmonic mmf is consideréd,together with the
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=3
Oy

fundamental then the hysteresis loop is as shown in
Fig.36. The total hysteresis loas per‘fundaﬁehtal

cycle in this case is given by:

Loss/cycle = AG + L

where Ai_ is the area of the main loop due to the funda-
Lo . : - th .
mental and Anv is the area of the n minmor loop due
wn. th . '
to the v stator harmonic.
‘The total hysteresis loss per cycle congidering
all the harmonic mmfs superimposed on the main field,

but neglecting the interaction between the harmonics

themselves, is therefore:

v
Total loss/cycle = Aé + ST OA . (6.69)

Obviously one cannot use Egn. 6.69 for any practical
calcuiations without doing a great deal of experimental
worlt on the magnetic material itself.

In view of this difficulty the iron losses in the

teeth - both eddy current and hysteresis - were cal-
culated by Egn. (6.70) which was suggested by Richter.26
il _ .2 : 2
ky - {Rrn b k Ts [
o, = By % Lo £, + 0 £57 oWy . o5, (6,70)

where cf,.,1 anche ere experimentally determined material
1 c

25,27,28,29

constants and f,, iz the freguency of the

th

rotor tooth flux pulsation due to the v stator field
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fig.36. Unsymmetrical hysteresis loop,'

(Fundamental plus one harmonic pulsation.)
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harmonic. Wg is the weight of the rotor tooth body,
including a correction due to the iron in the rotor core
between two consecutive teeth, which is also excited by

the harmonic tooth flux;zo

6.5.3 Choice of iron permecbility.

In view of what has already been said about the
nature of magnetisation in the teeth, the magnetic per-
izeability that should be used in connection with the
field harmonics, (e.g. in calculating the damping
factor It,p, in Section 6.4.3), should be the incre-

mental permeability given by:

AB

75  (see Figs. 37 & 36) (6.71)

This value of permeability variés between the
different minor loops, depending on the value that the
fundamental flux density has at the instant of the
pulgation. Hdwever, an overail mean valﬁe can be
estimated ané a value of incremental M» of 900 was
chosen for the numerical computations, based partly on

30

the results of Spooner” , Ball23 and reference 29 and
partly on the results of Smith31 who showed that the
value of incremental 1 can be appreciably reduced when

the pulsations occur at high frequencies, (like the

present case).



6.6 Load losses in the stator due to the rotor mmf

harmonics.

The last three Sectiong, have dealt with the losses
that are produced in the xrotoxr by the stator field har-
monics. This Section will consider the loéses produced
in the'stator due to the rotor field harmonicse which
result from the rotor stepped mmi distribution. In
many ways the lbsses in the stator can be deduced from
the formulae giving the losses in the rotor by inter-

changing stator and rotor guantities as explained below.

6.6.1 Harmonic losses in stator winding.

The rotor harmonic fields will induce harmonic

currents in the stator winding if closed paths exist

i6

for them to flow in. The magnitude of the induced

currents will depend on the magnetic interlinkage between

-

the stator and rotor windings with respect to ths har-

h . . .
rotor harmonic given

-+

] . . U
monic in gquestion. Thus the
by BEgqn. 6.22 induces currents in the stator whose mag-

nitude is reduced by the factors:

sin ..}.Llr
k = | - =4 in BEZ (6.72)
dpy n sin B aY
2ng -
sin o £/?
and |34 = - . (6.73)




1=t
AV]
Y

fo ™

0]

‘The factor of Zan. 5.72 is the stator winding f
. th . -
tor with respect to the ¥ rotoxr harmonic and the
factor of Eon. 6.73 the skew factar also with respect

to the same harronic.

For the stator slot harmonics kdnv ig always equal
e
to kdpi and is very nearly ecual to unity; whereas
for the rotor slot harmonics k { k. . in all cases.
dny dpi

Thus the stator slot harmonics are reduced only by
skewing whereas the rotor slot harmonics are reduced
by skewing as well as by the stator pitching.

The factor kdpu is small for the usual stator
pitching and slot combinations, and the losses produced
by the harmonic currents induced in the stator winding

2
dp

Hence in most practical cases the stator winding can

are negligible a2s they are proportional to It

be assumed to present an open-circuit to the rotor slot
harmonics.

o > 8 . -

in special cases where k,pu is not small the

- a

extra losses in the stator can be calculated guite
easily by conventional theory applied tc each rotor
harmonic. Llternatively the losses can even be

deduced from BEzn. 6.%23 by multiplying it by kg , setting

PR

Top =% and interchanging rotor bar guantities with

stator guantities referred to a single stator slot.
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6.6.2 Losses in the stator iron surface and the

stator teeth.

The pattern of flux penetration into the stator
teeth can be deduced in an exactly analogous way to
that used for the calculation of flux demnsities in the
rotor teeth. (Sections 6.4 and 6.5). The harmonic
fiux density in the stator tooth body can therefore be

calculated to be:

Kiﬂ sin mf
' = 5 e .70
Btpo = By, <l . ; (6.74)
t By

and since only the rotor slot harmonics induced by the
stator fundamental field need bo considered; {sce

Section 6.1.2) B, becomes B

which is given
2 S rh give

—
[AV]
D2

P
Ban. 6.25. The angle BL in Ban. 6.74 is half the

by
electrical angle that a stator tooth subtends with res-

, AL
pect to the uth rotor field harmonic. K%; = —%?r Je

Since the flux given by ZEgn. 6.7L can penetrate
a stator tooth unopposed, it causes zn iron loss in the
teeth - both due to eddy currents and hysteresis -

whosge total value is:

(6.75)



Lgain W! is the weight of one stator tooth body

1
t
increased by the weight of some of the iron in the

stator core, between two consecutive teeth, which is

sy ‘ ; . . 2C
also excited by the harmonic tooth flux. .

6.7 Effect of seturation on the load loss formulae.

6.7.1 Hecessary modifications.

In the foregoing theory it has been assumed that
the statoy and roitor mmf waveforme can be analysed into
series of harmonics, and that each harmonic can be con-

idered in isolation from the rest. Under the non-

Lt

linear conditions regulting from saturation, it is
strictly not possible to consider each harmonic field
separétely and calCulate the total load loss by adding
the individual harmonic losses. This regtriction,
however, must be relaxed by necessity since it is simply
not feasible to consider the losses and torgues pro-
duced by a stepped stator epplied mmaf without first
enalysing the mmf waveform into harmonics. £ further
justification for considering the mmf waveform as a
series of harmonic fields, even under saturated condi-
tiong, comes from the fTact that the harmonics are small
compared with the fundamental and therefore non-linear
interactions between themselves can be neglected. Thus

each harmonic can be conzidered by itself together with



s

the fundamental provided that incremental cuantities
are used for the harﬁbnié parameteré.

The effect of saturztion of the main mégnefic
fluzz paths’on the léad losses is therefore assumed to
be fully taken into account by:

(1) 1Increasing the effective valﬁe of the air
gap in the formulae of Sections 6.1 to 6.6, by a fac-

tor I {to be calculated).

142}
[N

ii} Reducing the effective value of the incre-

~~

mental permeability of the rotor iron in Section 6.5.
The effect of saturation of the leakage magnetic
flux paths on the lcad losses is included by applying
a saturation factor ksz to the harmonic magnetising
reactance xm\)and differential leekage reactance xzdv
in the load loss fqrmulae. This factor ksz is cal-
culated in exactly the same way as the saturation fac-
tor for the zig-zag lealage is calculated by Angst,Ba

(see also Chapter 7).

£11 that is left therefore is to calculate the

factor kcg due to the saturation of the main magnetic
flux paths. The incremental permeability under

S

saturated conditions can be chosen by the empirical laws

al
given by Spooner.3U
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6.7.2 The saturation factor I ..

6.7.2.1 The definition of k .

Numerical computations using the formulae developed
in the last five Sections indicate that the slot har-
monics {(of both the stator and the rotor) are the main
contributors to the total load losses. These harnionics
follow the fluxz-paths shown dotted in Fig.jS.

If at any instant of time, slot A is displaced by
an electrical angle ©® from the centre of the phase
band carrying maximum current, then, neglecting the
variations of the main flux density over a single slot
pitch, the flux density in the teeth on either side

of slot A is approximately given by, say, b_ _(6) and

(23

hat in the teeth on either side of the rotor slot B
approximetely given by, say, bmr(e}; These flux den-
sities cause mmf drops of FS(B) in ome stator tooth
and Fr(e) in one rotor tooth. The mmf drops in the
cores over the distance Ki and Xz are smazll and are

neglected.

Thus if the mmf drops across the air gap at the

e+

point 6 is F _(6), then the total mmf consumed in one

o

g
half of the slot harmonic flux path shown dotted is

F () + F {6} + F_{e) and this is eguivalent to in-
& [S] E4

-

creasing the value of the air gap by the factor:



126

! | }\1_*
---——©
X / . - \I i """’" .
l «
‘L D A ; - Fg stator
: N 1
' Fe

=y
1]
—_— e —

...__
®
m
_—§\
\\
!
v I
S i
1 1
! |
' . i
g —
' 1
n
~
(o}
-
O
3

I
-

—

%,

fig.38. Slot harmonic flux paths.

Fa

fig.39. Induction nﬁotor phasor diagram.
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. F_(8) + F_{8)
 (g) = 1 + —= X
s EICIA

w

(6.763

It is explained in Chapter 5 that the load losses

kXen to very as i, and since i, = I cos8 , the
¢ 1 4

can be ta

importance that the saturation of a tooth has on the load

: L . . ; 2
losses is determined by the "weight' factor cos eA where

8, is the distance of the tooth from the mawimum current

density position. The total weight is given by:
T/
‘2
r 2 T,
k73 = 1 cogs 6 d6 = K
FYy o
...TC/-Z

and hence the value of the saturation factor properly

averaged over a pole pitch is given by:

T
/2

I o
o= 2 [k (6) cos®6 a0 (6.77)

6.7.2.2 The calculation of flux densities.

The phasor diagram of the induction motor is shown

in Figz.39. The space phasors Ti and T? represent the

stator and rotor currents and are in line with the posi-
tion where the currents are naximun.

The mmf phasors F, and Fz represent the magnetic
ES

axes of Ij and 12 and axre therefore at right angles to

the currents.
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Fig.40 shows the current density and flux density
waves in the air gap of a developed machine.

The curve bév correSponds to the phasor E& and

O

i1 to the phasor f4 in Fig.39. The actual flux density
e

distribution, however, has a flattened top due to the

ey

iron saturation as shown by the curve bmg' This

curve can be analysed into a fundamental sinusoidal

flux distribution of the same pole pitch as bég and
a series of harwonics, by far the most important of
33,34

which is the third.

Thus to a good approximation.

1 = B - L _Bn
b = ﬁmg cos (6+61) 13umw

, \
. g COS (9791) (6.78)
where Bsg is the amplitude of the fundamental compo-

-

nent of b .
m

g .
If the total flux per pole is & then:
T
"/ - 8,
P
o = £L | p__ae
T ) mg
a-6,
which gives Bl = n@? (6.79)
§ 2£Y(2 + 5 k)

The flux densities in the stator and rotor teeth

are b = b /5!
128 ng AT

and kz are the slot pitches and w! and wg the tooth
" :

= - wi Tf‘x :
and bmr bm hz/wt here A,

g

body widths of the stator and the rotor respectively.
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fig.40. Current and flux density distributions.
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fig.41. Idealised saturation curve.
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The amplitudes of the fundamentals of b and b are
ms mr

therefore given by:

Bl = LR ®1 ' 6.80(a)
41 P
£W%S4(A+ 3 k3)
np &
1 —
and Blar = g 6.80(b)
11 -— I
ﬂwtsz(1+ 3 13)

respectiively.

The flux ¢ is given by: @ ='V1J'2/(Wf21kdp1)

6.7.2.3 The caleoulation of k .

s

Let the magnetisation curve of the iron be approii-
m%ted by a straight line intersecting the flux density
axis at B, as shown in Fig.lh1. When the tooth flux
densities are lesz than Bof no ampere turns are consumed
in the teeth and the factor ks(e) in Bgn. 6.76 is
unity.

Let the stator tooth flux density bms reach the

value B at an angle ® , then from Egns. 6.78, 6.79

and 6.80(a)

" - k " s} e =
Bl! . cos (60+81) k Bl' cos 3( L+ 1) B,

I+

. 3¢ .+ 69 35 6 .0 1.1 fZo
or: cos”{ ot & - *EE;— cos({ o 1):l&kB. BI = 0

4

(6.81)
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[N

Egn. 6.81 is a cubic in cos (6 +8,) and can be

.

solved to yield 6_. The rotor tooth flux demsity b__

reaches the value Bo at a different angle 63. In
practice, however; the angles Go and 65 are very near
each other, due to the fact that B" and B! are only
ms my
slightly different.
When the total flux deunsities are greater than BO,

the magnetic field intensity is given by:

wo B_ D (6.82)
= " H :

Thus the ampere turns consumed in a stator tooth

is:
B" . B
- v _ _ms . N __9o .
LS(B/ =~ -h [cos(e+61) &30093® +61)] = b
(6.83)
and those in a rotor tooth: '
B! B
P (8) = <X [cos(B+6,)-k 6,71 - =2 .
r(e, = hr [co \6+61; 130053(6+ 4] 7 hr
(6.84)

The ampere turns consumed in the air gap is:
- <

B!
mng

P (0) = .« [cos(8+8)-keos3(8+0)]  (6.85)

o

Substituting Egns. 6.83, 6.8L and 6.85 into Egn.

6.76 gives:
1
¥ (8) = &

S

(6.86)

2° cos{6+ Q)~k3cp33(6+61)
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o s 8
where: a, = L + (6.87)
ng
j U =) (h +h )
and a_. = o r._s 83)
> - £
2 HgB! (6.88)
mg
T™wo cages will now be discussed:
T 60
(i) when 8,>% - 3 as shown in Fig.Lko(za)
T 6,0
and (ii) when 0. 9 - 5 as shovn in Fig.42(b).
- -
Case (i). The value of ks( 0) is given by Egn.

6.86 in the ranges ~ /2 &6 {6 _ ana -6 20, Lo <n/2’

and is egual to unity in the range 6°<6 < m -Go-261.

(§]
o ° 5 azcos2 6 . ;
T — S5 - ; 4 - ; i 3
g1 T W in/ [aicos ° co$(6+8,_‘)-k3co‘53(‘6+9¢)“’ a9
2 -~ -te
§
/2 a cosaﬁ
b 2 :P [ a cos® - 2 Tae
T J %1 cos(0+0, -k, cos3{(0+08 )"~
m.6 -26, 3 1
o i
n -0 ...261
+ 2 'f‘ ° i 2
3 8 ' cos“ 6goe (6.89)
o

Lfter integration the above expression reduces to:
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fig.42.b.Main flux saturation when e1>T[/4-eo/2
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(a,~-1)
kL, = 1+ 2 [(a -1)’6 +8, )+ _T_ (s;.nZe +51n2(e +20, ) )+

a,5in20, -i cos(60+61) : .4 Sinb,
4 e (tanh - ~tanh = ——-)
2 Ja,ik ‘ /a /a
J.B 3 3 3
I cos@ 2 1+cos O
-—a-t ! - Sn 9~1|'\ . s\
4 as-l ! \- cos e| ] (6a90}
. .2
vhere a, = (143k,)/Lk_. ond a = {20520, +5in'0,)
3 37" "3 4
a,-1
Case (ii). The value of k_(g) is given by Egn.

s . - - - / ‘ s ‘ - s
6.66 in the range 26,-6 <0 <6° and is egual to unity
in the ranges 6~<6 n/2 and '“,»’2 <9 < -—291—9 . Thus
, o 1 o
k_, is again given by an expression of the same type
as chown in Egn. 6.89, but the limits of the first
two integrals must be replaced by (-26,5-60) as the
lower limit and 60 as the upper one. The limits of
the third integral must be replaced by (Oo, ““/2) and

(n/2, -2 81-90) on the lower and upper side respectively.

The final integration gives the saturation factor as:

(a,-1)
X o= [(a ~1)(8 _+8 )+ T—(Slnze +sin2(0 +20,})
o tar! 5in(6%0) _ 20 1 [ +5in(6,+0,) .
% Va -1 sin 6o \—sm(9+9)] (6.92)

The factor ksﬁ calculated in the above section is
4 :
used to increase the effective value of the air gap
for the slot harmonics from g to I{sfgwhen saturation

of the main magnetiec flux path is present. The



formulae developed in the first 5 Sections of the
presenf Chapter are then used with this modified air
gap to compute the value of the load losses under the

normal operating conditions.



PART THREE

THE DETERMINATICON OF PARAMETERS IN THE

THEORETICALL FORIULAE
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CHAPTER 7

THE DETERMINATION OF PARAMETERS IN THI THEORETICAL

Before the theoretical formulae of Chapter
6 can be used to determine the load losses of a machine,

the numerical_valués of the guantities which azppear in

the formulae must be Inown. The existing classgical
method83’35

of calculating harmonic parameters and
especially harmonic reactanoés, are grossly inaccurate
since they neglect the effects of slot openings,
saturation, damping etc. It is the purpose of this
Chapter to calculate gsome of these guantities and
describe the measgurement of those parameters which

cannot be calculated.

7.1 The cazlculation of harmonic resistance and

reactances.

There are two harmonic reactances that appear in
the theoretical formulae of Chapter 6. The magnetizing

harmonic reactance . and the rotor lealiage harmonic

iy

reactance (e.g. see the harmonic eguivalent circuit

M, .
av

of Fig.22).

~J
°
[N
»
-y

The magnetising reactance RSN

The value of oy is given by LiwshitzB as:
a3 .



x i 2
m “dpv

X - = — T (7.1)
“dpi

my v 2

for the vth stator field harmonic; where e, is the
magnetising reactance of the fundamental.

This value of Xy applies to all phaée belt har-
monics but not to the slot harmonics. It was shown
in Section 6.1 that the orxrders of the slot harmonics
are such that their magnitudes are modified by the
stator slot permeance variations, and that this effect

could approximately be taken into consideration by

increasgsing the magnetising reactance of these harmonics

' =g
68

by a mean factor (i+ ). Thus the magnetising

=)

2
o

reactance of the slot harmonics is given by:

bie A
m " S \
b = s——y e 2}
v 5 (1 5 ) {7.
v o
54 +, 4+
for v = r;i +1; = 24, =2, T 3 ...

It should be remembered that for the stator slot
harmonics k = kdpl'

Egnss 741 and 7.2 apply Only when the machine is

it was shown in Section 6.7, that when the main
magnetic flux paths are saturated by the fundamental
flux, the effective value of the air gap is increased

by a Tfactor k given by Egns. 6.90 and 65.91i. Since

el
sS1



X is inversely proporitional to the air gap, ey is
£ . 3

effectively decreased by the factor (i/k_,). The value
KD -

of It is Section 6.7 was calculated only for the slot

g
harmonics. The saturation factors for the phase-belt

igher than I_, but, because

5

harmonics are slightly h
of the relative unimportance of these harmonics, negligible
error is introduced by the use of the same saturation
factor.

in apparently similar, but in fact guite different
effect occurs wheﬁ the fundamental 1eakagé flux paths
are saturated by the harmonic fluxes themselves.
Angst32 has derived saturation factors by‘which the zig-
mag leakage reactance, (which under the present nomen--
clature would be called the sum of the slot harmonic
magnetizing reactances), is reduced due to the satura-
tion caused by the load currents. tngst's method of

on

R

calculating the saturation factors involves an iterat
process between the saturation factor formulae (with
an assumed stator current) and the usual ecuivalent

circuit to determine the value of the stator current to

e

It

n the next iteration. Thus the gaturat

be used o

.'3

factors obtained by this process take into comnsideration
the fact that magnetic seaturation reduces the slot
harmonics according to a law which is somewhere between

a constant harmonic flux law and a coanstant harmonic mmuf



Y

lav. These saturation factors, sey, are there-

el
fore applied to reduce the value of -~ when the funda-
Le
mental lealiage flux paths are saturated.
Thus the harmonic magnetising reactances can be

calculated, under all possible conditions that can

exist in 2 machine, from BEcns. 7.3 and 7.L.

X kdpv 2 K
¥ = - PR (7.3
v vz kdpi’ jis 1
for the phase-belt harmonics,
b4 A Iz 5
2 = e L £ 8 L)
and a[‘ﬂ\) = Vz (-l + ZA} . I{ (704\‘.‘/
o] st

for the slot harmonics.
It should be noted that because of the difference

in the ways that the two saturation factors are defined,

52 o L

ks” :; 1 and 332 6;1, so that k_,/k . is always less

than unity.

7.1.2 The rotor differential harmonic leakage

reactance, (XZdv) and skew leakage reactance,

The rotor differential harmonic lealtage reactance

is given by RichterBb as:
. 2
pid i ,
- - b "dpv .T' 1 (7 5)
- - o o -
248v > A 24dv. .2
\Y Gp: jo
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It is well lmown, however, that the value of the
differential leakage reactance calculated from Eqn.7.5
is too high and the calculated harmonic torgues corres-
pondingly too low.36’37’38

In Section 6.4 it was shown that the eddy currents
induced on the rotor surface damp the differential
leakage flux pulsations and reduce the value of the

lezkage reactance by the factor kdﬂv shown in Fig.,35.

o)
c
TaegenB has shown that when the rotor slots are

open the differentizal leakage reactance is modified by
the slot opening, and the value of Tﬁdv in Bgn. 7.6
then becomes:
2
TPV
=tm Lk
Ty = 52 -1 (7.7)
2dv
. TD
gin ==—. k
5 v
2
< a1 - o A . o : 2 five widil
where k,, = iuﬁgo,la, Yoo being the effective width

of the slot opening, (including the very hesvily satura-
ted tooth tip) and Ao the rotor slot pitch.
However, there is a further and wmore important

influence of the rotor siot openings. By influencing

w

ct

he air gap permeance, the rotor slot openings affect

the differential leskage fluxes to z far greater extent



1bko

than they affect the fundamental fields (e.g. the&
reduce the differential leakage flux much more than
Carter's coefficient would indicate). This influence
has not been fully realised in the past and accounts
for the consistently high values that are obtained for
the differential lealkage reactaﬁce by using the classi-
cal methods 6f calculation. In Appendix V it is showm

that mast be multiplicd by a factor k to account

~r
“2dv ov

for this effect; and this factor is calculated in that
Appendix.
Thus the rotor differential harmonic lealage re-

»

actance under unsaturated conditions is given by:

. 1o \2 -
pis py i o £8
. _ 'm dpv dlv oV (7.8}
2dv 2 d, . 24v 2
v dpi I,
SV

The infliuence of saturation on the differential
harmonic leakage reactances is assumed to be the game

ances.

e

as the influence on the magnetising reac:

by
o

nce saturation factors of ks” and k~2 are applied to
X =4

Bgn. 7.8 to take into consideration the saturation of

the main and leakage flux paiths respectively.

Therefore dev ig gquite generally given by:
bid iz 2 I P L
; _ T dpv < “dhv " Tov T2 (7.9)
2dv N I ¢ 28v ° 1.2 °
d}? 1 1: P P&
si skv



The skew leakage reactance is criven35 as:
> =] L3
' 2
1-1 v
3. = = . ___EE‘E-_?- (7.10)
sicy mV Kka
sltvo

vhere ks”vo is the sltew factor with respect to the har-
Ly

rmonic in guestion and is given by:

avz
I (7.11)
“skvo’ a\’e
2

If the width of the sguirrel cage bar is neglected,
the actual skew is the geometrical skew of the rotor
bars. If, however, the bar width is taken into con-

sideration the actual skew is reduced by the factor Cv

as shown in Section 7.3. The skew factor then becomes:
B
Sin —e——
ko= 2 (7.12)
Tskv T AyCy £ ‘

2

and the skew leakage reactance is given by:

(7.13)

If the saturation factors for the skew leakage
reactance are assumed to be the same as the saturation

factors for the harmonic magnetising reactance Eay? then
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Egn. 7.13 applies to both saturated and unsaturated
conditions depending on whether the wvalue of ey in the
N i

equation is the saturated value or not.

7.1.3 The rotor slot leakage reactance and bar

resistance.

The rotor slot leakage reactance (x28£3 and bar
resistance (rz) can be calculated at low freguencies
from the slot dimensions. At high freguencies, however,
eddy currents flowing in the bar conductor reduce ﬁhe
slot leakage flux and increase the I°R loss in the bar.

Thus correction faétors_kx and k_ must be applied
to the d.c. values of the slot reactance énd resistance
in order to account for the deep bar effectis. It should
be noted thaf although deep bar effects may be com-
pletely negligible as far as the fundamental is con-
cerned, they are far from negligibie for the harmonics
especially for the oneg of high order, e.g. the slot
harmonics,

The factors kx and kr used in the calculations were
obtained by approxmimating the rotor slots to an open

39

rectangular shape,; and using well X¥nown formulae.

I
a

The factor Iz was later checked experimentally by actual
measurements of the variation of slot leakage reactance

with freguency. The measurements were performed on rotor
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No.1(a) after, of coufSe, the end rings were turhed off.
{5ece Section 742} The comparison between the calcu-
lated and measured factors is shown in Fig.l3.

When the leakage flux paths are saturated, the slot

lealkage reactance is reduced even further by a satura-

tion factor ksB calculated by Angst.Ba
Thus Togl and r, are given by:
= = . ‘;. - e . ° 111'
#2548 205’ “x * Fs3 7.1k(a)
and r, = Ty .k, 7.18{(b;

7:1.4 The total impedance of a rotor bar.

The resistance and reactances calculated in the
iaSt three sub-sections are referred to the stator side
and apply to & unit length of rotor stack. (See Nomen-
clature). These cuantities can be transferred back
to the rotor, with respect to one rotor bar, by multi-

plying by the transfer factor

s :
sSKY

=2 = (7.15)

3% “dp v

0 K

Thus the. total bar impedance - per unit length of
rotoxr stack -~ and referred to the \Fh stator field har-

rionic is:
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~z L~ 1 r . ‘1
x . +x E 37_25,6) (7’f6)

which using Egnss 7.3, 7.%, 7.9, 7.13, 7.:k(a) and

7.1k (b) gives:

L = s f o - Lok , .a"\
By = Tpy ¥ J(mevl+ Eyay * Fpep) (7.17)
where: r,, %o the resistance 6f a unit length of a
rotor bar,
Xpsp is the slot leakage reactance of a unit
length of rotor slot,
, B YS,E, 52 183
s o= , o ) (7,;_ J
bmv gk .k _.p TV Es1
ci c¢c2 '
for the phase-belt harmonics
2u_YS_f, A k
, . - o oV , . s 52 4
and Zhmy = I . {1+ 2AO). E_, (7.29)
’g“Ci cgp S
for the slot harmonics.
on YS.f, | k.
wom =2 2V (kY T R
badv ol Ic V2 aglv° ov 2dv kai
8% 1% 0P =
(7.20)
) cuantities -nd % ap he maot isin
The guantities iy and gy oFe the magnetising

and differential leakage harmonic reactances of a unit

length of a rotor bar.

Thus it is seen from Zons. 7.17 to 7.20 that the

%

actual value of the total bar impedance, (not the referred
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value), is unaffected by the sliew of the sguirrel cage.

7.2 Measurement of interbar resistance.

Tn order to calculate the losses caused bj the
cross currents the value of the interbar resistance must
be known. Hence, after completing all other tests on
rotors No.1, 8 and 10(b), their end rihgs were turned
off and resistance measurements between all 45 pairs of
adjacent rotor Ears were made. The turning off of the
end rings was done slowly and carefully so that the bars
were not broken loose from the rotor iron in which case
the contact resistance would change.

HMeasurements of interbar impedance were made using
the circuit of Fig.4L, and the results for rotor No.1(a)
are shown in Fig..45. The fact that the impedance be-
tween bars is resistive even at high freguencies is
shown by oscillograms 1 and 2.

Out of a total of 45 pairs of consecutive rotor
bars, 41 exhibited a characteristic of type MAM (Fig.
45) and Lk a characteristic of type "B", For reasons
explained later on, curves A and B of Fig..5 show values
of 4Rbi’ where Rbi is the resistance between one parti-
cular bar and the rotor iron, deduced from the measure-

ments.
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A characteristic of type "A" is what one would
xpect from a contact joint; The resistance decreases
as the current through the contact inézeases. A
characteristic of type "B" ig, however, entirely differ-
ent in nature.

This curve shows a véry tmarked break-down effect.
The initial slope cf the curve corresponds to a resis-
tance five times as large as that of curve 4, indicating
that the bars exhibiting this type of characteristic
are much better insulated. As the voltage increases
to about 500 mV a breakdown occurs of the thin insu-
lating film between the aluminium and the iron, and

there is a corresponding reduction in the contact resis-

tance. This first breakdown of the aluminium oxide
insulating film is, however, not complete. As the

voltage is again increased to a value just above the
value at Which the firgt brealzdown occurred, a second
breakdovm takes place as marked by point 'X' in Fig.45.
This is probably due to the fact that the sharp points
where the contact between the aluminium and the iron

is most intimate, (points marked Y in Fig.46), breal
dovin first because of the higher electric field intén—
sity around these points; whereas points marked 'Y' in
the same figure break down later with a slightly higher

applied voltage.
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fig.46. The bar-iron interface.
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If the test on one of the pairsg of bars having
a ch&racteriétic of type "B" is repeated, the dotted
curve C in Fig.L5 is obtained; Thus, once the insu-
lating film breaks down, the characteristic of a bar
changes permanenﬁly from fhat of type "B" to one of
type "A"M. This means that the other 41 bars may have
aléo been well insulated after manufacture, but their
insulation was damaged during operation, vprobably
because their brealkdown voltage was less than‘that of
the remaining four bars.

Although it has already been stated that the inter-
bar impedance is purely resistive, the value of this
resistance may change ﬁithvfrequency (OGOkig) due to
eddy currents - flowing on either side of the inter-
face‘- forcing the cross currents to flow tErough the

o

tép layers only. Fig.47 shows the variation of rbb
with ffequency up to 6 k@/s. From this figure it is
seeh that.a change of only 9% occurs between d.c., and
1 kc/s. Since this is the range of frequcncies in-
duéed,in the rotor by the stater hamonic fields, it

was assuuted in the calculations that r was independent

bb

of freQuency and its value at 50 cycles per second was
used throughout.
Fig.48 shows the cross voltage distribution along

the bar calculated by the use of Egn.6.48 in Section
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6.3. From this figure and Fig.45 the "best'" possible

constant value of r can be chosen for rotor No.i(a),

bb _
as shown by the straight line of Fig.ls. It should be
noted here that during normal operation the cross current
flows fhrough the half ber-~iron contact surface of one
bar, then through the tooth iron, and finally through

the half contact surface of the next ber. Thus b
should be thé registance of these two helf surfaces in

series; neglecting the iron tooth impedance which was

ig therefore given by

calculated to be smzall. - Tyt

éﬂbi where Rbi is the resistance between a typical ber
and the rotor iron. Since the curves A, B and C in

Fig.45 show the guantity 4R ;+ the straight line also

b
shown in this figure is directly comparable srith these
curves.

Fig.4k9, compares the interbar resistances of rotors
No.t(a), 8 and 10{(b). It should be noted that this

igure is plotted on a logarithmic basis and therefore

by

it ié the levels of the curves, and not their slopes,
fhat indicate the extent to which these rotors are insu-~
lated. Thus, rotor No.8 has an interbar resistance 5
times lower, énd rotor No.10(b) almost 200 times higher
than that of rotor No.1(a).

In Table 2 (Chapter 2) the '"best' possible constant
values of rp are tabulated for all the experimental

rotors., However, apart froum the above mentioned three
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rotors which had their end rings‘turned off and the
interbar resistances measured at current levels com-
parable to fhe ones existing under normal operation,
the interbar resistances for the remaining rotors were
egtimated from low-current measurements. These mea-
surements were performed by passing a current in the
sauirrel cage end rings énd collecting it from the
rotor shaft. If the resistance of the rotor bars and
the iron parts of the circuit iS'négleoted then the
measured voltage drop is due to the bar-iron interfaces
- 18 .
of a2ll bars connected in parallel. The interbar
resistances obtained from these measurements are

corrected, (using the exact results of rotors No.i(a},

8 and 10(b)),to give a good estimate of b under normal

m

operating conditions. It is seen froxm Table 2 that
rotors with supposedly identical insulation do in fact

have very similar values of r It is also secen

bb*
from Fig.45 that the scatter of the measured interbar
resistance characteristics for different pairs of bars,

is gquite small.

7.3 The effective slew,

Fy

Since the flux density in the air gap of a machine
does not vary in the axial direction, the currents
induced in the rotor would flow axially if allowed o

dc s0. If the bars of a sguirrel cage are skewed, however,
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the bar currents cannot flow axially. ‘In this case
the currents will not flow parallel fo the centre line
of the bar, but in a direction more nearly axial.

If the resistivity of the bar material was zero
all the bar current would flow from tip to tip as shown

in Fig.50(a). In theat case the actual skew would be:

' - R s
Al = xg g (7.21)

where Xg is the gomeirical slkew (in metres) and Yoo
the effective bar width. (see later on).
ince the resistivity of the bar material, however,

is not zero the current will distribute itself in the
bar and the net current flow Will then be in a diréc~
tion which is a compromise between that of minimun
resistence and that which deviates least from the axicl
direction as shown in Fig.SO(b);

The current density at x=0 would be much higher
at the extreme right-~hand corner (Fig.50(b)}) than at
the left-hand tip. The current density at the ieft—
hand cbrner‘is therefore assumed to be zero and the
density distribution across the bar arbitrarily talien
to be linear as shown in Fig.50(c).

The actual flow of current along the bar is shown
in the B-dimeﬁsibnal,picfure of Fig.51, where the con-
tours represent equidénsity lines and the height of the

surface above plane P represents the magnitude of the
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current density at the point in guestion.
With the assumption of a linear current density

distribution made above, the effective skew ig given

by
E )
Agke & Ag T 3 Yoe ’ (7.22
Thus knowing X? it remains to determine the
effective bar width w in order to calculate the

2e

effective skew A\

b o
3L

If the bar section is rectangular w is, of

2e

course, the width of the rectangle. If the section

is coffin shaped, however, Yoo can be taken as the mean

bér width v, shown in Fig.52 provided that the skin
effect is not pronounced and fhe whole depth of the
bar is effectively used. If the skin effect is pro-
nounced then practically zll the current is carried

by the shaded area of Fig.52 and w should be replacéd

2e

.
by ”2 .
Thus in the numerical computations the width of

the sguirrel cage bar at a depth eyual to the depth of

penetration was used for the effective bar width w

2e
in Egn. 7.22. The effective skew can thus be obtained
by multip%ying the geomeitrical sliew by:
wé‘ '
g, = (1 - 3% (7.23)

as 1is done in Section 7.1i.2.
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PART FOUR

COMPARISON CF RESULTS



CHAPTER 3

COMPARISON OF RESULTS

This Chapter compares the results of the tests
described in Chapters 3, & and 5 with the results of the
calculations set out in Chapter 6 using values of the
parameters as calculated or measured in Chapter 7. All
numerical computations were performed either on the
London University Atlas computef using the Algol 60
programuming language, of on the Imperial College IBM

7090 computer using Fortran IV.

8.1 Speed~torgue curves at low currents.

Rotor No.l(a). Fig.53 shows the torgue-speed character-

istics of rotor No.1(a) measured at 100 volts with a
SO‘c/s sup?ly. From this figure the effects of the
L oth th + 3

stator slot harmonics - 17 and 19 for the particular
stator used - are clearly visible near their synchronous
speeds of -88, and +79 rpm respectively. The dip due
to the 7th harmonic field, though less marked can also
be iseen, but the SCh harmenic is virtually non existent

ths)

due to the choice of the stator winding pitch. (779
- These very sharp dips near the synchronous speeds of the
harmonics are primarily controlled by the harmonic bar

current losses. At small harmonic slips, the other two
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components of load léss {the cross current and the iron
losses) are very small and thersfore de not affect this
part of the cufve a éreaf deal.  huay from these
points, of cdufse; all three types of load loss and
their assdciated torgues become significant.

The full-line curve of Fig.53 shows the measured
total electromagnetic torgue, and the dotted curve the
measured torgue produced by the fundamental . (see
Chapter 3). The chain-dotted curve is the total
electromagnetic torque computed from the theoretical
forrmlae of Chapter 6§ and shows an excellent agreement
with the measurements throughout fhé spéed range.

The calculated fundarental torgue is to zll practical
purposes coincident witﬁ the measured fundamental
torque.

Figsf 54 and 55, show the torgue-speed character-
~istics of the same rotor but with freguencieg of supply
of 331/3‘and 162/3 c/s respectively. These curves
provide further experimental results with which the
theoretically predicted curves can be compared. The
agreement between the computations and the measurements

is again seen to be very good,

o]

Having established the applicability of the theo-
retical formulae at least as far as rotor No.i(a)} is

concerned, these formulae can now be used to separate
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out each component of load loss at any given value of
slip. Considering the normal operating point (s=.05)

the following division is calculated.

harmonic bar current losses : 20% of total
cross current losses : 50% of total
iron losses : 30% of total.

It should be noted that the iron losses include
both stator and rotor surface and tooth-bddy losses.
However numerical calculations show that the stator
iron losses with this rotor are small, (mainly due to
the large number of rotor slots), although it will be
seen later on that this is not always the case. of
the rotor iron losses it was found that the losses in
the tooth bodies contribute the largest part, and that

the surface losses are relatively not so important.

Rotor No.2. Fig.56 shows the torgue--slip character-
istics of rotor lo.2. The dips in the torgue due to

the stator slot harmonics near their synchronous speeds
are now much more pronounced due to the increase in

the harmonic bar current losses caused by the absence

of skevw. The rest of the curve, however, is similar
in magnitude to that for rotor Ho.i. fgain the theo-

retical curve shown chain-~dotted is in very good agree-
ment with the experimental speed torgue curve throughout

the speed range.
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Considering the normal operating point (s=.05) a
once more the following subdivisiorn of the total load

loss between the three types of loss can be calculated:

oo

harmonic bar current losses 80% of total

g

cross current losses

iron lossge

20% of total.

0]

With zero skew no cross currents flow irrespective
of whether the sguirrel cage bars ére insulated or not;
the cross current losses of this rotor are therefore
Zero. The rotor iron losses are also feduced below
the value they had for rotor Ho.i due to the fact that
the circulating currents in tﬁe sgquirrel cage oppose
the flux penetration into the rotor teeth. (see Section

he stator iron losses, are practically the
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Rotor No.3. Fig.57 shows the torgque-speed character-

istics of rotor No.3. The dips in the torgue curve
due to the stator slot harmonics near their synchronous
speeds have now almost disappeared, since with a skew
of a2lmost one stator slot pitch, the overall harmonic
voltages and currents induced in a bar by the stator

slot harmonics are practically zers, and the harmonic

bar current losses are therefore negligible, it is
. : . N . e th , . .
interesting to notice that the 7 harmonic is also

apprecigbly reduced by the skew.
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The computed torgue épeed curvé shown chainmdotted
is oace'mére in close agreement with the test results.

The following SubdivisiOn of the total load losses
betwéen the three types of loss is now calculﬂted at
the full load.operatiﬂg conditions:

harmonic bar curreant loss : O

cross current loss T 10% of total

iron losses

co

It is shown in Chapter 10 that the cross current
load losses are reduced if the skew is increaéed and

the cross path resistance o is high. {The opposite

> o . . ’V‘b\
is true if Typ 18 low.) The value of Tob

ing to rotors Nos. 1 to 7 and rotors Nos. i8(a) and

correspond-

10(b) are on the high side. Thus the value of the
crosg current load losses for the present rotoxr is
reduced below the value they had for rotor No,Zi.

The rotor iron lésses on the other hand are now in-
creased since the harmconic fluxes can penetrate the
rotor teeth unopposesd due to the absence of any circu-

lating currents in the sguirrel cage.

Rotor No.k. The torgue-slip characteristics of this

rotor are exactly the same as those of rotor No.1l,

thus verifying that the iron oxide scale forms an eifec-
tive interlaminar insulation and that the interlaminar
currents and their asSociafed‘losses can be assumed to

be =zero.



Rotor Ho.5. The torgue-speed characteristics of
rotor No.5 are shown in Fig.58. It is. seen that the

total lcad loss for this rotor, {(which is proportional
to the difference between thes total electromagnetic

and the fundamental torques), is higher than the total

load loss for rotor Heo.l which has a smalley number of
roctor bars. lore is said about the effect cf the
slot numbers in Chapter 11, The agreement between

the experimental and the theoretical results is seen

to be good.

Rotors No.6 and 7. The torsue--slip characteristics of

thése rotors are shown in Figs. 59 and 60 respectively.
Llthough both of these rotors have fewer numbers of

slots than rotor lo.i; i

[
F

4o

s seen that whereas rotor
No.6 has much lower total load losses than rotor No.i,

the difference in the load losses of rotors Ho.7 and

4

Ho.% is not so geat. It should be noted that the

theory given in Chapter 6 predicts this phenomenon and

i
.

¥ is explained further in Chapter 11

e

5
o+

The iron losses in the stator teeth due 16 the

rotor slotharmonic fields are no longer negligible,

{(due to the small number of rotor slotg) and can account

for up to 15% of the total load loss.
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It can be seen from Fig.59 that rotor No.b

xhibits & very large synchronous cusp in the torgue-~
speed curve at a reverse speed of -~187.5 rpm. Thisg
synchronous'torque does not affect the normal operation
of the machine, but it prevents the machine from re-
versing when plugged, due te the fact that the torgue
extends well into the negative region. By an analysis
of the harmonic content of the sguirrel cage winding;
similar to that shown by Table 5 in Chapter 6; it is

found that the synchronous torgue is due to the inter-

.th

action of the ~17th stator field harmonic with the 17
rotor field harmonic. Since these harmonics are the
first slot harmonics of both the stator and the rotor
~ and are therefore the largest harmonics in existence

~ the resulting synchronous torgue has the largest

possible magnitude.

Rotors No.8 and 9. The torgue-speed curves of rotors

No.8 and 9 are shown in Figs. 6% and 62 respectively.

The cross current losses for these rotors are greatly
increased due to the good conduction between the scuirrel
cage bars and the rotor iron. The theoretical formulae
are seen to predict this increase in the load losses
with good accuracy and the computed curves (shown chain-

dotted) are in good agreement with the measured results

for both rotors. It should be noted from these figures
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that the fundamental torgue is also slightly higher
then its value for rotor Ho.i. With such a high
degree of conduction between the squirrelvcage bars and
the rotor iron, the interbar voltages at fundamental
glip freguency, are also large enough to produce funda-
mental crosg-currents with a corregponrnding increase in
the Ffundamental torgue. It can be shown theoretically
howeaver that the increase in the harmonic torgues due
to the cross currents is always larger than the increase
in the fundamental torgue due to the sane reason, no
matter how good the conduction is. This indicates
that bad sguirrel cage insulation alwyvays results in

reater load losses and a worse gorgue-siip character-

e

e

H.m

stic.
Rotors No.iO{a) and 10{(bj. Fig.63 shows the torgue
speed characteristics of rotor No.10(b). The dips in

the torgue curve due t6 the stator slot harmonics near
their gynchronous speedc are the came as those of

rotor No.1 gince, as hag alroeedy mentioned, these 4

R
e
w}

are primerily due to the circulating harmonic bar

[¢]

currents which rewmain unchanged. Laray from these
points, however, the load losses and associated torgues
are reduced due to the absence of the cross curreants

caused by the almost perfect insulation of these rotors.

The iron load losses ere the same as those of rotor No.l
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at the same value of load current.

.

It is seen fron Fig.563 that the calculated cuxrve

e
©
o)
o
0

gain in good agreement with the measured one ali-
though siightly lower. This slight difference may be
due to the fact that at the ends of the rotor core the

sguirrel cage bars were not completely insulated due to

breaking - caused by the pressure applied to the core
ends during casting - of the very brittle glass-silicate
inaterial used for the bar insulation. A few laminations

were removed from the ends of the core when making the
cross-path resistance measurements of Section 7.2.

It is woxrth while to comment now on the general
shape of all the curves given in Figs. 53 to 63. It is
seen from these figureé that there is generally a loss
of accelerating tofque in the region O <'s <3.and é

ain of braliing torgue in the reg101.1'<s <2, Since
the higher harmnonics, and particularly the slot har-

1
4

monics, have their syrchronOLo speeds near the stand-
still point, the '"harmonic machines!" formed by each
stator and rotor field harmonic, act as generators in
the accélerating range of the induction motor, and so
absorb part of its torgue. In the braliing range on the

other hand the "harmonic machines" act as motors adding

to the fundamental torgue of the induction motor.



inother general point of interest about these
grephs is that the difference between the total and
fundamental torgues near standstill is comparatively
sumall, Lt standstill it should be remembered that
the slot harmomnics, and indeed any other pair of comn-
secutive steator or rotor harmonics; cppose each other
and the net harmonic torgue produced is therefore small.
In this case the lower stator slot harmonic, {(the 17th

generator with

for the present stator), is acting as a

. . L ath
gy = ~1i, whilst the other stator slot harmonic (187"
is acting as a motor with s, = +1, Since the magni-
: v

th

tude of the 17 harmonic is larger than that of the
+ath \ . v . s

1977, the net result is a small but always negative
harmonic torgue. Thus, this explains why the measured

total toraue at standstill i

¢4]

always slightly less

than the fundamental standstill torgue for all the

rotors, as can be seen from Figs. 53 to 63.

8.2 Speed-torgue curves at high currents.

The torgque-slip characteristics cf rotors No.i(a),
2, 3, 5, 6, 7, 8, 9, and 10(b) teken at full voltage,
(400 v), are shown in Figs. 64, 65, 66, 67, 68, 69,
70, 71 and‘72 respectively. The theoretically pre-
dicted curves are shown chain dotited in all figures.
It is seen that the theory given in Chapter 6, with the

parameters modified to include saturation as explained
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in Chapter 7, gives results which are in reasonably
gbod agreement with the experimental ones, although
the predicted curves are not as close to the measured
ones as in the case of no saturation. This greater
discrepancy is due to the difficulty in calculating
accurate values for the saturation factors.

It should be noted that with saturation present,
the total electromagnetic torgue at‘any speed,is not
proportional to the sguare of the voltage, nor is it
exactly proportiomnal to the square of the load current
as the ordinary equivalent circuit would suggest.

The fundamental torgue is very nearly proporticnal to

I 2. However, the harmonic torques (and hence the load

2
losses) vary in a very complex but less rapid fashion
with Ig and %hérefdre these torqgues are a smaller pro-
portion of the fundamental torgue than under unsatura-
ted conditions, because of the saturation of the lealiage
flux paths.

Thus the total electromagnetic torgque in the motor-

3

ing region at full voltage, is slightly higher than the

&

ténque at reduced voitage proportioned as the sguare

of the current. This is in agreement with the expéri—

Lo

6]

mental results obtzined by other investigator



196

8.3 The load losses at normal load.

In Fig.73 the crosses show values of load losses
for rotor No.1(a) measured under normal operating con-
d.itions by the back-to-back test at rated voltage.

(400 v.). The circles in the same figure show values
of the load losses of the same rotor measured at 100 v.
The points shown by the triangles were measured from a
reverse-rotation test, and are seen to be higher than
the results of the back-to-back test.

The load losses predicted theoretically are shown
by. curves A and B of Fig.73 corresponding to supply —
voltages of 460 and 100 volts respectively. The theo-
retical computatiﬁns are seen to agree reasonably well
with the experimental results,

‘Table 6 compares the values of the load losses
for rotors 1(a) and 10(b) as measured by the back-to-
"back test and also gives éoﬁpufed.values $f these losses.
Thé values of the load losses for all rotors, as listed
in the above table; are éompatible with the load losses
as méasured from the torgue-speed curves. For exanmple,
the relative values of the load losses of the dif%erént
rotors measured at the re?érse rotation point (s=2) of
the torque-~slip characteristics of tﬁe last two Sections,
ére apprgximately the séme as the relative values of the

load losses obtained from the back-to-back test. Thus
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Table 6.

198

Comparison of load losses for different rotors measured

by the back-to-back test.

” .

Rotor No.| 200 vs Full load cuérenﬁ 400 v. Full load current
rante 5 | Measured | Calculated |Measured |calculated fuzgut
| 1(a). 186 1§6‘ 171 164 3.05
2 185 180 170 152 3.0L
3 179 190 158 151 2.82
b 190 195 173 163 3.09
5 352 339 320 295 5.71
6 109 93 92 76 | 1.6k
7 2k1 24k 215 211 3.84
8 502 461 451 Loy 8.07
9 305 279 277 shz | 4.95
10(a) 104 94 86 79 1.53
10(b) 100 ok 85 79 i.52
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Li, b5

although there may be some doubt as to the absolute
value of the load losses pbtained by the reverse rota-
tion test, the test gives an approximétely correct value
for the ratio of the load losses of two different machines
and this in itself is useful.

By comparing the results of rotors No.1, 5, 6 and
7, in Table 6, the variation of load losses with slot
combination can be experimentaliy derived and is showp
by points in Fig.73(a). The, curve in the same figure
shows the predicted variation. A theoretical inveéti—
gation of the variation of eachéomponent of the load
losses with slot combination is éarried out in Chapfer
11.

Comparing the results ;f rotors No.1, 8, 9, 10(a)
and 10(b) shows that the»interbar_resistance plays a
vital role in aetermining the magnitude of the load
losses. Thus rotor No.8 with 1/5th of the interbar
resistance of rotor No.1 has more than_z% times as much
load losses, whilst rotor No. 10(b) with 200 times the
interbar resistance of rotof No.1 has about half the
load losses of this last rotor. The values of b
for rotors No.10(a) and 10(b) are large enough to make
the component of load loss due to interbar currents

zero in both cases. ‘The variation of interbar current:

loss with LSRN is discussed in greater detail in Chapter 9.
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In Fig.74 curve A showé the measured values of the
load losses of the slip ring machine described iﬁ Chapter
2. The resﬁlts are based on a carefully conducted input-
output test at rated voltage, performed by Mr. S.N.Ghani
at the Imperial College Laboratories. Curve B of the‘
samé figure is the predicted valﬁe of the loéd losses of
this machine using the theoretical formulae of Chapters
6 and 7. Since‘the slip ring machine is quité differ-
ent in consfrﬁction from the sqguirrel cage induction
motors dealt with previously, the agreement between curves
A:and-B iﬁ Fig,74 15 important in establishing the vali-
dity of the theoretical formulae,  and their applicabil-

ity to any kind of induction machine.
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PART FIVE

EFFECT OF MACHINE PARAMETERS ON THE

LOAD LOSSES
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CHAPTER 9

THE EFFECT OF BAR INSULATION.ON THE LOAD LOSSES -

9.1 Simplifications to cross current loss formula

Although the loss calculation (by computer) using
Eqns. 6.42 or 6043'6ffers no particulaf difficulties
for a given case, a general diécussion of this type of
load loss with varying méchine parameters is scarcely
possible by its direct use.

The following two subsections deal with two special
cases also dealt Wifh by 0dok.18

(i) Whén the interbar resistance is low.
and (ii) When the interbar resistance. is feiatively

high.

9.1.1 Low interbar resistance

If the interbar resistance is low enough so that:
2 2
%y <g Yy

. z )
L bv 2
1.@.  B >> (X\) (9‘1)
. re
bbv

and Y, —» 00 SO that:
sinh Yvﬁ = coshY, £ %> cosGV£ (9.2)

then the loss formula of Ec¢n. 6,43 simplifies to:



205

2
. 2 0. rl
2 4 ¥. " bby
PZ\) - SZ'EO\J °Re Zpv T8 (9.3)
Y\J. Zb\)

9.1.2 High interbar resistance

By "high intocrbar resistance" is mecant the condi-

tion for which the following approximations hold.

2 2
a\) >> Y\)
ieeo Ty >> Zh v

and sinthﬁ — YQZ
coSth,e —— i
Under these assumptions the loss formulae of Eqn.

6;43 beéomes:

a £\ 2
- : r. . £ sin —%
P - s .g2 |- £, b " - 2
2v 2°%ov" L2, - 2 a £
v "bbv #“bv.‘ : —-7\:—-
“
(9.4)

From Eqn. 9.4 one can now see very clcarly just
how much'loéé is due to thé cross currents and how much
due to the harm&hic ﬁar currents that flow in the squirrel
cage. Only the first term in the sqﬁare brackets con-
tains the quentity régv and it indicates that the load

loss due to the interbar flow decrcaseés as rébu increases;
whereas the opposite is true for the case of low interbar

resistance (Egqn. 9.3).
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The second term of Egn. 9.4 gives the loss due to

the harmonic currents in the bars only. It should
avﬁ‘ a £ 2
be noted that the terin (sin 5 / 5 ) is the skew

factor. (see Sections 7.1 and 7.3).
Fig.75 shows the variation of the total losses due
to the cross currents with the value of the interbar

resistance rbb for a constant value of skew.

9.2 The location of the place of dissipation of

the cross current losses.

th

The intexrbar current losses due to the V stator

field harmonic are given by Eqn. 6.43. If in this

equation r is set to infinity, (i.e.Yv set to zero),

bb

the loss formulac becomes:

r
) 2 b 2
Pove = 52°Eov T 5 ° L_ ’ : (9.5)
‘zbd sltv

which represents only the losses produced by the
harmonic currents flowing in the squirrel cage bars.
One might therefore tend to conclude that the

difference between P,  as given by Egn.6.43 and P

2V

as given by Egn. 9.5 is the power loss in the interbar

2Vveo

, . o ‘ .~ _ .
region. Certainly the difference (ng quaﬂ is
caused by the interbar currents; its place of dissipa-

tion, however, is not solely the interbar region. This
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Z( l32v - P2voo)

tehds to zero

o
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fig.75. Variation of the total loss due to the cross
currents with interbar resistance. .

fig.76. Current distributions along a bar
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can be scen very clearly from Eqn. 6.38 which gives the
value of the bar current Ibv at any distaﬁce x from the
centre of the bar; This distribution is shown in Fig.
76. Since the current L., flowing along the bar véries
along the lengtﬁ.of the bar, the loss:

£/2 ,

[

;3/2

- rb dx

is in general different from what it would have been
with no interbar currents flowing. » In the latter case
Ibv‘would have a constant value given by

E

bVOOE [ Ib ]r " = oV . k 1
Vv bb=00 va sy

I

Thus in general the effect of the croés currents
is twofold:
(1) It increases the I°R losses in the squirrel

cage bars themselves by the amount:

5/2
_ | 2 2
Pé\) - SZ- I'e Ibv orb.d‘X" Ime-rb-/e
/2
2/2 .
= 52 . I ’Ibvl .rb.dx - P2voo (9.6)
- /2

and (ii) It causes losses in the interbar region given

by:
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Py, = S, f ,Ibe‘2 e oy, . dx (9.7)

The overall loss caused by currents in the bars

and the interbar region is thercfore:

P = P, + P! + PY (9.8)

2v 2ve0 2v \

. , . . "
where (P2vco+ P2v ),15 the loss in the bars and sz

the loss in the interbar recgion.

As an example consider the case of zero cross path

resistance. Letting r! = O in Eqn. 6.43 gives:
r
b
sz = Sonf. £ lz 2 (9.9)
o]
The losseé PZvd)are given by Egn. 9.5, and the losses

Py, in the interbar rcgion are obviously zero since

Hence from Eqn.9.8 one obtains:

b

Izbv!

(1- k2. ) (9.10)

skv

1 _ ' .

5 e
which is the extra loss dissipated in.the bars due to
the interbar currents.

It is interésting to note, from Egn. 9.9 that a
skewed:énd completely uninsulated squirrel cage winding
behaves in exactly the same manner as a winding with

no skew.
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9.3 The modified harmonic equivalent circuit.

The loss formula of Egn. 6.43 can be re-written

in the form:

1

. - Re
2v 2 ov skv ‘ . 2 o 2 2
rbbv,z.kskv( v Y, )

2a : coshyvg-coSavz
V

1]
rbbv'£ 'kskv v v

(9,11)

and the loss formula for P,  (Eqn. 9.5) as:

1 _
.Re (9.12)
kv [thv]

2 2
szoo = szobo\)a{e k

N

where thv = ﬁ.zbv is the total impedance of one rotor
bar.

The losses szu’can also be calculated from the

harmonic equivalent circuit of Fig.77(a); where

thv = J& 0+ szuf (9.13)

From the similarity of Egns. 9.11 and 9.12 there-

fore, the losses P can be caiculated41 from the equi-.

2v

valent circuit of Fig.77(b) where:

- 1 .
Zty 3Xp, 2o, | (9.14) (a)
1 zavz coshy, £-cosa, £
= +.
2 2.2y 2 2 2 2 .
SR N (NS (0 I R4 kskv(av+\%) Y, sinh Y, £

(9.14) (b)
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(b)

(c)

current effects.
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’ L = - 3 . |
and hence ézv = Ztv X, (9.14) (c)
Ztv is the''total generalised impedance'" of the rotor,

including the effects of bar and interbar gurrents, and

ZZV is the "total generalised rotor leakage impedance'.

The impedance sz can be considered as the parallel

combination of two impedances: Zz\“»and Zév , Where

Zév represents the effect of the cross currents only.

The resulting circuit is shown in Fig.77 (c) where:

2v 2v 2vopo
Substituting the values of ZZv and ZZmerom Egqns.

9.14(c) and 9.13 into Ecn. 9.15 gives:

2
v *Leby™ i . Zeb vt gy
Zoy = Z,. - Z Iy T (9.16)
tbv tv tbv tv °

Z, <2
v °

Thus if cach harnionic branch of the equivalent

circuit of Fig.25, representing the interaction between

th

the v stator harmonic field and thec rotor circuits, is

shunted by the impedance'Zév given by Zqn. 9.16, the cir-
cuit of Fig.25 will correctly represent the effects of
both bar and interbar cﬁrrents. It should be noted,
however, that the impedance Zév is not composed from a

\
constant resistance and inductance but is a complex

function of frequency which is not physically realisable.
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The frequency respoﬁsc locus of Yé\)E 1/Zév is
shown in Fig,78 for the first slot harmonic (17th).‘
This figufe is Calculateq from Eqns. 9.16 and 9.14 (b)
using the parameters of rotor No:1 and curves are shown
for two values of interbar resisfance rip® The markings
on the curves correspond to the values of the fundamental
slip at each point. A slip of 0;05 is themwrmal full
load condition.

It is possible to normalise the curves of Yé\,with
respect to any machine parameter, in which case the
modified equivalent circuit of Fig.77 (c) can be solved
(or consulted) for eéch harmonic without the use of a
computers, This may be useful at the designing stage of

a machine.
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CHAPTER 10

THE EFFECT OF SKEW ON THE LOAD LOSSES.

It is the intention of this Chapter to simplify the
theoretical formulae of Chapters 6 and 7 in a wa& that
will make obvious the variation of each component of load
loss with skew. In this Chapter and the ones that
follow, by load loss is meant the load loss of the induc-
tion machine under normal conditions of operation.,.

Due to the simplifications introduced, the finalkresults
arrived in Sections 10.1, 10.2 and 10.3 are only of a

qualitative nature.

10.1 Harmonic bar current load losses.

The load losses duc to the harmonic currents in-
duced in the squirrel cage by the fh stator harmonic

field are given by Eqn. 9.5 as:

2

2vo 1v”* kskv (10.1)

where Giv

22 2
S5E0vTy/ | Zpy | ~ (10.2)

The factor G is a constant independent of skew,

1v

and ks is the skew factor given by Egn. 7.12.

v

The total harmonic bar current losses are thereforec

given by:

260 Z 5
= I °
P 4 Giv kv (10 3)
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A numerical calculation of le indicates that its

values for the phase belt harmonics, arec very much smaller
than those for the slot harmonics, primarily duc to the
reduction of the former by the stator winding factor

kdpv' Thus in most practical cases the sum of Egn.
10.3 neced only extend over the slot harmonics, and in
particularsbver the first stator slot harmonic pair of

orders (< 1/p +1).

The number of stator slots per pole pair is always

- S
much greater than unity,; and hence (% 53 +1) is very
5
ncarly equal to z 510 The skew factors kskv for the

two slot harmonics are practically cqual and have a
mean value k_, .
sk

The total harmonic bar current losses given by Eqn.

10.3 therefore beconc:

o : Z
Pooo = Xop - G, (10.4)

Hence the variation of this component of load
loss with skew depends on the factor kzk which is shown
plotted in Fig.79. The abscissa of this figure is

marked in terms of the effective skew, which makes the

figurc quite general.

10.2 Cross current load losses.

The variation of losses due to interbar currents with
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fig79. Variation of loss factor K:kv ~with skew.

Losses due to harmonic currents in bars are appro-

. , 2 ,
-ximately given as: G K__ where G, is a constant.
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\

skew is very strongly depcndent on the value of the interf
bar resistance, as can casily be scen by inspection of
Egns. 9.3 and 9.4, From {hese equations it follows
that, for a relatively well insulated machine (Equn. 9.4),
the lossdés in the interbar region decrcase as the skew
increases,vbut that the opposite is true if the insulation
is very poor. (Eqn. 9.3). The losses are, of course,
zero if the skew is zero (and the end ring impedance
negligible) irrespective of whether the rotor is insulated
or not.

Fig.BO shows the variation of the cross-current
load losses with skew, for differcnt degrees of insula-
tion of the squirrel cage. The curves were calculated
frém the exact loss formula given by Egn. 6.43 after
subtracting from it fhe losses due to the harmonic
currents flowing in fhe squirrel cage bars. The calgu-
lation summed the losses of all harmonics with orders
up to 100, and it was again noted that the slot har-
monics were the main contributors to the total cross

‘current load loss.

10.3 Iron load losses in the stator and the rotor.

The iron load losses in both the stator and the
rotor, consist of the surface losses produced by the

harmonic flux that closes itself in the tooth crowns,
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and the tooth body losses produced by the flux that
penetrates deep into the teeth, as explained in Chapter
6. The stator and rotor surface losses and the stator
tooth body losses, are practically independent of the
rotor skew and need not therefore be discussed further
here.

The losses in the rotor tooth bodies, arc given
by Egqn. 6.70. Substituting the value of Bgv from

Egn. 6.68 into Egn. 6.70 gives the lossses as:

: A, 2 sinfn 2

2 2 2 \% 24

— 1 Jal "
Py = E (xgv) By (=) - o-—EW__) - [Opty +0 £ TWp. s

t v
v #1
(10.5)
Thus the rotor tooth iron losses of cach harmonic

are proportional to the squarerf the damping factor ktv
of that harmonic which is a function of the skecw factor

Xk as scen by Egn. 6.67. If only the first pair of

sky
stator slot harmonics is considered once more, the same
arguiments put forward in Section 10.1 apply and the

losses P} become proportional to (kg)z, where:

S my Xodv i
£ _ (10.6)
X0y _
2 " Foqv * Fogy
J.lec

ksk is again the mean value of the skew factor for

the two slot harmonics, and the quantities with the bar
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on top represent mean values of the.reactances of these
two harmonics.

Fig.81 shows the variation of ()2 with the
effective bar skew. The figure was calculated using v

a value of X corresponding to the experimental stators,
\Y .

and values of x

d x i t lot
2dy and 05l corresponding to the slot

dimensions of rotor No.1l. This, however, is only by
the way of an illustration, and curves similar to that

in Fig.81 apply to all squirrel cage induction metors.

10,4 The total load loss.

Although the final results of the last three
sections are oﬁly approximate, they neverthelcss indi;
cate cleafly how each compdnent of load loss varies with
the skewihg of fhe squirrel cage bars. By combining
the results of those Sections the variation of the total
load loss with skew can be estimated.

Fig.79 shows that the harmonic bar current lpsses
arc maximum at zero skew and minimum at full skew,
whereas Fig.81 shows that the iron load losses are maxi-
mum at full skew and minimum at zero skew. For Tvb
high Fig.80 shows that the cross current losscs show a
maximum at én intermediate skew. Thus fior.a relatively
well insulated machine, the three types of loss will
coﬁbine to form a total loss, which does not vary a

great deal with the skewing of the squirrel cage bars.
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fig 81. Variation of loss factor K"fv with skew.

Ilron losses in rotor teeth are approximately given as:

G-K"fv where G is a constant.
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On the other hand, for a machine with poor insulation

(r low) Fig.80 shows that the cross current losses

bb
increase very rapidly indeed with increasing skew,
with the result that the total losses also increcase.
The above conclusions are portrayed in Fig.82
which shows the variation of the total load losses with
skew.
It should be noted here that it does not necessar-
ily folikow that the smaller the value of the load
loss the better is the performance of the machine.
For a rotér without skew for example, (rotor No.2), the
dips in the térdue—speed'cﬁrve near the sjnchroﬁous
sﬁceds of the séator slot harmonics arc very pro=
nounced and may interfere with the starting of the
motor. On the other hand a rotor with full skew,
(rotor No.3) might have too high a leakage recactance,
with the result that the fundamental torque is reduced.
These objecctions are borne out by the experimental
results of rotors No.1, 2 and 3 shown in Figs. 53, 56

and 57 respectively.
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CHAPTER 11

THE EFFECT OF SLOT COMBINATION ON THE LOAD LOSSES

This Chapter shows how each component of load loss is
influenced by the number of stator and rotor teeth and indi-
cates a very effective method of reducing load losses by a

proper choice of slot combination.

11i.1 Harmonic bar current load losses.

The harmonic bar current losses are given by P2v in
Eqgn. 9.5. If the number of rotor slots is increased, the
bar section must be decreased proportionally so that the
total rotor iron area carrying the main'magnetic flux remains
unchanged. The value of the bar resistance (rb), therefore,
increases in proportion to the number of rotor slots.

The bar impedance 2z is given by Eqgn. 7.17 as:

bv

Z =

by rbv (11.1)

+ 300, Xpgy Y Xpse)

At the normal operating point the harmonic frequencies4

are so high that the bar resistance r in the above equation

bv
becomés totally negligible compared with the reactance term
in brackets. The components of the bar reactance due to
the main harmonic flux, the differential leakage flux, and
the slot leakage flux were calculated in detail in Chapter
7, where the effects of permeance variations, saturation of

the main and'leakage flux paths, damping, etc. were considered.

In the present discussion, however, these corrections
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are»hot the main conéideration and therefore the theo-
retical formulze are used without them, since this
ereatly facilitates the interprotation of the final
reSulté;

The total bar impedance, per unit length of rotor

stack, is therefore given by:

+ x ) (11.2)

Zp, = 30, bdv T Tpse

which after substitution of the value of Xy from

Eqn. 7.20 (with all the correction factors omitted)

gives:
6 2
v
o= iy 5 . i
Zpv = I Fpmv 5, JE¥psp
sin ——
6 2
v
= jx N+ B (11.3)
bmv v 8, °
sin ——
2
where 6, = 2ﬂpv/52 and 1, = (=—==) (11.4)
“bm V '

from Egn. 11.3 into

Substituting the value of Zyy

Egqn. 9:5 and also introduéiﬁg the value of Eov from Egn.
6.35, gives after some simplification:

- 12
1

(11.5)

o
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where GZV is a constant independent of the number of

rotor slots.

Egqn. 11.5 applies to each harmonic individually.
If, once more, only the first two stator slot harmonics
are considered and theiir orders taken to be equal to

S

by Sl, (see Scction 10.1i), then the load loss becomes

proportional to the factor:

— -

2
kz = '
sq - s 2 (11.6)
1
S
2
Ny * TS
L sin S |

The variation of this loss factor with slot com-
bination for different values of n, is shown in Fig.83.
The value of n, for the 45 slot rotors under investiga-
tion for example was calculated to be about .75 at the
normal operating condition.

Quite part from the load losses, the no-load losses
caused by the permeance wvariations at the air gap, vary
(with slot combination) in a manner very similar to that

described by Eqn. 11.6 as shown by Alger42 43

and Baumann.
Alger also calculates the variation of this component

| ’ v
of load loss (due to the harmonic bar currents) with the

number of slots for the case where m, = 0.
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i1.2 Cross current load losses,

The variation of load losses, produced by the cross
currents, with’slot combination is discussed in this
Section separately for the casés ‘of low and high inter-
bar resistances. Once more only the stator slot har-

monics are considered.

(i) Low. interbar resistance.

From Egn. 9.3 it can be seen that only the second
term in the sqﬁare brackets contains the interbar resis-

tance rébv and therefore this term taken by itself gives

the losses in the cross paths as:

2 ., 2
sz = Zav fébv9sonu -Re
. YVZbV
_ 2 2 , /2
or Py, = 2% o (rf,) 72 5,.82 \Re | 2 |

(11.7)

T - f i g ; £am »
where rly, is siven by P‘n. 6.37 as
Tpp

! =
bbVv fip v

L sih2
2

and is therefore a function of the number of rotor slots.
Substituting the expressions for By rébv, and z,

into Eqn. 11.7 gives:
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-3
nS /2

2v ™ Tgv° nS — (11.8)

sin g_" <
2
1
sin

C‘

irhere GBV is a constant independent of the number of

If the number of stator slots is considered fixed
and the number of rotor slots varying, and if n, is set

equal to zero, Egqn. 11.8 becomes:

nS 2
sin 1 -3
S, (nsi> /2 1. 0)
P = G, . .5 e . (11.9
2v Jv 1 1181 82
SZ
= Gj.5;:k!
3 S 1

TS, 3/2
where L is the factor: nS

The wvariation of ké with slot combination is shown in

Fig.8L4.

(ii) High interbar resistance.

If the cross path resistance is high, the losses
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produced by the cross currents are given by the first

term of Eqn. 9.4 as:

P, = S_.E 2 g :
2v 2 "ov 9
U
%y “Tpby
5 N i o) : i i X “’ ! 0 1 :
which, after substitution for Dov and ripv? becomes
a2 01
1 iy Sz
Pz\) ~ GIL\) L S 3 ° ns1
‘ 1 . 1
2
( - G . 1 Ien (11 10)
l_l:\) S 3 ° &C °
1

where Gq\,is a constant and

The variation of kg with slot combination is shown

in Fig.84 together with L.

11.3 Iron load losses in the stator and rotor teeth.

(i) Losses in the rotor teecth.

Thesc losses are given by Egn. 6.70. If the
expression for the tooth flux density is substituted
from Egn. 6.68 into Egn. 6.70, the iron losses then

become:



2
.‘ssinn‘SjL
2 S o]
PN = G (k! ) .| - 2 . (0 + p. 1 )
tv 5v tv mS, e S,
S
2
where Gsv is a comstant.
The factor ki is given by Eqn. 6.67 and it now
. Ir s “1
simplifies to: Sl 2

SZ
T

Si

i sSin —-s—z- § |
Lkt = 1 - — ' : (11.11)
T s1 5
1
s2 : B
-l b 5— + nv—l
. Ik Y <
sin 3 skVv
2

From Eqn. 11.11 it is scon that the effects of
skew and slot combination are interlocked in the ek—
pression for k&) and cannot be separated into two
different factors as was possible with the expressions
for the losses in the squirrel cage and thé éross—path
region.

Since the importance of the iron losses in the
rotor teeth is maximum when the squirrel cage bars are
fully skewed, (sce Section 10.3) only the condition of
approximately full skéw'is considered in the present
discussion, In this case the skew factor kskv fbr the
slot harmonics is very nearly zero, and the value of

kgv is very nearly unity. The iron load losses in the
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rotor teeth are then given by:

G
P L= G . (0 + =)

. kY 11.12
't\) 5 v [¢] 51 \'1 ( )

where kg is the factoxr

The variation of k; with slot combination is shown
in Fig.85.

(ii) Losses in the stator teeth.

These losses are given by Egn. 6.75, which, after

substitution of the value of B' from Eqn. 6.74, gives:

si o
Pl = p. -s-l‘z-) (11.13)

Since 52§>,1 in all practical machines, the term

pdh/s2 in the last brackets of Egn. 11.13 is small
compared with Oq ahd the above.equation simplifies to:

2
nsz

sin S

(11.14)

1
! o~ . m——— o ——————
Ptp. o~ G6u L3 de -n:sz

Sl
The iron losses in the stator teceth induced by the

‘rotor mmf harmonics are therefore proportional to the
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factor ki, where:

: B
0
o
%)

! o= : (11.15)

The variation of ki with slot combination is shown

in Fig.86.

11.4 Total load loss.

Comparing Figs. 83, 84, 85 and 86, it is secen that
the harmonic bar current losses, cross current lossecs,
and rétor tooth iron losscs (i.e. all components of
load loss dissipated in the rotor) increase as the slot
vcombination (32/51) departs from the values 1, 1/2, 1/3,
cooe. etc. It is also seen that the componént of load
loss dissipated in £he sfafor - i.e. the stator tbofh
~iron loss - increasés as the slot combinatioﬁ departs
from the values 1, 2, 3 .... ctce. It is therecfore
obvious, that the total load léss in a machine is mini-
mised by haViﬁg a number of rotor slots as néarly equai
to the nuﬁtér,of stator slots as possible i.c. keecping
S2/s,®1. Obviously the condition S, = S, must be
avoided since it lcads to standstill locking, and other
values of slot combination near unity may produce

47,49,50

objectionable noise

48,46

or synchronous locking

~torques. For example, Fig.59 giving the torque-
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slip characteristic of rotor No.6 (with a slot combina-
tion 36/32), shows such a locking torque in thec negative
speed range. The correct choice of slot combinations
is therefore not an easy matter when the performance

of the machine is to be optimised as a whole. However,
it is seen from Figs. 83 to 86 that the variation of

the lqéd.losscs with slot combination is very much

more pronounced than their variation with skew, (Compare
Figs. 83 and 82 recmembering that the first one is
plotted on a semilogarithmic scale), and hence 52/81

should always be Kept within the range .75 <Sz/S1<1.25.
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CHAPTER 12

THE EFFECT OF AIR GAP LENGTH ON THE LOAD LOSSES

12.1 Harmonic bar current load losses.

These losscs are given by Eqn. 9.5. If the values
of E  ~and z,  are substituted from Eqns. 6.36 (a) and
7.17, and the harmonic bar resistance neglected in

comparison with the total harmonic bar rcactance, then

Egn. 9.5 reduces to

P2 = G?v . - 1
vee 4 4 bdv  Tbse\
*bm v bm v
= G7v R -t (12.1)
v (k7v+ n, ) ’
where G?v and k?v are constants independent of the air
gap length. The bar reactance Xpsp is independent of

the gap length, and the magnetising bar reactance Xom v
is, to the first approximation, inversely proportional
to g, thusrk,= xbsz/xbmv is proportional to g.

Eqn. 12.1 then shows that the harmonic bar current
lossces decrease with increasing air gap length, but that

the decreasc is always less rapid than an inverse

proportion.

12.2 Cross current load losses.

(i) Low interbar resistance. The losses in the




cross paths with a low vdlue of r arc given by the

bb
second term of Eqn. 9.3. With the same assumption of
a negligible ry made above, this equation beccomes:
P,, = va.h/“g 5 (12.2)

showing an increase in this type of loss with an in-~

crease in the air gap.

(ii) High interbar resistance. The cross

cﬁrrent load losses with a high value Of.rbb are given
by the first term of Eqn. 9.4 which simplifies to:
1

\)u
9 g?

P = G

oy (12.3)

showing a decrease in this component of load loss with
an increase in the air gap;

It should be noted that fhis decrease is very
much more rapid than’the increase which results when
the interbar resistance is low. (Eqn. 12.2). Thus
for most practical machines where rbb has aﬁ intermediate
Vqlue, the c#oss currcent losses generally decrease wifh

‘an increase in thé air gap length.

i2.3 Iron load lossecs in the stator and rotor teeth.

These losscs are given by Eqns. 6.70 and 6.75.
Both stator and rotor iron tooth losses are scen to
vary as 1/g2, since the magnitude of the stator and rotor

. " 1 \
harmonic fields vary as ~/g.
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12.4 The total load loss.

The variation of the total load losses with air
gap length can be calculated directly from the formulae
of Chapters 6 and 7. It is shown (for rotor No.1) by
curve A in Fig.87. This curve can be approximated

quite accurately by Egn. 12.%4.

P g g
g = 1 {(—‘1) ¥ (—2)21 (12.4)
£Lo g &

where P and P arc the values of the load losses
Lhg £lo
at air gap values of g and S, respectively.
Eqn. 12.4 shows that the load losses decrease

with the air gap, but not as rapidly as the ratio

>0, 2 . ) i . . 35
(E_) which was suggested by some investigators.

In order to verify BEgqn. 12.4 experimentally the air
gap of rotor No.1l was incrcased from .33 mm to .51 mm
and its torque-slip characteristic measured at both
values of air gap as shown in Fig.88. By making the
‘necessary corrections as régards the difference in the
load currents, the reduction in the load loss at .51
ma air gap as compardd to its value at .33 mm air gap,
is measured - at the revorse-rotation point to be 56%
and calculated from Eqn. 12.4 to be 61%, a fair agree-

rment.
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CHAPTER 13

FURTHER VERIFICATIONS OF THZ THEORY, AND "EXTRA" LOAD

LOSSES CAUSED BY'THE COMBINED EFFECTS OF PERMEANCE

HARMONICS AND SATURATION.

13.1 Measurement and prediction of the stator tooth

fluxes.

In the first eigh* Chapters methods of ﬁalculating
and mecasuring load losscs and torques were presented
and good agrccment betwecen the results was obtained.
Thé basis of an aécuraté thcéretical determination of
the load lossés, or their associated torques, is the
ability to calculdte correctly the magnitudes of the
harmonic magnétic fields that exist in the machine
aﬁd the values of the ﬁarmonic reactances duc to these
fields. |

fhe harmonic fieclds ére calculated in détail in
Section 6.1, Chapter 7, and in Appendices II and V.

It is thercfore desirable to have a direct experimental
verification of thcbmaghitude of these fields which
‘would serve as a very valuable intermediate check in
the calculation of the ioéd losses.

A measurement which Ean be done quite easily is
that of the stator tooth flux. Ten turns of very

fine wire were wound round each of six stator teeth;
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with the wire lying aloﬁg the centre-line of the stator
slots. The voltage generated in the search coils was
then a measﬁre of the éluk that enters one stator slot
pitch and almost all of this flux passes down the stator
tooth. A typical oscillogram of this flux is shown in

Osc.3.

The air gap flux density field due to the vth

stator harmonic is given by Egn. 6.5 as b, = f A

1v°
where flv and A are given by Eqns. 6.1 and 6.4 respect-

ively. The air gap flux density field due to the uth

rotor slot harmonic, produced by the rotor currents
_ A
Zu"fm°

induced by the fundamental field, is b
where f,  is given by Eqn. 6.21. Hence the total flux

that enters the stator tooth over a stator slot pitch

is: 2nY
51
' - -
'y = fo (b1v + bzu) dxy (13.1)

(It should be npted.that the origin is takeﬁ at the

centre of a stator slot as shown in Fig.23.)
Substituting the values of biv and bg}l and per-

forming the integration, Eqﬁ, 13.1 gives after some

manipulation:
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, B .
_E VI p _ E c 7 (ot _Vvnp
¢£ = cpovi,sr(s1 ). 41 : ,f—~:g——§ .cos(w + 0 5, )
v c pos. [1_( 1) ]
vp
1" ds
o Y
-E. ¢ . § 2sr [ER(v+—2).cos{w t+ O
- ovi T 4 2 54 p 3
v d="‘1,"'2’.o
ds

2y P
- (v+ p)-é_;}

Y \J
’+E ¢0p1°sr(s1 ). {1 E —_— .

2
cS ,
u C POSe. 1_( 1) ]
vp
k_S
22 Neo _ ump
cos[(1+ B (1-s))ut + eu -——51 ]

Yn

ds
-2- :>: d Tp 2
‘Poui ° - . B e SY [81 (v"‘l* P )] °
no a=%1,%2,..
ds
2 b1
cosfw' t+0 -(p+ —= .—2] 13.2
v,s[ 3t 8- (pe —=) ) (13.2)
dSzner
where: (1)3 = 0 - —--—p—Y-———— | (13-3)
k S dS. mw R '
- 2 204 -2 r
wy' = [1 + = (1-s)]ow ST (13.4)
. . . sin 0
The function sr(8) is defined as: sr(®) = (=== )
3./2u 7.k LY '
Also 9 - o 1 dpv i (13.5)
ovl ngk _k ..V.S
cl ¢c2 1
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and

mek Ka(14-222).
In an exactly analogous way the flux that enters a

rotor tooth over a rotor slot pitch is given by:

2pY

So

oy = jo (b, +b,, )dx, (13.7)

which after integration becomes:

Y u
n = E VP _ E qa - g VB D
(Pozvsr( 1 s T s 5 .coo(w1t+v S
| [1—(v 2)
b

DY '

c

¢ Z —— e B ey (V 4—=)
\) Ozvc__-l _2’0, 2 Sa p

2
5 > o
Unp d
+ /2 0 sr(5—=)./1- —_—
a5 d pos. ds, 2
(-——-)
g _ bR
cos(w 3t+0, S )
2
2 E e np €Sy
- — sr ==(¥ + ) °
N Pozn [T, ,¥a, .2 Sg P
| S, ap
coslw 't+9 -+ ) =] (13.8)
D S
2
vner
where: = W — (13.9)

1 Y
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Vrw_ R cS. nmw_ R
r 1™y
- - - 13.10)
U =0Ty oY (13
| kS . R
2 2 w_ L0 13.11)
1 — - — ® 4
0} = {1+ 5 .(1-8)} ¥ (13
k_S prw R cS, "W R
272 w r 1 r
w!? = ° - - Lad ;" 1 012)
5 {1+ = (1-s)} 7 oY (13
51 51
Also, wozvz ¢0V1°(§g)’ and @ =<Pou1.(§;) , where

? ovi and wo are given by Egns. 13.5 and 13.5 regpect-~"

pi
ively.

Egqns. 13.2 and 13.8 give exact expressions for the
stator and fotor tooth fluxes. The fluxes in the stator -
teeth due to the stator ﬁarmonics occur at lqw fre-
quencies, (line ffequency), and cause negligible losses.
The fluxes in the rotor teeth due to the rotor harmonics

~also occur at low frequencies; (fundamental slip fre-
qrency), and their aésociated losses are also negligible.
Thus the fluxes in the teeth of a member of the machine
(stator or rotor) caused by the field harmonics due to
that member, can be neglected and only the fluxes caused
by the fieid harm@nics of the opposite member need be
considered. This amounts to neglecting the first tiwo
terms of Egn. 13.2, and the last two terms of Eqn.13.8.
It is interesting to note that if the effect of the slot
6penings on the aif gap pgrmeaﬂce>is also neglected, i.e.

¥

{cz’ then

if one assumes a uniform air gap of value gkcl‘

Eqn. 13.8 reduces to Egn.6.51, and Egn. 13.2 reduces to
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a flux expression corresponding to the flux density
given by BEqn. 6.754.

In Section 6.1 it was proved that the fundamental
mmf interacts with the slot permecance variations of the
air gap to produce fields of the same order and frequency
as the slot hérmonic fields due to the mmf harmonics.

It was also shown in that Chapter that the slot har-
monic fields due to both causes can beé vectorially
added to give a resultant slot harmonic frequency field
as shown by Egn. 6.16 in the case of the stator fields
and by Eqn. 6.24 in the case of the rotor fields.

In an exactly analogqus manner, the :esultant
slot harnonic fréqueﬁcy t;oth fluxes can be derived
and are shown by Egns. 3.13 and 3.14 for the stator and

rotor teeth respectively.

i ' ‘ _ ' i 1 Lz 251n92
} Pres. - % ks ° ot w, L1
] Jstot ( 5 2 +1) | s
(13.13)
- . : ’ 2sin6,
N 1 - 1
. 1" — " .
¢ les =" R N K e
TeSels10t rS ! V/ o +l'
3 1 a
- 4 ( D +1)
(13.1L4)
where: sin %22
v : 1
. _ "1
k5, = Yopr -\ TiEp
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k_ S
+ + +
where W= 2 2 +1 k= -1 -2, - 3, ...
' P 2 .
and:
sin YLE
n sa
¢ = ¢ .
rS o2v VTP
( +1) S,
rsl + + +
where v = = + 1 r = -1, -2, -3, ss.
¥

and o' and o' are given by Eqns. 6.16(a) and 6.25
(a) respectively.

The positive signs in the square roots of Eqns. 13.13
and 13.14 correspond to negative values of r and kz and
vice versa.

The resultant stator tooth slot harmonic flux
@ occurs at the rotor slot harmonic frequency

res.l . : i . .
slot
of:
k.S

‘ o 252
wZu = {1+(1=s) 5 } . o (13.15)

whercas the resultant rotor tooth slot harmonic flux

¢ : occurs at the stator slot harmonic frequency
res.2 slot

of:

W, = {1-(i=s)v} © | (13.16)

as can easily be seén from»Eqns. 13.2 and 13.8.

From Eqns. 13.13 ahd 13;16 the stator tooth flux and
the voltages that this flux would induce in the 10-turn
search coils can be calculated. A comparison of the

measured coil voltages, (taken with the machine running
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under norﬁal operating conditions), with the calculated
values of these voltages, shows an exact agreement as far
as the frequenéy of the signals is concerned and an agree-
ment of I 4% in the magnitude of the si‘gnarl;.s for all
degrees of current loading and all the rotors listed in
Table 2. Thisvagreement is the final experimental

proof of the vaiidity of the theoretical formulae of
Chapters 6 and 7. In the experiments the various fre-
quency componenfs of the search coil voltages were
separated out on a Radiometer wave analyser.

It may be interesting to comment now on the gen-
eral waveform of the tooth flux oscillograms. This
waveform is composed of:

(i) The "maiﬂ'éupply—frequency component due to the
fundamentai flux, as shown in Fig.89(a).

(ii) A 'first" rotor slot-harmonic-frequency component
given by Egns. ?3.13 and 13.15 with kz = -i,
The last equation shows that, during normal
machine operation when s<< 1, this component re-
presents a field travelling in a direétion
opposite to that of the fﬁhdamental field and has
(1-82/p) as many polés. (Seec Figa89(b)).

(iii) A "second" slot-harmonic-frequency component

given by the same equations as before but with
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fig. 89. Waveforms of tooth fluxes.
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k2 = +1. This represents a wave travelling
in the same direction as the fundamental wave
and has (1+Sz/p) as many poles. (See Fig.89(c)).

(iv) Other slot harmonic components given by k iz,

2:
i_3 etc, These will be neglected in this quali—
tative explanation.

Considering the first two slot harmonics by them-
selves, they can be added together to form the ampli-
tude modulated wave of Fig.89(d). When this wave is
added to the fundamental, the resultant tooth flux wave-

form is as shown in Fig.89(e), which has the same shape

as the oscillogram of the stator tooth flux. (0sc.3).

13.2 Load losses caused by fhé combined effects of

permeance ha#monic fields and saturation.

All the theéreticalvwork of Chapter 6 is concerned
with the magnetic fields, (anhd their associated losses)
produced by the non sinusoidal mmf distribution. The
effect of the slot openings on the magnitude of these
fields has been considered, but the magnetic fields
caused by the air gap permeance variations due to the
slot openings themselves have been neglected, on the
grounds that the losses these fields produce are part
of the no load loss and as such arce outside the scope

of the present work. (See Section 6.1). This is truc
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if the saturation of the lecakage rcactances at the

full load value of the current is negligible, as is the
case with all machines with closed or semiclosed slots,
but it isnot trué if the full load current causecs
appreciable satﬁration, as in the case of machines
with completely closed slots.

On no load the current flowing in the squirrel cage
winding is practically zero and the rcactance of the
wihding is unsaturated and high. On load'a current I,
flows in the squirrel cage bars, and if the rotor
slots are closed by a thin magnetic bridge, this will
become saturated and the bar réactance wili be reduced.
Thus although the magnitude of the field harmonics due
to the permcance variations hay be the same om load as
it is on no load, the currents these harmonic fields
inducec in the bars - and hence the losses produced -
are higher on load than on no lOad.52

This increase of the losses caused by the per-
meance harnonic fields between load and no load is
therefore cquivalent to and indistinguishable.from an
increase in the load losses caused by the fields due
to the mmf harmonics.

Let the losses in the rotor caused by the field due

to the stator mmf harmonic when excited by a current I1

be:
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Z

where¢x;v is a function representing the sum of the rotor

(x ... Oother machine parameters)

2v- -T2 V?

load loss formulae given in Chapter 6. &sz is a func-
tion of all the machine parameters including the rotor
lcakage reactance which is separatedvout.

Also let the losses in the stator caused by the
field due to the 1$h rotor mmf harmonic when excited by
a current 12 be of,lu; where £1u is a function represent-
ing‘the stator surface and tooth body iron loss formulae
of Section 6.6. aflu is independent of either the stator
or the‘rotor harmonic leakage reactances. |

The magnitudes of the fields due to the stator slot
openings are giver by Eqn. 6:16(a) as a fraction 1/&'
of the vqlue of the corresponding (same order) slot har-
monic field due to the ;tator mnf harmonics at full load.
Similarly, the magnitudes of the fields due to the rotor
slot openings are given by Egn. 6.25(a) as a fraction
1/a“ of the corresponding slot harmonic field due to the
rotor mmf harmonics at full load.

The total harmonic losses on no load are therefore

given by:

ho ~

Z£ v; ,..)+(—,)?Zog gy )

V71 v 1

+ (—,,)ZZZ (13.17)

p#1

~2
I,
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where the first term of Egqn. 13.17 is the loss caused by
the stator mmf harmonics on no load, and the second and
third terms are the losses caused by the permeance flux
harmonics also on no load. The lossces in the stator
due to the rotor mmf harmonics are zero, since on no
load Iz is negligible and these harmonics are also
negligible.

When the machine is on load the harmonic losses

becote:

- 2 L, Gy ) Zof

v#£1 B A1

+ 1 )2 jg: dﬁ 2y eev) + (Em)z EZ: Jﬁ_

v £1 VA1

(13.18)
where xévis the value of the secondary harmonic leakage
when"saturated by the load current 12 flowing in the
squirrel cage.

The mecasured load loss would therefore bc:

P££ meas. Phe = Pho
= Za‘g (kzv, cos) + Z£
L1 e
-ig- v;ég (sz’ seo) + (%,)‘2

(13.19)
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The third term of Egn. 13.19 is normally small and
can be neglected, whercas the last term is the "extra®
load loss introduced by the combined effects of slot

openings &and saturation when x! is appreciably different

4)2 V
from ::2 v
It should be noted that oy is the total harmonic
lecaliage rcactance of the rotor. The differential har-

monic leakage is almnost always the largest component of
the total and can never be saturated by the full load

32

current. Also of the slot 1cakagé only the part
corresponding to the tooth tip or the slot Bridge will be
saturated, and the rest will remain unaffected. Thus
although the satﬁration of the slot bridge may vary
between extremes from no load to full load;_the value of
ET varies more slowly since the largest portion of it
remains constants

It is interesting to note that when the number of
rotor slots is near the number of stator slots, the differ-
ecntial harmonic leakage becomes very large indeed and the
other leakage reactance componecnts can be negiectod in
comparison. The value of X5y then remains constant and
the "extra" load losses are negligible. Convergely if
the slot combination is far away from unity the reclative

importance of the recactance due to the slot bridge increases
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and large variations of x may then result between load

2
and no load. The "extra" load losscs will then become
important. Thus these losscs can be minimised in the
same way as the load losscs produced by the fields duc

to the rmf harmonics, by making 82/51¢$1,

Although none of the experimental rotors used in
this investigation had slots completely closed with iron
bridges, a theorectical investigation has been carried out
to determiné the nagnitude of the "cxtra" load lossces in
rotor No.1l.

The losses in the rotor produced by the hamenic
fieids due to the stator slot openings, can be deter-
mined from formulac analogous in every way to those of
Chapter 6, by replacing the ampiitudes of the fields due
to the mmf harmonics by tho ampiitudes of the fields duec
to the permecance harmonics. The variation of xé with
current 12 is determined from the magnetisation curve
of the rotor iron. When these values of sccondary
lcakage rcactances are introduced into the formulae,
the variation of the rotor losses produced by the har-

monic ficlds due to the stator permeance variations,

with I2 can be calculatcd and is shown in Fig.90.
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fig.90 Variation of rotor losses due to fluxes caused by stator slot permeance variations

with 1. (AB=High frequency no load loss, CD<=Extra load loss )

09c
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The ordinate of the curve in Fig.90 at a zero valuec
~of rotor current, (stator current value of IO)'reprcsents
the high frequcnpy - harmonic - mno load loss in the rotor.
It is seen from Fig,éO that the rotor losscs produced
'by the stator slot openings (which may be a significant
part of the total no load loss) increascs when the
machire is on full load by 10% aboﬁe the no load valuc

of thesc lossecs.
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CHAPTER 14

CONCLUSIONS AND SUGGESTIONS FOR FURTHER WORK

Part one of the thesis describes three different
methods of measuring load losses either directly or by
means of the torque slip characteristics. The meaéuren
ment of the torque speed curves, both with the swinging
stator dynamometer, (at low values of current loading),
and using a d.c. tachogenerator with a differentiator,
(at high values of current loading), has been done in
the past. The methods described here, however, achieve
a very mﬁch better accuracy, particularly in theé accelero-
meter test. In this last test an accuracy of 2% has
been achieved by incorporating a variable element fil-
ter in the device in order to eliminate the commutator
ripple noise from the tachogenerator output. Without
this filter only qualitative results can be obtained from
the accelerometer as was the case in the past. The
direct measurement éf load losses under full load con-
difiohs, using the back-to-back test arrangement, is
entirely new and constitutes the most reliable and
accurate test to date. The load losses can easily be
obtained from this test to an accuracy of 1+2%.

Part two of the thesis calculates the losses produced
by the field harmoniés that are generateéd in the air gap

of the machine due to the non-sinusoidal winding distri-
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bution on the stator and rotor surfaces. The losses
considered are:

(i) IZR losses in the squirrel cage bars due

to the harmonic currents that are induced
in them by éhe rotating field harmonics.

(ii) Losses caused by the interbar currents that

flow in the rotor when the squirrel cage is
skewed but not comnletely insulated from the
rotor iron laminations.

and (iii) Losses in the stator and rotor iron. These
losses includeAboth those dissipated at or
near the surface and those dissipated in the
tooth bodies. Both eddy current and
hysteresis losses were considered.

The resulting load loss forrulae contain harmonic
paraméters (mainly reactances) which cannot be accurately
determined by classical methods of calculation. It was
found necessary to apply the following corrections to
these paranmeters: (The correction factors are calculated
in Sections 6.1, 6.4, 6.5 and 6.7 of Part 2 and the
entire of Part 3).

(i) The magnitudes of the slot harmonic fields

are altered by the influence of the slot-

openings.
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1

(idi) The different harmonic lealkage reactances
are reduced by eddy currents induced in the
rotor iron surface.

(iii) The rotor tooth flux is reduced by the damping
action of the harmonic currents that flow in
the squirrel cage winding.

(iv) The magnitudes of the harmonic fieldé are
reduced when the iron is saturated by, either
the main flux, or the fundamental leakage

‘(mainly harmonic) fluxes.

(v) The differentail harmonic leakage reactances
are reduced by the slot openings much more
than Carter's coefficient would sﬁggest.

(vi) The effective skew of the squirrel cage wind-
ing is different from its geometricai value
and is reduced by the width of the rotor bars.

It is considered to be of importance that all the

correction factors are cal?ulated in a rather rigbrohs
Imanner. None of the factors or values of parameters used
in this thesis are empirical and the present work has
removed much of the empiricism that was considered
necessary in the past.

In Part 4 the experimental results obtained in Part

1 are compared with the theoretical predictions of Fart

2 using the values of parameters determined in Part 3.
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The égreement between theqret@pal and gzperimental results
for;all the tests on all 11 squirrel cage rotors and one
slip ring motor was found to be very good and far better
than anything published to date.

In Part 5 there is a general discussion of the effect
of machine parameters on the load losses. Section 9.3
shows how the harmonic equivalent circuit of the induc-
tion motor can be modified to include the effects to
interbér currchts by shunting the secondary impedance

biranch by an operational impedance Z which was cal-

év’
culated. The effect of skew of the squirrel cage bars
on the load losses is discusséd in Chapter i0, where it
was shown that for a relatively well insulated rotor,
skewing does not make a great deal of difference as far
as the load losses are concerned, but that fsr a badly
insulated machine the slkew should be kept to a minirmum
to limit these losses.

In Chapter 11 it was shown that the load losses

vary with slot combination in a very much morec pronounced

way than they do with any other machine variablec. It

«t

sas pointed out that the load losses are minimised when
‘the slot combination is necar unity, and although this
conclusion was lmown from past experience, it is the first
time that a quantitative vériation of the total load

loss with the ratio SZ/S1 has becen derived.
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In Chapter 12 it was shown that the load lossecs
decrcase as the air gap is increased, but controlling
the load losses in this way is not casy, because the
main magnetic fields also depend a great deal on the
air gap length. For example an incrcase in g also
decrcases the main magnetising rcactance Xm and hence
increases the no load current Io which is an undesirable
effecf.

In Chapter 13 some mecasurements of the stator tooth
fluxzes are given and comparisomns with theoretical
results provide a further check on the theory. Mecasure-
ments of the rotor éboth’fiuxes were not talken but this
could be done by future investigators and could provide
very important information on the behaviour of fhe séuirrel
Eage. (For exampic it could give an experimental checlk

on the damping factors k in Section 6.5 and kdzv in

tv
Section 6.4). These measurcrnents could be done by
either inserting search coils in the rotor and amplify-
ing the signal by means of an amplifier rotating with
the rotor before collecting it from slip rings, or by
building an inverted machine which has the squirrel dage
on the stationary member and the primary winding on the
rotéting member supplied thfough slip rings.54 Llso din

Chapter ¢ 3 the "e:xztra!" load losses introduced by the
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combined effects of the slqt openings and saturationk
are investigated thcoretically. = Future wori could in-
clude an experinmental investigation on this topic by
testing two rotors identical in every respect except the
size of the rotor slot bridge.

Finally it should be noted that although eleven
entirely different squirrel cage rotors, and one slip
ring motor} have been tested and the resﬁlts provide a
very good checl on the theoretical worlz, the théory has
not been applied td large induction machines. It is
felt that the éame formulae derived in Chapter 6 apply
without any modification to induction motors in gencral
whether they are squirrel cage or slip-ring, small oxr
large; this last type, however, should be investigated

further in future worlz.
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APPINDIX I

The distribution of power flow in the back-to-back tcsit

Fig.91 shows a linec diagram of the power flow in the

back~-to-baclk teste.

Let T = electromagnetic torgue, which is equal on
the two machine sets.
Tfm’ ng = fundamental torques, on motor and generator
respectively. |
Tﬁm’ ng = stray torques, corrcsponding to the load
losses.

Pfem’Pfemz stator iron lossecs.
(>

From Fig.91 the electrical power input to the two

induction machines is:

P.= P, -P, (I.1)

The power to the induction motor is:

PZ = (Pfem * BlimzRim) * wo°Tfm (1.2)
where: Tfm = T + T£m (1.3)
The power from the gencrator is:
P, = o T.- (P. _+ 3L 2R ) (I.4)
i o fg feg ig 1g
where: T = T - T (1.5)

fg £g
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fig.91 Power flow in the back to back test
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Substituting Eqns. (I.2) to (I.5) into Egn. (I.1)

gives
P = (P + P + 3T 22 3I 2 R Y+{T, .2™m_+T, .2%n _}
ac fem' " feg imTdm ig Tig £m m g g
.ngs(r n s :
- T£ * Tis. " Tem * 1-s5_ (1.6)
g g ]

The first term in the round braclkets of Egn. I.6 is
the total stator loss of the two induction machines; the
second fcrm in the curly brackets is the load loss; and
the terms in the square brackets are small because of the
low value of slip during normal 1oad. Their difference
is even smaller and can be neglectéd.

The net mechanical power input to the two induction

machines is:

mech. ~ o m

(sgonfg+smonfm)+

(I.7)

The first term in the round brackets of Egn. I.7 is

the fundamental rotor conductor loss and the sccond term
in the sguarce braclkets is the same as the last term of

BEqn.I.6 and is therefore negligible.
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Adding Zgn. I.7 to I.6 checks that the net power

input to the induction machines, (P__+P )is the total
ac "nech

electrical power loss in these machincs.
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APPINDIX IT

The mmf distribution produced by a thrcc-phase winding

In order to avoid unnecesgsary complications that are
int:oduced by unsymmetrical windings, and because the
machines under investigation have two-layer lap windings,
only this type of winding is considered here. However,
it can be quite casily shown that the conélusions drawn
in this Appendix are guite goneral and apply to all types
of machine windings.

Fig{92 shows a two-layer lap winding with a pitch
of wa Although the actual winding goces from A to A',

B to B' etc.,in the mathematical analysis the winding can
be considered to be made up of two full pitch windings

in two layers, as shown by A to A", B to B", ctc.

(a) TOP LAYER
Talzing the origin as the centre of a slot, the nmf

of phasc I can be written as:

) q-l Tar c1‘[7\1
f\’I = E A\) .511'1\!(-3-{--- —Y-——-).s:«.n wt
c=0
where A, is the amplitude of the VB pmf harmonic.
If the winding of Fig.92 has a total of m, phases the

mmf of the (n-i)St phase is given by:
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fig. 92 Two layer lap winding with:

q=3 , m]=3 , W/Y:7/9‘
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Ky

0 ~—

S —_ 3T ¢ n)\l nw nt
Ivn = E AvoSIH\(?? -y - E—).SInQDt -

c=0 1 1

and the total \Fh harmonic nmf due to the top layer is

therefore
m -1 gqg-z:
1 c‘nik
£ = E Z,.sin(t- 2L) . sin v(e=- 1 _al
*Vtop v m, "% Y Y m,
" n=0 ¢=0 -
(II.1)

(b) BOTTOM LAYER

The time phase angle of the bottom layer is the same
as for the top once but the space phasc angle is less by:
v{(i-w/Y)T radians.

Thus the total Wi harmonic mmf due to the bottom

layer is:

ml—i g-1
£ = T .sin(0t - 25y, giny G .E_:t_)\l_.r}_’.‘_
.Lv bottom = ;vogln - m1 e S1NV "Y'.'-‘ - Y m1 -+
' n=0 c=0
A\
+ 7 (1 - —.Y-.- ))
(11.2)

(c) TOTAL

From Egns. II.1 and II.2 the total vth harmonic mmf

for the whole wrinding is:
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lni-i q—1
S _nny o L VUT
fy = E E Avgln(wt mi).zoln_ZY x
n=0 c=0
x sin {25 "y v 2 - Yy (II.3)
P:S Sln Y Y - mi 2 N - Y -

Performing the summation with respect to ¢ one obtains

after some simplification:

m1-1
A, (g-1)
-~ - v N : X e vy 2 . _hn .
£, = Ay.2q kdv.kpv.g 51n\nt{Y + 2(1. T 5T ml} %
n=0
. rn
% sin (Wt - — (II.4)
m .
1
If v is allowed to have both positive and negative
values, then Eqn. II.%4 can be condenscd to:
m,-1
EI nm v v v
= e 1c. 7 o <+ ——— - — —3’: - — -——- -
f\‘ = Avga.‘:dpveq .. CO..,{(;.)u + mi(\’ 1) Y 2 ‘+ 2Y (q 1)}
n=0 '
(11.5)

Perforning the summation with respect to n one finally
obtains:

fy

Fv .cos Lt - “23 + 8)) (11.6)

'
sin(V —1) -é-
(1x.7)

=
<
]

where Ay °m1qkdpv . — -
m sin(v-1) =
2m
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VREA

2Y

and 6 = (m—i) (v-1)=n

1 Wy T
v 5 ° o -V (1-— -Y-:) -é- (II.B)

+ (g-1)

1

It can be casily shown from Eqn. II.8 that the angles
vior the fundamental (v=1) and for the slot harmonics
S
of the winding (v= r 51 +1) differ only by an integer

number of 2n radians.
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APPENDIX III

The calculation of the constants A and B in BEqn. 6.38

It is stated in Scction 6.3 that the constants A

and B in Eqn. 6.38 can be found from the two conditions

EA
0ox Y

=0
atx:i /2
From Egn. 6.38
Jjo x

Eove
IbV = A cosh\y x+B51nth x o+ " ( 2+Y2)

bbv v - v Jjo. x
oI jo B _.c

hence

bv .
T% = AoYv31nhYVx+B.chosh‘mg +

Putting x= +£/2 and x= -£/2 in the above equation

gives:
.avf
73
YV£ YvZ JE,E_ e '
. ov
Ay pinh 5 * B ygosh 5 + 5 5 =0 (IIT.1)
rébvaﬁ, + YD
o« £
.V
Y, 4 ng jaonve
and -A ysinh +By cosh =0
‘ v 2 v r! (Ocz +Y 2)
bbv® v v

(III.2)



Subtracting (III.2) from (III.1) gives:

[¢ 4 ™ i a\)/e
A = Ve OV ‘ ] sSin )
2 2 a £
1
Thpv {4+ 1Y) v, sinh ——

ocv £

Je, By cos —
B = . a7
w1 (e Zey ?) Y. cosh —
Tpbviv Ty yeosh —o
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(111.3)

(ITI.4)
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APPENDIX IV

The penetration of a travelling magnetic field into a

lamination

Consider an mmf wave of the form:

ot + X%X)

£, = F,.c | | (IV.1)

to travel on the two sides of a lémination of thiclkness
h as shown in Fig.33, vhere f%is the phasor value of
the mmf. ! |
If the displaCément current in the iron is negiected
in comparison with the conduction current; Maxwell's

equations for the field vectors inside the lamination

become ;.
curl H = J (Iv.2)(a)
curl B = - g.% (IV.2) (D)
E o= g
and.‘g = uuog

where y will be taken as a constant.

From Eqgns. IV.2(a) and IV.2(b) one obtains:

curl curl H = curl J
-uuo 62
M 1 1B = o e
or curl curl B 5 T
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.9 "'P"llo 613_
which becomes: grad div B -V B - 5 3T
and since div B = O everywhere:
o 0B
B = ®_— (IV.3)
V°B —

Since B has only one componcnt; By’ (see Fig.33)

Eqn. IV.3 becomes:

2 2

0B 0 B _ jnt 0B

e (1v.1)
dx dy e

Now obviously since the applied mmf on the surfaces
of the lamination has the form of Eqn. IV.1, the y-
conponcent of the phasor magnetic field inside the iron

will be given by an expression of the form:

. VT
Jlut + Yy)
B = Bi.c
y
where B1 is a function of x in Fig.33.
Thus the operator %? in Eqn. IV.4 can be replaced
2
by J and the . operator 2 by: - ()2,
ay” ¥

Eqn. IV.4 thercfore becomes:

2 .

8°B,, j o K or. 2

5 - -—'—p——'— + (T) . BY = 0
0x

ang if kz is substituted for the expression in square

brackets then:

2
- k"B_ =0 Iv.
v . (1Iv.5)
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APPENDIX V

The reduction of the differential leakage reactance by

the slot openings.

Eqn. 6.23 gives the rotor fields in the air gap of
an induction motor. If only the influence of the rotor
slot openings on these fields is considered, (énd the
stator slét openings neglected), this equation can be

rewritten as:

P E YHo |

—y d
b kS = B k Sz COSp(l-.z) - — -—-é- ng(lxz—d)
+1) (—22 11) a=%1,%2,..

(v.1)
where the function p(k,) is given by:

k_ S T X Ik S

2 2 Jot «~ 1 (—2—3 +1) + 6 (v.2)

1 leg)
[i+ ( ) = 7 = .

©
~
=
\v]
~
il

Zqn. (V.1) can be expanded for different values of

k, to give:

o~
4l
i

0 (fundamental field)

2
vy
b1 = ﬁlgcosp(O) -'ﬁl 5 .cosp(-d)(v.3)
a=¥1,%2, .. ‘
kz = -1 (backward rotating, rotor first slot harmonic)
L y u
b S = B S .cosp(-1)-B o ' —%ocospéd—d)
1-'— 3 —— m— - - a s
(13 P D T

(v.h)
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s, =+l (forward rotating, rotor first slot harmonic)
"
b = B .cosp(1)- B og xd .cosp(1-d)
S2 52 SZ : 2
- +1 — +1 = +1 d
(P ) (p ) (p )
(V.5)
ky, = -2 (backward rotating, rotor second slot harmonic)
"
b =B cosp(-2) -B . tii scosp(-2-d)
2s, 2s, " 2s, 2 e
(1-—=) 1- —=) 1- —=) d
P ( P ¢ P
(v.6)
iy = +2 (forward rotating, rotor second slot harmonic)
Y "
= = d
b og = B o5 cosp(2)- B 05 ° > .cosp(2-d)
2 2 2 ‘
(1+ —=) (1+ —=) (1+ ) d
P b ' :
(v.7)

etce o.o

Fields of the same order can be added or subtracted
from each other to produce a resultant fielé. Fields of
the same order occur when the value of (kz—d) for a
certain kz'ahd d, is the Same‘as another value of kz.
(See Egqn. V.1). For example when d = +1 the second
term of Egqn. (V.4) and the first term of Egqn. (V.6) can
be added together.

Considering only the first two harmonics produced
by the air gap permeance variations, (d = 1 and £2) the

total airgep rotor field can be calculted from Eqns.



(V.3) to (V.7) as:

' - Yh
! -_— - ——
by = |By- 3748 S, +B S, B
1-—=) (1+ ==)
¢ j P
B n
— Yq )= —
+} B Sz -5 B1 +B 2s -
L (1- E;-) (1- -
— 2 - -
+] B Sz -5 - B1 +B 252
(1+ —) 1+ -)
- P ( P
_ Y" — Y "
+ B - l o B —“2’
282 2 S2 2
1- —=) 1 —
L ( m ( P})
1 "
— Y3 — Yo
*| B 2s, % - P oos, T T
1+ —= 1+ —
1 (1+ 5 ) ( 5 )

The first term of Eagn.

field produced by the rotor.

e o © 0 o0

ol

28
2
(1—'}3—)

wl
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+B 232 cosp(0)
(1+—=)0}

5 .cosp(-1)

: 2
(1+ -I;—)

B, |.

B, |.

etc.

cosb(l)

el

(1- I:)—)

cosp(-2)

cosp(2)

(v.8)

(V.8) is the fundamental

The quantities in the

curly brackets of this term are totally negligible.

The second and third terms of Eqn. V.8 represent the

first rotor slot harmonic pair,

terms the second rotor slot harmonic pair.

and the fourth and fifth

These last

four terms of Egqn. V.8 contain terms involving Bi’ the
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fundamental field. In Section 6.1 it is shown how these
fields can be separatéd out and considered to produce
ohly no load losses provided that the remaining fields
due to the mmf harmonics are multiplied by a certain
factor. This will not be discussed further in this
Appendix and the quantities, (in the last four terms of
Egn. V.8) involving ’61 will be left out.

Thus the first slot harmonic pair of thec rotor field

becomes:

-
=

" "
—_ 1 - 2 = +
B s2 - —2-"" ° B 282 - 2_- aB _ S2 .COup(—l)
14 =2) 1+ 13 =2)
(11 5 (1+ —2) (13 5

(V.9)

and the sccond slot harmonic pair of the rotor field

becones:
"
— Y1 - +
28 2 S
(17 —2) (1+ —2)
P - P

Dxpressions (V.9) and (V.10) show that the rotor
slot openings reduce the rotor slot harmonic fields.

Reference 3 shows that the recactance corresponding
to a sinusoidal magnetic field of magnitude B and order
n is proportional to B/n. Thus the reactances of the

first harmonic pair are: (From expression V.9 and Eqn.V.2)



= K. | B lig 2§ 1
* S, S, " 2 2s, ~ 2 S, 1 . S,
(1+ == (1+ 5=) @l—= (1+==) (1 = =
(v.11)
and of the sccond harmonic pair: (From expression V.10
- and Dan. V.2)
Y1 1
x . 252 = K . B(li 252 - 5 B . Sz o -——;—-é-g-z—
(1- — ) (1- =) (1= —=)
P p P
(v.12)

The differential leakage reactance of the rotor (with

respect to the fundamental field) is defined by:35

X541 ° E x ms, (Vv.13)
m#£0 (1+—=)
Y
and if only the first two rotor slot harmonic pairs are

considered:

= X S + X s + X 25 + X 25

2 2
('1+5—— (1- 5—-) (1+ ) (1- -p——

which using Egns. (V.11) and (V.12) becomes:
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- Ty Y3 — 1
x2d1 4 I{. \-B Sz - "é—- oB 252 - 2 B 2 - Sz
(1+=—=) (1+fa— (1-— (1+—=)
e n "
- Y1 = Y2 = 1
+{’ B Sz - 'é""oB 282 - '2—"'0 B sz }Q Sz)
1- == 1- —= 142 1- =2
( > ) ( 5 ) ( 5 ) ( B
"
ey Y4 =
*{B 25, -5 B s, } 125 *
(1+ —5_) (1+ == (1+ )
- v o ’ 1
+{ B 25, " 2 B 5, } 25,
( S ) ( 5 ) (i~ > )
(V.14)
If the rotor slot openings are neglécted
(Y¥ = Yg = 0) the differential lecakage reactance becomes:
B S, B 5, B 25, B 25,
(1+3~) (1-5—) (1i+ B ) (1- —5—)
x - x| s ¢ s * os_ T 2S
2d1o S (4s 2 2 ) 2 “Po
+ = (1- > (i + > ) (1- e )
(V.15)

Therefore the rotor slot openings reduce the
differential leakage reactance with respect to the funda-

mental field by the factoxr:



287

K, o= =2l | (V.16)
“2dio
Al
or: 1{01 = E-; (an.?)

where A1 and 01 are given by the right hand sides of
Eqns. (V.14) and (V.15) respectively. The values of
the rotor flux densities in these two expressions are

1" , 1"
given by Egn. (6:24) and the values on1 and Y, are

2
given in Ref.16.
Although only the reduction of tﬁé differential
lecakage recactance of the fundamental wave has becﬁ
derived here; it can be casily shown that the differ-

ential lcakage reactance of the Wh rie1d harmonic is

reduced by a factor:

Ik =
oV

= = (v.18)

where 4y and Cy are given by cxpressions exactly analo-
gous to the right hand sides of Eqn. (V.14) and (V.15),
but referred to the \Fh harmonic.

Numerical computations for rotor No.1l for example

gave values of k (by which the differential lcakage

ol
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reactance of the fundamental is reduced) of 0.89, and of
koV (by which the differential leakage recactance of the

stator slot harmonic fields is reduced) of 0.66.
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