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1 Introduction and preliminaries
Let coo be the space of all scalar sequences, that is, elements of RN or CV with finitely many
nonzero entries. Let X and Y be infinite-dimensional Banach spaces. If (x)72; is a basis of
the Banach space X andx = Y -, ax,, then we denote suppx = {k € N: a; # 0}, that is, the
set of indices corresponding to the nonzero entries of x, which is called the support of .
When the basis (), is clear from context, we write x = (ax)°, instead of x = Y2, axx,.
Now, suppose that (x)72; and (yx)z2, are sequences in X and Y, respectively. If there
exists C € [1,00) such that

00
D ausk
k=1

[e¢]
<C|Y @
k=1

X Y

for all finitely supported sequences (ax)z2; € coo, then (yx)2, C-dominates (xx)72;, and
we can write (xx)52; Sc (9052, In case C does not matter, we will simply say that (y)72;
dominates ()22, and (x0)22; S ), If ()32 Sc 2y and ()2, Sc (i)ge,, then
(x1)72, and (yx)f2, are C-equivalent, and we can write it as (x)22, ~c (Vr)5e;-

A basic sequence (x¢)2; is called subsymmetric just in case it is unconditional and
equivalent to each of its subsequences. It is called symmetric whenever it is unconditional
and equivalent to each of its permutations. Lindenstrauss and Tzafriri [1] studied the uni-
form boundedness which means that if (x;)72, is a subsymmetric basic sequence, then
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there is a uniform constant C > 1 such that if (xx,)7°; is any subsequence and (g,)32; is
any sequence of signs, then (x;)72, is C-equivalent to (e,%x,)5,. In this case, we say that
(x)72; is C-subsymmetric. Similarly, if (x¢)72, is symmetric, then there is C > 1 such that
(xk)72; is C-equivalent to each (exx,(k))50;, Where g is a permutation of N, and in this case,
we say that (x)72; is C-symmetric. Note that C-symmetry implies C-subsymmetry, which
in turn implies C-unconditionality. In this paper, we use standard facts and notation from
Banach spaces and approximation theory. For necessary background, see [1, 2], and refer-
ences therein. We denote by I the real or complex field. The canonical basis of IF is denoted
by (ex)z2;, that is, ex = (8x,n);2;, where 8¢, = 1if n =k and 6, =0 if n # k.

An Orlicz function M is a function that is continuous, nondecreasing, and convex with
M(0) = 0, M(x) > 0 for x > 0 and M(x) —> oo as x —> 00. An Orlicz function M is said to
satisfy A,-condition if there exists R > 0 such that M(2u) < RM(u), u > 0.

The study of Orlicz sequence spaces was initiated with a certain specific purpose in
Banach space theory. Lindenstrauss and Tzafriri [3] used the idea of an Orlicz function to
define the sequence space

o0
Ly = :xew:ZM<@> <oof0rsomep>0},
0

k=1

which is called an Orlicz sequence space. The space £, is a Banach space with the norm

Il =inf{p >o:§:M<|%k|> < 1}.

k=1

It is shown in [3] that every Orlicz sequence space £, contains a subspace isomorphic to
L, (p=1).

A sequence M = (M) of Orlicz functions is called a Musielak-Orlicz function (see [4,
5]). For more detail about sequence spaces, see [6—26], and references therein.

The notion of a difference operator in the sequence spaces was first introduced by Kiz-
maz [27]. The idea of difference sequence spaces of Kizmaz was further generalized by Et
and Colak [28]. Later, this concept was studied by Bektas et al. [29] and Et et al. [30]. Now,
the difference matrix A = §,4 defined by

(-)* (n-1<k=n),
0 (O0<k<n-1orn>k).

8nk =

The difference operator of order m is defined by A™ : w — w, (Alx); = (xx — x%_1) and
A"x = (AYx)g o (A" 1), for m > 2.
The triangle matrix A = 5" defined by

D"5(,%)  (max{0,n—m) <k <n),

0 (0 < k < max{0,n —m} or n > k)

for all k,n € N and any fixed m € N.
The Lorentz sequence space was introduced by Lorentz [31, 32]. This space plays an im-
portant role in the theory of Banach spaces, whereas Garling [33] studied, for v = (k™ 2),?‘;1,
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the canonical unit vectors of g(v, 1) from a subsymmetric basic sequence that is not sym-
metric. Pujara [34] studied g(v, 2) for v = (k™Y 2),‘?21 and showed that these spaces are uni-
formly convex and that their canonical basis is subsymmetric but not symmetric. The
space from [35] can be viewed as being constructed from variations of g(w, 1) for various
choices of weights and gives a canonical basis that is 1-greedy and subsymmetric but not
symmetric. Both the Garling sequence spaces and the Lorentz sequence spaces are de-
fined by taking the completion of coy under the norms || - ||, or || - ||z, respectively. The
only difference between these norms is that || - ||, is defined by taking a certain supremum
over subsequences instead of permutations of sequences as is the case for || - || ;. Wallis [36]
generalized the construction of Garling for each 1 < p < co and normalized nonincreas-
ing sequence of positive numbers that exhibited complementably homogeneous Banach
Garling space related to the Lorentz sequence space. For more detail about these spaces,
see [37-39], and references therein.

Let us consider the set of weights
V=l €\ h:l=v=vn> >y >v >--->0}.

Let M = (M) be a sequence of Orlicz functions, and let v = ()22, € V be a weight, that
is, a sequence of positive scalars. Then the Orlicz-Garling sequence space is defined as the

Banach space consisting of all scalar sequences A = (ax)g2; such that

1A ”g(M,A(W'),v,p)

1
- 1
A g0 Pv ?
:inf{p>0:sup<§ (Mk(w>)> 51f0rsomep>0},
0

VeO \ k=1

where O denotes the set of all increasing functions from N to N. We will assume that v is
normalized, that is, v; = 1. We consider the normed space g(M, A", v,p) = {A = (@, :
1A lLgrg, 0 < 00)-

Let IT denote the set of permutations on N, and let M = (M) be a sequence of Orlicz
functions. Then, for any 1 < p < 0o and v € V, we define the Orlicz-Lorentz sequence

space d(M, A", v, p) as the completion of ¢y under the norm || - laat, a0 1, defined by

||A||d(M,A<m>,v,p>

1
o 1
Al » 4
=inf{ p > 0: sup Z(M;(w)) <1 forsome p>0;¢.
eell\ Y

We consider the normed space d(M, A", v,p) = {A = (@), Al g pt, a0 ,1,p,) < OO}

The main aim of this paper is to introduce and study some difference Orlicz-Garling
sequence spaces and Orlicz-Lorentz sequence spaces. Using the originally developed
Orlicz-Lorentz sequence space, we show that the Orlicz-Garling sequence space ad-
mits a unique 1-subsymmetric basis. Finally, we discuss some additional geometric
properties of g(M, A", v,p) and also establish some inclusion relations between these

spaces.
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2 Main results on g(M, A™, v, p)

Given a function ¥, we denote by U(y) its range. Let M = (M) be a sequence of Orlicz
functions, and let v = (v)32; € V be a weight. Let O be the set of increasing functions
from an integer interval [1,...,u] N N into N. For a given ¢ € Oy4, we denote by u(yr) the
largest integer in its domain; a function in O is univocally determined by its range. For

A = (a)i2,, we have

u(y) )

o A a PV

JAIMA" < infd p > 0: sup }j(zw%%)) <1
veOa i1 1Y

for some p > 0}. (2.1)

A Banach space with an unconditional basis is said to have a unique unconditional if any
two seminormalized unconditional bases of X are equivalent.

Now we define the weak Orlicz-Lorentz sequence space do, (M, A", v, p) for a sequence
of Orlicz functions M = (My) . For ve V and 1 < p < o0, it consists of all sequences A =

(ax)?2, € co such that

1
‘ 1
A gty ’
”A”doo(M,A(m),v,p) = inf{p >0: sup( E (Mk(w>> <1 forsome p>0¢,
k

n=1 p

where (a;)72, denotes the decreasing rearrangement of A.

Let (xx)z2, be a basis for a Banach space X, and let D = Y ioy brxi be a vector in X. For

any A =Y 12, aixx € X, it can be written as A < D if
(1) supp(A) < supp(D),
(i) ag = by for all k € supp(A), and

(iii) 1Al = [IDII.

We can say that D is minimal in X if it is minimal in X equipped with the partial order
<, that is, if A < D implies A = D. If D is supported with respect to a basis (x;)z2;, then
there exists a minimal A < D.

A block basic sequence of a basic sequence (x¢)72; in a Banach space X is a sequence

), of nonzero vectors of the form

Pks1-1

Vi = Z a;x;

=Pk
for some increasing sequence of integers (px)z2, with p; = 1 and some (ax)2, € FN.

Theorem 2.1 Let M = (My) be a sequence of Orlicz functions, and let v = (vi)72, € V bea
weight. For 1 < p < oo, we have [, C d(M, Ay, p) C g(M, A"y, p) C doo(M, AP, v, p),

with norm inclusions.
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Proof 1t is clear that [, C d(M, Ay p). Let € Oy, A = (a0, € FY, and ¢ € IT ex-
tending ¥. Then we have

t(yr) (m) £(yr) (m)
A"g Py, A" q,001Pv
E (Mk<7| Z(k)| k)) = E (Mk(—| ;UO' k))

k=1 k=1
(")
k=1 p

=< ||A||d(M,A(m),V,p)~

Taking the supremum on ¥/, we get IAN gt 000 0,0 = ANl gAg,a0m,p,p)- LELA = (@ar)2; € coo-
Given t(/) = k and |ay )| > |ai| for 1 <n < t(y) = k, there exists ¢ € Oy such that, for a
given k € N, we have

1 1

k 7 k ?

A g%y ? [AM™ g 0[Py ’
(Z(Mk< pk : = 2 (M ;(n) : < MAll g, a0,

n=1 n=1

Therefore, |All ;. (rt,a0m ) = A g At 40 0,5 which concludes the proof. O

Let us define some linear functions as follows:
(i) For a given sequence of signs & = (gx)32;, we define the linear mapping
T, :FY — FN by T ((ax)2,) = (exai)2,
(ii) The coordinate projection on B C N is defined by P : FN — FY,
Ps((ar)i2,) = (mkak)ie,, where

1 ifkeB,
0 ifn¢B.

Mk

(iii) Given ¥ € O, we define the linear mapping Sy, : FY — FY by
Sy ((ar)i2y) = @y )iz, and
(iv) we define the linear function R, : FN — FN by Ry ((ar)i2y) = (br)g,, where

a, ifk=1vyn),
0 ifké¢y(n).

by =

Remark 2.2 Given k € Nand ¢ € O, we have Ry, o Sy, = Idpn and Sy (ex) = ey k).

Theorem 2.3 Let M = (My) be a sequence of Orlicz functions, let v = (vi)i2, € V be a
weight, and let 1 < p < 0o. Let & = (6x)32, be a sequence of signs. Let B be a subset of N, and
let W be a linear map in O. Then we have the following:
(i) T. and Pg are norm-one operators from g(M, Al v,p) into g(M, Al v,p).
(ii) Sy and Ry are norm-one operators from g(M, A", v, p) into g(M, A, v, p).
(iii) Sy is an isometry from g(M, Ay, p) into g(M, A", v, p).
(iv) The standard unit vectors form a 1-subsymmetric basic sequence in g(M, A", v, p).
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Proof The proof of (i) is clear since it is a consequence of (ii) and Remark 2.2. (iv)
is a consequence of (i), (iii), and Remark 2.2. Therefore, we only prove (ii). Let A =
(@), € FN . It is clear that || Tg(A)IIg(MA(m),V’p) = 1Al gat, a0 ,,p) and ”PB(A)"g(M,A(”’),v,p) =
Il Allg At am )~ Since Y o ¢ € O, we have

M - | A ay o 1P Vi

ISy )| ¥ =inf{p>0: sup E (Mk<—‘p)) <1 for some p >0

g
e k1 1%

= [1Allgat, a0 v,p)-
Let us take ¢ € O and Ry (A) = (bx)?2,. As we know, ! 0 ¢ is an increasing function from

aset BC Nto N. Let ¢ : L — B be increasing and bijective, where L = {k € N: k < |BJ}.
Since£: ¢y lopop e OUO, and k < ¢(k) for all k € L, we have

i(Mk(—lA(M)b‘/f(#’(k))lka)) - i(Mk<—|A(m)“1/f‘1°w(k) |’”Vk>>
P

k=1 keB p

oo
- Z(Mk<_|A(m)“s<k> 20 ))
P

keL

o0
|A(”’)a 0P Vi
= Z(Mk<+ = 1Al gt a0m,0,)-

keL

Taking the supremum on ¢, we get ||Ry (A) lgrt,a0m,,p) < IAllgAg,a0m a

Wip)*

Theorem 2.4 Let M = (My) be a sequence of Orlicz functions, let v = (vi)p2, € V be a
weight, and let 1 < p < 0c. Suppose A € cyy is minimal in g(M, A", v, p) with respect to
the canonical basis. Then

1
u(p) P
. [A™ a0 1Py
1A N gt 80,0, = mf{p >0: <§ j(m(+ <1,

k=1

for some p > 0}, (2.2)

where ¢ € O, is determined by U(p) = supp(A).

Proof For given ¥ € Oy, let ¢ be the function in O4 determined by U(p) = U(¥) N
supp(A). Letting ¢ be the inverse function of ¥ restricted to U(g), we have

W)
S (Mk(lwm)awmlpvk)) Ly (Mk (|A<m>ak|fﬂv$<k>)>
k=1 P kell(p) p
|A @ [Py, 4
< 2 (w5

kel(p)

- Z (Mk (—'A(m)“co(/o PPk ))
) P

keu(p
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Therefore, we can restrict it to {v € O4 : U(y) C supp(A)}, so that supremum (2.1) is
attained. Let ¢ € O4 with U(p) C supp(A), and let H be the projection of A onto U(gp).
Then, we have

m) |A a0 Py
JANA"? = 3 (Mk(i‘””

keuly) p

M,AM),
< [H M

Thus, H = A and U(p) = supp(A). O

Theorem 2.5 Let M = (My) be a sequence of Orlicz functions, let v = (vi)p2, € V be a
weight, and let 1 < p < 0o. Every normalized block basic sequence of the canonical basis of
gM, Ay, p) is 1-dominated by the canonical basis of l,,.
ff];;_l a;g;, k € N. Let us define
k = k(j) € Nby px <j < pra — 1 for j € N. Let (¢))% = Y roq by and (D)2, € coo. Let
Y € O,and let foreach k e N, Ly = {j € N: px < ¥ (j) < prs1 — 1} be an increasing interval.
Then, for some si, ux € NU {0}, Ly = {f € N: 1 + s < i <sg + ug}. We obtain

(25

< i(Mk

k=1

Proof Let a normalized block basic sequence be y; =

" by |P

))Z(n(55)
J) ()
R ()
)
)

~.
>

| A by P

N

IA

I
™Mz 1M 12 I

(.
(i
(uf(220)

Taking the supremum on v, we get the following result. O

| AP by [P

(55
25
(
(=

| |MA(

Theorem 2.6 Let M = (My) be a sequence of Orlicz functions, let v = (vi)p2, € V be a

weight, and let 1 < p < co. Let (g¢)3°, denote the canonical basis of g(M, A", v, p). Suppose

Pk+1-1
j=Pk

exists another block basic sequence formed by yi = Z‘Z ";k a;,85 k € N, such that
(i) a;, #0 forq e N;
(ii) p1 =1
(iii) (jq)i 'i}:k_l is a subsequence of (j)f f;;_l foreach k e N;

that yy = a;gj, k € N, forms a block basic sequence in g(M, A", v,p). Then there
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(iv)

19kl gt a0 ) = 1Tkl gt 20 1)
~ 1
Pi+1-1 (m) N P
A a;, 1Pvg_p 1
—inflp>0:( Y (Mk<"— <1
{ ( =D p
q=Pk

for some p >0 and for each k € N};

V) )R, is 1-dominated by (yx)72,-

Proof Let M = (M) be a sequence of Orlicz functions, let v = (vx)z2, € V be a weight, and
let 1 < p < 00. Now, for each k € N, we have By C {px, ..., prs1 — 1} such that if m(j) = #{u €
By :u <j} for each py <j < pi,1 — 1, then

17k g At A0 1,p)

Prr1-1 (m) . 1Py . »
A"a; Py, _
:inf{p>0:<z (M;(M))) §1f0rsomep>0}.
P

q=Px

We suppose that a; # 0 whenever j € By for some k € N. Therefore, for each p; <j <

Pr+1 — 1, we define

a,» lf] GBk,
0 ifj¢ By
Pi+1-1

Let y; = a;g; in g(M, Ay, p) for each k € N. Then k), is a normalized block

J=Pk
sequence in g(M, A", v, p), which is 1-dominated by e

oo
gq=1
(k)72 - Suppose (@,)72; is the subsequence that consists precisely of the nonzero values of

(Zz/)ffl. It is clear that (i) holds and there exist 1 = p; < p, < - - - € N such that (ii) ad (iii) also

By defining the sequences (a;,)72; and (p«)72; we shall construct the block basic sequence

hold. NOW, we find that ”yk”g(M,A(”'),v,p) = ||5/k||g(./\/l,A(m),v,p) = Hj}k”g(M,A(m),v,p)’ which Yields
(iv). Finally, we have (J4)22; ~1 )2, S1 ), and get (v). O

Theorem 2.7 Suppose M = (My) is a sequence of Orlicz functions, v = (v)i2, € V is a
weight, and 1 < p < co. Let (dy)32, denote the canonical basis of d(M, A v, p) and (@,
denote the canonical basis of g(M, A", v, p). Then every symmetric normalized block se-

quence of (g)22, dominates (di)7,.

Proof Let M = (M) be a sequence of Orlicz functions, let v = (vx)72; € V be a weight,

and let 1 < p < oo. Take any symmetric normalized block sequence (yx)i2; of (g)z2; in
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g(M, A"y, p). For any finite sequence (lok)llf=1 for K € N, we have

K
> bidy
k=1

dA(M,AM) y,p)

1
K v
Amp P 4
:inf{p>0:<§ <Mk(w)) <1 for some p >0
P
k=1

for some permutation o of {1,...,K}. However, due to symmetry, we can find that C €
[1,00) such that (y)72, is C-equivalent to all its subsequences and C-dominates (gx)22;.

(B2t

Therefore,

K
> bidi
k=1

A(M,A),y,p)
K
<C?| Y bidy
k=1 M, Al y,p)
It gives that (yx);2, C?-dominates ()2, O

Theorem 2.8 Let M = (My) be a sequence of Orlicz functions, let v = (vi)p2, € V be a
weight, and let 1 < p < 00. Let (gx)32, denote the canonical basis of g(M, A", v, p). Suppose
Yk = f f;;_l a;g; forms a normalized block basic sequence and satisfies lim;_, . a; = 0. Let
G2, be the sequence from Theorem 2.6 corresponding to (yi)ve,. Then for each & > 0, there
exists a subsequence (yy,),2; that is (1 + &)-equivalent to the canonical basis (ax)72, such

that (Jx,)2, is (1 + &)-complemented in g(M, A™, v, p).

Proof The first part of the proof follows that of Lemma 1 in [38]. Let € > 0, and let y; =
ZI; ’;}f{l aj,g, form a normalized block basic sequence as defined in Theorem 2.6, and let
¥ € (0,1) be such that 7 < 4! < 1 + . We claim that there exists a block sequence
of the form z; = 22‘:{1 byg, for n € N and a subsequence (J, )72, satisfying the following
two properties for every n € N:

() The coefficients of z; are the same as the coefficients of ¥, that is,

L1 =1y zlc’k,ﬁl _ﬁkn and bln+q = &ji,knﬂ forqg=0,...,01 -1, —1,and

.. Liv1— A P
(i) Sl (M () >
Let /; = 1 and define [, for some n € N. Since v, — 0, we have i € N such that

i+ly

> M(lvgl) < %

q=i+1

Since a;, — 0, we have Pk+1 —Pr — 00. Therefore, for any /1 € N such that pj,1 —py > i+ 1y,
we have M(|a;, |?) < % for all ¢ > py. Let L1 = pper — P + by and by, = @y for all
q=0,...,01 — I — 1. Since ¥, = yj satisfies (i), by property (iv) of Theorem 2.6 we have

11

1=1% MAM p ‘Ph - |A(m)dfq |pvq—f9h+1 r

= ynlly =inf{p>0: Z M, — <1forsomep>0¢,
q=bn
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and thus we have

lpy1-1 Pri1-1 (m) . p N
|A(”‘)bq|”vq | A a; P Vgit,—p),
2 (M"(T -2 (M

q=ln q=Pn
b1
()
= q
q=pp p
Pre1-1 A
_pli (Mq< |A(m}”q |p(Vq—i7h+1 - Vq+ln—i7h)>>
q=pbp P
Iah+1_1
|A a} 1 (qufﬂh+l — Vg4l —ﬁh)
S <Mq( d .
q=bn p
Pri1-1
_ }i ( ( ”iq'p(vq—iﬂwl _Vq‘*ln—ﬁh))). 2.3)
q=pp+i P

Since (vq),‘;‘i1 is nonincreasing with 0 < v, <1forgeNand/, > 1, we obtain 0 <v 5,1 —
Vasl,—p, < 1 for g € N. Since there are i values between prand py +i—1and also M(|ajq 17) <

% for all ¢ > py,, we have

pper—1
p,i: <M (|A(m)6qu |p(vq—[¢h+1 - Vq+ln—[¢h)>>
1 P

q=pn
Dhe1-1 |A 6l | 1-— wl’hﬂ -1 w
<y <Mq( p"’ )) > M) = (2.4)
q=Pp q=bn
Since M(|a;, |P) < 1V 1 forall q > Pns Zq z+1M lvgl) < —, and Py + 0, —2 > P — 1,
we have
plil_l <M ( |A(m)ajq |p(Vq—[7h+l - Vq+l,,—[7h)>>
q
— P
q=pp+i
i’h+171 Vi1 — Vasl
P oy
el o
q=pp+i
i’h+i+ln*1
Vo +1 1—Vl
< M, [ ) ) < . 2.5
Y (m(*22)) <5 @9
q=pp+i

Combining (2.3), (2.4), and (2.5), we obtain (ii). This completes the proof of our claim.
Let us prove that a block basic sequence (z;)x-1 in g(M, A", v, p) dominates the canon-

ical basis (Ax)p2; for [,. For K € N, let (ci)z2; be any finite sequence of scalars. Then we
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have

K A 2 K A g o\ KTt Ay 1p
P (550)) = (555)) 3 (e (55))

=1 q:lk
K
D e

=<
k=1 gM,AM) )
Therefore,
K |A(m)Ck |p [ly K
(27 < S
k=1 p k=1 g(M,AM yp)

Thus, (Ax), is ¥ "7-dominated by (zx)$°,. On the other hand, (), is 1-equivalent to
k)22, by (i) with 1-subsymmetry of (gx)?2,. By property (v) in Theorem 2.6 the sequence
(2, is 1-dominated by (y£)72;, and by Theorem 2.5 the sequence (yx,)52; is 1-dominated
by (Ax)z2,- Now, we have

(A Sy-r @y =1 Ok )zt S1 (A (2.6)

and thus (yi,)%, is ¥ "17-equivalent and hence (1 + ¢)-equivalent to (AR,

To show that (7,)%°; is (1 + &)-complement in g(M, A", v,p), we will follow the
proof of Lemma 15 in [39]. Let us define the sequence z,, = ZZ:&*(MA%)) for
n € N. Let P extend to a linear operator on (gfj)l‘?fl. For each n € N, we obtain Pz, =
P ij;j_l(Mj(%)) = Zy, so that P is the projection onto (z,)5°;. Also by Theorem 2.5,
(2Zn)y2; is 1-dominated by (4,,);2;. Since (ii) holds for each (c; }-°=°1 € o, We get

M,A(m),p M,A(m),p

00 Ipy1-1

PY > g

n=1j=ly

Int1-1 m —
E(u(22)

jzln )0

00
PZC]g]’
j=1

oo 3

<Y’y

n=1

Then by the Hélder’s inequality with p%l conjugate to p and by
m m -1 m " 1 5
A (Cj)|A b; |p V= (A (Cj)le/p)(|A b; |p v;p 1)/p)

(A py|Py;

1)) < 1zl MA™ 2 = 1 we have

with Y717 (M (

oo |lp+1-1 1 p 00 lpy1-1 (m)
A™(c;)|A™b; [P v; | A i |Py;
P E E (== AT 4 2 : (1= Y7
v <M’ ( P =V M p
n=11 j=ly n=1j=l,

M A(Wl),p

<y

o0
E :Cigj
j=1

g
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Therefore, P is bounded by ¥~!, and thus there is a 1 ~!-bounded continuous extension p
in £(g(M, A", v, p)), where Pis the projection onto (z,);°;. Now define some operators
Uy, O, ¥y, O, € L(g(M, A", v, p)) such that

A~ N2 Wy ~ O ®1 A
Vo —> Zn —> 2y and  Z, — z, — Y, (2.7)

for all # € N. Note that ¥,0®, = ©,W¥, = ]g(M,A('”),V,p)‘ By the 1-unconditionality of (gx)72,
these are all norm-one operators, and all these satisfy the mappings in (2.7). Let us form
the operator

@1@2[3\1’1\112 S £(g(M, A(m), V,p)).

Therefore it is a projection onto (Jx, )52, . This gives the desired result. d

Acknowledgements
The authors extend their appreciation to the Deanship of Scientific Research at King Khalid University for funding this
work through research groups program under grant number R.G.P. 1/13/38.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
The authors contributed equally and significantly in writing this paper. All authors read and approved the final
manuscript.

Author details

'School of Mathematics, Shri Mata Vaishno Devi University, Katra, India. 2Operator Theory and Applications Research
Group, Department of Mathematics, Faculty of Science, King Abdulaziz University, Jeddah, Saudi Arabia. *Department of
Mathematics, College of Science, King Khalid University, Abha, Saudi Arabia.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 21 November 2017 Accepted: 25 January 2018 Published online: 07 February 2018

References
1. Lindenstrauss, J.,, Tzafriri, L.: Classical Banach Spaces I: Sequence Spaces (1977). ISBN 3-540-08072-4
2. Albiac, F, Kalton, N.J.: Topics in Banach Space Theory, 2nd revised and updated edn. Graduate Texts in Mathematics,
vol. 233. Springer, Berlin (2016)
3. Lindenstrauss, J., Tzafriri, L. On Orlicz sequence spaces. Isr. J. Math. 10, 379-390 (1971)
4. Maligranda, L.: Orlicz Spaces and Interpolation. Seminars in Mathematics, vol. 5. Polish Academy of Science, Warsaw
(1989)
5. Musielak, J.: Orlicz Spaces and Modular Spaces. Lecture Notes in Mathematics, vol. 1034. Springer, Berlin (1983)
6. Alotaibi, A, Raj, K, Mohiuddine, S.A:: Some generalized difference sequence spaces defined by a sequence of moduli
in n-normed spaces. J. Funct. Spaces 2015, Article ID 413850 (2015)
7. Basarir, M.: Some new sequence space generated by Orlicz functions. South East Asian J. Math. Math. Sci. 1(3), 65-73
(2003)
8. Basarir, M.: On the generalized Riesz B-difference sequence spaces. Filomat 24(4), 35-52 (2010)
9. Basarir, M.: On lacunary strong o -convergent with respect to a sequence of g-functions. Fasc. Math. 43, 19-32 (2010)
10. Basarir, M., Altundag, S.: Some difference sequence spaces defined by a sequence of ¢-functions. Rend. Circ. Mat.
Palermo 57(1), 149-160 (2008)
11. Basarir, M., Altundag, S.: Some generalized difference sequence spaces defined by a sequence of Orlicz functions.
Fasc. Math. 41, 17-30 (2009)
12. Basarir, M., Kara, E.E.: On some difference sequence spaces of weighted means and compact operators. Ann. Funct.
Anal. 2(2), 116-131 (2011)
13. Basarir, M, Kara, E.E.: On the B-difference sequence space derived by weighted mean and compact operators. J.
Math. Anal. Appl. 391(1), 67-81 (2012)
14. Basarir, M., Kara, E.E.: On the mth order difference sequence space of generalized weighted mean and compact
operators. Acta Math. Sci. 33B(3), 797-813 (2013)
15. Basarir, M., Ozturk, M., Kara, E.E.: Some topological and geometric properties of generalized Euler sequence space.
Math. Slovaca 60(3), 385-398 (2010)
16. Basarir, M., Ozturk, M.: On some generalized B,,-difference Riesz sequence spaces and uniform Opial property. J.
Inequal. Appl. 2011, Article ID 485730 (2011)



Sharma et al. Journal of Inequalities and Applications (2018) 2018:34 Page 13 0f 13

17.
18.

20.
21
22.
23.
24.
25.
26.
27.
28.
29.
30.
31
32.
33.
34.
35.
36.
37.
38.

39.

Esi, A On V-statistical convergence in random 2-normed space. Rev. Anal. Numér. Théor. Approx. 43, 175-187 (2014)
Konca, S., Basarir, M.: Generalized difference sequence spaces associated with a multiplier sequence on a real
n-normed space. J. Inequal. Appl. 2013, 335 (2013)

Mohiuddine, S.A,, Hazarika, B.: Some classes of ideal convergent sequences and generalized difference matrix
operator. Filomat 31(6), 1827-1834 (2017)

Mohiuddine, S.A., Hazarika, B.: On strongly almost generalized difference lacunary ideal convergent sequences of
fuzzy numbers. J. Comput. Anal. Appl. 23(5), 925-936 (2017)

Mohiuddine, S.A, Raj, K.: Vector valued Orlicz-Lorentz sequence spaces and their operator ideals. J. Nonlinear Sci.
Appl. 10, 338-353 (2017)

Mohiuddine, S.A, Raj, K, Alotaibi, A.: Generalized spaces of double sequences for Orlicz functions and
bounded-regular matrices over n-normed spaces. J. Inequal. Appl. 2014, 332 (2014)

Mursaleen, M., Noman, AK.: On some imbedding relations between certain sequence spaces. Ukr. Math. J. 63,
564-579 (2011)

Raj, K, Sharma, C.: Applications of strongly convergent sequences to Fourier series by means of modulus functions.
Acta Math. Hung. 150,396-411 (2016)

Raj, K, Kiligman, A.: On certain generalized paranormed spaces. J. Inequal. Appl. 2015, 37 (2015)

Raj, K, Jamwal, S.: On some generalized statistical convergent sequence spaces. Kuwait J. Sci. Eng. 42, 86-104 (2015)
Kizmaz, H.: On certain sequence spaces. Can. Math. Bull. 24, 169-176 (1981)

Et, M, Colak, R.: On generalized difference sequence spaces. Soochow J. Math. 21, 377-386 (1995)

Bektas, C.A, Et, M., Colak, R.: Generalized difference sequence spaces and their dual spaces. J. Math. Anal. Appl. 292,
423-432 (2004)

Et, M, Esi, A.: On Kéthe-Toeplitz duals of generalized difference sequence spaces. Bull. Malays. Math. Sci. Soc. 23,
25-32 (2000)

Lorentz, G.G.: Some new functional spaces. Ann. Math. 51, 37-55 (1950)

Lorentz, G.G.: On the theory of spaces A. Pac. J. Math. 1,411-429 (1951)

Garling, D.J.H.: Symmetric bases of locally convex spaces. Stud. Math. 30, 163-181 (1968)

Pujara, LR.: A uniformly convex Banach space with a Schauder basis which is subsymmetric but not symmetric. Proc.
Am. Math. Soc. 54, 207-210 (1976)

Dilworth, S.J,, Odell, E,, Schlumprecht, T, Zsék, A: Renormings and symmetry properties of 1-greedy bases. J. Approx.
Theory 163, 1049-1075 (2011)

Wallis, B.: Garling sequence spaces (2016) arXiv:1612.01145v1 [math.FA]

Altshuler, Z.: Uniform convexity in Lorentz sequence spaces. Isr. J. Math. 20, 260-274 (1975)

Altshuler, Z,, Casazza, PG, Lin, B.L.: On symmetric basic sequences in Lorentz sequence spaces. Isr. J. Math. 15,
140-155(1973)

Casazza, PG, Lin, B.L.: On symmetric basic sequences in Lorentz sequence spaces Il. Isr. J. Math. 17, 191-218 (1974)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



http://arxiv.org/abs/arXiv:1612.01145v1

	Orlicz-Garling sequence spaces of difference operator and their domination in Orlicz-Lorentz spaces
	Abstract
	MSC
	Keywords

	Introduction and preliminaries
	Main results on g(M,Delta(m), v, p)
	Acknowledgements
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


