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Orthogonal wavelets with compact
support on locally compact abelian groups

Yu. A. Farkov

Abstract. We extend and improve the results of W. Lang (1998) on the wavelet
analysis on the Cantor dyadic group C. Our construction is realized on a locally
compact abelian group G which is defined for an integer p > 2 and coincides with C
when p = 2. For any integers p,n > 2 we determine a function ¢ in L?(G) which

1) is the sum of a lacunary series by generalized Walsh functions,

2) has orthonormal “integer” shifts in L?(G),

3) satisfies “the scaling equation” with p" numerical coefficients,

4) has compact support whose Haar measure is proportional to p",

5) generates a multiresolution analysis in L?(G).

Orthogonal wavelets ¥ with compact supports on G are defined by such func-
tions . The family of these functions ¢ is in many respects analogous to the
well-known family of Daubechies’ scaling functions. We give a method for estimat-
ing the moduli of continuity of the functions ¢, which leads to sharp estimates for
small p and n. We also show that the notion of adapted multiresolution analysis
recently suggested by Sendov is applicable in this situation.

§1. Introduction

Multiresolution analysis in L2-spaces on locally compact abelian groups is one
of the fundamental concepts of wavelet theory (see, for example, [1], [2]) and can
be defined in the following way.

Let G be a locally compact abelian group and let L?(G) be the corresponding
Lebesgue space (see [3]). Suppose that H is a discrete subgroup of G such that the
quotient group G/ H is compact. Let A be an automorphism of G such that A(H) is
a proper subgroup of H. A collection of closed subspaces V; C L*(G), j € Z,
is called a multiresolution analysis in L?(G) associated with H and A if it satisfies
the following conditions:

i) V; C Vjy for j € Z,

i) UV, = L2(G) and (V; = {0},

i) f(-) €V < f(A-) €V forjeZ,
iv) f(r)eVo = f(- —h)eVyforhe H,

(
(
(
(
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(v) there is a function ¢ € L?(G) such that the system {o(- —h) | h € H} is an
orthonormal basis of Vj.

The function ¢ in condition (v) is called a scaling function in L?(G).

By conditions (iii) and (v), the system {@(A-—h) | h € H} is an orthonormal
basis of V3. Since ¢ € Vj C Vi, we have an expansion

o) = 3 e(h)p(Az — 1),

heH

A function ) is called an orthogonal wavelet in L?(G) if the system of functions
{(A7 - —h) | j € Z,h € H} is an orthogonal basis of L?*(G). If the quotient
group H/A(H) cousists of two cosets (that is, the index of the subgroup A(H)
in H is 2), then the coefficients {c(h)} determine coefficients {d(h)} such that the

formula
G(w) =Y d(h)p(Ax — h)
heH
defines an orthogonal wavelet in L?(G). If card H/A(H) = i > 2 and ¢ is a given
scaling function, then one can define wavelets 11, ...,1;—1 in such a way that the

system of functions
{(A7-—h)|1<I<i—1,j€Z, he H}

is an orthogonal bases of L?(G).

Classical wavelet analysis on the line corresponds to the case when G =R, H = Z
and Az = 2z for x € R (see, for example, [1]). If G = R?, then the subgroup H is a
lattice in R% and the automorphism A can be given by a non-singular d x d-matrix
(see [1], §10.3, and [4]-[6]). For some groups G different from R¢, multiresolution
analysis was studied in [7]-[11]. In particular, the group analogues of the B-spline
wavelet bases in L?(RR) are defined in [7] and [8]. The book [12] describes structural
features of locally compact abelian groups G for which there exist subgroups H and
automorphisms A with the properties mentioned above (A(H) C H, A(H) # H,
H is discrete and the quotient group G/H is compact).

In this paper we construct a set of scaling functions on a group G which is
determined by an integer p > 2 and consists of all sequences of the form

xr = (IIIJ) = ( cey 0, O,Jik, Lh+1y Lk+2, - - .),

where z; € {0,1,...,p— 1} for j € Z and z; = 0 for j < k = k(x). The group
operation on G is denoted by & and is defined as termwise addition modulo p:

(zj) = (z;) ® (y;) < zj=x; +y; (modp) for jeZ.

A topology on G is introduced via the following complete system of neighbourhoods
of zero:
U ={(z;) e G|z; =0 for j <1}, leZ.

The inverse operation of @ is denoted by ©. (We have x©x = 6, where 0 is the zero
sequence.) It is clear that each neighbourhood Uj is a subgroup of G, U411 C U
for 1 € Z, and U, = {6}.
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Put U = Uy. When p = 2, the subgroup U is isomorphic to the Cantor dyadic
group, which is the topological Cartesian product of countably many cyclic groups
of order 2 with the discrete topology. It is well known that U is a perfect nowhere-
dense totally disconnected metrizable space and, therefore, U is homeomorphic to
the Cantor ternary set (see [13], Russian p. 138). Some authors identify the Cantor
dyadic group with the whole group G when p = 2 (see, for example, [10]).

Elements of harmonic analysis on the group G and some of their applications
to problems in coding and digital signal processing are given in [14] and [15]. See
also [16], Chpts. 14, 15 for applications of the Cantor dyadic group to the theory
of Fourier series.

We define the Lebesgue spaces LI(G), 1 < g < oo, with respect to the Haar
measure £ on Borel subsets of G normalized by u(U) = 1 (see, for example, [3]).
We denote the inner product and the norm in L?(G) by (-, - ) and || - || respectively.

The group dual to G is denoted by G* and consists of all sequences of the form

W = (wj) = ( coy 0, O,wk, Wk+1, Wk42, - - .),

where w; € {0,1,...,p—1} for j € Z and w; =0 for j < k = k(w). We introduce
the operations of addition and subtraction, the neighbourhoods {U;} of zero
and the Haar measure p* for G* as above for G. The value of a character w € G*
on an element x € G is given by

277
RERILLS S |

=1

and the Fourier transform of a function f € L!(G) is defined by
flw) = [ i) duta).

(See [3], Ch. 8 for basic properties of the Fourier transform on L?(G).) By the
Plancherel formula,

(f,9)=(£.9),  f.geL*Q).

Take a discrete subgroup H = {(z;) € G | z; = 0,5 > 0} of G and define an
automorphism A € AutG by (Az); = z;41. It is easily seen that the quotient group
H/A(H) contains p elements and the annihilator H+ of the subgroup H consists
of all sequences (w;) € G* which satisfy w; = 0 for j > 0.

For any function ¢ € L?(G), we set

in(@) =pPp(Aeoh),  jEeZ, heH,
Vj = closp2(gyspan{y;n | h € H}, Jj €. (1.1)

If the system {¢(- —h) | h € H} is orthonormal and the family of subspaces (1.1)
is a multiresolution analysis in L?(G), then ¢ is a scaling function. Moreover,
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the system {¢; | h € H} is an orthonormal basis of V; for every j € Z, and
the standard method (see, for example, [4], [8]) enables us to define wavelets
Y1, . ..,¥p—1 such that the system of functions

Yijn(z) = p? 2 (Alz © h), 1<Il<p-1, j€Z, heH,

is an orthonormal basis of L?(G). When p = 2, only one wavelet 1 is obtained
and the system {2//24(A’ - ©h) | j € Z,h € H} is an orthonormal basis of L?(G)
(see [10], § 3).

Let Ry = [0, +00). We define a map A\: G — R, by

Az) = ijp_j, z = (z;) €G.

JEL

Note that A takes the subgroup U onto the interval [0, 1] and defines an isomorphism
of the measure spaces (G, ) and (R4, v), where v is the Lebesgue measure on R
(compare [16], Ch. 14, Exercise 14.16). The image of H under X is the set of
non-negative integers: A(H) = Zy. For every a € N, let hj,) and h(y) denote the
elements of G such that

)\(h[a]) = )\(h[_a]) = a,

where the terms of the sequence hj,) (resp. h[_a]) are eventually equal to 0 (resp.
to p —1). We also set hy) = 0 for a = 0. Hence hj) € H for all o € Z. For G*,
we define the map A\*: G* — R, the automorphism B € AutG*, the subgroup U*
and the elements wi,], w[_a] of H* simlarly to A\, A, U and hia h[_a] respectively.
We note that

x(Az,w) = x(z, Bw), reG, weG.

The generalized Walsh functions {W,} for the group G can be defined by
Wa(z) = x(z, W), ac€Zy, zeG.

(The family {W,} is sometimes called the Price system, see [14], Russian p. 30.)
These functions are continuous on G and satisfy the orthogonality relations

| Wa@ W@ duta) = b0s B L,

where d4, g is the Kronecker delta. It is also known that the system {W,} is complete
in L2(U). The corresponding system for the group G* is defined by

Wi(w) = x(hja,w), a€Zy, weG™

The system {W7*} is an orthonormal basis of L?(U*).



Orthogonal wavelets with compact support 627

For s € Z4 put
Ups=B"(wg) ®B "(U"),

so that \*(Uy; ;) = [sp™", (s + 1)p™"]. The sets Uy ,, 0 < s < p" — 1, are cosets of
the subgroup B~™(U*) in the group U*.

In this paper, given any p,n € N with p > 2, we define coeflicients a,, such that
the functional equation

p"—1

0(r)=p Y aap(Az © hia) (1.2)

a=0

has a solution ¢ € L?(G) with the following properties:

1) the system {¢(- ©h) | h € H} is orthonormal in L*(G),

2) supp ¢ C Ur—n,

3) ¢ generates a multiresolution analysis in L?(G) by (1.1).

For example, if n = 1, then all a, = 1/p, and a solution of (1.2) is the Haar
function ¢ = 1y (where 1 is the characteristic function of a subset E C G). In the
general case, ¢ is given by a generalized Walsh series expansion and the coefficients
a,, are found from a system of linear algebraic equations using the discrete Vilenkin—
Chrestenson transform. The author [17] reported on an analogous construction of
scaling functions in the L2-space on the positive half-line R, .

To formulate a theorem, we introduce some notation. Let Ng(p, n) be the set of
all positive integers m > p"~! whose p-ary expansion

k
mzz,ujpi, wi €{0,1,...,p—1}, pm#0, k=k(m)ecZy (1.3)
3=0

contains no n-tuple (y;, 41, - - ., fj+n—1) coinciding with any of the n-tuples
(0,0,...,0,1),(0,0,...,0,2),...,(0,0,...,0,p— 1).
Put N(p,n) = {1,2,...,p" 1 — 1} UNo(p,n). In particular, we have

N(2,2) = {2/t ~1|j€Z,}={1,3,7,15,31,...},

k
N(p,2) = {ijpf Im; €{1,2,...,p—1}, k€ Z+}, p>3.
3=0
For every m € N(p,n), 1 <m < p™ — 1, we choose a (real or complex) number b,,
in such a way that the following conditions hold for all j € {1,2,...,p" 1 — 1}:
bj 7é 0 and |bj|2 + |bp"_1+j|2 + |b2p"_1+j|2 + cee + |b(p—1)p"—1+j|2 — 1 (14)

In particular, when p = n = 2 we obtain only one equality: |b1]? + |b3|? = 1, and
when p = 3, n = 2 we have

[b1]? + [ba|* + [b7|* = |bo|* + |b5]* + |bs|* = 1.
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The conditions (1.4) will be used to prove the orthonormality of the system
{¢(- ©h) | h € H} in the theorem below. (In connection with the inequality
b; # 0, see Remark 1.1 and (3.4).)

Furthermore, for m € N(p,n) and 1 < m < p™ — 1, we set

(it iy .o yin) = by if m = i1p° Fiopt 4+ Finp™ Tt i; €{0,1,...,p—1}.

Then we represent every m € N(p,n) by the p-ary expansion (1.3) and define
the coefficients {c(m)} by

c(m) = ¥(1o,0,0,...,0,0) if k(m)=0;
c¢(m) =v(u1,0,0,...,0,0)y(ro, p41,0,...,0,0) if k(m)=1;

c(m) = y(p,0,0,...,0,0)y(ptr—1, k0, . ., 0,0) ...y (o, 15 12, - - -5 fl—2, fi—1)

if k = k(m) > n — 1. Note that the subscripts of each factor (from the second
onwards) in the last product are obtained by “shifting” the subscripts of the pre-
vious factor one position to the right and filling the vacant first position with
a new digit from the p-ary expansion (1.3) of the number m. (Hence the factor

’Y(,uk—l—lhuk—h s Mk—15 Mk 0... ’ 0) follows ’Y(:uk—l?:uk—l-i-l7 s Mk 07 0... ) 0))
For s € {0,1,...,p" — 1} put

1 ifs=0,
dM =< by ifs=j+p" 7t 1<j<p" -1, 0<I<p—1, (1.5)
0 ifs=pr—1Ip" ! 1<I<p—1.

Theorem. Let ¢ be given by the expansion

o(x) =p' M1y (AT ") (1 + Z c(m)Wm(Al_"x)>, zed, (1.6)

meN(p,n)

and let coefficients a,, be defined by

1=
Ao = — Z dg")Wa*(B_"w[s}), 0<a<p"—1 (1.7)
p s=0

Then
(a) the function ¢ satisfies (1.2),
(b) the system {p(- ©h) | h € H} is orthonormal in L?(G),
(c) the family {V;} given by (1.1) is a multiresolution analysis in L?*(G).

Remark 1.1. In terms of the Fourier transform, (1.2) may be rewritten as
Pw) =mo(B~'w) BB~ w), (1.8)
where

p"—1

mo(w) = Z aoWi(w).
a=0
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Using the discrete Vilenkin—Chrestenson transform (see, for example, [18]), we
obtain that the coefficients a,, defined by (1.7) satisfy the system of equations

pt—1
> aaWi(B 7wy =d,  0<s<p'-1,

a=0

and, conversely, (1.7) follows from this system. Since the polynomial mg(w) is
constant on U, , equations (1.7) are equivalent to

mo(w) =d™  for we Up.s 0<s<p"— 1L (1.9)

Since d{™ = 1, we see from (1.8) that
5(w) = [ mo(B ),
j=1

where, for each w € G*, all but finitely many of the factors are equal to 1. Thus @
is continuous on G*. Since

n-1_1

P
U vi.=571w"),
s=0

we obtain from (1.4), (1.5) and (1.9) that

mo(B™'w) # 0, we U™

Moreover, (1.6) implies that supp ¢ C Uj_,.

Remark 1.2. The generalized Walsh functions {w,,} on the positive half-line R
are defined by

k
wo(t) =1, wp(t) = H(r(pit))”f, meN, teR;.
3=0

Here the p; are taken from the p-ary expansion (1.3) of m, and the function r is
defined on [0, 1) by

1 if t € 0,1/p),
r(t) = PN 1 1 _
exp(2mil) ifte[lp™,(I+1)p™), I1=1,2,....,p—1,

and is extended to R4 by putting r(t 4+ 1) = r(¢) for all ¢ € R,. Orthogonal series
by the systems {W,,} and {w,,} are studied simultaneously (see, for example, [14]
and [15]) if one replaces the Fourier transform in L?(G) by the Walsh-Fourier
transform (for p = 2) or by the corresponding multiplicative transform in L*(R )
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(for p > 2), see [14], Russian p. 127. Therefore, along with scaling functions ¢ of
type (1.6), it is natural to study their analogues ® on R. These are defined by

d(t) = pl_n1[071)(pl_nt) (1 + Z c(m)wm(pl_"t)> , teRy,
meN(p,n)

where N(p,n) and c¢(m) are the same as in (1.6). Every such function ® satisfies
an equation of the type

p"—1
o(t)=p Y aad(pto,a), tERy,
a=0

and generates a multiresolution analysis in the L?-space on (R4, @®,). (We denote
by @©, and ©, the operations of “addition” and “subtraction” modulo p defined by
the p-ary expansions of elements of R, see [14], [15].)

Remark 1.3. Using the equality

n—1_1

Z ( ) {pn_l iny Un—1,
7m - .
X\ 0  ifyeU\Up,

2

m=0
we easily verify that (1.6) determines the function ¢ = 1y, if by = by = -+ =
byn-1_1 = 1. Hence the theorem also holds for n = 1 (the Haar case) if we put

N(p,1) = @.

Example 1.4. If we take p = n = 2 and put by = a, bs = b, then (1.6) takes the
form

p(z) = %1u(A‘1w) (1 + azbjW2j+1_1(A‘1x)>, zeq, (1.10)

=0
where a # 0, |a|?+ |[b|? = 1. In this case, the coefficients of (1.2) are defined by

_l+a+d _l+a-0 ~1-a-b ~l—a+b
a’O_ 4 ) a’l_ 4 ) (1,2— 4 ) (13— 4 .

The formula (1.10) was found by Lang (see [10]).

Example 1.5. For p = 2 and n = 3, the conditions (1.4) take the form

|b1]? + [bs|* = |ba|® + |b6|* = |bs|* + |b7|* = 1.
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Putting by =a, ba =b, bs =¢, bs =, bg = and by = v, we see from (1.7) that

a0=%(1+a+b+c+a+ﬁ+’y),
alzé(1+a+b+c—a—ﬁ—'y),
agzé(l—ka—b—c—ka—ﬁ—v),
agzé(l—ka—b—c—a—kﬁ—!—’y),
a4=é(1—a—|—b—c—a+ﬁ—’y),
a5=é(1—a—|—b—c+a—ﬁ+’y),
agzé(l—a—b—kc—a—ﬁ—k’y),
a7=é(1—a—b+c+a+ﬁ—'y).

Moreover, we have

v(1,0, , 7(0,1,0) =b, 7(1,1,0) =,
v 771 «, v 771):67 7177 =7
and
c(m) = v(p, 0,0)y(pr—1, pr, 0) - . . ¥(po, p1, p2),
where
k .
m = Zui2l7 HEk 7é 07 JURS {07 1}
i=0

Observing that
N(2,3)={1,2,3,5,6,7,10,11, 13,14, 15,21, 22, 23, 26, 27, 29, 30, 31,42, .. . },

and defining y = A~2z, we see from (1.6) that

oo = (14 X W)

meN(2,3)
1
=1 1y(y) (1 + aWi(y) + abWa(y) + acWs(y) + abaWs(y)

+ acBWs(y) + acyWr (y) + ab*aWio(y) + abcaWiy(y)

+ acafWiz(y) + acByWia(y) + acy’Wis(y) + ab*a®Wa (y)

+ abeaBWas(y) + abaByWas (y) + abcaSWag (y)

+ ac®afWar (y) + acafyWag(y) + acBy*Wao(y) + ...). (1.11)
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Remark 1.6. The expansion (1.11) was found in [10] in the following cases:

Da=1,b6=0, |c|]<l(anda=0, =1, |y| <1);

2)laj <1, b=1, ¢=0(and |a| <1, 8=0, vy=1).

Besides these two cases, the formula (1.6) was known only for p=n=2 (Exam-
ple 1.4). The above (easily computerizable) rules for calculating the coefficients aq,
c(m) and the elements of the set N(p,n) are new. We recommend using (1.7) and
the fast Vilenkin—Chrestenson transform (see, for example, [18], §4) to compute
the aq.

In § 2 we prove the theorem stated above. In § 3 we show that the construction of
an adapted multiresolution analysis suggested in [19] may be modified to solve the
problem on the “optimal” sampling of the parameters b,, for the approximation of
a “signal” f by its projections to subspaces of L?(G). Finally, in §4 we discuss the
smoothness of the scaling functions constructed above. For example, if p =n = 2,
then the smoothness of ¢ is characterized by the sequence

Qj(p) :==supf{|o(z) —o)| |2,y € U_1, zoy € U;}, jeN

In particular, we shall establish the following estimate (which is sharp) for functions
¢ given by (1.10): Q;(¢) < C271 with p = log,(1/|b|]) (compare [1], Russian
page 319 and [10], p. 541).

§ 2. Proof of the theorem

Let I € {0,1,...,p—1}. We denote by §; the sequence w = (w;) such that w; =1
and w; = 0 for j # 1 (in particular, §o = 6). It is easily seen that

{we H | x(z,w) =1, z € A(H)} ={b0,01,...,0p_1}. (2.1)

Hence the set {d;} is the annihilator of the subgroup A(H) in H.

Lemma 2.1. Let
p"—1

mo(w) = Z an Wi (w) (2.2)
a=0

be a polynomial satisfying the following conditions:
(a) mo(0) =1,
(b) mo(B~tw) #0 forw e U*,
(€) S0y Imo(B "wiy @ &)|2 =1 for s € {0,1,...,p"* — 1}.
Then the function

g(w) = Hmo(B_jw) (2.3)

belongs to L2(G*). Moreover, if ¢ is obtained from g by the inverse Fourier trans-
form (so that ¢ € L*(G) and @ = g), then {¢(- ©h) | h € H} is an orthonormal
system in L?(G) and ¢ generates a multiresolution analysis in L*(G) by (1.1).
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Proof. Let g be defined by (2.3), where mg(w) has the form (2.2) and satisfies con-
ditions (a)—(c). Since mo(w @ h*) = my(w) for h* € H* and the polynomial mg(w)

is constant on each Uy ., s € {0,1,...,p" — 1}, assertion (c) is equivalent to
p—1
dimowad)*=1, weG". (2.4)

=0

Step 1. We shall check that

[l du @) < 1. (25)
For every positive integer k, we put
k
plFl(w) = Hmo(B_Jw)lU*(B_kw), we G
j=1

By condition (a), mo(w) =1 for w € Uy ;. Thus it follows from (2.3) that

lim x*(w) = g(w), weGqG". (2.6)

k—o0

Observing that B™"w € Uy ,, for w € U*, we have
n—1
g(w) = H mo(B ' w), welU".
j=1

By condition (b), there is a constant ¢; > 0 such that
|m0(B_7w)| 2617 ]€N7 UJEU*,
and so ¢ "|g(w)| = 1y« (w) for w € G*. Therefore

k k
WM (@) = [T Imo(B™w)[1u-(B~*w) < et " [ [ Imo(B7w)llg(B~*w)l,
j=1 j=1
which by (2.3) yields
WH @) < gw),  keEN, wean (2.7)

Now, let

h@%=/IMWMFWﬂM¢Nw, keN, scz,.
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Setting ¢ = B~*w, we find that

/ H|moBJ )P @) dyr* ()

k—1
= [ maOP [LImo BOPWEQ a0 (28)

Since U* = U=y (B~1(U*) ® &), where the & are defined by (2.1), we have

k—1
(s) =ph~1 Z|moB lwea) |2H|m0 (BI Y)W (BE—1w) du* (w),
U* =0 j=1

and, in view of (2.4),
k—2
Ii(s) = P / TT mo(Biw) Wz (BF1w) dyr*(w).
U* ;
7=0
Hence, by (2.8),

Ik(s) = Ik_l(s).
When k =1, we similarly have
I(s) = p/ mo(w)[? Wi (Bw) dp*(w) = [ Wi (w)dp*(w),
* U*

where the last integral is equal to &g since the system {WZ} is orthonormal
in L?(U*). Hence,
Ik(S) 25075, keN, SE€Ly. (29)

In particular, for all £ € N,
10) = [ @) dutw) = 1.
Using (2.6) and Fatou’s lemma, we obtain (2.5).
Step 2. Let us define a function ¢ in L?(G) by the condition $ = g, where ¢ is given

by (2.3). Using Lebesgue’s dominated convergence theorem, we see from (2.6), (2.7)
and (2.9) that

[ 1P du* () = Jim Tu(s) = o

By the Plancherel formula, it follows that the system {¢(- © h) | h € H} is
orthonormal in L?(G).
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Step 3. We note that ¢ satisfies (1.2) if the coeflicients a,, in (1.2) are the same as
in the polynomial (2.2). Indeed, (2.3) implies that

B(w) = mo(B~'w) B(B~'w). (2.10)

Therefore (1.2) follows from (2.10) by the Fourier inversion formula. Hence the
condition V; C V11 holds for the family {V;} given by (1.1) with our . Condition
(v) of the definition of a multiresolution analysis follows from the results of Step 2.
Conditions (iii) and (iv) follow immediately from (1.1).

Step 4. We shall prove that (|V; = {0}. Condition (v) and equation (1.1) imply
that {¢;n | h € H} is an orthonormal basis of V; for every j € Z. Therefore the
orthogonal projection P;: L?(G) — V; acts by the formula

Pif=> (frein)ein, [ L) (2.11)

heH

Suppose that f € (V; and fix € > 0. The set Co(G) of compactly supported
continuous functions on G is dense in L*(G) (see [3], (12.10)). Choose fo € Co(G)
such that || f — fol| < e. Then

If = Pifoll < I1B5(f = fo)ll < IIf = foll <&,

and so
£l < 1Pifoll +¢ (2.12)

for all j € Z. If supp fo C Uj, then
(ij07 (pj7h) = (f07 (pj7h) = p]/Q U fo({l?)(p(AjiE © h’) d,u(x),
l
where the number [ depends on fy. Using the Cauchy—Schwarz inequality, we get
15 foll> = Y [(Piforpsn)* < I foll Y0 | lp(Az & h)|* dp(a).
heH her YU

For j < [ we have

S0 [ letiz e mdut) = [ le@) duta),

heH Ui Su
where

S5 = U {yohlyeU._;}.
heH

Hence,
1P foll? < [ foll? /G 15, (2) () du(x). (2.13)
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It is easy to check that lim; , o, 1, ;(z) = 0 for allz ¢ H. By Lebesgue’s theorem,
we see from (2.13) that

lim ||Pjul| =0.

j——o0

Applying (2.12), we conclude that || f|| < e and hence (| V; = {0}.
Step 5. We shall now prove that

Uv; = L*(G). (2.14)

Let f € (UV;)* and € > 0. We choose u € L?(G) such that & € Cp(G*) and
IIf — |l <e. For every j € Z,, we see from (2.11) that

|P;fII> = (P f, Pif) = (f, P;if) =0

and R
[ Pjull = [ B5(f —u)| < |If —ull =[If —all <e. (2.15)
Fix a number j € N such that suppu C U*; and B7iw e U;_, forallw € supp .

Since the system {p~7/2W3(B~7-)} is orthonormal and complete in L?(U* ), we
see that I'(w) = 4(w) §(BJw) satisfies

v [ TP = ¥ P, (2.16)
Uij OLGZ+
where
D) =p 9 [ )W) du” ()
Since
P(Az © hia))x(, w) du(z) = p 7 @B w)Wi (B~ Iw),
G

we get

=12, 95 ) = p / ()R (B 7w) dy ().

—J

Therefore, by (2.16) we have

1Pyull® = > (u, 050)]° = / | [a(w)*|Z(B~w)|* dp* (w).- (2.17)

heH Uz,
As mo(w) =1 on Uy and B~9w € Uy, for w € supp, it follows from (2.3)
that G(B~/w) = 1 for all w € suppu. (We recall that @ = g.) Since suppu C U*;,
we see from (2.15) and (2.17) that

e > ||Pjull = [[ull = [u]-
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Consequently, ||f|| < e+ |lul| < 2e. Thus (UV;)* = {0} and hence (2.14) holds.
The lemma is proved.

Remark 2.2. In connection with condition (b) of Lemma 2.1, we note that in gen-
eral there are points w € U* at which mo(w) = 0 (see Examples 1.4, 1.5 and
Proposition 3.3).

Proof of the theorem. Put X,,_1 = 1y» . For every x € G, m € N we have

[ Xir(w & Bt x (0 ' @) = x(e B ) [ o) (@)
G n—1

=p" "1y (A" 2)x (A2, wiy) = p' "Ly (AN 2) W (AT ).
Using the Fourier transform, we see from this and (1.6) that

pw) =Xp—1(w) + Z c(m)Xn—1(w & B "wpy)).

meN(p,n)
Hence, for m € N(p, n)
1 lf w € U;:_l,
Pw) =19 c(m) fwely 1, (2.18)
0 otherwise.

We now suppose that the coefficients a, are given by (1.7). According to (1.9),
the polynomial
p"—1

mo(w) = Y aaWi(w)
a=0
satisfies
mo(B™"(wy)) = d™, 0<s<p" — 1.

Hence, by (2.18) and the definition of ¢(m), we have
B(w) = [ mo(Bw)
j=1

and so
P(w) =mo(B~'w) (B~ 'w).

This proves assertion (a). Using Lemma 2.1, we conclude that assertions (b) and (c)
also hold. The theorem is proved.
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§ 3. On orthonormality conditions
in L?(G) and optimization of parameters

The following assertion can be deduced from the generalized Poisson summation
formula (see, for example, [2], p. 377). For completeness, we give an elementary
proof here.

Proposition 3.1. Let ¢ € L?(G). The system {¢o(- ©h) | h € H} is orthonormal
in L*(G) if and only if

Z Pwehr)?=1 fora.e. weGqG*. (3.1)
h*eH~+

Proof. The function
o) = 3 Fwen)?

h*eH+

is H'-periodic: ®(w @ h*) = ®(w) for all h* € HL. Furthermore, it has a finite
L'-norm on U* because

o< [ s = [ ¥ Iawen)arw)

h*eH-+

- Z /U*Gah* |P(w)|? dp* (w) = /G* |P(w)]? du*(w) < +oo.

h*eH+

Let {ZIS(h)} be the Fourier coefficients of ® with respect to the system {x(h, -)}.
For any h € H, we get the following equations by the change of variables n = w&h*:

)

)= [ et = [

. X(how) D 13w e k) dut(w)

h*eHL

= > /U*@h* X(h,n)lﬁ(n)IQdu*(n)z/G* |B(w)*x(h, w) dp* (w).

h*eHL

Applying the Plancherel equality, we get
[ oo wp@dn) =2, he.
G

To complete the proof, we note that (3.1) is equivalent to @(h) = dp,p, for h € H.

Proposition 3.2. If a function p € L*(Q) satisfies (1.2) and the system {@(- ©h) |
h € H} is orthonormal in L*(G), then

p—1
Z Imo(w® &> =1 foral weG*, (3.2)

=0
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where
p"—1

mo(w) = Z aaWi(w).
a=0
Proof. Forl € {0,1,...,p— 1} we put
Hi- ={h*€eH"|B 'h*eé§ecH}

(note that hy = 1 for h* = (h}) € H;-). Since § is continuous on G*
(see Remark 1.1), we see from (3.1) that

Z (B~ 'w e B~ 'h)]2 =1, le{0,1,...,p—1}
h*eH;-

for any w € G*. It follows from this and (1.8) that

1= 3 |mo(B {wah")[*|3(B we h))[*

h*eH=+
p—1 p—1

Y me(Bwas) 3 @B we B ) =Y Imo(B~'w e &)
1=0 h*eHlL 1=0

Thus (3.2) holds. The proof is complete.

A subset E of G* is said to be congruent to U* modulo H* if u*(E) = 1 and,
for each w € E, there is an element h* € H+ such that w @ h* € U*. We have the
following analogue of Cohen’s theorem (see [20]).

Proposition 3.3. Let mg be a polynomial of the form

nm(w): E:‘ﬂhyxahw)

heH

where a(+) is a finitary function on H. Then the following conditions are equivalent.
1) The polynomial mq satisfies

p—1
mo(0) =1, Y lmwea)’=1,  weq”, (3.3)
=0

and there is a compact set E congruent to U* modulo H* and containing a neigh-
bourhood of zero such that

inf inf B~ : 4
;gNnglmo( w)| >0 (3.4)

2) There is a function ¢ € L?(G) whose Fourier transform can be written as
3(w) = [ mo(Bw)
j=1

and the system {o(- © h) | h € H} is orthonormal in L*(G).
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We note that since E is compact, there is a number j such that mo(B /w) = 1
for all j > jo, w € E. Therefore (3.4) holds if the polynomial mg(w) does not
vanish on the sets B71(E),..., B7°(E).

Remark 3.4. If ¢ satisfies the conditions of Proposition 3.3, then the family {V;}
given by (1.1) is a multiresolution analysis in L?(G) (compare [1], Russian p. 248).

Let ¢ be given by (1.6) and let the a, be determined from (1.7). (Then (3.4)
holds for E = U* by Remark 1.1.) As above, for each j € Z, let P; be the orthogonal
projection of L?(G) onto the subspace

Vj = closp2(g)yspan{y;x | h € H}.

Given f in L?(@), it is natural to choose the parameters b,, in (1.4) such that the
approximations f ~ P;f be optimal. If we know that f belongs to some class M
in L?(@G), then we can use the methods of approximation theory (see, for example,
[14], Ch. 10 and [21], Ch. 2) to seek the parameters b,, that minimize the quantity

sup{[|f = B fl | f € M}

for a fixed j and to study the behaviour of this quantity as j — +o00. As in the
recent paper [19], we shall discuss a different approach to the problem of optimal
approximations f ~ P;f of a given function f.

For every j € Z, let W; be the orthogonal complement of V in V;; and let @; be
the orthogonal projection of L?(G) to W;. Since {V;} is a multiresolution analysis,
for any f € L*(G) we have

F=>Qif =PRf+> Q;f
J

Jj=0

and
lim —Pifll=0 lim ||P;f|| =0.
p im || f i fl ) i 1T (Pl

Also, it is easy to see that

Pif=Q; 1f+Qjof ++ - +Qj_sf + Pj_sf, j€Z, scN.

The equality V; = V;_1 @ W;_1 means that W;_; contains the “details” needed
for passing from the (j — 1)th level of approximation to the more exact jth level.
Since ||P;f||* = ||1Pj—1f||* + [|Qj—1f||?, it is natural to choose the parameters b,
that maximize ||P;j_1f| (or, equivalently, minimize ||Q;_1f|]).

We write (1.2) as

pt—1

QD(:E) - \/ﬁ Z aa@(Al“ S h[a]);
a=0

where

o = VPaa =P (9(-), (A Ohpa))-
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Put ¢;(z) = p?/2p(A’z). Then
p"—1

pj-1(x) = Z Gopj(z© A7 hyy) (3.5)

and
@j(x@A_jh)zwjyh(x)zpi/ij(ij@h), j€Z, heH.

Given f € L?(G), we set

FG. 1) = (Frpin) = /G f(@)o; (@0 ATh) du(z),  jeZ, hed.

Using the relations (3.5), we obtain

FG— 1) = / F(2) o7 (@ © ATFIR) dyu(z)

pt—1

Zaa/f )i (xS A=i (Ah @ hia))) du(z)

and hence
Pl
FG=1,h0) =" Gaf(j, Ah & hi)). (3.6)
a=0
Since

Pif =Y fGh)ein  J€Z,

heH

we see from (3.6) that

p"—1 2
IPiafI? =Y 1fG = L) =D Y af(j, Ah @ hiy)
heH heH' a=0

_ Z( i Fuisf (AR @ hio )f(j,Ah@h[m)) (3.7)

heH N a,B=0

For0<a, g<p"—1 weput

Fap(j) =Y F(j, A @ hpa)) f (4, Ah & hyg)).

heH
Then Fgo(j) = Fa,5(j) and (3.7) implies that
pt—1

1Pi-1fl? = Y Fap(i)aads. (3.8)
a,3=0
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We denote by U(p, n) the set of vectors u = (ug, u1, ..., upn—_1) such that

up=1, u;=0, je{p" 2" (p-1p" 1,
and
p—1
up A0, D Jupoayg =1, je{1,2,...p" " —1}
1=0
For every u = (ug, u1,. .., upn—1) in U(p, n), we define the coefficients a(u) by the
system
p"-1 e
Z ao (U)W (B—"w[s]) = Usg, 0<s<p*— 1
a=0

Fix a positive integer jo. If a vector u* is a solution of the extremal problem

p"—1

Z Faﬂ(jo)mag(u) — max, u € U(p,n), (3.9)
a,B=0

then o7 _; is defined by

p"—1

Pro1(@) = D aa(u)pjo(z0 Ahyy).

a=0

We see from (3.8) and (3.9) that [P} f|| > [|[P;f| for j = jo — 1. We similarly
construct ¢ o on the base of ¢} _; and so on. Then we fix a number s and
replace the orthogonal projections P;f (j € {jo —1,...,j0 — s}) by the orthogonal
projections P/ f of f to the subspaces V" given by

V" = closp2(qyspan{g; (- — A7IR) | h € H}.
The effectiveness of this method of adaptation can be demonstrated by numer-
ical examples using the entropy criterion. (Similar examples for the Daubechies’

multiresolution analysis and for wavelet-packets are given in [19] and [22].)

§4. On the smoothness of scaling functions

Let ¢ be a scaling function in L?(G) defined by (1.6) (so that supp ¢ C Uj_»,).
We recall that for [ € Z,

U =A{(z;) e G|z; =0for j <} and U DU

The modulus of continuity of a continuous complex-valued function f on Uj_,,
is the following sequence {Q;(f)}, j > 1 —n:

Q;(f) = sup{[f(z) = f(W) [ 2,y € U1, 2Oy € Uj}-
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Given any non-increasing sequence with zero limit,

€l-n ZE2-n ZE3—n 2 -+ li>m &€ = 07
j—o0

one can find a function f € C(Ui—_,) such that Q;(f) = ¢; for all j > 1—n (see [23]).
A method for estimating the smoothness of scaling functions was suggested in [24].
Concentrating on the case p = 2 for brevity, we shall show how to apply this method
to estimate the modulus of continuity of . We shall assume that the coefficients a,,
are real, although all arguments can easily be extended to the complex case.

So we take p = 2 and ¢, = 2a, for a € {0,1,...,2" — 1}, where the a, are real
and defined by (1.7). Then

271
o)=Y cap(AzSh), 3G, (4.1)
a=0
2" —1 2t o1

> =2, Y ca= Y, cap =L (4.2)
a=0 a=0 a=0

Put N = 2"~1. Using (1.6) and the easily verified equalities

N-1 N-1
D W (A" higy) = Y Wi (A "hy ) =0, meN(2,n),
a=0 a=0

N-1 N-1
> elhe) = elhgyy) =1. (4.3)
a=0 a=0
By definition, the equality k =i @2 j for i, 5,k € {1,2,...,2N — 1} means that
ks =is+ js (mod 2), se€{0,1,...,2N — 1},

where is, js, ks are digits of the binary expansions

2N—-1 2N—-1 2N—-1

P= 3 02% =Y 2% k=) k2"
s=0 s=0 s=0
We define N x N matrices Ty and T3 by

(To)i,; = c2(i-1)@2(5-1)» (T1)i,; = ci—1@s(-1) (4.4)

where 4,5 € {1,2,..., N}. In particular, for n = 2

Ch C1 1 Co
Ip = ) T = ,
C2 C3 C3 C2
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and for n =3

o €1 C2 C3 €1 Ccp €3 C2
ca €3 ¢y C c3 ca €1 ¢
T,=|¢ @ @ al T=|® @2 a @
C4 C5 Cg C71 Cs C4 C7 Cp
C6 Cr C4 Cs Cr Cg Cs5 C4
Let e; = (1,1,...,1) be the N-dimensional row vector all of whose components

are equal to 1. Then by (4.2),

€1T0 = €1T1 =e€1. (45)
For any N-dimensional vectors v = (v1,...,vny) and w = (w1, ..., wy) we set
N
vt =Y vy, ol = Vool
Jj=1

where the column vectors v, wT are obtained from the row vectors v, w by trans-

position.
We define E; to be the subspace of RY orthogonal to e;:

Ey:={u= (ul,...,uN)T | e1 - u=0}.
For any real N x N matrix M we put

1] = sup{|| Mul|/[[ull | w € RY, u # 0},
1M |g, || := sup{[|Mul|/[ull | v € Ex, u# 0}

It is well known that || M| coincides with the square-root of the largest eigenvalue
of the matrix MT M.
We have the following analogue of Theorem 2.2 in [24].

Proposition 4.1. Let ¢ be a function given by (1.6) and let the coefficients a, be

defined by (1.7) for p = 2. Assume that the elements of the N x N matrices Ty, Th

are given by (4.4), where N = 2"~ and co = 2aq. If, for all m € N, we have
max{ || Ty, Ty, - .. Tu, |5 | | dj € {0,1}, 1 < j<m} < Cq™, (4.6)

where 0 < ¢ < 1 and C > 0, then ¢ is continuous on Ui_, and the following
inequality holds for any integer j > n — 1:

(p) < O, (4.7)

Proof. For any z € U and a € {0,1,..., N — 1} we put

@0 (@ hpy) == (1= M) ¢(hjo) + A(z) @(h[_aﬂ}). (4.8)
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The group U has two cosets with respect to the subgroup A=1(U):

ULO = A_l(U), U171 = A1

(h[l]) &) A_l(U).

We define a sequence v;(x) of vector-valued functions for j € Zy and z € U by

vo(x) == (po(®), po(z ® hpy), - - -

7()00(:1: D h[N—l]))T7

( ) { TO’U]'(Ax) if ze€ ULO,
vig1(z) =
i+ Tl’Uj(AIII (&) h[l]) lf T € U171.
For each = = (z;) in U, we put d;(z) = z; and

{ Azx if z €Uy,

T(z) = . '
Az © h[l] if ze€ U171.
Then
Vi+1(x) = Ty, () v (T2)

and hence

Vj (III) = le(x)ng(x) .. .de(x)vo(TjIII). (49)

We see from (4.3) and (4.8) that

N-1
e1-vo(x) = Z cpo(x69 h[a])
a=0

2

= (1 — )\(x)) (p(h[a]) + A

a=0

Then (4.6), (4.9) imply that

N—

(@) > ¢(hjasy) = 1.

a=0

Ju

e1-vj(x) = e1Ta, () Tay (a) - - .de(x)vo(zj) =e; -vo(tix) = 1.

Hence, for each [ € Z we have

e1 - (vj(x) — u(x))

=0.

Thus the following formulae hold for all x € U and 5,1l € Z:

e1-vj(z) =1, viyi(x) —v(x) € Er. (4.10)

Using (4.9), we have

’Uj_H(III) — ’Uj((l?) = le(x)ng(x) .. -de(x) [’Ul(Tj:II) — ’U()(Tjilt)]. (411)

For [ = 1 we see from (4.6), (4.10) and (4.11) that

[vj+1(x) —v;(2)]| < O’ sup f[v1(y) = vo ()]
Yy
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Therefore,

[[vj(@)]| < [lvo(z H+Z|\vz —v-1(z)||
\supl\vo(y)l\ +C(1—q) " sup [[v1(y) — vo(y)ll-
yeU yelU

Thus the sequence {v;(-)} is uniformly bounded on U:
sup{||lvj(@)|| |z €U, j € Zs} < 0. (4.12)

As above, we see from (4.6), (4.10) and (4.11) that

vji(x) —v;(z)]| < Cq? sup lvi(y) —vo(y)ll
Yy

for every z € U and [ € N. Combining this with (4.12), we get

sup [vjti(z) — v;(z)] < C¢, (4.13)
xE

where C'is a constant independent of . Hence {v;(-)} is a Cauchy sequence in the
space [C(U)|N =C(U) x --- x C(U).

The limit v(-) of the sequence {v;(-)} is continuous on U. Hence we see from
(4.13) that

sup [[3(z) —v;(2)]l < Cg’. (4.14)
Let
v(z) = (cp(x), cp(w ® h[l])7 cee, cp(w ® h[N_l]))T.
Then

v(z) = Ty, (z)v(TT)
for all z € U. Letting j — oo in the equality vj;1(x) = Ty, (4)v;(7), we conclude
that v(z) = v(z). Combining this with (4.14), we have

sup [|(z) — ¢;(x)]| < O’ (4.15)

z€eU1—p

for all € Z.
We fix an integer j > n and choose elements

xr = (...,0,0,IIIQ_n,IIIg_n,...,III(),IIIl,...),

Y= ("'70707y2—n7y3—n7'"7y07y17"')

of Uy_,, such that yox € U;\Uj41. Then x; = y; for 2—n < i < jand z41 # yj41.
Hence z and y belong to the class A= (A, & U), where

= Ej: 1151'2j_i= Ej: y¢2j_i.
=2

1=2—n 1=2—n
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According to (4.15), we have

|o(z) = e(¥)] < lp(@) — ;@) + |05(z) — ¢ (A7 himy)|
+ 105 (A himy) — 05 )| + |95 (W) — ()]
<20 + |@j(x) — @ (A b)) | + |0 (W) — 05 (AT hym)) |- (4.16)

Suppose that x € U, that is, xg =x_1 =--- =x3_, = 0. Then
m=x12/ " 2272 20
and, similarly to (4.11),
vi(z) —v; (A_jh[m]) =Ta, () Tdy () - - T () [vo (t72) — v (TjA_jh[m])]. (4.17)

Taking into account that the vo(77 - ) are uniformly bounded on U and that

(@) = i (A7 hpm) | < [0 (@) — v (A hpmy)
1T, () Tz (2) - - - Ty )| < O

K

we obtain from (4.17) that
(@) = 9 (A him)| < O (4.18)
Now suppose that x € U,—1 \ U. Put 2’ = 2 © hyy) and m’ = m — k, where
k=202l 4+ 2129t 4+ 4 gy, 292,
Then 2’ € U and
v (@) = v; (A7 hpn) = Tay () Tt (2r) - - - Ty (2r) [vo (77 2") — vo (T7 A7 Bypr))].

Since ] )
|03 (@) = @5 (A hpy) | < [|vj(2") = v (A7 )

we get (4.18) again. The last term in (4.16) is estimated similarly. Thus the
inequality (4.7) holds. This proves the proposition.

K

Remark 4.2. The following formula is useful for computing values of ¢:

U(:E) _ { To’U(AIII) if ze€ ULO, (419)

N Tl’U(AIII S) h[l]) if =z S U171.

In particular, setting = 6 in (4.19), we see that the vector



648 Yu. A. Farkov

is an eigenvector of the matrix Ty with eigenvalue 1. We note that the number 1
belongs to the spectrum of Ty by (4.2). When p = n = 2 we see from (4.3) and (4.19)
that

l+a—0b . l+4a+b
¢ (hpo) DR o (h) BEETR
l1—a—-0 _ l1—a+b
<p<h[1]) = 2(1—b) ) <p<h[2]) = 2(1—|—b) ’

where the parameters a, b are the same as in (1.10). If p = 2 and n = 3 while the
function ¢ is defined by (1.11) with @ = 1 and |y| < 1, then

olho) = 3 S+
i) = 557 + 5= 1
o) = 5 - ;8 :f; :

#(Piz) —g + ;ﬁ:fi :

where ¢ (hpg)) = ¢(hig) =0ifb=0(B=1)orb=c (3=7).
Example 4.3. If the function ¢ is given by (1.10), then

Qp) <CPY,  jeN (4.20)
Indeed, for n = 2 we have

Ey={veR?| v +vy=0}={te} | t € R},

0 0 0 0
Toe; = bey, Tiey = —bej,

where €{ = (—1,1)T. Therefore the inequality (4.20) follows from Proposition 4.1.
Since b
—j ab’

¢(ho) = (A7 hp) = 7= »
we see that the estimate (4.20) is sharp. Since |b| < 1, the continuity of ¢ follows
from (4.20).

Example 4.4. If the function ¢ is given by (1.11) with a = 1 and 0 < |y| < 1,
then

Qp) <Chl, jeN (4.21)
Indeed, the vectors
1 1 1
e(1) = _i ) 6(2) = :1 , eg = _1

-1 1 -1
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form a basis of the space F; when n = 3. Since a = 1, we have

Toed = Tyl =0,
0 0 0 0
Toey = —Trey = Pey + ey,

0 0 0 0
Thez = Thez = bej + cey.

Using these equalities, we get the following formulae for any vector w =
v1ed + voed + vsel in the space Ep:

TOQw = Ty Tow = (voy + v3c)TpeY, T?w = —ToTiw = (vay — v3e)Tped.
(4.22)
In particular,
TZed = T?ed = —TyTieS = —T1Toes = yToed.

Thus the following equation holds for all dy,ds, ..., d, € {0,1}:
Ty, Ty, ... Ty, e = +y™ 1 Tpe).
Hence we see from (4.22) that
1T, Ta, - - Ta,, | Bs | < CH™,

and the estimate (4.21) follows from Proposition 4.1. If a =1, b =0, and |y| < 1,
then (1.11) yields the following equations for all j € N:

C'Yj +3

¢(hpo) —o(Ahpy) = 0=

Thus the estimate (4.21) is also sharp.

The author is grateful to V. Yu. Protasov for useful remarks on the first draft of
this paper.
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