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Abstract. We prove L? estimates for oscillating spectral multipliers on Lie groups
of polynomial volume growth and Riemannian manifolds of nonnegative curvature. We
apply these results to obtain L? estimates for the Riesz means of the Schrédinger operator.

Introduction and statement of the results. Oscillating spectral multipliers are
multipliers of the type

My g(A)=Y( AN A]7P2 1, f>0

with (1) a C® function, 0 for |A1|<1 and 1 for |A|>2. They are interesting because
of their intimate connection with the Cauchy problem for the Schrédinger and the wave
equations. They are also interesting because they provide examples of operators that
are given by “‘strongly singular kernels” (cf. [9]).

Oscillating multipliers have already been studied extensively in the context of R"
(cf. [9], [10], [21], [22], [23], [26]). Some of these results have been generalised to
stratified nilpotent Lie groups (cf. [19]) and to rank one noncompact symmetric spaces
(cf. [11]).

In this article we study the oscillating multipliers in the context of connected Lie
groups of polynomial volume growth and Riemannian mamifolds of nonnegative Ricci
curvature. More precisely:

(a) Lie groups of polynomial volume growth. We consider a connected Lie group
G and we fix a right invariant Haar measure dg on G.

If 4 is a Borel measurable subset of G, then we set | 4 | =dg-measure(A4).

We fix a choice of left invariant vector fields X, ..., X, that generate, together
with their successive Lie brackets [X; , [X,,, ..., [X;,_,, X;]...]1], the Lie algebra of G.
To those vector fields, we associate, in a canonical way, a left invariant distance dy(*, *)
(see [28] for this and the other results from the geometry and the analysis on Lie groups
used in this article) and we denote by B,(x) the associated ball of radius r>0 and
centered at xeG.

We know that there is d € NV such that
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M |B(x)|~r", (r—0), xe6,

where by f(t)~h(t), as t—t, we mean that there is a constant ¢>0 such that
c T h() < f(t)<ch(t) as t—1,.
We also know that either there is an integer D >0 such that

2 |B(x)|~r?,  (r—)
or there is ¢>0 such that
| B(x)|>ce", (r—0).

In the first case we say that G has polynomial volume growth and in the second
exponential volume growth.

In this article we shall assume that G has polynomial volume growth. Connected
nilpotent Lie groups are examples of such groups. Lie groups of polynomial volume
growth are unimodular.

We call d and D the local dimension and the dimension at infinity, respectively.
The local dimension d depends on the choice of vector fields. The dimension at infinity
D is independent of the choice of vector fields; it is a group invariant.

Notice that both of the situations d < D and d > D are equally probable. For example
when G is a simply connected nilpotent Lie group, then d <D, and when G is compact,
D =0. Furthermore, if we start with a group G for which we have d <D we can always
consider the group G'=TP~9*! x G (where T=R/Z) which will have local dimension
d =d+(D—d+1)=D+1, dimension at infinity D'=D and then of course d'>D'.

We denote by L the sub-Laplacian

L=—(XI+--+X?).

(b) Riemannian manifolds of nonnegative curvature. We consider a complete
Riemannian manifold G of dimension » and we denote by d(-, -) the Riemannian
distance on G and by B,(x)={ye M : d(x, y)<r} the geodesic ball of radius r >0 centered
at xe M. We also denote by | B,(x)| the volume of B,(x).

We assume that G has nonnegative Ricci curvature. This assumption implies, by
the Bishop comparison theorem (cf. [5]), that there is a constant ¢>0 such that

3) |B(x)|<c, r>0, %%T'SG)"’ r>t>0.

We put d=D=n and denote by L the Laplace-Beltrami operator on M.
In both of the above cases the operator L admits a selfadjoint extension on L%(G)
which we also denote by L and hence a spectral resolution denoted by

L=\f idEl.

0
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If m(7) is a bounded measurable function, then by using the spectral theorem we can
define the operator

m(L)=J m(A)dE; ,
0
which, of course, will be bounded on L*(G).

We shall denote by #i(x, y) the Schwartz kernel of the operator m(L). Observe that
when G is a Lie group, the assumption that L is left invariant implies that n(x, y) is
also left invariant, i.e. #i(x, y)=mi(zx, zy), z€G.

The main result of this article is the following:

THEOREM 1. Let G be either a connected Lie group of polynomial volume growth
or a Riemannian manifold of nonnegative curvature. Let also d, D be as above.

(a) If O<a<l, then m, 4(L) is bounded on L? for f>ad|1/p—1/2], 1<p<oo.

(b) Ifa>1 then m, g(L) is bounded on L? for f>a|1/p—1/2|max(d, D), 1 <p<co.

Note that when O0<a<1 then it is only the local dimension that is taken into
account. The reason for this is that, as it is the case in R" and as we shall see in the
course of the proof of the above theorem, when 0 <a < 1, the kernel m, 4(x, y) is singular
only near the diagonal.

When a=1 (this case corresponds to the wave operator) then, according to what
happens in R", the critical index in the part (a) of Theorem 1 should have been
(d—1)|1/2—1/p| and not d|1/2—1/p|.

Applications to the Schrédinger equation. Let fe CP(G) and denote by u(t, x) the
solution to the Schrodinger equation

ou _
a=1Lu, u(0, x)= f(x).

Then we have
u(t, x)=e"*f(x) .
We denote by W?* the Sobolev space
Wrs={f: |1+ Ly f|,< oo} .

We have the following theorem which generalises similar results of Brenner [4]
and Ishii [14].

THEOREM 2. Let u(t, x) and WP be as above. Then for all >0 there is a constant
¢, >0 such that

1 1
lu(t, *) [, <c 1+ eyrex@ D= tzixe ) £y, 5, p>2max(d, D)l;—;l, p=1.
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The operator et is bounded on L? only for p=2. A possible substitute for this

operator on L? is its Riesz means
! .
Ik(L)=kt”"j (t—s)te*tds, k>0.
0
Of course we can also consider the more general operators
t
Ik,,,(L)-—-kt“"J (t—s) et ds , k,a>0.
(4]

These operators have been studied in the case of R" by Miyachi [22] and Sj6strand
[25]. Their results have been recently generalised to Lie groups and Riemannian
manifolds by Lohoué [17]. The following theorem improves some of the results of
Lohoué [17].

THEOREM 3. (a) If O<a<], then I, (L) is bounded on L? for k>d|1/p—1/2]|,
1<p<oo.

(b) Ifa>1 then I, (L) is bounded on L for k>|1/p—1/2|max(d, D), 1 <p<co.

The basic ideas of the proofs. The proof of the above results is based on an idea,
which is due to M. Taylor (see for example [6]) and which is the use of the finite
propagation speed of the wave operator in order to obtain estimates for the kernel
m(x, y) of the operator m(L) away from the diagonal.

More precisely, let G,(x, y) denote the kernel of the operator cos z\/f . Then G(x, y)
is also the fundamental solution of the wave equation

(az +L>u(t )=0, u(0,x)=f(x (a )(0 )=0
Fe . x)=0, u(0, x)= f(x), Eu | X)=

and therefore it has the property
@) supp(G) <= {(x, y): d(x, y) <[t} .

In the case of subelliptic operators, this result was proved in [20].
The idea of M. Taylor is, roughly speaking, to write m(L)= f (\/f ) with fan even
function. Then we have the formula

5) f/L)=@n)~1? J ) ftycost /Lt

which combined with (4) gives the formula

(6) i(x, y)=(2m)~ 1/ j fOG(x, y)t ,

[t]2d(x,y)

which can be used to get estimates of the kernel #(x, y) away from the diagonal.
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Apart from (4) we shall also use the following estimate for the associated heat
kernel p,(x, y) (p(x, y) is the fundamental solution of the heat equation (6/0t+ L)u=0
as well as the kernel of the semigroup e ~'£, t > 0):

c _d(x, y)2>
(7) pdx, y) < 0] eXp< ) t>0.

This estimate is proved in [27] when G is a Lie group of polynomial volume growth
and in [8], [16] when G is a Riemannian manifold of nonnegative curvature.

PrOOF OF THEOREM 1. We start with some preliminary considerations. We state
first the following:

LemMMa 4 (cf. [13, pp. 237-238], [24, p. 88]). Assume that the function f(x)e C(R)
has compact support and that it possesses n continuous derivativs f'(x), f"(x), ..., f®(x).
Let also A=n+¢ with ¢€(0, 1] and set

|f "0 +8)— fx)]

t&‘

MA(f)=sup{ 150, xeR} .

Then for every >0 there is an even bounded integrable function \,(x)e C(R) such that
for all xe R

® supp)S[—4, 4] and | f(x)— f*Y(x)|<cM ().
(c is a constant that depends only on n.)

Following the standard procedure we consider a function ¢ e CY(R™) such that

Supp(qﬁ)S(i, 2>, Y ¢(2i)=1, t>0.

2 jez
If j>0, je Z, then we set
mi(A)=m, J( AP, fi(A)=m;(A)exp279A) and h;(A)=f;(A?).
Observe that if 4>0 and M ,(h;) is as in Lemma 4 above, then there is ¢>0 such that
) M 4(h) <27~ @=DAl2
Also there is ¢>0 such that
(10) ;)| <c27FI12
Let n1;(x, y) be the Schwartz kernel of the operator m;(L). Since
my(L)=f(L)e >k, f(L)=hy(L'?)
and since the operators A;(,/L) and e~ 2 ’X commute, we have

(11) 1%, ) =hi(/ L)p2-A% ) =F;(/ L)p;-Ax, )
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with the operators h;(,/L) and k;(,/L) acting on the variables x and y, respectively.
We set 4,(x)={y: 27> <d(x, y)<2?*V?} peZ.

LEMMA 5. For all A>0, there is a constant ¢>0 independent of y such that
( i ) ’hj(x9 *) ”Ll(Bz—j/z(x))—<—C Il hj ”oo
- 7 . ~[8—(a—1)A41j/2jd|4 Y (d/4—A/2)p __;
s = s = .
(ii) |l )HLl(Ap(x»<02 214142 j<p<0
(i) 750x, *) lLiayen < 2718~ 1)AL/29jd1a (D4~ 4i2p 1> (),
Furthermore, the above estimates remain true, if we replace m(x, +) by m(+, x).
14 j i

ProoF. The last assertion of the lemma will follow from (11) and the way the
estimates (i), (ii) and (iii) will be proved.
Let us prove (i). It follows from (7) that

(12) I p2-ix, *) l2<c|By-g-nsa(x)| 712
We also have
(13) 1/ LY o <l gl -
Hence, it follows from (11) that
179050, *) 18y - 72y < | Ba- o) [V2 [ i, =) I
< By i) V2 N hy(/ L) N3z | P2 A%, *) I
<c(| By-52(X) /] By- - 0a(x) )2 | |

and from this, by using either (1) and (2) or (3) we get (i).
To prove (ii) and (iii) we observe that if ze 4 (x), p> —j, then it follows from (5)
and (6) that

1%, y)=[hi(/ L)p2- %, +)1(2)
=(2m) " 12 j " hj(t)cos t\/ljp2 -i(x, *)](2)dt

+ oo
=(2n)_1/2J hi(t){cost\/ L [pz-A%, *) iy as, < 2021y

— 0

+p2 ‘f(x’ - )l{y:d(x,y)>21’/2“ 1}]}(2)dt

=(2775)—1/2J‘I 2 ﬁj(t){cos ty/ L [ps-Ax, ‘)l(y;a(x,y)szn/z—1)]}(Z)dt
t|=2r/2-1
+

+ Q)12 J 7y(0{c08 £/ L [p2-4% 1) Ly o> 2w 112

=(2n)~ 12 f LA (6)— A0 ;. (01{c0s ta/ L [p3-A%, * ) iy:age. < 202~ 11 }(2)dE
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+ o
+(2n)” I/ZJ hi(t){cos ti/ L [py-ix, * My aex, > 202- 1,1} (2)dt

where y; , is an even function as in Lemma 7 satisfying
supp(f; ) S[— 27272, 27272] and | hy(A)—hysi; (A) | <M y(h)2 47 .

Hence
iy, 2) = {(hy—hyed;, )/ LDz -A% ) pyeamm 2021 1}E)
+ {1/ LLP2-A% Wiyate,y» 202 31}2)
and from this we have (always for p> —))
1792506, *) L capin <1 ApO) 12 1 = hixt; Lo | 2-s%5 #) 2
H AL Bl | P2-% *) iy age, > 202~ 1 |12
<(I Bawo+002(X) |/ Bac- s+ 1a(x) )12 M 4(h)) 27 472
+1 By + 020 2 by Lo | P2~ A%, ) iy ag,yy> 2021y 11647 -
Now (ii) and (iii) follpw from (1), (2), (3), (7) and (11) and the observation that there
are constants ¢, C, C'>0 such that
| Bao v 02() 12 [ By Lo | P2- A%, ) iyiaga, > 2021y 1347
< (| By 1a(3) |/ | By senalx) ) 1/22 7112 = €210 < (0~ iBI2 g =C2000
PrROOFOF THEOREM 1. We observe that it follows from (10) and Lemma 5, (i) that
(14) 1750, *) 1B, - 2 < €272

It follows from (9) and Lemma 5, (ii) that if —j<p <0 then
I rhj(x, . ) ”L‘{Ap(x)) < 2B+ (1 -a)Adlij29jd/4H(d]/4—A]2)p

=2 B+ (1 -4 —d/2]ji2 /4~ A]2)p
and therefore if we chose A=d/2—¢, ¢>0 then

Z . —[B+(1 —a)A—d[2]j/2
Z ” mf(x’ )”Ll(Ap(x))Scz B+( a) 121/
—j<p=<0
— —(B+(1 —a)d/2 —&)—d/2]j/2
(15) c2
=2 " [B—ad/2)j/2 pe(1 ~@)j/2

Finally it follows from (9) and Lemma 5, (iii) that if p>0, then
172X, *) | aga oy < €27 B F (=02 0d14 p(Dl4~ 41200

=2~ B+(1-w)A—d/2)j/2(D/4~A4/2)p
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and therefore if we chose A=D/2+¢, ¢>0, then

O 1%, ) |y ey S €27 E D42
p=0

=2 B+ -a)(D/2+e)=d[2]j/2

=2 [B+ (1 ~)D/2-d/2]j/2 ) —&(1 —a)j/2

and from this, that for all £>0

Cz—ej/Z, O<a<l1
(16) Z Il 17, .)”lep(x»g 2 B2z a=1
p20 —[B- j j
2~ [#-amax(d, D)/2j/2 3ejl2 | a>1.

In the case 0<a<1, f>dx/2 and the case a>1, f>(«/2) max(d, D), Theorem 1
follows from the fact that (14), (15) and (16) imply that the kernel r1, g(x, y) of the
operator m, 4(L) is integrable:

sup || rit, g(x, *) Iy <sup Y, || mij(x, +) [ < oo
xeG xeG j>0

The rest of the cases of Theorem 1 follows by interpolation:
Let 0<t<l1, 1/p=t/14+(1—1t)/2, i.e. t=2/p—1. Then, by interpolation, we have

t
(L) [l p < Il (L) (11— 4 | 2,(L) IIiZ'zS<Sug Il 2(x, ')Il1> lm;lls "
Hence it follows from (14), (15) and (16) and the fact that

[ m; [ o <27k

that there is ¢>0 such that

€2 "B —ad/p=1/20i/2 peil2 | O<a<l1
I ML) Ny {2717 mNP 1, *=
2 ~B—a(l/p—1/2)max(@, D))j/2 )zj/2 , au>1.

Theorem 1 follows from the above estimates and the fact that
I Mg g(L) llpmsp < D 1l 25(L) [l s -
Jj=0

PrOOF OF THEOREM 2. Let us consider the multiplier
m(A)=(1+]A]) #2141

The proof of Theorem 2 is reduced to proving that m(L) is bounded on L? for
p>2max(d, D)|1/p—1/2|, p>1 with operator norm
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ML) ||, < cf(1+ ]| £ [ymex@ DI L/p=1/21%e

To do this we consider a C*® function (4), which is 0 for |A|<2 and 1 for |4]|>3
and we put

mo(A)=(1—Y( AN+ A ~P2e I
We also consider a function ¢ as in the proof of Theorem 1 and for je N we set
my(L)= 2 TLY(LY1+L)" "€t .
As in the proof of Theorem 1 we set
[iH)=mj(Rexp272),  h(H=f;(2?).
If M 4(h;) is defined as in Lemma 4, then we have
(17) M (h) <c(1+]|t|y*27 G- Diz

From here on the proof of Theorem 2 is exactly the same as the proof of Theorem 1.
The only difference is that instead of using the estimate (9), we use the estimate (17)
above.

Proor oF THEOREM 3. We have

t 1
kt"‘f (t—s)"_le”“'“/zds=kj (1 —s)f~Leist>=140*2 gg | k,a>0.
0

0

So, by replacing, if necessary, the operator L by the operator t2*L, we may assume
that t=1. Let

1
m(l)=kf (1—=s)~1eisigs

0

Then
I {L)=m(L?) .
As has been shown in [25], [29]
m(A)=C (DA~ e* +m(A) ,

where #i(A) is a smooth function such that

aiz
¥,(2) is a C* function, which is 0 for |A|<1 and 1 for |1|>2 and
C,=kI'(k)e ™2

mA)=02"""",  (A-oo),

If we put f(1)=m(| 4|*?), then the operator f(L), hence also the operator mi(L*?),
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is bounded on L?, 1 <p<oo. This is proved by considering functions y(4) and ¢(4) as
in the proof of Theorem 2, setting

mo(L)=(1=y)L)f (L), myL)=¢Q2/LW(L)f(L), jeN

and then working as in the proof of Theorem 1. We omit the details.
Let us put now Y(A)=y,(| A|*?) and

HE) =) | 2] 7Rzl

Then to prove Theorem 3 it is enough to prove that the operator h(L) is bounded on L,
for those p>1 that satisfy k>d|1/p—1/2| when 0<a <1 and k>|1/p—1/2| max(d, D),
when a> 1, which of course is a consequence of Theorem 1.

FINAL REMARKS. Let us put ourselves in the context of Theorem 1, (a). Then as
we can see from the proof of that theorem, the kernel #1, 4(x, y) is integrable away from
the diagonal and it is singular only near the diagonal.

So, it is natural to ask whether, at least when G is a Riemannian manifold (the
case where the situation should be more manageable), the operator m, 4(L) for 0<a<1
is bounded on H' when f=aD/2 and on L? when B=aD|(1/p)—(1/2)|, 1 <p< 0.

In the context of R", this end point result has been proved in [10]. The basic
ingredients of that proof are very good L® estimates for the kernel #1, 4(x, y) and its
gradient Vmi, 4(x, y), the Hardy-Littlewood-Sobolev theorem and the appropriate
estimates on the norm of the operator L, ye R, on H!.

Very good L* estimates for #1, 4(x,y) and Vri, 4(x, y) can be obtained as follows:

First we use the formulas (4) and (5) to express Vi, 4(x, y) in terms of the kernel
G(x, y) of the operator cos t\/f for t<a. Next we use the Hadamard parametrix
construction (cf. [2]) to obtain an asymptotic expansion for the kernel G,(x, y). The
desired estimates will follow by a calculation similar to the one that was carried out
for example in [2, pp. 6-7] and [12, pp. 5-6]. The appropriate estimates for the Fourier
transform f(t) of the function f(t)=m, 4(t*) have been proved in Theorem 9 of [29].
The asymptotic expansion for G,(x, y) and hence the estimates for m1, 4(x, y) will be
“uniformly good” if we assume for example that G has bounded C® geometry (this
condition could be weakened).

In order to have the Hardy-Littlewood-Sobolev theorem available, as is shown in
[15], we need to make the additional assumption that there is a constant ¢, independent
of x e G such that | B(x)|>cr?, r>0.

Finally, the desired estimate for the norm of the operator L, ye R, on H' follows
from the main result of [1] which is stated for Lie groups with polynomial volume
growth but is also valid for Riemannian manifolds of nonnegative Ricci curvature,
since the same proof also works in that context.

Once G satisfies these additional conditions, then the proof of the above mentioned
end point result in the context of R" in [10] can also be made to work on G. We believe
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that with these indications the interested readers will be able to supply a proof for

themselves.
BIBLIOGRAPHY

[1] G. ALexoruLos, Spectral multipliers on Lie groups of polynomial growth, Proc. Amer. Math. Soc.
120 (1994), 973—979.

[2] P.BERARD, On the wave equation on a compact Riemannian manifold without conjugate points, Math.
Z. 155 (1977), 249-276.

[3] P. BERARD, Riesz means on Riemannian manifolds, Proc. Symp. Pure Math. 36 (1980), 1-12.

[4] P. BRENNER, The Cauchy problem for systems in L,and L, , Ark. Mat. 2 (1973), 75-101.

[5] R. BisHor AND R. CRITTENDEN, Geometry of manifolds, Academlc Press, New York, 1964.

[6] J. CHEEGER, M. CROMOV AND M. TAYLOR, Finite propagation speed, kernel estimates for functions of
the Laplace operator and the geometry of complete Riemannian manifolds, J. Differential Geom. 17
(1982), 15-53.

[7] M. CHrisT, L? bounds for spectral multipliers on nilpotent groups, Trans. Amer. Math. Soc, 328 (1991),
73-81.

[8] E. B. Davies, Gaussian upper bounds for the heat kernels of some second order differential operators
on Riemannian manifolds, J. Funct. Anal. 80 (1988), 16-32.

[9] C. FerrerMAN, Inequalities for strongly singular convolution operators, Acta Math. 124 (1970), 9-36.

[10] C. FerrerMAN AND E. M. STEIN, H? spaces of several variables, Acta Math. 129 (1972), 137-193.

[11] S. GruLiNt AND S. MEDA, Oscillating multipliers on noncompact symmetric spaces, J. reine angew.
Math. 409 (1990), 93-105.

[12] L. Corzani AND G. TRAVAGLINI, Estimates for Riesz kernels of eigenfunction expansions of elliptic
differential operators on compact manifolds, J. of Funct. Anal. 96 (1991), 1-30.

[13] 1. I. HIRSCHMAN, On multiplier transformations, Duke Math. J. 26 (1959), 221-242.

[14] H.IsHi, On some Fourier multipliers and partial differential equations, Math. Japon. 19 (1974), 139-163.

[15] L.Jiayu, Gradient estimate on the heat kernel of a complete Riemannian manifold and its applications,
J. of Funct. Anal. 97 (1991), 293-310.

[16] P. Li anD S. T. YAu, On the parabolic kernel of the Schrodinger operator, Acta Math. 156 (1986),
153-201.

[17] N.LoHoUE, Estimations des sommes de Riesz d’ opérateurs de Schrodinger sur les variétés riemanniennes
et les groupes de Lie, C. R. Acad. Sci. Paris, 315 Serie I (1992), 13-18.

[18] G. G. LorenTZ, Approximation of Functions, Holt, Reinehart and Wilson, 1966.

[19] G. MAUCERI AND S. MEDA, Vector-valued multipliers on stratified groups, Revista Mat. Iberoamericana
6 (1990), 141-154.

[20] R.MELROSE, Propagation for the wave group of a positive subelliptic second order differential operator,
Taniguchi Symp. HERT Katata 1984, 181-192.

[21] A. MivAcHI, Some singular transformations bounded in the Hardy space, J. Fac. Sci. Univ. Tokyo,
Sect. IA, Math. 25 (1978), 93-108.

[22] A. MiyacHi, On some estimates for the wave equation in H? and L?, J. Fac. Sci. Univ. Tokyo, Sect.
IA, Math. 27 (1980), 331-354.

[23] A. MiyacH], On some singular Fourier multipliers, J. Fac. Sci. Univ. Tokyo, Sect. IA, Math. 27 (1980),
267-315.

[24] 1. P. NaTaNsoN, Constructive Function Theory, vol. 1: Uniform Approximation, Frederick Ungar

[25]

Publishing, New York, 1964.
S. S1I6STRAND, On the Riesz means of the solutions of the Schrédinger operators, Ann. Scuola Norm.



468

[26]

(271
[28]

[29]

G. ALEXOPOULOS

Sup. Pisa, Sci. Fis. Mat., Ser. III 24 (1970), 331-348.

E. M. StEIN, Singular Integrals, harmonic functions, and differentiability properties of functions of
several variables, Proc. Sympos. Pure Math. 10 (1967), 316-335.

N. Th. VAroPouLOs, Analysis on Lie groups, J. Funct. Anal. 76 (1988), 346-410.

N. Th. VaroprouLos, L. Saloff-Coste and T. Coulhon, Analysis and Geometry on Groups, Cambridge
Tracts in Math., 1993.

S. WAINGER, Special trigonometric series in k& dimensions, Mem. Amer. Math. Soc. 59 (1965).

UNIVERSITE DE PARIS-SUD
MATHEMATIQUES, BAT. 425
91405 OrsaYy CEDEX
FRANCE



