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OSCILLATION AND ASYMPTOTIC BEHAVIOR OF SYSTEMS
OF ORDINARY LINEAR DIFFERENTIAL EQUATIONS
BY
CARL H. RASMUSSEN*

ABSTRACT. Conditions are established for oscillatory and asymptotic be-
havior for first-order matrix systems of ordinary differential equations,
including Hamiltonian systems in the selfadjoint case. Asymptotic results of
Hille, Shreve, and Hartman are generalized. Disconjugacy criteria of
Ahlbrandt, Tomastik, and Reid are extended.

1. Introduction. The purpose of this paper is to establish conditions for
oscillatory and asymptotic behavior for systems of linear homogeneous
ordinary differential equations. A detailed definition of the systems involved
is given in §2, and for background and motivation the reader may refer, for
example, to [7], [11], or [15]. In §3 extensions are obtained of certain theorems
of Hille [8], Shreve [14], and Hartman [7] on the asymptotic behavior of
solutions, and partial converses of these are obtained in §4 for the selfadjoint
case. Certain nonoscillation results of Reid ([9], [10]) are extended to an
arbitrary non-selfadjoint system in §2. In §4 several nonoscillation results for
selfadjoint systems are obtained, including extensions of results of Tomastik
[16] and Ahlbrandt [1], [2], by means of an associated Riccati equation.

Matrix notation is used throughout. Matrices of one column are called
vectors; any square identity matrix is denoted by I; and the zero matrix of
any dimension is denoted by 0. The hermitian conjugate (complex conjugate
of the transpose) of a matrix H is denoted by H*, and H is called hermitian
whenever H* = H. If H and K are n X n hermitian matrices, then H > K
[H > K], indicates that H — K is positive definite [positive semidefinite]. The
symbol J is used throughout to denote a fixed subinterval (aqy, ), @, > — oo,
of the real line. A hermitian matrix H = H(¢) will be called nondecreasing
[increasing] on a nondegenerate subinterval J, C J if for #;,, ¢, € Jo, 1, < 1,
implies that H(¢)) € H(1,) [H(t,) < H(t)]. A matrix has the properties of
boundedness, continuity, differentiability, or integrability on a subinterval J,
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2 C. H. RASMUSSEN

if and only if each of its entries has the property on J,. The symbols £(J)
and @(J,) will denote the classes of matrices which on arbitrary compact
subintervals of J, are Lebesgue integrable and absolutely continuous, respec-
tively. If a is.an accumulation point of J,, then we say that a matrix H(r) on
Jo has a limit X at a provided each entry of H(#) has the corresponding entry
of K as a limit at a. The integral f;°H(s)ds is said to exist whenever each
entry of f} H(s)ds has a finite limit at oo.

The eigenvalues of a hermitian n X n matrix H(?) € £(J,) are real, and
will be denoted by A[H(?)], » = 1, 2,3, ..., n. It will always be understood
that

MH@] SA[H@O) < - - <A[H(D)]
for each ¢ in J,. Each A[H(?)] is in £(J,) whenever H(¢) is. If H(?) is
continuous on Jy, then so are the A JH(?)], 1 < » < n. The matrix norm used
throughout is | M|| = (A\,[M* M])"/2, where M is an arbitrary m X n complex
matrix. The trace of a square matrix H, denoted by trace{ H], or simply tr{ H],
is the sum of the main diagonal entries of H, and also equals the sum of the
eigenvalues of H.

2, Formulation and reduction transformations. In this section we lay the
groundwork and establish preliminaries for the later sections. An effort is
made to present the problem in a quite general setting, and the main result of
this section contained in Theorem 2.1 is established without variational
techniques.

Consider the general matrix differential system

X' = A()X + B(1)Y, Y =C)X + D()Y 2.1)
on J = (a,, %), where A(?), B(¢), C(¥), and D(¢) are complex matrices in £(J)
with sizes »r X r, X n, n X r, and n X n, respectively, and 0 <r < n. If
Xo(t) and Y(7) are r X k and n X k matrices, k > 1, then [}), or alterna-
tively (X, Y), will denote a solution of (2.1) provided X(?) and Y(¢) are in
@(J) and satisfy (2.1) a.e. (almost everywhere) on J.

The formal adjoint of (2.1) is given by

U =—-A4A*()U - C*(1)V, V' = —B*(@)U — D*()V. (22)
If (X, Y,) and (U,, V,) are solutions of (2.1) and (2.2), respectively, one can
readily see that X§ U, + Y3V, is identically constant on J. Such a solution
pair will be called a conjugate pair for (2.1) and its adjoint if this constant is
zero. When r = n and D = — A*, B= B* and C= C*, then (2.1) is a
Hamiltonian system, and if (X, Y,) is a solution of (2.1), then (— Y, Xy
satisfies (2.2) and X3 Y, — Y$X, is identically constant on J. In this case if
the constant is zero, then the solution (X, Y,) is called self-conjugate.

Let a and b be distinct points in J. Then b is called a conjugate point of a
with respect to (2.1) if there exists an (r + n) X 1 vector solution (x, y) of
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ORDINARY LINEAR DIFFERENTIAL EQUATIONS 3
(2.1) satisfying

I, 0] x(a) 0 0]|x(®)]| _To
E o][y(a)]+[’r oHy(,,)] [o] @3)
such that x(#) 2 0 on the interval between @ and b. Here I, and I, denote the
n X n and r X r identity matrices, respectively. Observe that when r = n, b is
a conjugate point of a if and only if a is a conjugate point of b with respect to
(2.1). In this case a and b are called mutually conjugate with respect to (2.1).
The point b is called an adjoint conjugate point of a with respect to (2.1) if
there exists an (r + n) X 1 vector solution (u, v) of (2.2) satisfying

0 L1]|u(a) 0 o]|u®d)]| _To

[o 0][v(a)]+[° In”v(b)]_[o] ¢4
such that v(¢) 2 0 on the interval between a and b. As above, when r = n, b
is an adjoint conjugate point of a if and only if a is an adjoint conjugate point
of b, and the two are called mutually adjoint conjugate in this case. If, in
addition, (2.1) is Hamiltonian, then a and b are mutually conjugate if and
only if they are mutually adjoint conjugate. Standard results for two-point
boundary value problems (see, for example, [7, Chapter 12]) imply that the
boundary value problem consisting of (2.1) with (2.3) has the same number of
linearly independent vector solutions as its adjoint boundary value problem

given by (2.2) with (2.4).
Let X, and ¥V, be fundamental matrices for
X' =AX (2.5a)
and
V'= —D*V, (2.5b)
respectively, and transform (2.1) and (2.2) by
X = X,Z, Y= V'w (2.6a)
and
U=Xx3's, V = V4R, (2.6b)
respectively. The resulting reduced system is
Z' = X;'BVEiw, W = V3CX,Z (2.7)
and its adjoint
S'= —X3C*V,R, R’ = —V;B*Xx37's. (2.8)

If a and b are distinct points in J and if either r = n or X, and V,, are
normalized to be I, and I, respectively, at a, then b is a conjugate point (or
an adjoint conjugate point) of a with respect to (2.1) if and only if it is such
with respect to (2.7). Furthermore, if (2.1) is Hamiltonian, then (2.5a) and
(2.5b) are identical. Taking V,, = X, the resulting reduced system (2.7) is also
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4 C. H. RASMUSSEN

Hamiltonian. This special case of the following more general transformation
shows that (2.1) and its adjoint can always be transformed to reduced systems
such that boundary value problems are transformed to equivalent boundary
value problems.

In (2.1) and (2.2) let C = C, + C,. Suppose that (X, Yo)isan(r + n) X r

solution of
X' = AX + BY, Y = CoX + DY 29
and that (U,, ¥y)is an (» + n) X n solution of its adjoint
U =—-A4*U- C§V, V'= —B*U— D*V (2.10)

such that (X, Y,) and (U, V) form a conjugate pair for (2.9) and (2.10),
with X, and ¥V, nonsingular on some subinterval J, C J. Restricting ¢ to J,
and transforming (2.1) and (2.2) by

X = X,Z, Y=Y, Z+ V3'w 2.11)
and
U= U,R + X}'s, V="V,R (2.12)
one obtains, as before, the reduced system
Z' = GW, W' = QZ (2.13)
and its adjoint
S’= —Q*R, R’ = —G*S, (2.149)
respectively, where G and Q are given by
G = X;'BV3! (2.15)
and
Q = V§C X, (2.16)

As before, by appropriate normalization of X, and ¥, at a € J, if neces-
sary, the transformation leaves the conjugate points of a in J, unchanged. If
(2.1) is Hamiltonian, C, and C, are hermitian, and (X, Y,) is self-conjugate,
then taking (U, V,) = (— Yy, X,y) yields a reduced Hamiltonian system, and
for each 7 matrices G and Q have the same number of positive eigenvalues as
B and C,, respectively. To see that the transformations (2.5)-(2.8) is a special
case of the transformation (2.9)-(2.16), note that if C; = 0 and C, = C then
(X 0) and (0, V) form a conjugate pair for (2.9) and (2.10), where X, and V,,
are fundamental matrices for (2.5a) and (2.5b). Equations (2.11)-(2.14) are
the same as (2.6a)—(2.8) in this case.

It is to be noted that if (X, Y) and (U, ¥) form a conjugate pair for (2.1)
and its adjoint, then the images (Z, W) and (S, R) under transformations
(2.11) and (2.12) form a conjugate pair for the reduced system (2.13) and its
adjoint (2.14). Also, Z and R are nonsingular in J,, precisely where X and V'
are, respectively.
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ORDINARY LINEAR DIFFERENTIAL EQUATIONS 5

The reduction transformations (2.11), (2.12) require a conjugate pair
Xo Yo), (Uyp Vo) for (2.9) and (2.10) with X, and ¥V, nonsingular on J,,.
However, for this it is sufficient that a solution (X, Y,) of (2.9) exist with X
nonsingular on J, and sufficient conditions for this are established in
Theorem 2.1 below. Let (X, Y;) be such a solution of (2.9), and let (X, Y))
be another solution of (2.9) such that

X, X,
Y, Y,
is a fundamental matrix of solutions for (2.9). Then
oV - Y, Y,
is a fundamental matrix of solutions of (2.10), where
Up= —X3'Y3Vy Vo= (Y1 - XIX3'13)" @.17)
and
U =X3'I-1V), V,=-VXrxs\ (2.18)
Therefore, (Uy, V,) is a solution of (2.10) such that ¥ is nonsingular
precisely where X, is, and (X, Y,) and (U, V,) form a conjugate pair for
(2.9) and (2.10).

The following theorem extends to the arbitrary system (2.1) certain results
of Reid ([9], [10]).

THEOREM 2.1. Let a € J = (ay, ) and suppose that a has no conjugate
points or adjoint conjugate points in (a, o) with respect to (2.1). Then there
exists an (n + r) X r solution (X, Y) of (2.1) such that X is nonsingular on
some terminal interval (a,, ) C (a, ). If b > a is a point at which X is
singular, then for some constant unit vector n, X(¥yn =0 on [a, b]). If 2.1) is
Hamiltonian, (X, Y) may be taken to be self-conjugate.

PrOOF. Transform (2.1) and its adjoint by (2.6) with X, and ¥V, normalized
to be the respective identities at a. Then @ has no conjugate points or adjoint
conjugate points in (@, o) with respect to the reduced system

Z'=GW, G=X;BVg,

W = QZ, 0 = V3CX,. (2.19)
Suppose that the only vector solution of (2.19) satisfying
I, 0]} z(a) 0 0]] z(b) _[o
(5 s ] sl[me] 8] e

for all b > a (having the form (0, w) on [a, o)) is the zero solution (0, 0). Let
(Z, W) be the (n + r) X r solution of (2.19) on [a, o) with
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6 C. H. RASMUSSEN

I

r

Z(a)=0 and W(a)=[0]

and suppose that {z,} is an increasing sequence of points in (a, o0) such that
t, — oo and Z(t,) is singular. Then there is a sequence {,} of constant unit
vectors such that Z(z,)n, = 0. For each »,
(z,, w,) = (Z()m,, W(D)m,)

is a vector solution of (2.19) satisfying (2.20) for b = ¢,, in which case
z,(1) = Z(H)m, = 0 on [a, ¢,] since a has no conjugate points in (@, o) with
respect to (2.19). Without loss of generality we may assume that {7,}
converges. Then 7, — n, where 7 is a constant unit vector. For any fixed ¢ in
(@, o)

Z(t)n = Z(t)w, + Z(t)(n — n,), (221)
and as v — co the right-hand side of (2.21) tends to zero. Since ¢ € (a, )
was arbitrary, Z(f)n = 0 on (a, o). The vector solution (Z(5)n, W(t)n) =
(0, w) of (2.19) satisfies (2.20) for all b > a, whence w = 0 on (a, ). In
particular,

wa)=[7]=0

which contradicts the fact that n is a nonzero vector. Therefore, Z(¢) is
nonsingular on some terminal interval (a,, o) C (a, o). Furthermore, if Z is
singular at b > a the above argument shows that Z(#)n = 0 on [a, b] for some
constant unit vector 1. The first member X of the corresponding solution
(X, Y) of (2.1) also has these properties. Furthermore, if (2.1) is Hamiltonian,
then (X, Y) is self-conjugate since X(a) = 0.

On the other hand, suppose there exist nonzero vector solutions of (2.19) of
the form (0, w) satisfying (2.20) for all b > g, and let (0, [,‘}l]) be a basis for
these. The matrix K, is an r X d constant matrix of rank 4 > 0 for some
d < r. Let (L,, 0) be a basis for the vector solutions of the adjoint system

S§’=—-Q*R, R =-—-G*S (2.22)

0 L]{s(a) 0 O0](s(®|_fo
K 0][r(a)]+[° fn”r(b)] [o] @2)
for all & > a(r(b) = 0 on (a, =0)). Since a has no conjugate points or adjoint
conjugate points in (a, co) with respect to (2.19), we see that for fixed b > a
all the solutions of the boundary value problem (2.19) and (2.20) are of the
form (0, w), and all of the solutions of the boundary value problem (2.22) and
(2.23) are of the form (s, 0). Consequently there are constant basis matrices

for the solution sets of the respective problems. Furthermore, the problems
have the same number of linearly independent solutions on [a, b}, so these

satisfying
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ORDINARY LINEAR DIFFERENTIAL EQUATIONS 7

matrices have the same rank, say d(b), depending on the right end-point b.
The function d(b) is nonincreasing with integer values (d < d(b) < r), and as
b increases d(b) becomes constant on some terminal subinterval of (a, o). Its
value there is d = rank(K,) = rank(L,). Therefore L, is also an r X d matrix
of rank 4. We may assume that K¥K, = I, = LYL,. Let L=[L:L)), K=

[K,: K}, and
[ y ]
0 K

be unitary matrices of sizes » X r, r X r, and n X n, respectively, and let
(Z, W) be the (n + r) X r solution of (2.19) such that Z(a) = [0:L,] and
0 o0
W(a) —[ K, 0 ]

Let Z, = L*Z and W, = M*W. Then

z@=o 1|

and
G 0
zi={ M W, Wi=QiZ, (229)
0 o,
where 0, is the d X d zero matrix,
Gll 0 _ =
(90 2] 1vom.

and O, = M*QL. (Note that G,, is a submatrix of L*GM, not of G.) Then

_ Zy Z,
Z"[o I,

on {a, o). Suppose that for some b > a, Z(b) is singular. Then Z,(b) is
singular, and for some constant unit vector [}!] we have

0= Z,(b)[ :;] =[ Zy(b)ny + Zyp(b)n, ]’

M2
whence 9, = 0, Z,,(b)n, = 0, and 7, is a unit vector. The vector solution
(z, w) of (2.19) defined by
= m]_ ;| Zu(m
2(8) Z(t)[ . } L[ .
and

w(t) = W(t)[ 1(7)']
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8 C. H. RASMUSSEN

satisfies (2.20), whence 2(¢) = 0 on {a, b], and Z,,(7)n, = 0 on [a, b). If Z(¥)
is singular at an increasing sequence of points {¢,}, 7, — oo, then there is a
sequence of unit vectors {,} such that Z,,(¢,)n, = 0. An argument similar to
that in the first part of the proof yields that Z,,(#)n = 0 on [a, «) for some
constant unit vector 5. The vector solution (z, w) of (2.19) defined by

(z, w) = (Z(t)[ ; ] W(t)[ K ])
satisfies (2.20) for all » > a. Consequently, z(¢) = 0 on [a, o0) and

woeso=[ 3 1][3]-{ ]

However, (0, [¢ ]) is a basis for such solutions, whence w(r) = [ la for some
constant vector a. Since K} K, = 0, this implies that n = 0, a contradiction.
Therefore, Z is nonsingular on some terminal interval (a,, ) C (a, ). The
solution (X, Y) of (2.1) corresponding to (Z, W) has the desired properties.
Furthermore, if (2.1) is Hamiltonian, the reduced system (2.19) is also, and we
may take L, = K, whence

Z*(a)W(a) =[ 1?7 ] [K,0] =0,

and since X(a) = Z(a) and Y(a) = W(a), this yields X*(a) Y(a) ~ Y*(a)X(a)
= 0, so (X, Y) is self-conjugate. []

When 7 = n in system (2.1) the coefficient matrices are square, and
considering the boundary condition (2.3), we have already noted that point a
is a conjugate point of b if and only if b is a conjugate point of a with respect
to (2.1). If no two distinct points of a nontrivial subinterval J, are conjugate
with respect to (2.1), the system is called disconjugate on J, The order of
abnormality of (2.1) on a nontrivial subinterval [aq, ¢}, [a, ¢), or [a, o) is the
dimension of the space of vector solutions of the form (0, y) on that subinter-
val (i.e., the solutions which satisfy (2.3) for all b in the subinterval). The
system is normal on the subinterval whenever it has order of abnormality zero
there. The system is called oscillatory at oo, or simply oscillatory, if for any
point a € J there is a point b > a that is conjugate to a. Conversely, the
system is nonoscillatory provided there exists some terminal interval (a, o)
C J on which it is disconjugate.

The following well-known theorem [10] provides a partial converse to
Theorem 2.1.

THEOREM 2.2. Suppose that (2.1) is Hamiltonian and that B(t) > 0 a.e. on J.
Then (2.1) is nonoscillatory if and only if there exists a self-conjugate solution
(X, Yy) such that X, is nonsingular on some terminal subinterval [a, o) C J.
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ORDINARY LINEAR DIFFERENTIAL EQUATIONS 9

ProOF. One direction is already proved in Theorem 2.1. Suppose (X,, Y) is
a self-conjugate solution of (2.1) such that X, is nonsingular on [a, «), and
transform (2.1) by (2.11) with Cy(¥) =0, Cy = C, and (Uy, Vp = (— Yy, Xp)
on J to obtain the reduced, equivalent system (2.13) on [a, ), where
G(t) » 0 a.e. and Q(f) =0 on [a, o). It suffices to show that (2.13) is
nonoscillatory. Suppose, on the contrary, that b < ¢ and that b and ¢ are
mutually conjugate points in [a@, ). Any vector solution (z, w) satisfying
z(b) = 0 is of the form

0= [ "G(sydsm, w(t)=n

for some constant vector 7. Since ¢ is conjugate to b, then for some 7 = 0 we
have

z(c) =ch(s)ds'n =0,
b
and z(¢) 2 0 on [b, c]. This implies that
0= [ n*G(s)n ds,
j; 7*G(s)n

and since n*G(f)n » 0 a.e. on [b, ¢] we must have G(£)n =0 a.e. on [, c],
whence z(¢) = 0 on [b, c]. This is a contradiction. Thus, (2.13) is disconjugate
on [a, o) and so (2.1) is nonoscillatory. [

3. Asymptotic behavior. The results of this section concern a reduced system
X' = GY, Y =0X (3.1)
where G(¢) and Q(r) are complex r X n and n X r matrices, respectively, in
£(J). Results by Hartman on systems of “type Z” [7)], where G and Q are
complex valued continuous scalar functions, are extended to the system (3.1).
The results of Hartman are based on a theorem by Wintner for the selfadjoint
scalar equation of order two [17]. The method of proof of the following
theorems involves an iteration scheme which has been applied to selfadjoint
equations of order two, by Hille for the scalar equation {8] and by Shreve for
the system corresponding to (3.1) with G(¢) = I and Q(¢) hermitian on J [14].
We have the following results.

THEOREM 3.1. Suppose that, for some a € J = (a,, »),
« . t
[T o@ds=lim [ 0(s)ds (32)
a t—o0 Jg
exists ( perhaps conditionally). Define I'(t) on J by

()= sup
I1<s<®

[7 0w 4 (3.3)

s
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10 C. H. RASMUSSEN
and suppose that

f,, " IGE)|T(s) ds < co.

(34)

Then there exist linearly independent solution matrices (X, Yo) and (X,, Y,) of
(3.1) of sizes (r + n) X r and (r + n) X n, respectively, such that as t — oo we

have the following:
@):
Xo(t)>1
and
Yo(2) = 0.
In fact

1) - 11 < 3{exe]2 [ “heoIre @] - 1]
-o( [~ 161 ) &),
10 < F(t)exp{Z L7 1661 ds} = O(T())

and
£ 1663 e = o(ree) 16 a),
where
() f.. " IG(s)] ds —O.
Gi):
T()X,(1)—>0
and
Y(t)- I
In fact
L)X ()] = o(r(:) [ 166 ds)

and

17 - 21 = o(r) [ 16N &) + o [ * TGN as).
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ORDINARY LINEAR DIFFERENTIAL EQUATIONS 11

THEOREM 3.2. Let a be a point in J = (a,, o0) and define T'(t) on [a, ) by

I'(y) = sup fa "G® dﬁn. (39
Suppose that
fa Z10@)| & < (3.10)
and that
[T T@le) 4 < co. (3.11)

(Note that unless G(t) =0 a.e. on [a, ), (3.11) implies (3.10).) Then there
exist linearly independent solutions (Xg, Yo) and (X,, Y)) of (3.1) of sizes
(r + n) X r and (r + n) X n, respectively, such that as t — o0 we have the

Jfollowing:
a):
Xo() > 1, (3.12a)
Yo(£) =0, (3.12b)
and
L[| Yo(2)]|—O. (3.120)
In fact,
1X) - 11= o { Tew &) (3.13a)
| Yo(8)|| = 0( £ “le) ds), (3.13b)
and
T %)= o(Te) [~ Qe ds), (3130
where
() [T 1e@lds < [“T@IeWI a0 (13.9)
(ii):
7 196 #x >0 (3.142)
and
(1) > 1 ast—oo. (3.14b)
In fact,
X)) = 0X(»)), (3.15a)
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12 C. H. RASMUSSEN

L7160 s 1x@1= ot [“lewi &) (315b)

17 - 1= o( [ * TN ). (3150)

Here the notation f(f) = O(g(¢)) as ¢t — oo, where f and g are nonnegative
functions, means that there exist a point a € J and a constant M, > 0 such
that f(7) < M, g(?) forallt > a.

ProOF OF THEOREM 3.1. A pair of integral equations equivalent to (3.1) is
given by

X(1) = X(b) + fb " G(s)Y(s) ds (3.16a)

and
Y(2) = Y(b) + fb " 0(s)X(s) ds

=Y®)+f " 0(s) ds X(b) + J, 36 J, $G(s)Y(s)dsdt  (3.16b)

for b, t € J. An integration by parts yields
¢ ¢ e
J 0@ [Fev)asat= [ [ o) dt6(s)¥(s) s,
which suggests for (3.16b) the following integral equation:
()= - f' T o@at+ f: " f, ‘0@) dEG(s)Y(s)ds.  (3.17)

We shall prove that (3.17) has a solution by constructing a sequence
{Y,(9)} which converges to such a solution.
Let
-
Yo(t) = — f, 0(s) ds. (3.18a)
By hypothesis this is well defined and absolutely continuous, and it satisfies
1 Yo(®Il € T(?) on [a, o). Let

La@W=- [T 0@ a+ [T [70@) d6@)Y,() a5, (3.18b)

v > 0, and let
k() =2 f‘ ® 1G(s)| T(s) ds. (3.19)
Suppose that Y,(#), 0 < » < n — 1, have been shown to be well defined,
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ORDINARY LINEAR DIFFERENTIAL EQUATIONS 13

continuous, and bounded by
1%, < I‘(t)[l R+ + ky('z)]

< T'(t)exp{k(?)} < T(a)exp{k(a)} (3.20)
for ¢ in [a, ). When » = n — 1, the integrand on the right in (3.18b) satisfies
|J/ ewae s, < rOnoEIE| 1+ 40 + - 4 o]

= —l"(t)k'(s)[l + k(s)+--- + (I;n__l(s)' ] ae., (3.21)

since, fora <t < s,
" J ew®a u =“ [ ow@as- [~ Q(s)ds"

<

f, " o@at +|| f N Q(i)deu < 2I'().

It is, therefore, integrable on [a, o) uniformly in ¢ € [a, ), and Y, (¢) is well
defined, continuous, and satisfies (3.20) for » = n. By induction this is true
for all positive integers n.

Let

AY,()=Y,()-Y,_ (1), wv»> 1L (3.22)
Then
laviol < 7] [* 0@ ag] 166 16) & < TkCo).
One can show inductively that
IAY, ()] < r(z)"—;(!‘—), n>1, (3.23)

in which case the sequence converges uniformly on [a, oc) to a continuous
limit Y(7), with

170 < Texp{2 [ 7 JGEITE) ds | < T@erp(k(@)) (324

for ¢t € [a, o). Since by (3.21) the norm of the integrand of the second term
on the right in (3.18b) is bounded by —TI'(¢)k’(s)exp{k(s)} a.e. for s € [a, ),
uniformly for ¢ € [a, o), by the Lebesgue dominated convergence theorem
we may let n — oo throughout (3.18b) to deduce that ¥(¢) is a solution of
(3.17). Then

Y'(5) = Q() — Q(¢) [ T G(s)Y(s) &5 ae.,
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14 C. H. RASMUSSEN
and defining X(¢) by
X =1-[ ® G(s)Y(s) ds (3.25)
t

we have a solution (X(z), Y(¢)) of (3.1) such that (3.5) is satisfied. Further-
more, using (3.19) and (3.24) we see that

1X@) = 1< [TIGE V()| 45

<3 [T (=K (sNexp(k(s)) ds = [exp(k(r)} ~ 1]

< zexp{k(a)}k(2).

This along with (3.24) establishes (3.6a)—(3.6¢).
Since I'(?) is a nonincreasing function (whose limit as # — oo is zero) it is of
bounded variation, and

I(s) - T(s) = [ ‘ar. (3.26)

s

Furthermore,

o > fb ® I(s)|G(s)| ds > fb "T(s)| G(s)| ds

fb'[r(t) —f;dl‘]"G(s)“ ds >j:(—£'d1‘)||6(s)ﬂ ds

for all ¢+ > b. Since the last quantity is nondecreasing with ¢ and is bounded
above with limit

f:(— [ ar)|6(s)) 4 = J” TG 4

we see that
. !
lm () fb 1G(s)|| @ = 0. (327)

This establishes (3.6d). Therefore (X, Y) is the solution (Xg, Y,) of the
conclusion.
To establish (ii) of the conclusion, we consider the integral equation

Y(r) =1+ fb ' [ ‘00 At G(s)Y(s)ds, b >a. (3.28)
Define the function A(¢) by
A7) = fb " 20(s)| G(s)| ds. (3.29)

Then one can show by an induction argument that the sequence { Y,(¢)} given
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by
Yo(r) = 1, (3.30a)
La@®=1+["[" 0@ &G0, ()ds, »>0,  (3300)
bYs

is well defined, with each member being continuous on [b, o0) and bounded
there by

1,0 <1+AE)+--- +m < exp{A(?)} < exp{A(e)}. (3.30c)

»!

Furthermore, the sequence converges uniformly on [&, o) to a solution Y(?)

of (3.28) such that
1Y) < exp{2 J, "T)G))| ds}, (331)
and
Y'(r) = Q) fb " G(s) Y(s) d.
Define X(¢) by

x@0) = [ " G(s) ¥(s) ds. (3.32)
b
Then (X, Y) is a solution of (3.1). Furthermore,

TOIX )| < T() j; 1G(s)] s exp{2 j; ® Ns)| G| ds}, (333)

and this together with (3.27) implies (3.7a) and (3.8a) hold for X.
Fort, > t, > b, we have

Y(1) - Y(1,) = [ " Q@) deX() + [ 5 L * Q(8) dt G(s)Y(s) ds

and
[Y(s) = Y(2)|
< ()X ()] + £ “ ()| GCs)| exp{2 j; "T@)|6)| dg} ds

= 2T(5)| X (1)) + exp[z [ T@icw@ ds} - exp{z [ T@15®I ds}
< ()| X(e)] + 2 [‘ ® D) G(s)| ds exp{2 j; ® Ts)|G() | df}. (3.34)

This tends to zero as ¢; — oo, which implies that Y(7) tends to a constant limit
as t — oo. Since, from (3.28) and (3.31),
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16 C. H. RASMUSSEN

v - i< [ 0@ ag] 6@ 1ve &

<2 j; “T(s)||G(s)| ds exp{Z fb ® T(s)|G ()| ds'},

t > b, we see that by choosing b large enough we may assume that this limit
is nonsingular. Post multiplication of (X, Y) by the inverse of this constant
limit yields a solution (X, Y,) of (3.1) such that X, satisfies (3.7a) and (3.8a).
In equation (3.34) replace (X, Y) by (X,, Y}), ¢, by ¢, and allow ¢, to tend to
0. The resulting inequality yields (3.8b) which implies (3.7b). This completes
the proof. [J

The proof of Theorem 3.2 proceeds in a similar manner and will be
omitted. Partial converses to Theorems 3.1 and 3.2 are provided by Theorem
4.7 in the next section on Hamiltonian systems.

4. Oscillation and asymptotic behavior of selfadjoint systems. This section
concerns a reduced Hamiltonian system

X'=GY, Y =-0X @&.1)

where G(¢) and Q(¢) are complex, hermitian n X n matrices in £(J).

Under the hypothesis that (4.1) is nonoscillatory and G and Q are only
positive semidefinite, Theorem 4.1 establishes the existence of a self-conjugate
solution (X,, Yg) of (4.1) with both members nonsingular on some terminal
interval, thereby extending certain results of Ahlbrandt [2]. This also provides
a direct proof of the known result (see, for example, [12, Theorem 5.4]) that
(4.1) is nonoscillatory if and only if the system “reciprocal” ({4], [3]) to (4.1),
defined by

U'=0QV, V=-GU, 42)

is nonoscillatory. This result is also used in proving Theorems 4.2 and 4.3,
which establish necessary conditions for nonoscillation of (4.1), extending
results of Tomastik [16] and Ahlbrandt [1]). Theorems 4.4 and 4.5 establish
sufficient conditions for nonoscillation of (4.1), and Theorem 4.6 provides
partial converses to Theorems 3.1 and 3.2 on asymptotic behavior, extending
results of Shreve [14].

Let G(f) be an n X n matrix in £(J). If k(G; s) is the dimension of the
space of constant vectors 7 such that G(#)n = 0 a.e. on [s, o), then k(G s) is
nondecreasing in s, and k., (G) = lim,_, k(G; s) will be called the degree of
degeneracy of G. If k_(G) = 0, then G will be called nondegenerate. Note that
there exists some terminal subinterval [s,, oo) such that k(G; s) = k,(G) for
s > S,. The space of constant n-vectors annihilated a.e. by G on [s4, c0) will
be called the space of degeneracy of G and has dimension k_(G).
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LeEMMA 4.1. Let G(f) be an n X n hermitian matrix in £(J) with G(t) > 0
a.e. on J. Then the following are equivalent:

(i) G is nondegenerate;

(ii) for each a € J, [} G(s) ds is eventually positive definite;

(iii) zhe system (4.1) is normal on every terminal subinterval [a, o) C J.

PRrROOF. (i) = (ii): A proof by contradiction follows. Suppose thata € Jisa
point for which § (#), given by

8(s) =fa' G(s) ds

is identically singular on {a, o). Then there is an increasing sequence {¢,};.
in [a, ), t, — 00 as ¥ — o0, and a sequence of constant unit vectors {7, }5=o
such that §(¢,)n, = O for all » > 0. We may assume that 5, — 7, a constant
unit vector, as » — co. Then

0=n28(s,)n, = f ks 02 G(s)m, ds,

and since G(r) > 0 ae. we see that G(¢)y, =0 ae. on [a,] and that
8(Hm,=0o0nla,z)
Let t € [a, o) be arbitrary. Then
8(t)n = §(0)m, + 8()(m — n,),
and the right-hand side tends to zero as » — . Thus §(#)n = 0 on [q, ), in
which case G()n = 0 a.e. on [a, ) and G is degenerate.

(ii) = (i): (by contradiction). Suppose G is degenerate. Then there is a point
a € J and a constant unit vector 9 such that G(#)n = O a.e. on [a, o). Then

n*fa'G(s)dm=fa'n*G(s)ndsso

on [a, o), whence [ G(s) ds is identically singular for ¢ in [a, ).

(i) = (iii): (by contradiction). Suppose (4.1) is abnormal on some terminal
subinterval [a, o) of J. Then there is a vector solution (0, 7n) of (4.1) on
[a, o0) with 5 5= 0. Therefore, n is constant, and G(f)n = 0 a.e. on [a, ).
This implies that G is degenerate.

(iii) = (i): (by contradiction). Suppose G is degenerate. Then there is a
point a € J and a constant unit vector  such that G(f)y = 0 a.e. on [a, ).
Therefore, (0, 1) is a solution of (4.1) on [a, ), and (4.1) is abnormal on

[a, ). O

THEOREM 4.1. Let G(t) > 0 and Q(f) > 0 a.e. on [a, ) C J. The following
are equivalent:

(i) (4.1) is nonoscillatory;

(ii) (4.2) is nonoscillatory;

(iii) there exists a (2n) X n self-conjugate solution (X4, Y,) of (4.1) such that
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18 C. H. RASMUSSEN

both X(t) and Y(t) are nonsingular on some terminal interval [d, o) C
[a, o0);

(iv) there exists a (2n) X n self-conjugate solution (U, V) of (4.2) such that
both Uy(?) and V(1) are nonsingular on some terminal interval [d, o) C
[a, ©);

(V) there exists a hermitian, nonsingular, absolutely continuous, n X n solution
matrix S of

S’'= -0 - SGS 4.3)
on some terminal interval [d, «) C [a, o0);

(vi) there exists a hermitian, nonsingular, absolutely continuous, n X n solu-

tion matrix W of

W' =G+ WOW 4.4)
on some terminal interval [d, o) C [a, o).
Before presenting the proof, we should note that systems (4.1) and (4.2) are
reduced cases of the more general system
X' = AX + GY, Y =—-0X - A*Y 4.5)
and its reciprocal
U=—-A*U+ 0V, V= —GU+ AV (4.6)
where G and Q are positive semidefinite a.e. on [a, o). But since the
reduction transformations

X = X,Z, Y=X$"'Ww “4.7)
and
U= Xx3's, V= X,R (4.8)
described in §2, where X, is a fundamental matrix for
X' = AX, 49)

reduce the general systems (4.5) and (4.6) to (4.1) and (4.2), preserving the
definiteness properties and oscillatory behavior of both systems, we see that
the theorem actually applies to the more general systems.

ProoOF OF THEOREM 4.1. (iii) < (iv): If (X, Y,) is a solution as in part (iii),
then (U, V) defined by Uy(t) = Y (1), Vo(f) = — X(9) is a solution of (4.2)
satisfying (iv). The argument is reversible.

(iii) & (v): Let (X, Y,) be a solution of (4.1) as described in (iii). Then for
t > d the matrix S defined by S(f) = Y(£)X;'(#) is nonsingular, absolutely
continuous, and by differentiating and using the equations (4.1) we see that S
satisfies (4.3). S is hermitian since (X, Y,) is self-conjugate.

Conversely, suppose S is as in (v), and let X, be a fundamental matrix for

X = GSX (4.10)
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in [d, o0). Then defining Y (¢) by Yo(?) = S(2)X(?), we see by direct verifica-
tion that (X, Y,) satisfies (4.1), both members are nonsingular in [d, o), and
since § is hermitian, (X, Y,) is self-conjugate.

By a parallel argument we see that (iv) < (vi). Furthermore, by Theorem
2.2, (iii) = (i) and (iv) = (ii). To complete the proof it remains, therefore to
show that (i) = (i11).

(i) = (ii}): Consider first the case where the space of degeneracy of G has
nontrivial intersection with the space of degeneracy of Q. Let D, be a
constant matrix whose columns form an orthonormal basis for this intersec-
tion, and let [e, 00) be a subinterval of [a, o0) such that G(£)D, =0 and
Q(1)D; = 0 a.e. on [e, o). Now by hypothesis, D; has rank d > 0. If d = n
then (J, ) is the desired solution of (4.1). If 0 < d <n,let D = [D,:D,] bea
unitary constant matrix, and transform (4.1) by Z = D*X, W = D*Y. This
results in the system

zZ'= G,W, W =-0Q,Z (4.11)
where
G, O
= * =
mran =[S )
and
On O
= * =
0, = D*QD [0 o,

on [e, o), where 0, is the d X d zero matrix. Clearly, (4.1) and (4.11) are
equivalent in oscillatory properties. Suppose b and ¢ are mutually conjugate
points for (4.11) in [e, o). Then there exists a vector solution (z,, w,) of (4.11)
such that zo(b) = 0 = z,(c), but zy(¢) = 0 on [, c]. Now

_1 % d ™
2=l | ad w=|
where z, and w, are d-vectors, and for ¢ > e we see that
zy = Gywy, wy = —0n2 (4.12)

and z, and w, are constant. In particular, zy,(#) = 0 on [b, c], in which case
(Zo1> Woy) is a solution of (4.12) such that zy(b) = zy(c) = 0, and 2o, () = 0
on [b, c}. Thus, b and ¢ are mutually conjugate points with respect to (4.12).
The converse is also true. Namely, if a and b are mutually conjugate points in
[e, o0) with respect to (4.12), then reversing the above argument we see that
they are mutually conjugate with respect to (4.11). Therefore (4.11) is non-
oscillatory if and only if (4.12) is nonoscillatory. Furthermore, if (Z,,, W;,) is
a self-conjugate solution matrix for (4.12) with both members nonsingular on
some terminal subinterval of [e, o0), then the solution (Z, W) of (4.11) given
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z(z)=[z‘(‘,(’) 2] w(x)=[W‘(;(’) Z]

is self-conjugate, with both members nonsingular on the same terminal
subinterval. Note that the spaces of degeneracy of G,, and Q,, have only the
trivial intersection. This argument shows that it suffices to prove the state-
ment (i) => (iii) for the case in which the spaces of degeneracy of G and Q
have only the trivial intersection.

Let S, and &, denote the spaces of degeneracy of G and Q, respectively. In
view of the above argument, we assume henceforth that §, N &, = {0}.

Suppose next that $, and §, are orthogonal, and let 4, and 4, be n X d,
and n X d, matrices whose columns form orthonormal bases for S, and S,,
respectively. Then 4, =rank 4, =dim §,, » = 1, 2. Since 4?4, =0, for
some matrix 4,, A = [4,:43:A4,] is unitary. Transforming (4.1) by Z = A*X
and W = A*Y, we obtain the system

zZ'= G\W, W' = —-Q,Z, (4.13)

where for ¢ in some terminal interval [b, o0) C [a, c0) on which (4.1) is
disconjugate, we have

~[Gn 0 4.14a
Gl - O odl ’ ( .l )
(% ° (4.14b)
Ql = 0 sz ’ .
and G,, and Q,, are nondegenerate. Let (Z,, W,) be the solution matrix of
(4.13) such that
0 0
Zy(b) = [ 0 I, ] (4.152)
and
I, O
Wo(b) =] "4 . 4.15b
@ =| e 0] (@.150)

Then as in the proof of Theorem 2.1 we see that (Z,, W) is a self-conjugate
solution of (4.13) with Z(f) nonsingular on some terminal interval [¢, 0) C
[, o). For ¢ > ¢ the matrix S defined by S(¢) = W(1)Z;'(¢) is well defined,
hermitian, and absolutely continuous;

S(1) = —0,(1) — S()G,(1)S(2) <0,

and for¢c < e < ¢ we have

S - s = [ 0@ at + [ SOGES@®aE >0. (@416
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From this we see that the eigenvalues of S(¢) are nonincreasing. If — S’(?) is
nondegenerate, then for any e > ¢ there is a £ > e such that

S(e) — S(1) = f -§®)] dt >0,

by Lemma 4.1 ((i) < (ii) with —S’(¢) playing the role of G(¢)), and this
implies that S(¢) is nonsingular on some terminal interval. Then W(7) is also
nonsingular on that interval, and (X,, Yo) given by (X, Yo) = (4Zy, AW)) is
the desired solution of (4.1), completing the proof. We shall now prove by
contradiction that — S'(7) is nondegenerate.

Suppose, on the contrary, that — S’(7) is degenerate. Then for some e > ¢
and some constant unit vector 7,

0=9*[—S'()]n =n*Q(I + 7*S()G,(1)S(t)n 4.17)
for almost all ¢ > e. Then 7*Q,(#)n = 0 a.e. on [e, o0), whence Q, is degener-

ate, and
m
= 4.1
7 [ 0 ] (4.18)
for some unit d,-vector u,. Furthermore, 7*SG,Sn = 0 a.e. on [e, ). Also,
we have

SG,S = W,Z;'G,Z, ‘w3,
and from (4.13), (4.14b), and (4.15b) we see that

0

Wy(t) = [ W, sz] (4.19)

for t in [b, o). Therefore, n* W(f) = n* = [}, 0], and we have
1*Z5'G,\Z; =0 ae.on e, ). (4.20)

Define x(r) by

k(t) = Z5 (). (4.21)
Then G,(H)x(t) =0 a.e. on [e, o0), k is absolutely continuous there, and
k(f) = — Z¢'WEG,x =0 on [e, ). Therefore, x is constant on [e, ).

Then x =[] on [e, ) for some d-vector a. Since 7 # 0 and Zy(?) is
nonsingular on [e, o), we see that a # 0. Combining these results we find
that the function ¢(#), defined on [a, o0) by

o) =n-2z0[] (422)
is absolutely continuous on [b, o0) with
¢'(t) = - WO‘G,[g] =0 ae.
there (recall (4.14)), and ¢(¢) = 0 on [e, o0). This implies that ¢(z) =0 on
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[b, ®0). In particular, at ¢t = b we have

o<[3]-=ol2]-[2)
where 7, and a are nonzero vectors of dimension d, and d,, respectively, and
d, + dy < n. This is a contradiction. Therefore, Wy(?) is nonsingular on some
terminal subinterval, and the corresponding solution (X, Yo) = (4Zy, AW))
of (4.1) is self-conjugate with both Xy(#) and Y(¢) nonsingular on some
terminal interval.

Now consider the remaining case where §; N §, = {0} and S, and S, are
not orthogonal. Let [4,:4,] be a matrix whose columns form an orthonormal
basis for $,, with 4, spanning S, N $;". Let 4, be a matrix whose columns
form an orthonormal basis for §; N &5 . 42[4,:4,] = 0, and for some matrix
A,,

A =[A;A;A54,]
is unitary. Let d, denote the rank of 4,, v = 1, 2, 3, 4. Since §, and §, are not
orthogonal, d, > 0 and d; > 0. Transforming (4.1) by Z = A*X, W = A*Y,
we have the system
Z' = G,W, W =-0Z, (4.23)
where for ¢ in some terminal interval [b, «0) C [a, ), on which (4.1) is
disconjugate and on which k(G,; ) = dim$, and k(Q,; ¢) = dim$, (see the
definition of k(G; ¢) before Lemma 4.1), we have

Gy G G O
G =|On Oz On 0| (4.242)
Gy Gp Gy O
0 0 0 O
and
0 0 O 0
0 0 O 0
Q 1= 0 0 Q33 Q34 (4.24b)
0 0 Qp Qu
with
Gll GIZ an d Q33 Q34
G2l GZZ Q43 QM

nondegenerate. G, and Q, are partitioned according to the partition of 4. Let
S( and §; denote the spaces of degeneracy of

Gp Gy 0 O
and ,
[ Gsz Gss ] [ 0 Q33 ]
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respectively. Then §; N &; = {0}, §; N §;* = {0}, and §; N §* = {0},
and §; and S have dimensions greater than zero since $, and §, are not
orthogonal. In fact, dim §; = d, > 0 and

1,
o]
spans S,. Let the columns of K, = [‘,E'l;] form an orthonormal basis for &,
where rank K, = dim &, = d5 > 0, and where K, and K, are d, X ds and
d; X ds matrices, respectively.

We shall now show that d; = d, < 4, and that X, and K, both have rank
d,, so that K|, is invertible. Let a be a ds-vector such that K,a = 0. Then
Ka =[%y*]is in §; N &; = {0}. Then K,a = 0 and since K, has rank d,
this implies that a = 0. Therefore K|, has rank d;, so d; < d;. Now let a be a
dg-vector such that Kja =0. Then Kja=[2,] is in §/ n §;* = {0},
whence a = 0 and so K|, has rank d;, whence d5 < d,. Suppose d; < d,. Then
for some d,-vector I 5= 0, I*K,;, = 0, whence [}] is in $; N $;* = {0}. Then
I =0, a contradiction. Therefore d; = d,, and K, is a square invertible
matrix.

Since K, is a d; X d, matrix of rank d,, either d, = d; or there is a
dy X (dy — d,) matrix K,, whose columns are orthonormal such that K3,K,

= 0. Then
0 K
Kr Ky
is a (d, + d;) X d; matrix whose columns are orthonormal. There is a
(d, + d;) X d, matrix [’,2‘2 ] whose columns are orthonormal such that

K3l 0 Kll

Ky, Ky K
is unitary. Here Kj, is d, X d, and Kj, is d; X d,. In fact, both K;; and K,
have rank d, > 0. To see this, suppose that a is a dj)-vector such that

K,,a = 0. Then
K;, o =[ Ky« ]
K; 0

is in §{* N §; = {0}, whence a = 0 since [§}] has rank d,. Thus Kj;, has
rank d,. Since K$,K;, = 0, as a consequence of the unitarity of the large
partitioned matrix, we see that K, = K,,B for some nonsingular d, X d,
matrix B. As a further consequence of unitarity of the large matrix, we have

0 = K3K), + KK, = K31K;, + B*KD K,
whence

K3 = —K{'KHK ), B,

which is a nonsingular matrix.
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Now let (Z,, W) be the (2n) X n solution matrix of (4.23) such that
o, 0 0 O 0

0 0 kK, O
Zy(b) = n 4.25a
° 0 0 0 K, O (4:252)
0 00 0 I,
and
I, 0 0 0 0
Wob) =| o K, K, 0 0 (4.25b)
0 0 o0 0 o

4

Again, as in the proof of Theorem 2.1, we find that since (4.23) is discon-
jugate on [b, ), (Zy, Wy) is a self-conjugate solution of (4.23) with Z(r)
nonsingular on some terminal subinterval {¢, o) C (b, o).

We again define S(7) for 1 > ¢ by S(¢) = W(£)Z;'(¢), and observe that S
is hermitian and satisfies (4.16) for ¢ < e < . As before, we find that either
W(?) is nonsingular on some terminal subinterval of [c, 0), or for some
e » ¢ and some constant unit vector 7, n*[— S'(f)]n = 0 a.e. on [e, ). Then
7*Q,n = 0 a.e. on [e, ), whence

-

for vectors n; and 7, of dimension d; and d,, respectively. Furthermore,
7*SG,Sn = 0 a.e. on [e, o). From (4.23), (4.24b), and (4.25b), we see that

I, 0 0 0 0

0 kK, 0 0 0
W31 W32 W33 W34 W3S
W41 W42 W43 W“ W45

Wy(s) = (4.26)

for all ¢ > b, whence n* W(t) = (9§, 13 K3;, 0) = pu*, where

"
)
0

and g, = n,, p, = K3 n,. Since 9 is a unit vector and K, is nonsingular, p is
nonzero. Then

0 =7*SG,Sn = p*Z;'G,Z§'n ae.on[e, ).
Let x(7) be defined by

p=

k(1) = Z§7(O)m (4.27)
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for ¢t > e. Then G,(9)k(f) =0 a.e. on [e, ) and « is absolutely continuous
there, with x'(f) = — Z$ 'W3G,x = 0 a.e. on [e, o). Thus, « is constant on
[e, o0) and we must have

0

Ky 0 |r14q
k=lk, 0 [az]

0 I,

for some vectors a; and a, of dimension d, and d,, respectively. Since p is
nonzero and Zy(¢) is nonsingular on [e, «), x and a = [!] are also nonzero.
Combining these results we find that the function ¢(7) defined on [a, o) by

0 0
. K, O a
#0=rk-230 g, o ||a] (428)
0 I,
is absolutely continuous on [a, c0) with
0 0]
, K, O o,
(1) = - W35G, K, O [az]EO a.e. on [ b, x0),
0 I,

and that ¢(¢) = 0 on [e, o). (Recall that the constant vector represented by
the product of the expressions in brackets is annihilated identically on [5, o)
by G, since b was chosen so that k(G; #) = dim §, for 7 in [b, 0).) This
implies that ¢(¢) = 0 on {b, ), and for ¢+ = b we have

* K, © a, 0
p=|r|=20) k. o [a2]= a |.
0 a

0 Id‘

However, [1!] and [3!] are d, + d, and d, + d, dimensional nonzero vectors,
with d, + dy, + 2d, < n. This is a contradiction. Consequently W(r) is
nonsingular on some terminal interval, and the corresponding solution
(Xo Yo) = (AZy, AW of (4.1) is self-conjugate with both members nonsin-
gular on some terminal subinterval. This completes the proof of the theorem.
O

Let (X, Y) be a self-conjugate solution of (4.1) such that X(7) is nonsingu-
lar on some terminal interval [a, o0) C J, and suppose that G(¢) > 0 a.e. on
[a, o0). Then (X, Y) will be called a principal solution of (4.1) if there is a
point b € [a, o) such that ([6], [7]
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)\,[j;‘ XU(s)G(s)X*'(s) ds] -0 ast—» 0. (4.29)

One can easily see that if (4.29) holds for one point b, € [a, o), then it holds
for any point b in [a, «). The solution (X, Y) will be called nonprincipal if
there is a point b € [a, ) such that

lim {A,,[ j; X (5)G(s)X*(s) ds]} < . (4.30)

1=>00

The following lemma follows as an application of the transformation
discussed in §2.
LeMMa 4.2. Let G(t), Q(t), and Q(&) be hermitian n X n complex matrices in
£(J), and suppose that (X, Y,) is a self-conjugate solution of
X'=GY, Y =-0QX (4.31)

such that X(?) is nonsingular on [a, 00) C J. Let t be restricted to [a, o) and
let the system

X' = GY, Y =-~(Qp+ Q)X (4.32)
be transformed by
X =X,Z, Y =Y,Z + X3'W. (4.33)
Then the resulting system in (Z, W) is given by
zZ' = G,W, W =-0,Z, (4.34)
where
G, = X;'GXx37, (4.35a)
and
0, = X30X,. (4.35b)

Furthermore, the following hold:

(i) Gy(¢) and Q\(1) are hermitian matrices in £(J) and have the same number
of positive eigenvalues at t € [a, o) as do G(t) and Q(t), respectively; and G,
and G have the same degree of degeneracy.

(ii) System (4.32) is nonoscillatory iff (4.34) is nonoscillatory. If (X, Y) and
(Z, W) are corresponding solutions of (4.32) and (4.34), respectively, on [a, ),
then X(?) is singular iff Z(¢) is singular. (X, Y) is self-conjugate iff (Z, W) is
self-conjugate. If G(t) > 0 a.e. on [a, »), then (X, Y) is principal or nonprin-
cipal iff (Z, W) is principal or nonprincipal, respectively.

Proor. We shall only verify that G and G, have the same degree of
degeneracy. The rest of the proof follows directly from the properties of the

transformation discussed in §2 and the definitions.
Suppose G(f)n =0 a.e. on [c, ) C [a, ©), where 5 is some constant
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vector. Then (0, n) is a vector solution of (4.32) on [c, o), and (O, ) is a
solution of (4.34) on [c, ), where p = X§(#)7. Differentiation of p yields
that p’ = Y$Gn = 0 a.e. on [c, ). Therefore p is constant, and Gy(Hu =0
a.e. on [¢, o). Conversely, if for some constant vector p we have G,(H)u =0
a.e. on [c, ), then 7 = X3 'u is a constant on [c, ) and G()n =0 a.e.
there. Recall that k(G; s) is the dimension of the space of constant vectors 3
such that G(r)n = 0 a.e. on [s, o0). Since X() is nonsingular on [a, «), we
see that k(G; s) = k(G,; s) for s > a. In particular, as s — co we see that the
two functions have the same limiting value, which is the degree of degener-

acy. [
LeEMMA 4.3. Let G(t) » 0 a.e. and suppose that (4.1) is nonoscillatory. Then G
is nondegenerate if and only if there exists a principal solution of (4.1).

Proor. Since (4.1) is nonoscillatory it is disconjugate on some terminal
subinterval of J, and by Theorem 2.1 there is a self-conjugate solution
(X, Yy) of (4.1) such that X(¢) is nonsingular on some terminal subinterval
[a, o) C J. If we transform (4.1) by

X=X2Z, Y=Y Z+X'W (4.36)
for ¢ € [a, o), according to Lemma 4.2 we obtain a reduced system
Z'=G\W, W’ =0, (437)
where G, = X;'GX3™'. According to Lemma 4.2 it suffices to consider a
system of the form (4.37).

Suppose that G, is nondegenerate. Let
t
Zy(t) =1+ f Gy(s) ds. (4.38)
a

Then Z,(¢) is hermitian and positive definite on [a, »), and (Z,, I) is a
self-conjugate solution of (4.37). For each b € [a, o) there is a ¢ > b such
that

fb "Gy(s)ds >0
so that
Zy(1) = Zy(8) = [ Gy(s) ds > 0.
b
Then Z,(f) > Zy(b), and Z;'(b) > Z7\(2). Let
7o = lim Z3'(o). (4.39)

Then Z3'(f) > 7, > Oforall ¢ > a, and
Zi'(t) — m > 0 fort €[ a, x). (4.40)

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



28 C. H. RASMUSSEN

Now
(Z'() = = (27'6,Z3") = - (23'G,.Z%™)
so that Zy!G,Z% is integrable on [a, c0) (this implies that (Z,, I) is
nonprincipal), and defining ¥(7) by
F(1) = [~ Zi)6\(5)Z¥(s) ds (441)
4

we see that
F)=-[Z3'()]7 = ZZN (D) — 7w > 0
fort > a, and $(#) - 0 as t - oo. Define Z,(7) by
Z,(t) = Zy()%(1) = I — Zy(D)7,. (4.42)
Then (Z,, —m,) is a self-conjugate solution of (4.37) such that Z(r) is
nonsingular on [a, o), and
Z7'6,Z7" = F'27'6, 237 = —F'FF! = (F).
Then
) " Z7(5)Gy(5)Z2 N (s) ds = F(e) — F(b) > 0
b

for ¢t > b and all its eigenvalues are unbounded since (1) -0 as ¢t — co.
Thus (Z,, — ) is a principal solution of (4.37).

Now suppose conversely that (Z,, W,) is a self-conjugate solution of (4.37)

such that Z (?) in nonsingular on some subinterval [, «0) C [a, ©0), and that
(Z,, W,) is principal. Let (4.37) be transformed by

Z=2ZU, wW=wU-+ Z;"V (443)
for t € [b, o0), and by Lemma 4.2 we obtain the system
U =GV V=0 (4.44)

where G, = Z;'GIZ;“. Since (Z,, W,) is a principal solution of (4.37),
)\,[f’Gz(s)ds]»oo ast— 0.
b

This implies that G, is nondegenerate, since if G,(f)y =0 a.e. on some
subinterval [¢, o0) C [b, o0) for some constant unit vector 7, then

"I‘fb’Gz(s)ds'n = n‘fchz(s)ds'n,
and
A,iJ;t Gy(s) ds] < n'(j;c Gy(s) ds)'q < o

for all ¢t > b. By Lemma 4.2, since G, is nondegenerate, G, is nondegenerate.
The lemma is proved. [
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If H and K are n X n hermitian positive semidefinite matrices, then HK
has the same eigenvalues as L = H'/2KH'/?, where H'/? is the hermitian
positive semidefinite square root of H [5]. This follows from the fact that if 4
and B are arbitrary n X n complex matrices, AB has the same eigenvalues as
BA. Taking 4 = H'/?> and B = H'/%K the above statement follows. Since L
is hermitian positive semidefinite, it has nonnegative real eigenvalues in which
case so does HK. Then A [L] = A [HK], 1 < » < n. This is the sense in which
(4.492) and (4.50a) following are to be interpreted.

THEOREM 4.2. Let G(t) » 0 and Q(f) > 0 a.e. on [a, 0) C J. Define
matrices X,(1), Yn(?), o and 7, by

Xu() =1+ " G(s) ds. (4.452)
Yy() =1+ ‘o(s)as, t>a (4.45b)
m = lim X;(2) (4.462)

m = lim Yi). (4.46b)

(i) If (4.1) is nonoscillatory, then
];°° I(Z = meXn (s))Q(s)I — Xy(s)mo)]| ds < oo, (4.47a)

f, P = 7 Y (s)G(s)I = Yy(s)m) ds < oo, (4.47b)

and
(null 7) L (null ). (4.47¢)

(ii) If (4.1) is nonoscillatory and, in addition, G(t) is nondegenerate, then
I — Xy (t)ymy is nonsingular on {a, o). Let matrices 8,(t) and 2(t) fora < b <
t be defined by

8u(1) = [T ~ Xy ()mo) G ~ moXy(s)) ' s, (4483)

2() = [ 7U ~ mXy()QNU ~ Xp(s)m) ds. (4.480)
Then for some b > a we have
Al (02(0] <1, (4.492)
and
A8 [2] < 1 (4.49b)
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Jort > band 1 < v < n. Furthermore,

lim sup (A,[6,(1)2(1)]) < 1, (4.50a)
and -
ﬁ?ls;lp()‘”“_'[ (I [2(n0]) <1 (4.50b)
for1 <v <n.

(iii) If (4.1) is nonoscillatory and, in addition, Q is nondegenerate, then the
conclusion of (ii) holds with G, Xy, and m, interchanged with Q, Yy, and =,
respectively.

PrOOF. According to Theorem 4.1, system (4.1) is nonoscillatory iff its
reciprocal (4.2) is nonoscillatory. Therefore, it will suffice to establish (4.47a)
and (4.47¢) of (i) and the conclusion of (ii). The remainder of the theorem will
follow from these by applying them to the reciprocal system (4.2).

We shall prove the theorem in three parts. Initially, suppose that (4.1) is
nonoscillatory and that

)\,[ftG(s)ds]—»oo ast — oo.

(The latter condition implies that G is nondegenerate.) According to Theorem
4.1 there exists a self-conjugate solution (X, Y,) of (4.1) such that both
members are nonsingular on some terminal subinterval [b, ) C [a, o).
Furthermore, for

S(t) = Yo()X5'(t), t>0b,

we see that S(7) is hermitian and nonsingular on [, ), and that S and S~!
satisfy (4.3) and (4.4), respectively, on [b, cc\. Then

s = sy = [ "G dt + J, ‘SRS dE (a51)

for t > b. Since the second integral term is positive semidefinite, we have
(1) - $78) > [ G@as
b
and since

A,M'G(g)dg]_,oo as £ — o0

we see that S7)(¢) and S(¢) are positive definite on [b, o), and S(t)—>0 as
t - oo. Furthermore, S(¢) satisfies

S(b) > s(6) - s = | ‘0@ dt + J, ‘SOGHS® 4, (4.52)
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and since Q(f) > 0 and S(1)G(#)S(?) > 0, this implies that ||Q(#))] and
1S(HG(£)S(?)|| are integrable on [b, =), whence

S(t) = f " o@®dt+ f “S@G®)SE®) dt (4.53)

for £ > b. In the case being considered, since the eigenvalues of [, G(§) d£ are
all unbounded, 7, = 0. Since [*Q(§) d{ exists, 7, is nonsingular. This estab-
lishes (4.47a) and (4.47c) for this case, and also establishes the corollary
immediately following this theorem.

Equations (4.53) and (4.51) yield

S(1) > f, *0dt =)

and
S-(z) — S7'(b) > j; "G dt = 8,().
Thus '
Se) > S7Ub) + 8,(F) > S(b) > 0,
SO

(S7(B) + 8,()) ™" > S(r) > 2(t) fort > b, (4.54)

Then A[2(9)] < 1/{Ap41-,[S7'(B) + 8,()]}, and since A,[8,(r) + S~'(b)] >
AlS, (D] forall » = 1,2, ..., n, this establishes (4.49b). Also, from (4.54) we
have
1> (57(b) + 8,(0))'*2(:)(S'(B) + §,(1)"?

which yields

1> A[(S7(8) + 8,(9)'°2)(S7(B) + 8,(1))"]
A[2V3(0)(S7'(b) + 8,(1)2'/%(1)]
A[27%(0)sTH(B)2'73(1) + 27%(1)8,(1)8'/%(1) ]
> A[2V%(1)8,()N2V4(1)] = A[8,(D2(D)]

for 1 < » < n. This establishes (4.49a).
To establish (4.50), we note that

a a1 ] e ae _ b t
R OER) (b)+fb G dt = S7\(b) faGd§+j;Gd§

=G,(1) + (S7'(b) — 8,(b)) >0 fort >b.

(6a(1) + ST (b) — 6,(8)) " > S(r) > 2(r) fort>b, (455
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and this implies that
A[2(0] < 1/ {As1o,[8a(2) — 8.(8) + S7'(B)]}
Since
A[8.() = 6,(6) + S7(®)] > A[8.(0)] ~[8.(6) — 57®)],
we see that

13 A[20]A041-,[8.(0] = [18.(8) = S7(B)])
and since A,[2(#)] - 0 as f — oo, this establishes (4.50b). Equation (4.50a) is
established by a similar argument.

In the next part of the proof we shall relax the hypothesis on G(r),
supposing only that it is nondegenerate. Let X, (7) be defined as in (4.45a).
Then as in the proof of Lemma 4.3, we see that (X, I) is a self-conjugate,
nonprincipal solution of

X' = GY, Y’ =0, (4.56)
where X, (?) is nonsingular on [a, o). Furthermore, if we define X, (1) by
X, (1) = I — Xy(t)mo, (4.57)

we see, as in Lemma 4.3, that (X, — 7,) is a principal, self-conjugate solution
of (4.56) such that X,(¢) is also nonsingular on [a, ). Let (4.1) be trans-

formed by
X=X2z, Y= —n,Z + X}'W. (4.58)
Applying Lemma 4.2 we see that the resulting system
Z' = G,Ww, W=-0,2, (4.59)

where G, = X,'GX?™' and Q, = X} QX,, is nonoscillatory; and G,(z) > 0
and Q,(¢) > O a.e. on [a, ®), G, is nondegenerate, and

}\,[fatG,(g)dg]—)oo as £ — o0

since (X,, —m,) is principal. Therefore, the argument of the first part of the
proof applies to system (4.59), establishing (4.47a) and the conclusion of (ii).
In this third and final part of the proof, it remains only to establish (4.47a)
and (4.47¢) under the hypothesis that (4.1) is nonoscillatory. We shall first
establish (4.47a). Since the case in which G is nondegenerate has been treated,
we assume that m, the degree of degeneracy of G, is positive. Then there
exists an n X m matrix 4, whose columns form an orthonormal basis for the
space of degeneracy of G. Furthermore, G(f)4, = 0 a.e. in some subinterval
[b, ) C [a, ®). If m = n, then A, is nonsingular, G(¢) = 0 a.e. on [b, ),
and 7, = X;'(b). Then the integrand of (4.47a) is zero on [b, o). The integral
is therefore bounded, establishing (4.47a). This leaves the case 0 <m < n. In
this case, there is a matrix 4, such that 4 = [4,:4,] is unitary. Let (4.1) be
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transformed by U = 4*X and V = A*Y. The resulting system

U = GV, V' = -0Q,U, (4.60)
where G, = A*GA and Q, = A*QA, is also Hamiltonian and nonoscillatory.
Let G, and Q, be partitioned according to the partition of 4. Then for ¢ > b
we have

Gy(?) =[ Go“ 00 ] (4.61)

where 0,, is the m X m zero matrix, and G,; is an (n —m) X (n — m)
nondegenerate, hermitian matrix.

Since (4.1) is nonoscillatory, there is a self-conjugate solution (X, Yy of
(4.1) such that Xy(#) is nonsingular on some terminal interval {d, o) C
[b, o0). Let (U, V) be the corresponding solution of (4.60). Let U and ¥ in
(4.60) be partitioned according to the partition on G,. Then

Un Up
U= ,
[ Uy Up

and for ¢ > b we see that U,, and U,, are constant for any solution (U, V) of
(4.60). In particular, since Uy(¢) is nonsingular on [d, o) C [b, o), there is a
nonsingular matrix B such that

0 I

Z Z
U0B=Zo=[ On °'=] on [d, ). 4.62)

Thus (Z,, Wy) = (U, Vo)B is a self-conjugate solution of (4.60) such that
det Zy(7) = det Z,, (?) is nonzero on [d, ). In fact (Z, , W, ) is a solution
of

Z), =G, Wy, Wi = —0uZy, (4.63)

where (Z,, , W, ) is self-conjugate on [d, ) since (Zy, W)) is. Since G,, and
Q,, are positive semidefinite and G, is nondegenerate, the argument of the
second part applies to system (4.63).

Let

Zy() =1+ [ Gydg Py=lim Z3(1)
and Z,(1) = I — Z\()P,. Then we have
[712:©2u®2,®) 4t < . (464)

Let X (?) be defined as in (4.45a), and for ¢ > d we have

» _|2Zv(®) C
A* Xy (1)A [ p D]’
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where C = [¢ G,, d§,and D = I + (¢ G,, d{is nonsingular. Then
A*moA

tl_i)n; [4*X5'(n4]
Z3@[1+ c(p - coz () Cc*Z ()]
1> — (D - C*Z(HC) ' C*Z3\(r)
-z7(ne(p - c*zz7\(nc)™
(p - c*zi(c)”

[ Po[ I+ CEC*P,] —PoCE
N —EC*P, E

where E = (D — C*P,C)™". This yields
AT = Xy()m)A = I — (A* Xy (DAY A*m ) =[ SOE HOK ]
where H = I + CEC*P,and K = — CE. Therefore

o7 _ _[ H* o] ZronwZ, 0 [H K

AYI = moXy)Q(I — Xymo)A [ K* 0 0 ollo o
and since A is unitary and || Z}(#)Q,,(£)Z,(?)]| is integrable on [a, o0) by
(4.64), we see that ||(I — woXN(1) QNI — X\ (£)7y)| is integrable on [a, o0).
This establishes (4.47a)

To establish (4.47c¢), let X, (), Yy(2), 7y, and o, be defined as in (4.45) and
(4.46). Then Y,(f) is hermitian, positive definite, and has nondecreasing
eigenvalues. If either 7, or 7, is nonsingular, then (4.47c) holds. Suppose both
are singular, and that £ and % are in null 7, and null #,, respectively. Then
7ot = 0 and 7,n = 0. With (4.47a) this implies that

§*0(0)¢ = £*(I — meXy) QI — Xpmo)
is integrable on [a, o), whence £* Y, (7)¢ is uniformly bounded there, say by
K > 0. Since
g = 1Y) Yy V(0
the Cauchy-Schwartz inequality yields
|g*al* < (€ Yn()E)(n* Yi'(D)n) < K(n* Y3'(£)m)
for all # > a, and since
Lim (7*Y5'(1)n) = n*mn =0,

we see that £*n = 0. This establishes (4.47c) and completes the proof of the
theorem. []
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An immediate corollary to the first part of the proof of this theorem is the
following.

COROLLARY 4.1. Let G(¢) > 0 and Q(t) > 0 a.e. in [a, o) C J and suppose
that

}\l[ftG(s)ds]—)oo ast— oo.

Then (4.1) is nonoscillatory if and only if Q(t) is integrable on [a, o) and there
exists an absolutely continuous, hermitian [ positive definite] matrix S(t) such
that on some terminal subinterval of [a, o), S(t)G(t)S(?) is integrable and S(1)
satisfies (4.53) there.

This extends a result of Ahlbrandt (Theorem 3.2 of [2]) in that it does not
require Q to be nondegenerate, and it therefore resolves a question posed by
that author [2).

If we consider Theorem 4.2 from the standpoint of testing for oscillation,
we see that (4.47a) implies (4.47c). Also, the case » = n of (4.49a) implies the
rest of (4.49) and (4.50). Therefore, increasingly stronger tests are provided by
(4.47c), (4.47a), and (4.50a) with » = n. To see that these provide strictly
stronger necessary conditions for nonoscillation, but that (4.50a) does not
provide a sufficient condition for nonoscillation, consider the following
oscillatory systems

x =%l  y=—t"Al 1<k<4 t>1, (4.65.k)

where (a,, 8) is (0,0), (—3, —3), (=3, —3), and (=1, - fork =1,2,3,
and 4, respectively. System (4.65.1) fails (4.47c). System (4.65.2) satisfies
(4.47¢) but fails (4.47a). System (4.65.3) satisfies (4.47a) but fails (4.50a).
System (4.65.4) satisfies even (4.50a), yet it is oscillatory.

The necessary condition for nonoscillation expressed by (4.47c) is equiv-
alent to a result of Tomastik [16], which is proved for G and Q positive
definite. Theorem 4.2 therefore extends this result and presents a more
algebraic proof as opposed to the geometric proof in that paper. The theorem
also extends results of Ahlbrandt [1], which are established under the addi-
tional hypothesis that

)\I[L‘G(g)dg]—)oo ast— 0.

For example, system (4.1) for

G(1) =[ t'(')/" 1_2/4] (4.66a)
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and

_|t™% o
(1) —[ o ] (4.66b)
is oscillatory since (4.47a) is not satisfied, yet the results of neither [16] nor [1]
apply to indicate this, since

0 0 1 9
'”0=0% and'rr,=(5)0,

so that null 7 and null 7, are spanned by {[}]} and {[%]}, respectively, and are
therefore orthogonal, and

"1{ [ 6@ dg] — 41 — V4

is uniformly bounded on [1, o0).

We shall precede the next theorem by some preliminary remarks. Suppose
Q(?) is hermitian on J and is in £(J/). Then there exists a hermitian matrix
R(t) > 0 on J with R(?) in £(J) and R?*(f) = Q*(f) on J. That is, R is the
positive semidefinite “square root” of Q%(#) > 0 on J. Let Q_(¢) and Q_(¥)
be defined on J by

0.(1) =[R(1) + Q()]/2 (4672)
and
Q_(1)=[R(1) - 2(]/2. (4.67b)
Then Q, R, Q.,, and Q_ are similar matrices for all ¢ in J. R(9), O .(¢), and
Q_(?) are positive semidefinite on J and are in £(J). Fix 1 € J. The
eigenvalues of Q(7) are real. The eigenvalues of R(7) are |[A[Q(?)]|, where
A[Q(D), 1 € ¥ < n, are the eigenvalues of Q(#). The positive eigenvalues of
Q. () are the positive eigenvalues of Q(¢). The positive eigenvalues of Q_(?)
are the positive eigenvalues of — Q(?). In this sense, Q@ () and Q_(?) are the
“positive” and “negative” parts of Q(7), and
2()=0.()—-02.(1) (4.68)
for all 1 € J. The decomposition (4.68) is minimal in the sense that if 4(¢)
and B(¢) are hermitian with A(¢) > 0 and B(¢) > O a.e.onJ, and
(1) = A(1) — B(1), (4.69)
then 4(¢) > Q,(Hand B(t) > Q_(¥) a.e.onJ.

We shall also use the fact that if G(¢) > 0 and Q(¢) < O a.e. on [a, ) C J,
then (4.1) is disconjugate on [a, o). The following theorem applies Lemma
4.2 to extend Theorem 4.2 to apply to (4.1) when Q(¢) is not necessarily
positive semidefinite.
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THEOREM 4.3. Let G(t) » Oa.e.on[c, ) C J. Let

(1) = Qi(1) — 2,(2) (4.70)
be a decomposition of Q such that Q, and Q, are hermitian matrices in £(J),
and Qy(f) > 0 and Q,(t) > 0 a.e. on [c, w0). Let (X, Y,) be a self-conjugate
solution of

X' = GY, Y = 0,X (4.71)
siwh that X(t) is nonsingular on some interval [a, ) C [¢, o). Let é(t) and
Q(t) be defined for t > a by

G(1) = X ()G(X3(2) (4.72a)

and
0(1) = X3()Qi()Xo(2). (4.72b)

Define Xy(0), Yy(1), mg, and w, by

Xu() =1+ " 6(s) ds, (4.73a)
Yy =1+ “O(s) ds, (4.73b)

and
T = ,liﬂlo X7\(1), (4.74a)
m = lim Y3(r). (4.74b)

(i) If (4.1) is nonoscillatory, then
I = X NOEHT - Xls)m] ds < 0, (4750)

STI = m B - Yum)| ds < 0, (4T50)

and
(null 7p) L (null 7,). (4.75¢)

(i) If (4.1) is nonoscillatory and, in addition, G(1) is nondegenerate, then
I — X,(t)m, is nonsingular on [a, o). Let matrices 8,(?) and 2(t) fora < b <
¢ be defined by

80 = [ = Xy()) " 6(s)I ~ moXu (o) &5 (4763)

9(s) = [ U - woXy ()OI — Xy(s)m) ds.  (4.76b)
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Then for some b > a we have

A8 (02(0] < 1, (4.772)
and
M= [Ss(DIN[2(D] <1 fort > band1 <v <n.  (4.77b)
Furthermore,
lim sup (A,[S,(1)2(1)]) < 1 (4.78a)
and

lim sup (A 1, [ S (D IA[2(D]) < 1 for 1< w<n  (478b)

(iii) If (4.1) is nonoscillatory and, in addition, Q is nondegenerate, then the
conclusion of (ii) holds with G, Xy, and w, interchanged with Q, Yy, and =,
respectively.

ProOF. Since (4.71) is disconjugate on [c, o), there exists a self-conjugate

solution (X, Y,) such that X,(¢) is nonsingular on some terminal subinterval
[a, ©) C [¢, ), as hypothesized. Transforming (4.1) by

X = X,Z, Y=Y,Z+ X3'W, t>a, (4.79)
and applying Lemma 4.2, we obtain the system
Z'=6w, WwW=-0z (4.80)

where G and Q are given by (4.72). System (4.80) is nonoscillatory, @(t) >0
and Q(t) > 0 a.e. on [a, 0), and Gis nondegenerate iff G is nondegenerate.
The conclusion now follows by applying Theorem 4.2 to (4.80). [

Theorems 4.2 and 4.3 established necessary conditions for nonoscillation.
The next two theorems establish sufficient conditions for nonoscillation.

THEOREM 4.4. Let G(¢) > 0 for almost all t in J and let G(¢) and Q(¢) satisfy
the hypothesis of Theorem 3.1 or Theorem 3.2. Then (4.1) is nonoscillatory.

PrROOF. In either case there is a solution (X, Y,) of (4.1) such that
Xo(#) = I and Y(t) - 0 as ¢t - co. Thus X§(r) Yy(#) - 0, which implies that
(Xo» Yo) is self-conjugate. Clearly, X,(¢) is nonsingular on some terminal
subinterval [a, o0) C J, and by Theorem 2.2 the system is nonoscillatory. [J

Suppose G(¢) and Q(¢) are n X n hermitian matrices in £(J) and that
G(1) 2 0, and Q(r) > 0 a.e. on [a, o0) C J. Suppose, also, that [°||Q(s)|| ds
< 00. Let §(7) and 2(¢) be defined by

(1) = j; " G(s) ds (4.81)

and

9(r) = f, * 0(s) ds. (4.81b)
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An integration by parts yields
fa " G(5)2(s) ds = 8(H)2(r) + fa " 8(5)0(s) ds (4.822)
and
[ 60 [ o@atds = [ 8(:)005) as (4.82b)

Recall that if H and K are n X n, hermitian, positive semidefinite matrices,
then HK has real nonnegative eigenvalues. Therefore, trace[HK] > 0.
Suppose that

lim f [8()Q(s)] ds f " u[8(s)Q(s)] ds < 0. (4.83)
Then applying (4.82b) we see that

lim a' u[ G(s) f §J6) d&} ds = f " tr[G(s) f G ds] ds

-/ ” [ G(s)2(s)] ds
= [T u[8(:)0()] & <
also. Thus (4.83) implies that a
lm f "] 6(s)2(s)] ds = [T 62 s <0, (439)

and that
fa ” tr[ G(s)2(s)] ds = f " t[8(s)Q(s)] ds. (4.85)
Furthermore, applying this to (4.82a) yields
lim t[8()2(1)] = 0. (4.86)

On the other hand, suppose that (4.84) holds. Then since f* tr{S (s)Q(s)] ds
is an increasing function, and tr{§ (£)2(?)] > 0, (4.82a) implies that (4.83)
holds, since

];  u[G(s)2(s)] ds > w[8(D2()] + f "4[8(s)0(s)] ds
f [8(s)Q(s)] ds forall? > a.

This in turn implies (4.85) and (4.86) again. These remarks establish all but
(ii)(b) of the following theorem.
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THEOREM 4.5. Let G(¢) » 0 and Q(t) > 0 a.e. on [a, o) C J, and suppose
that

[r1een s < . (487)

Then
(i) (4.83) holds if and only if (4.84) holds.
(ii) If either (4.83) or (4.84) holds, then
(a) (4.85) and (4.86) hold, and
(b) (4.1) and (4.2) are nonoscillatory.

Before proceeding with the proof, let us compare these last two theorems.
Theorem 4.5 assumes that Q(7) is positive semidefinite as well as G(2).
However, the remaining part of the hypothesis is weaker than that of
Theorem 4.4. In fact, provided both are positive semidefinite, then the
hypothesis of Theorem 3.1 implies that (4.84) holds and the hypothesis of
Theorem 3.2 implies that (4.83) holds. Therefore, as a test for nonoscillation
of (4.1) with both G and Q positive semidefinite, Theorem 4.5 is stronger than

Theorem 4.4.
To see that the test is strictly stronger in this case, consider system (4.1)
where
£ 2lelnt +2]" 0
G() = . (4.88a)
0 1/22[qlnt + 2]
and
_ t—l—e 0
(1) —[ 0 - ] (4.88b)
where 0 <e <%/2 < land¢ > 1. Then
t e/2 Int 0
8(t)=[ G(s)as=|* . 4.892)
) fn (<) [ ] t"21n t] (

Since [|Q(#)|| = ¢! 7" is integrable on [1, o), Q satisfies the first parts of the
hypotheses of both theorems, and

) = f, ® 0(s) ds =[”";_ n"(:"'}' (4.89b)
Since neither
18| |2(DO) = (n £)et—=+/2 (4.902)
nor
IGON 12(0)]| = 2[ 2 In ¢ + 2¢]7 ¢} 3/ (4.90b)
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is integrable on [1, o0). Theorem 4.4 does not indicate nonoscillation. How-

ever, since

tr[8()Q(1)] = (I e)(r71 742 + 1772 (4.91)
is integrable on [1, o), Theorem 4.5 indicates that the system is nonoscilla-
tory.

PROOF OF THEOREM 4.5. In view of Theorem 4.1 and the remarks preceding
the statement of the theorem, it will suffice to show that equation (4.4) has a
hermitian, positive definite solution on some terminal subinterval of J.

The hypothesis implies that [ trf(7 + §(s))Q(s)] ds is uniformly bounded
on [a, o). Then

MU+ 8(1)Q(0)] = M + 8() Q) + 8(2)'/*]

=||(Z + §(£)'*Q(e)(I + 8(2))'7?)
is integrable on [a, o). Let 1 be a real number greater than 2, and let b5 > a
be large enough so that

fb TN+ () QNI + 8(s) 2 ds < 1—2/n.  (492)

We shall complete the proof by showing that
S@) =1+ [ 6@ dt+ [ S@Q®SE ds (4.93)

b b

has an absolutely continuous, hermitian, positive definite solution on [b, o).
Define I'(¢) for ¢t > b by

T(5) = I + fb ‘G at. (4.94)

T is hermitian, positive definite, and absolutely continuous with nondecreas-
ing eigenvalues on [b, o0). Let (4.93) be transformed by

R(t) = TV()S()T /%), (4.95)
which yields the equivalent integral equation
4
R(t) = 1+ [ TV(0)IV(s)
b

X [ R(s)T'/*(s)Q(s)TV/2(s)R(s) [TVA(s)T =1 /*(s) ds.  (4.96)

It will suffice to show that (4.96) has an absolutely continuous, hermitian,
positive definite solution on [b, o).
Define w(?) on [b, o) by

o) = [ [TVH5)Q()T(s)| ds. (4.97)
b
Let A, B, and C be hermitian matrices with 4 > 0 and B > C > 0. Then for
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1 > » > n we have
A[BA] = A[A'?BA'?] = \[AV*(C + (B — C))A'/?]
=A\[4Y2CA'2 + AVH(B — C)A'?] > A[4'/7%CA'?] = A [ CA].
Then fora < b < ¢,

1+8@) =1+ [' 6@ as+ [ 6@ at

=1 + [ 6(¢) dt > T(),

and inequality (4.92) combined with the definition of w(r) given by (4.97)
yields

w(?) < elixg W) <1-2/9<1 foralltin [b, o). (4.98)
Also, fort > s » b, I'(¢) » I(s), and
T 2T ()| = A [T/ATHDTVX(s)] = A [T()T-()]
SA[TOT()] =A[1] =1,

yielding
||I‘"/ (HrY/ ()= ||I"/ (s)r-v < 1. (4.99)
Consider the sequence { R ()}, defined inductively by
Ry(t) =1 (4.100a)
and forv > 0,

Ro()=1+f " TV (s)
X [R, (s)T/*(s)Q(s)T*(s)R,(s) TV*(£) ds.  (4.100b)

Then [|Ry(D)|| = 1, R, is absolutely continuous, hermitian, and positive defi-
nite on [b, c0). Suppose R,(7), 0 < » < n—1, have been shown to be well
defined, absolutely continuous, hermitian, and positive definite on {b, o),
with

IR, ()] < 1/(1 — «(2)) forz €[b, o). (4.101)
Then for » = n — 1 in the integrand on the right-hand side of (4.100b) we see
that the integrand is norm bounded by «'/(1 — w)* = (1/(1 — w))’ uniformly
for ¢ in [b, o), whence the integral converges absolutely as ¢ — co. Therefore,

R, is well defined, absolutely continuous, hermitian, and positive definite on
[b, oc), and

IR < 1 +[1——1_w(5]" =1——1‘.§(T)’

Ss=b
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whence by induction the sequence is well defined, each member is absolutely
continuous and positive definite and bounded by (4.101) on [b, ).

Define A, () by
A1) =R —-R_(1), »>1 (4.102)
Then ||A,(7)]] € (?) < n(?) for ¢ in [b, o0). Suppose that it has been shown
that
14, ()| < ("“’(’» 1<r<n—1 (4.103)
Then since

Ap+l(’) = R,_,_l(t) - Rr(’)
= [ TV s){[(R, ~ R)TV2QTVR,]
+[R_IV2QTVX(R, - R,_)])TV(s)I/2(1) ds,

we see that
O [ 20 @ < [ 2R (1)
217"_ n-1,
N P
= 2 (nw(2))" < (w)"
7’(1 - Q(W)) n! n!

where w(c0) = lim,_,, (§) < 1 — 2/7 by (4.98). By induction (4.103) holds
for all » > 1, and this implies that the sequence {R,} converges uniformly on
[b, o0) to a continuous limit R. Since the integrand on the right in (4.100b) is
norm bounded for almost all s in [b, o0) by w'(s)/(1 — «(s))?, uniformly for ¢
in [b, o), the Lebesgue Dominated Convergence Theorem allows us to let »
tend to oo in (4.100b) to get that R satisfies (4.96). R has the desired
properties, and the proof is complete. [

The following theorem provides partial converses to Theorems 3.1 and 3.2,
and it extends results of [14] which deal only with G(?) = 1.

THEOREM 4.6. Let G(#) and Q(¥) be nondegenerate and positive semidefinite
a.e. on[a, ) C J, with

A,[f' G(s)ds] —>® ast—soo. (4.104a)

a
Suppose that (4.1) has a self-conjugate solution (X4, Yo) such that
Xo(t) > 1 ast— oo. (4.104b)
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G) If either
7\,[ f " G) dﬁ] = o(;\l[ fa "G ds]), (4.1053)
or
A[e()] =0\[Q()]) aeast— oo, (4.105b)
then
fa °°" f, *G©) dg" 10(s)] &5 < oo. (4.105¢)
(i) If either
x,[ 7 e® ds] - O(Al[ [ e® ds]), (4.106a)
or
M[G()] = O\ [G(1)]) ae.ast— oo, (4.106b)
then
L1660 |7 o@de] 4 < . (4.1060)

Proor. Condition (4.104b) with Theorem 2.2 implies that (4.1) is nonoscil-
latory. Therefore, all three parts of the conclusion of Theorem 4.2 hold. In
particular, [7||Q|| d§ < 0. Furthermore, Xy(7) is nonsingular on some
terminal subinterval [, ) C [a, o), and S(?) defined by

S(1) = Yo(1)X5'(1) fort €[b, ) (4.107)

is hermitian and positive definite on [b, o0) and satisfies
S = 57@) + | "G dt + J, "ST®OQ®S ) dt  (4.108)

fort > b.
Let § (?) be defined by

8() = [ 6 at. (4.109)
An integration by parts of X; = GY, yields
Xo1) = Xo(b) = [ 6¥ydt = S(Y(0) + [ SOO@X ) ds.
Postmultiplication by X" and rearrangement yield
I-8()S(t) = [xo(b) + [ s©0@x® de]xo-'(r). @110)

Since all the terms on the right-hand side of (4.108) are positive semidefinite,
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we have S71(¢) > 8(¢) > O for ¢ > b, which implies that I > I — S1/28§51/2
> 0, and 0 < trace[7 — §(#)S()] < n for all ¢ € [b, o). Therefore, the trace
of the quantity on the right-hand side of (4.110) is nonnegative and bounded
uniformly by 7 on [b, ). Since X; () = I, Xo(b)X45'(¢) is norm bounded on
[b, o0), and this yields that

trace[ [ 8)0()xo()X51(2) ds“
b
is uniformly bounded on [b, ), say by K. Then

Real tr[ fb " 8()0(5) Xo(5)X5(2) ds‘]l (4.111)

K >

uniformly on [b, o0).
Since Xy(s)X5'(f) > I as s and 7 — oo, there is a matrix B such that
|| B(s, D)]| = 0 as s and ¢ — o0, and X(s)X,'(¢) = I + B(s, ). Furthermore,

|tr[6QB]| < n|SQB| < |8 | 2| ||B],
whence
Real tr[Q(s)Q(s)Xo(s)Xo‘l(t)] = Real tr[§(s) Q(s) + §(s)Q(s)B(s, )]
= tr[8(s)Q(s)] + Real tr[ §(s)Q(s)B(s, 1) ]
> u[8(s)Q(s)] = n|S ()] 2N [|BCs, D),

since the trace of G(s)Q(s) is real. If A and B are hermitian, positive
semidefinite matrices, then

M[4B] > A[AN1-,[B] forl<v<n.

Furthermore, (4.105) implies that there is an interval [d, o) C [c, ) and a
constant L > 0 such that either

M[S()] < IN[S()],
or
ALQ()] < LA[Q(f)] ae.fort €[d, ).

Therefore

€[6()Q(N] > M[S(DQMN] > A/DSO] 2]  (4.112)
for almost all ¢ > d. Let e > d be so large that ||B(s, ?)|| < 1/(2nL) for
s, t » e. Then for almost all 5, ¢ > e, we have

Real ] 8(:)Q()Xe(0)Xs ()] > I8N Q)N - 7l BCs. )

1
> s ISG 2@ > o.
This together with (4.111) yields (4.105c¢).
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Let (X, Y,) be the self-conjugate solution of (4.1) defined by

X,(0) = Xo(t)j: X5'(§)G()X*5'(¢) d¢ (4.113a)

Y0 = Yoo [ ‘X (OGEX®) dE + X3(1).  (4.113b)
Since X5'(¢) - I,

" [ x5i6xg" dgl} - o(" ['6 dg") as 1 — oo,
b b

Also, the hypothesis of Theorem 3.2 is satisfied, and so (3.12c) holds, whence
Y, (1)>1 ast-—»oo. (4.114)

Then Y,(?) is nonsingular on some interval [ 8, ) C [b, ®).
We define W(¢) fort > B by
w(t) = X,() YY) 4.115)

Then W(¢) is hermitian, positive definite on some subinterval [y, o0) C
[ B, o), and

W) = [ * odt+ f * woGw-dtfort >y.  (4.116)

t 4

Define 2(¢) by

20 = [ * 0at. (4.117)

t

Integration of ¥] = — QX by parts yields
V(1) = Ti(y) + 20X, - 2% - [ ‘296® Y@ s
and
I-2)W() = [ 1) - 20X - [ 20601/ dg] Yii(o).

(4.118)

From (4.116) we see that 0 < trace[] — 2(£) W(#)] < n uniformly on [y, o),
and since

(Y\(v) = 20X, (N YT'(0)
is norm bounded in ¢ uniformly on [y, o), we obtain

trace [ 2OGEO (O Y7(1) dg|< M (4.119)

for some positive constant M and all ¢ > y. The remaining part of the proof
of (ii) parallels that of (i) above. [J
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