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OSCILLATION OF SECOND ORDER DELAY 
AND ORDINARY DIFFERENTIAL EQUATION 

JÄN OHRISKA, Kosice 

(Received September 27, 1982) 

Let us consider the delay differential equation 

(1) u'Xt) + p{t) и{ф)} = 0 

and the ordinary differential equation 

(2) u'Xt) + p{t) u{t) = 0 , 

where p[t), т(?) are real-valued and continuous on [̂ ô  ^)- The following conditions 
are assumed to hold throughout the paper: 
(i) p[t) ^ 0, p{t) is not identically zero in any neighborhood of infinity, 

(ii) т(г) S t, Итт(г) = 00. 
f->oo 

We restrict our attention to those solutions of (l) which exist on some ray [b, coj 
where b ^ to and which are non-trivial in any neighborhood of infinity. Such a solu
tion is called oscillatory if it has arbitrarily large zeros. Otherwise the solution is 
caled nonoscillatory. An equation is called oscillatory if all its solutions are oscil
latory. 

The purpose of this paper is to present conditions which guarantee that the equa
tion (1) or (2) is oscillatory. 

It is clear that with a solution u{t) of (l) or (2) also — u(t) is its solution. This enables 
us to consider e.g. only positive nonoscillatory solutions of (Ij or (2). Further, by (ii), 
if u(t) is a nonoscillatory solution of (1) such that u(t) > 0 for t ^ t^ then there 
exists 2̂ ^ ti such that u[T(t)) > 0 for Г ^ 2̂ ̂ ^d we see from (1) and (i) that u"(t) ^ 
^ 0 for r ^ 2̂- It can be seen that u'(t) > 0 for t ^ tj- Likewise for equation (2) 
we obtain u'(t) > Ofor t ^ t^ if u{t) ^ 0 for Г ^ t^. 

We begin with two lemmas that will be useful in the proof of our main results. 

Lemma 1. Let u(t) e Cfj^^^ and let 

u{t) > 0 , u'{t) > 0 , u"(t) ^ 0 for t ^ T . 
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Then for each k^ e (0, 1) there is a T^^ ^ T such that 

u{T{t)) ^ /ci î ^ u{t) , t^T,^. 

Proof of Lemma 1 may be found in [2]. 

Lemma 2. Let u{t) e C r̂.c») <^nd let 

u{t) > 0 , u\t) > 0 , u"{t) йО for t ^ T . 

Then for each ki e (0, l) there is a T^^ ^ T such that 

U{t)^k2tu'{t), t'tT,^. 

Proof. Suppose that t > T. Then by the well-known Lagrange's theorem we have 

u{t) - u{T) = u'{s) {t - T) for some s e (T, t). 

From this identity, according to the assumptions of Lemma 2 we obtain 

(3) u{t)^u'{t}{t-T), 

Now for any /C2 e (0, l), К = 1/(1 - /C2) > 1, and for t ^ KT WQ have T S tJK. 
Then 

t - T^t - t]K = k2t for f à KT 

and from (3) we have 
u{t) ^ k2t u'{t) for r ^ Tfc2 ' 

where T],̂  = i^T. The proof is complete. 

The following notation will be used: 

y{t) = sup {s ^ 0̂ I Ф ) ^ 0 f̂ ^ t ^ to ' 

It IS clear that t ^ 7(f) and ^(^(rjj = t. 

Theorem 1. Let 
r°° T(X) 

(4) lim sup t p{x) -^-^ dx > 1 , 
f--oo J ^ X 

or 
Л00 

(5) Hm sup t p{x) dx > 1 . 

Then the equation (1) is oscillatory. 

Proof. If the conclusion is not true, then there exists a nonoscillatory solution u{t) 
of (1), e.g. suchthat u{t) > 0 and also г/(т(г)) > 0 for Г ^ fi ^ ô- Then u"(t) й 0 
and u'{t) > OfoY t ^ t^ and lim u'{t) ^ 0. 

f-*oo 
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Integrating the equation (1) from f to со (̂  ^ f j we have 
/ • 00 

(6) u'{t)^ p{x)u{T{x})dx, 

If k2 e (0, Ij, then according to Lemma 2 there exists a number 2̂ ^ t^ such that 
w(r) ^ /с2̂  w'(f) for f ^ 2̂- We may suppose without loss of generality that t2 > 0 
and then the inequality (6), by Lemma 2, yields 

Л00 

(7) u{t) ^ /С2̂  jf?(x) U{T{X')} dx , t ^ t2 . 

Now we shall proceed in the proof of the conditions (4) and (5) separately, 
a) Using Lemma 1 in (7) we obtain 

Г* T(X) 
u{t) ^ k^t p{x) - ^^ u{x) dx , t ^ t^ ^ t2 , 

it ^ 
where к = min {k^, k2]' Since the function u(t) is positive and increasing, it follows 
from the above inequality that 

(8) 1 ^ кЧ rp{x)^-^dx, t^t^. 
Jt ^ 

From (8) it follows that 

lim sup t p[x) -^-^ dx < 00 . 
f-«-oo Jf X 

If we put 

lim sup t p[x) -^-^ dx = a 

and suppose that (4) holds, then there exists a sequence of points {s^} such that 
lim 5̂  = 00 and 

hm 5̂  p[x) -^-^ dx = a > 1 . 
e-̂ oo J^^ X 

So for e = ^(a — 1) > 0 there exists a number Q such that for every ^ > g we have 

T(X) (9) - — = a - - — - < s, p(x)A-. 
2 2 Js, ^ 

dx . 

Now if we choose g > Q so that s^ ^ /3 and, moreover, numbers /c^, /c2 G (0, l) such 
that лУ(2/(д + Ij) < /с < 1, then (9) implies 

T(X) , 2 a + 1 . 
a + 1 2 

/c\f%(x)^dx> 
J . , ^ 

which contradicts (8). 
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b) Since y[t) ^ t, it follows from (7) that 

/»00 

u{t} ^ k2t р{х)и{т{х))а 
hit) 

X, t ^ t 2 . 

Because the function u(t) is increasing and т(х) ^ Г for x ^ y(t), the above inequality 
gives 

u{t) ^ /C2<u(() 1 p{x) dx , t ^ t2 
Jv (0 

or 

(10) 1 ^ k2t 

From (10) it follows that 

Ь = lim sup t 

î ^ t o . p{x) dx , 
J 7(0 

p{x) dx < 00 . 
y(0 

Suppose that (5) holds. Then similarly as above we again obtain a contradiction. This 
completes the proof. 

Theorem 2, Let 

/•00 / Г* \ 
(11) exp ( — ^ '^{^) pip^) dx I ds < 00 for some к e (0, 1) . 

Then the equation (1) is oscillatory. 

Proof. Let u(t) be a nonoscillatory solution of (l), e.g. such that u{t) > 0, u{i:{t)) > 
> 0 for t ^ t^ ^ tQ. Then u'{t) > 0 and u'\t) ^ 0 for Г ^ ^i, and by Lemmas 1 
and 2 we know that for any к e (0, l) there is Г2 ^ t^ such that for t ^ t2^Q have 

(12) м(т(^)) ^ /c T{t) i/'(r). 

Now, if we estimate u{T:(t)) m (l) by (12), we easily obtain that 

^ ^ ^ -kT{t)pit), t^t2, 

u{t) 

Integrating the above inequality from 2̂ to t (t ^ Г2) we have 

u'(t) ^ ^'(^2) exp ( — ^ 'T^{x) p{x) dx 
\ J t2 

Another integration from 3̂ to Г (̂  ^ Гз ^ ^2) yields 

u{t) й w(b) + "'(^2) exp I -/< т(х) p(x) dx | ds . 
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Since the condition (11) holds we see from the last inequality that the nonoscillatory 
solution u(t) of (1) is bounded. 

On the other hand, if the condition (U) is satisfied then J^ т(х) p(x) dx = oo and 
this is a sufficient condition for the oscillation of all bounded solutions of (1) (see 
e.g. [2], p. 51). This contradiction proves the theorem. 

R e m a r k 1. In [2], L. Erbe showed that the equation (l) is oscillatory if 

/» 00 

lim inf r I p(x)-^ dx > - . 
^ ^ X 4 

It is obvious that this sufficient condition for oscillation of the equation (1) is better 
than our condition (4) in the case when there exists 

lim t p{x)-^-^dx , 
t->oo Jt X 

however, in the opposite case it is not true in general. 

R e m a r k 2. Another sufficient condition for the oscillation of the equation (1) has 
been obtained by V. N. Sevelo and N. V. Varech in [4]. They proved that such 
condition is 

Г bitjY"" p{t)dt = 00 , 0 < 8 ^ 1 . 

We can show that Theorem 1 or 2 cannot be covered by this result. Namely, if we 
put т(г) = r/2 and p{t) = 3/r^ then the conditions (4), (5) and (11) for к > 2\Ъ are 
satisfied but 

Г \T{t)Y~'p{t)dt < 00 

for every 8 > 0. 
It is easy to see that Theorem 1 or 2 holds also in the case т{1) = t. Because y{t) = 

= t if T(^) = t, so according to Theorems 1 and 2 we may formulate the following 
result. 

Corollary 1. Let 
/•00 

(12) lim sup t p[x) dx > 1 , 
t->00 J , 

or 

(13) exp j -Ä: X p{x)dx\ds < CO for some /c e (0, 1) . 

Then the equation (2) is oscillatory. 
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R e m a r k 3. In this remark we mention two well known sufficient conditions for 
the oscillation of the equation (2) and compare them with our result, 

a) J. G. Mikusihski proved in [3] that such a condition is 

(14) t^ ' p{t)dt = 00 , г > 0 

b) In [5], A. Vintner showed that the equation (2) is oscillatory provided 

(15) l im- p[x)dxâs = со . 
'•"«^ О to J to 

Now, e.g. if we put p[t) = 3/f̂ , then the conditions (14) and (15) are not satisfied, 
but the conditions (12) and (13) are satisfied. Thus we see that Corollary 1 can be 
covered by none of the previous results. 

R e m a r k 4. In a recent paper [ l ] T. A. Canturija has proved the following oscil
lation theorem. 

Theorem (Theorem 2.3 in [ l ]) . / / p{t) ^ 0 and 

/»00 

lim sup t \ x""^ p{x) dx > (n — l)! , 

then all solutions of the equation 

(16) w "̂>(0 + p{t) u{t) = 0, n^3 

are oscillatory for n even, and every solution o/(16) is either oscillatory or tends 
to zero as t -^ CO for n odd. 

It is evident that our result (Corollary 1) extends the above Canturija's result for 
n = 2. 
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