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1. The purpose of this paper is to discuss oscillatory property of solutions
of the second order linear differential equation with a constant time lag %z, 2 > 0,

E (D' (1) + a®)x(t — B) = 0,
and the second order homogeneous differential equation
(E2) x"(O+ al®) f(x (@), z'({#)) = 0,

where a(t) is not necessarily nonnegative.

A solution x(#) of (E;), i = 1, 2, which exists in the future is said to be
oscillatory if for every T' > 0 there exists a ¢ ,> T such that x(t,) = 0. A
solution will be nonoscillatory if it is not oscillatory. For any continuous function
é(t), we define that ¢+(t) = max [#(t), 0] and ¢—(¢) = min(é(2), 0J.

2. In this section, we shall consider system (E1 ) where a(t) and
7(+) > 0 are continuous on I,I = [0, o).

Uuder the assumption of a(t) = 0, sufficient conditions in order that
equation (E 1) is oscillatory have been given by Kung(4]. Recently, without
the assumption of a(t) = 0, the author(1] has discussed oscillatory property of
solutions of the second order differential equation

Dz’ () + a®)f(x(t), x(t—h)) = 0,
where f(x, v) satisfies the following condition: There exists a K > 0 such that .
f(x,y)ngforx<Oandy<Oandf(x,y)ngforx>Oandy>0. .
Clearly, the results in (1] can not be applied to the linear equation (E1 ). To
make the statements simple, we define that a solution x(#) of (E 1 ) has Property
A if x(t) is nonoscillatory and lim x(#)=0.

t—co
Lemma 1. Assume that

(1) »@® =0

and

(2) there exists a T > 0 such that a(t) = —M for all t € [, ) and for some
constant M > Q.
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Let 2+ be the positiwe real root of the equation 22r(Q) =

nonoscillatory solution of (E1) on (g, ), ¢ > .
Then there exists a positive number A such that
(3) %] < Ae*™t for all t € (o, o).

(132)

Me Ah and x(t) be a

Proof. Suppose that a solution x(¢) of (E;) is positive on (o, o=). An
analogous argument will hold if x(¢#)< 0. There exists an A > ( such that
(4) x(t) < Ae?*tand x'() < Ar*t e for ¢ © (o, o+,
because x(¢) and x‘(t) are uniformly continuous on (¢, o-+%) and 4+ > (.

It follows from (1), (2) and (4) that
PO ={— 1t a)a(s—m)ds + r(a+h)x’(a+h)}/r(t)
ot+h

Il

o+-h

Il/\

+h

IA

IA

{MA RS A VA (O R Y-V S
o+h

< MA (ATETR) Ay )+ Arr AT O

a-(s)x(s—h) ds}/r(O)+r(0+h)x'(a+k)/r(t)

M S x(s h)ds}/r(O)+A/1+e’1 )

{ ft a+(s)x(s mds — §t a~(Hx(s—h)ds + r(o+h)x’(a+h)}/r(t)

< (Ar e Py 241 (0) — MACA O 3+ 1(0) + AarA T (TR

< A+t — AL ar e 4 Aar A0

< At _ Ar+ AT L paeAt(ot+R)

for ¢ E (o+h, c+2h). Thus we have
(5) X @) < Attt for t € (o+h, o+2h].

For t = {o+h, ¢+2h), we have by (5)

x@®) = b x'(Hds + x(o-+h)
c+h

< §t Aar+veA Sds + x(o+h)
o+h

< A1+(el+t — e 2+(a+k))/l+ + AAT@+R)

< AR _ AATOHE) | a2 (otR)

< Ael"'t
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Thus, by repeating the same arguments, we have (3).

Lemma 2. Assume that the conditions (1) and (2) in Lemma | hold. Suppose
that

oo

S 1/7(s)ds=cc
0

S a"(s)e)‘+$ ds > —oo,

T

Let x(%) be a nonoscillatory solution of (E1 ) on (6, ), 6 > 7. Then

(8)

and

9

S oa () |x(s—h)|ds > —o
o+h

foo a*t(s) | x(s—h)|ds < oo.
o+h

Moreover, if there exists a sequence {sn} »yS, —> ®© asn——> © such that

7
x (sn

) = 0, then lim x’(¥) = 0.

t— oo

Proof. Suppose that a soution x(#) of (E 1 ) is nonoscillatory on

(o, ). By (3) and (7), we have

co (o]
I a-(s)| x(s—h)|ds = AS a (s) AR 4
o+-h ot+h
-2+ Ats
= Ae f a-(s) e ds > —o

o+h

for some positive constant A. Thus (8) is proved.
Now, suppose that a solution x(¢) of (E 1) is positive on (g, ) and

Since

[ee)

I a+(s)x(s—h)ds = oo,
o+h
t
r(Dx'(t) — r(6+h)x'(6+h) = — a(s)x(s—h)ds
o+h
t
= —f a+(s)x(s—h)ds

o+h
t

-J a=(s)x(s—h)ds,
g+h
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there exist a § > ¢ and L > ( such that »()x'(¢) < —L for all ¢ = & by
(8), and hence, by (6),

t
x() — x(8) < =L S 1/7(s)ds —— —oo ast ——oo,
)
This contradicts x(#) > 0 for t = 8. If x(¢) < 0 on [g, ©) and

[e0]

I at(s)x(s—h)ds = —oo,
o+h
then we have a contradiction again. Thus (9) is proved.
Let {sn}, .$, ——>o° as n ——>, be a sequence such that x’(sn) = 0.
Then, for a nonoscillatory solution x(Z), we have lim x’()=0 by (8) and (9),

{—oo

because

¢
2@ = {| S a(Hx(s—hdds|} /()

S
n

¢ ¢
S et ()| x(s—=h)|ds) /70— {f a=(s)|x(s—h)| ds}/7(0).

Sn Sn

Therem 1. Assume thatl the conditons (1) and (2) in Lemma | and (6) and
(7) in Lemma 2 hold. Suppose that theve exists an ¢ > 0 Such that if {t L) Ba
sequence with 0 <--- < tn < tn—l—l oo ——00, then
I +e
o n
o NS a*(s)ds=co.

Then, every solution of (E 1 Y which exists in the fulure is oscillatory or has
Property A.

Proof. Let x(Z) be a solution of (El) which is positive on (o, ), where
¢ is sufficiently large. An analogous argument will hold if x(#) is a negative
solution.

First, we shall show that lim inf x(#)=0. Suppose not, then there exists an
t—co

m > 0 such that x(¢) = m for all ¢ == o. It follows from (10) that

[oe] [e 0]
J at(S)x(s—h)ds = m S at(s)ds = oo,
at+h o-t+-h
which contradicts (9) in Lemma 2.
Next, we shall show that lim sup 2(¢) = (. Suppose not, then there are

t—>co
sequences {sn}, {tn} and {rn} and a constant K > 0 such that s, —> ® as
#——>0, 2'(s, ) = 0, "<tn) = K/2, 27 ) =K, - <7, < Lyt <Tpgp <
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—— o0 and K/2 < x2(¢) < K for t, <t L 7 By Lemma 2 there exists an
N > 0 such that x'(t) < K/2¢ for t = tN , where ¢ is the one given in (10),
which implies that r,=1t,+e. Thus we have

an #(H) =K/2 ont, +ez=t=t,

for n=N, N+1, N+2,-.-. It follows from (10) and (11) that

e} o t 4+
57 a—ds = K/2 x 3 £ 7 at(s)ds = oo,

tN n=N tn

which contradicts (9) in Lemma 2. This proves Theorem.
Theorem 2. Assume that the conditions (1) and (2) in Lemma | and (6)

and (7) in Lemwma 2 hold. Suppose that there exists a function ¢(t) eCZ([a, o), RI),
g = 0, such that

a2 &) > 0 on [0, ),
13) —a~ETT < (1 )Y on (o, )
and
(19 57 e ©)ds = o

g

where A+ 1S the one given in Lemma 1.

Then, for any nonoscillatory solution x(t) of (E 1 ), there exists a B > 0 such
that |x(t) | < Bo(t) for all large t. Moreover, if ¢(t) —> 0 as t ——>o, then
every solution of (E 1 ) is oscillatory or has Property A.

Proof. Let x(¢) be a solution of (E1 ) satisfing x(¢) > 0 for t = T, where
we may assume that T == ¢. An analogous argument will hold if x(#) is negative.
By Lemma 1, there exists an A > 0 such that x(t—h) < AeH(t_h) for ¢ =
T+h. Put Ae h _ B, then we have
(15) GOF DY = —a(Ds(t—h) < —a~(Dxt—h) < — A TMa—(s)

MRy e*t = B a0 < BUWF @)

by (13). It follows from (15) that either x(#) = B¢(t) for all large ¢ or x(1) <
Bé(t) for all large t. However, if x(¢) = B#(t) for all ¢ = T1 ’ T1 =T, then
we have

< —Ae

f_oo at()x(s—h)ds = BJ'Oo at()g(s)ds = oo

7 T

by (14), which contradicts (9) in Lemma 2. Thus Theorem is proved.

Eample. Let 7(#) = 1 on (0, o) and a(t) satisfies the following conditions,
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—a-() < ¢!’ on (0, )

and

@ -5
I ar(s)e ° ds = oo,
0

Then, clearly, (t) satisfisfies the condition (1) in Lemma 1 and (8) in
Lemma 2. The function a—(¢) satisfies a—() = —1 on [0, ©). Le i+ be the
positive real root of the equation 12 = ¢ ana put ¢(¢) = ¢ > Then
A+ s(A+—

e

0

J'ooa“(s)el+sds = —fooes(“'_s)ds >~ s)ds
0 0

* -s
—f e “ds > —w
Atd41
and

OF DY = ot = o HAFAD A S o A7
for all large t. Hence a—(¢) satisfies the condition (7) in Lemma 2 and ¢(%)
satisfies the conditions (12), (13) and (14) in Theorem 2. Thus every solution x(#)
of (El) which exists in the future is oscilllatory or has Property A.

3. In this section, we shall consider system (Ez) where a(t) is
continuous on I and f(x, y) is continuous and defined on RXR, R = (o0, o)
and satisfies
16 sgn f(x, y) = sgn x
and
UD fax, 2y) = 22p+1f(x, y) for every (x, y) € Rz, 2 € R and some

nonnegative integer p.

We shall define that a solution of (E 2) has Property B if there exists a T >
0 such that x(#) is monotonous for ¢ = T and tends to zero when ¢ goes to
infininity.

Under the assumption of a(?) = 0, sufficient conditions in order that the
equation (E 2) is oscillatory have been given by Kartosatos [3]. Furthermore,
for sufficiently small g(#), the author [2] has discussed asymptotic behavior of
the system

D" + a@f(x(®), ') = g@®),

where f(x, y) satisfies conditions (16) and (17) and »(?) = k* for some k* >
Q0 and

J 0 1/7(s)ds = oo,

4
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Lemma 3. Lel b(@) be a eontinuous function on (T, o), T > 0. If

18) J bt (8)ds =oo
T
and
as J <><>b‘(5)a's > —oo,
T
then every solution of the eguation
(20) 2@ + bOFUs o) + 22 = 0

is not bounded on (T, o).

Proof. Assume that there exists a solution »(¢) of (20) which is bounded
on (7T, ). Then there exists two positive constants K and k by (16) such that

@D max f(1,(¢)) = K and min f(1, v()) = k.
T<too T<t< oo

Since v*(¥) < -b()f(1, v(¢)) by (20), we have

1
(@ — () < —J b, v(s))ds
T

¢ t
= —J brfU, v(s)ds — b=, v(s))ds
T T

g—kfl b*+(s)ds — Kft b—(s)ds
T T
by (21). Then, there arises a contradiction by (18) and (19), because v(Z) is
bounded on (7T, o).

Theorem 3., Assume that f(x, y) satisfies

22) |91/ f1, ) =1 for all large | y|.
If
23) J 0 at(s)ds = oo,
¢2)) J 0 a=(s)ds > — o
and
25) lim inf a(?) > —oo,
t— o0

then every bounded solution of (Ez) is oscillatory or has Property B,
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Proof. Let x(#) be a bounded solution of (Ez) and suppose that x(?) is not
oscillatory. Then x(¢) is either positive or negative for all large . Now assume
that 0 < x(#) < L for some positive number L and for all > ¢ o ;,where ¢ o is
sufficiently large. An analogous argument will hold if x(¢) < 0, because f(x(?), x’
@) = —f(—x@®, —x'(®) by (7). Set
(26) v(@) = x'(O/%().

(i) The case where there exists a sequence {¢ n} y1, > ©asn > such
that {v(tn)| —> o as # —> oo,

Assume that there exists a subsequence {¢ n, } of {¢ ” } satiafying v'(tnk) =

0. Since

@D @ = WD) — @®)2) /22w

—a(®FED), 2 @D)/2E) — & @) 2/ x@)) 2
= —a@®PPD L, v —02 @)

for t =t , it follows from (22) and (27) that

—Lam(t, ) = —a= () x21’<tnk> = vz(tnk)/f(l, ot ) Z |0ty )|

for all large k2, which contradicts by (25).

Hence there exists a T 1 >t such that »'(¢) < 0 for all { = Tland
p(t) - —oo as t'— oo, which implies that #’(¢) < 0 by (26) and there exists an
M>0anda T > T1 such that
(28) (/%) < —M
for all ¢ = T. Integrating (28) from T to t, we have #(t) < x(T)e  MU=D),
and hence #(t) has Property B.

(ii) The case where v(t) is bounded on (¢ 0? ). Then there exist two
positive constants K and k satisfing (21). We setting
(29 U = on/x2w),
it follows from (27) that

U= (o' () 222 — 2062 "L Oa (o (1) /24P
(—a®2P D, v)— 02 (D52 D—2p22 ()02 (1} /5% (1)

= —a(®Of, »())
< —at(OfU, o)) — a~ DU, v()
<—kat(t) — Ka~ (1)
fort >t 0 Hence we have , ,
G0 Uiy — UG < —kJ a*()ds — Kf a=(8)ds.
t t
o (o]

By (23), (24), (26), (29) and (30), there exists a T > ty such that x’(¢) < 0 for
all t = T. Therefore x(t) is monotone decreasing for ¢t = T and there exists an
m = 0 such that x(¢) — m as t - oo. Assume that m is positive. Then, since
m<x()< Lforallt =T, a(t)xzp(t) satisfies the conditions (18) and (19)
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in Lemma 3. Hence the equation (27) has not abounded solution by Lemma 3,
which contradicts to the boundedness of »(¢). Thus x(¢) has Property B.

As an example of a function satisfying the conditions (16), (17) and (22),
we have f(x, y) = (xzp +1 + xZP +1/3 y 2/ 3), and hence we can apply Theoren
3 to the equation

@ + at) (P + 22TV 30 9¥3) = o,
if a(?) satisfies the required conditions.

When p = 0 in (17), we do not need to assume the condition (22) in
Theorem 3, because we have yz/f(l, ¥) = |y| for all large |y| by (16) and (17),
and we do not also need to consider only bounded solutions in Theorem 3,
because v(#) given in (26) is a solution of the equation v'(#) + a(®) f {1, v(t)) +
02 (¥) = 0. Hence we have the following theorem by the parallel argument to the
proof of Theorem 3.

Theorem 4. Let p = (. Assume that (23), (24) and (25) in Theorem 3
hold good. Then every solution which exists in the future is oscillatory ov has
Property B.
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