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1.Thepurposeofthispaperistodiscussoscillatorypropertyofsolutions

ofthesecondorderheardifferentialequationwithaconstanttimelagh,h>0,

(El) (Y(i)x′(ーt))′十 a(i)x(i- h)-0･
andtheseのndorderhomogeneousdifferentialequation

(E2) xn(i)+ a(i)i(x(i)･x'(i))=0･
wherea(i)isnotnecessarilynonnegative.

Asolutionx(i)of(Ei)'i-1,2'whichexistsin thefutureis. Saidtobe

oscillatoryifforeveryT>0thereexistsato>T suchthatx(to) -0･A

solutionwillbenonoscillatoryifitisnotoscillatory･Forany..continuou,sfunction

¢(i),wedefinethat¢+(i)-maxlQ(i),0〕and¢-(i)-min〔¢(i),0〕.

2･Inthissection･weshallconsidersystem (El)wherea(i)and
r(i)>oarecontinuousonI,I-〔0,-).

Uudertheassumptionofa(i)≧ 0,sufficientconditionsinorderthat

equation(E1)isoscillatoryhavebeengivenbyKung〔4〕･ Recently,without
theassumptionofa(i)≧ 0,theauthor〔1〕hasdiscussedoscillatorypropertyof

solutionsofthesecondorderdifferentialequation

(r(i)x'(i))I+ a(i)I(x(i),x(i-h))=0,

wherei(x,y)satisfiesthefollowingcondition:ThereexistsaK>0suchth牢 .

I(x,y)≧ Kxforx< Oandy<Oandf(x,y)≦ Kxforx>Oandy>O.
Clearly,theresultsin 〔1〕cannotbeappuedtothe血earequation(El)･To

makethestatementssimple･wedefinethatasolutionx(i)of(EI)hasProperty
Aifx(i)isnonoscillatoryandhm x(i)-0.

EiE麗麗
IJemma1.Assumethat

(1) Y'(i)≧ O

and

(2) thereexistsaT> Osuchthata(i)_2 -M foralliE Err,oo)andforsom e

constantM >0.
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LetA+bethepositiwerealrootoftheequation12r(0)-Me-スh andx(i)bea

nonoscillatorysolutionof(El)on〔6,-),rq>rT.

ThenthereexistsapositivenumberA suchthat

(3) ]x(i)A≦ Ael'tforallt∈ 〔6,-).

Proof.Supposethatasolutionx(i)of(El)ispositiveon〔U,-).An

analogousargumentwillholdifx(i)< 0.ThereexistsanA>0suchthat

(4) x(i)≦ Ael+tandx′(i)≦ Al+el+ifori∈〔U,叶 h],
bemusex(i)andx′(i)aremi formlycontinuouson〔U,q+h〕andi+>0.

Itfouowsfrom (1),(2)and(4)that

x'(i)ニトJia(S)x(S-h)ds十r(q+h)x′(q+h))/r(i)
6+h

a･(S)x(S-h)ds-Jia-(S)x(S-h)dsIr(叶h)x′(叶 h)I/r(i)
+ I:.h q.h

≦(-Ji a-(S)x(S-h)dsI/r(0)+r(q+h)x'(q+h)/r(i)
q+h

≦(MJI x(S-h)dsi/r(o)+Al･e叫叶h)r(q+h)/r(i)
q+h

≦iMAJi eA+(S-h)dsI/r(o)+Al十eス+(q+h)
q+h

≦ MA(eA+(i-h)- el+q)/i+r(0)+Aス+eス+(q+h)

≦ (Ael+tMe-ス+h)/i+r(o)-MAel+q/i+r(o)+Al+el+(q+h)

≦ Al+el+i- MAeス+ql+/Me-A+h+Aス+el+(o+h)

≦ AA+el+i- Al+eス+(q+h)+ Aス+el+(q+h)

≦ Al+el+i

foriE lq+k,q+2h].Thuswehave

(5) x′(i)≦ Al+el+i fori∈ 〔q+h,q+2h].

ForiE lq+h,q+2h],wehaveby(5)

x(i)- It x,(S)ds+x(6+h)

q+h

≦ JiAl+el+sds+x(q+h)

q+h

≦ Al+(el+i- ei+(q+h))/A+ + Ael+(q+h)

≦ Ael't- Ael'(q+h)+ Ael'(q+h)

≦ Ael+i
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Thus,byrepeatingthesamearguments,wehave(3).

∞

I a-(S)eス+sds> --.

T

Leix(i)beanonoscillaiwysoZu-lionof(El)on 〔q･∞)Iq> 丁･Then
∞

(8) I a-(S)Ix(S-h)Lds> --

q+h

and

(9)

く)〔)

∫ a+(S)Jx(S-h)lds<-.

q+h

Moreover･ifthereexistsasequencetsnh sn-- ∞ asn-→ ∞guchthat

x'(sn)- 0･thenlim xJ(i)- o･i-斗oo

Proof･Suppsethatasoutionx(i)of(E1)isno7WSCilZatoryon
〔0,-).By(3)and(7),wehave

J∞ a-(S)lx(S-h)lds≧ AJ∞ a -(S)el+(S-h)ds

a+h q+h

≧ Ae-i+hJ∞ a-(S)C1+sds> -∞

q+h

forsomepositiveconstantA.Thus(8)isproved.

Now･supposethatasolutionx(i)of(El)ispositiveon〔q･∞)aLnd
OO

J a+(S)x(S-h)ds- ∞.
q+h

Since
t

r(i)x'(i)- r(q+h)x'(o+h)--I a(S)x(S-h)ds

q+h

t
--∫ a+(S)x(S-h)-ds

q+h

i
-∫ a-(S)x(S-h)ds!

叶 々

3
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thereexista8> 6 andL> 0suchthatr(i)xJ(i)<-L foralli≧ 8■by

(8),andhence,by(6),
g

x(i)- x(8)<-LJ 1/r(S)ds-I, -∞ aSi--∞.
∂

Thiscontradictsx(i)> 0fori≧ 8.Ifx(i)<0on〔O,∞)and
■●

J a+(S)x(S-h)ds- -∞,

6+h

thenwehaveacontradictionagain.Thus(9)isproved.

Lettsnh.sn-→∞ asn-→∞･beasequencesuch坤atx'(sn)-0･
Then,foranonoscillatorysolutionx(i),Wehavelim x'(i)-0by(8)and(9),

l･+o〇

because

l
lx'(i)I=tII a(S)x(S-h)dsD /r(i)

S
n

t i
≦ tJ a+(S)lx(S-h)Idsl/r(0)- 1J a-(S)lx(S-h)ldsl/r(0).

Sn Sn

Therem 1.Assuの紺ihailheconditons(1)and(2)inLemma1and(6)andI

(7)inLemma-2~hold･Supposethaithereexistsane>0台uchihai･if tinlisa

sequencewith0<- < in <in +1<･･･--∞,ihen

(10)
∞ in+e

≡ ∫ a+(S)ds-∞.
n=0 i

in

Then･everysolutionof(E1)uJhichexisliinlhefutureisoscillaioryorhas
ProperlyA.

Proof･Leta(i)beasolutionof(El)whichispositiveon〔U,∞)Iwhere
qissufficientlylarge.Ananalogousargumentwillholdifx(i)isanegative
solution.

First,weshahshowthatlim infx(i)-0.Supposenot,thenthereexistsan
t･⇒∝)

m > 0suchthatx(i)≧ m foralli≧ U.Itfollowsfrom (10)that
∞ 00

J a+(S)x(S-h)ds≧ mJ a+(S)ds--,

6+h q+h

whichcontradicts(9)in Lemma2.

Next,weshahshowtha七山m supx(i)-0.Supposenot,thenthereare
指=3欄

sequences(snh ttniandirnI andaconstantK> 0suchthatsn-→ ∞ as

作-→∞,X′(sn)= 0･x(t咋)= K/2･x(rn)=K,･･･< rn < tn + 1<rn+1<･･,ii Lい i
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-→ ∞ andK/2≦ x(i)≦ Kfort ≦ t≦ rn . ByLemma2thereexistsann-

N>0suchthatx′(i)≦ K/2efori≧ tN ,Whereeistheonegivenin (10),

whichimpliesthatrn≦ tn+e･Thuswehave

(ll) x(i)≧ K/2 ontn + E≧ t≧ tn

forn-N,N+1,N+2,･･･.Itfollowsfrom (10)and(ll)that

J∞ a.(S)x(S_h)ds≧ K/2×芸 Jtn巾 a.(S)ds≧ ∞,

tN n-N tn

whichcontradicts(9)in Lemma2.ThisprovesTheorem.

5

Theorem 2.Assumethatthecondit2'ons(1) and(2)inLemm 1and(6)

and(7)inLemma2hold.Supposethatthereexistsafunction4(i)EC2(〔U,∞),RI),

q≧ 0,suchthat

(12) ¢(i)>0on 〔O,∞),

(13) -a-(i)el+i ≦ (r(i)¢′(i))′on〔O,∞)

and

(14)
●●

∫ a十(S)¢(S)ds- ∞,
(7

wherei+ istheonegweninLemma1.
■

Then･foranynonoscillatorysolutionx(i)of (E1),thereex由tsaB>0such

thatlx(i)J≦ B¢(i)foralllargei. Moreover,if¢(i)-- 0asi--∞,then

everysolutionof(E1)isoscillatoryorhasPropertyA･

Proof･Letx(i)beasolutionof(El)satisfingx(i)>0fori≧ T,where
wemayassumethatT ≧ 0. Ananalogousargtlmentwillholdifx(i)isnegative.

ByLemma1,thereexistsanA>0suchthatx(i-h)≦ Ael+(i-h)fori≧

T+h.PutAe-i+h-B,thenwehave

(15) (r(i)x′(i))′- -a(i)x(ト h)≦ -a-(i)x(i-h)≦ -Ael+(i-h)a-(S)

≦ -Ae-1十ha-(S)el+t -Ba-(S)el+i ≦ B(r(i)¢′(i))′

by(13).Itfollowsfrom (15)thateitherx(i)≧ B申(i)foralllargeiorx(i)≦

BQ(i)foralllarget･However･ifx(i)≧ BQ(i)foralli≧ Tl,Tl≧･T･ then
wehave

C() 0〇

J a+(S)x(S-h)ds ≧ BJ a+(S)¢(S)ds- ∞

-TI Tl

by(14),whichcontradicts(9)h Lemma2.ThusTheorem isproved.

Eample･Lety(i)-1on〔O,∞)anda(i)satisfiesthefollowing00nditions,
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-a-(i) ≦ e~t2 on〔O,∞)

and

(〕O

J a･(S)e~gds=∞.
O

Then,clearly,r(i)satisfisfiesthecondition(1)in Lemma1and(6)in

Lemma2.Thefunctiona-(i)satisfiesa-(i)≧ -i.on〔O,∞). Lei+bethe

positiverealrootoftheequa･tion12- e-1h andputQ(i)- e- t･ Then

J∞a-(S)eA+gds≧ -J∞es(i+LS)ds> J ･1.++les(i+-S)ds
O 0 0

●●

-/ e-sds> -∞
ス++1

and

(r(i)¢′(i))′ - e-i- e-i(1+i+)el+t>-a - (i)el+i

foramlargei.Hencea-(i)satisfiesthecondition(7)in Lemma2and¢(i)

satisfiestheconditions(12),(13)and(14)in Theorem 2.Thuseverysolutionx(i)

of(El)whichexistsin thefutureisoscilnatoryQrhasPropertyA･

3･Inthissection･weshallconsidersystem (E2)wherea(i)is
continuousonlandf(x,y)iscontinuousanddefinedonRxR, R - (--,-)

andsatisfies

(16) sgnI(x,y)-sgnx

and

(17) i(lx,スy)-129+1f(x,y)forevery(x,y)∈ R2,i ∈ Randsome

nonnegativeintegerP.

Weshalldefinethatasolutionof(E2)hasPropertyBifthereexistsaT>0suchthat.x(i)ismolnotonousfori≧ T andtendsto 2;erOIWhenigoesto

infininity.

Undertheassumptionofa(i)≧ 0,sufficientconditionsin orderthatthe

equation(E2)isoscillatoryhavebeengivenbyKartosatos〔3〕･Furthermore,
forsufficientlysmang(i),theauthorl2]hasdiscussedasymptoticbehaviorof

tileSystem

(r(i)x'(i))I+a(i)I(x(i),x-I(i))- a(i),
wherei(x,y)satisfiesconditions(16)and(17)andr(i)≧ k*forsomek*>
Oand

●●
J 1/Y(S)ds--ち

9
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(18)

and
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I.emma3.ulb(i)bea60niinuouifunctionon〔T,-),T>0.If
-J●

J b+(S)ds--

T

∞

∫ b-(S)ds> --,

T

theneverysolutionoftheeguation

(20) V,(i)+b(i)i(1,V(i))+V2(i)=0

isnotboundedon 〔T,-).

Proof.Assumethatthereexistsasolutionv(i)of(20)whichisbounded

on〔T,∞).Thenthereexiststwopositi･veconstantsKLandkby(16)suchthat

(21) maxi(1,V(i))-Kand
T≦t<∞

Sincev'(i)≦ -b(i)I(1,V(i))by(20),wehave

mini(1,V(i))-k.
T≦t<∞

i
v(i)- V(T)≦ -∫b(S)I(1,V(S))ds

r

i i
≦ -∫ b+(S)I(1,V(S))ds- ∫ b-(S)I(1,V(S))ds

ll Fi
f ～

≦-kJb+(S)ds-KJb-(S)ds
r T

by(21).Then,therearisesacontradictionby(18)and(19),becausev(i) is

boundedon〔T,∞).

(22)

(23)

Theorem3.AssumethaiI(x,y)satisfies

Jyl/I(1,y)≧ 1foralllargeLyJ.
〟

麗寛
J a+(S)ds.- -,
0
(:)〇

J a-(S)ds> - -
0

liminfa(i)> -∞,
i→(刀

紳 everybounded50lyiionof(E言)isoscillaioryorhasPropertyB-
i ､I L ･ i .I

7
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Proof･Letx(i)bea.boundedsolutionof(E2)andsupposethatx(i)isnot
oscillatory.Thenx(i)iseitherpositiveornegativeforalllargei.Nowassume

that0<a(i)≦ LforsomepositivenumberL andLforalli≧ io･whereio IS
●

sufficientlylarge.Ananalogousargumentwinholdifx(i)<0,becauseI(x(i),x'

(i))- -i(-x(i),-x'(i))by(17).Set

(26) V(i)-x'(i)/x(i).

(i) Thecasewherethereexistsasequence tin)Iin→ ∞ asn→ ∞ such

thatlv(ln)l- ∞ asn- ∞･

Assumethatthereexistsasubsequencelink.)ofLin )satiafyingv'(ink)≧
0.Since

(27) V,(i) = tx"(i)x(i) - (x,(i))2)/x2(i)

-a(i)I(x(i),x′(i))/x(i)- (x′(i))2/(x(i))2

-a(i)x2b(i)i(1,V(i))-V2(i)

fori≧ to,itfollowsfrom (22)and(27)that

-La-(tnk)≧ -a-(tnk)x2P(tn k) ≧ V2(ink)/i(1･V(tnk))≧ l少(tnk) l

for alllargek,whichcontradictsby(25).

HencethereexistsaTl>io suchthatv'(i)<0foralli≧ Tland
■V(i)- -∞ ast̀- ∞,whichimpliesthatx′(i)<0by(26)andthere existsan

M >0andaT > TISuChthat
(28) x′(i)/x(i)≦ -M

foralli≧ T.Integrating(28)from T toi,wehavex(i)≦ x(T)e-M (ト T),

andhencex(i)hasPropertyB.

(ii) Thecasewherev(i)isboundedon 〔to･∞)･ Thenthereexisttwo
psitiveconstantsKandksatisfing(21).Wesetting

(29) U(i)-V(i)/x2b(i),
itfolbwsfrom (27)that

U′(i)= tv′(i)x2P(i)- 2PX29-1(i)x′(i)V(i))/x49(i)

= ト a(i)x49(i)i(1,V(i))-V2(i)x2P(i)-2PX29(i)V2(i)1/x49(i)

≦ -a(i)メ(1,V(i))

≦ -a+(i)i(1,V(i))- a-(i)I(1,V(i))

≦-ka+(i)- Ka~(i)

fort≧ to･ Hencewehave
i i

(30) U(i)- U(to) ≦ -kJ a'(S)ds- KJ a-(S)ds･

to to

By(23)I(24)I(26)I(29)and(30),thereexistsaT > to suchthatx′(i)<0for
alli≧ T.Thereforex(i)ismonotonedecreasingfori≧ T andthereexistsan

m ≧ 0suchthatx(i)- m asi- ∞.Assume tha,tm ispositive.Then,Since

p≦ x(i)≦ Lfor?lli≧ TIa(i)x2p(i)satisfiesthe甲qqitipnS(1写)and(!9)
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in Lemma3.Hencetheequation(27) hasnotaboundedsolutionbyLemma3,
whichcontradictstothebotmdednessofv(i).Thusx(i)hasPropertyB.

9

AsaLnexampleofafunctionsatisfyingtheconditions(16),(17) and(22),
wehavei(x,ツ)-(x2P+1+x2P+1/3y2/3),andhencewecan applyTheorem

3totheequation

x〝(i)+ a(i)(x2P+1(i)+x2P+1/3(i)(x′(i))2/3)=0,
ifa(i)satisfiestherequiredconditions.

When9-0in (17),Wedonotneedtoassumethecondition(22)in

Theorem 3,becausewehavey2/i(1,y)≧ ryrforalllargelylby(16)and(17),
andwedonotalsoneedtoconsideronlyboundedsolutionsin Theorem 3,
becausev(i)givenin (26)isasolutionoftheequationv'(i)+ a(i)i(1,V(i))+

V2(i)I0.Hencewehavethefollowingtheorem bytheparallelargumenttothe

proofofTheorem 3.

Theorem 4.Let♪-0.Assumethat(23),(24)and(25)inTheorem3

holdgood.TheneverysolutionwhichexistsinthefutureisosciZlatoryorhas

PropertyB.
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