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OTFS-NOMA: An Efficient Approach for
Exploiting Heterogenous User
Mobility Profiles

Zhiguo Ding™, Senior Member, IEEE, Robert Schober, Fellow, IEEE,
Pingzhi Fan, Fellow, IEEE, and H. Vincent Poor™, Fellow, IEEE

Abstract— This paper considers a challenging communication
scenario, in which users have heterogenous mobility profiles,
e.g., some users are moving at high speeds and some users are
static. A new non-orthogonal multiple-access (NOMA) trans-
mission protocol that incorporates orthogonal time frequency
space (OTFS) modulation is proposed. Thereby, users with differ-
ent mobility profiles are grouped together for the implementation
of NOMA. The proposed OTFS-NOMA protocol is shown to
be applicable to both uplink and downlink transmission, where
sophisticated transmit and receive strategies are developed to
remove inter-symbol interference and harvest both multi-path
and multi-user diversity. Analytical results demonstrate that both
the high-mobility and the low-mobility users benefit from the
application of OTFS-NOMA. In particular, the use of NOMA
allows the spreading of the high-mobility users’ signals over a
large amount of time-frequency resources, which enhances the
OTFS resolution and improves the detection reliability. In addi-
tion, OTFS-NOMA ensures that low-mobility users have access
to bandwidth resources which in conventional OTFS-orthogonal
multiple access (OTFS-OMA) would be solely occupied by the
high-mobility users. Thus, OTFS-NOMA improves the spectral
efficiency and reduces latency.

Index Terms— XXXXX.

I. INTRODUCTION

ON-ORTHOGONAL multiple access (NOMA) has been
recognized as a paradigm shift for the design of mul-
tiple access techniques for the next generation of wireless
networks [1]-[4]. Many existing works on NOMA have
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focused on scenarios with low-mobility users, where users
with different channel conditions or quality of service (QoS)
requirements are grouped together for the implementation
of NOMA. For example, in power-domain NOMA, a base
station serves two users simultaneously [5], [6]. In partic-
ular, the base station first orders the users according to
their channel conditions, where the ‘weak user’ which has
a poorer connection to the base station is generally allocated
more transmission power and the other user, referred to as
the ‘strong user’, is allocated less power. As such, the two
users can be served in the same time-frequency resource,
which improves the spectral efficiency compared to orthog-
onal multiple access (OMA). In the case that users have
similar channel conditions, grouping users with different QoS
requirements can facilitate the implementation of NOMA and
effectively exploit the potential of NOMA [7]-[9]. Various
existing studies have shown that the NOMA principle can
be applied to different communication networks, such as
millimeter-wave networks [10], [11], massive multiple-input
multiple-output (MIMO) systems [12], [13], hybrid multi-
ple access systems [14], [15], visible light communication
networks [16], [17], and mobile edge computing [18]. We also
note that various standardization efforts have been made
to facilitate the implementation of NOMA in practical sys-
tems. For example, a study for the application of NOMA
for downlink transmission, termed multi-user superposition
transmission (MUST), was carried out for the 3rd Generation
Partnership Project (3GPP) Release 14, where 15 different
forms of MUST were proposed and compared [19]. After
this study was completed, MUST was formally included
in 3GPP Release 15 which is also referred to as Evolved
Universal Terrestrial Radio Access (E-UTRA) [20]. A study
for the application of NOMA for uplink transmission has been
recently carried out for 3GPP Release 16, where more than
20 different forms of NOMA have been proposed by various
companies [21].

This paper considers the application of NOMA to a
challenging communication scenario, where users have het-
erogeneous mobility profiles. Different from the existing
works in [22], [23], the use of orthogonal time frequency
space (OTFS) modulation is considered in this paper because
of its superior performance in scenarios with doubly-dispersive
channels [24]-[26]. Recall that the key idea of OTES is to
use the delay-Doppler plane, where the users’ signals are

0090-6778 © 2019 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
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orthogonally placed. Compared to conventional modulation
schemes, such as orthogonal frequency-division multiplex-
ing (OFDM), OTFS offers the benefit that the time-invariant
channel gains in the delay-Doppler plane can be utilized,
which simplifies channel estimation and signal detection in
high-mobility scenarios. The impact of pulse-shaping wave-
forms on the performance of OTFS was studied in [27], and
the design of interference cancellation and iterative detection
for OTFS was investigated in [28]. The diversity gain achieved
by OTFS was studied in [29], and the application of OTFS to
multiple access was proposed in [30]. In [31] and [32], the
concept of OTFS was combined with MIMO, which revealed
that the use of spatial degrees of freedom can further enhance
the performance of OTFS.

This paper considers the application of OTFS to NOMA
communication networks, where the coexistence of NOMA
and OTFS is investigated. In particular, this paper makes the
following contributions:

1) A spectrally efficient OTFS-NOMA transmission proto-
col is proposed by grouping users with different mobility
profiles for the implementation of NOMA. On the one
hand, users with high mobility are served in the delay-
Doppler plane, and their signals are modulated by OTFS.
On the other hand, users with low mobility are served
in the time-frequency plane, and their signals are mod-
ulated in a manner similar to conventional OFDM.

2) The proposed new OTFS-NOMA protocol is applied to
both uplink and downlink transmission, where different
rate and power allocation policies are used to suppress
multiple access interference. In addition, sophisticated
equalization techniques, such as the frequency-domain
zero-forcing linear equalizer (FD-LE) and the decision
feedback equalizer (FD-DFE), are employed to remove
the inter-symbol interference in the delay-Doppler plane.
The impact of the developed equalization techniques
on OTFS-NOMA is analyzed by using the outage
probability as the performance criterion. Strategies to
harvest multi-path diversity and multi-user diversity are
also introduced, which can further improve the outage
performance of OTFS-NOMA transmission.

3) The developed analytical results demonstrate that both
the high-mobility and the low-mobility users benefit
from the proposed OTFS-NOMA scheme. The use of
NOMA allows the high-mobility users’ signals to be
spread over a large amount of time-frequency resources
without degrading the spectral efficiency. As a result,
the OTFS resolution, which determines whether the
users’ channels can be accurately located in the delay-
Doppler plane, is enhanced significantly, and therefore,
the reliability of detecting the high-mobility users’ sig-
nals is improved. We note that, in OTFS-OMA, enhanc-
ing the OTFS resolution implies that a large amount
of time and frequency resources are solely occupied
by the high-mobility users, which reduces the overall
spectral efficiency since the high-mobility users’ channel
conditions are typically weaker than those of the low-
mobility users. In contrast, the use of OTFS-NOMA
ensures that the low-mobility users can access the
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bandwidth resources which would be solely occupied
by the high-mobility users in the OMA mode. Hence,
OTFS-NOMA improves spectral efficiency and reduces
latency, as with OTFS-OMA the low-mobility users
may have to wait for a long time before the scarce
bandwidth resources occupied by the high-mobility users
become available. In addition, we note that for the low-
mobility users, using OFDM yields the same reception
reliability as using OTFS, as pointed out in [33]. There-
fore, the proposed OTFS-NOMA scheme, which serves
the low-mobility users in the time-frequency plane and
modulates the low-mobility users’ signals in a manner
similar to OFDM, offers the same reception reliability
as OTFS-OMA, which serves the low-mobility users in
the delay-Doppler plane and modulates the low-mobility
users’ signals by OTFS. However, OTFS-NOMA has the
benefit of reduced system complexity because the use of
the complicated OTES transforms is avoided.

II. FOUNDATIONS OF OTFS-NOMA

A. Time-Frequency Plane and Delay-Doppler Plane

The key idea of OTFS-NOMA is to efficiently use both the
time-frequency plane and the delay-Doppler plane. A discrete
time-frequency plane is obtained by sampling at intervals of
T s and Af Hz as follows:

Ap={(nT,mAf),n=0,--- ,N-1,m=0,--- ,M~1},
M

and the corresponding discrete delay-Doppler plane is given by

k l
ADD—{<W;M—M) ak*Oa"' 7N_1vl*0a"' aM_]-}a
2

where N and M denote the total number of time intervals and
the total number of frequency subchannels, respectively. The
choices for 7" and A f are determined by the channel charac-
teristics, as will be explained in the following subsection.

B. Channel Model

This paper considers a multi-user communication network
in which one base station communicates with (K + 1) users,
denoted by U;, 0 < ¢ < K. Denote U;’s channel response in
the delay-Doppler plane by h;(7, v), where T denotes the delay
and v denotes the Doppler shift. OTFS uses the sparsity feature
of a wireless channel in the delay-Doppler plane, i.e., there are
a small number of propagation paths between a transmitter and
a receiver [24], [25], [28], which means that h;(7, ) can be
expressed as follows:

P;
hi(t,v) = Z hipd(T — Tip)d(v — Vip), 3)
p=0
where (P; + 1) denotes the number of propagation paths,
and h; p, T;p, and v;, denote the complex Gaussian channel
gain,! the delay, and the Doppler shift associated with the

IThe Gaussian assumption has been commonly used in the OTFES litera-
ture [26]-[29] since each channel gain (or each tap of the delay-Doppler
impulse response) represents a cluster of reflectors with specific delay and
Doppler characteristics.
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p-th propagation path, respectively. We assume that the h; p,

0 < p < P, are independent and identically distributed (i.i.d.)

1
> Pi+1

25;05{|hi,p|2} = 1, where £{-} denotes the expectation
operation. The discrete delay and Doppler tap indices for the
p-th path of h;(7,v), denoted by I, , and k,, ,, respectively,
are given by [28]

- +1 ky, 4k,
Ti,p:Wa —

NT ’ @
where Z;W and ffu,;,,, denote the fractional delay and the
fractional Doppler shift, respectively.

The construction of Atg and App needs to ensure that T
is not smaller than the maximal delay spread, and Af is not
smaller than the largest Doppler shift, i.e., T' > max{7; ,,0 <
p < P,0<i<K}and Af > max{r;,,0<p<P,0<
¢ < K}. In addition, the choices of N and M affect the
OTES resolution, which determines whether h;(7,v) can be
accurately located in the discrete delay-Doppler plane. In par-
ticular, M and NN need to be sufficiently large to approximately
achieve ideal OTFS resolution, which ensures that Zw =
I;;,,iyp = 0, such that the interference caused by fractional delay
and Doppler shift is effectively suppressed [24].

random variables,? i.e., hip ~ CN (0 ) which means

Ti,p

Ti,p Ti,p

Vip =

C. General Principle of OTFS-NOMA

To facilitate the illustration of the general principle of
OTFS-NOMA, we first briefly describe OTFS-OMA, the
benchmark scheme used in this paper. In OTFS-OMA, there
is no spectrum sharing between the high-mobility users and
the low-mobility users, i.e., if OTFS is used to serve the high-
mobility users, the NT time intervals and the M A f frequency
subchannels are occupied by the high-mobility users and the
low-mobility users cannot be served in these resource blocks.
The general principle of the proposed OTFS-NOMA scheme is
to exploit both the delay-Doppler plane and the time-frequency
plane, where users with heterogenous mobility profiles are
grouped together and served simultaneously. On the one hand,
for the users with high mobility, their signals are placed in
the delay-Doppler plane, which means that the time-invariant
channel gains in the delay-Doppler plane can be exploited. It is
worth pointing out that in order to ensure that the channels
can be located in the delay-Doppler plane, both N and M
need to be large, which is a disadvantage of OTFS-OMA,
since a significant number of frequency channels (e.g., M A f)
are occupied for a long time (e.g., NT') by the high-mobility
users whose channel conditions can be quite weak. The use of
OTFS-NOMA facilitates spectrum sharing and hence ensures
that the high-mobility users’ signals can be spread over a
large amount of time-frequency resources without degrading
the spectral efficiency.

On the other hand, for the users with low mobility, their
signals are placed in the time-frequency plane. The inter-
ference between the users with different mobility profiles

%In order to simplify the performance analysis, we assume that the users’
channels are i.i.d. In practice, it is likely that the high-mobility users’ channel
conditions are worse than the low-mobility users’ channel conditions. This
channel difference is beneficial for the implementation of NOMA, and hence
can further increase the performance gain of OTFS-NOMA over OTFS-OMA.

is managed by using the principle of NOMA. As a result,
compared to OTFS-OMA, OTFS-NOMA improves the overall
spectral efficiency since it encourages spectrum sharing among
users with different mobility profiles and avoids that the
bandwidth resources are solely occupied by the high-mobility
users which might have weak channel conditions. In addition,
the complexity of detecting the low-mobility users’ signals is
reduced, compared to OTFS-OMA which serves all users in
the delay-Doppler plane.

In this paper, we assume that, among (K + 1) users,
Uy is a user with high mobility, and the remaining K users,
U; for 1 < ¢ < K, are low-mobility users, which are
referred to as ‘NOMA’ users.> For OTFS-OMA, we assume
that Uy solely occupies all NM resource blocks in App.
In OTFS-NOMA, U;, for 1 < ¢ < K, are opportunistic
NOMA users and their signals are placed in Atp. The design
of downlink OTFS-NOMA transmission will be discussed
in detail in Sections III, IV, and V. The application of
OTFS-NOMA for uplink transmission will be considered in
Section VI only briefly, due to space limitations.

III. DOWNLINK OFTS-NOMA - SYSTEM MODEL

In this section, the OTFS-NOMA downlink transmission
protocol is described. In particular, assume that the base
station sends N M symbols to Uy, denoted by xo[k,l], k €
{0,---,N =1}, 1 € {0,---,M — 1}. By using the inverse
symplectic finite Fourier transform (ISFFT), the high-mobility
user’s symbols placed in the delay-Doppler plane are converted
to N M symbols in the time-frequency plane as follows [24]:

N—-1M-1

1 : kn ml
Xolnom) = 77 >_ D aolk, U (R H), - (s5)
k=0 =0

where n € {0,--- ,N—1}and m € {0,--- , M —1}. We note
that the NM time-frequency signals can be viewed as NV
OFDM symbols containing M signals each. We assume that a
rectangular window is applied to the transmitted and received
signals.

The NOMA users’ signals are placed directly in the time-
frequency plane, and are superimposed with the high-mobility
user’s signals, Xo[n,m]. With NM orthogonal resource
blocks available in the time-frequency plane, there are different
ways for the K users to share the resource blocks. For
illustration purposes, we assume that M users are selected
from the K opportunistic NOMA users,* where each NOMA

3We note that the principle of OTFS-NOMA can be extended to the
case where multiple high-mobility users are served in the delay-Doppler
plane. In this case, the NM signals in the delay-Doppler plane belong to
different high-mobility users and OTFS is used as a type of multiple access
technique [24], [30]. For downlink transmission, this change has no impact
on the proposed detection schemes and the analytical results developed in
this paper. For uplink transmission, the results developed in this paper are
applicable to the case with multiple high-mobility users if the adaptive-rate
transmission scheme proposed in Section VI is employed.

4The same M users can be scheduled as long as the users’ channels do not
change in the delay-Doppler plane. Otherwise, a new set of M users may be
selected from the K opportunistic users. We also note that the number of the
opportunistic users is assumed to be larger than the number of the frequency
subchannels (K > M), which can be justified by a spectrum crunch scenario,
i.e., there are not sufficient bandwidth resources available to support a large
number of mobile devices.
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user is to occupy one frequency subchannel and receive N
information bearing symbols, denoted by z;(n), for 1 < i <
M and 0 < n < N — 1. The criterion employed for user
scheduling and its impact on the performance of OTFS-NOMA
will be discussed in Section V. Denote the time-frequency
signals to be sent to U; by X;[n,m], 1 < i < M. The
following mapping scheme is used in this paper’:

Xi[n,m] = {xi(") *om =il ©)
0 otherwise,
for1<i<Mand 0<n <N —1.
The base station superimposes Ug’s time-frequency signals
with the NOMA users’ signals as follows:
N-1M-1

Z Z zolk, le]27r (Bp—ml)

k=0 [=0
M
+ > Xiln,m), (D)
=1

where ~; denotes the NOMA power allocation coefficient of
user 4, and Y10 42 = 1.

The transmitted signal at the base station is obtained by
applying the Heisenberg transform to X [n,m]. By assuming
perfect orthogonality between the transmit and receive pulses,
the received signal at U; in the time-frequency plane can be
modelled as follows [24], [25], [28]:

Y;[TL,T)’L] = Hz[nam]X[nam] + Wi[nam]v (8)

where W;(n,m) is the white Gaussian noise in the time-
frequency plane, and H;(n,m) = [ [hi(r,v)e?™nT
e 32n(AmANT drdy.

X[n,

IV. DOWNLINK OTFS-NOMA - DETECTING THE
HIGH-MOBILITY USER’S SIGNALS

For the proposed downlink OTFS-NOMA scheme,
Up directly detects its signals in the delay-Doppler plane
by treating the NOMA users’ signals as noise. In particular,
in order to detect Uy’s signals, the symplectic finite Fourier
transform (SFFT) is applied to Ygy[n,m| to obtain the
delay-Doppler estimates as follows:

N—1M=1

ﬁ Z Z Yb[n,m]e_jQﬂ'(%k_mﬁl)

nOmO

e k—n l-m
NMZ%Z qunm wo(ﬁa Af)

n=0 m=0

yO[kvl] =

+ZO[kal]7 (9)

where ¢ denotes the user index, zo[k, (] is complex Gaussian
noise, z4lk,l], 1 < ¢ < M, denotes the delay-Doppler
representation of X,[n, m] and can be obtained by applying
the SFFT to X,[n,m|, the channel h,, o(¢',7’) is given by

hwo(V',7') = //hi(T, Vw — v, 7 —1)e I drdy,
(10)

SWe note that mapping schemes different from (6) can also be used. For
example, if /N users are scheduled and each user is to occupy one time
slot and receives an OFDM-like symbol containing M signals, we can set
Xi[n,m] = x;(m), forn =14 — 1.
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and w(v,7) = YN IS emi2n(veT—rdAT) T simplify

the analysis, the power of the complex-Gaussian distributed
noise is assumed to be normalized, i.e., z[k,[] ~ CN(0,1),
where CN(a,b) denotes a complex Gaussian distributed
random variable with mean a and variance b.

By applying the channel model in (3), the relation-
ship between the transmitted signals and the observa-
tions in the delay-Doppler plane can be expressed as
follows [24], [25], [28]:

M Po
k) = Z Yq Z hoptq[(k =Ky, )N, (L= 1z, , ) 0]
q=0 p=0

+ZO[k7l]a (11)

where () denotes the modulo N operator. As in [29]-[31],
we assume that NV and M are sufficiently large to ensure
that both k,, = and I, , are zero, i.e., there is no interference
caused by fractional delay or fractional Doppler shift. We note
that for OTFS-OMA, increasing N and M can significantly
reduce spectral efficiency, whereas the use of large N and M
becomes possible for OTFS-NOMA because of the spectrum
sharing of users with different mobility profiles.

Define yor = [yo[k,O] <o yolk, M — 1]}T
[ya 0" y({ Nfl]T. Similarly, the signal vector x; and the
noise vector zy are constructed from z;[k,!] and z[k,I],
respectively. Based on (11), the system model can be expressed
in matrix form as follows:

and yg =

M

Yo = 7voHoxo + Z%Hoxq +zp ,
q=1

(12)

Interference and noise terms

where Hy is a block-circulant matrix and defined as follows:

[ Aoo  Aon-1 Ags Ao
Ap Agpo Aps  App
H, = : : . (13)
Aogn—o Aon-3 - Apo Aon-1
Ao, n—1 Ao n—2 Ao Ago |

and each submatrix Ay ,, is an M x M circulant matrix whose
structure is determined by (11).
Example: Consider a special case with N =4 and M = 3,

and Ug’s channel is given by
1 5 3
- 2
MAf NT )’

(14)

hQ(T, V) Zh070(5(7)5(1/)+h0715 (T

which means kg = 0, k1 = 3, l[p = 0, I; = 1. Therefore,
the block-circulant matrix is given by

Ao Aoz Age Aon
Ag1 Ago Agz Ao
Ho = |00 A0 fos foz) 15
0 Apos Ap1 Agp Ay, (13)
Aoz Ap2 Aogi1 Aoy
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where A070 = h07013, A071 = AQ72 = 03><3 and AQ73 =

0 0 hoa

hop O 0

0 hoi O

Remark 1: 1t is well known that an n xn circulant matrix can
be diagonalized by the n x n discrete Fourier transform (DFT)
and inverse DFT matrices, denoted by F,, and F,; L respec-
tively, i.e., the columns of the DFT matrix are the eigenvectors
of the circulant matrix. We note that directly applying the DFT
factorization to Hj is not possible, since Hy is not a circulant
matrix, but a block circulant matrix.

Because of the structure of Hy, inter-symbol interference
still exists in the considered OTFS-NOMA system, and equal-
ization is needed. We consider two equalization approaches,
FD-LE and FD-DFE, which were both originally developed
for single-carrier transmission with cyclic prefix [34], [35].

A. Design and Performance of FD-LE

The proposed FD-LE consists of two steps. Let ® denote the
Kronecker product. The first step is to multiply the observation
vector yg by Fy ® FL  which leads to the result in the
following proposition.

Proposition 1: By applying the detection matrix Fy ®
FH 1o observation vector yo, the received signals for
OTFS-NOMA downlink transmission can be written as follows:

M
Yo =Do(Fy @ F}) <70Xo + quxq> +7, (16)
q=1
where yo = (Fy @ Fi)yo, 2o = (Fy ® Fi)zo, Dy is a
diagonal matrix whose (kM +1+1)-th main diagonal element
is given by

N—1M—1
. lm - kn
Dyt =30 3 apyle e R )
n=0 m=0
for0O<k<N-1,0<I1<M~—1, and ag:’;bl is the element

located in the (nM + m + 1)-th row and the first column
Of Ho.
Proof: Please refer to Appendix A. (]
With the simplified signal model shown in (16), the second
step of FD-LE is to apply (Fy ® Ff\"/[)_1 D, to ¥o. Thus,
Up’s received signal is given by
M
o =0x0 + Y xs + (Fy @ F) ' Dylze, (18)
q=1

Interference and noise terms

where yo = (FN ® FJ\HI)_1 Dglyo. To simplify the analysis,
we assume that the powers of all users’ information-bearing
signals are identical, which means that the transmit signal-to-
noise ratio (SNR) can be defined as p = E{|xolk,l]|*} =
E{|xi(n)|?}, since the noise power is assumed to be
normalized.® The following lemma provides the signal-to-
interference-plus-noise ratio (SINR) achieved by FD-LE.

OFollowing steps in the proof for Proposition 1 to show the statistical
property of Zg in (66), we can also show that W;[n,m| ~ CN(0,1) if
zilk,l] ~ CN(0,1).

Lemma 1: Assume that v; = 71, for 1 <1 < N. By using
FD-LE, the SINRs for detecting all zolk,l], 0 < k < N —1
and 0 <[ < M — 1, are identical and given by

fali
SINRG i = 1 1\7710 AP AP
p’Y%_‘_ WE}}ZO =0 |l)07 |_2
Proof: Please refer to Appendix B. 0

Remark 2: The proof of Lemma 1 shows that Zi]\io V=1
can be simplified as v3 +~2 = 1 for 1 < i < M, which is the
motivation for assuming 7; = ;. Following steps similar to
those in the proofs for Proposition 1 and Lemma 1, one can
show that directly applying Hy ! to the observation vector
yields the same SINR. However, the proposed FD-LE scheme
can be implemented more efficiently since (Fy ® Ff@%)_1 =
Fﬁ ® Fjr and Dy is a diagonal matrix. Hence, the inversion
of a full NM x N M matrix is avoided.

In this paper, the outage probability and the outage rate are
used as performance criteria, since the outage probability can
provide a tight bound on the probability of erroneous detection
and is general in the sense that it does not depend on partic-
ular channel coding and modulation schemes used [36]. The
outage probability achieved by FD-LE is given by P(log(1 +
SINRBF;CZ) < Ryp), where R;, 0 <14 < M, denotes U;’s target
data rate. It is difficult to analyze the outage probability for the
following two reasons. First, the Dg’l, ke{0,--- ,N-1},1 €
{0, -+, M —1}, are not statistically independent, and second,
the distribution of a sum of the inverse of exponentially
distributed random variables is difficult to characterize. The
following lemma provides an asymptotic result for the outage
probability based on the SINR provided in Lemma 1.

Lemma 2: If 3 > ~ieo, the diversity order achieved by
FD-LE is one, where ¢y = 210 — 1. Otherwise, the outage
probability is always one.

Proof: Please refer to Appendix C. 0

Remark 3: Recall that the diversity order achieved by
OTFS-OMA, where the high-mobility user, Up, solely
occupies the bandwidth resources, is also one. Therefore,
the use of OTFS-NOMA ensures that the additional M low-
mobility users are served without compromising Uy’s diversity
order, which improves the spectral efficiency compared to
OTFS-OMA.

B. Design and Performance of FD-DFE

Different from FD-LE, which is a linear equalizer, FD-DFE
is based on the idea of feeding back previously detected
symbols. Since both x( and x,, ¢ > 1, experience the same
fading channel, we first define x = ~oxo + Zé\il VgXq»
which are the signals to be recovered by FD-DFE. Given the
received signal vector shown in (12), the outputs of FD-DFE
are given by

x = Poyo — Gox, (20)

where x contains the decisions made on the symbols x,
Py is the feed-forward part of the equalizer, and G is the
feedback part of the equalizer. Similar to [34], [35], we use the
following choices for Py and Go: Py = Lo(H{Hy) " 'HY,
Gy = Lo — Iy, where Ly is a lower triangular matrix
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with its main diagonal elements being ones in order to ensure
causality of the feedback signals. With the above choices for
Py and Gy, Uy’s signals can be detected as follows:

X = Lo(Hé{Ho)ilH(l){yo — (Lo — INM)X 21)

For FD-DFE, L is obtained from the Cholesky decomposition
of Hy, i.e., HYHy = LI AgLg, where Ly is the desirable
lower triangular matrix, and A is a diagonal matrix. There-
fore, the estimates of xg can be rewritten as follows:

% =x+ Lo(HIHy) " 'HY 2 (22)
M

= Y0Xo + »_ YgXq + Lo(H{ Ho) 'H{lzo, (23)
g=1

Interference and noise terms

where perfect decision-making is assumed, i.e., X = x, and
there is no error propagation [35], [37], [38]. We note that (23)
yields an upper bound on the reception reliability of FD-DFE
when error propagation cannot be completely avoided.

Following steps similar to those in the proof of Lemma I,
the covariance matrix for the interference-plus-noise term can
be found as follows:

Ceov = pyilyn + Lo(HYHo) 'L = pyiTyn + Al
(24)

where the last step follows from the fact that Ly is obtained
from the Cholesky decomposition of Hy. Therefore, the SINR
for detecting x[k, ] can be expressed as follows:

il
—1 >

SINR()?M = —
i+ Aokl

(25)

where g is the (kM +1+1)-th element on the main diagonal
of Ao.

Remark 4: We note that there is a fundamental difference
between the two equalization schemes. One can observe
from (19) that the SINRs achieved by FD-LE for different
x|k, 1] are identical. However, for FD-DFE, different symbols
experience different effective fading gains, \g x;. Therefore,
FD-DFE can realize unequal error protection for data streams
with different priorities. This comes at the price of a higher
computational complexity.

We further note that the use of FD-DFE also ensures
that multi-path diversity can be harvested, as shown in the
following. The outage performance analysis for FD-DFE
requires knowledge of the distribution of the effective channel
gains, Ao ;. Because of the implicit relationship between
Ay and Hj, a general expression for the outage probability
achieved by FD-DEFE is difficult to obtain. However, analytical
results can be developed for special cases to show that the use
of FD-DFE can realize the maximal multi-path diversity.

In particular, the SINR for o[N — 1, M — 1] is a function
of Ao, (nv—1)(m—1) Wwhich is the last element on the main
diagonal of A(. Recall that A is obtained via Cholesky
decomposition, i.e., HYHy = L{A¢Lg. Because Lg is a
lower triangular matrix, Ao (v —1)(ar—1) is equal to the element
of H(I){ H, located in the N M -th column and the N M -th row,
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which means

Py
Xov-ni-1) = Y [hop|* (26)
p=0
Since the channel gains are i.i.d. and follow hg, ~
CN (O,ﬁ), the probability density function (pdf) of

VPo + 1Ag,(n—1)(m—1) is given by

L . p
flx) = P—O!e Tt
By using the above pdf, the outage probability and the diver-
sity order can be obtained by some algebraic manipulations,
as shown in the following corollary.
Corollary 1: Assume 3 > ~%¢o. The use of FD-DFE
realizes the following outage probability for detection of
l’o[N - 1,M — ].]

27)

eo(Po+1) )
0T ) (o8
p(75 — 7ico) 8

where g(-) denotes the incomplete Gamma function. The full
multi-path diversity order, Py + 1, is achievable for xo[N — 1,
M —1]

Remark 5: The results in Corollary 1 can be extended to
OTFS-OMA with FD-DFE straightforwardly. We also note
that diversity gains larger than one are not achievable with
FD-LE as shown in Lemma 2, which is one of the disadvan-
tages of FD-LE compared to FD-DFE.

Remark 6: We note that not all N M data streams can benefit
from the full diversity gain. The simulation results provided in
Section VII (Fig. 2) show that the diversity orders achievable
for zglk,l], k < N —1 and | < M — 1, are smaller than that
for zo[N — 1, M — 1], and the diversity order for x([0,0] is
one, i.e., the same value as for FD-LE. We further note that
the diversity result in Corollary 1 is obtained by assuming
that there is no error propagation, i.e., it is assumed that when
detecting the i-th element of x in (21), the first (—1) elements
of x have already been correctly detected. Because of this
assumption, the diversity gain developed in Corollary 1 is an
upper bound on the diversity gain achieved by FD-DFE. If the
assumption does not hold, the diversity orders for x¢[k, {] will
be capped by the worst case, i.e., the diversity gain for x([0, 0]
which is one.

Remark 7: FD-DFE entails a higher implementation com-
plexity than FD-LE, as explained in the following. The com-
plexity of FD-LE is mainly caused by computing the inversion
of HH,. However, for FD-DFE, Ly needs to be computed,
in addition to (H¥ Hg)~!, as shown in (21). Recall that Lg
is obtained from the Cholesky decomposition of the NM x
N M matrix Hy, which entails a computational complexity
of O(N3M?3). Therefore, the computational complexity of
FD-DFE is higher than that of FD-LE, but FD-DFE offers
a performance gain in terms of reception reliability compared
to FD-LE, as shown in Section VII.

1
P =—g (P +1
N—1,M—1 PO!Q ( o+ 1,

V. DOWNLINK OTFS-NOMA - DETECTING
THE NOMA USERS’ SIGNALS

Successive interference cancellation (SIC) will be carried
out by the NOMA users, where each NOMA user first decodes
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the high mobility user’s signal in the delay-Doppler plane
and then decodes its own signal in the time-frequency plane.
The two stages of SIC are discussed in the following two
subsections, respectively.

A. Stage I of SIC
Following steps similar to the ones in the previous section,
each NOMA user also observes the mixture of the (M + 1)
users’ signals in the delay-Doppler plane as follows:
M

yi = voHixq + Z%Hixq +z;
q=1

(29)

Interference and noise terms

where H; and z; are defined similar to Hy and z, respectively.

We assume that the low-mobility NOMA users do not
experience Doppler shift, and therefore, their channels can be
simplified as follows:

P;
hi(r) = hipd(T = 7ip), (30)
p=0
for 1 < ¢ < K, which means that each NOMA user’s
channel matrix, H;, 1 < ¢ < N, is a block-diagonal matrix,
i.e., A;o is a non-zero circulant matrix and A;,, = Oarxas,
for 1 < n < N — 1. Therefore, each NOMA user can
divide its observation vector into N equal-length sub-vectors,
ie, y; = [ygo ---yZNfl]T, which yields the following
simplified system model:

M

Yin = ’)/OAi,OXO,n + E ’Yin,qu,n + Zin,
q=1

€1V

where, similar to y; ., X;, and z;, are obtained from x;
and z;, respectively. Therefore, unlike the high-mobility user,
the NOMA users can perform their signal detection based on
reduced-size observation vectors, which reduces the computa-
tional complexity.

Since A;o is a circulant matrix, the two equalization
approaches used in the previous section are still applicable.
First, we consider the use of FD-LE. Following the same steps
as in the proof for Proposition 1, in the first step of FD-LE, the
DFT matrix is applied to the reduced-size observation vector,
which yields the following:

M
Yim = DiF}) (’Yoxo,n + quxq,n> +Zin,  (32)

g=1

where y; n, = FJ\H{yi,n and z; , = FJ\HIZM Compared to D,
in Proposition 1 which is an NM x NM matrix, Di is an
M x M diagonal matrix, and its (I + 1)-th main diagonal
element is given by Dﬁ = Z%;Ol azldleﬂ”%, for 0 <[ <
M — 1, where azldl is the element located in the (m + 1)-th
row and the first column of A; o. Unlike conventional OFDM,
which uses F'j; at the receiver, Ff\l/[ is used here. Because
FiiA; 0Fy = [FayA; Fii]", the sign of the exponent of
the exponential component of D! is different from that in the
conventional case.

In the second step of FD-LE, F Mf); Lis applied to y; .
Following steps similar to the ones in the proof for Lemma 1,
the SINR for detecting x|k, ] can be obtained as follows:

P
M—1 709"
P+ 3 i 1DHT2
We note that SINRS’LkE L= SINR&L,E ;» for ki # ko, due to the
time invariant nature of the channels.
If FD-DFE is used, the corresponding SINR for detecting
xolk, 1] is given by

SINR}YY = (33)

il
_1 b

SINR;DF = — L0
' P'712 + )‘o,l

(34)
where 5\071 is obtained from the Cholesky decomposition
of A;o. The details for the derivation of (34) are omitted
here due to space limitations.

B. Stage II of SIC

Assume that Uy’s N M signals can be decoded and removed
successfully, which means that, in the time-frequency plane,
the NOMA users observe the following:

M
Yi[n,m] = quHi[n, m]Xq[n, m] + W;n, m]
qg=1

(35)

where the last step follows from the mapping scheme used
in (6) and it is assumed that all NOMA users employ the
same power allocation coefficient. We note that U; is only
interested in Y;[n,i—1],0 < n < N — 1. Therefore, U;’s n-th
information bearing signal, x;(n), can be detected by applying
a one-tap equalizer as follows:

. Yi[n,i—1]

Ti\N) = —F7 ——7»
() Y1 H;[n,i—1]
which means that the SNR for detecting x;(n) is given by

SNR;,, = pyi|Di 717, (37)

since W;[n, i — 1] is white Gaussian noise and H;[n,i — 1] =
Df‘l. We note that SNR; ,, = SNR; ,,,, for n; # ny, which
is due to the time-invariant nature of the channel.

Without loss of generality, assume that the same target data
rate R; is used for z;(n), 0 < n < N—1. Therefore, the outage
probability for x;(n) is given by

LE
Pi,n

=1 P (SNRy, > €, SINRG S > €0, V1)

= y1H;[n, m|xy41(n) + Win,m],

(36)

< 2| 7yi—1)2 P
=1-P | pn|D; " >e, M—1,~ >€o |,
' pY7 + ﬁ = D72
(38)
if FD-LE is used in the first stage of SIC. If FD-DFE is used
in the first stage of SIC, the outage probability for x;(n) is
given by

PPFE—1-P (SNR;,, > €, SINR I > €, 1 )

i fali
=1-P (DI P> e, ——%—= >0, V1|, (39)
12"')‘0,1

584

585

586

587

588

589

590

591

592

593

594

595

596

597

598

599

600

601

602

603

604

605

606

607

608

609

610

611

612

613

614

615

616

617

618

619

620

621

622

623

624

625



626

627

628

629

630

631

632

633

634

635

636

637

638

639

640

641

642

643

644

645

646

647

648

649

650

651

652

653

654

655

656

657

658

659

660

661

662

663

664

665

666

667

668

669

670

671

672

673

674

where ¢, = 2% — 1. Again because of the correlation
between the random variables |D}|=2 and Ao, the exact
expressions for the outage probabilities are difficult to obtain.
Alternatively, the achievable diversity order is analyzed in the
following subsections.

1) Random User Scheduling: If the M users are randomly
selected from the K available users, which means that each
|DLJ? is complex Gaussian distributed. For the FD-LE case,
the outage probability, PLE | can be upper bounded as follows:

i,n’
>60>a

(40)

where | D" |2 = min{|D"|?,0 < m < M — 1}. The upper
bound on the outage probability in (40) can be rewritten as
follows:

il

LE 2| ymin |2 R L
P'L,n <1-P <p71|Dz | > €, P’Y% + |Dinin|—2

PLE Sl

H<1-P(IDpe > e, (4D

where € = max {W m . As a result, an upper
0 1
bound on the outage probability can be obtained as follows:

- ) 1
PLE < P (|D;mn|2 < g) < MP (|D?|2 < g) ==, @)
’ p

where P° = p~¢ denotes exponential equality, ie., d =

— lim l‘ffp [36]. Therefore, the following corollary can be
0

obtained.

Corollary 2: For random user scheduling and FD-LE,
a diversity order of 1 is achievable at the NOMA users.

Our simulation results in Section VII show that a diversity
order of 1 is also achievable for FD-DFE, although we do not
have a formal proof for this conclusion, yet.

2) Realizing Multi-User Diversity: The diversity order of
OTFS-NOMA can be improved by carrying out opportunistic
user scheduling, which yields multi-user diversity gains. For
illustration purpose, we propose a greedy user scheduling
policy, where a single NOMA user is scheduled to transmit
in all resource blocks of the time-frequency plane. From the
analysis of the random scheduling case we deduce that |l~)?“i" |2
is critical to the outage performance. Therefore, the sched-
uled NOMA user, denoted by U;«, is selected based on the
following criterion:

i* =arg max {|l~)§nin|2}.
ie{l,- K}

(43)

By using the assumption that the users’ channel gains are
independent and following steps similar to the ones in the
proof for Lemma 2, the following corollary can be obtained
in a straightforward manner.

Corollary 3: For FD-LE, the user scheduling strategy
shown in (43) realizes the maximal multi-user diversity
gain, K.

Remark 8: The reason why a multi-user diversity gain of
K can be realized by the proposed scheduling strategy is
explained in the following. Recall that the SINR for FD-LE

to detect gk, ] is SINRE’%:;: = o Z’é}? Tt If this

SINR is too small, the first stage of SIC will fail and an
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outage event will occur. To improve the SINR, it is important
to ensure that for a scheduled user, its weakest channel gain,
|D2 = min{|D™|?,0 < m < M — 1}, is not too small.
The used scheduling strategy shown in (43) is essentially a
max-min strategy and ensures that the user with the strongest
| D72 is selected from the K candidates, which effectively
exploits multi-user diversity.

We note that the user scheduling strategy shown in (43)
is also useful for improving the performance of FD-DFE,
as shown in Section VII.

VI. UPLINK OTFS-NOMA TRANSMISSION

The design of uplink OTFS-NOMA is similar to that
of downlink OTFS-NOMA, and due to space limitations,
we mainly focus on the difference between the two cases in
this section. Again, we assume that Uy is grouped with M
NOMA users, selected from the K available users. Ug’s NM
signals are placed in the delay-Doppler plane, and are denoted
by xolk,l], where 0 < k£ < N —1and 0 < [ <
M — 1. The corresponding time-frequency signals, Xo[n, m],
are obtained by applying ISFFT to xg[k,l]. On the other
hand, the NOMA users’ signals, x;(n), are mapped to time-
frequency signals, X;[n,m], according to (6).

Following steps similar to the ones for the downlink case,
the base station’s observations in the time-frequency plane are
given by

Yn,m] = H,[n,m]X,[n,m] + Wn,m|

M=

Il
o

q
N—1M-—

Honm (kp_m
= xokle]%N 7)

k=0

H

—~

=0

_|_
Miz

HQ[n’m]X(I[nam] + W[n7m]a (44)

1

q

where Wn,m] is the Gaussian noise at the base station
in the time-frequency plane. We assume that all users employ
the same transmit pulse as well as the same transmit power.
The base station applies SIC to first detect the NOMA users’
signals in the time-frequency plane, and then tries to detect
the high-mobility user’s signals in the delay-Doppler plane,
as shown in the following two subsections.

A. Stage I of SIC

The base station will first try to detect the NOMA users’
signals in the time-frequency plane by treating the signals from
Uy as noise, which is the first stage of SIC.

By using (6), z;(n) can be estimated as follows:

. Yn,i—1]

() = ]

Ho[n, 1— 1]X0[n, 1— 1] + W[TL, 1— ].]
el Hiln, i 1] |
Define an N M x 1 vector, Xg, whose (nM +m-+1)-th element
is Xo[n, m]. Recall that X([n,m| is obtained from the ISFFT
of xglk, 1], i.e

(45)

= (F¥ ® Far)xo, (46)
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which means Xy[n,m] follows the same distribution as
xo[k,1]. By applying steps similar to those in the proof for
Lemma 1, the SINR for detecting x;(n) is given by

p|H;[n,i— 1])?
p|H0[n,z'— 1”2 +1

Unlike downlink OTFS-NOMA, there are two possible
strategies for uplink OTFS-NOMA to combat multiple access
interference, as shown in the following two subsections.

1) Adaptive-Rate Transmission: One strategy to combat
multiple access interference is to impose the following con-
straint on z;(n):

SINR; ,, = (47)

48
AHoln,i — 1P + 1 @9

; 2
Ri, < log (1 o i )
which means that the first stage of SIC is guaranteed to be
successful. Therefore, the M low-mobility users are served
without affecting Ug’s outage probability, i.e., the use of
NOMA is transparent to Ug.

Because U;’s data rate is adaptive, outage events when
decoding z;(n) do not happen, which means that an appropri-
ate criterion for the performance evaluation is the ergodic rate.
Recall that H;[n,i — 1] = D% and Hy[n,i — 1] = D" ",
Therefore, U;’s ergodic rate is given by

< < Pl
Rip} <EQlog (14 ——t——— |4 (49
{Rin} og DR (49)

We note that the ergodic rate of uplink OTFS-NOMA can
be further improved by modifying the user scheduling strategy
proposed in (43), as shown in the following. Particularly,
denote the NOMA user which is scheduled to transmit in the
m-th frequency subchannel by U;- , and this user is selected
by using the following criterion:

jr, = arg max £ {|D§”’|2}.

i (50)
ief{l,-

We note that a single user might be scheduled on multiple
frequency channels, which reduces user fairness.

Because the integration of the logarithm function appearing
in (49) leads to non-insightful special functions, we will use
simulations to evaluate the ergodic rate of OTFS-NOMA in
Section VII.

2) Fixed-Rate Transmission: If the NOMA users do not
have the capabilities to adapt their transmission rates, they
have to use fixed data rates R; for transmission, which means
that outage events can happen and the achieved outage perfor-
mance is analyzed in the following. For illustration purposes,
we focus on the case when the user scheduling strategy shown
in (50) is used.

The outage probability for detecting ;- (n) is given by

pAD P
Pix n=P|llog |1+

, - (51)
" plDy

< R;=
BREE! "

Following steps similar to the ones in the proof for Lemma 2,
St —1 i —1 .
we can show that |D; |2 and |Dy""" " |2 are independent,

and the use of the user scheduling scheme in (50) simplifies
the outage probability as follows:

plD .
_ < R»
|Dn1 —1|2+1 m

o0 ei;ﬂn’(lﬁ-py) K
= / l—e  » e_ydy,
0

where we use the fact that the cumulative distribution function
of |D;r |2 is (1—e ”)K because of the adopted user
scheduhng strategy.

The outage probability can be further simplified as follows:

K K s oo 71“1-;«”(1-*—07/)
P =3 ()0 e
0

k=0

K
K keir, 1
= (—1)ke™ " ———.
s k kEi;«” -|— ].

At high SNR, the outage probability can be approximated
as follows:

Py n=P[log |1+

(52)

Yy

(33)

(54)

K
K 1

P, ~ E 1)

Ty sT k:o(k)( )kﬁifyr—’_]‘,

which is no longer a function of p, i.e., the outage probability
has an error floor at high SNR. This is due to the fact that
U;- is subject to strong interference from Up.

However, we can show that the error floor experienced by
Uj: can be reduced by increasing K, i.e., inviting more oppor-
tunistic users for NOMA transmission. In particular, assuming
Ke;» — 0, the outage probability can be approximated as
follows:

1

K
P 3o () 0! (1 kes)”
e -
~ Y ( ) kz D'kl (55)
k=0 1=
where we use the fact that (1+z) 7" = Y7 (=1)!a!, |z < 1.

Therefore, the error floor at high SNR can be approximated
as follows:

Pir n = Z(—l)leé% Z <k>(_1)kkl
=0 k=0
~ (DR ()R K1 = KX (56)

where we use the identities ZkK:o (K) (-1)Fkl =0, forl < K

k
K ,
and Yo (%) (—1)FEK = (-1)K KL
The conclusion that increasing K reduces the error floor
can be confirmed by defining f(k) = klef. and using the

following fact:

fk) =

where it is assumed that ke;x — 0.

fle+1) =kl (1—(k+1)e:) >0, (57)
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Fig. 1.
for 4 > 0. Random user scheduling is used.

B. Stage II of SIC

If adaptive transmission is used, the NOMA users’ sig-
nals can be detected successfully during the first stage
of SIC. Therefore, they can be removed from the obser-
vations at the base station, ie., Y[n,m| = Y[n,m] —
Zf]\;l H,(n,m)X4[n,m], and SFFT is applied to obtain the
delay-Doppler observations as follows:

N—-1M-1

1= g 3 3 ¥l

n=0 m=0

= Z ho p(EO

where z[k,l] denote additive noise. Up’s signals can be
detected by applying either of the two considered equalization
approaches, and the same performance as for OTFS-OMA
can be realized. The analytical development is similar to the
downlink case, and hence is omitted due to space limitations.

However, if fixed-rate transmission is used, the uplink
outage events for decoding xg[k,l] are different from the
downlink ones, as shown in the following. Particularly, the use
of FD-LE yields the following SINR expression for decod-
ing zo[k, ]:

uo p)N’ (l_lTO,p)M]+Z[k7 l]a (58)

SINRKS, = -

(39
N—
a7 koo 2imo 10572

If FD-DFE is used, the SNR for detection of xg[k,l] is
given by

SINRRTE = pAg i (60)

Therefore, the outage probability for detecting xglk,(] is
given by
P = 1 — P (SINRG/™" > €0, SNR; ,, > €;Vi, n)
>1—P(SNR;,, > ¢;Vi,n) > P (SNRy ¢ < €).

Since P (SNR; < ¢;) has an error floor as shown in the
previous subsection, the uplink outage probability for detection

The transmit SNR p (dB)

(b) Ro = 0.5 BPCU and R; = 1 BPCU

Impact of OTFS-NOMA on the downlink sum rates. M = N = K = 16. Py = P; = 3. BPCU denotes bit per channel use. 'yg = % and 'yf =3

TABLE I
DELAY-DOPPLER PROFILE FOR Ug’S CHANNEL

Propagation path index (p) 0 1 2 3
Delay (70,5) us 833 25 41.67 58.33
Delay tap index (I, , ) 2 6 10 14
Doppler (vo,) Hz 0 0 468.8 468.8
Doppler tap index (k. ,, ) 0 0 1 1

of Up’s signals does not go to zero even if p — o0,
which is different from the downlink case. Therefore, if fixed-
rate transmission is used, adding the M low-mobility users
into the bandwidth, which would be solely occupied by
Up in OTFS-OMA, improves connectivity but degrades Up’s
performance.

VIL

In this section, the performance of OTFS-NOMA is evalu-
ated via computer simulations. Similar to [26]-[28], we first
define the delay-Doppler profile for Uy’s channel as shown
in Table I, where P, = 3 and the subchannel spacing is
Af = 7.5 kHz. Therefore, the maximal speed corresponding
to the largest Doppler shift 193 = 468.8 Hz is 126.6 km/h
if the carrier frequency is f. = 4 GHz. On the other
hand, the NOMA users’ channels are assumed to be time
invariant with P, = 3 propagation paths, ie., 7, = 0 for
p > 4, ¢ > 1. For all the users’ channels, we assume that
Z o E{hipl*t = 1 and |h;p|? ~ CN (0, P+1)' For the
fixed rate transmission scheme, a simple choice for power
allocation (73 = 3 and 72 = 1 for i > 0) is considered.
The performance of OTFS-NOMA could be further improved
by optimizing 7; according to the users’ channel conditions
and QoS requirements.

In Fig. 1, downlink OTFS-NOMA transmission is evaluated
by using the normalized outage sum rate as the performance
criterion which is defined as ﬁ Z e M ! o (1=Pox)Ro

NUMERICAL STUDIES

830

831

832

833

834

835

836

837

838

839

840

841

842

843

844

845

846

847

848

849

850

851

852

853

854

855



856

857

858

859

860

861

862

863

864

865

866

867

868

869

870

871

872

873

DING et al.: OTFS-NOMA: AN EFFICIENT APPROACH FOR EXPLOITING HETEROGENOUS USER MOBILITY PROFILES 11

' 0 :

—< Uy, OMA-LE 1078 8- OMA-DFE, [0, 0]

—% Uy, OMA-DFE, sim. . |--©-NOMA-DFE, [0, 0]

.8- Uy, OMA-DFE, ana. -8 OMA-DFE, zo[§ — 1, £ — 1]
" ~Up, NOMA-LE £ “/-e-NOMA-DFE, z[§ — 1,4 — 1]
-2 -o-Up, NOMA-DFE, sim.| & . |-==OMA-DFE, 29[N — 1, M — 1]
= -%- Uy, NOMA-DFE, ana. jg 10 |-~ NOMA-DFE, [N — 1, M — 1]
3 ——-NOMA users, LE & R
)
= ) X
S e \'\
£ > © 102 \
= 95 \
o ) \

S .6
3 \
\
7 \
S .,
\ \ "IJ
10-3 L L L L L 10-3 L L L L L
0 () 10 15 20 25 30 0 ) 10 15 20 25 30

The transmit SNR p (dB)

(a) Outage probabilities of Ug and the NOMA users

Fig. 2.

The outage performance of downlink OTFS-OMA and OTFS-NOMA. M = N = K = 16. Py = P; = 3. 95 = %

The transmit SNR p (dB)

(b) Performance of FD-DFE

and ; :ifori>0.

Ro = 0.5 BPCU and R; = 1 BPCU. In Fig. 2(a), for FD-DFE, the performance of zq [N -1, M — 1] is shown. Random user scheduling is used.

2.5

1.5}

¥

—% OMA-LE
—— OMA-DFE
-©-NOMA-LE, random

-&- NOMA-DFE, random
—6-NOMA-LE, scheduling
—8-NOMA-DFE, scheduling

0 5 10 15 20 25 30
The transmit SNR p (dB)

05

Normalized Outage Sum Rates

Fig. 3. Impact of user scheduling on the downlink outage sum rates.
P;=3 Rp=1BPCUand R; =1.5BPCU. M = N = K = 16,73 =
amdwi2 = i for i > 0.

e ||

and o 57300 S0 (1 —Pos) Ro+ iy Sty Yong (1—
P;n)R; for OTFS-OMA and OTFS-NOMA, respectively.
Fig. 1 shows that the use of OTFS-NOMA can significantly
improve the sum rate at high SNR for both considered choices
of Ry and R;. The reason for this performance gain is the
fact that the maximal sum rate achieved by OTFS-OMA is
capped by Ry, whereas OTFS-NOMA can provide sum rates
up to Ry + R;. Comparing Fig. 1(a) to Fig. 1(b), one can
observe that the performance loss of OTFS-NOMA at low
SNR can be mitigated by reducing the target data rates,
since reducing the target rates improves the probability of
successful SIC. Furthermore, both figures show that FD-DFE
outperforms FD-LE in the entire considered range of SNRs;
however, we note that the performance gain of FD-DFE over
FD-LE is achieved at the expense of increased computational
complexity.

In Fig. 2, the outage probabilities achieved by downlink
OTFS-OMA and OTFS-NOMA are shown. As can be seen

3
2.5
=
S
o 2
2
]
~
.8
"8 1.5
o0
f—
€3l
17 —5—Random
—— User scheduling, K=4
—6—User scheduling, K=8
05 ‘ ‘ —<— User scheduling, K=16

0 5 10 15 20 25 30
The transmit SNR p (dB)

Fig. 4. The ergodic rate gain of OTFS-NOMA over OTFS-OMA. The NOMA
users adapt their data rates according to (48). Pp = P; =3. M = N = 16.

from Fig. 2(a), the diversity order achieved with FD-LE for
detection of xzg[k,l] is one, as expected from Lemma 2.
As discussed in Section IV-B, one advantage of FD-DFE
over FD-LE is that FD-DFE facilitates multi-path fading
diversity gains, whereas FD-LE is limited to a diversity gain
of one. This conclusion is confirmed by Fig. 2(a), where the
analytical results developed in Corollary 1 are also verified.
Fig. 2(b) shows the outage probabilities achieved by FD-DFE
for different [k, []. As shown in the figure, the lowest outage
probability is obtained for xo[N — 1, M — 1], whereas the
outage probability of x4[0,0] is the largest, which is due to
the fact that, in FD-DFE, different signals x[k, (] are affected
by different effective channel gains, Agj;. Another impor-
tant observation from the figures is that the FD-LE outage
probability is the same as the FD-DFE outage probability for
detection of ([0, 0], which fits the intuition that for FD-DFE
the reliability of the first decision (z([0,0]) is the same as
that of FD-LE. For the same reason, FD-LE and FD-DFE
yield similar performance for detection of the NOMA users’
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Fig. 5.
'y(%:%and'y?:%fori>0.

signals, since the FD-DFE outage performance is dominated
by the reliability for detection of [0, 0], and hence is the
same as that of FD-LE.

In addition to multi-path diversity, another degree of free-
dom available in the considered OTFS-NOMA downlink
scenario is multi-user diversity, which can be harvested by
applying user scheduling as discussed in Section V-B. Fig. 3
demonstrates the benefits of exploiting multi-user diversity.
With random user scheduling, at low SNR, the performance
of OTFS-NOMA is worse than that of OTFS-OMA, which
is also consistent with Fig. 1. By increasing the number
of users participating in OTFS-NOMA, the performance of
OTFS-NOMA can be improved, particularly at low and mod-
erate SNR. For example, for FD-LE, the performance of
OTFS-NOMA approaches that of OTFS-OMA at low SNR
by exploiting multi-user diversity, and for FD-DFE, an extra
gain of 0.5 BPCU can be achieved at moderate SNR.

In Figs. 4 and 5, the performance of uplink OTFS-NOMA is
evaluated. As discussed in Section VI, the NOMA users have
two choices for their transmission rates, namely adaptive and
fixed rate transmission. The use of adaptive rate transmission
can ensure that the implementation of NOMA is transparent
to Uy, which means that Uy’s QoS requirements are strictly
guaranteed. Since Up achieves the same performance for
OTFS-NOMA and OTFS-OMA when adaptive rate transmis-
sion is used, we only focus on the NOMA users’ performance,
where the ergodic rate in (49) is used as the criterion.
We note that this ergodic rate is the net performance gain of
OTFS-NOMA over OTFS-OMA, which is the reason why the
vertical axis in Fig. 4 is labeled ‘Ergodic Rate Gain’. When
the M users are randomly selected from the X' NOMA users,
the ergodic rate gain is moderate, e.g., 1.5 bit per channel
use (BPCU) at p = 30 dB. By applying the scheduling strategy
proposed in (50), the ergodic rate gain can be significantly
improved, e.g., nearly by a factor of two compared to the
random case with K = 16 and p = 30 dB.

The transmit SNR p (dB)

(b) Outage Probability

The performance of uplink OTFS-NOMA. Fixed-rate transmission is used by the NOMA users. M = N = 16. Pp = P; = 3. Rop = 0.5 BPCU.

Fig. 5 focuses on the case with fixed rate transmission, and
similar to Fig. 1, the normalized outage sum rate is used as
performance criterion in Fig. 5(a). One can observe that with
random user scheduling, the sum rate of OTFS-NOMA is sim-
ilar to that of OTFS-OMA. This is due to the fact that no inter-
ference mitigation strategy, such as power or rate allocation,
is used for NOMA uplink transmission, which means that U,
and the NOMA users cause strong interference to each other
and SIC failure may happen frequently. By applying the user
scheduling strategy proposed in (50), the channel conditions of
the scheduled users become quite different, which facilitates
the implementation of SIC. This benefit of user scheduling
can be clearly observed in Fig. 5(a), where NOMA achieves
a significant gain over OMA although advanced power or rate
allocation strategies are not used. Fig. 5(a) also shows that the
difference between the performance of FD-LE and FD-DFE is
insignificant for the uplink case. This is due to the fact that the
outage events during the first stage of SIC dominate the outage
performance, and they are not affected by whether FD-LE
or FD-DFE is employed. Another important observation from
Fig. 5(a) is that the maximal sum rate Ry + R; cannot be
realized, even at high SNR. The reason for this behaviour is
the existence of the error floor for the NOMA users’ outage
probabilities, as shown in Fig. 5(b). The analytical results
provided in Section V-B show that increasing K can reduce
the error floor, which is confirmed by Fig. 5(b).

VIII. CONCLUSION

In this paper, we have proposed OTFS-NOMA uplink and
downlink transmission schemes, where users with different
mobility profiles are grouped together for the implemen-
tation of NOMA. The analytical results developed in the
paper demonstrate that both the high-mobility and the low-
mobility users benefit from the application of OTFS-NOMA.
In particular, the use of NOMA enables the spreading of
the signals of a high-mobility user over a large amount
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of time-frequency resources, which enhances the OTFS res-
olution and improves the detection reliability. In addition,
OTFS-NOMA ensures that the low-mobility users have access
to the bandwidth resources which would be solely occupied by
the high-mobility users in OTFS-OMA. Hence, OTFS-NOMA
improves the spectral efficiency and reduces latency. An inter-
esting topic for future works is studying the impact of non-zero
fractional delays and fractional Doppler shifts on the perfor-
mance of the developed OTFS-NOMA protocol. Furthermore,
in this paper, the users’ channel gains (the taps of the delay-
Doppler impulse response) have been assumed to be Gaussian
distributed, and an important direction for future research is to
investigate the impact of other types of channel distributions
on the performance of OTFS-NOMA. Moreover, the combi-
nation of emerging spectrally efficient 5G solutions, such as
5G New Radio Bandwidth Part (5G-NR-BWP) [39], [40] and
software-controlled metasurfaces [41], with OTFS-NOMA is
also a promising topic for future research.

APPENDIX A
PROOF FOR PROPOSITION 1

Intuitively, the use of Fy ® FI, is analogous to the
application of the ISFFT which transforms signals from the
delay-Doppler plane to the time-frequency plane, where inter-
symbol interference is removed, i.e., the user’s channel matrix
is diagonalized. The following proof confirms this intuition
and reveals how the diagonalized channel matrix is related to
the original block circulant matrix. We first apply Fy ® Iy,
to yo, which yields the following:

(Fy ®1In)yo
M
= (Fy @ Iy)Hg (’YOXO + quxq> + (Fy ®1yp)zo

q=1
N-1
Zﬂlﬂ
= diag { Z Ag e

n=0

M
X <’po0 —+ Z'yqxq> + (FN & IM)Z(),

q=1

0§l<N—1}(FN®IM)

(61)

where diag{Bj,---,By} denotes a block-diagonal matrix
with Bn, 1 < n < N, on its main diagonal. Note that
Zn o AOne 525 ,0<I<N-—-1,isasumof N M x M
circulant matrices, each of which can be further diagonalized
by F ;. Therefore, we can apply Iy ®FM to (Fn ®1In)yo,
which yields the following:

(In @ F3)(Fy @ Inr)yo

N—-1
= diag{z Ag e "% 0<I< N - 1}

n=0

M
x (Fy @ In)(In @ Ff) (70)(0 + Z%Xq>

q=1
+ Iy @ Fi)(Fy @ Lu)zo, (62)
where Agp, is a diagonal matrix, Ao, =
diag {thl Syagy et 0<t <M -1}, and ag; s

the element located in the m-th row and ﬁrst column of A ,,.

By applying a property of the Kronecker product,
(A®B)(C®D)=(AC)® (BD), the received signals can
be simplified as follows:

(Fy @ Fi))yo

N—1
2
= diag { Z Ao ne”

n=0

- 1}(FN ® Fiy)

Do

M
X (’YOXO + Z ’Yqu> + (Fy ® F)z0,

q=1

(63)

where the (kM + [ + 1)-th element on the main diagonal of
Dy is Dlg’l as defined in the proposition. The proof for the
proposition is complete.

APPENDIX B
PROOF FOR LEMMA 1

In order to facilitate the SINR analysis, the system model in
(18) is further simplified. Define X [n,m] = Zf\il Xi[n,m].
With the mapping scheme used in (6), the NOMA users’
signals are interleaved and orthogonally placed in the time-
frequency plane, i.e., X[n,m] is simply U,,;1’s n-th signal,
Zpmi1(n). Denote the outcome of the SFFT of X|[n,m]
by [k, 1], which yields the following transform:

N-1M—
X[n,mle JQW(W]C*WZ).

Ik, 1] = (64)

n=0 m=0
Denote the N M x 1 vector collecting the Z[k, ] by x and the

NM x 1 vector collecting the X [n,m| by %, which means
that (64) can be rewritten as follows:

%= (Fy @ Fi)x. (65)

Therefore, the model for the received signals in (18) can be
re-written as follows:

o ~ —1 ~
Yo ="0x0+nx+(Fy ® F{\{{) D, 'z

v -1 1~
=0x0+n(Fy @ Fi)x+ (Fy @ Fi)  Dg'zo, (66)
Interference and noise terms
where we have used the assumption that 7; = =, for

1 <7 < N. Note that the power of the information-bearing
signals is simply 73 p, and therefore, the key step to obtain the
SINR is to find the covariance matrix of the interference-plus-
noise term.

We first show that Zy 2 (Fy ® Fi )z is still a com-
plex Gaussian vector, i.e., z; ~ CN(0,Ixs). Recall that
zo contains N M i.i.d. complex Gaussian random variables.
Furthermore, Fn ® Ff/[ is a unitary matrix as shown in the
following:

(Fy @ Fi)(Fy @ Fi)" 2 (Fy © FY)(FE @ Fu)

b
© FNFH) @ (FLF)

= Inm, (67)

where step (a) follows from the fact that (A ® B)? =
A" ® BY and step (b) follows from the fact that
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(A®B)(C®D) = (AC)®(BD). Therefore, (Fy®@F4 )z ~
CN(0,Inns) given the fact that zg ~ CN(0,Inp) and a
unitary transformation of a Gaussian vector is still a Gaussian
vector.
Therefore, the covariance matrix of the interference-plus-
noise term is given by
(jCOV
o H
— e {(Fn @ Fisx (Fy @ Flp)" |
- C H— —H
+&{(Fy 2 Fl)) D327 D (Fy @ Flr) "}
(68)
Recall that the (nM + m + 1)-th element of X is X [n, m]

which is equal to x,,+1(n). Therefore, the covariance matrix
can be further simplified as follows:

Ccov = '712p(FN & Fﬁ) (FN ® F]I\_I/[)H
+(Fy @ Ff) " DDy (Fy 0 F
= viplun + (F% ® FM) DEIDEH (FN ® Fﬁ)7
(69)

)—H

where the noise power is assumed to be normalized.

Following the same steps as in the proof of Proposi-
tion 1, we learn that, by construction, (F&¥ @ Fj/) Dy DG
(Fy @ F4) is also a block-circulant matrix, which means
that the elements on the main diagonal of (F% QR F M)
D, 'D, " (Fy ® F1}) are identical. Without loss of gener-
ality, denote the diagonal elements of (F{ @ Fy/) Dy 'Dy ¥
(Fxy @ F4}) by ¢. Therefore, ¢ can be found by using the
trace of the matrix as follows:

o= N

1 i
= 5 {(Fx © Fi) (Fy @ Fa) Dy "Dy}

Tr {(F¥ ® Fu) Dy 'Dy 7 (Fy @ Fi)}

N-1M-1
1

1 Al ol —
= 7T (D0 Do} =57 20 D 1D (70)
k=0 [=0

Therefore, the SINR for detection of xg[k,!] is given by

2
SINRLE, — ~ PO 71
R 7o
and the proof is complete.
APPENDIX C

PROOF FOR LEMMA 2

The lemma is proved by first developing upper and lower
bounds on the outage probability, and then showing that both
bounds have the same diversity order.

An upper bound on SINR j; is given by

il
PR+ i Tro
P
P+ D02

SINRy .z = —
; M—1 | ~k,d|_
=0 |DO | 2

IN

(72)
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Therefore, the outage probability, denoted by Py j;, can be
lower bounded as follows:

2
P0
Powx > P o < 60)
<P712+ N1M|Dd |2
— P (D% < i ) (73)
(' CRN 17

where we assume that 73 > ~7¢g. Otherwise, the outage
probability is always one.

To evaluate the lower bound on the outage probability,
the distribution of D" is required. Recall from (16) that D"
is the ((v — 1)M + w)-th main diagonal element of Dy and
can be expressed as follows:

N—1M~-1

u m,1_jomgim _jogin
Dy” = E E ag,, €77 e N,

n=0 m=0

(74)

which is the ISFFT of agf;f. Therefore, we have the following
property:
Do = VNMFILAGFy,

where the element in the u-th row and the v-th column of D
is D"? and the element in the m-th row and the n-th column
of Ag is ag’,.

The matrix-based expression shown in (75) can be vector-
ized as follows:

Diag(Dyg) = vec(Do) = VN Mvec(F& AgFy)
= VNM(Fy @ Fi)vec(Ay),

where Diag(A) denotes a vector collecting all elements on
the main diagonal of A and we use the facts that (CT ®
A)vec(B) = vec(D) if ABC =D, and F%, = Fy.

We note that vec(Ag) contains only (P, + 1) non-zero
elements, where the remaining elements are zero. Therefore,
each element on the main diagonal of Dy is a superposition

of (Py + 1) i.i.d. random variables, h;, ~ CN (O7 7 )-
We further note that the coefficients for the superposition are
complex exponential constants, i.e., the magnitude of each
coefficient is one. Therefore, each element on the main diag-
onal of Dy is still complex Gaussian distributed, i.e., Dy ~
CN(0,1), which means that the lower bound on the outage

probability shown in (73) can be expressed as follows:

(75)

(76)

w0 1
PO,kl 2 1—e¢ NMp("rS*W%Eo) = _.
p
On the other hand, an upper bound on the outage probability
is given by

(77)

Jal . )
p’Yf + ﬁ Zg;)l ?i(;l |D0mm|_2 0]
(78)
where |[DI"| = min{|D{'|,VI € {0,---,M — 1}k €
{0,---,N —1}}.
Therefore, the outage probability can be upper bounded as
follows:

Pou <P <

Po < P (|D3“i“|2 < 70)

p(v3—77e0)

(79)
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It is important to point out that the [D{*'|2, I € {0,--- , M —
1}, k €{0,---, N — 1}, are identically but not independently
distributed. This correlation property is shown as follows.
The covariance matrix of the effective channel gains, i.e., the
elements on the main diagonal of Dy, is given by

& {Diag(Do)Diag(Do)H}
= NME {(Fy ® Fi)vec(Ag)vec(Ag)? (Fy @ Fi) 7}
= NM(Fy @ Fi))E {vec(Ag)vec(Ag)? } (Fn @ Fi)H.
(80)

Because the channel gains, ho,p, are iid.,
& {vec(Ag)vec(Ag)} is a diagonal matrix, where only
(Pp+1) of its main diagonal elements are non-zero. Following
the same steps as in the proof for Proposition 1, one can
show that the product of (Fy ® FAHI), a diagonal matrix,
and (Fy ® FI)H yields a block circulant matrix, which
means that € {Diag(Do)Diag(Do)"} is a block-circulant
matrix, not a diagonal matrix. Therefore, the |D§’l|2,
1e{0,---,M—1},ke€{0,---,N — 1}, are correlated, and
not independent.

Although the |D§ ’l|2 are not independent, an upper bound
on Py ;; can be still found as follows:

. €0
PO,kl S P <|Dmm|2 < 7)
0 p(75 — i€o)
N—-1M-1

P Dk,l2< €0 >
> 2 <| o'l p(7¢ —~ieo)

k=0 =0

MNP (|D8’0|2 < )
P(’Yo

=0 1
= MN (1 —e m&w%em) y 4
p

IA

IN

(81)

Since both the upper and lower bounds on the outage proba-
bility have the same diversity order, the proof of the lemma
is complete.
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Abstract— This paper considers a challenging communication
scenario, in which users have heterogenous mobility profiles,
e.g., some users are moving at high speeds and some users are
static. A new non-orthogonal multiple-access (NOMA) trans-
mission protocol that incorporates orthogonal time frequency
space (OTFS) modulation is proposed. Thereby, users with differ-
ent mobility profiles are grouped together for the implementation
of NOMA. The proposed OTFS-NOMA protocol is shown to
be applicable to both uplink and downlink transmission, where
sophisticated transmit and receive strategies are developed to
remove inter-symbol interference and harvest both multi-path
and multi-user diversity. Analytical results demonstrate that both
the high-mobility and the low-mobility users benefit from the
application of OTFS-NOMA. In particular, the use of NOMA
allows the spreading of the high-mobility users’ signals over a
large amount of time-frequency resources, which enhances the
OTEFS resolution and improves the detection reliability. In addi-
tion, OTFS-NOMA ensures that low-mobility users have access
to bandwidth resources which in conventional OTFS-orthogonal
multiple access (OTFS-OMA) would be solely occupied by the
high-mobility users. Thus, OTFS-NOMA improves the spectral
efficiency and reduces latency.

Index Terms—XXXXX.

I. INTRODUCTION

ON-ORTHOGONAL multiple access (NOMA) has been
recognized as a paradigm shift for the design of mul-
tiple access techniques for the next generation of wireless
networks [1]-[4]. Many existing works on NOMA have
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focused on scenarios with low-mobility users, where users
with different channel conditions or quality of service (QoS)
requirements are grouped together for the implementation
of NOMA. For example, in power-domain NOMA, a base
station serves two users simultaneously [5], [6]. In partic-
ular, the base station first orders the users according to
their channel conditions, where the ‘weak user’ which has
a poorer connection to the base station is generally allocated
more transmission power and the other user, referred to as
the ‘strong user’, is allocated less power. As such, the two
users can be served in the same time-frequency resource,
which improves the spectral efficiency compared to orthog-
onal multiple access (OMA). In the case that users have
similar channel conditions, grouping users with different QoS
requirements can facilitate the implementation of NOMA and
effectively exploit the potential of NOMA [7]-[9]. Various
existing studies have shown that the NOMA principle can
be applied to different communication networks, such as
millimeter-wave networks [10], [11], massive multiple-input
multiple-output (MIMO) systems [12], [13], hybrid multi-
ple access systems [14], [15], visible light communication
networks [16], [17], and mobile edge computing [18]. We also
note that various standardization efforts have been made
to facilitate the implementation of NOMA in practical sys-
tems. For example, a study for the application of NOMA
for downlink transmission, termed multi-user superposition
transmission (MUST), was carried out for the 3rd Generation
Partnership Project (3GPP) Release 14, where 15 different
forms of MUST were proposed and compared [19]. After
this study was completed, MUST was formally included
in 3GPP Release 15 which is also referred to as Evolved
Universal Terrestrial Radio Access (E-UTRA) [20]. A study
for the application of NOMA for uplink transmission has been
recently carried out for 3GPP Release 16, where more than
20 different forms of NOMA have been proposed by various
companies [21].

This paper considers the application of NOMA to a
challenging communication scenario, where users have het-
erogeneous mobility profiles. Different from the existing
works in [22], [23], the use of orthogonal time frequency
space (OTFS) modulation is considered in this paper because
of its superior performance in scenarios with doubly-dispersive
channels [24]-[26]. Recall that the key idea of OTFS is to
use the delay-Doppler plane, where the users’ signals are

0090-6778 © 2019 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
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orthogonally placed. Compared to conventional modulation
schemes, such as orthogonal frequency-division multiplex-
ing (OFDM), OTFS offers the benefit that the time-invariant
channel gains in the delay-Doppler plane can be utilized,
which simplifies channel estimation and signal detection in
high-mobility scenarios. The impact of pulse-shaping wave-
forms on the performance of OTFS was studied in [27], and
the design of interference cancellation and iterative detection
for OTFS was investigated in [28]. The diversity gain achieved
by OTFS was studied in [29], and the application of OTFS to
multiple access was proposed in [30]. In [31] and [32], the
concept of OTFS was combined with MIMO, which revealed
that the use of spatial degrees of freedom can further enhance
the performance of OTFS.

This paper considers the application of OTFS to NOMA
communication networks, where the coexistence of NOMA
and OTFS is investigated. In particular, this paper makes the
following contributions:

1) A spectrally efficient OTFS-NOMA transmission proto-
col is proposed by grouping users with different mobility
profiles for the implementation of NOMA. On the one
hand, users with high mobility are served in the delay-
Doppler plane, and their signals are modulated by OTFS.
On the other hand, users with low mobility are served
in the time-frequency plane, and their signals are mod-
ulated in a manner similar to conventional OFDM.

2) The proposed new OTFS-NOMA protocol is applied to
both uplink and downlink transmission, where different
rate and power allocation policies are used to suppress
multiple access interference. In addition, sophisticated
equalization techniques, such as the frequency-domain
zero-forcing linear equalizer (FD-LE) and the decision
feedback equalizer (FD-DFE), are employed to remove
the inter-symbol interference in the delay-Doppler plane.
The impact of the developed equalization techniques
on OTFS-NOMA is analyzed by using the outage
probability as the performance criterion. Strategies to
harvest multi-path diversity and multi-user diversity are
also introduced, which can further improve the outage
performance of OTFS-NOMA transmission.

3) The developed analytical results demonstrate that both
the high-mobility and the low-mobility users benefit
from the proposed OTFS-NOMA scheme. The use of
NOMA allows the high-mobility users’ signals to be
spread over a large amount of time-frequency resources
without degrading the spectral efficiency. As a result,
the OTFS resolution, which determines whether the
users’ channels can be accurately located in the delay-
Doppler plane, is enhanced significantly, and therefore,
the reliability of detecting the high-mobility users’ sig-
nals is improved. We note that, in OTFS-OMA, enhanc-
ing the OTFS resolution implies that a large amount
of time and frequency resources are solely occupied
by the high-mobility users, which reduces the overall
spectral efficiency since the high-mobility users’ channel
conditions are typically weaker than those of the low-
mobility users. In contrast, the use of OTFS-NOMA
ensures that the low-mobility users can access the
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bandwidth resources which would be solely occupied
by the high-mobility users in the OMA mode. Hence,
OTFS-NOMA improves spectral efficiency and reduces
latency, as with OTFS-OMA the low-mobility users
may have to wait for a long time before the scarce
bandwidth resources occupied by the high-mobility users
become available. In addition, we note that for the low-
mobility users, using OFDM yields the same reception
reliability as using OTFS, as pointed out in [33]. There-
fore, the proposed OTFS-NOMA scheme, which serves
the low-mobility users in the time-frequency plane and
modulates the low-mobility users’ signals in a manner
similar to OFDM, offers the same reception reliability
as OTFS-OMA, which serves the low-mobility users in
the delay-Doppler plane and modulates the low-mobility
users’ signals by OTFS. However, OTFS-NOMA has the
benefit of reduced system complexity because the use of
the complicated OTES transforms is avoided.

II. FOUNDATIONS OF OTFS-NOMA

A. Time-Frequency Plane and Delay-Doppler Plane

The key idea of OTFS-NOMA is to efficiently use both the
time-frequency plane and the delay-Doppler plane. A discrete
time-frequency plane is obtained by sampling at intervals of
T s and Af Hz as follows:

Arp={(nT,mAf),n=0,--- ,N—1,m=0,--- ,M—1},
(D

and the corresponding discrete delay-Doppler plane is given by

k l
ADD:{<W’M—A‘][) 7k_05"' 7N_1vl_07"' 7M_1}a
2

where N and M denote the total number of time intervals and
the total number of frequency subchannels, respectively. The
choices for 7" and Af are determined by the channel charac-
teristics, as will be explained in the following subsection.

B. Channel Model

This paper considers a multi-user communication network
in which one base station communicates with (K + 1) users,
denoted by U;, 0 < ¢ < K. Denote U;’s channel response in
the delay-Doppler plane by h;(7, ), where 7 denotes the delay
and v denotes the Doppler shift. OTES uses the sparsity feature
of a wireless channel in the delay-Doppler plane, i.e., there are
a small number of propagation paths between a transmitter and
a receiver [24], [25], [28], which means that /;(7, ) can be
expressed as follows:

P;
hi(t,v) = Z hip0(T — Tip)0(V — Vi p), 3)
p=0
where (P; + 1) denotes the number of propagation paths,
and h; p, Tip, and v;, denote the complex Gaussian channel
gain,' the delay, and the Doppler shift associated with the

'The Gaussian assumption has been commonly used in the OTFS litera-
ture [26]-[29] since each channel gain (or each tap of the delay-Doppler
impulse response) represents a cluster of reflectors with specific delay and
Doppler characteristics.
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p-th propagation path, respectively. We assume that the h; ,,
0 < p < P, are independent and identically distributed (i.i.d.)

random variables,’ i.e., hip ~ CN (O , Which means

25;05 {lhip|?} = 1, where £{-} denotes the expectation
operation. The discrete delay and Doppler tap indices for the
p-th path of h;(7,v), denoted by I,  and k,, ., respectively,
are given by [28]

ln,p + ln,p kui,p + kui,p
= Tyap o Ve Nt 0 @
where l;iyp and l%,,iyp denote the fractional delay and the
fractional Doppler shift, respectively.

The construction of Atg and App needs to ensure that T’
is not smaller than the maximal delay spread, and Af is not
smaller than the largest Doppler shift, i.e., 7" > max{7i7p, 0<
p<P,0<i<K}and Af > max{ri,,0<p< FB,0<
¢ < K}. In addition, the choices of N and M affect the
OTFS resolution, which determines whether h;(7,v) can be
accurately located in the discrete delay-Doppler plane. In par-
ticular, M and N need to be sufficiently large to approximately
achieve ideal OTFS resolution, which ensures that l;iyp
ifw,p = 0, such that the interference caused by fractional delay
and Doppler shift is effectively suppressed [24].

C. General Principle of OTFS-NOMA

To facilitate the illustration of the general principle of
OTFS-NOMA, we first briefly describe OTFS-OMA, the
benchmark scheme used in this paper. In OTFS-OMA, there
is no spectrum sharing between the high-mobility users and
the low-mobility users, i.e., if OTFS is used to serve the high-
mobility users, the N7 time intervals and the M A f frequency
subchannels are occupied by the high-mobility users and the
low-mobility users cannot be served in these resource blocks.
The general principle of the proposed OTFS-NOMA scheme is
to exploit both the delay-Doppler plane and the time-frequency
plane, where users with heterogenous mobility profiles are
grouped together and served simultaneously. On the one hand,
for the users with high mobility, their signals are placed in
the delay-Doppler plane, which means that the time-invariant
channel gains in the delay-Doppler plane can be exploited. It is
worth pointing out that in order to ensure that the channels
can be located in the delay-Doppler plane, both N and M
need to be large, which is a disadvantage of OTFS-OMA,
since a significant number of frequency channels (e.g., M Af)
are occupied for a long time (e.g., N7T') by the high-mobility
users whose channel conditions can be quite weak. The use of
OTFS-NOMA facilitates spectrum sharing and hence ensures
that the high-mobility users’ signals can be spread over a
large amount of time-frequency resources without degrading
the spectral efficiency.

On the other hand, for the users with low mobility, their
signals are placed in the time-frequency plane. The inter-
ference between the users with different mobility profiles

2In order to simplify the performance analysis, we assume that the users’
channels are i.i.d. In practice, it is likely that the high-mobility users’ channel
conditions are worse than the low-mobility users’ channel conditions. This
channel difference is beneficial for the implementation of NOMA, and hence
can further increase the performance gain of OTFS-NOMA over OTFS-OMA.

is managed by using the principle of NOMA. As a result,
compared to OTFS-OMA, OTFS-NOMA improves the overall
spectral efficiency since it encourages spectrum sharing among
users with different mobility profiles and avoids that the
bandwidth resources are solely occupied by the high-mobility
users which might have weak channel conditions. In addition,
the complexity of detecting the low-mobility users’ signals is
reduced, compared to OTFS-OMA which serves all users in
the delay-Doppler plane.

In this paper, we assume that, among (K + 1) users,
Uy is a user with high mobility, and the remaining K users,
U, for 1 < ¢ < K, are low-mobility users, which are
referred to as ‘NOMA’ users.” For OTFS-OMA, we assume
that Uy solely occupies all NAM resource blocks in App.
In OTFS-NOMA, U;, for 1 < ¢ < K, are opportunistic
NOMA users and their signals are placed in Arg. The design
of downlink OTFS-NOMA transmission will be discussed
in detail in Sections III, IV, and V. The application of
OTFS-NOMA for uplink transmission will be considered in
Section VI only briefly, due to space limitations.

III. DOWNLINK OFTS-NOMA - SYSTEM MODEL

In this section, the OTFS-NOMA downlink transmission
protocol is described. In particular, assume that the base
station sends N M symbols to Uy, denoted by x¢[k,l], k €
{0,---,N =1}, 1 € {0,---,M — 1}. By using the inverse
symplectic finite Fourier transform (ISFFT), the high-mobility
user’s symbols placed in the delay-Doppler plane are converted
to VM symbols in the time-frequency plane as follows [24]:

N—-1M-1

Xofn,m] = w2 3 3 wolk, 1 (FH), )
k=0 =0

where n € {0,--- ,N—1} and m € {0,--- , M —1}. We note
that the N M time-frequency signals can be viewed as N
OFDM symbols containing M signals each. We assume that a
rectangular window is applied to the transmitted and received
signals.

The NOMA users’ signals are placed directly in the time-
frequency plane, and are superimposed with the high-mobility
user’s signals, Xg[n,m]. With NM orthogonal resource
blocks available in the time-frequency plane, there are different
ways for the K users to share the resource blocks. For
illustration purposes, we assume that M users are selected
from the K opportunistic NOMA users,* where each NOMA

3We note that the principle of OTFS-NOMA can be extended to the
case where multiple high-mobility users are served in the delay-Doppler
plane. In this case, the NM signals in the delay-Doppler plane belong to
different high-mobility users and OTFS is used as a type of multiple access
technique [24], [30]. For downlink transmission, this change has no impact
on the proposed detection schemes and the analytical results developed in
this paper. For uplink transmission, the results developed in this paper are
applicable to the case with multiple high-mobility users if the adaptive-rate
transmission scheme proposed in Section VI is employed.

4The same M users can be scheduled as long as the users’ channels do not
change in the delay-Doppler plane. Otherwise, a new set of )/ users may be
selected from the K opportunistic users. We also note that the number of the
opportunistic users is assumed to be larger than the number of the frequency
subchannels (K > M), which can be justified by a spectrum crunch scenario,
i.e., there are not sufficient bandwidth resources available to support a large
number of mobile devices.
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user is to occupy one frequency subchannel and receive N
information bearing symbols, denoted by z;(n), for 1 < i <
M and 0 < n < N — 1. The criterion employed for user
scheduling and its impact on the performance of OTFS-NOMA
will be discussed in Section V. Denote the time-frequency
signals to be sent to U; by X;[n,m], 1 < i < M. The
following mapping scheme is used in this paper’:

Xifn, m] xi(n) if m=i—1 ©)
ifn,mj = .
0 otherwise,

forl1<i<Mand 0<n<N-—1.
The base station superimposes Ug’s time-frequency signals
with the NOMA users’ signals as follows:

5 N—1M-1 (k L)
X =2 k, 1]e/2 (R — %1
) = 537 2 2 okl
M
+ > wXin,m], (D)
i=1

where ~y; denotes the NOMA power allocation coefficient of
user 4, and Zi]\io v =1.

The transmitted signal at the base station is obtained by
applying the Heisenberg transform to X [n,m]. By assuming
perfect orthogonality between the transmit and receive pulses,
the received signal at U; in the time-frequency plane can be
modelled as follows [24], [25], [28]:

where W;(n,m) is the white Gaussian noise in the time-
frequency plane, and H;(n,m) = [ [hi(r,v)e?™"T
e I2mWAEmANT qrdy,

IV. DOWNLINK OTFS-NOMA - DETECTING THE
HIGH-MOBILITY USER’S SIGNALS

For the proposed downlink OTFS-NOMA scheme,
Uy directly detects its signals in the delay-Doppler plane
by treating the NOMA users’ signals as noise. In particular,
in order to detect Ug’s signals, the symplectic finite Fourier
transform (SFFT) is applied to Ypy[n,m] to obtain the
delay-Doppler estimates as follows:

yO[kvl] =

+20[ka ]7 (9)

where ¢ denotes the user index, zo[k,!] is complex Gaussian
noise, x4lk,l], 1 < ¢ < M, denotes the delay-Doppler
representation of X,[n, m| and can be obtained by applying
the SFFT to X,[n,m|, the channel h,, o(v',7') is given by

hao(V', 7') = //hi(T, Vw — v, —1)e I drdy,
(10

SWe note that mapping schemes different from (6) can also be used. For
example, if /N users are scheduled and each user is to occupy one time
slot and receives an OFDM-like symbol containing M signals, we can set
Xi[n,m] =x;(m), forn =14 — 1.
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and w(v,7) = SN IS e in(eT=TdAS) o simplify
the analysis, the power of the complex-Gaussian distributed
noise is assumed to be normalized, i.e., z;[k,l] ~ CN(0,1),
where C'N(a,b) denotes a complex Gaussian distributed
random variable with mean a and variance b.

By applying the channel model in (3), the relation-
ship between the transmitted signals and the observa-
tions in the delay-Doppler plane can be expressed as
follows [24], [25], [28]:

M Py
yo[k, l] = Z Yq Z hO,pxq[(k - kVO,p)N7 (I - lTO,p)M]
q=0 p=0
+zolk, 1], (A1)

where (-)n denotes the modulo N operator. As in [29]-[31],
we assume that N and M are sufficiently large to ensure
that both ];Vo,p and l;oyp are zero, i.€., there is no interference
caused by fractional delay or fractional Doppler shift. We note
that for OTFS-OMA, increasing N and M can significantly
reduce spectral efficiency, whereas the use of large N and M
becomes possible for OTFS-NOMA because of the spectrum
sharing of users with different mobility profiles.

Define yor = [yolk,0] -+ yolk, M — 1]}T and yo =
[yg) 0" ya N_l]T. Similarly, the signal vector x; and the
noise vector z, are constructed from z;[k,l] and z[k,I],
respectively. Based on (11), the system model can be expressed
in matrix form as follows:

M
yo ="0Hoxo + > vHox, + 720 , (12)

q=1

Interference and noise terms

where Hj is a block-circulant matrix and defined as follows:

[ Ao  Aon-1 Aoz Aga |
Ao Ao Aoz Ao
Ho=| ol ad)
Aon—2 Aon-3 Aoo Aon-1
Ao n—1 Agn—2 Ao Ago |

and each submatrix Ay ,, is an M x M circulant matrix whose
structure is determined by (11).

Example: Consider a special case with N =4 and M = 3,
and Up’s channel is given by

1 3
() =hood 130 +h020 (73757 ) o (=)
(14)

which means kg = 0, k1 = 3, lg = 0, [1 = 1. Therefore,
the block-circulant matrix is given by

Aogo Aoz Ap2 Ao
Aot Apo Agsz App
H, = |01 foo Aos Aol 15
0 Av2 Apr Ago Apsz (15)
Aoz Ap2 Ao Agp
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where A070 = h07013, A071 = Ao)g = 03><3 and A0)3 =

0 0 hoa

hoi O 0

0 hoi O

Remark 1: 1t is well known that an n xn circulant matrix can
be diagonalized by the n x n discrete Fourier transform (DFT)
and inverse DFT matrices, denoted by F,, and F,’Ll, respec-
tively, i.e., the columns of the DFT matrix are the eigenvectors
of the circulant matrix. We note that directly applying the DFT
factorization to Hy is not possible, since Hy is not a circulant
matrix, but a block circulant matrix.

Because of the structure of Hy, inter-symbol interference
still exists in the considered OTFS-NOMA system, and equal-
ization is needed. We consider two equalization approaches,
FD-LE and FD-DFE, which were both originally developed
for single-carrier transmission with cyclic prefix [34], [35].

A. Design and Performance of FD-LE

The proposed FD-LE consists of two steps. Let ® denote the
Kronecker product. The first step is to multiply the observation
vector yp by Fy ® Fﬁ, which leads to the result in the
following proposition.

Proposition 1: By applying the detection matrix Fy &
Fﬁ to observation vector yq, the received signals for
OTFS-NOMA downlink transmission can be written as follows:

M
Yo = Do(Fn @ F)) (’YOXO + 2’7qu> + 29, (16)
qg=1
where yo = (Fy ® Fi)yo, 2o = (Fy @ F&)zo, Do is a
diagonal matrix whose (kM +141)-th main diagonal element
is given by
N—-1M-1
Dloc,l _ Z Z agf;llejzﬂl]v—?e-j%%"’
n=0 m=0
for0<k<N-1,0<I<M-—1, andagf;ll is the element
located in the (nM + m + 1)-th row and the first column
Of Ho.
Proof: Please refer to Appendix A. O
With the simplified signal model shown in (16), the second
step of FD-LE is to apply (Fy ® Fﬁtﬁ})_1 D, to ¥o. Thus,
Up’s received signal is given by

17)

M

. 1

Yo = YoXo + g Yoxq + (Fn ® F}})  Dg'zo,
q=1

(18)

Interference and noise terms

where yo = (Fy ® Fﬁ)_1 D, '¥0. To simplify the analysis,
we assume that the powers of all users’ information-bearing
signals are identical, which means that the transmit signal-to-
noise ratio (SNR) can be defined as p = E{|zo[k,l]|*} =
E{|xi(n)|?}, since the noise power is assumed to be
normalized.® The following lemma provides the signal-to-
interference-plus-noise ratio (SINR) achieved by FD-LE.

SFollowing steps in the proof for Proposition 1 to show the statistical
property of Zg in (66), we can also show that W;[n,m] ~ CN(0,1) if
zilk, 1] ~ CN(0,1).

Lemma 1: Assume that v; = 1, for 1 <1 < N. By using
FD-LE, the SINRs for detecting all xolk,l], 0 < k < N —1
and 0 <1 < M — 1, are identical and given by

Jal
SINRGY, = 1 T (19
P+ ir o 2oime Do 172
Proof: Please refer to Appendix B. 0

Remark 2: The proof of Lemma 1 shows that Z?io V=1
can be simplified as 73 "'%‘2 =1 for 1 <¢ < M, which is the
motivation for assuming ~; = ;. Following steps similar to
those in the proofs for Proposition 1 and Lemma 1, one can
show that directly applying H ! to the observation vector
yields the same SINR. However, the proposed FD-LE scheme
can be implemented more efficiently since (F N ® F]\H4)_1 =
Fﬁ ® Fjs and Dy is a diagonal matrix. Hence, the inversion
of a full NM x NM matrix is avoided.

In this paper, the outage probability and the outage rate are
used as performance criteria, since the outage probability can
provide a tight bound on the probability of erroneous detection
and is general in the sense that it does not depend on partic-
ular channel coding and modulation schemes used [36]. The
outage probability achieved by FD-LE is given by P(log(1 +
SINRI(;FM) < Ryp), where R;, 0 <1i < M, denotes U;’s target
data rate. It is difficult to analyze the outage probability for the
following two reasons. First, the Dg’l, ke{0,--- ,N—-1},1 €
{0, -+, M —1}, are not statistically independent, and second,
the distribution of a sum of the inverse of exponentially
distributed random variables is difficult to characterize. The
following lemma provides an asymptotic result for the outage
probability based on the SINR provided in Lemma 1.

Lemma 2: If 3 > ~ieo, the diversity order achieved by
FD-LE is one, where ¢y = 280 _ 1. Otherwise, the outage
probability is always one.

Proof: Please refer to Appendix C. O

Remark 3: Recall that the diversity order achieved by
OTFS-OMA, where the high-mobility user, Up, solely
occupies the bandwidth resources, is also one. Therefore,
the use of OTFS-NOMA ensures that the additional M low-
mobility users are served without compromising Uy’s diversity
order, which improves the spectral efficiency compared to
OTFS-OMA.

B. Design and Performance of FD-DFE

Different from FD-LE, which is a linear equalizer, FD-DFE
is based on the idea of feeding back previously detected
symbols. Since both xq and x,, ¢ > 1, experience the same
fading channel, we first define x = ~oxo + Zé\ilvqxq,
which are the signals to be recovered by FD-DFE. Given the
received signal vector shown in (12), the outputs of FD-DFE
are given by

x = Poyo — Gox, (20

where X contains the decisions made on the symbols x,
Py is the feed-forward part of the equalizer, and Gy is the
feedback part of the equalizer. Similar to [34], [35], we use the
following choices for Py and Go: Py = Lo(H{ Hy) " 'H,
Gy = Lo — Iy, where Lp is a lower triangular matrix
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with its main diagonal elements being ones in order to ensure
causality of the feedback signals. With the above choices for
Py and Gy, Uy’s signals can be detected as follows:

X = Lo(H(I)—IH())inglyo — (LO — INA,[)X. 2n

For FD-DFE, Ly is obtained from the Cholesky decomposition
of Hy, i.e., HYHy = L AgLg, where L is the desirable
lower triangular matrix, and A is a diagonal matrix. There-
fore, the estimates of xg can be rewritten as follows:

% = x + Lo(HHy) 'HY 2 (22)
M

= Y0X0 + > YgXq + Lo(H{ Ho) 'H{lzo, (23)
qg=1

Interference and noise terms

where perfect decision-making is assumed, i.e., X = x, and
there is no error propagation [35], [37], [38]. We note that (23)
yields an upper bound on the reception reliability of FD-DFE
when error propagation cannot be completely avoided.

Following steps similar to those in the proof of Lemma 1,
the covariance matrix for the interference-plus-noise term can
be found as follows:

Ceov = pvilun + Lo(HIHo) 'L = p7ilun + Al
(24)

where the last step follows from the fact that Ly is obtained
from the Cholesky decomposition of Hy. Therefore, the SINR
for detecting x[k, ] can be expressed as follows:

i
—1 >

SINRp i = —5——
P712 + ’\o,kz

(25)

where Ag g is the (kM +1+1)-th element on the main diagonal
of A().

Remark 4: We note that there is a fundamental difference
between the two equalization schemes. One can observe
from (19) that the SINRs achieved by FD-LE for different
x|k, 1] are identical. However, for FD-DFE, different symbols
experience different effective fading gains, Ao x;. Therefore,
FD-DFE can realize unequal error protection for data streams
with different priorities. This comes at the price of a higher
computational complexity.

We further note that the use of FD-DFE also ensures
that multi-path diversity can be harvested, as shown in the
following. The outage performance analysis for FD-DFE
requires knowledge of the distribution of the effective channel
gains, Ao k. Because of the implicit relationship between
Ay and Hy, a general expression for the outage probability
achieved by FD-DFE is difficult to obtain. However, analytical
results can be developed for special cases to show that the use
of FD-DFE can realize the maximal multi-path diversity.

In particular, the SINR for z¢[N — 1, M — 1] is a function
of Ao, n—1)(m—1) which is the last element on the main
diagonal of Ag. Recall that Ay is obtained via Cholesky
decomposition, i.e., HYHy = L& AgLo. Because Ly is a
lower triangular matrix, Ao, (nv—1)(a7—1) is equal to the element
of HY'Hj located in the N M-th column and the N M-th row,
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which means

Py
Ao,(N—1)(M—1) = Z |ho,p|*. (26)

p=0
Since the channel gains are iid. and follow hgy, ~
CN (O,ﬁ), the probability density function (pdf) of
vV PO + 1)\0)(]\]_1)(]»1_1) is given by

1 xX
flx)= P—O!e zfo,
By using the above pdf, the outage probability and the diver-
sity order can be obtained by some algebraic manipulations,
as shown in the following corollary.
Corollary 1: Assume 3 > ~2co. The use of FD-DFE
realizes the following outage probability for detection of
xo[N —1, M —1]:

27)

0 1 €0 (P o+ 1)

PNovao = BT (PO e vfm))’ 29
where g(-) denotes the incomplete Gamma function. The full
multi-path diversity order;, Py + 1, is achievable for xo|[N — 1,
M —1]

Remark 5: The results in Corollary 1 can be extended to
OTFS-OMA with FD-DFE straightforwardly. We also note
that diversity gains larger than one are not achievable with
FD-LE as shown in Lemma 2, which is one of the disadvan-
tages of FD-LE compared to FD-DFE.

Remark 6: We note that not all N M data streams can benefit
from the full diversity gain. The simulation results provided in
Section VII (Fig. 2) show that the diversity orders achievable
for 2glk,l], k < N —1and | < M — 1, are smaller than that
for xo[N — 1, M — 1], and the diversity order for x([0,0] is
one, i.e., the same value as for FD-LE. We further note that
the diversity result in Corollary 1 is obtained by assuming
that there is no error propagation, i.e., it is assumed that when
detecting the i-th element of x in (21), the first (i—1) elements
of x have already been correctly detected. Because of this
assumption, the diversity gain developed in Corollary 1 is an
upper bound on the diversity gain achieved by FD-DFE. If the
assumption does not hold, the diversity orders for x¢[k, ] will
be capped by the worst case, i.e., the diversity gain for 20, 0]
which is one.

Remark 7: FD-DFE entails a higher implementation com-
plexity than FD-LE, as explained in the following. The com-
plexity of FD-LE is mainly caused by computing the inversion
of Héf H,. However, for FD-DFE, L needs to be computed,
in addition to (H¥ Hg)~!, as shown in (21). Recall that Ly
is obtained from the Cholesky decomposition of the N M x
NM matrix Hy, which entails a computational complexity
of O(N3M?3). Therefore, the computational complexity of
FD-DFE is higher than that of FD-LE, but FD-DFE offers
a performance gain in terms of reception reliability compared
to FD-LE, as shown in Section VII.

V. DOWNLINK OTFS-NOMA - DETECTING
THE NOMA USERS’ SIGNALS

Successive interference cancellation (SIC) will be carried
out by the NOMA users, where each NOMA user first decodes
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the high mobility user’s signal in the delay-Doppler plane
and then decodes its own signal in the time-frequency plane.
The two stages of SIC are discussed in the following two
subsections, respectively.

A. Stage I of SIC

Following steps similar to the ones in the previous section,
each NOMA user also observes the mixture of the (M + 1)
users’ signals in the delay-Doppler plane as follows:

M
yi = yoH;xo + Z%Hixq +z; ,

g=1

(29)

Interference and noise terms

where H; and z; are defined similar to H and z, respectively.

We assume that the low-mobility NOMA users do not
experience Doppler shift, and therefore, their channels can be
simplified as follows:

P;
hi(r) =Y hip0(T = 7ip), (30)
p=0
for 1 < ¢ < K, which means that each NOMA user’s
channel matrix, H;, 1 < i < N, is a block-diagonal matrix,
i.e.,, Ao is a non-zero circulant matrix and A;,, = O x s,
for 1 < n < N — 1. Therefore, each NOMA user can
divide its observation vector into /N equal-length sub-vectors,
ie., y; = [ygo ---yZNfl]T, which yields the following
simplified system model:

M

Yin = YA 0X0,n + g YqAi 0Xg,n + Zin,
q=1

€19

where, similar to y;,, X;, and z;, are obtained from x;
and z;, respectively. Therefore, unlike the high-mobility user,
the NOMA users can perform their signal detection based on
reduced-size observation vectors, which reduces the computa-
tional complexity.

Since A;o is a circulant matrix, the two equalization
approaches used in the previous section are still applicable.
First, we consider the use of FD-LE. Following the same steps
as in the proof for Proposition 1, in the first step of FD-LE, the
DFT matrix is applied to the reduced-size observation vector,
which yields the following:

M
S’i,n = DZFIJL\Q (’YOXO,TL + Z’quq,n> + ii,na (32)

g=1

where y; , = Fﬁyiyn and z;,, = Fﬁzln Compared to D;
in Proposition 1 which is an NM x NM matrix, f)l- is an
M x M diagonal matrix, and its (I + 1)-th main diagonal
element is given by D! = Z%;ol a;?dlejQ”%, for 0 <1 <
M — 1, where a%’l is the element located in the (m + 1)-th
row and the first column of A; o. Unlike conventional OFDM,
which uses F,; at the receiver, Fff is used here. Because
FliAioFy = [FuAfFi] *~, the sign of the exponent of
the exponential component of D! is different from that in the
conventional case.

In the second step of FD-LE, F Mﬁ; Lis applied to Yin.
Following steps similar to the ones in the proof for Lemma 1,
the SINR for detecting x[k,[] can be obtained as follows:

fal
M—1 7|—2"
P”Y12+ﬁ =0 |D£| 2
We note that SINRG;", = SINRG'” . for ki # ks, due to the
time invariant nature of the channels.
If FD-DFE is used, the corresponding SINR for detecting
xolk, 1] is given by

SINRG = (33)

il

SINRSII)CI;E = T 5 T _1>
S O i

(34
where 5\0,1 is obtained from the Cholesky decomposition
of A;o. The details for the derivation of (34) are omitted
here due to space limitations.

B. Stage II of SIC

Assume that Up’s N M signals can be decoded and removed
successfully, which means that, in the time-frequency plane,
the NOMA users observe the following:

Yi[n,m| = Z'qui[n, m]Xy[n, m] + W;n, m]

(35)

where the last step follows from the mapping scheme used
in (6) and it is assumed that all NOMA users employ the
same power allocation coefficient. We note that U; is only
interested in Y;[n,i—1],0 < n < N — 1. Therefore, U;’s n-th
information bearing signal, z;(n), can be detected by applying
a one-tap equalizer as follows:
o K[nvl B 1]
N ’71Hi[n7i — 1]7
which means that the SNR for detecting z;(n) is given by
SNR;,, = p7i|D; ', (37)

since W;[n, i — 1] is white Gaussian noise and H;[n,i — 1] =
Di~'. We note that SNR; ,,, = SNR; ,,,, for n; # na, which
is due to the time-invariant nature of the channel.

Without loss of generality, assume that the same target data
rate R; is used for z;(n), 0 < n < N—1. Therefore, the outage
probability for z;(n) is given by

LE
Pi,n

=1 =P (SNRiu > e, SINRYSS > €0, V1)

= y1H;[n, m|zm11(n) + Wiln,m],

2i(n)

(36)

( 2| 7yi—1}2 P’Yg
=1-P p71|D;7 | > €4, M—1, ~ >€o0 |,
P+ a7 Ximo 1D
(38)
if FD-LE is used in the first stage of SIC. If FD-DFE is used
in the first stage of SIC, the outage probability for x;(n) is
given by

PPFE— 1-P (SNR;,, > €5, SINRG L > €, 1 )

i fal
=1-P py%|D;*1|2>ei,2—°X_l>eo,vz . (39)

PYITT A
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where ¢; = 2% — 1. Again because of the correlation
between the random variables |D!~2 and A, the exact
expressions for the outage probabilities are difficult to obtain.
Alternatively, the achievable diversity order is analyzed in the
following subsections.

1) Random User Scheduling: If the M users are randomly
selected from the K available users, which means that each
|D!|? is complex Gaussian distributed. For the FD-LE case,
the outage probability, PLE | can be upper bounded as follows:

i,n’
> EO) )

(40)

where | D2 = min{|D*|?,0 < m < M — 1}. The upper
bound on the outage probability in (40) can be rewritten as
follows:

il

LE 2| 7ymin |2 L A R —
Pi,<1-P <p”yl|Di "> e P2 + | Din| =2

PLE <1_P (|D;“in|2 > g), (41)

——0 S % As a result, an upper
p(¥§ —7¢0)’ pvf} ’ PP

where € = max{
bound on the outage probability can be obtained as follows:

- - 1
P <P (IDr2 <e) <MP(IDI2 <) ==, (42)
: P

where P° = p~¢ denotes exponential equality, i.e., d =

— lim l‘l’fgi [36]. Therefore, the following corollary can be
p—00

obtained.

Corollary 2: For random user scheduling and FD-LE,
a diversity order of 1 is achievable at the NOMA users.

Our simulation results in Section VII show that a diversity
order of 1 is also achievable for FD-DFE, although we do not
have a formal proof for this conclusion, yet.

2) Realizing Multi-User Diversity: The diversity order of
OTFS-NOMA can be improved by carrying out opportunistic
user scheduling, which yields multi-user diversity gains. For
illustration purpose, we propose a greedy user scheduling
policy, where a single NOMA user is scheduled to transmit
in all resource blocks of the time-frequency plane. From the
analysis of the random scheduling case we deduce that |ﬁ‘ini“ |2
is critical to the outage performance. Therefore, the sched-
uled NOMA user, denoted by U;~, is selected based on the
following criterion:

-k rymin |2
i _argie{lf}§§K}{|Di | } (43)

By using the assumption that the users’ channel gains are
independent and following steps similar to the ones in the
proof for Lemma 2, the following corollary can be obtained
in a straightforward manner.

Corollary 3: For FD-LE, the user scheduling strategy
shown in (43) realizes the maximal multi-user diversity
gain, K.

Remark 8: The reason why a multi-user diversity gain of
K can be realized by the proposed scheduling strategy is
explained in the following. Recall that the 2SINR for FD-LE
to detect wo[k, 1] is SINRGY = m%ﬁngzgl Frs If this

SINR is too small, the first stage of SIC will fail and an
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outage event will occur. To improve the SINR, it is important
to ensure that for a scheduled user, its weakest channel gain,
|D"2 = min{|D™|?,0 < m < M — 1}, is not too small.
The used scheduling strategy shown in (43) is essentially a
max-min strategy and ensures that the user with the strongest
| D2 is selected from the K candidates, which effectively
exploits multi-user diversity.

We note that the user scheduling strategy shown in (43)
is also useful for improving the performance of FD-DFE,
as shown in Section VIIL

VI. UPLINK OTFS-NOMA TRANSMISSION

The design of uplink OTFS-NOMA is similar to that
of downlink OTFS-NOMA, and due to space limitations,
we mainly focus on the difference between the two cases in
this section. Again, we assume that Uy is grouped with M
NOMA users, selected from the K available users. Uy’s N M
signals are placed in the delay-Doppler plane, and are denoted
by xolk,l], where 0 < &k < N —1and 0 < [ <
M — 1. The corresponding time-frequency signals, Xo[n, m],
are obtained by applying ISFFT to x¢[k,l]. On the other
hand, the NOMA users’ signals, x;(n), are mapped to time-
frequency signals, X;[n,m], according to (6).

Following steps similar to the ones for the downlink case,
the base station’s observations in the time-frequency plane are
given by

Y(n,m] = ZHq[n,m]Xq[n,m] + Win,m]

HO(nam) Nz_l ]wz_l [k l] JQW("T"fmﬁl)
To|R, L)€
NM k=0 =0

M
+ 3" Hyln,m)Xyn,m] + Win,m],  (44)
q=1

where Wn,m] is the Gaussian noise at the base station
in the time-frequency plane. We assume that all users employ
the same transmit pulse as well as the same transmit power.
The base station applies SIC to first detect the NOMA users’
signals in the time-frequency plane, and then tries to detect
the high-mobility user’s signals in the delay-Doppler plane,
as shown in the following two subsections.

A. Stage I of SIC

The base station will first try to detect the NOMA users’
signals in the time-frequency plane by treating the signals from
Uy as noise, which is the first stage of SIC.

By using (6), x;(n) can be estimated as follows:

. Yn,i—1]

() = g
B Hy[n,i—1]Xo[n,i—1] + Wn,i—1]
=x;[n]+ Hifmi—1] .
Define an N M x 1 vector, X, whose (nM +m+1)-th element
is Xo[n, m]. Recall that X([n,m| is obtained from the ISFFT
of xglk, 1], ie.,

(45)

%o = (F§ @ Far)xo, (46)
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which means Xg[n,m] follows the same distribution as
xo[k,1]. By applying steps similar to those in the proof for
Lemma 1, the SINR for detecting x;(n) is given by

plHiln, i — 1]
plHoln,i — 1] +1°

Unlike downlink OTFS-NOMA, there are two possible
strategies for uplink OTFS-NOMA to combat multiple access
interference, as shown in the following two subsections.

1) Adaptive-Rate Transmission: One strategy to combat
multiple access interference is to impose the following con-
straint on z;(n):

SINR;,, =

(47)

48
JHoln, i — 1P + 1 49

: 2
Ry < log <1+ plHi[n,i —1]| )
which means that the first stage of SIC is guaranteed to be
successful. Therefore, the M low-mobility users are served
without affecting Up’s outage probability, i.e., the use of
NOMA is transparent to Uy.

Because U;’s data rate is adaptive, outage events when
decoding z;(n) do not happen, which means that an appropri-
ate criterion for the performance evaluation is the ergodic rate.
Recall that H;[n,i — 1] = D% and Hy[n,i —1] = D"~ ",
Therefore, U;’s ergodic rate is given by

pID; '
E{Riny<E{log |1+ ——i L)%~ (49
{Rin} g DR (49)

We note that the ergodic rate of uplink OTFS-NOMA can
be further improved by modifying the user scheduling strategy
proposed in (43), as shown in the following. Particularly,
denote the NOMA user which is scheduled to transmit in the
m-th frequency subchannel by U;: , and this user is selected
by using the following criterion:

ir, = arg max {|l~)zn|2}

50
ief{l,-- (50)

We note that a single user might be scheduled on multiple
frequency channels, which reduces user fairness.

Because the integration of the logarithm function appearing
in (49) leads to non-insightful special functions, we will use
simulations to evaluate the ergodic rate of OTFS-NOMA in
Section VII.

2) Fixed-Rate Transmission: If the NOMA users do not
have the capabilities to adapt their transmission rates, they
have to use fixed data rates R; for transmission, which means
that outage events can happen and the achieved outage perfor-
mance is analyzed in the following. For illustration purposes,
we focus on the case when the user scheduling strategy shown
in (50) is used.

The outage probability for detecting x;- (n) is given by

yim =12
pD
log | 1+ | |

< R;»
AT

m

Pi: o =P (51)

2+

Following steps similar to the ones in the proof for Lemma 2,
Mt -1 it —1 .
we can show that |[D; " "|? and | Dy "|? are independent,

and the use of the user scheduling scheme in (50) simplifies
the outage probability as follows:
oD '
log | 1+ ——ig— | < i,
Pl Dy 2 4 1

oo ix (+ew) \ K
= / 1l—e — » e_ydy,
0

where we use the fact that the cumulative distribution function
of |Di~ 124 (1—e ””)K because of the adopted user
scheduhng strategy.

The outage probability can be further simplified as follows:

K
K " oo 7kei:n(1+py)
= —1 P
() [

k=0

K
K e, 1
= < )(—1)%—77.
=0 k‘ kézrn + 1

At high SNR, the outage probability can be approximated
as follows:

Pi’;n,n =P

(52)

Pijn,n 7ydy

(53)

(54)

K
Py n ™ kgo (k:)(_l) W,

which is no longer a function of p, i.e., the outage probability
has an error floor at high SNR. This is due to the fact that
Ui is subject to strong interference from Up.

However, we can show that the error floor experienced by
Uj» can be reduced by increasing K, i.e., inviting more oppor-
tunistic users for NOMA transmission. In particular, assuming
Ke;: — 0, the outage probability can be approximated as

K
z N D) ~ Z
K

1+kel ) !

follows
> ()

“5 (g

where we use the fact that (14+2) 1 = Y72 (= 1)l |z < 1.
Therefore, the error floor at high SNR can be approximated
as follows:

(=)

kl ! (55)

o) K K
Pz:‘n n ~ Z(_l)leéjn Z <k>( 1)kkl
=0 k=0
~ (-Dfel (-1)FK! = Klef: (56)

where we use the identities ZkK:O (K) (—1)*k! =0, forl < K

k
K (K
and Yo () (=1)FEK = (-1)F KL
The conclusion that increasing K reduces the error floor
can be confirmed by defining f(k) = kle¥. and using the

following fact:

fk) =

where it is assumed that kei;‘n — 0.

flk+1) =kl (1—(k+ e ) >0, (57)
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Fig. 1. Impact of OTFS-NOMA on the downlink sum rates. M = N = K = 16. Py = P; = 3. BPCU denotes bit per channel use. *yg =3

for ¢ > 0. Random user scheduling is used.

B. Stage II of SIC

If adaptive transmission is used, the NOMA users’ sig-
nals can be detected successfully during the first stage
of SIC. Therefore, they can be removed from the obser-
vations at the base station, ie., Y[n,m] = Y[n,m] —
Zévzl H,(n,m)X4[n,m], and SFFT is applied to obtain the
delay-Doppler observations as follows:

| Noimon o .
Yok, 1] = NI Z Z Y[mm]e‘ﬂ%(T_W)

n=0 m=0
Py
=" hoprol(k—kuq, ) n: (1=Lry )ar )+ 2k, 1), (58)
p=0

where z[k,l] denote additive noise. Up’s signals can be
detected by applying either of the two considered equalization
approaches, and the same performance as for OTFS-OMA
can be realized. The analytical development is similar to the
downlink case, and hence is omitted due to space limitations.

However, if fixed-rate transmission is used, the uplink
outage events for decoding xq[k,!| are different from the
downlink ones, as shown in the following. Particularly, the use
of FD-LE yields the following SINR expression for decod-
ing zo[k, ]

SINRG, = (59)

p
1 N1 ~~M—1 |kl _g
NM 24k=0 241=0 |Dy"|

If FD-DFE is used, the SNR for detection of wxg[k,l] is
given by
SINRGY = pAo k- (60)

Therefore,
given by

Py =

the outage probability for detecting wxolk,!] is

1 — P (SINRGL/™ > €0, SNR; ,, > €;Vi,n)
1-P (SNRLn > EiVi, n) >P (SNRLO < 61').

V

Since P (SNR;y < ¢;) has an error floor as shown in the
previous subsection, the uplink outage probability for detection

The transmit SNR p (dB)

(b) Ro = 0.5 BPCU and R; = 1 BPCU

~ % and? = 4
TABLE I
DELAY-DOPPLER PROFILE FOR Ug’s CHANNEL
Propagation path index (p) 0 1 2 3
Delay (70,p) 1s 833 25 41.67 5833
Delay tap index (I, , ) 2 6 10 14
Doppler (v9,,) Hz 0 0 468.8 468.8
Doppler tap index (k. ,, ) 0 0 1 1

of Up’s signals does not go to zero even if p — oo,
which is different from the downlink case. Therefore, if fixed-
rate transmission is used, adding the M low-mobility users
into the bandwidth, which would be solely occupied by
Up in OTFS-OMA, improves connectivity but degrades Up’s
performance.

VII. NUMERICAL STUDIES

In this section, the performance of OTFS-NOMA is evalu-
ated via computer simulations. Similar to [26]-[28], we first
define the delay-Doppler profile for Uy’s channel as shown
in Table I, where Fy = 3 and the subchannel spacing is
Af =7.5 kHz. Therefore, the maximal speed corresponding
to the largest Doppler shift 193 = 468.8 Hz is 126.6 km/h
if the carrier frequency is f. = 4 GHz. On the other
hand, the NOMA users’ channels are assumed to be time
invariant with P, = 3 propagation paths, ie., 7;, = 0 for
p > 4,4 > 1. For all the users’ channels, we assume that
NP E{lhipl?} = 1 and |hip? ~ CN op;“) For the
fixed rate transmission scheme, a simple choice for power
allocation (v = 3 and 47 = 1 for i > 0) is considered.
The performance of OTFS-NOMA could be further improved
by optimizing v; according to the users’ channel conditions
and QoS requirements.

In Fig. 1, downlink OTFS-NOMA transmission is evaluated
by using the normalized outage sum rate as the performance

criterion which is defined as ﬁ b0 l]\ial (1—=Pou)Ro
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(a) Outage probabilities of Uy and the NOMA users

Fig. 2.

The outage performance of downlink OTFS-OMA and OTFS-NOMA. M = N = K = 16. Pp = P; = 3. 'yg = %

The transmit SNR p (dB)

(b) Performance of FD-DFE

and—yz.zzifori>0.

Ry = 0.5 BPCU and R; = 1 BPCU. In Fig. 2(a), for FD-DFE, the performance of zo[N — 1, M — 1] is shown. Random user scheduling is used.

25
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—6-NOMA-LE, scheduling
—-NOMA-DFE, scheduling

0 5 10 15 20 25 30
The transmit SNR p (dB)

0.5r

Normalized Outage Sum Rates

Fig. 3. Impact of user scheduling on the downlink outage sum rates. Py =
PZ-:3.R0:IBPCUandRZ-:1.5BPCU.M:N:K:16,7§:%
and'yf = i for ¢ > 0.

N-1
and L

7 Shco Liny (1= Po,r) Bo+ gy ey Sonp (1—
P, n)R; for OTFS-OMA and OTFS-NOMA, respectively.
Fig. 1 shows that the use of OTFS-NOMA can significantly
improve the sum rate at high SNR for both considered choices
of Ry and R;. The reason for this performance gain is the
fact that the maximal sum rate achieved by OTFS-OMA is
capped by Ry, whereas OTFS-NOMA can provide sum rates
up to Ry + R;. Comparing Fig. 1(a) to Fig. 1(b), one can
observe that the performance loss of OTFS-NOMA at low
SNR can be mitigated by reducing the target data rates,
since reducing the target rates improves the probability of
successful SIC. Furthermore, both figures show that FD-DFE
outperforms FD-LE in the entire considered range of SNRs;
however, we note that the performance gain of FD-DFE over
FD-LE is achieved at the expense of increased computational
complexity.
In Fig. 2, the outage probabilities achieved by downlink
OTFS-OMA and OTFS-NOMA are shown. As can be seen

3
2.5
=
&
D 2
2
<
o~
=
’8 1.5
o0
o
=
1 —=—Random
—— User scheduling, K=4
—o—User scheduling, K=8
05 ‘ |~ User scheduling, K=16

0 5 10 15 20 25 30
The transmit SNR p (dB)

Fig. 4. The ergodic rate gain of OTFS-NOMA over OTFS-OMA. The NOMA
users adapt their data rates according to (48). Pp = P; = 3. M = N = 16.

from Fig. 2(a), the diversity order achieved with FD-LE for
detection of wxg[k,l] is one, as expected from Lemma 2.
As discussed in Section IV-B, one advantage of FD-DFE
over FD-LE is that FD-DFE facilitates multi-path fading
diversity gains, whereas FD-LE is limited to a diversity gain
of one. This conclusion is confirmed by Fig. 2(a), where the
analytical results developed in Corollary 1 are also verified.
Fig. 2(b) shows the outage probabilities achieved by FD-DFE
for different x[k, I]. As shown in the figure, the lowest outage
probability is obtained for xo[N — 1, M — 1|, whereas the
outage probability of x¢[0,0] is the largest, which is due to
the fact that, in FD-DFE, different signals x[k, {] are affected
by different effective channel gains, Agj;. Another impor-
tant observation from the figures is that the FD-LE outage
probability is the same as the FD-DFE outage probability for
detection of ([0, 0], which fits the intuition that for FD-DFE
the reliability of the first decision (z([0,0]) is the same as
that of FD-LE. For the same reason, FD-LE and FD-DFE
yield similar performance for detection of the NOMA users’

874

875

876

877

878

879

880

881

882

883

884

885

886

887

888

889

890

891

892



893

894

895

896

897

898

899

900

901

902

903

904

905

906

907

908

909

910

911

912

913

914

915

916

917

918

919

920

921

922

923

924

925

926

927

928

IEEE TRANSACTIONS ON COMMUNICATIONS

1.2
w
g )
: ;
sy
g ] \ User scheduling, K=8 =
= 08r 1 2
2 I
% # User scheduling, K=16 E
g 0.6 o
o £ T B S
o} 4 .
-% 04f ? o Random, R, — 1 BPCU
= S ——Random, R; = 0.8 BPCU
3 0.2 -6-OMA-LE ©- With scheduling, R; =1 BPCUK=8 |-+—--—._ |
Zh i ——OMA-DFE X With scheduling, R; = 0.8 BPCU,K=8
Random user scheduling —%NOMA-LE —&- With scheduling, R; = 1 BPCU,K=16
0 ‘ ‘ ‘ |-~ NOMA-DFE o |-+ With scheduling, R; = 0.8 BPCU K=16
10° '
0 5 10 15 20 25 30 0 5 10 15 20 25 30

The transmit SNR p (dB)

(a) Outage Sum Rate (R; = 1 BPCU)

The transmit SNR p (dB)

(b) Outage Probability
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signals, since the FD-DFE outage performance is dominated
by the reliability for detection of 2([0,0], and hence is the
same as that of FD-LE.

In addition to multi-path diversity, another degree of free-
dom available in the considered OTFS-NOMA downlink
scenario is multi-user diversity, which can be harvested by
applying user scheduling as discussed in Section V-B. Fig. 3
demonstrates the benefits of exploiting multi-user diversity.
With random user scheduling, at low SNR, the performance
of OTFS-NOMA is worse than that of OTES-OMA, which
is also consistent with Fig. 1. By increasing the number
of users participating in OTFS-NOMA, the performance of
OTFS-NOMA can be improved, particularly at low and mod-
erate SNR. For example, for FD-LE, the performance of
OTFS-NOMA approaches that of OTFS-OMA at low SNR
by exploiting multi-user diversity, and for FD-DFE, an extra
gain of 0.5 BPCU can be achieved at moderate SNR.

In Figs. 4 and 5, the performance of uplink OTFS-NOMA is
evaluated. As discussed in Section VI, the NOMA users have
two choices for their transmission rates, namely adaptive and
fixed rate transmission. The use of adaptive rate transmission
can ensure that the implementation of NOMA is transparent
to Ug, which means that Uyp’s QoS requirements are strictly
guaranteed. Since Ug achieves the same performance for
OTFS-NOMA and OTFS-OMA when adaptive rate transmis-
sion is used, we only focus on the NOMA users’ performance,
where the ergodic rate in (49) is used as the criterion.
We note that this ergodic rate is the net performance gain of
OTFS-NOMA over OTFS-OMA, which is the reason why the
vertical axis in Fig. 4 is labeled ‘Ergodic Rate Gain’. When
the M users are randomly selected from the K’ NOMA users,
the ergodic rate gain is moderate, e.g., 1.5 bit per channel
use (BPCU) at p = 30 dB. By applying the scheduling strategy
proposed in (50), the ergodic rate gain can be significantly
improved, e.g., nearly by a factor of two compared to the
random case with K = 16 and p = 30 dB.

Fig. 5 focuses on the case with fixed rate transmission, and
similar to Fig. 1, the normalized outage sum rate is used as
performance criterion in Fig. 5(a). One can observe that with
random user scheduling, the sum rate of OTFS-NOMA is sim-
ilar to that of OTFS-OMA. This is due to the fact that no inter-
ference mitigation strategy, such as power or rate allocation,
is used for NOMA uplink transmission, which means that Uy
and the NOMA users cause strong interference to each other
and SIC failure may happen frequently. By applying the user
scheduling strategy proposed in (50), the channel conditions of
the scheduled users become quite different, which facilitates
the implementation of SIC. This benefit of user scheduling
can be clearly observed in Fig. 5(a), where NOMA achieves
a significant gain over OMA although advanced power or rate
allocation strategies are not used. Fig. 5(a) also shows that the
difference between the performance of FD-LE and FD-DFE is
insignificant for the uplink case. This is due to the fact that the
outage events during the first stage of SIC dominate the outage
performance, and they are not affected by whether FD-LE
or FD-DFE is employed. Another important observation from
Fig. 5(a) is that the maximal sum rate Ry + R; cannot be
realized, even at high SNR. The reason for this behaviour is
the existence of the error floor for the NOMA users’ outage
probabilities, as shown in Fig. 5(b). The analytical results
provided in Section V-B show that increasing K can reduce
the error floor, which is confirmed by Fig. 5(b).

VIII. CONCLUSION

In this paper, we have proposed OTFS-NOMA uplink and
downlink transmission schemes, where users with different
mobility profiles are grouped together for the implemen-
tation of NOMA. The analytical results developed in the
paper demonstrate that both the high-mobility and the low-
mobility users benefit from the application of OTFS-NOMA.
In particular, the use of NOMA enables the spreading of
the signals of a high-mobility user over a large amount
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of time-frequency resources, which enhances the OTFS res-
olution and improves the detection reliability. In addition,
OTFS-NOMA ensures that the low-mobility users have access
to the bandwidth resources which would be solely occupied by
the high-mobility users in OTFS-OMA. Hence, OTFS-NOMA
improves the spectral efficiency and reduces latency. An inter-
esting topic for future works is studying the impact of non-zero
fractional delays and fractional Doppler shifts on the perfor-
mance of the developed OTFS-NOMA protocol. Furthermore,
in this paper, the users’ channel gains (the taps of the delay-
Doppler impulse response) have been assumed to be Gaussian
distributed, and an important direction for future research is to
investigate the impact of other types of channel distributions
on the performance of OTFS-NOMA. Moreover, the combi-
nation of emerging spectrally efficient 5G solutions, such as
5G New Radio Bandwidth Part (5G-NR-BWP) [39], [40] and
software-controlled metasurfaces [41], with OTFS-NOMA is
also a promising topic for future research.

APPENDIX A
PROOF FOR PROPOSITION 1

Intuitively, the use of Fy & Fﬁ is analogous to the
application of the ISFFT which transforms signals from the
delay-Doppler plane to the time-frequency plane, where inter-
symbol interference is removed, i.e., the user’s channel matrix
is diagonalized. The following proof confirms this intuition
and reveals how the diagonalized channel matrix is related to
the original block circulant matrix. We first apply Fy ® Iy,
to yo, which yields the following:

(Fn ®1Inm)yo
M

= (FN & IM)HQ (’70)(0 + quxq> 4 (FN & IM)ZO

q=1
= diag { Z Ay e
< 0Xo + Z’quq> + (Fn ®Ia)zo,

where diag{B;,---,Bx} denotes a block-diagonal matrix
with B,, 1 < n < N, on its main diagonal. Note that
SN <N —1,isasum of N M x M
circulant matrices, each of which can be further diagonalized
by Fj;. Therefore, we can apply Iy ®F 1 to (Fn @TIa)yo,
which yields the following:

Iy @ F3)(Fy @ Inp)yo

N-—1
- diag{z Agne 7R 0<I<N-— 1}

n=0

- 1} (Fn ®Iy)

(61)

M
x (Fy @ In)(In ® F})) (70X0 + Z%%)

qg=1
+(Iy ® Fi) (Fy @ Ln )20, (62)
where Ap, is a diagonal matrix, Ao, =
diag ZM ! ag’ 167275»7” ,0<t<M-—1;, and ag”nl is

the element located in the m-th row and first column of Ay ,,.

By applying a property of the Kronecker product,
(A®B)(C®D)=(AC)® (BD), the received signals can
be simplified as follows:

(Fnv @ Fi))yo

N-—1
— diag{z Agne 7" 0<I<N-— 1}(FN ® FI)
n=0

Do

M
X (70x0 + Z vqxq> + (Fy ® Fiy)zo,

q=1

(63)

where the (kM + [ 4 1)-th element on the main diagonal of
Dy is Dg’l as defined in the proposition. The proof for the
proposition is complete.

APPENDIX B
PROOF FOR LEMMA 1

In order to facilitate the SINR analysis, the system model in
(18) is further simplified. Define X [, m] = Y, X;[n, m].
With the mapping scheme used in (6), the NOMA users’
signals are interleaved and orthogonally placed in the time-
frequency plane, i.e., X[n,m] is simply U,,;1’s n-th signal,
Zmi1(n). Denote the outcome of the SFFT of X|[n,m]
by Z[k, 1], which yields the following transform:

N—-1M-1

ik, 2r (% -3) . (64)

nOmO

Denote the N M x 1 vector collecting the Z[k, ] by X and the
NM x 1 vector collecting the X[n,m] by X, which means

that (64) can be rewritten as follows:
%= (Fy @ F)x. (65)

Therefore, the model for the received signals in (18) can be
re-written as follows:

o ~ —1 1~
Yo=10x0+mx+(Fy @ Fy;)  Dg'z

g -1 -
=%+ (Fy @ Fi)x+(Fy @ F};)  Dg'Zo, (66)
Interference and noise terms
where we have used the assumption that +; = -, for

1 <4 < N. Note that the power of the information-bearing
signals is simply 72 p, and therefore, the key step to obtain the
SINR is to find the covariance matrix of the interference-plus-
noise term.

We first show that Zg = (Fy ® Fil)z is still a com-
plex Gaussian vector, i.e., z; ~ CN(0,Inas). Recall that
zo contains NM i.i.d. complex Gaussian random variables.
Furthermore, Fny ® Fﬁ is a unitary matrix as shown in the
following:

—

ll

(Fy @ Fi)(Fy @ Fip)" = (Fy @ Fi)(Fy © Fur)
= (FNFN) @ (F3Fu)

= Inwm,

—
=

(67)

where step (a) follows from the fact that (A ® B)? =
A" ® BY and step (b) follows from the fact that
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(A®B)(C®D) = (AC)®(BD). Therefore, (Fxy@Fi )z ~
CN(0,Iyns) given the fact that zg ~ CN(0,Ixp) and a
unitary transformation of a Gaussian vector is still a Gaussian
vector.

Therefore, the covariance matrix of the interference-plus-
noise term is given by
(jCOV

= 7128{(FN ® Fip)xx" (Fy ® Fij) }
+e{(Fy o Fl)) ' D327 D (Fy @ Fly) "}
(68)
Recall that the (nM + m + 1)-th element of X is X [n, m]
which is equal to x,,+1(n). Therefore, the covariance matrix
can be further simplified as follows:
H
Ceov = ’712P(FN @ Fﬁ) (FN ® Ff{)
+(Fy o Fl) ' D;'Dy Y (Fy & Fl)
= vprMN + (Fﬁ & FM) DalDaH (FN ® Ff[),
(69)

—H

where the noise power is assumed to be normalized.

Following the same steps as in the proof of Proposi-
tion 1, we learn that, by construction, (F& @ Fj/) Dy 'Dg &l
(Fy ® 1) is also a block-circulant matrix, which means
that the elements on the main diagonal of (Ff, QF M)
D, 'D; " (Fy @ F£,) are identical. Without loss of gener-
ality, denote the diagonal elements of (F{ @ Fy ) Dy 'Dy
(Fy ® F}) by ¢. Therefore, ¢ can be found by using the
trace of the matrix as follows:

¢ = 77 {(Fx ®Far) Dy 'Dg ™ (Fy © Fii) }
1 -
= T {(Ev e Fi) (Fg ®Fy) Dy "Dy}
N-1M-1
— 1 HY _
= —Tr {Dy'Dy "} = M Z Z DG (70)
k=0 1=0
Therefore, the SINR for detection of xg[k, (] is given by
2
P70
SINR{ Y, = ; (71
Wit
and the proof is complete.
APPENDIX C

PROOF FOR LEMMA 2

The lemma is proved by first developing upper and lower
bounds on the outage probability, and then showing that both
bounds have the same diversity order.

An upper bound on SINR ;; is given by

il
N-—1
PR+ N Do
P8
= 0,0 _
p’V%"" NlMlDO | 2

SINRg 11 =
’ A4 1 |l) |__2

(72)
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Therefore, the outage probability, denoted by Py j;, can be
lower bounded as follows:
0,0|_o < 60)
0|

D012 < 0 ) (73)
(' | NMp(v3 —~3eo)

where we assume that 73 > ~iey. Otherwise, the outage
probability is always one.

To evaluate the lower bound on the outage probability,
the distribution of Dj"" is required. Recall from (16) that D"
is the ((v — 1)M + wu)-th main diagonal element of Dy and
can be expressed as follows:

Jali
i+ wal D

Pox > P <

—1M-1

E E a ]271'76—7271'%‘ ’

n=0 m=0

(74)

which is the ISFFT of ag?;f. Therefore, we have the following
property:
Do = VNMFLAGFy,

where the element in the u-th row and the v-th column of ]50
is D" and the element in the m-th row and the n-th column
of Ag is ag’y, -

The matrix-based expression shown in (75) can be vector-
ized as follows:

Diag(Do)

(75)

vec(Do) = VN Mvec(FE AgFy)
= VNM(Fy @ Fi)vec(Ay), (76)

where Diag(A) denotes a vector collecting all elements on
the main diagonal of A and we use the facts that (CT ®
A)vec(B) = vec(D) if ABC =D, and F{ = Fy.

We note that vec(Ag) contains only (Py + 1) non-zero
elements, where the remaining elements are zero. Therefore,
each element on the main diagonal of Dy is a superposition
of (Py + 1) i.id. random variables, h;, ~ CN (O, B
We further note that the coefficients for the superposition are
complex exponential constants, i.e., the magnitude of each
coefficient is one. Therefore, each element on the main diag-
onal of Dy is still complex Gaussian distributed, i.e., D"
CN(0,1), which means that the lower bound on the outage
probability shown in (73) can be expressed as follows:

0
Pori>1—c¢ NMp(vg—rfeo) = 1
T P

On the other hand, an upper bound on the outage probability
is given by

(77)

( Jal
Pou <P N1 S Em— <€ |,
P+ N Do e 1DE™I2

(78)
where | DT = min{|DE'|, VI € {0,--- M — 1}k €

{0,--- N - 1}}.
Therefore, the outage probability can be upper bounded as

follows:
Po < P (|Domi“|2 < 70)

p(76—1¢€0)

(79)
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It is important to point out that the [DF*'|2, 1 € {0,--- , M —
1},k€{0,---, N — 1}, are identically but not independently
distributed. This correlation property is shown as follows.
The covariance matrix of the effective channel gains, i.e., the
elements on the main diagonal of Dy, is given by

& {Diag(Do)Diag(Do)H}
= NME{(Fy @ Fi)vec(Ag)vec(Ag)" (Fy @ Fi) 7}
= NM(Fy @ F}})E {vec(Ag)vec(Ag)"} (Fy @ Fi)".
(80)

Because the channel gains, ho,p, are ii.d.,
& {vec(Ag)vec(Ag)} is a diagonal matrix, where only
(Po+1) of its main diagonal elements are non-zero. Following
the same steps as in the proof for Proposition 1, one can
show that the product of (Fy ® Fﬁ), a diagonal matrix,
and (Fy ® FI)H vyields a block circulant matrix, which
means that € {Diag(Do)Diag(Do)"} is a block-circulant
matrix, not a diagonal matrix. Therefore, the |D§’l|2,
1e{0,--- ,M —1},k€{0,---, N — 1}, are correlated, and
not independent.

Although the |D§ ’l|2 are not independent, an upper bound
on Py j; can be still found as follows:

p(78 —ieo)

M—-1 ¢
P |Dk,l|2 < 0 >
< < 0 p(5 = "ieo)

Pou <P <|D{)“i“|2 < 6—0)
N

=

IN

k=

0
MNP (|D8’0|2 < )
€

(=)

IN

p(15 — Yi€o)
1

= MN (1 — e_mév%éo)) =, (81)
P

Since both the upper and lower bounds on the outage proba-
bility have the same diversity order, the proof of the lemma
is complete.
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