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This paper investigates the problem of output-feedback adaptive stabilization control design

for non-holonomic chained systems with strong non-linear drifts, including modelled non-

linear dynamics, unmodelled dynamics, and those modelled but with unknown parameters.

An observer and an estimator are introduced for state and parameter estimates, respectively.

By using the integrator backstepping approach and based on the observer and parameter

estimator, a constructive design procedure for output-feedback adaptive stabilization control

is given. It is shown that, under some conditions, the control design ensures the closed-loop

system is globally asymptotically stable when there is no non-linear drift in the first subsystem,

and semiglobally asymptotically stable, otherwise. An example is given to show the

effectiveness of the theory.

1. Introduction

Non-holonomic systems, i.e., systems with non-

holonomic or non-integrable constraints are quite often

encountered in practice (Astolfi 1996, Bloch et al. 1992,

Do and Pan 2002, Ge et al. 2001, Jiang and Nijmeijer

1999 and Kolmanovsky and McClamroch 1995). The

representative examples of such systems are unicycle,

four-wheel car, n-level trailer systems, etc. Therefore, it

is important from the view point of applications to

study non-holonomic control systems. However, to

date, it has not yet been clear what control approaches

are more suitable for studying such systems (Huang

2002), since there exists no smooth (or even

continuous) state-feedback control for such systems

(Bloch et al. 1992 and Jiang and Nijmeijer 1999),

and the well-developed smooth non-linear control

theory and methodology can not be directly used to

such systems. During the past decade, the study of con-

trol problems for such systems has received consider-

able attention, and greatly initiated and accelerated

by the rapid development of other branches of control

theory, such as hybrid or switching technique, adaptive

scheme, nonsmooth (or discontinuous) control and time-

varying control, etc. (Kolmanovsky and McClamroch

1995).
Astolfi (1996), Bloch et al. (1992), Ge et al. (2001)

and Jiang and Nijmeijer (1999) studied the control

problems of non-holonomic systems with standard

structure (i.e., drift-free non-holonomic systems).

Do and Pan (2002) investigated the adaptive stabiliza-

tion control design problem of non-holonomic systems

with non-linear drifts, and presented a constructive

control design procedure. The work of Do and Pan

(2002) is characterized by full-state feedback and the

overparametrized scheme which will increase the

dynamic order of the resulting adaptive controller

and the closed-loop systems, and so, is undesirable

(Kanellakopoulos 1995). More comments on the work

of Do and Pan (2002) are referred to Ge (2003), who

points out that there is a technical problem inherent in

the input based switching, which may cause unexpected

failure when the scheme is used in practice.
In this paper, the output-feedback adaptive stabiliza-

tion control design of non-holonomic systems with

strong non-linear drifts is considered. To our knowl-

edge, this problem is still open, since in general,

output-feedback-based control design of non-holonomic

systems is more challenging than that based on*Corresponding author. Email: jif@issn.ac.cn
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state-feedback, and the conventional observer design
methods in being cannot be directly used for state recon-
struction of the non-holonomic systems. To solve this
problem, in this paper, a new observer design method
is proposed, and based on the observer, the unmeasur-
able states of the system involved are reconstructed.
Unlike Do and Pan (2002), only one estimator is used
to estimate the unknown parameters. This avoids the
undesirable overparametrization estimate. By using
the integrator backstepping approach and based on the
observer and parameter estimator given, a constructive
design procedure of output-feedback adaptive stabiliza-
tion control is presented. It is shown that, under some
conditions, the control designed ensures the closed-
loop system is globally asymptotically stable when
there is no non-linear drift in the first subsystem, and
semiglobally asymptotically stable, otherwise.
This paper is organized as follows. In x 2, some

notations and preliminary results are introduced. In
x 3, the model and structure of the systems involved
are described, and the problem to be studied is formu-
lated. In x 4, an observer and an estimator are proposed
for the reconstruction of the unmeasurable states and
the estimate of unknown parameters, respectively, and
then, a constructive design procedure of output-
feedback control is presented. Under some conditions,
the stability of closed-loop system is proved. Section 5
gives a simulation example to illustrate the theoretical
findings of this paper. Section 6 summarizes the paper.

2. Notations and preliminary results

In the sequel, we will use the following notations. For
a given vector or matrix X, XT denotes its transpose;
kXk denotes the Euclidean norm for vectors or the
corresponding induced norm for matrices. For a given
vector x ¼ ½x1, . . . , xn�

T , x½i� denotes ½x1, . . . , xi�
T ; x̂x

denotes its estimate associated with an observer, andexx denotes the estimation error, i.e., exx ¼ x�bxx. For a
given scalar number x, jxj denotes its absolute value.
Ii denotes the identity matrix with i-dimension. C1

denotes the set of all infinitely differentiable functions.
For simplicity of expression, we sometimes drop the
arguments of functions when no confusion is caused.

Definition 1 (Battilotti 2001): Consider system _xx ¼

f ðt, xÞ with f ðt, 0Þ ¼ 0. � � R
n denotes some compact

set including the origin x¼ 0. If for any given initial
value xð0Þ 2�, the corresponding solution x(t) of the
system satisfies supt�0 kxðtÞk < 1, then the system is
said semiglobally stable; if for any given initial value
xð0Þ 2�, the corresponding solution x(t) of the system
satisfies limt!1 kxðtÞk ¼ 0, then the system is said
semiglobally asymptotically stable. Particularly, when

� ¼ R
n, the system is said globally stable and globally

asymptotically stable, respectively.

3. Problem formulation

3.1. System model

Consider the following non-holonomic system with
strong non-linear drifts

_xx0 ¼ u0 þ f0ðyÞ þ ’0ðt,x0,x,u0Þ þ �T
0 ðyÞ�,

_xx1 ¼ x2u0 þ f1ðy,u0Þ þ ’1ðt,x0,x,u0Þ þ �T
1 ðy,u0Þ�,

..

.

_xxn�1 ¼ xnu0 þ fn�1ðy,u0Þ þ ’iðt,x0,x,u0Þ þ �T
n�1ðy,u0Þ�,

_xxn ¼ u1 þ fnðy,u0Þ þ ’nðt,x0,x,u0Þ þ �nðy,u0Þ
T�,

y¼ ½x0,x1�
T ,

9>>>>>>>>>>>>=>>>>>>>>>>>>;
ð1Þ

where ½x0, x
T �

T
¼ ½x0, x1, . . . , xn�

T
2R

nþ1, u ¼

½u0, u1�
T
2R

2 and y2R
2 are the system state, control

input and system measurable output, respectively;
fið�Þ 2R, i ¼ 0, 1, . . . , n are the modelled (known)

dynamics, depending on y and u0; ’ið�Þ 2R,
i ¼ 0, 1, . . . , n are the unmodelled (unknown) dynamics;
� 2R

r is unknown time-invariant parameter; �ið�Þ 2

R
r, i ¼ 0, 1, . . . , n are known and depend on y and

u0 only.
The functions fi, ’i and �T

i �, i ¼ 0, 1, . . . , n are called

as the non-linear drifts of the system (1). If the non-
linear drifts do not exist, i.e., fi � 0, ’i � 0 and
�T
i � � 0, i ¼ 0, 1, . . . , n, then the system (1) degenerates

to the standard (or normal) form of non-holonomic

systems widely studied in the literature.
Suppose that the system (1) satisfies the following

assumptions, which will be the base of the coming
control design and performance analysis.

A1 There is a known constant M� 0 such that the
unknown parameter � satisfies: k�k � M.

A2 The non-linear functions fið�Þ and �ið�Þ, i ¼

0, 1, . . . , n are smooth, and for some smooth
known functions f 0ð�Þ, �0ð�Þ, ’0ð�Þ, f i0ð�Þ, f i1ð�Þ,
�i0ð�Þ, �i1ð�Þ, ’i0ð�Þ and ’i1ð�Þ, i ¼ 1, . . . , n, the
non-linear functions fið�Þ and �ið�Þ, i ¼ 0, 1, . . . , n

can be expressed as:

f0ðyÞ ¼ x0 f 0ðyÞ, fiðy,u0Þ ¼ xn�iþ1
0 f i0ðyÞ þ x1 f i1ðy,u0Þ,

i ¼ 1, . . . ,n, ð2Þ

�0ðyÞ ¼ x0�0ðyÞ, �iðy,u0Þ ¼ xn�iþ1
0 �i0ðyÞ þ x1�i1ðy,u0Þ,

i ¼ 1, . . . ,n, ð3Þ
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and the non-linear functions ’i, i ¼ 0, 1, . . . , n
satisfy:

j’0ðt, x0, x, u0Þj � jx0j’0ð yÞ,

j’iðt, x0, x, u0Þj � jx0j
n�iþ1’i0ð yÞ þ jx1j’i1ð y, u0Þ,

i ¼ 1, . . . , n:

Remark 1: In the full-state feedback case, Assumption
A2 together with (2), (3) and (4) can be generalized to:

fiðx,u0Þ ¼ xn�iþ1
0 f i0ðx0,x1Þ þ

Xn
i¼1

xi f i1ðx0,x½i�,u0Þ,

i ¼ 1, . . . ,n, ð5Þ

�iðx,u0Þ ¼ xn�iþ1
0 �i0ðx0,x1Þ þ

Xn
i¼1

xi�i1ðx0,x½i�,u0Þ,

i ¼ 1, . . . ,n, ð6Þ

j’iðt,x0,x,u0Þj � jx0j
n�iþ1’i0ðx0,x1Þ þ kx½i�k’i1ðx0,x½i�,u0Þ,

i ¼ 1, . . . ,n: ð7Þ

This, compared with the existing work, includes more

non-linear drifts. For instance, in Do and Pan (2002),
it is implicitly assumed that �i0 ¼ 0 in the equality (6),
and that the modelled dynamics fi and unmodelled

dynamics ’i, i¼ 0, 1, . . . , n, are not existent, i.e., fi¼ 0
and ’i ¼ 0, i¼ 1, . . . , n. In Xi et al. (2003), it is assumed
not only that ’i0 ¼ 0 in the inequality (7), but also

that the modelled dynamics fi and the dynamics with
unknown parameters �T

i ð yÞ� do not exist, i.e., fi¼ 0 and
�T
i ð yÞ� ¼ 0, although the gains of u0, x2u0, . . . , xn�1u0

and u on the right hand sides of the system (1) are not
assumed to be ones and allowed to be in some known
finite intervals.

Remark 2: Assumption A1 implies that the unknown
parameter � belongs to a known hyperball in Rr with
center 0 and radius M. Assumption A2 ensures the fea-
sibility of the state coordinates transformation below,

and implies that f0ð0, x1Þ � 0, �0ð0, x1Þ � 0, ’0ðt, 0, 0,
u0Þ � 0 and fið0, u0Þ � 0, ’iðt, 0, 0, u0Þ � 0,�ið0, u0Þ �
0, i ¼ 1, . . . , n, that is, the origin (x0 ¼ x1 ¼ � � � ¼

xn ¼ 0) is the equilibrium point of the open-loop system.

3.2. Control objective

The objective of this paper is to design an

output-feedback adaptive stabilization control in the
form:

_bxxbxx ¼ #ðbxx, yÞ, _b��b�� ¼ �ðb��, yÞ,
u0 ¼ �0ð y,b��Þ, u1 ¼ �1ðbxx,b��, yÞ, ð8Þ

so that the resulting closed-loop system is globally
asymptotically stable when there is no non-linear drift

(i.e., f0 � 0, ’0 � 0 and �T
0 � � 0) in the first subsystem,

and semiglobally asymptotically stable, otherwise.

4. Output-feedback adaptive stabilization

control design

According to the special structure of the system (1), the

design procedures of u0 and u1 are usually carried out
separately (Astolfi 1996, Bloch et al. 1992, Do and

Pan 2002, Ge et al. 2001, Jiang and Nijmeijer 1999,
and Kolmanovsky and McClamroch 1995): design u0
to asymptotically stabilize the subsystem x0 first, and
then, design u1 to stabilize the other subsystems
x1 � xn. However, as x0 asymptotically converges to 0,

x1 � xn will become uncontrollable. This will cause dif-
ficulty when designing control u1. An effective method to

deal with this difficulty is to introduce a suitable coordi-
nate transformation (Do and Pan 2002 and Jiang

and Nijmeijer 1999) transforming the original system
into a new one (denoted by �0,�1, . . . ,�n). In this new

framework, the subsystems �1 � �n can be stabilized
to zero faster than �0 can. Then, we can design u0 and
u1 separately to realize the asymptotical stabilization

of �0 and �1 � �n, respectively.

4.1. State coordinate transformation

The state coordinate transformation is designed in form
(Do and Pan 2002 and Jiang and Nijmeijer 1999):

�0 ¼ x0, �1 ¼
x1

xn�1
0

, . . . ,�n�1 ¼
xn�1

x0
, �n ¼ xn: ð9Þ

Under this transformation, the system (1) becomes

_��0 ¼ u0 þ f0 þ ’0 þ �T
0 �,

_��1 ¼
u0

�0
�2 �

n� 1

�0
�1 u0 þ f0 þ ’0 þ �T

0 �
� �

þ
1

�n�1
0

f1 þ ’1 þ �T
1 �

� �
,

_��2 ¼
u0

�0
�3 �

n� 2

�0
�2 u0 þ f0 þ ’0 þ �T

0 �
� �

þ
1

�n�2
0

f2 þ ’2 þ �T
2 �

� �
,

..

.

_��n�1 ¼
u0

�0
�n �

1

�0

�n�1ðu0 þ f0 þ ’0 þ �T
0 �Þ

þ
1

�0

fn�1 þ ’n�1 þ �T
n�1�

� �
,

_��n ¼ u1 þ fn þ ’n þ �T
n �:

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

ð10Þ
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The transformation (9) defines a diffeomorphism
excepting the origin, and if the state ½�0,�1, . . . ,�n�

T

of the system (10) converges to zero, so does the state
½x0, x1, . . . , xn�

T of the system (1). Thus, we need only
to consider the control problem of the system (10).

Remark 3: It is worth pointing out that the transforma-
tion (9) has no definition at x0¼ 0. In order to guarantee
the feasibility of the coming control design and perfor-
mance analysis, without loss of generality, we assume
that x0ð0Þ 6¼ 0.
If x0ð0Þ ¼ 0, one can first set controls u0, u1 in the

following form in an initial period of time, for
instance, ½0, t0� with some small t0>0,

u0 ¼ �f0ðyÞ þ 1þ jx0jj’0ðyÞj þMj�0ðyÞj, u1 � 0: ð11Þ

Then, substituting (11) into the first subsystem of (1),
and by Assumptions A1–A2, we get, in the time interval
½0, t0�,

_xx0 ¼ �f0ð yÞ þ 1þ jx0jj’0ð yÞj þMj�0ð yÞj

þ f0ð yÞ þ ’0ðt, x0, x, u0Þ þ �T
0 ð yÞ� � 1:

ð12Þ

This together with x0ð0Þ ¼ 0 implies x0ðt0Þ � t0 > 0.
Thus, time t0 can be regarded as the new initial
time of the control system with initial condition
x0ðt0Þ 6¼ 0.
Note that the control u0 designed in the sequel (of this

paper) is of the form u0 ¼ ��x0 for all t � t0, where � is
a smooth feedback gain function. Then, one can
conclude that x0ðtÞ is not equal to zero for all t � t0.
This is because the closed-loop system is well-defined
in ½0,1Þ and the solution of the first equation of the
closed-loop system can be expressed as

x0ðtÞ ¼ x0ðt0Þ exp

ðt
t0

u0 þ ’0
x0

þ f 0 þ �0�

� �
ds

� �
,

which implies

jx0ðtÞj � jx0ðt0Þj exp �

ðt
t0

u0 þ ’0
x0

þ f 0 þ �0�

���� ���� ds� �
� jx0ðt0Þj exp �

ðt
t0

j�j þ ’0 þ j f 0j þMj�0j
� �

ds

� �
:

ð13Þ

By the smoothness of �, f 0, ’0 and �0 guaranteed by
Assumption A2, it is easy to see that, for any given
finite time t � t0, the integral

Ð t
t0
j�j þ ’0 þ
�

j f 0j þMj�0jÞ ds is finite. This together with (13) implies

that jx0ðtÞj > 0 for all t � t0, although x0ðtÞ may
converge to zero.

4.2. Observer design

We design the following observer associated with the
system (10)

_b��b��1 ¼
u0

�0
b��2 �

ðn� 1Þu0

�0
b��1 þ

k1u0

�0
ð�1 �b��1Þ þ

f1

�n�1
0

,

_b��b��2 ¼
u0

�0
b��3 �

ðn� 2Þu0

�0
b��2 þ

k2u0

�0
ð�1 �b��1Þ þ

f2

�n�2
0

,

..

.

_b��b��i ¼
u0

�0
b��iþ1 �

ðn� iÞu0

�0
b��i þ

kiu0

�0
ð�1 �b��1Þ þ

fi

�n�i
0

,

..

.

_b��b��n ¼ u1 þ
knu0

�0
ð�1 �b��1Þ þ fn,

9>>>>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>>>>;
ð14Þ

where k1, . . . , kn are design parameters to be determined
later.

The estimation errore�� ¼ ��b�� satisfies the dynamical
equations

_e��e��1 ¼
u0

�0
e��2 �

ðn� 1Þu0

�0
e��1 �

k1u0

�0
e��1 þ

’1 þ �T
1 �

�n�1
0

�
ðn� 1Þ�1

�0
ð f0 þ ’0 þ �T

0 �Þ,

_e��e��2 ¼
u0

�0
e��3 �

ðn� 2Þu0

�0
e��2 �

k2u0

�0
e��1 þ

’2 þ �T
2 �

�n�2
0

�
ðn� 2Þðb��2 þe��2Þ

�0
ð f0 þ ’0 þ �T

0 �Þ,

..

.

_e��e��i ¼
u0

�0
e��i þ 1�

ðn� iÞu0

�0
e��i �

kiu0

�0
e��1 þ

’i þ �T
i �

�n�i
0

�
ðn� iÞðb��i þe��iÞ

�0
ð f0 þ ’0 þ �T

0 �Þ,

..

.

_e��e��n ¼ �
knu0

�0
e��1 þ ’n þ �T

n �:

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;
ð15Þ

The differential equations (15) can be rewritten into the
compact form

_e��e�� ¼
u0

�0
Ae��þ� þ�� � ðn� 1ÞB1F0�1 � B2F0ðb��þe��Þ;

ð16Þ
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where F0 ¼ f 0 þ ð’0=�0Þ þ �
T

0 �, and

A ¼

�k1 � nþ 1 1 0 0 � � � 0

�k2 �nþ 2 1 0 � � � 0

..

.
0 �nþ 3 1 . .

.
0

..

. ..
. . .

. . .
. . .

.
0

�kn�1
..
. ..

. . .
.

�1 1

�kn 0 � � � � � � 0 0

266666666664

377777777775
;

ð17Þ

� ¼

’1
�n�1
0

’2
�n�2
0

..

.

’n�1

�0

’n

26666666666664

37777777777775
, � ¼

�T
1

�n�1
0

�T
2

�n�2
0

..

.

�T
n�1

�0

�T
n

26666666666666664

37777777777777775
, B1 ¼

1

0

0

..

.

0

2666666664

3777777775
,

B2 ¼

0 0 � � � 0 0

0 n� 2 . .
.

� � � ..
.

..

. . .
. . .

. . .
. ..

.

..

.
� � � . .

.
1 0

0 � � � � � � 0 0

2666666664

3777777775
: ð18Þ

About matrix A defined by (17), there exists the
following lemma.

Lemma 1: The eigenvalues of the matrix A defined by
(17) can be arbitrarily assigned by a proper selection of
the design parameters k1, . . . , kn.

Proof: For the sake of simplicity, we first introduce
some notations piðmÞ, i ¼ 0, 1, 2, . . . ,m as follows:

p0ðmÞ¼1,

p1ðmÞ¼
Xm�1

i¼1

i,

..

.

piðmÞ¼
X

j1,...,ji2f1,...,m�1g,j1>j2>���>ji

ðm� j1Þðm�j2Þ���ðm�jiÞ,

..

.

pm�1ðmÞ¼ðm�1Þ!,

pmðmÞ¼0:

Then, the eigenpolynomial of the matrix A is

detðsI � AÞ ¼ ðsþ k1 þ n� 1Þðsþ n� 2Þ � � � ðsþ 1Þs

þ k2ðsþ n� 3Þ � � � ðsþ 1Þs

þ � � � þ kn�2ðsþ 1Þsþ kn�1sþ kn

¼ sn þ ðp0ðn� 1Þk1 þ p1ðnÞÞs
n�1

þ � � � þ ðpn�2ðn� 1Þk1 þ pn�1ðnÞÞs

þ k2p0ðn� 2Þsn�2 þ k2p1ðn� 2Þsn�3

þ � � � þ k2pn�3ðn� 2Þs

þ � � � þ kn�2p0ð2Þs
2 þ kn�2p1ð2Þs

þ kn�1p0ð1Þsþ kn

¼ sn þ P1ðn, k½1�Þs
n�1 þ P2ðn, k½2�Þs

n�2

þ P3ðn, k½3�Þs
n�3

þ � � � þ Piðn, k½i�Þs
n�i

þ � � � þ Pn�1ðn, k½n�1�Þsþ kn, ð19Þ

where Piðn, k½i�Þ ¼ piðnÞ þ
Pi

j¼1 kjpi�jðn� jÞ, i ¼ 1, . . . , n.

From the expressions of Pið�Þ, i ¼ 1, . . . , n, it can easily

be seen that each coefficient of the eigenpolynomial

(19) can be arbitrarily assigned by a proper selection

of the design parameters k1, . . . , kn, and so can the

eigenvalues of A. œ

By using Lemma 1, we can choose the design

parameters k1, . . . , kn such that all the eigenvalues of A

have positive real parts, i.e., the matrix �A is Hurwitz,
and then there exists a positive definite matrix P

satisfying

ATPþ PA ¼ In: ð20Þ

Remark 4: When the subsystem x0 is without non-

linear drifts, that is, its dynamical equation degenerates

to _xx0 ¼ u0, we can take control u0 in the form of

u0 ¼ �kx0, where k is a positive design parameter to be

specified later, and take a state observer in the form of

_b��b��1 ¼ �kb��2 þ
f1ð y, u0Þ

�n�1
0

þ kðn� 1Þb��1 þ k1ð�1 �b��1Þ

..

.

_b��b��n�1 ¼ �kb��n þ
fn�1ð y, u0Þ

�0
þ kb��n�1 þ kn�1ð�1 �b��1Þ,

_b��b��n ¼ u1 þ fnð y, u0Þ þ knð�1 �b��1Þ: ð21Þ

In this case, the estimation error b�� satisfies:

_b��b�� ¼ Akb��þ � þ��, ð22Þ

478 Y.-G. Liu and J.-F. Zhang



where

Ak ¼

�k1þkðn�1Þ �k 0 0 � � � 0

�k2 kðn�2Þ �k 0 � � � 0

..

.
0 kðn�3Þ �k . .

.
0

..

. ..
. . .

. . .
. . .

.
0

�kn�1
..
. ..

. . .
.

k �k

�kn 0 � � � � � � 0 0

2666666666664

3777777777775
:

ð23Þ

Comparing (16) with (22) shows that the latter has no
the non-linear terms �ðn� 1ÞB1F0�1 and �B2F0ðb��þb��Þ.
This reduces the difficulty to design an output-feedback

adaptive stabilization control. And so, it is easy to
design a globally asymptotical stabilization control.
Similar to matrix A, we have the following lemma for

matrix Ak.

Lemma 2: The eigenvalues of matrix Ak defined by (23)

can be arbitrarily assigned by a proper selection of the
design parameters k and k1, . . . , kn.

Proof: The eigenpolynomial of the matrix Ak is

detðsI �AkÞ ¼ ðsþ k1 � kðn� 1ÞÞðs� kðn� 2ÞÞ � � � ðs� kÞs

þ ð�1Þ3kk2ðs� kðn� 3ÞÞ � � � ðs� kÞs

þ � � � þ ð�1Þn�1kn�3kn�2ðs� kÞs

þ ð�1Þnkn�2kn�1sþ ð�1Þnþ1kn�1kn

¼ sn þ ðp0ðn� 1Þk1 � kp1ðnÞÞs
n�1 þ � � �

þ ðpn�2ðn� 1Þð�kÞn�2k1 þ ð�kÞn�1pn�1ðnÞÞs

þ ð�1Þ3kk2p0ðn� 2Þsn�2

þ ð�1Þ3kð�kÞk2p1ðn� 2Þsn�3 þ � � �

þ ð�1Þ3kð�kÞn�3k2pn�3ðn� 2Þs

þ � � � þ ð�1Þn�1kn�3kn�2p0ð2Þs
2

� ð�1Þn�1kn�2kn�2p1ð2Þs

þ ð�1Þnkn�2kn�1p0ð1Þsþ ð�1Þnþ1kn�1kn

¼ sn þQ1ðn,k,k½1�Þs
n�1 þQ2ðn,k,k½2�Þs

n�2

þQ3ðn,k,k½3�Þs
n�3

þ � � � þQiðn,k,k½i�Þs
n�i

þ � � � þQn�1ðn,k,k½n�1�Þsþ ð�1Þnþ1kn�1kn,

ð24Þ

where Qiðn, k, k½i�Þ ¼ ð�kÞipiðnÞ þ ð�kÞi�1Pi
j¼1 pi�j 	

ðn� jÞkj, i ¼ 1, . . . , n. Notice that Qiðn, � 1, k½i�Þ ¼

Piðn, k½i�Þ, i ¼ 1, . . . , n. Then from the expressions of
Qið�Þ, i ¼ 1, . . . , n, it is easy to see that for any fixed k,

each coefficient of the eigenpolynomial (24) can be
arbitrarily assigned by a proper selection of the
design parameters k1, . . . , kn, and so can the eigenvalues
of Ak. œ

4.3. Control design

Due to the existence of the non-linear drifts in the
dynamical equation of x0, a linear feedback control
with constant feedback in the form of u0 ¼ �kx0
(where k is a constant) is not adequate. The reason is
that the constant kmay not be large enough to dominate
the uncontrolled non-linear terms, as will be clear later.
Therefore, in this paper, we will design the control u0
in the form

u0 ¼ ��0ð y, b��Þx0, ð25Þ

where �0 is a positive smooth nonlinear function to be
specified later.

It follows from (10), (14), (16) and (25) that

_e��e�� ¼ ��0Ae��þ � þ�� � ðn� 1Þ

	 F0B1�1 � F0B2ðb��þe��Þ,
_��1 ¼ ��0b��2 � �0e��2 þ

’1
�n�1
0

�
ðn� 1Þ’0�1

�0

� �

þ
�1

�n�1
0

�
ðn� 1Þ�1�0

�0

� �T

� þ F1,

_b��b��2 ¼ ��0b��3 þ ðn� 2Þ�0b��2 � k2�0e��1 þ F2,

..

.

_b��b��n�1 ¼ ��0b��n þ �0b��n�1 � kn�1�0e��1 þ Fn�1,

_b��b��n ¼ u1 � kn�0e��1 þ Fn,

9>>>>>>>>>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>>>>>>>>>;

ð26Þ

where

F1 ¼
f1

�n�1
0

�
n�1

�0
�1ðu0þ f0Þ, Fi ¼

fi

�n�i
0

, 2� i� n:

It is easy to see that when e�� ¼ 0, the system (26) has
the lower-triangular structure, and so, the integrator
backstepping approach can be used to design an
output-feedback adaptive stabilization control.

We start the design procedure with the nota-
tions �0 � 0, znþ1 � 0, and the following coordinate
transformations

z0¼�0, z1¼�1, z2¼b��2��1ð�0,�1,b��Þ,
zi¼b��i��i�1ð�0,�1,b��2, . . . ,b��i�1,b��Þ, i¼3, . . . ,n,

(
ð27Þ
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where �1, . . . ,�n�1, called as virtual controls, are
smooth functions to be specified later; u1 ¼
��0�nð�0,�1, b��2, . . . ,b��n,b��Þ is the actual control to be
specified later.
Under the new variable vector z, the system (26) is

transformed into

_e��e��¼��0Ae��þ�þ���ðn�1ÞF0B1z1�F0B2ðb��þe��Þ,
_zz1¼��0ðz2þ�1Þþ�0N1e��½2� þ�1þF1þ�T

1 �,

_zz2¼��0ðz3þ�2Þþ�0N2e��½2� þ�2þF2�
@�1

@b�� _b��b��þ�T
2 �,

..

.

_zzi¼��0ðziþ1þ�iÞþ�0Nie��½2� þ�iþFi�
@�i�1

@b�� _b��b��þ�T
i �,

..

.

_zzn¼u1þ�0Nne��½2� þ�nþFn�
@�n�1

@b�� _b��b��þ�T
n �,

9>>>>>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>>>>>;
ð28Þ

where

N1 ¼ ½0, �1�, Ni ¼ �kiþ
Xi�1

j¼2

@�i�1

@b��j

kj,
@�i�1

@�1

" #
,

i¼ 2, . . . ,n;

�1 ¼
’1
�n�1
0

�
ðn�1Þ’0�1

�0
, �i ¼�

@�i�1

@�0
’0�

@�i�1

@�1
�1,

i¼ 2, . . . ,n;

�1 ¼
�1

�n�1
0

�
ðn�1Þ�1�0

�0
, �i ¼�

@�i�1

@�0
�0�

@�i�1

@�1
�1,

i¼ 2, . . . ,n;

F1 ¼F1, Fi ¼Fiþðn� iÞ�0b��i�
@�i�1

@�0
ðu0þ f0Þ

þ
@�i�1

@�1
ð�0b��2�F1Þ

þ
Xi�1

j¼2

@�i�1

@b��j

�0b��jþ1�ðn� jÞ�0b��j �Fj

� �
,

i¼ 2, . . . ,n:

For the simplicity of notations, let �0 ¼ �0,�0 ¼ ’0.

Lemma 3: There are non-negative smooth functions
�ið�Þ i ¼ 0, 1, . . . , n such that

j�0j � j�0j�0ð�0,�1Þ, j�ij � ½�0, �1�
�� ���ið�0,�1,u0Þ,

i¼ 1,2, . . . ,n:

Proof: By Assumption A2, we have

j�0j ¼ j’0j � j�0j ���0ð�0,�1Þ,

where

�0 ¼ ’0ð yÞ
� �

x0¼�0

x1¼�n�1
0

�1

������
is a non-negative smooth function. For i¼ 1, by
Assumption A2, we have

j�1j ¼
’1
�n�1
0

�
ðn� 1Þ’0�1

�0

���� ����
�

jx0j
n’10 þ jx1j’11
j�0j

n�1

þ
ðn� 1Þjx0j’0�1

�0

���� ����
� k½�0, �1�k�1ð�0,�1, u0Þ,

where

���1 ¼ ’10 þ ’11 þ ðn� 1Þ’0
� �

x0¼�0

x1¼�n�1
0

�1

������
is a non-negative smooth function. For i� 2, by
Assumption A2 and the results for cases i ¼ 0, 1, we
have

j�ij ¼ �
@�i�1

@�0
’0 �

@�i�1

@�1
�1

���� ����
� j’0j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

@�i�1

@�0

� �2
s

þ k�1k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

@�i�1

@�1

� �2
s

� j�0j ���0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

@�i�1

@�0

� �2
s

þ k½�0, �1�k�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

@�i�1

@�1

� �2
s

� k½�0,�1�k ���ið�0,�1, u0Þ,

where ���i ¼ ���0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ @�i�1=@�0ð Þ

2
q

þ ���1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ @�i�1=@�1ð Þ

2
q

is a non-negative smooth function. œ

We now turn to the constructive design procedure of
the controls.

Step 0: This step can be regarded as the initial
assignation of the entire design procedure. At this step,
we introduce a Lyapunov function for the estimation
error e��

V0 ¼ �0e��TPe��,
where �0 is a positive design parameter to be spe-
cified later, P is the positive definite solution of the
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Riccati equation (20). Then, taking time-derivation of

V0 along the solution of (16) and using (25), we have

_VV0 ¼ ��0�0ke��k2 þ 2�0e��TP�

þ 2�0e��TP�� � 2ðn� 1Þ�0e��TPF0B1z1

� 2�0e��TPF0B2e��� 2�0e��TPF0B2b��: ð29Þ

By Assumption A2 and the expression of � in (18),

we have

k�k2 � 2�2
0�1ð�0,�1Þ þ 2�2

1�2ð�0,�1, u0Þ,

where

�1 ¼
Xn
i¼1

’2i0

�����x0¼�0

x1¼�n�1
0

�1

and �2 ¼
Xn
i¼1

’2i1

�����x0¼�0

x1¼�n�1
0

�1

are non-negative smooth functions. Then, for the second

term on the right-hand side of (29), by completing the

square we have

2�0e��TP�¼ �0"
2
0ke��k2 þ �0"

�2
0 �TPP�� �0"

2
0ke��� "�2

0 P�k2

� �0"
2
0ke��k2 ��01 þ 2�0"

�2
0 kPk2

	 �2
0�1ð�0,�1Þþ�2

1�2ð�0,�1,u0Þ
� �

, ð30Þ

where �01 ¼ �0"
2
0ke��� "�2

0 P�k2, and "0 is a positive

design parameter to be specified later.
From Assumption A2 and the expression of � of (18)

it follows that

�ð y, u0Þ ¼ �1ðz0, z1Þz0 þ�2ðz0, z1, u0Þz1, ð31Þ

where �1ð�Þ and �2ð�Þ are known smooth functions

and available for feedback design. Then, for the 3rd

term on the right-hand side of (29), by using Assumption

A1 we have

2�0e��TP�� ¼ �0"
2
0ke��k2 þ �0"

�2
0 �T�TPP��

� �0"
2
0ke��� "�2

0 P��k2

� �0"
2
0ke��k2 � �0"

2
0ke��� "�2

0 P��k2

þ 2�0"
�2
0 M2 k�

T

1 Pk
2z20 þ k�

T

2 Pk
2z21


 �
: ð32Þ

The non-positive term ��0"
2
0ke��� "�2

0 P��k2 is preserved
to tackle the 4th term on the right-hand side of (29)

through the estimation

� �0"
2
0 e��� "�2

0 P��
�� ��2�2�0ðn� 1Þe��TPB1F0z1

¼ ��0"
2
0 e��� "�2

0 P��
�� ��2�2�0ðn� 1Þe��TPB1ð f 0 þ �

T

0 �Þz1

� 2�0ðn� 1Þe��TPB1
’0
�0

z1

¼ ��0"
2
0 e��� "�2

0 P�� þ "�2
0 ðn� 1ÞPB1ð f 0 þ �

T

0 �Þz1

��� ���2
þ �0"

�2
0 ðn� 1Þ2BT

1 PPB1ð f 0 þ �
T

0 �Þ
2z21

� 2�0"
�2
0 ðn� 1ÞBT

1 PP��ð f 0 þ �
T

0 �Þz1

� 2�0ðn� 1Þe��TPB1
’0
�0

z1

� ��02 þ �0"
�2
0 ðn� 1ÞBT

1 PP

	 ðn� 1ÞB1 f 0ð f 0 þ 2�
T

0
b��Þz1 � 2 f 0�b��
 �

z1

þ 2�0"
�2
0 ðn� 1ÞBT

1 PP f 0 ðn� 1ÞB1�
T

0 z1 ��

 �e��z1

þ �0"
�2
0 nðn� 1ÞM2BT

1 PPB1k�0k
2z21

þ 2�0"
�2
0 ðn� 1ÞM2ðk�

T

1 Pk
2z20 þ k�

T

2 Pk
2z21Þ

þ �0"
2
0ke��k2 þ ðn� 1Þ2�0kPB1k

2"�2
0 ’20z

2
1, ð33Þ

where

�02 ¼ �0"
2
0ke��� "�2

0 P�� þ "�2
0 ðn� 1ÞPB1ðf 0 þ �

T

0 �Þz1k
2,

which is non-negative.
For the last term on the right-hand side of (29), by

completing the square we obtain the estimation

�2�0e��TPF0B2b��� �0"
2
0ke��k2þ �0"

�2
0 kPk2kF0k

2kB2b��k2
� �0"

2
0ke��k2þ 2�0"

�2
0 kPk2

	 f 0þ�
T

0 �

 �2

þ’20

� �Xn�1

i¼2

ðn� iÞ2b��2
i

¼ �0"
2
0ke��k2þ 2�0"

�2
0 kPk2

	 f 0þ�
T

0 �

 �2

þ’20

� �
	
Xn�1

i¼2

ðn� iÞ2ðzi þ�i�1Þ
2

� �0"
2
0ke��k2þ 2�0"

�2
0 kPk2

	 2f
2

0þ 2M2k�0k
2þ ’20


 �
	
Xn�1

i¼2

ðn� iÞ2ziðzi þ 2�i�1Þ

þ 2�0"
�2
0 kPk2 2f

2

0þ 2M2k�0k
2þ’20


 �
	
Xn�2

i¼1

ðn� iÞ2�2
i : ð34Þ
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Substituting (32)–(34) into (29) leads to

_VV0 ���0e��T�0e����0þ �0W

þ
Xn
i¼0

ziQiþ2�0"
�2
0 ðn�1ÞBT

1 PPf 0

	 ðn�1ÞB1�
T

0 z1��T

 �e��z1, ð35Þ

where

�0 ¼ �0In� 4"20In� 2PF0B2; ð36Þ

�0 ¼�01þ�02; ð37Þ

W ¼ 2kPk2"�2
0 2f

2

0þ 2M2k�0k
2þ’20


 �
	
Xn�2

i¼1

ðn� iÞ2�2
i ; ð38Þ

Q0 ¼ 2�0"
�2
0 kPk2�1z0þ 2n�0"

�2
0 M2k�

T

1 Pk
2z0, ð39Þ

Q1 ¼ 2�0"
�2
0 kPk2�2z1þðn� 1Þ2�0"

�2
0 kPB1k

2’20z1

þ �0"
�2
0



ðn� 1ÞBT

1 PP

	
�
ðn� 1ÞB1f 0ð f 0þ 2�

T

0
b��Þz1� 2f 0�b�� �

þ 2nM2k�
T

2 Pk
2þ nðn� 1ÞM2BT

1 PPB1k�0k
2
�
z1,

ð40Þ

Qi ¼ 2�0"
�2
0 kPk2ð2f

2

0þ 2M2k�0k
2þ’20Þðzi þ 2�i�1Þ,

i¼ 2, . . . ,n: ð41Þ

This completes Step 0.

Step 1: Take V1 ¼ V0 þ �1e��Te�� þ z21 as the Lyapunov
function of this step, where �1 is a positive design
parameter to be determined later, and ð1=�1Þ is called
as the gain constant of the adaptive law. Then, by (28)
we have

_VV1 ¼ _VV0þ2z1



��0ðz2þ�1Þþ�0N1e��½2� þ�1þF1þ�T

1 �
�

�2�1e��T _b��b��
���0e��T�0e����0þ �0Wþ

Xn
i¼0

ziQi

þ2�0"
�2
0 ðn�1ÞBT

1 PPf 0 ðn�1ÞB1�
T

0 z1��

 �e��z1

þ2z1 ��0ðz2þ�1ÞþF1þ�T
1
b��
 �

þ2z1�0N1e��½2� þ2z1�1þ2z1�
T
1
e���2�1e��T _b��b��: ð42Þ

Choose the smooth virtual control as follows:

�1 ¼

(
1

�0

 
F1 þ�T

1
b�� þ z1

2
þ
n ���

2

1z1

2"22
þ
"22z1
2

þ
Q1

2

þ
�0

2�0"21
z1N1N

T
1 þ

ðn� 1Þz1

2�1

!)
ð27Þ

, ð43Þ

where "1 2 ð0, 1Þ and "2 2 ð0,1Þ are design parameters to

be specified later. Notice that

2z1�0N1e��½2� ¼ �0�0"
2
1ke��½2�k

2 þ �0�
�1
0 "�2

1 z21N1N
T
1

� �0�0"
2
1 e��½2� � ��1

0 "�2
1 NT

1 z1
�� ��2,

and by Lemma 3, that

2z1�1 � 2jz1j k½z0, z1�k ���1 ¼ "22ðz
2
0 þ z21Þ þ "�2

2
���
2

1z
2
1

� "22 k½z0, z1�k � "�2
2

���1jz1j
� �2

:

Then from (42) it follows that

_VV1 � ��0e��T�1e����1 þ �0W � z21 þ z0ðQ0 þ "22z0Þ

þ
Xn
i¼2

ziQi �
1

�1
ðn� 1Þz21 � ðn� 1Þ"�2

2
���
2

1z
2
1

� 2�1e��T _b��b�� � z1

�1
ST
1

� �
� 2�0z1z2, ð44Þ

where �1 ¼ �0 � �0"
2
1I , and

�1 ¼ �0 þ �0�0"
2
1 e��½2� � ��1

0 "�2
1 NT

1 z1
�� ��2

þ "22 k½z0, z1�k � "�2
2

���1jz1j
� �2

,

S1 ¼ �T
1 þ �0"

�2
0 ðn� 1ÞBT

1 PP ðn� 1ÞB1�
T

0 z1 � �T

 �

f 0:

This completes Step 1.

Step i ði ¼ 2, . . . , n� 1Þ: Assume at Step i� 1. Then,

we have

Vi�1¼V0þ�1e��Te��þXi�1

j¼1

z2j ,

_VVi�1���0e��T�i�1e����i�1þ�0W�
Xi�1

j¼1

z2j þz0 Q0þ"22z0
� �

þ
Xn
j¼i

zjQj�
1

�1
ðn�1Þz21�

2

�1

Xi�1

j¼2

ðn� jÞz2j �ðn�1Þ"�2
2

	
Xi�1

j¼1

���
2

j z
2
j �2�1e��T _b��b��� 1

�1

Xi�1

j¼1

zjS
T
j

 !
�2�0zi�1zi

þ2"�2
2

Xi�1

j¼2

Xj�1

k¼1

���jjzjj ���kjzkj�
Xi�1

j¼2

zjMj
_b��b��

�
1

�1

Xi�1

j¼2

z2j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þMjM

T
j SjS

T
j

q

�
1

2�1

Xi�1

j¼3

z2j

Xj�1

k¼2

MjM
T
j SkS

T
k þMkM

T
k SjS

T
j


 �
,
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where �i�1 ¼ �1, Sj ¼ �T
j , j ¼ 2, . . . , i � 1, Mj ¼

2ð@�j�1=@b��Þ, j¼ 2, . . . , i� 1, and

�i�1 ¼ �0 þ �0�0"
2
1 e��½2� � ��1

0 "�2
1

Xi�1

j¼1

NT
j zj

�����
�����
2

þ "22 k½z0, z1�k �
Xi�1

i¼1

"�2
2

���ijzij

 !2

:

Choose Vi ¼ Vi�1 þ z2i as the Lyapunov function for
this step. Then, by (28) we have

_VVi ¼ _VVi�1 þ 2zi

�
� �0ðziþ1 þ �iÞ þ �0Nie��½2� þ Fi

þ�i �
@�i�1

@b�� _b��b�� þ�T
i �

�
� ��0e��T�i�1e����i�1 þ �0W

�
Xi�1

j¼1

z2j þ z0 Q0 þ "22z0
� �

þ
Xn
j¼i

zjQj �
1

�1
ðn� 1Þz21

�
2

�1

Xi�1

j¼2

ðn� jÞz2j � ðn� 1Þ"�2
2

Xi�1

j¼1

���
2

j z
2
j

� 2�1e��T _b��b�� � 1

�1

Xi�1

j¼1

zjS
T
j

 !
� 2�0zi�1zi

þ 2"�2
2

Xi�1

j¼2

Xj�1

k¼1

���jjzjj ���kjzkj �
Xi�1

j¼2

zjMj
_b��b��

�
1

�1

Xi�1

j¼2

z2j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þMjM

T
j SjS

T
j

q
�

1

2�1

Xi�1

j¼3

z2j

Xj�1

k¼2

MjM
T
j SkS

T
k þMkM

T
k SjS

T
j


 �
þ 2�0Nie��½2�zi

þ 2zi ��0ðziþ1 þ �iÞ þ Fi þ�i þ�T
i
b��
 �

� zi
@2�i�1

@b�� _b��b�� þ 2zi�
T
i
e��: ð45Þ

Set Si ¼ �T
i and Mi ¼ 2ð@�i�1=@b��Þ, and choose the ith

smooth virtual control as

�i ¼

(
� zi�1 þ

Ni

2"21�0

 
Nizi þ 2

Xi�1

j¼1

Njzj

!T

þ
1

�0

 
Fi þ�T

i
b�� þ zi

2
þ
Qi

2
þ
n ���

2

i zi

2"22

!

þ
zi

�0�1

 
ðn� iÞ þ

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þMiM

T
i SiS

T
i

q
þ
zi

4

Xi�1

k¼2



MiM

T
i SkS

T
k þMkM

T
k SiS

T
i

�!)
ð27Þ

: ð46Þ

Notice that

� 2�1e��T _b��b�� � 1

�1

Xi�1

j¼1

zjS
T
j

 !
þ 2ziSi

e��
¼ �2�1e��T _b��b�� � 1

�1

Xi
j¼1

zjS
T
j

 !
,

��0�0"
2
1 e��½2� � ��1

0 "�2
1

Xi�1

j¼1

NT
j zj

�����
�����
2

�2�0Nie��½2�zi

¼ ��0�0"
2
1 e��½2� � ��1

0 "�2
1

Xi
j¼1

NT
j zj

�����
�����
2

þ �0�
�1
0 "�2

1 Ni Nizi þ 2
Xi�1

j¼1

Njzj

 !T

zi,

and

�"22 k½z0, z1�k �
Xi�1

j¼1

"�2
2

���jjzjj

 !2

þ 2zi�i

� �"22 k½z0, z1�k �
Xi�1

j¼1

"�2
2

���jjzjj

 !2

þ 2jzijkðz0, z1Þk ���i

¼ �"22 k½z0, z1�k �
Xi
j¼1

"�2
2

���jjzjj

 !2

þ 2"�2
2

Xi�1

j¼1

���ijzij ���jjzjj þ "�2
2

���
2

i z
2
i :

Then, we have

_VVi � ��0e��T�ie����i þ �0W �
Xi
j¼1

z2j þ z0 Q0 þ "22z0
� �

þ
Xn
j¼iþ1

zjQj þ
1

�1
ðn� 1Þz21

�
2

�1

Xi
j¼2

ðn� jÞz2j � ðn� 1Þ"�2
2

Xi
j¼1

���
2

j z
2
j

� 2�1e��T _b��b�� � 1

�1

Xi
j¼1

zjS
T
j

 !
� 2�0ziziþ1

þ 2"�2
2

Xi
j¼2

Xj�1

k¼1

���jjzjj ���kjzkj �
Xi
j¼2

zjMj
_b��b��

�
1

�1

Xi
j¼2

z2j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þMjM

T
j SjS

T
j

q
�

1

2�1

Xi
j¼3

z2j

Xj�1

k¼2

MjM
T
j SkS

T
k þMkM

T
k SjS

T
j


 �
, ð47Þ

where �i ¼ �1 and �i ¼ �0 þ �0�0"
2
1ke��½2� � ð1=�0"

2
1ÞPi

j¼1 N
T
j zjk

2 þ "22ðk½z0, z1�k �
Pi

j¼1 ð
���jjzjjÞ=ð"

2
2ÞÞ

2.
This completes Step i.
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Step n: It is easy to see that the results of Step i hold

true also for i¼ n with u1 ¼ ��0�n. So, by (46) we

obtain the expression of an, and then, design the actual

control as follows:

u1ð�0,�1,b��2, . . . ,b��n,b��Þ ¼ ��0�nð�0,�1,b��2, . . . ,b��n,b��Þ:
ð48Þ

Substituting (48) into (47) and noticing i¼ n in this case,

_VVn���0e��T�ne����nþ�0W�
Xn
j¼1

z2j þz0 Q0þ"22z0
� �

�
1

�0
ðn�1Þz21

�
2

�1

Xn
j¼1

ðn� jÞz2j �2�1e��T _b��b��� 1

�1

Xn
j¼1

zjS
T
j

 !
�
Xn
j¼2

zjMj
_b��b��

�
1

�1

Xn
j¼2

z2j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þMjM

T
j SjS

T
j

q

�
1

2�1

Xn
j¼3

z2j

Xj�1

k¼2

MjM
T
j SkS

T
k þMkM

T
k SjS

T
j


 �
, ð49Þ

where 2
Pn

j¼2

Pj�1
k¼1

���jjzjj ���kjzkj � ðn� 1Þ
Pn

j¼1
���
2

j z
2
j has

been used.
This completes Step n.

The steps above are focused on the constructive

design of the control u1 and with the hypothesis that

the control u0 and adaptive law of b�� are known. The fol-
lowing step will be denoted to the design of the control

u0 and adaptive law of b��.
Step nQ1: Take V ¼ Vn þ z20 as the Lyapunov function

of the whole design procedure. Then, we have

_VV ¼ _VVn þ 2ðu0 þ f0 þ�0 þ�T
0 �Þz0

� ��0e��T�ne����n þ �0W �
Xn
j¼1

z2j �
1

�1
ðn� 1Þz21

�
2

�1

Xn
j¼2

ðn� jÞz2j

� 2�1e��T _b��b�� � 1

�1

Xn
j¼0

zjS
T
j

 !
�
Xn
j¼2

zjMj
_b��b��

�
1

�1

Xn
j¼2

z2j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þMjM

T
j SjS

T
j

q

�
1

2�1

Xn
j¼3

z2j

Xj�1

k¼2

MjM
T
j SkS

T
k þMkM

T
k SjS

T
j


 �
þ 2ðu0 þ F0Þz0 �

1

�1
ðn� 1Þz20, ð50Þ

where S0 ¼ �T
0 , and F0 ¼ f0 þ z0 ���0 þ�T

0
b��þ

1
2
Q0 þ "22z0
� �

þ 1
2�1

ðn� 1Þz0.
Choose the control u0 and the adaptive law of b��

as follows, respectively:

u0 ¼ ��0ð y,b��Þz0, ð51Þ

_b��b�� ¼ 1

�1

Xn
j¼0

zjS
T
j , ð52Þ

where �0 ¼ F0 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k2 þ 2F

2

0

q
þ ð2kPB2kÞ=ð1� "21Þð’0 þ

M
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ k�0k

2
p

Þ. Clearly, �0 is smooth and satisfies

�0ð y,b��Þ > kþ jF0j þ F0

� �
� k > 0,

�0ð y,b��Þ � F0 >
ffiffiffi
2

p
kþ 1 > 0,

ð1� "21Þ�0ð y,b��Þ � 2kF0PB2k > ð1� "21Þk > 0:

9>>=>>; ð53Þ

Notice that

�
Xn
i¼2

ziMi
1

�1

Xn
j¼0

zjS
T
j �

1

�1

Xn
i¼2

Xn
j¼0

jzizjj kMik kS
T
j k

¼
1

�1

Xn
i¼2

Xi�1
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jzizjj kMik kS
T
j k þ

1

�1

Xn
i¼2

z2i kMik kS
T
i k

þ
1

�1

Xn
i¼2

Xn
j¼iþ1

jzizjj kMik kS
T
j k

¼
1

�1

Xn
i¼2

Xi�1

j¼0

jzizjj kMik kS
T
j k þ

1

�1

Xn
i¼2

z2i kMik kS
T
i k

þ
1

�1

Xn
i¼3

Xi�1

j¼2

jzizjj kMjk kS
T
i k

�
1

�1

Xn
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1

4
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T
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 �2
þz2j

� �

þ z2i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ kMik kS

T
i k

� �2q
þ
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j¼2

1

4
z2i kMjk kS

T
i k

� �2
þz2j

� �!

¼
1

�1
ðn� 1Þz20 þ

1

�1
ðn� 1Þz21 þ

2

�1

Xn�1

i¼2

ðn� iÞz2i

þ
1

�1

Xn
i¼2

z2i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þMiM

T
i SiS

T
i

q

þ
1

2�1

Xn
i¼3

z2i

Xi�1

j¼2

MiM
T
i SjS

T
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T
j SiS

T
i


 �
: ð54Þ
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Then, substituting (51)–(54) into (50) leads to

_VV ���0e��T�ne����n þ �0W �
Xn
j¼1

z2j

� 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k2 þ 2F

2

0

q
þ
2kPB2k

1� "21
’0 þM

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þk�0k

2

q� �� �
z20:

ð55Þ

4.4. Design parameters choice

Before giving the selection of the design parameters, we
first present the following lemma.

Lemma 4: For the function W defined by (38), there are
positive smooth functions Wi ðz0, z½n�2�, b��, 	1, 	2, 	3, 	4Þ,
i¼ 0, 1, 2, . . . , n� 2, which is decreasing with respect to
	1 and 	2, and increasing with respect to 	3 and 	4,
such that

W �
Xn�2

i¼0

Wiðz0, z½n�2�,b��, k, "0, �0, ð"0�0Þ�1
Þz2i : ð56Þ

Proof: This lemma is proven by induction. By
Assumption A2 and the expressions of F1, �1 and Q1,
the �1 given by (43) satisfies:

j�1j
2 � �10ðz0, z1,b��, k, "0, �0, ð"0�0Þ�1

Þz20

þ �11ðz0, z1,b��, k, "0, �0, ð"0�0Þ�1
Þz21,

where �10ðz0, z1,b��, 	1, 	2, 	3, 	4Þ and �11ðz0, z1,b��, 	1,
	2, 	3, 	4Þ are positive smooth functions decreasing
with respect to 	1 and 	2, and increasing with respect
to 	3 and 	4.
Suppose that for all k ¼ 1, . . . , i � 1, there exist

positive smooth functions �kjðz0, z½k�,b��, 	1, 	2, 	3, 	4Þ,
j ¼ 0, 1, . . . , k, decreasing with respect to 	1 and 	2,
and increasing with respect to 	3 and 	4, such that

j�kj
2 �

Xk
j¼0

�kjðz0, z½k�,b��, k, "0, �0, ð"0�0Þ�1
Þz2j :

Then, for �i, i ¼ 2, . . . , n� 2, by (46), Assumption A2
and the expressions of Fi, Qi and �i, it is easy to find
iþ 1 positive smooth functions �ijðz0, z½i�,b��, 	1, 	2,
	3, 	4Þ, j ¼ 0, . . . , i, decreasing with respect to 	1 and 	2,
and increasing with respect to 	3 and 	4, such that

j�ij
2 �

Xi
j¼0

�ijðz0, z½i�,b��, k, "0, �0, ð"0�0Þ�1
Þz2j :

Thus, from the definition (38) of W, (56) follows
for some positive smooth functions Wiðz0, z½n�2�,b��, 	1,
	2, 	3, 	4Þ, i ¼ 0, 1, . . . , n� 2, decreasing with respect to
	1 and 	2, and increasing with respect to 	3 and 	4. œ

Let

�0 ¼ 2
ffiffiffi
2

p
kþ 2� �0W0, �1 ¼ 1� �0W1, . . . ,

�n�2 ¼ 1� �0Wn�2, �n�1 ¼ �n ¼ 1:

Then, by (55) we have

_VV � ��0e��T�ne����n �
Xn
i¼0

�iz
2
i : ð57Þ

From the design procedure above, we can see that for
given initial values, the key is how to choose the design
parameters "0, "1, "2, k, �0 and �1 such that

�n � b In > 0, �0 � b0 > 0,

�1 � b1 > 0, . . . ,�n�2 � bn�2 > 0,
ð58Þ

where b, b0, b1, . . . , bn�2 are some positive constants.
The following lemma gives the range and the selecting

methods of the design parameters.

Lemma 5: For given initial values, there exist always the
design parameters "0, "1, "2, k, �0 and �1 such that the
inequalities (58) hold for some positive constants b, b0,
b1, . . . , bn�2.

Proof: Define Va ¼ �0e��TPe��þ �1e��Te�� þPn
i¼0 z

2
i . For

given initial values, Vaðt0Þ is finite. Then, for any given
"1 2 ð0, 1Þ, "2 > 0 and �1 > 0, let

�1 ¼ b�� : kb�� � �k � 1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Vaðt0Þ

�1

s( )
,

�2 ¼ ½z0, z
T
½n��

T :
Xn
i¼0

z2i � 1þ Vaðt0Þ

( )

and for i ¼ 0, 1, . . . , n� 2,

bWWiðk, "0, �0, ð"0�0Þ
�1
Þ

¼ supb�� 2�1

½z0, z
T
½n�
�T 2�2

Wiðz0, z½n�2�,b��, k, "0, �0, ð"0�0Þ�1
Þ: ð59Þ

Then, bWW0ðk,"0, �0, ð"0�0Þ
�1
Þ, bWW1ðk,"0, �0, ð"0�0Þ

�1
Þ, . . . ,bWWn�2ðk,"0, �0, ð"0�0Þ

�1
Þ are finite and positive, and by

Lemma 4, are decreasing with respect to k and "0, and
increasing with respect to �0 and ð"0�0Þ

�1.
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Let

0< �0 ¼ "�1
0

<
1

2
min 1,

1bWW1ð1, 1, 0:5, 1Þ
, . . . ,

1bWWn�2ð1, 1, 0:5, 1Þ

( )
,

and

k > max 1,
4"20

1� "21
,

bWW0ð1, 1, 0:5, 1Þ � 3

4
ffiffiffi
2

p

( )
:

Then we have

bWWiðk, "0, �0, ð"0�0Þ
�1
Þ � bWWið1, 1, 0:5, 1Þ,

i ¼ 0, 1, . . . , n� 2:

The design parameters specified above ensure the
inequalities (58) hold at initial time t0 with
b ¼ b0 ¼ b1 ¼ � � � ¼ bn�2 ¼

1
2
.

We can prove that (58) holds for any t � t0,
since otherwise, by the continuity of _VV there would
be two time instances t1 and t2 satisfying t1 > t2 > t0
such that

_VV � 0 8t2 ½t0, t1� and _VV > 0, 8t2 ðt1, t2�: ð60Þ

The first inequality of (60) implies that for all t2 ½t0, t1�,
VðtÞ � Vðt0Þ, which gives

Xn
i¼0

z2i ðtÞ � Vaðt0Þ and kb��ðtÞk �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Vaðt0Þ

�1

s
; 8t2 ½t0; t1�:

ð61Þ

While the second inequality of (60), together with the
parameter design procedure stated above, leads to

either
Xn
i¼0

z2i ðtÞ > 1þ Vaðt0Þ or

kb��ðtÞk > 1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Vaðt0Þ

�1

s
; 8t2 ðt1; t2�:

This together with (61) implies that either ½z0, z
T
½n��

T orb�� is discontinuous at t1. This contradicts the continuity
of ½z0, z

T
½n��

T and b�� . Thus, (58) holds for all t � t0. œ

4.5. Main results

The following theorem summarizes the main results of
the paper.

Theorem 1: Consider system (1). Suppose that
Assumptions A1 and A2 hold. If the design parameters
"0, "1, "2, k, �0 and �1 are chosen such that (58) is satisfied,
then, (i) the estimation b�� given by (52) is uniformly
bounded; (ii) the output-feedback adaptive stabilization
controls ðu0, u1Þ given by (51), (48), (52) and (14) render
the closed-loop system semiglobally asymptotically stable.

Proof: Under the controls ðu0, u1Þ given by (51), (48),
(52) and (14), we have

_VV � ��01e��T�ne���
Xn
i¼0

�iz
2
i , 8t � t0: ð62Þ

This together with �n�1 ¼ �n ¼ 1 and (58) gives �1e��Te�� �
Vðt0Þ < 1, 8t � t0, and together with Assumption A1,
gives

sup
t�0

kb��k < 1: ð63Þ

By (62) we have

sup
t�0

ke��k < 1, sup
t�0

Xn
i¼0

z2i < 1, ð64Þ

and

ð1
0

ke��k2 dt < 1,
Xn
i¼0

ð1
0

z2i dt < 1: ð65Þ

From (28), (63) and (64) it follows that the first deriva-
tives of e�� and zi (i¼ 0, 1, . . . , n) are uniformly bounded.
This together with Barbălat’s Lemma (Khalil, 2002)
implies that e�� and zi (i¼ 0, 1, . . . , n) are uniformly
continuous, and further, together with (65), implies that

lim
t!1

e�� ¼ 0, lim
t!1

zi ¼ 0, 8i ¼ 0, 1, . . . , n:

So, the closed-loop system is semiglobally asymptoti-
cally stable. œ

If subsystem x0 of (1) is without any nonlinear drifts,
i.e., f0 � 0, ’0 � 0,�T

0 � � 0, then, W � 0 (so are Wi � 0,
i ¼ 0, 1, . . . , n), and the choice of design parameters is
independent of the initial values. Thus, the closed-
loop system is globally asymptotically stable. This is
summarized by the following theorem.

Theorem 2: Consider the system (1), whose subsystem x0
is without any nonlinear drifts. Suppose that Assumptions
A1 and A2 are satisfied. Then, the output-feedback
adaptive stabilization controls ðu0, u1Þ given by (51), (48),
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(52) and (14) render the closed-loop system globally
asymptotically stable.

5. Example

Consider the third-order non-holonomic system

_xx0 ¼ u0,

_xx1 ¼ u0x2 þ
1

2
x21 þ �x1,

_xx2 ¼ u1,

9>>>=>>>; ð66Þ

where � is the unknown constant parameter, and
assumed to be bounded by 1, i.e. j�j � 1. The purpose
is to design u0 and u1 based on only y ¼ ½x0, x1�

T such
that ½x0ðtÞ, x1ðtÞ, x2ðtÞ�

T
! 1 as t ! 1.

If x0ð0Þ ¼ 0, controls u0 and u1 are set as in Remark 3
in interval ½0, t0Þ such that x0ðt0Þ 6¼ 0, then we can
adopt the controls developed below. Therefore,
without loss of generality, we assume that x0ð0Þ 6¼ 0.
Let �0 ¼ x0,�1 ¼ ðx1=x0Þ,�2 ¼ x2. Then by (66), we
have

_��0 ¼ u0,

_��1 ¼
u0

�0
ð�2 � �1Þ þ

1

2
�0�

2
1 þ ��1,

_��2 ¼ u1,

9>>>=>>>; ð67Þ

Design observer to reconstruct �1 and �2 of system (66)
as follows:

_b��b��1 ¼
u0

�0
ðb��2 �b��1Þ þ

1

2
�0�

2
1 þ

k1u0

�0
ð�1 �b��1Þ, k1 ¼ �4,

_b��b��2 ¼ u1 þ
k2u0

�0
ð�1 �b��1Þ, k2 ¼ 2:

Then, the estimation error e�� ¼ ½e��1 �b��1,e��2 �b��2�
T

satisfies the equation

_e��e�� ¼
u0

�0

�k1 � 2þ 1 1
�k2 0

� e��þ �
�1

0

� 
:

In this case, we have

A ¼
3 1
�2 0

� 
:

Solving the matrix equation ATPþ PA ¼ I2, we obtain

P ¼
0:5000 0:5000
0:5000 0:1000

� 
:

The eigenvalues of P are 0:1910, 1:3090, and thus
kPk ¼ 1:3090.

Define z0 ¼ �0, z1 ¼ �1, z2 ¼ �̂�2 � �1ð�0,�1,b��Þ and let
u0 ¼ �0ð y,b��Þ, u1 ¼ ��0ð y, �̂�Þ�2ð�0,�1,b��2,b��Þ, where the
expressions of �0,�1,�0,�2 and the adaptive law of b��
are as follows, respectively:

�0 ¼ ��0ð y,b��Þz0, with �0 ¼ F0 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k2 þ 2F

2

0

q
,

F0 ¼
"22
2
þ

1

2�1

� �
z0,

�1 ¼ �z1 þ
z1

2�0"21

þ
z1

�0

b�� þ 0:5�0�1 þ 1:604�0"
�2
0 M2 þ

1

2
þ
"22
2
þ

1

2�1

� �
,

�2 ¼ �z1 þ
N2

2"21�0
N2z2 þ 2N1z1ð Þ

T

þ
1

�0

F2 þ�2
b�� þ z2

2


 �
þ

z2

2�0�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þM2

2S
2
2

q
with

N1 ¼ ½0, � 1�,N2 ¼ �k2,
@�1

@�1

� 
,

F2 ¼ �0b��2 �
@�1

@�0
u0 þ

@�1

@�1
�0b��2 þ

u0�1

�0
�
1

2
�0�

2
1

� �
,

M2 ¼ 2
@�1

@b�� ¼
2z1

�0

, S2 ¼ �2 ¼ �
@�1

@�1
�1,

_b��b�� ¼ 1

�1
z1 �

@�1
@�1

z2

� �
�1:

The design constants are chosen as k ¼ 4, �0 ¼ 1,
�1 ¼ 1, "0 ¼ 0:4, "1 ¼ 0:4, "2 ¼ 0:4,M ¼ 1 and the initial
conditions are simply set to x0ð0Þ ¼ 2, x1ð0Þ ¼
0:8, x2ð0Þ ¼ 0,b��1ð0Þ ¼ 0:3, b��2ð0Þ ¼ 1:5286,b��ð0Þ ¼ 0:5.

The simulation results are shown in figures 1–4 given
below. In particular, figure 1 is about system states;
figure 2 is about observer states; figure 3 is about para-
meter estimator state; figure 4 is about control inputs u0
(solid) and u1 (dashdotted). From figure 1 we can see all
the closed-loop system states are regulated to zero.

6. Conclusion

This paper investigates the problem of output-
feedback adaptive stabilization control design for non-
holonomic chained systems with strong non-linear
drifts, including modelled non-linear dynamics, unmo-
delled dynamics, and those modelled but with unknown
parameters. A new observer design method is proposed,
and based on the observer, the unmeasurable states of
the system involved are reconstructed. Unlike Do and
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Figure 1. System states: ——, x0; – – – –, x1 and – � – � – , x2.
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Figure 2. Observer states: ——, b��1; and – � – � – , b��2.
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Figure 3. Parameter estimation �̂�.
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Figure 4. Control inputs: ——, u0 and – � – � – , u1.
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Pan (2002), only one estimator is used to estimate
the unknown parameters. This avoids the undesirable
overparametrization estimate. By using the integrator
backstepping approach and based on the observer and
parameter estimator given, a constructive design proce-
dure of output-feedback adaptive stabilization control
is presented. It is shown that, under some conditions,
the control designed ensures the closed-loop system
is globally asymptotically stable when there is no non-
linear drift in the first subsystem, and semiglobally
asymptotically stable, otherwise.
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