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Summary. — Al ovals in the Desarguesian plone of order 16 are determined. Up fo equivalence
under the collineation growp of the plane there are exvactly two classes of ovals. In the first
class an oval consists of the poinis of a cownic fogether with its nuclews. There is exactly one
other class of ovals and the collineations fixing an oval in this class are transilive on the
18 points of the oval.

1. — Introduction.

The literature on ovals in projective planes is extensive, but as the problem treated
here is a specail one it will be sufficient to refer to Professor Segre’s celebrated mono-
graph « Introduction to Galois geometries » [2] for background material.

In a projective plane of even order an oval consists of %4 2 points not hree
on a line. In a Desarguesian plane PG(27), taking n==27, an irreducible conic
contains n - 1 pointy, and all of its tangents are concurrent in a single point called
its nuecleus. Then the conic together with its nucleus forms an oval of # - 2 points.
For n=2 and n = 4 these are the only ovals and for n= 8 the plane is neces-
sarily Desarguesian [1] and it is left as an exereise for the reader to show that these
are the only ovals. For #n=2" with r=25 or #>7 it is known that ovals exist in
the Desarguesian plane PG(2, ») which are not derived from conics with the adjune-
tion of a nucleus.

In the present paper all ovals in the Desarguesian plane of crder 16 PG(2, n)
are determined and it is shown that besides the conics and nucleus there is exactly
one other class of ovals, where two ovals are in the same equivalence class if there
is a collineation of the plane mapping one into the other.

2. — The Desarguesian plane of order 16. Notation.

We take the field GF(16) as the extension of GF(2) by an element a satisfying
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at-a--1=10. Here a is a primitive root and ifs powers are given as follows

ab = 1 ad = a? +1
a = a o =ad +a
at= a* o = a* 4+ a1
a®=a® a'l=qa*+t a*+a
(2.1)
at= a1 a?=a*+ a2+ a1
a’ = at-+a a'? = g*+ a? +1
at = a3 o2 alt= g? 41
a’= a® +a-41 a1t = 1

For compactness we represent the elements of GF(16) as 0 and af, 1=0,..., 14,

A point P of the plane 7z in homogeneous form has coordinates », %, 2, P= (z,, 2)
# (0, 0, 0) and for any non zero scalar !, {#, ¥, 2} and (iz, ty, te) represent the same
point. If {a, b, ¢]5= [0, 0, 0] the set of points (z, y, 2) satisfying

(2.2) ax+by-+ee=0

is a line L, and if P is one of these points we say P is incident with L or belongs
to L and write Pe L.

A collineation « is a one-to-one mapping of points onto points and lines onto
lines preserving incidence, and so o is completely determined by its action on the
points. The projective collineations are those given by linear transformations. If 4
is a non singular 3 by 3 matrix it determines a projective collineation .

a: (@, Y, 2 > (@, 4, &)
-“11’ Uy Gy
(2.3) (@, 4y 2) = (2, Y, 2) A = (2, Y, 2) | Qa1s Gazy Gas

Q319 Q3py Ogg

The projective collineations of our plane x form a linear group PGL(3, 16) of order

(@ + ¢+ D(¢*+ 0)(g*)(g —1)* with ¢=16
There is also a collineation ¢ of order 4 given by the field automorphism # — x®
for e GF(16). This maps

(2.4) (@, ¥, 2) = (2, ¥, 2) T = (22, y?, 2%) .
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The full collineation group G of n is generated by PGL(3, 16) and { and PGL(3, 16)
is a normal subgroup of index 4 in G.

By Singer’s theorem [2 p. 219] x« has a projective collineation ¢ of order 273 which
is eyclic on the 273 points of 7z and the 273 lines of n. We take the following parti-
cular choice for ¢

1, & o
(2.5) o=]a, 1, 1
i, &, 0

Using this collineation we may represent the points by the residues 0, ..., 272 (mod 273)
and lines by L;, j= 0, ..., 272 (mod 273). The action of the collineation o is given by

(2.6) (o=i+1, (L)o=IL;.

Precisely, this correspondence is made by taking the point (0, 0,1) as the point 0
and the line # =0 as L,. In this notation the 17 points of L, are given as follows:

Points of I, 239 = (1, as, 0)
234 =(1, 0, 0) 32=(1, a*, 0)

117=(0, 1, 0) 128 =(1, ¢*, 0)

195 = (1, 1, 0) =1, &, 0)
@.7) 16=(1, a, 0) 91 = (1, a®, 0).
2=(1, a, 0) 256 = (1, al, 0)

1=(1, a% 0) 64 = (1, a'2, 0)

205 = (1, at, 0) 137 = (1, a'%, 0)

182 = (1, a5, 0) 4=(1, a4, 0)

The 17 points of I, are, of course, the following difference set modulo 273

(2.8) IL,:1, 2, 4, 8, 16, 32, 64, 91, 117, 128, 137, 182, 195, 205, 234, 239, 256
(modulo 273).

Here the residues a., ..., a,, listed in 2.8 have the property that every non zero resi-
due d can be expressed in exactly ene way in the form a,—a;=d (mod 273), and
this is why it is called a difference set. Certain computations are easily carried out
in terms of the difference set. For example, to find the line joining two points r and s
we find from (2.8) the @, and a,; such that @;— a;=7—s {mod 273) and then de-
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termine ¢ by r=a,-} ¢, s=a,;-4t. Then L, , contains both » and s. For example
to find the line containing 10 and 19 we note that 19 — 10 = 9 = 137 — 128 (mod 273).
Here 137 -} 1556 =19 (mod 273) 128 -|- 155 =10 (mod 273). Henece L, is the line
containing 10 and 19 and from (2.8) we can immediately list the remaining points
on L. A list, not given here, was made of all 273 points giving for each number
the coordinates of the point. In fact two lists were made, one listing the points in
order of the numbers 0, 1, ..., 272, the other a systematic listing of the points by
coordinates, first those with #==0 as in 2.7) and for the remaining points (z, ¥, 1)
first those with =0 and then (e%, 4,1) ¢==0,..., 14, The construction of these
lists was straight-forward but tedious. Once constructed it was easy to go from one
form to the other according to the calculations desired.

In this paper enough points will be given simultaneously in both forms so that
it should not be difficult for the interested reader to construct the rest by applica-
tion of the collineation ¢ in 2.5).

3. — Construction of the ovals in the Desarguesian plane of order 16.

Following Professor Segre’s usage [3] an oval in the Desarguesian plane of order 16
is a set of 18 points of the plane, no three on a line. An irreducible conic C contains
17 points and the tangests to C all concur in a single point N, the nucleus of the
conic €. The points of a conic together with its nuecleus form an oval. But there are
also other ovals in this plane.

The problem attacked and solved in this paper is the determination of all ovals
in the Desarguesian plane of order 16. The image of any oval under a collineation
is again an oval, and we shall consider two such ovals as equivalent and it is clearly
gufficient to find one oval in each equivalence class.

Under the projective group any four points, no three on a line, may be taken by
a collineation into the following four points.

0= (0, Q1 1)

117=1(0, 1, 0).

(3.1) 0, 1, 0)
234=(1, 0, 0)

39=1(1, 1, 1)

Hence it is sufficient to find all ovals containing these four points. We ghall refer
to them as the base points.

These 4 points are permuted among themselves by a group of order 24 (the
symmetric group on 4 points) generated by the following two pro’ective collineations

111 01 0
(3.2) r=1{1 0 o[, s=|0 0 1
01 0 100
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On the points 0, 117, 234, 397 has the action r= (0,117, 234, 39) and s=
= (0, 234, 117)(39). In addition all four of the points 0, 117, 234, 39 are fixed by
the field automorphism ¢ where (x, y, )t = (%%, 4%, 2?). The group H= {(r, s, gen-
erated by r, s, ¢ is of order 96.

An oval containing the base points of (3.1) will be equivalent to another oval
containing these points under the action of the group H. The remaining 14 points
of the oval must be taken from the 182 points not lying on any one of the six lines
joining pairs of the four points of (3.1). These 182 points are permuted by H in 5
orbits of lengths 2, 12, 24, 48, 96 respectively. These 5 orbits are lettered A, B, C,
D, B and their points in form of residues modulo 273 are listed here:

Oval includes 0 39 117 234

A 52 143
B 25 89 98 166 200 217 235 236 238 242 250 266

C 3 14 19 24 45 66 67 70 77 87 108 112 124 129 150 152 171 173
179 192 193 213 255 263

D 6 15 17 21 29 31 33 36 38 48 51 69 73 81 97 101 102 105
106 111 115 120 135 136 141 168 170 177 185 201 202 218 226 230 232 233
241 243 248 249 251 252 261 262 264 268 269 270

B 7 9 12 18 23 27 28 30 34 35 37 42 46 53 b4 56 57 58
60 62 63 68 T2 74 75 76 84 85 90 92 93 95 96 99 107 109
113 114 116 123 126 131 132 134 138 140 144 145 146 147 148 151 153 154
155 159 162 163 165 174 175 180 183 184 186 187 189 190 191 194 198 204
207 209 210 212 214 216 219 222 223 224 225 228 229 231 237 240 246 253
257 258 265 267 271 272

With respect to these orbits it is worth noting that 52 = (¢%, ¢'% 1) and 143 =
== {a'% af, 1) are the points which together with the base points of (3.1) form an oval
of 6 points in the unique subplane of order 4 containing the base points. The line
joining 52 and 143 hag the equation -+ y -+ 2= 0 and the porbit B consists of
the remaining permissible points on this, excluding the points (1, 1, 0), (1, 0, 1)(0, 1, 1)
which lie on lines joining pairs of base points.

First case: Oval contains 0==(0,0,1), 117=(0,1,0), 234=(1,0,0),
39=1(1,1,1), B2={a%a' 1) and 143=(a', a% 1).

Let us first consider ovals which besides the base points also include both points
52 = @, a®, 1) and 143 = (a*, a5, 1). Since the set of 6 points 0, 39, 117, 234, b2,
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143 are taken into themselves by the group H the points which do not lie on lines
joining any two of them form complete orbits of H in (3.3). As already observed
the points of orbit B lie entirely on the line x4 y - #=0 joining 52 and 143.
Sinee 0=10,0,1), 52 = (a% a'°, 1) and 23 = (a, a%, 1) lie ontheline a’x + 9 =0 and
23 is in the orbit ¥, the complete orbit E must be exeluded in choosing points to com-
plete the 6 points 0, 39, 117, 234, 52, 143 to an oval. The remaining orbits ¢ and D
are both admissible. Hence a seventh point may be chosen either as an arbitrary
point in the € orbit, say 67 = (g, a% 1) or as an arbitrary point in the D orbit,
say 136 = (a'%, ', 1). But these choices are equivalent under the following colli-
neation

(z, ¥, &) — (6%, a®y, 2)
=0,0,1)—=>©0,0,1)= 0
117=(0 , 1, 0) = (0, a*, 0)==117
234=(1,0,0) — (% 0 , 0}=234
39=(1,1,1) - (a* a*, 1)=143
52 = (a®, 0, 1) - (1 , 1 , 1)= 39
143 = {a®%, a®, 1} - (a®, &' 1)= 52

67=(a , ¢®*, 1) - (a', a*%, 1)==136

Hence using this collineation and the group H we may up to equivalence chance
any point of either orbit C or D as our seventh point. It suits our convenience to
choose this seventh point as the point 29 = (a4 a8 1) from the D orbif.

Having chosen seven points of the oval there remain only the following 41 points
not on a line joining two of the seven points

¢ 14, 24, 45, 67, 77, 87, 112, 150, 173, 149, 192, 255

(3.5) D 15, 17, 21, 31, 33, 36, 38, 48, 97, 102, 106, 135, 141, 170,
202, 218, 226, 230, 232, 233, 241, 251, 252, 261, 262, 264, 268, 269,
27

<

As there are 18 points on the oval, each of the 17 lines through one of the points of
the oval must contain a further poiut of the oval. The line L,,; whose equation is
4+ a?z= 0 goes through the base point 234 = (1, 0, 0) but the only other peint
of the 41 points of (3.5) which is on this line is 218 = (a, %, 1). It follows that
218 = (a, a%, 1) must be an eighth point of the oval. Now with the 8 points chosen
there remain only 10 points not on any line joining two of the 8 and these 18 points
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taken together do indeed form an oval whose points are given here:
Conie z*-- y2= 0 and its nuecleus (1,0, 0)

0,0,1) 233 = (a®, a*, 1)

) 268 = (a®, a'?, 1)

)

1)

ok
ok
-3
I
<
-y
<

234 =(1,0,0 202 = (a7, a'4, 1)

106=(a*, a , 1)

(3.6)
52 = {a®, a'% 1) 226 =(a®, a®, 1)
143 == (a9, &%, 1) 251 = (a', a7, 1)
29=(a*, a*, 1) 170 = (a**, a®*, 1)
218=(a , a?, 1) 97 = (a8, a't, 1)
232 = (a*, a*, 1) 230 = (a**, a's, 1)

The 18 points of this oval are the points of the irreducible conic #*4 yz2=10
together with its nucleus 234 == (1,0, 0). We have now shown that an oval con-
taining the base points and both 52 = (@, a®°, 1) and 143 = (a¥, 4%, 1) is equivalent
to the oval in (3.6).

If an oval containg besides the bage points a point of the orbit D, we may sup-
pose this to be the point 241. Then we have the following collineation:

(my Y,2) — (ax, aty, 2)
0=(0 ,0 ,1) > (0,0, )= 0
117=(0 , 1 , 0) — (0, at, 0)=117
(3.7) ( ’ H b
234 = (1 ,0 0) - (a, 0, 0)=234
(a, a4, 1) =238

(
39=(1,1,1) —
= (g, a*1, 1) - (1, 1, 1)= 39
Thus such an oval is equivalent to an oval containing the base points and the
point 238 of the orbit B.

Similarly if an oval contains a point of the orbit £ we may suppose it to be the
point 96. Then we have the following collineation

(@, 4, 2) — (az, a°Y, 2)
0, 0, 1) (0,0, 1)= 0
117 = , 0) = (0, a®, 0)=117

39=(1,1,1) — (a, a* 1)= 67

= (
(0,

234 =(1, 0, 0) - (a, 0, 0)=234
1,

96=(a, a, 1) - (1,1, 1)= 39
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Thus such an oval is equivalent to an oval containing the base points and the
point 67 of the orbit C.

Since every oval containing the base points contains points from at least one
of the orbits B, C, D or B we may take as our fifth point either 238 = (a, a4, 1) from
the orbit B or 67 == (a, 0%, 1), The choice of a fifth point gives us our second and
third cases. We list the remaining points in these cases.

Second case: Oval contains 0=(0,0,1), 117=(0,1,0), 234=(1,0,0)
39=(1,1,1), 238=(a,a%1)

52 143

26 89 98 166 200 217 235 236 242 250 266

14 19 24 45 66 70 77 87 108 112 124 129 150 171 179 263

5o =

6 29 36 38 51 69 73 81 97 101 106 111 115 135 141 168
170 177 185 201 202 226 230 241 243 248 249 252 264 268 269 270

(3.9) ) 9 12 18 27 28 30 34 35 37 42 46 B3 54 bH6 68 7B
76 92 93 95 96 99 107 113 114 123 126 131 132 143 138 140
144 145 146 148 151 153 154 155 159 163 174 175 180 183 186 187
189 190 198 207 209 210 212 214 216 219 222 223 224 225 228 237
240 253 257 258 265 267 271 242

Third case: Oval containg 0=1(0,0,1), 117=(0,1,0), 234=(1,0,0)
39=(1,1,1), 67 = (a,a* 1)
A 52 143
25 98 166 200 235 242 250 266

¢ 3 14 19 24 45 66 70 87 112 124 129 150 171 173 179 193
213 255 263

D 6 17 21 29 31 48 69 73 81 97 101 115 120 135 136 141

(3.10) 168 185 201 202 226 232 233 241 248 249 251 252 261 264 268 270

B 7 12 27 30 34 3b -42. 46 53 bH6 57 b8 60 63 68 T4
7 76 85 90 92 93 95 96 113 116 123 131 132 134 140 144
145 148 151 154 155 159 162 174 175 180 183 184 186 187 189 190
191 194 198 204 207 210 212 214 216 219 222 224 225 228 231 237
246 253 257 258 265 267 271 272

LisMMA. — Every oval of the third case is equivalent to an oval of the first or second case.
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PrROOF. — We start with the five points 0, 117, 234, 39, 67 and further points are
among the 133 points listed in 3.10). Using the group H and the collineation of 3.7),
if any of the points of the B or D orbits in (3.10) is a point of the oval then it
is equivalent to an oval containing the base points and the point 238 = (a, a4, 1)
of the B orbit and so is an oval of the second case. If the oval contains one of
the points 52 = (a5, a®, 1) or 143 = (4%, a5, 1) then it contains one point on the
line L,,; which is 2+ y -+ 2==0, and so must contain two points of this line. But
then either the oval contains both points 52 and 143 and is an oval of the first case
or as the only admissible points of 2+ y -+ 2==0 are in the B orbit, it will con-
tain a point of the B orbit and so be equivalent to an oval in the second case.

But many other choices of points in the third case can be shown to lead to ovals
equivalent to those in the first or second case. For examply suppose we use the
point 3 = (a4, a7, 1) in the third case. Then we apply collineations as follows

i@, g, 2) > (6w, 4%y, £)

0=(0,0,1

H

H

> (0,1, 0=17T - (0 , a°,
)

H

) 0)

117=(0, 1, 0) — (1, 0, 0)=234 — (a4, 0 , 0)

(3.11) 284=(1, 0, 0) — 1)
)

(
1,1,1)= 39 — (a4, a°,
30=(1,1,1 - (

0 1) 0

)
67T=(a, a* 1) — (@, a® 1)= 67 — (1 ,1 ,1)= 39
)=

3= {(a% a’, 1) — (a7, @, 1)= 87 -> (a®, a'?, 1)=268
But here this is equivalent to an oval containing the base points and the point 268
of the D orbit of H. But we have shown that using the group H and the collinea-
tion of (3.7) this is equivalent to an oval of the second case.

Similar eomputations show that most choices of points in (3.10) lead to ovals
of the second case. The only points remaining in the third case are

Oval contains 0, 39, 117, 234, 67
(3.12) ¢ 179, 213, 255, 263

E 7, 56, 57, 63, 92, 95, 96, 113, 151, 174, 214, 225, 231, 267,
271, 242

But the line L,, through 0= (0, 0,1) whose equation is a¢''z- y =0 contains no
one of the 20 ¢ and F points listed in (3.12). Hence there is no oval involving
only these points, and our lemma is proved.

In finding the ovals which arise in the second case and also in studying their
equivalences considerable use is made of the group H = (r, s, t>. The collineations 7,
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s, t are given here as permutations on the 152 points not on the 6 lines joining the

base points.

(3.13)

(3.14)

(w,9,2) = @y, 24+ 2 0)
r= (0,117, 234, 39)

(52, 143)
(25, 235) (89, 266) (98, 236) (166, 217) (200, 242) (238, 250)

(3, 45,152, 112) (14, 171, 108, 19) (24, 87, 124, 77) (66, 255, 129, 213)
(67, 179, 193, 263) (70, 192, 150, 173)

(6, 270, 38, 97) (15, 177, 232, 264) (17, 185, 105, 226) (21, 170, 136, 115)
(29, 33, 36, 261) (31, 230, 48, 249) (51, 218, 201, 120) (69, 102, 73, 251)

81, 248, 202, 111) (101, 168, 268, 269) (106, 243, 141, 135)
233, 241, 262, 252)

27, 271, 253, 155) (28, 207, 237, 228) (30, 126, 223, 107)(35, 162, 214, 63)
37, 240, 189, 146) (42, 175, 225, 95) (46, 210, 56, 267)(53, 138, 183, 272)
(54, 131, 198, 212) (58, 159, 229, 219) (60, 132, 165, 140) (62, 184, 72, 84)
(68, 134, 190, 174) (75, 187, 93, 163) (85, 92, 90, 145) (96, 246, 209, 116)
(113, 148, 216, 257) (114, 191, 180, 194) (123, 154, 144, 153)

(34, 109, 222, 57)

(
(
(7, 204, T4, 231) (9, 147, 76, 23) (12, 99, 265, 151) (18, 258, 186, 224)
(
(

(%, y,2) 8= (2, 2, 9)
s== (0, 234, 117) (39)
52) (143)
238, 166, 25) (98, 89, 242) (217, 250, 235) (200, 266, 236)

(
(
(67, 112, 171) (179, 14, 192) (193, 70, 24) (262, 77, 3) (173, 129, 87)
(124, 255, 45) (152, 66, 108) (19, 213, 150)

(6, 17, 243) (15, 268, 38) (21, 262, 251) (29, 51, 249) (31, 120, 233)
(33, 48, 136) (36, 170, 73) (69, 241, 201) (81, 232, 135) (97, 168, 185)

(101, 202, 105) (102, 218, 261) (106, 177, 270) (269, 264)
(115, 230, 252) (141, 226, 248)

(7, 224, 99) (9, 190, 53) (12, 253, 204) (18, 231, 198) (23, 75, 174)
(27, 184, 54) (28, 183, 35) (30, 148, 116) (34, 165, 189) (37, 180, 90)
(42, 114, 60) (46, 257, 58) (56, 154, 246) (57, 175, 140) (62, 258, 131)
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(63, 93, 207) (68, 163, 214) (72, 155, 151) (74, 271, 212) (76, 237, 187)
(84, 265, 186) (85, 225, 222) (92, 109, 240) (95, 145, 19) (96, 113, 267)
(107, 159, 216) (123, 126, 209) (132, 194, 146) (134, 162, 138)

(144, 210, 219) (147, 272, 228) (153, 229, 223)

(, ¥, )t = (2% ¥?, 2%)
t=={0) (39) (117) (234)
A (52, 143)

B (238, 98, 2117, 266) (25, 242, 235, 200) (250, 236, 166, 89)

C (3,171,192, 24) (14, 70, 77, 112) (19, 173, 124, 152) (45, 108, 150, 87)
(66, 213, 129, 255) (67, 179, 193, 263)

D (6, 69, 111, 48) (15, 36, 141, 120) (17, 241, 269, 136) (21, 105, 252, 168)
(29, 106, 218, 232) (31, 38, 73, 248) (33, 243, 201, 264) (51, 177, 261, 135)
(51, 249, 270, 102) (97, 251, 202, 230) (101, 115, 185, 262)

(3.15) (170, 226, 233, 268)

7, 35, 175, 56) (9, 240, 30, 72) (12, 138, 222, 96) (18, 207, 60, 144)

23, 37, 107, 184) (27, 174, 90, 216) (28, 140, 154, 224) (34, 209, 265, 272)
42, 210, 231, 63) (46, 74, 214, 95) (53, 109, 116, 151) (54, 75, 180, 159)
57, 246, 99, 183) (58, 212, 163, 191) (62, 76, 146, 223) (68, 145, 257, 271)
84,147, 189, 126) (85, 113, 253, 134) (92, 148, 155, 190) (93,114, 219, 198)
123, 186, 228, 165) (131, 187, 194, 229) (132, 153, 258, 237)
(162, 225, 267, 204)

s~~~ o~ —

The subgroup of H=<{r, s> fixing the point 238 = (4, a% 1) is elementary
Abelian of order 8 and is generated by the three elements sri?, 2, and u= s~1r2s,
On the A and B orbits the action of sri® is

st (0,39) (177) (234)
(3.16) A (52,143)

B (238) {217) (98) {266) (25, 166) (89, 242) (200, 236) (235, 250)

72 and u are the identy on the A and B orbits.

In the second case the oval containg the points 0=(0,0,1), 177=(0,1, 0},
234 =(1,0,0) 39==(1,1,1), and 238 = (g, at,1). Since {a, a% 1) lies on the line
@ - 4 -+ 2= 0 which is L, the oval must contain a second point on this line. But
these are precisely the points of the 4 and B orbits except for the points (1, 1, 0),
(1,0, 1), and (0, 1, 1) which are collinear with two base points. We may now divide
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the second case into subcases depending on which further point on #-+ y+2=0
is taken. From (3.16) we see that choosing 238 and 143 is equivalent to choosing 238
and 52. The 66 unordered pairs of B points are moved by H in five orbits of which
(238, 25), (238, 89), (238, 98), (238,217) and (238, 235) are representatives.

Hence we may divide the seecond case into six subecases

Oval contains

Firgt subcase 0, 39, 117, 234, 238, 52

Second 0, 39, 117, 234, 238, 25
(3.17) Third 0, 39, 117, 234, 238, 89
Fourth 0, 39, 117, 234, 238, 98
Fifth 0, 39, 117, 234, 238, 217
Sixth 0, 39, 117, 234, 238, 235

All ovals arising in these six subecases were found by direct search, with the assi-
stance of a computer, adding a point at a time from the poinfs remaining. The basgis
argument uged is that a line containing one point of an oval must contain a second
point. Thus if we find that a line through 238 has only three other admissible points
on it we can subdivide our case by taking each of these points in turn as a point of
the oval. In almost every instance when eight points had been chosen on the oval
the rest were uniquely determined if a completion was possible.

Although the ovals were calculated independently they will be listed in sets of
one two or four under the action of the collineations 1, #2, %, v2u4. This gives a
partial equivalence and also is a check on the correctness of the calenlations.

First subcase ovals
1
0, 117, 234, 39, 52, 238, 179, 77, 187, 6, 202, 270, 18, 42,198,179,185, 45=1
234, 39, 0,117, 52, 238, 263, 87, 163, 38, 81, 97, 186, 225, 54, 115, 226, 112 = Is?
117, 0, 39, 234, 52, 238, 66, 108, 53, 202, 6, 248, 253, 37, 265, 201, 177, 70=Ir3u
39, 234, 117, 0, 52, 238, 129, 14, 183, 81, 38, 111, 27,189, 12, 51, 264, 150 = Iu
II
0,117, 234, 39, 52, 238, 243, 148, 201, 153, 101, 263, 18, 27, 66, 248, 97, 1156=11

(8.18) 234, 39, 0,117, 52, 238, 135, 257, 51, 154, 268, 179, 186, 253, 129, 111, 270, 170 = IIs*

Mu=11
111
0, 117, 234, 39, 52, 238, 243, 148, 189, 73, 87, 106, 237, 34, 66, 19, 269, 45=1I11
234, 39, 1,117, 52, 238, 1385, 257, 37, 69, 77,141, 28,222,129, 171, 168, 112 = ITIr?
117, 0, 39, 234, 52, 238, 268, 154, 225, 249, 14, 269, 68, 114, 179, 124, 106, 70 = IIIr%u
39, 234, 117, 0, 52, 238, 101, 153, 42, 230, 108, 168, 190, 180, 263, 24, 141, 150= 11lu
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We note that any oval containing the base points and a point of the A4 orbit
mugt contain a further point of the line x4 y-+2=0 and so either contains
both A points and is equivalent to the oval (3.6) of the first case or contains one 4
point and one B point which can be taken to be 52 and 238, and so is in the first
subcase (3.18).

The ovals of the second through sixth subcases are as follows:

Ovals of second through sixth subcases

1
0, 39,117,234,238, 25, 93, 9, 53, 66, 97,113,115,159,187,190,240,243 =1
234,117, 39, 0,238, 25, 75, 76,183,129,270,216, 170,219,163, 68,146, 135 = 12
117,234, 0, 39,238, 25,272,214,187,179, 111, 144, 51, 96, 53, 28, 95,268 = 1r%u
39, 0,234,117,238, 25,138, 35,163, 263, 248,123, 201, 209, 183, 237, 175, 101 = lu

2

0, 39,117,234,238, 25, 93, 9, 29, 35,183,210, 237, 243, 258, 264, 269, 271 = 2
234,117, 39, 0,238, 25, 75, 76, 36,214, 53,267, 28,135,224,177,168, 155 = 2/
117,234, 0, 39,238, 25,272,214,241, 76,163,107, 68,268,271,226, 106,258 = 2rfy
39, 0,234,117,238, 25,138, 35,252, 9,187,126,190, 101,155,185, 141,224 = 2u

3

0, 39,117,234,238, 25,107, 76, 46, 53,113,115, 144, 150, 209, 265, 268, 260 = 3
234,117, 39, 0,238, 25,126, 9, 56,183,216,170,123, 70, 96, 12,101,168 = 3*
117,234, 0, 39,238, 25,210, 35, 30,187,144, 51,113,112,219,198, 243,106 = 3r%
39, 0,234,117,238, 25,267,214, 223, 163,123, 201,216, 45,159, 54,135, 141 = 3u

4
0, 39,117,234,238, 25,107,237, 37, 42, 56, 73, 96,101, 144,185,209, 270=4
234,117, 39, 0,238, 25,126, 28,189,225, 46, 69, 209,268,123,226, 96, 97 = 4r2
117,234, 0, 39,238, 25,210, 68, 42, 37,223,249,159,135,113,177, 219, 248 == 4r%
39, 0,234,117,238, 25,267,190, 225,189, 30,230, 219, 243, 216, 264, 159, 111 = 4u

5
0, 89,117,234,238, 89, 92,148, 12, 24, 29, 42, 53,134,144,150,177,240=15
234,117, 39, 0,238, 89, 145,257,265, 124, 36,225,183, 174,123, 70,264, 246 = 502
117,234, 0, 39,238, 89,140,154, 54,171,241, 37,187,207,113,112,185, 95= 5riu
39, 0,234,117,238, 89,132,153, 198, 19,252,189, 163, 228, 216, 45,226,175 = bu

6

0, 39,117,234,238, 89, 92,148, 27, 36, 76, 97,106,129, 134, 189,224,271 =6
934,117, 39, 0,238, 89, 145,257,253, 29, 9,270,141, 66,174, 37,258,155 = 612
117,234, 0, 39,238, 89,140, 154,186,252, 35,111, 269, 263, 207, 225, 155, 258 = 6r%u
39, 0,234,117, 9238, 89,132,153, 18,241,214, 248, 168, 179, 228, 42,271, 224 = 6r2u

7
0, 39,117,234,238, 89, 99,198, 12, 27, 35, 70,106,134, 144,174,179,249=17
234,117, 39, 0,238, 89,151, 54,265,253, 214, 150, 141, 174, 123, 134, 263, 230 = Tr?
117,284, 0, 39,238, 89,212,265, 54,186, 76, 45,269,207,113,228, 66, 73 = Triu
39, 0,234,117,238, 89,131, 12,198, 18, 9,112,168,228,216,207,129, 69="Tu
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(3.19) 8
0, 89,117,234,238, 89,155,189, 19, 27, 37, 96,171,185,209, 226,253,271 =8 = 8¢
39, 0,234,117,238, 89,258, 42, 24, 18,225,219, 124,264, 159, 177, 186, 224 = Su = 8r2u

9
0, 39,117,234,238, 98, 92,134, 30, 68, 69, 77,114,150, 175, 187, 240,270 =9
234,117, 39, 0,238, 98,154,174,223,190, 73, 87,180, 70, 95,163,146, 97 = 9r®
117,234, 0, 39,238, 98,140,207, 46,237,230,108, 34,112,146, 53, 95,248 =9r%
39, 0,234,117,238, 98,132,228, 56, 28,249, 14,222, 45,240,183,175,111 = 9y

10
0, 39,117,234,238, 98, 92,183, 45, 54, 87,108,126, 132, 150, 187, 210,265 =10 = 10u
234,117, 39, 0,238, 98,145, 53,112,198, 77, 14,107,140, 70,163,267, 12= 10r2= 10r%
11

0, 39,117,234,238, 98,107,264, 12, 18, 27, 46, 77,115,150, 159, 174, 258 = 11
234,117, 39, 0,238, 98,126,177, 265,186,253, 56, 87,170, 70,219, 134,224 = 11s*
117,234, 0, 39,288, 98,210,226, 54,253,186, 30,108, 51,112, 96,228,271 = 11r2u
39, 0,234,117,288, 98,267,185,198, 27, 18,223, 14,201, 45,209, 207,155 = 11lu

12
0, 39,117,234,238, 98,155,114, 34,106, 141, 168, 180, 222, 224, 258, 269, 271 = 12 = 1272 = 12u

13
0, 39,117,234,238,217, 92,223, 9, 19, 24, 68, 96,148, 185,6268,271,272 =13
234,117, 39, 0,238,217, 145, 30, 76,171, 124, 190, 209, 257, 226, 101, 155, 138 = 132
117,234, 0, 39,238,217,140, 56,214, 124,171,237, 159, 154, 177, 243, 258, 93 = 13r2u
39, 0,234,117,238,217,132, 46, 35, 24, 19, 28,219,153, 264,135,224, 75= 13u

14
0, 39,117,234,238,217, 92,270, 6, 9, 38, 46, 56, 76, 97,145,224,258 =14 — 14r2
39, 0,234,117,238,217, 13,111, 81, 35,202,223, 30, 214,248, 140, 271, 155 = ldu = 14r%u
(3.19) 15
0, 39,117,234,238,217, 93,217, 34, 38,129,134, 144,179, 198, 209, 257, 270 = 15
234,117, 39, 0,238,217, 75, 28,222, 6, 66,174,123,263, 54, 96,148, 97— 15r2
117,234, 0, 39,238,217,272, 68,114, 81,263,207,113, 66,265,219, 153,248 = 15%
39, 0,234,117, 238, 217, 138, 190, 180, 202, 179, 228,216, 129, 12, 159, 154, 111 = 15u
16
0, 39,117,234,238,217,123,207, 12, 34, 54,101,114, 134, 135,216, 226, 264 = 16 = 167%
234,117, 39, 0,238,217, 144, 228, 265, 222, 198, 268, 180, 174, 143, 113, 185, 177 = 1612

17
0, 39,117,234, 238,235, 92,177, 126, 140, 148, 154, 185, 189, 225, 243, 267, 268 = 17 = 17r%
234,117, 39, 0,238,235, 145, 264, 107, 132,257, 153, 226, 37, 42,135,210, 101 =172

18
0, 39,117,234,238,235, 93, 53, 34,134,135, 151, 177, 214, 226, 240, 243, 253 = 18
234,117, 39, 0,238,285, 75,183,222, 174,243, 99,264, 35, 185,146,135, 27= 182
117,234, 0, 39,238,235,272,187, 114, 207,101, 131,185, 9,264, 95,268, 18=18r%
39, 0,234,117, 238, 235,138, 163, 180, 228, 268, 212, 226, 76,177, 175,101, 186 = 18u
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4. — Equivalence of the ovals.

At this stage it has been shown that every oval in the plane is equivalent under
the collineation group to the oval of (3.6) which consists of the points of the conic
a2+ yz = 0 together with its nucleus (1, 0, 0), or to one of the ovals in (3.18) where
we have three classes or in (3.19) where we have eighteen classes. Thus we have at
most 22 classes of ovals in the plane.

In this section further equivalences will be given explicitly on these 22 classes
and we will achieve the cbjective of this paper in showing that, in the Desarguesian
plane of order 16, under the collineation group there are exactly two classes of ovals,
one the class of irreducible conies together with their nueclei, as represented by (3.6)
and one other class, whose representative we shall choose to be II in (3.18). First
we show that all ovals in (3.19) are equivalent to those in (3.6) and (3.18) and then
we show that all ovals in (3.18) are equivalent to II.

In (3.19) there are further equivalences under the group H = {#, 8,>. We have
the following specific equivalences:

1rsti=3
2 rst? = 4r?
(4.1) 9rsitt=11ru
13 rs~t=1bu
14 re =16

Henece representatives of classes of ovals in (3.19) may be taken as 1, 2, b, 6,
7, 8, 9, 10, 12, 13, 14, 17, and 18. We now show that these are equivalent to
the ovals in (3.6) and (3.18).

To the oval 1w we apply the collineation (w, ¥, 2) — (a*2, 6%y, 2) and then #rs

lu(z, ¥, 2) — (0w, a®y, 2) trts

390=(1 ,1,1) — (a*, a®, 1)=197 — 70

0=1{0,0 ,1)—> (0,0 ,1)= 06— 39

284=(1,0 ,0) > (a*, 0 ,0)=234 - O

“2) 117=(0 ,1 ,0) > (6, a*, 0)=117 — 234
238=(a , at, 1) — (&, a%, 1)= B2 — b2

25=(a%, a4, 1) — (a7, a®, 1)= 68 — 37

138=(a*, a*, 1) —» (1 , 1 , 1})= 39 — 117

35={(a*% a*, 1) — (*, a'%, )= 77 — 66

163 = (a®, a®, 1) — (a*%, a*, 1)=129 — 108

12 — dnnali di Matematica
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, 012, 1

248 = (0%, a®, 1

= (a® ) = (a* a®, 1)= 36 — 6
( ) = (@ , a'% 1)= 33 — 177
123 = (a? , 1) — (a®, a%, 1)=242 — 238
201 == (a*, a*, 1} — (a®, @*, 1}=223 — 265
(4.2) 209 = (a%, a', 1) — (a®, a*, 1)==246 — 253
183=(a®, @ , 1) ~ (&, a7, 1})= 27 — B3
2837=(a*, @', 1) — (a%3 a?, 1}=185 - 201
176 = (a'% a*, 1) — (a*, 6 , 1)==252 — 202
101 = (a7, 1) — (e, o, 1)=136 —> 248
Here 4.2 gives a collineation which maps the oval 1u into the oval Ir®u, as may be

checked from 3.18.
Similar collineations are as follows

(2u) astri=I1IIy? with «: (z, 9, 2) — (a'z, a®y, 2)

(bu) atri=IIIr2u with a: (2, ¥, 2) > (a'x, a'ly, 2)

(6u) otri=IIr* with a: (=, ¥, 2) > (a'tz, a''y, 2)

(Tu) o stri-t= Irtu with «: (z, y, 2) = (a*®z, ay, 2)

(9u)  oatrt=1Ir? with a: (2, 9, 2) = (a**®, a’y, 2)
(4.3) (11) astir1=IIIr® with «: (2, y, 2) = (a®2, a2y, 2)

o r~*== conic #*+ y2 = 0 and nucleus (1,0, )

with a: (z, v, 2) = (a'%w, a7y, )

(13) astiri=1 with «: (z, y, 2) - (a*z, a'ly, 2)

(14) ot==1r*u with «: (z, y, 2) — (a°%, &Y, 2)

(17r?) artt=1 with «: (w, ¥, #) — a*z, a''y, 2)

(18u) art~t=Iu with o: (%, ¥, 2) - (¢*®, aty, 2)

In (4.3) if we compose the map of 14 into 1 with that of (4.2) mapping 1u onto Ir*p
we have now shown that every oval is equivalent to the oval in (3.6) or to one of
those in (3.18).

The points of the oval II are:

Oval 11
0=1(0,0,1) 153 = (a%, a4, 1)
(4.4) 117=(,1 , 0) 101=(a”, a®, 1)

234 =(1, 0 , 0) 263 = (a* , a', 1)
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39=(1,1,1) 18=(a*, a®, 1)
52 = (a% a%, 1) 27 = (a%, a’, 1)
238=(a, a*, 1) 66 = (a't, a%, 1)
(4.4) ( b 3 H
2483 = (a?, a®, 1) 248 = (a2, a%, 1)
148 = (a?, a*%, 1) 97 = (a*%, a**, 1)
201 = (a*, a®, 1) 115=(a*4 a , 1)

If we apply the collineation (z, 9, 2) — (a*z, a’y, 2) to II and follow this by s*
r~1s ¢ we obtain oval IIIy24. Similarly if we apply the collineation (w,y,2)—
— (attw, ally, z) to IT and follows this by s we obtain oval Ir?¢. Thus all ovalsin (3.18)
are equivalent to each other.

We have now proved the result which was the objective of this paper.

MAIN THEOREM. — In the Desarguesian plane of order 16 there are under equivalence
by collineations exactly two classes of ovals. One of these classes consists of the irredu-
cible conics, each with its nucleus adjoined to form the oval. The other class consists of
ovals equivalent to oval I1.

We have shown that every oval is either equivalent to that in (3.6) which is the
conic x?-- yz= 0 together with its nuecleus (1, 0, 0) or to the oval IT in (4.4). It is
eagily seen that oval IT is not a conic together with its nueleus. As five points of
a eonic determine it unigquely, we can easily show that the conic determined by say
five out of the first six does not contain all but one point of the oval.

The oval IT has as automorphisms the automorphism u, b, and w where

0, 1, 0
(@, 9,2) > (0,9, 2)u=(2,9,2){1, 0, 0
1, 1, 1
aS
(®, 4, 2) > (0, y, ) b= (%, ¥*, 2?) ;o
, 0
1 , a12

w: (@, y, 2) > (4, y, &) w = (2%, y* %) | a® O ), 0

a, a ot

As permutations on the points of the oval u, b, and w take the form

w = (0, 39) (117, 234) (52) (238) (101, 243) (148, 153) (115, 201) (66, 263) (18, 27)
(97, 248)
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b = (0, 234, 153, 115, 27, 97, 52, 117) (18, 201, 39, 238, 66, 248, 263, 101) (48, 243)
w= (0, 52, 153, 66, 263, 27, 39, 148) (18) (101, 117, 234, 201, 97, 243, 248, 238) (115)

These generate a group transitive on the points of the oval II. The collineation
group of the oval in {3.6) fixes the nucleus and is triply transitive on the remaining
points of the conic x2-- yz== 0. In this respect the oval IT does not have a nucleus.
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