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Abstract.

We analyze overlapping Schwarz waveform relaxation for the heat equation in n
spatial dimensions. We prove linear convergence of the algorithm on unbounded time
intervals and superlinear convergence on bounded time intervals. In both cases the
convergence rates are shown to depend on the size of the overlap. The linear con-
vergence result depends also on the number of subdomains because it is limited by
the classical steady state result of overlapping Schwarz for elliptic problems. How-
ever the superlinear convergence result is independent of the number of subdomains.
Thus overlapping Schwarz waveform relaxation does not need a coarse space for ro-
bust convergence independent of the number of subdomains, if the algorithm is in the
superlinear convergence regime. Numerical experiments confirm our analysis. We also
briefly describe how our results can be extended to more general parabolic problems.

AMS subject classification: 65M12, 65Mb5.

Key words: Domain Decomposition, Waveform Relaxation, Schwarz Method for
Parabolic Problems, Superlinear Convergence.

1 Introduction

Overlapping Schwarz waveform relaxation is a class of parallel algorithms for
evolution problems. The distribution of the computation is achieved by par-
titioning the spatial domain into overlapping subdomains, like in the classical
Schwarz method. However on subdomains, time dependent problems are solved
in the iteration and thus the algorithm is of waveform relaxation type. Over-
lapping Schwarz waveform relaxation algorithms have been introduced in [15]
for the solution of evolution problems in a parallel environment with slow com-
munication links, since they permit to solve over several time steps before com-
municating information to the neighboring subdomains. These algorithms have
been further studied in [11, 12], [14], [13] and independently in [16].

Overlapping Schwarz waveform relaxation inherits convergence properties from
both the classical overlapping Schwarz method and from waveform relaxation
methods. There are two classical convergence results for waveform relaxation
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algorithms for ordinary differential equations (ODEs): (i) for linear systems of
ODEs on unbounded time intervals one can show linear convergence of the algo-
rithm under some dissipation assumptions on the splitting ([24, 25], [23], [4] and
[19]); (ii) for nonlinear systems of ODEs (including linear ones) on bounded time
intervals one can show superlinear convergence assuming a Lipschitz condition
on the splitting function ([24, 25], [2] and [3]). If waveform relaxation is applied
to partial differential equations (PDEs) discretized in space, the convergence
results (i) and (ii) may depend on the discretization parameter for classical ma-
trix splittings. The convergence rates then deteriorate as one refines the mesh.
One possible remedy is to use a multi-grid splitting, proposed by Lubich and
Ostermann in [22] and further studied by Vandewalle and Horton in [26] and
by Janssen and Vandewalle in [17, 18]. In a different approach Jeltsch and Pohl
propose in [19] a multi-splitting algorithm with overlap. They prove results (i)
and (ii) for their algorithm, but the convergence rates are again mesh dependent.
They show however numerically for a discretized one dimensional heat equation
that increasing the overlap accelerates the convergence of the waveform relax-
ation algorithm. Similar observations were made by Burrage et al [5] in higher
dimensions. Gander and Stuart [14] relate the overlap in the multi-splitting al-
gorithm to physical overlap of subdomains for the one dimensional heat equation
thus linking waveform relaxation with overlapping splittings (or multi-splittings)
to domain decomposition. They quantify how the overlap affects the convergence
rate and prove result (i) independent of the mesh parameter, provided the phys-
ical overlap is held constant. Independently Giladi and Keller [16] proved result
(ii) for an overlapping domain decomposition approach and a one dimensional
convection diffusion equation. Interestingly the superlinear convergence rate in
that case differs from the classical one, the diffusion leads to a faster superlinear
rate.

From the domain decomposition side a different approach has been analyzed
for evolution problems. One discretizes time and solves at each time level el-
liptic problems using domain decomposition. This algorithm can only converge
linearly, but the underlying evolution permits interesting additional properties.
In special cases Cai shows for example that a coarse grid is not needed in [6, 7].

In this paper we study overlapping Schwarz waveform relaxation for space
decompositions in all generality for the heat equation in n dimensions. We
prove both results (i) and (ii) at the continuous level, which leads to algorithms
that converge independently of the mesh size if the overlap is hold constant. The
superlinear rate in (ii) is found to be faster than for classical waveform relaxation,
generalizing the result in [16] to n dimensions and arbitrary decompositions. In
addition we show why no method of global information propagation is needed in
the evolution case, thus generalizing results in [6, 7]. It is due to the fact that for
evolution problems, the initial conditions are known exactly for each subdomain
and thus as long as one does not evolve too far in time, the initial conditions
determine mainly the solution away from the artificial boundaries and thus the
boundary conditions become less important.
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Figure 2.1: Decomposition into overlapping subdomains such that an overlap of
¢ is guaranteed.

2 Problem Description

We are interested to solve a parabolic partial differential equation in n dimen-
sions using waveform relaxation. We consider the heat equation on a bounded
domain 2 C R” with a smooth boundary 02 as our guiding example,

% = Au+ f(x,t) ze, 0<t<T
(2.1) u(x,t) = gl t) zed), 0<t<T
u(z,0) = wo(z) x €N

We assume that the initial condition ug(z) and the boundary condition g(z,t)
are bounded piecewise continuous and f(x,t) is continuous. This gives existence
and uniqueness of a solution [10, pp 40]. Central in our analysis is the maximum
principle satisfied by the solution u(x,t) of (2.1):

THEOREM 2.1 (MAXIMUM PRINCIPLE). For f(x,t) =0, if the weak solution
u(x,t) of (2.1) attains its mazimum or minimum value in the interior of Q x
[0,T] then u(x,t) is a constant.

PROOF. The proof for piecewise continuous data can be found in Liberman
[20, pp 128]. O

To construct an overlapping decomposition of the domain (2, we first de-
compose () into N non-overlapping subdomains §2; with boundaries 092, j =
1,2,...,N, as shown in Figure 2.1 for a two dimensional example. We denote
the boundaries of the subdomain 2; interior to the domain by I';. Then
we construct an overlapping decomposition Q; with boundary 0€2; by enlarg-
ing each Q; so that the boundaries T; of the new subdomains interior to ( are
at least a distance § away from fj as shown in Figure 2.1 for the two dimen-
sional example. To solve the parabolic problem (2.1) the overlapping Schwarz
waveform relaxation iteration constructs iteratively uf“ on each subdomain €2;
using as the boundary condition the values from the neighboring subdomains u
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T

Figure 2.2: Information for €2; from the neighboring subdomain €2; is only used
from within ;.

at the previous iteration. To pass the boundary information, the boundary of
(1; is decomposed into disjoint subsets I'j;, I = 1,..., N such that the Euclidean
distance of & € I'j; from the boundary of €Y is at least §. This is possible because
of the way the overlapping decomposition was constructed: we simply use the
solutions obtained in €; only within the smaller region ;. An example for this
information exchange is shown in Figure 2.2. Doing this for each subdomain, we
define an approximate solution at step k& on the whole of 2 which can be used
at step k + 1 as boundary condition for the subdomain solves. We denote also
by I'jo the part of the boundary that €2; shares with €.

3 Linear Convergence for Unbounded Time Domains

We first consider the case where 7' = co. On each subdomain 2; we solve at
each step k£ + 1 of the waveform relaxation iteration the subproblem

duk+!
R Aulth 4 fm,t)  weQ;, 0<t<T
(3.1) u’i“(m,t) = uf(z,t) xelj, 0<t<T
ulg-H(:c,t) = g(z,t) ze€lj, 0<t<T
uitH(@,0) = uo(x) z € Q;,
for j = 1,2,..., N, using the boundary information from the neighboring sub-

domains at step k. This corresponds to an additive Schwarz or Jacobi iteration
which can be done in parallel. One can also consider a multiplicative Schwarz
or Gauss Seidel iteration which would need a special coloring of subdomains to
remain a parallel algorithm. If subdomains with the same color do not touch
each other, then subdomains of the same color can be solved in parallel using
the boundary values coming from subdomains with different colors. We focus in
the analysis on the additive version, the results for the multiplicative versions
can be obtained similarly.



OVERLAPPING SCHWARZ WAVEFORM RELAXATION 5

The error e?'H (z,t), which is the difference between the real solution u(z,t)

of (2.1) and the iterates uf“(w, t) of (3.1), satisfies the homogeneous equation

et k+1
_6_] = Ae} reQ;, 0<t<T
) = el r, T
(3.2) ei (z,t) = ef(x,t) zely, 0<t<
6g+1($,t) =0 $€Fj0, 0<t<T
eiti(x,0) = 0 x € Q.

We define the integer distance quantity m; for each subdomain 2; to be the least
number of subdomains one has to pass through to touch the boundary 92, and
we let m := max; m;. Furthermore we define the index sets I; := {j : m; = [} so
that the index set I; contains the indices of all the subdomains which are within
distance [ of the boundary. Defining for bounded functions g(x,t) : Q2 x [0, 00) —
R the norm

lg(s Moo == sup |g(a, )]
TeQ,t>0

we have the following

LEMMA 3.1. The error of the waveform relaxzation algorithm decays at least
at the rate
(3.3) max 152 () oo < v(m, 6) mellef(w Moo
where v(m, d) is a number strictly less than one, independently of k.

PrOOF. The idea of the proof is to construct a sequence of elliptic upper
bounds on the iterates and then to apply the convergence analysis based on the
maximum principle for the elliptic upper bounds in Lions [21]. We fix k£ and

define E¥ := max;||ef(-,-)||.c and note that on each subdomain the solution
é;?“ of the elliptic problem
0 = Aé§+1 €T € Qj
(3.4) é’i“(m) = E* xecly
éj+1 (ili) = 0 S Fj()
is an upper bound on the modulus of ef“. Now éf“ satisfies a maximum
+1 k1

principle and for j € Ip é¥*' < E* in the interior of Q;, since e;! satisfies
on part of the boundary of (2; a homogeneous boundary condition. Note that
+ g1 micht

;7 mig

for j ¢ Iy we have é? ! not necessarily strictly less than E* since é

have the value E* on all its boundaries and thus by the maximum principle
é;?“ = E*. We define

EF = sup &t <y (6)EF
xeQ,lel,

for some constant 71 (6) < 1. Note that v; depends on the size of the overlap,

but not on k since the error éf'H is a linear function of the boundary condition.

Now for the next iteration by definition part of the boundary of subdomains €;
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with 7 € I; lie strictly within ﬁl with [ € Iy and therefore for j € I; the solution

éf“ of the elliptic problem
0 = A& zeq;
(3.5) é’i“(m) = E* zely, 1¢l
eti(x) = EMT zely, lel

is an upper bound on the modulus of ef“. Since E¥t! < 71(8)E* we have
by the maximum principle é§+2 < E¥ in (Nlj and defining E¥*? similarly to
E*+1 before, we find E¥*? < ~4,(8)E* for some constant 7, (8) < v2(d) < 1
independent of k. By induction we find at step k£ + m + 1 for the error in the

subdomains §2; with j € I, the elliptic upper bound

0 = A&t peq
(3.6) ghtmtlg) = Ek zely, 1 ¢In
estmitl(x) = ERm zely, leln

and é?"'m"'l < E* in Q. Defining E*t™+! as before we find EFtmH1 <

Ymi1(8)EF for some constant 71(6) < 72(6) < ... < Ymi1(6) < 1 indepen-
dent of k. Now for the next iteration step k + m + 2 all the errors e§+m+2 have
boundary values less than or equal to E¥t™m+1 <~ . (§)E*, since they come
from iteration step k+m+1 in the interior of neighboring subdomains. Defining
v(m, d) := Ym41(0) the result follows. O

Note that the above estimate for «(m, ) is quite conservative. In a practical
implementation the measured convergence rate is expected to be better, since
~v(m, §) was derived assuming worst case behavior of the error. vy(m, d) will also
depend on the shape of the subdomains, which is hidden in the above argument
because of the generality of the domain decomposition employed.

THEOREM 3.2 (LINEAR CONVERGENCE). The waveform relaxzation algorithm
converges linearly on unbounded time intervals in the infinity norm. The error
decays at least like

(3.7) maxe €] ") () loo < (v(m. 8))" maxc] (-, |oo

where y(m,d) < 1 as in Lemma 3.1.

ProoF. The proof follows by induction from Lemma 3.1. O

Note that the convergence result on unbounded time domains depends on the
number of subdomains. The more subdomains one uses, the longer it takes for
information to propagate from the outer boundary of Q to the inner subdomains.
This is because the steady state solution is limiting the convergence rate, and
the steady state solution does not see the zero initial condition. This is different
in the superlinear convergence analysis of the next section.

4 Superlinear Convergence for Bounded Time Domains

We now consider a bounded time interval, ' < oo. Like in the unbounded
time domain case we are solving at each step k + 1 of the waveform relaxation
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iteration the subproblem (3.1) using the boundary information from the neigh-
boring subdomains at step k. We are interested in estimating the decay of the
error e?“ in (3.2) for short time ¢. We define the infinity norm of a function

g(x,t) on the boundary I'; of subdomain Q; by

g()rse:=  sup  g(=,T)|-
TEeT; 0<r<t
We first estimate the decay of the error on the boundary of the subdomains over
one step of the iteration.
LEMMA 4.1. In n dimensions, the maximum error e?'H on the boundary of
all subdomains €; decays in the infinity norm at least at the rate

max | |e§+1 lIr;, 7 < 2nerfe(

0 ) max|et]
maxi|l|e. . .
2vnT " J AR

PRrROOF. Let Ei(t) := maxj(||e§(-, )|Ir;,:)- Because of the overlapping prop-
erty we are interested in the magnitude of e?(:c, t) at distance § from the bound-
ary I'; for short time. An upper bound for all e? can be obtained from the decay
of € which satisfies

% = Ae rxeB(), 0<t<T
(4.1) e(x,t) = Ei(t) ze€dB©6), 0<t<T
e(xz,0) = 0 x € B(9)

where B(4) denotes a ball with radius ¢ in R”. To get an explicit bound, we
inscribe a hypercube Q(d) in R™ with side \2/—‘% into the ball B(d) and consider

the decay of € in the hypercube Q(4),

% = Aé re®®), 0<t<T
(4.2) é(x,t) = Ep(t) xedQ®), 0<t<T
é(x,0) = 0 x € Q(d).

Evaluating € at the center of the hypercube Q(J) we obtain an upper bound
on the error ef at distance 0 from the boundary I';. An upper bound on € at
the center of the hypercube @Q(J) can be obtained by summing the half space

solution v of the heat equation for each of the 2n faces of the hypercube,

% — Av  zeR', 2,50, 0<t<T
(4.3) v(e,t) = Ep(t) zeR', =0, 0<t<T
v(z,0) = 0 z e Rz >0,

where 7 denotes the first component of & € R™. The solution of (4.3) is [§]

(4.4) o(@, t) = /0 Ko(a1,t — 1) By (r)dr,
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with the kernel

(4.5) Ko(a,t) = 5 ft3 e

Hence an upper bound on e? at distance ¢ from the boundary I'; is given by 2n

times (4.4). This value is by the formulation of the iteration an upper bound on
the boundary values for ef*' and thus

(40) Buna(®) = max(llef (e, ) <20 [ Kot = DBl

0 t
vn’
Now we can take the supremum of Ei(t), 0 < ¢ < T out of the integral and
apply the variable transform

)

to the integral. This leads to

Ej11(t) < 2nerfe(

J k
QM)IH?XH% lIr;, T
Since erfc(§/(2v/nt)) is monotonically increasing with ¢ we can replace ¢ with
the upper bound 7" on the right. Now the bound is independent of ¢ so we can
take the supremum over ¢ on the left and the result follows. O

Note that Lemma 4.1 can be used to derive an arbitrary fast linear upper
bound on the convergence rate by shortening the time interval [0,T) appropri-
ately, since lim,_, o, erfc(z) = 0. We derive however an upper bound on the decay
of the error over k steps of the iteration which leads to a superlinear convergence
result.

LEMMA 4.2. In n dimensions, the maximum error e? on the boundary of all
subdomains §; decays in the infinity norm at least at the rate

max [[ef I, 7 < (2n)* erfe( Jmax [|ef]|r;. 7

kd
2v/nT

ProOF. By iteration of inequality (4.6) in Lemma 4.1 we get a bound in form
of a convolution, namely

0
Ek(t < 271 /K )b )
\/_
—s.)d .d Op.
/0 (\/ﬁ ,Sk—1 — Sk )dsy, - Slmja'XHe]HF])T

To unfold the convolutions, note that the Laplace transform of a convolution
is the product of the Laplace transformed kernels. In our case the Laplace
transform of the kernel is [1]

o0 6 s
e K, (——, t)dt = e 2w Y?
/0 vn
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and thus the k-fold convolution is the product of identical exponentials in the
Laplace transformed domain,

kd
eI VE,

Back-transforming this expression, we find

t ko
Ei(t) < 2n)* | Ky(—=,t—1)d HI
(0 < @0t [ Kot = P max e, 1

Using a similar variable transform as in Lemma 4.1 the result follows. O
Defining for bounded functions g(x,t) : @ x [0,7) — R the norm
lg( )l == sup |g(a,1)]
TeQ,0<t<T
we have the following
THEOREM 4.3 (SUPERLINEAR CONVERGENCE). The waveform relazation

algorithm converges superlinearly on bounded time intervals in the infinity norm.
The error decays at least like

4]
@D il < @) el max el

PROOF. The proof follows from Lemma 4.2 and the maximum principle. O

Note that this superlinear convergence rate is faster than the superlinear con-
vergence rate found for classical waveform relaxation algorithms. The classical
result gives a contraction governed by a factorial [23] with asymptotic expansion

(C']Z:)k _ < 12 +O(k1)> e kInk+(1+In(CT)k—5Ink _, —klnk
. V&

whereas the new result (4.7) gives a contraction with asymptotic expansion

CQk \/T _ _Cg 2 _ g2
Ck £ _ Ok 2 #k“+In(C1)k—Ink ~ k ]
Ter c(—\/_) = <—C'2\/7_r + O( )) e e

The numerical experiments in the next section show that it is indeed the second
result which is observed numerically.

5 Numerical Experiments

We show three sets of numerical experiments. First a one dimensional exper-
iment to show that the bounds we derived are sharp in one dimension. Then a
two dimensional experiment on a square with 2 x 2 subdomains to illustrate the
linear and superlinear convergence behavior of the algorithm depending on the
length of the time interval. Finally we show a scaling experiment in the number
of subdomains which confirms that the superlinear convergence rate is indeed in-
dependent of the number of subdomains. We also illustrate this fact graphically
with a sequence of iterates which shows the intuitive reason for the indepen-
dence of the number of subdomains when the algorithm is in the superlinear
convergence regime.
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5.1 One Dimensional Example

We solve the one dimensional heat equation

2
%% - % +5e 2D g<p<l, 0<t<T
(51) U(O,t) = 0 O<t<T
U(].,t) — e_t 0 <t < T
u(z,0) = 2? 0<z<l1

splitting the domain Q = [0, 1]x[0, T'] into the two subdomains 2y = [0, 5] %[0, T
and Qy = [o, 1] % [0,T] and applying the overlapping Schwarz waveform Relax-
ation algorithm for for three pairs of values (a, §) € {(0.4,0.6), (0.45,0.55), (0.48,0.52) }.
We obtain from Theorem 3.2 for this special case the following corollary.
COROLLARY 5.1. The Overlapping Schwarz waveform relaxation iteration for
the one dimensional heat equation with two subdomains Oy = [0, 5] x [0,T] and
Q2 = [, 1] x [0,T] converges at least at the linear rate

al=A\" e
B(]-_CE)> j:?,QH j(’ )||oo

2k

ma 24, )l <

PRroOOF. The proof follows from Theorem 3.2 using the special overlap struc-
ture in one dimension. A direct proof can be found in [14]. O

As a numerical scheme on the subdomains we use centered finite difference
in space with Az = 0.01 and backward Euler in time with A¢ = 0.01. Figure
5.1 shows the convergence of the algorithm in the maximum norm for a long
time interval 7' = 3. The solid line is the predicted convergence rate according
to Corollary 5.1 and the dashed line is the measured one. The measured error
displayed is the difference between the numerical solution on the whole domain
and the solution obtained from the domain decomposition algorithm. Clearly
it is the steady state which limits the convergence of the overlapping Schwarz
waveform relaxation algorithm, the steady state convergence bounds are sharp.

To see the algorithm in the superlinear convergence regime, we shorten the
time interval to [0,0.05] and apply the same overlapping Schwarz waveform re-
laxation algorithm to the above problem. We get for this special one dimensional
example from Theorem 4.3 the

COROLLARY 5.2. The overlapping Schwarz waveform relazation iteration for
the one dimensional heat equation with two subdomains Oy = [0, 5] x [0,T] and
Q2 = [a, 1] x [0,T] converges superlinearly on bounded time intervals t € [0,T)
with at least the rate

mas b < enfo( ") el

PrROOF. The proof follows from Theorem 4.3 without the geometric factor
from the sphere and inscribed hypercube. O

Note that the algebraic term 2 is absent in the one dimensional result because
we can directly estimate the decay in one dimension which leads to a sharp upper
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maximum error

0 2 4 6 8 10 12 14 16 18 20
iteration k

Figure 5.1: Theoretical and measured decay rate of the error for two subdomains
and three different sizes of the overlap.

bound on the convergence rate. We use the first and second of the splittings
of the previous experiment, namely (a,3) € {(0.4,0.6),(0.45,0.55)}. Figure
5.2 shows the convergence of the algorithm, where again the solid line is the
predicted convergence rate and the dashed line is the measured one. Clearly
now the algorithm converges superlinearly, as predicted by our analysis.

As a last example we perform the computation on a medium time interval
[0,0.5] to see what happens between the linear and the superlinear convergence
regime. We chose for the overlap («, 3) = (0.4,0.6) as in the previous experi-
ments. Since both the linear and the superlinear convergence result are upper
bounds on the convergence of the algorithm, the actual convergence behavior
needs to stay below both bounds. Figure 5.3 shows both the linear and the
superlinear bounds as solid lines and the actual computation as a dashed line.
The algorithm is first in the linear convergence regime, but once the superlin-
ear bound becomes dominant, it goes through a transition into the superlinear
convergence regime. To benefit from the superlinear convergence, it is therefore
important to choose time windows such that the algorithm converges superlin-
early.

5.2 Two Dimensional Example

We solve the heat equation in two dimensions

0
(5.2) 6—;‘ =Au, (z1,2) €[0,1] x [0,1], ¢ € [0, 7]
with homogeneous initial and boundary conditions which means we are looking
for the zero solution and thus are simulating directly the error equations in
the analysis. We decompose the unit square into four smaller squares which
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Figure 5.2: Superlinear decay of the error for a small time interval and two
different sizes of overlap.
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Figure 5.3: Transition from the linear to the superlinear convergence regime. The
convergence rate of the algorithm is first dominated by the linear convergence
regime and after some iterations by the superlinear convergence regime.



OVERLAPPING SCHWARZ WAVEFORM RELAXATION 13

— 0.1 overlap
— - 0.06 overlap

maximum error

10° . I . . .
0 2 4 6 8 10 12 14 16 18 20
Iteration

Figure 5.4: Two dimensional model problem with four subdomains, algorithm
in the linear convergence regime for 7' = 3.

Table 5.1: Number of iterations needed to reach a certain tolerance for different
numbers of subdomains and two different time intervals. While the algorithm
does not scale in the linear convergence regime with respect to the number of
subdomains, it does scale in the superlinear convergence regime.
2x2|3x3|4x4|6x6
T=5 12 15 19 28
T =0.01 5 5 5 6

form overlapping subdomains of equal size. We run the overlapping Schwarz
waveform relaxation algorithm in its additive version. For the overlap parameter
0 we chose two values, § € {0.1,0.06}. We solve the subdomain problems using
a centered finite difference scheme with Az = 0.02 and integrate in time using
backward Euler. Figure 5.4 shows the algorithm in the linear convergence regime,
integrating up to T' = 3.

Figure 5.5 shows the algorithm in the superlinear convergence regime, inte-
grating over a shorter time interval, 7' = 0.05. Note the different scale which
shows how much faster the superlinear convergence is compared to the linear
convergence in the previous experiment.

5.8 Scaling in the Number of Subdomains

We finally analyze the scaling behavior of overlapping Schwarz waveform re-
laxation numerically. We solve again the heat equation in two dimensions (5.2)
but now vary the number of subdomains. We use a discretization in space with
Az = 1/30. Table 5.1 shows the number of iterations needed to decrease the
error below a given tolerance for different numbers of subdomains and the two
time intervals [0,5] and [0,0.01] with fixed overlap parameter 6 = 1/30. The
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— 0.1 overlap
—- 0.06 overlap

maximum error
3

0 2 4 6 8 10 12 14 16 18 20
iteration k

Figure 5.5: Two dimensional model problem with four subdomains, algorithm
in the superlinear convergence regime for 7' = 0.05.

table shows that over long time intervals, the overlapping Schwarz waveform
relaxation algorithm does not scale with respect to the number of subdomains.
This is due to the fact that the convergence rate is limited by the steady state
solution and corresponds to the m factor in Theorem 3.2. For elliptic problems
it is well known that overlapping Schwarz needs a coarse mesh to exhibit conver-
gence independent of the number of subdomains [9]. Such a coarse mesh could
also be added to the overlapping Schwarz waveform relaxation algorithm. This
is however not necessary when the algorithm is in the superlinear convergence
regime. Here the algorithm converges independently of the number of subdo-
mains, as predicted by Theorem 4.3 and shown in Table 5.1 experimentally. This
can be understood intuitively by noting that it is the initial condition which de-
termines over short time intervals mainly the solution of a parabolic evolution
problem and thus we have error decay away from the interior boundaries even if
they are far away from the real boundary, since the initial conditions are known
for all subdomains. This is illustrated in Figure 5.6 which shows the error of
three consecutive iterates for 4 x 4 subdomains at the end of the time interval on
the left for T = 5 where the algorithm is in the linear convergence regime and
on the right for 7" = 0.01 where the algorithm is in the superlinear convergence
regime. One can clearly see how the error is diminished in all subdomains on
the right due to the initial condition, whereas it has to be eliminated from the
original boundaries on the left.

6 Conclusions

Although we used the linear heat equation as our guiding example, the tech-
niques introduced here can be generalized. The linear convergence rate is de-
rived using a maximum principle. Hence similar results can be obtained for more
general equations satisfying a maximum principle, like equations with variable
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Figure 5.6: Three consecutive iterates at the end of the time interval on the left
at T' = 5 where the algorithm is in the linear convergence regime and on the
right at T' = 0.01 where the algorithm is in the superlinear convergence regime.
Note how the error decays uniformly over all subdomains on the right.
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coefficients and convection terms. However for evolution problems the important
property of the algorithm is the superlinear convergence rate. In our analysis
we rely only on a one dimensional result, so that convergence results obtained
in [13] for the one dimensional reaction diffusion equation lead to similar results
in higher dimensions using the techniques presented here. Similarly an estimate
for a convection diffusion equation is possible as well using the result of [16].

Acknowledgment: We would like to thank Joe Keller for suggesting the
estimate of the decay within a ball in the overlap and Andrew Stuart for fruitful
discussions.
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