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Abstract. An extension of the formalism of quantum mechanics to the case
where the canonical variables are valued in a field of p-adic numbers is
considered. In particular the free particle and the harmonic oscillator are
considered. In classical p-adic mechanics we consider time as a p-adic variable
and coordinates and momentum or p-adic or real. For the case of p-adic
coordinates and momentum quantum mechanics with complex amplitudes is
constructed. It is shown that the Weyl representation is an adequate
formulation in this case. For harmonic oscillator the evolution operator is
constructed in an explicit form. For primes p of the form 4/+4 1 generalized
vacuum states are constructed. The spectra of the evolution operator have been
investigated. The p-adic quantum mechanics is also formulated by means of
probability measures over the space of generalized functions. This theory obeys
an unusual property: the propagator of a massive particle has power decay at
infinity, but no exponential one.
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1. Introduction

In modern theoretical and mathematical physics up to now only real and
complex numbers were used. The reason is that the space-time coordinates have a
good description in terms of real numbers. However there exists a more general
point of view. In the paper [I] which was devoted to superanalysis we proposed to
consider the superanalysis and corresponding supersymmetric field theories not
only over the field of real numbers but also over the field of p-adic numbers and
other locally-compact fields. In [2-4] the hypothesis on the non-Archimedean
geometry of the space-time on very small distances, the so-called Planck length
(10723 cm), was suggested and the corresponding string theory over the field of
p-adic numbers and the Galois field was initiated. Then a number of papers
appeared in which possible physical applications of p-adic numbers approach has
been discussed [5-17].

We are only in the beginning of p-adic mathematical physics. To answer many
physical questions it is necessary to conduct a detailed investigation of suitable
mathematical theory. It seems that the p-adic numbers will find applications not
only in mathematical physics, in particular in string theory and field theory, but
also in other natural sciences in which there are complicated fractal behaviours
and hierarchical structures, for example in turbulence theory, dynamical systems,
statistical physics, biology etc. Perhaps p-adic numbers, in particular 2-adic
numbers, will be useful for computer construction.

Usual string theory is closely connected with quantum field theory and is its
generalization. In the same way p-adic string theory has to be connected with
p-adic quantum field theory. The aim of this paper is to start construction of
quantum mechanics and further quantum field theory over the field of p-adic
numbers. It seems to us that an extension of the formalism of quantum theory to
the field of p-adic numbers is of great interest even independent of possible new
physical applications because it can lead to better understanding of the formalism
of usual quantum theory. We hope also that investigation of p-adic quantum
mechanics and field theory will be useful in pure mathematical researches in
number theory, representation theory and p-adic analysis. Let us recall here that
the quantum-mechanical Weyl representation (see below) has wide applications in
number theory and representation theory. However from the point of view of field
theory it corresponds only to the simplest model of the free noninteracting system.
No doubt investigations of p-adic nonlinear interacting systems will provide new
deep pure mathematical results.

Let K be an arbitrary field, in particular the ficld of p-adic numbers or the
Galois field. In considering mathematical and physical theories the following two
natural possibilities appear: either to consider functions f: K— K or functions
f:K—IR {or €).' Both these possibilities were suggested in [2-4], in particular
p-adic valued string amplitudes and complex-valued ones (convolution of
characters) were proposed. Then the case of complex-valued amplitudes was
discussed in [ 6, 7, 13]. In this paper we propose various most natural formulations
of p-adic quantum and classical mechanics. The question of which formulation is

! It is interesting also to consider functions [ R—K
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the most acceptable from the physical point of view will be solved after suitable
development of the formalism, sec also the conclusion.

The usual Schrédinger representation cannot be used for construction of
p-adic quantum mechanics with complex wave functions. We propose to use a
generalization of the Weyl representation and we develop the corresponding
formalism of p-adic quantum mechanics with complex wave functions in the
Hilbert space L,(Q,). It is quite remarkable that the Weyl representation can be
used not only in usual quantum mechanics but also in the p-adic case. p-adic
quantum mechanics does not possess a Hamiltonian and we propose to work
directly with a unitary group of time translations. Such a group is constructed for
the free particle and for the harmonic oscillator. The existence of the vacuum state
is nontrivial even for the harmonic oscillator. We introduce a notion of a
generalized vacuum state and we show the existence of a vacuum state for prime
numbers p of the form 4/+ 1. It is very interesting to note that in contrast to the
usual quantum mechanics here there exist at least two vacuum states.

We suggest also a formulation of the p-adic quantum mechanics in terms of the
probability measures on the space of distributions. This formulation is formally
similar to the Euclidean one of usual quantum mechanics but qualitative
properties of these theories are different. In particular the propagator for a massive
particle has no exponential decay at infinity but a power type one. It seems that the
p-adic approach can be useful for the calculation of the critical exponents in the
models of field theory and statistical physics.

In Sect. 2 some necessary results on p-adic mathematics are presented. In
Sect. 3 the p-adic classical mechanics is described in which time coordinates and
momentum are p-adic. We give a formula for solutions of the dynamical equations
for the harmonic oscillator.

In Sect. 4 we consider a formulation of p-adic quantum mechanics with
complex-valued wave functions which is based on the Weyl representation. A
quantization procedure of p-adic classical mechanics, in particular a functional
integral approach over the p-adic numbers, is discussed. The evolution operators
for the free particle and for the harmonic oscillator are constructed. The existence
of at least two generalized vacuum states for prime p of the form 41+ 1 is proved.
An approach to study spectral properties of p-adic quantum mechanical systems is
proposed. In Sect. 5 another version of the p-adic quantum mechanics analogous
to the Euclidean formulation of the usual (real) one is described. In particular, it is
shown that the propagator for a massive particle has power decay at infinity,
namely [t|, >, but no exponential one as in the real case.

2. Some Results on p-Adic Mathematics

Let Q be the field of rational numbers. It is known, see for example [18], that any
norm on Q is equivalent to the usual absolute value or to a p-adic norm. The p-adic
norm is defined in the following way. Let p be a prime number, p=2,3,5,.... Any
non-zero rational number x can be represented in the form x = p*m/n, where m and
n are integers which are not divisible by p and v is an integer. Then the p-adic norm
is [x|,=p . This norm satisfies inequality |x + y|, <max(|x|,, |y[,), i.. is a non-
Archimedean one. The completion of Q with respect to the p-adic norm defines the
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p-adic field Q,. Any p-adic number can be uniquely represented in the canonical
series

x=p" ;0 a,p*, (2.1)

where a, are integers, 0<a,<p—1, a,+0. The series (2.1) converges in the p-adic
norm because

n

la.p"l,=p~".
The p-adic exponential is defined by the series

n

X __ o X
e _n;on—!’ xeQ, (2.2)

which converges for x|, <1 if p>2 and for |x|, <1/2.
The complex valued p-adic exponential is given by

wx)=exp(2ni{x}), xeQ,, (2.3)
where {x} is the rational part of x which is defined by the expansion (2.1)
{x}=p 2 ap". 24)

O0<n<max{—1, —v—1}

The function (2.3) is an additive character on Q,

2+ y) = 1()x(y).
On Q, there is a translationally invariant Haar measure dx with the properties
d(ax)=lal,dx, a=0; [ odx=1. (2.5)
|x'p =1
Since the value |x|, is discrete and takes the countable set of numbers |x|,=p~",

veZ, then the space Q, can be represented as a disjoint union of spheres |x[,=p ™",
x€eQ,. So, for any complex valued function fe L,(Q,) we have

e o}

Qf SX)dx= Y [ f(x)dx. (2.6)

v=—w |x{p=p¥

We shall use the following integrals, see for example [19,20}:

{ dx:pv(1—1>, veZ, 2.7
|x|p:Pv p
pt—p~"), lE,<p7"veZ,
Joedx=! —pl (E=p 23)
|xlp=p 0, |é|p>p4v+1’

— __1 v WV, TV L hl_
prf(lxlp)x(6X)dX— <1 p> Z%Iél S p f<|£|p)|é|,,’ (2.9)

v Inp

<8?0 1[, p=1(mod4)

[ x(exHdx=1, | y(epx?)dx= . , (2.10)
4 !

P
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wheree=¢,+e,p+..., (2’) the Legendre symbol. For calculation of the integrals

(2.10) we use the equalities [18, 23]

m
7! [2 .mk} 0 -1 [2 m 2] <p>l/ p=1(mod4)
kgoexp 77:17 =0, Z exp| 2ni—- )l/ p=3(modd)’
p
if m is not divisible by p.
Ala b?
Ix(ax2+bX)dx=,a’é/gX<*M>; p+2, (2.11)

where?

1 if viseven,
do

— ) if visodd, p=1(mod4), '
Jfa)= <p> p=lmodd),  _ vag+ap+...).

i<%> if visodd, p=3(mod4),

The proof of formula (2.11) is carried out as in the real case by means of
reduction to the integrals (2.10) because any ae Q,, is: or ¢?, or pc?, sc* or pec?,

where ce Q, and [¢],=1, <F;> = — 1. The detailed calculations are contained in

paper [20].
In the Hilbert space L,(Q,) which is the space of complex valued square
integrable functions on @, we introduce the standard inner product and the norm

@)=Q§pw(X)<TX)dx, )2 =, p).
The Fourier transform for a function y € L,(Q,) is defined by the formula
= I w(x)y(Ex)dx.
The Fourier inversion formula and the Parsevale-Steklov formula hold
HJ —&xds,  pli=9l.

Some useful results from the theory of generalized functions of type Q ,— € can be
found in [19,20] and of type Q,—Q, in [18, 21, 22].

% The following properties of 4,(a) are obvious:

Plal=1, @i (—a)=1, A(cta)=i,a); c=*0, p=*2



664 V. S. Vladimirov and 1. V. Volovich

Let 2(Q,) be a space of complex valued functions ¢(x) with compact support
on Q, such that ¢(x)=¢@(x+a), xeQ,, lal,<p" for some integer N=N(¢p). The
space Z(Q,) provides a natural topology. Let 2'(Q,) be the dual space to the space
2(Q,) — the space of generalized functions.

Equation x> =a, where a=p*Mao+a,p+...),ay+0,0=<a,<p—1,p+2, hasa
solution in Q,, if and only if a, is a square residue modp, i.c. a, = x§ (modp). In this
case there exist two solutions of the form x= +p¥(x,+x,p+...). In particular
when a= —1 the equation x>= —1=p—1+(p—1)p+(p—1)p*+ ... has a solution
if and only if the Legendre symbol

)
p

is equal to 1 (see [23]), i.e. when the prime number p has the form p=4/+1, for
example for p=5,13,17,....

3. Classical p-Adic Mechanics
Let us start with consideration of the classical p-adic Hamiltonian equations

oH ., oH

a
where all variables: coordinates g=g(t), momentum p=p(t), the Hamiltonian
H=H(p,q) and time ¢ take values in Q,.°> We understand here the notion of
derivation in the following sense [17]:

pi=— i=1,...,n, (3.1

X(t+ At)— x(1)

o —X(t)| =0, |4t],—0.

p
It is known that there is a theorem on the local analytical solvability of the
ordinary analytical differential equation over Q, [22].

We consider first the simplest case of a free particle with the Hamiltonian

1
H:sz’ (32)
2m
here meQ,, m=*0.

Hamilton’s equations
. .1
p=0, g=-p; pO=p, q0)=¢

have a unique analytical solution* for teQ,,

pO=p. aO=q+ 1. (33)

3 We use the same symbol p for the notation of a prime number and for a momentum. We hope
that it does not lead to misunderstanding

* We don’t consider here a more exotic solution. It is known that the equation ¥ =0 in Q,, has not
only the solution x = const but also other solutions
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Let us also present a solution for the harmonic oscillator with the Hamiltonian

1 1
H=—p*+  mo’q 4
2mp +2qu, (3.4)

where m,weQ,, m=+0.
The equations of motion

1
p=—mwq, g= p0)=p, q0)=¢

have an analytical solution which is analogous to the solution over the field of real

numbers {
—— psinwt +q coswt
g\ ma 1 (4
= . =T\ ", 3.5)
p(t) p coswt — gma sin wt p
where
1
coswt ——sinwt
mo
T, = ) (3.6)

—mosinwt  coswt
It is clear that the matrix T;e SO(2,Q,). In Egs. (3.5), (3.6) according to Eq. (2.2),

(wt)2n~ 1 0 (wt)Zn
, coswt= -1y .
2n—1)! o= 2 o,
The series (3.7) are convergent for |wt|, < 1, p>2 and for |wt|, < 1/2. We will denote
this region by &,,.
We note thatift,t'e 2, thent + t' € Z,and &, is an additive group. For such ¢
and ¢’ the matrices 7T, satisfy the group relation

TT.=T.,. (3.8)

sinot= Y (—1y~! (3.7)

On the phase space V=0Q,xQ, we define a skew-symmetric bilinear form
B:VxV—Q, of the form

B(z,2)=—pq +p'q, (3.9

where z=(q,p)eV, 2’ =(q',p") € V. The pair (V, B) defines a symplectic space.
We have then
B(T;z, T.z')= B(z, 7)), (3.10)

i.e. the dynamics of the oscillator defines a one-parametric group of symplectic
automorphisms of the space (¥, B). It is also true for the dynamics of a free particle.

4. p-Adic Quantum Mechanics
4.1. The Weyl Representation

In this section we construct the p-adic quantum mechanics in which states are
described by complex-valued wave functions e L,(Q,).
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The standard quantum mechanics starts with a representation of the well-
known Heisenberg commutation relation

[4,p]=i
in the space L,(IR). In the Schrodinger representation the operators ¢ and p are
realised by multiplication and differentiation respectively. However in the p-adic
quantum mechanics we have xe @, and y(x) e €, and therefore the operator y(x)
—xp(x) of multiplciation by x has no meaning. Fortunately in this situation there

is a possibility to use the Weyl representation. Recall that in the Weyl
representation in the space L,(IR) a pair of unitary operators is considered

ePp(x)sp(x+q), €947 p(x)— e Pp(x).

In this form it is possible to construct the following generalization to the p-adic
case. We consider in the space L,(Q,) the unitary operators

Uy w(x)-px+q),  V,ip(x)—=x(2px)y(x),

where ¢, p,xe @, and x is the additive character on Q,, (see Sect. 2).
A family of unitary operators

satisfies the Weyl relation
WW(z) = (B(z, 2)W(z +Z),

where B(z, z') is the symplectic form (3.9). The operator W(z) acts by the following
way

Wzhp(x)=x(pq+ 2px)ip(x +q).
1.€.
Wizjy(x)= Qj Wiz x, yhw(y)dy,
where the kernel is
W(z; x, y)=x(pq + 2px)o(x — y +4q) . (4.2)

In the standard quantum mechanics the utilization of the Weyl representation is
technically convenient, and it is widely used in mathematics see [ 24-267]. As we saw
from the above discussion in p-adic quantum mechanics the use of the Weyl
representation is the most appropriate way for the construction canonical
commutation relations.

We consider now a question on the description of dynamics in the p-adic
quantum mechanics. In the standard quantum mechanics one starts with the
quantum Hamiltonian and then one constructs an operator of evolution U(r).
From our discussion it is clear that in the p-adic quantum mechanics one needs to
construct directly a unitary group U(z). It is understood we shall use a classical
p-adic Hamiltonian for heuristic arguments. As is known the usual quantization
procedure is the following. For each function f from some class, defined on the
phase space, one associates a corresponding operator f in L,(IR). This quantiza-
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tion map f—/ has to satisfy some natural conditions, see [24,257. In general, the
quantization procedure is ambiguous and different quantizations exist.
If the function f(p, q) is the Fourier transform of a function ¢(a, ),

flp.g)= 5 P D (o, Pydadff = G(p, q) 4.3)

then the Weyl quantization is the construction of the operator
[= [ & Moo, fdadf,
IRZ

where p and ¢ are the momentum and position operators. Such quantization
theory is closely connected to the theory of pseudo-differential operators. This
quantization procedure can be generalized to the p-adic case. Let f(p,q) be a
complex-valued function on the p-adic phase space V=02 and from @(QIZ,). It can
be represented as the Fourier transform (see Sect. 2)

flp.q)= QS 2op+ g, dodf=Gp,q),  9eD(Q3).

In analogy with (4.3) to any such function one corresponds an operator in L,(Q,)

/= QIZ Wie, (e, fydodfs,

where W(a, )= W(z) is the unitary operator (4.1), z=(«, ). The function f(p, q) is
called the symbol of the operator f. Note an essential difference of such
quantization of the p-adic theory from the standard real theory. In the p-adic
theory we cannot quantize polynomial functions f(p, q) since such functions take
values in @, but not in C.

In standard quantum mechanics usually one starts with the construction of the
Hamiltonian operator and then one proves its selfadjointness. Then one con-
structs the operator of evolution. In the p-adic quantum mechanics we can proceed
in the following way. Let H(p, q) be a classical p-adic Hamiltonian.

We put
Uo(t)= QIZ W(a, B)y(tH (e, f))dadfs .

It is natural to define the operator of evolution which corresponds to the classical

Hamiltonian H(p, g) as
t N
pomend 1. —_—
u(t) Jim U, <N> ,

if this limit does exist in L,(Q,).

In standard quantum mechanics such a construction gives in fact the operator
of evolution. It would be very interesting to prove the existence of U(t) for some
class of p-adic Hamiltonians H(p, q). Perhaps this limit will depend on a choice of
subsequence N.

As is known in standard quantum mechanics the symbol U(t) can be given in
terms of the Feynman functional integral. It is natural to suspect that in the p-adic
quantum mechanics the corresponding kernel will be expressed as the functional
integral

K= 3 ] Ha i) 11 da), 4
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where integration is performed over classical p-adic trajectories with the boundary

conditions g(0) = y, q(t) = x. Here L(q, ) is a classical p-adic Lagrangian, L(q, §)€ Q,
t

and he Q,. The integral | Ldt = S(¢) in the formula (4.4) is understood as a function
0 d

which is inverse to the operation of differentiation, i.e. i S(t)=L, S(0)=0,S(t)eQ,.

It would be interesting to give an intrinsic definition of such integral. Here the

theory of integration from [27] may be useful.

Here we are not going to analyze a general case but instead we consider
rigorously the simplest cases of the free particle and harmonic oscillator. In these
cases it will be shown that as in the standard quantum mechanics the kernel
K(x,y)~x(S,(1), where S, is the action calculated on the classical p-adic
trajectory {compare [28]).

4.2. Free Particle

We construct the dynamics of the free quantum particle which corresponds to the
classical Hamiltonian (3.2) by means of the Fourier transformation. Let i be from
L,(Q,) and (k) is its Fourier-transformation. As is known (see Sect. 3) the Fourier
transformation F:yp—1 is an unitary operator in L,(Q,). The evolution operator
in momentum representation is given by the formula

2

G0t =x( 1) 700, @)

—
m
Let us calculate the kernel of the evolution operator in x-representation. Using the

theorem on the Fourier transformation of the convolution (justification see [20])
from (4.5) we have

- N 2
Uy(x)=F '[O@)Fyp(x)]=F " [x ( t> Fw}

dm

k2
=F [x <% tﬂ *p= Qf K (x—y(y)dy, (4.6)

k@=F| (gt | @

Note that the formulas (4.5) and (4.6) give a group of unitary operators U(t) for any
teQ, and the relation is fulfilled

U(t+£)=U@MOUE). 4.8)

where

From (4.7) we have

K{d= [ x <45~ t+ ké) dk. (4.9)
Qp m

Taking into account the equality (2.11) we have

t 12 m,,
Kt(é)=lp<g> x<75>, t+0. (4.10)

p

m

t
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It is casy to see that

UOWEU() = W(Tz), @.11)

where T,z=(q(t), p(t)) = <q+ %t, p) is the classical trajectory. The formula (4.11)

has the form as in the standard quantum mechanics.
From Egs. (4.8) and (4.10) such a property of 4,(a) follows:
, +b
A(@ib)L, < - %) —A(a+b), pE2. 4.11")

However the evolution of the Gaussian packet which is given by the formula

It(x):QI K (x—y)exp[~3ly—al;ldy (4.12)
is radically different. Calculations show that, see [20], p=2,
-1 1 1 2
It(x):(1_p )S ——5 L Ix_a| g 5

b p D
1 2
I(x)=exp A§|x—afp +

t1/2 - m 5

Pl 4<—7(x—a)
1 1
[l-5)s(3

t

m

3

m

(4.13a)

(4.13b)

P

m . .
Here we suppose that — n =¢?, ceQ,. The function S is

(xn

ni(l—q

Asymptotics of the function I,(x) for [x|,—co has the form

1?2 p*+p* 1 m
L~ P L M 4.14
t(x) 2 ’ p2+p+1 |xi; X t (x a) ( )

|mll/2
It(x):(,'< > |t|1/2 s
p P

(=) i ) <0< (=) + )

(4.15)

Recall the expression for the Gaussian packet in the usual quantum mechanics

S(o, q)= i o = gq explag®], |q/<1.

t

m

and for [t|,— o0,

xZ

P(x t)—L*1 e —_——
. he\1/? X ’
(1) )

m m

(4.16)
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The function (4.16) has exponential decay for |x|—>co in contrast to (4.14). The
behaviour of (4.16) for |t|—> co is similar to (4.15).

4.3. Harmonic Oscillator

We construct to describe the dynamics of the harmonic oscillator a group of
unitary operators U(t) in L,(Q,) which satisfies the condition [cf. (4.11)]

U)W U ' =W(Tz), @17)

where the classical evolution Tz, z=(g,p) is given by the formula (3.5). The
expression for the kernel of the operator of evolution in the case of real numbers is
well known, see for example [29]. We propose the following kernel of the operator
of evolution for case of p-adic numbers:

Uty f K{x, yyp(y)dy,

where Ko(x, y)=0(x—y)=lim K (x, y);
t—

t
K(x.))=, (;)

for te 2,\{0}, p+2.

The expression (4.18) has no sense when sinwt =0. Note here that sinwt for
lwt|,<1 vanishes only for t=0. It follows from the equalities [sinx|,=]x],,
lcosx|,=1; |x|,<1 which can be easily checked.

Let us prove the group property (4.8)

Qj Kt(x>y)Kt’(y7 x’)dy:Kt+t’(xa X’)a t’ t'e@p—{()} . (419)

1/2 2 2
e X(mw<—x TV W >> 4.18)
L, tgowt st

12,172

Indeed we have
m |

t t
K, (x, KAy, xVy=2,1 — ) A,| —
ij {2, YK (y, x)dy p<m> p<m> i 17,
2 2 2 2 12 2 ’
xjx(mw(—x 2, 2y +x/ . .yx/>>dy
J, tgowt sin ot tgot sinot
t t 21/2 2 12
AT i)
m mj|tt tgowt  tgwt
1 X X'
X - 2y| — — d
px<m < < tgwt tga)ﬂ) * y<smwt +smwt’>> Y
t me \ |m?|Y? 1 1 —12
A PY A P G
m tgwt tgot’ /|t |, tgot  tgowt' /|,
sl == * (on snar) (i o) )
mm + | = + = y + ;
tgowt tgwt sinwt  smwt tgwt  tgowt

<tgwt tgot’ ) 12 < < x4 x'? 2xx’ >>
=1 + = 1 xlmol| — ~+ = ;
mo mm » tgo(t+t)  sinow(t+t)

=K, Ax,x").

m

m
t+t
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Here we have used the formulas (2.11), (4.11') and usual trigonometric formulas
which take place over the field of p-adic numbers and also

1 1
2 <% (tgart + tgwt’)) =4 <% tg(wt + ot')(1—tgwt tgwt’))

1 , t+t
=)Lp<%tgw(t+t)> =/Ip< - >

For proving Eq. (4.17) we calculate the integral
[ Kx,wyW(z;u, 0)K _ (v, y)dudv=W(T;z; x, y), (4.20)
Q3

where W(z;u,v) is the kernel (4.2). Here we have used the formulas

Lo, ak0; | uddu=T=o0).

oax)=
lal, 0,

44. Generalized Vacuum and Spectrum

An important question is the existence of a vacuum state, i.e. a function from
L,(Q,) which satisfies the condition U(t)yp,=1,. As is known for the quantum
harmonic oscillator in the case of real numbers p(x)=exp[ —4x|>]. In p-adic
quantum mechanics after performing calculations for y(x) = exp[ —|x|2] analog-

ously to the integral (4.12) one gets | for — ? =c? ceQ, |,

1

1
U(t)wo(X)=Qj K (x, y)exp [— §|y|§] dy=S<— 5 L

1
, ,) % <* 1ma)x2 sin2wt>
ml, p 2

(4.21)

for |x|, <|t/m|,’*. For other x the answer will be given by the formula analogous to
(4.13b). So we have just seen that the function exp[ —3|x|2] is not a vacuum state.
Nevertheless we have a generalized vacuum state

Po(x) = x(tmwx?). (4.22)

Here teQ,, 1= —1. The function (4.22) satisfies the equation U(t)y, =1, for
arbitrary t, |wt], <1 because

U(tpo(x)= QI K (x, y)y(zmwy*)dy
m

¢ 12 242 X
=, = fx(mw(—x Yo +oy?}idy
m)|t], o, tgowt sinwt

t t 2 _
=2, < _ ;> 2 <%> y(tmox®)=1py(x).

This function does not belong to the space L,(Q,), since |ipy(x)|=1, but it can be
considered as an element from a corresponding nested Hilbert space. In formula
(4.22) 7 is a solution of the equation t>= —1 in Q,. This equation has exactly two
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solutions for the prime p of the form p=4I/+1 and only for such a prime p, see
Sect. 2. Therefore for such a prime p we have at least two vacuum states
(degeneration of vacuum).’

We discuss now the question on the spectrum of the p-adic harmonic oscillator.
As is known the quantum harmonic oscillator in the case of real numbers has the
discrete spectrum and the corresponding eigenfunctions are expressed in terms of
the Hermitian polynomials. In p-adic quantum mechanics according to this
approach we have to express the spectral properties in terms of the group U(t). To
this end we describe the spectral theory of the harmonic oscillator in the case of real
numbers as follows: We have as is known (for o =m=1),

[ Kix, WH,(y)e™ ¥ dy=e"H,(x)e”**, (4.23)
R

where H,(x) are the Hermite polynomials and K (x, y) is the kernel of the evolution
operator. We multiply the equality (4.23) by &"/n! and sum up over n. Then we find

S K(x, yexp[2cy — & —5y*ldy=exp[28e"x—(fe)? —3x7] (4.24)

because the generating function for the Hermitian polynomials has the form
n

exp[26y - 1= ¥ S H0).

Now we consider the case of p-adic numbers. In this case the Hermitian
polynomials H,(x) of the p-adic variable x € 0, take values in Q , and formula (4.23)
has no meaning in L,(Q,). However the formula (4.24) can be extended to the
p-adic case because the character y is analogous to the real exponent and one can
prove the equality

QI K (x, py(tmeo(dly =28 — y*)dy = yltmw(dée "™ 'x —2(Ee ™) —x?).
' (4.25)

1/2 2
el )
L, tgwt

Indeed we have

t
§ Ko yhema(dy 26—y )y =1, @
. 2 x
X jp b (mw( Yyt +ctgot))+2mwy (ﬁ—sinwt + 215)) dy
1/2
Ima(ctgwt +21)|, 12

=2, <£> A —mo(21+c tgwt)) ?

m p

x? X 2
X X<mw<~ —2t&* + <v +2r£> sinwte“‘”))
tgwt st

= y(tmw(4&e” ""'x —2(Ee™)* — x?))

3 Recently it was shown that there exists a vacuum state belonging to L,(Q,) [31,32]. Note also
that Zelenov [33] extended all these results for the case p=2
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1
as ip(—mw(2r+ctgwt)):/lp<*ma),~> :)~p<—r;l> :;bp<‘riz>’ lot], <1.

Here ¢,7eQ, and 2= —1.

In fact it seems to us that such an approach corresponds to the expansion of a
representation of the group U(z) on irreducible ones. Note also that the presented
theory of the p-adic quantum harmonic oscillator is closely related to the theory of
representations of the group SL,(Q,) [19,26].

5. Probability Theory (Euclidean) Formulation of the p-Adic Quantum Mechanics

We consider now a formulation of the p-adic quantum mechanics which
corresponds to the classical p-adic mechanics with real-valued coordinates and a
p-adic time, i.e. a classical coordinate x(t) is a function x:Q,—»IR. Let du be a
Gaussian probability measure on the space of real distributions Z,(Q,) with mean
zero and covariance

(g = | x(f)x(g)du(x)= sz JOG(t—)g(v)drdr,

ZH{Qp)
where
G(t):fx(tk)%, meR, m=%0; fee2,/(0,). (5.1)
0, K[, +m "

This measure is defined on Borel cylinder sets in Z,(Q,)

U ji.a=10€Z2YQ ) (0(f3), ... p(f)) € BCR"}

in the following way:

#MUs s,....;)=1exp[—3<x, G~ x> ]dr | | exp[—3{x,G ™ x)]dx.
B JRn

Here f1, ..., f,€2{Q,), B is a Borel set in R,

CACESHESD) 1 XG5,

L=

Gi= [ flOGt—1)f{rdtdr, ij=1,...,n.
03

The characteristic functional of du is

[ " PDdp(x)=exp[—3G(f. /],

78
where

G(f. )= QI JOG(t—7)f(v)ded.

The measure du corresponds to the quantum harmonic oscillator. The an-
harmonic oscillator is described by the measure

dv(x):exp[—)tQj :x4(t):dt}du(x)/,"gcexp[—)qu :x“(t):dt]du(x). (5.2)
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Here 2= 0. The classical equation of motion in this approach is derived from the
action .

:Qj (k2 +m?) |>E(k)[2dk+)LQf x*)dr, (5.3)
where X(k) is the Fourier transform of x(t), see Sect. 2. Note that this action takes
values in the field of real numbers in contrast to the case considered above in which
the Lagrangian and the action were p-adic valued.

The expressions (5.1)-(5.3) formally look like the corresponding ones for the
case of real numbers, see [30], and the corresponding Feynman diagram
techniques in perturbation theory can be constructed in an analogous way.
However the properties of the p-adic theory are essentially different. Let us
consider in particular the behaviour of the propagator (5.1) when [t],— cc. We have
(see [207)

y(tk)dk < 1> itl, © pi—p 2"
={1- " t%£0
ijlklﬁm p)p —i—mz{tlf, nzOp 4+ m?lt]; -

and for [t|,~oc one gets

: o(tk)dk p p+1) 1
o, KZ+m> " p 4 p+1 mH

1.e. power decay at infinity. Recall that in the real case one has an cxponential decay

ek 7

RKZ4+m? m

—mit|

for |t|— 0.
This formulation can be generalized to the field theory as follows. Instead of
the propagator (5.1) we consider the propagator
dk

(pX)p(y)y =Glx—y)= sz 2(x—y, k) (e

where (x,k)= Y x;k;€Q,. Such a theory has O(n) symmetry. For n=2 there is also
i=1

a generalization which is related to a quadratic extension of the ficld @, i.e. instead
of (k, k) one considers

(k>k)r:k%7‘ck%= Ter'

Another important case is related to the propagator 1/]|k| 2+ m?.

6. Conclusion

In this paper we have suggested a mathematical approach to p-adic quantum
mechanics. Of course there are many open questions; some of them were pointed
out in the text, some of them are subject to further investigations. In particular it
would be very interesting to construct the operator of evolution U(t) for other
quantum-niechanical systems and to investigate the scattering theory.
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We now say a few words on a physical interpretation of the formalism
proposed. The p-adic quantum mechanics with complex-valued wave functions is
closer to traditional quantum mechanics than it would seem but its physical
interpretation is essentially different. In standard quantum mechanics the
expression [y(x)|? is considered as a probability density of location of a particle at a
point x eR. It seems that in p-adic quantum mechanics one has to interpret [y(x)|?
as a probability density of location of a “particle” at a point x € Q.. Note here that a
point x e Q, generally speaking does not belong to the usual real line IR, in spite of
the fact that the dense set of rational nun; bers belongs to both fields. Therefore here
the question is in fact on a probability of location of the “particle” outside the
standard Euclidean real space. Of course it means that we fall outside the frames of
standard understanding of reality in the usual quantum theory. In fact it happens
even in classical p-adic mechanics in which we deal with p-adic time and
coordinates.

Note here that these strange and unusual ideas which appear in p-adic
quantum theory probably are inevitable if we are going to understand physics at
the Planck length, for a discussion see [4]. A further development of the
mathematical formalism of p-adic quantum theory will give us, we hope, a deeper
understanding of the new physics at the Planck length.
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