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Abstract

Let X, X,,..., X, be a random sample of size n from a continuous distribution F'
and Y1,Ys,...,Y,, be a random sample of size m from a continuous distribution G.
One of the ways to test the hypothesis of equality of F' and G against the alternative
that F' < G when both distributions are univariate is to perform a precedence test -a
test that not only requires only a portion of the samples, but which is distribution-free
under the null hypothesis. The initial purpose of this thesis was to extend the notion
of a precedence test to higher dimensions. In doing so, we found two different tests
that are appropriate for both partial and complete data sets. These tests are based on
two different extensions of the usual definition of a procentile-procentile plot -which is
closely related to the precedence test statistic on the line- to the plane. The first of the
above mentioned extensions involves the contours formed by the distribution function
F; the second of our tests uses the marginal quantiles of F.. For both extensions of
the empirical p — p plot, we have proven a Glivenko-Cantelli type of result. Also, we
have developed their asymptotic convergence to Gaussian limits. The choice between
tests based on these two plots depends on the kind of information that the data of
our experiment generates. All the results presented here, although mostly presented

for R2, are valid for R¢-valued data.
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Chapter 1

Introduction

One of the most widely used statistical tools in the area of clinical trials is the test of
equality of two distributions. In general, we have two separate samples and we want
to find out if they come from the same distribution. Although there exist several ways
to approach this problem, in the present text we will only discuss the precedence test
since the original motivation for this thesis came from this very simple idea.

Basically, a precedence test is a statistical test which counts the number of ob-
servations from one sample that occur prior to a certain observation from the second
sample and then decides if the observations involved come from the same distribution
or if one of the distributions is stochastically larger than the other.

In addition to its very simple structure, a precedence test has two attractive
features: first, the statistic is distribution-free under the null hypothesis; second, it
is not necessary to have the entire samples in order to construct the test statistic,
resulting in savings in both time and money.

We can explain a precedence test in a more formal way: Given n observations
from a distribution function F'(z) and m observations from a distribution function
G(y) we want to test Hy : F(z) = G(z) V x versus one of the following alternatives:
H, : F(z) < G(z) Yz, Hy: F(z) > G(z) V z or Hy : F(z) # G(z) for some z.
Hj will be rejected in favor of H; if we observe too many observations from G(y),

say r, before the kth observation from F(z). Hy will be rejected in favor of Hy if

1



CHAPTER 1. INTRODUCTION 2

we observe too many observations from F(x), say k, before the rth observation from
G(y). Similarly, we will reject Hy in favor of H3 whenever we have either too many
or too few observations of one sample before the kth or the rth observation of the
second sample. In this thesis, we will primarily focus on the alternatives H; and Hs.

The first time the phrase “precedence test” appeared in the literature was in [38].
Here, we can find tables for equal sample sizes up to 20 that tell us when to reject
the null hypothesis, for both kinds of alternatives: one-sided (for levels of significance
a = 0.05,0.025) and two-sided (for levels of significance o = 0.10, 0.05).

As we mentioned earlier, precedence tests are distribution-free, so the underlying
distributions only play a role when we are calculating the power of the test. Up until
this point, the assumption when dealing with the power was that the underlying
distributions were normal. But then, questions about how good the test was when
normality could not be assumed arose. These questions were addressed in [18]: in
light of the application to life-testing, it was assumed that the underlying distributions
for the samples were exponential with unknown parameters ¢, and 6, respectively.
The hypotheses then became Hy : 0, = 0, versus H, : 0, < 0,, Hy : 0, > 0, or
Hj : 0, # 0,. Eilbott and Nadler showed how to compute a, and that this calculation
did not depend on the underlying distributions being exponential.

Less than two years later [42] was published; this paper extended [18] in the
following sense: the power calculations made for underlying exponential distributions
were also true for a larger class of distributions. It was shown that since the power of
a precedence test was unaffected by applying a strictly increasing continuous function
to the data, the power calculated for the exponential distribution could be used for
any distribution that can be transformed into an exponential by means of any such
function.

After [42], literature focused more on particular applications to life-testing and
reliability theory. A notable exception was [26], where Gastwirth proposed the first-

median test: a precedence test that counted the number of observations of one sample
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preceding the (first) median of the other sample. This test is actually a two-sided
test, since our test statistic changes depending on which median observation occurred
first. It also presented a heuristic proof for the asymptotic distribution of the test.

The research on precedence tests blossomed in several directions: some researchers
decided to focus on developing a test for the combined sample (see [45], [33], [34] and
[48]), others wanted to develop the theory for the censored case (see [49], [44] and
[11]), and yet another group decided to continue the exploration of the power and
comparisons among several well-known tests.

It was in [30] that a precedence test with maximized power -the best precedence
test- was discussed in depth. This publication obtained powers for the precedence
test using Lehmann alternatives (see [42]) with small sample sizes and then chose the
test with the greatest power among them. It also presented some power comparisons
between the precedence test and other tests, such as the Mann-Whitney-Wilcoxon
(MWW) and the Savage test, in order to be able to understand how much power we
must lose in favor of an early termination of the experiment.

Interest in precedence tests was revived -as it happened with many other applied
results- with the advance of technology. In 1993, Nelson published [39], a short paper
explaining once again the basics of the precedence test. The new feature was a Basic
computer program that analyzed the result of a precedence test and gave significance
levels for some combinations of sample sizes. It was with the help of computers that
the research of power calculations of this sort really took off.

Lastly, we will mention [12] and [7]. Despite the fact that the innovative topic
in [12] was confidence bounds, it contained a vast review of precedence tests, which
is quite complete and very interesting by itself. On the other hand, [7] contains not
only a review of what has been done in the past, but further extends the discussion
of weighted, censored, three or more samples, maximal and other types of precedence
tests and related topics.

A natural question that arises is whether the concept of a test for equality of
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distributions can be extended to data sets in higher dimensions in such a way that
the distribution-free property can be maintained -at least to some degree- and that
it is not necessary to have the entire samples in order to construct the test statistic.
Our goal with the present work was to answer this question. We will go through
the methodology behind the one-dimensional precedence test in order to pave the
way for our multidimensional version of the test. We will also add a few notes and
observations at some junctures of the test that may appear obvious in one dimension,
but will be crucial in our generalization to two or more dimensions.

Suppose that we have two sets of data and we want to know if they come from
the same distribution. This situation could arise, for example, if we want to know
which of two brands of bulbs would last longer, which gender is more likely to develop
heart disease earlier in life or if two kinds of trees are equally distributed in a park.

Formally what we have are n observations X, X»,..., X, from a distribution
function F' and m observations Y7,Y5,...,Y,, from a distribution function G and we
want to test Hy : F'(z) = G(z) V x against any of the alternatives H; : F(z) < G(z)
Vz,Hy: F(z) > G(z) Y z, or Hy: F(z) # G(z) for some z; in other words, we want
to determine if the two sets come from the same distribution or in the case of H; and
H,, if the distributions are “stochastically ordered”, such as, for example, a shift in
location of the same distribution. It is obvious that in the alternatives H,, Hy, we
require the inequalities to be strict for some values of x.

To be able to perform the test we need the order statistics from F', namely
Xy, X@), -, Xny, and Y1), Y(2),..., Yy, the order statistics from G. Then, the
only thing we need to know in order to make a decision is whether Xy < Y or
Y < X&), for some predetermined values k and r. To show the way that precedence
tests work, we will focus our attention on the test of the form Hy : F(z) = G(z) V = vs
H,: F(z) < G(z) ¥ = (equivalently, Hy: X =p Y vs H; : Y < X). We will reject Hy
in favour of H; if we find too many Y’s before Xy, i.e. if Y{;y < X(4). Equivalently,
we will reject Ho if Gin(Y()) < Gim(X(i)), where G (y) = = 57 I{Y; < y} denotes

T m
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the empirical distribution function of G at the point y. It is at this point where the
connection between precedence tests and p — p plots becomes clear.

Let F~(p) = inf{z : F(z) > p} denote the left continuous inverse of F, where
F~(0) = limy_g F~(p) = F~(0+). Then, the procentile-procentile, or p — p plot of G
against F, is defined as G(F~(p)) for 0 < p < 1. Similarly, the empirical p — p plot
of G against F is defined as G,,,(F,, (p)) for 0 < p < 1. For an extensive review and
bibliography of p — p plots, ¢ — g plots and other graphical methods in nonparametric
statistics, see [23]. Going back to our test, an order statistic can be rewritten as
X(mp) = F,; (p), where [np] denotes the smallest integer greater than or equal to
np. Therefore, it is straightforward that the statistic used in precedence tests can be
regarded as a snapshot of the empirical p — p plot of G against F' at a single point
p= % Not only do we have the advantage that we require only a portion of the data
points, but this statistic will be distribution-free under Hy : F' = G. Following our
previous method, we will reject Hy if G,,(X(4)) takes an extreme value.

Moreover, if we had all the observations and not only part of them, we could use
the entire plot to develop a distribution-free test for the equality of two distributions.
For this purpose, we can use the empirical p — p plot process defined by W™™(y) =
Vm[Gr(F,; (y)) = G(F~(y))] for 0 <y < 1. Under general regularity conditions, the
weak convergence of W™™ to a mean zero Gaussian process is developed in [4].

To be able to extend our test to higher dimensions, we need to analyze the
problem from a slightly different perspective.

Let 7: Q — [0,1] be a random variable. We call 7 a stopping time with respect
to a filtration F if {r <t} € 7 V t € [0,1]. Now, recall that for the alternative
H, : F(z) < G(z), Hy : F(z) = G(z) will be rejected in favor of H, whenever
Yy < X(x), i.e. the experiment is terminated at the (random) time of the kth failure
in the F-population, or the rth failure in the G-population. Only the data collected
up to this time is needed to calculate the test statistic. Actually, the order statistics

Xy, X2+, X can be viewed as n stopping times 71, 72,...,7, with respect to
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the minimal filtration F generated by the point process N(t) = > | I{X; < t}; that
is, F = o{N(s) : 0 < s < t}. Then, our test statistic is reduced to the number of
observations from Y7,Y5,...,Y;, that lie in the random set [0, 7%|. Thus, it becomes
obvious that before we can extend our test to §Ri, we need to somehow extend the
concepts of stochastic orders, stopping times, p — p plots and filtrations.

For data taking values in §Ri, the setup is similar to that in the one-dimensional
case. Given two continuous distributions ' and G on §Ri, we want to test Hy : F'= G
against the alternative that the distributions are stochastically ordered. It is in trying
to set up the alternative where we need the extension of stochastic orders. This is
due to the fact that §Ri is not a totally ordered space and thus, when we work with d-
dimensional data we have more than one stochastic order. There are many such orders
(for a full exploration of them see [41]), but because of the application of precedence
tests to clinical trials and life testing, we will be focusing first on the lower and upper
orthant order. Also, although all the concepts and results that follow can be easily
extended to R, we chose to restrict our attention to the positive quadrant of the
plane to simplify our presentation.

We say that the random variable X is smaller than the random variable Y in
the lower orthant order (X <, Y) if, for every t € R®?, the probability that X is less
than or equal to t is greater than the probability that Y is less than or equal to ¢ (in
the usual partial order on R% ). Intuitively, this means that X is more likely to take
values on [0,t] than Y.

We say that the random variable X is smaller than the random variable Y in
the upper orthant order (X <,, Y) if for every t € ®?%, the probability that X is
greater than ¢ is smaller than the probability that Y is greater than t. Intuitively,
the definition is saying that Y is more likely to take values on [t,00] than X. Note
that the equivalence X <, Y & X <,, Y, although true on the line, doesn’t hold
anymore in the bivariate setting. Both of these stochastic orders are usually linked

with experiments dealing with clinical data.
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Since tests of equality of distributions could also be applied to geographical data,
we will also work with another type of stochastic order, similar in spirit to both the
Kendall stochastic order and the H-larger order. We say that X is less than Y in
the Kendall stochastic order (X <k Y') whenever K(t) > K»(t) V¢t € R, where K,
is the distribution function of F(X) and K, is the distribution function of G(Y') (see
[37]). We say that Y is H-larger than X whenever K,(t) < K(t) V t € R, where K,
is the distribution function of F(W), K is the distribution function of G(W) and H
is the distribution function of W (see [36]). The order we want to introduce will be
denoted by <X": we say that X <X Y whenever K(t) > K(t) V t € R, where K is
the distribution function of F(X) and K is the distribution function of F(Y').

Going back to the test of equality of distributions, the alternative hypotheses
can be rearranged to fit one of the one-dimensional scenarios: H; : F(z) < G(z) V z,
Hy:G(z) < F(z) V z, or H3: G(x) # F(z) for some z, for some specified stochastic
order <. As mentioned earlier, we will focus on H; and H,.

Another problem arises when, following the one-dimensional methodology, we
want to define our new test statistic as the number of G—observations that we en-
counter before X(). Because we can no longer order the observations, we need to
find a replacement for the concept of order statistics or, more generally, stopping
times. For this purpose we rely on stopping sets, which are the multidimensional
generalization of stopping times.

A set D C R? is said to be a lower layer if for every t € R2, the event {t € D}
implies that [0,¢] C D, where [0,¢] = {z € R2 : 0 < z < t}. A map & with the
lower layers as range is said to be a stopping set with respect to the filtration F if
{te&} e 7, Vit e RE (see [29]). Thus, it can be clearly seen that the stopping set
we choose will not only depend on all or some of the F—observations, but also on the
kind of data structure -which is given by the filtration (F = {F(sy) : (s,t) € R2})-
that the experiment generates.

Again, the fact that precedence tests are widely used in life testing and clinical
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trials leads us to consider two types of filtrations: the minimal and the product. The
minimal filtration is the o—field generated by the bivariate empirical distribution
function F,, which is in turn generated by X1, Xs, ..., X, (cf. chapter 2). The simple
structure of this filtration gives rise to stopping sets that are defined by the contours
of the empirical distribution F,,. The product filtration is the o—field generated by
the indicator functions of each component of our data (cf. chapter 2). This filtration
gives rise to several interesting stopping sets -in addition to those defined by the
minimal filtration-, such as the set [0, (X (li),X (Qj))], where X{) denotes the Ith order
statistic of the sth coordinate of X.

Once we have agreed on the type of stochastic order we are using and a stopping
set is chosen -or we have identified the kind of stopping set we can use given the
filtration used to obtain the data-, we can go back to our original problem and define
a test statistic. If X7, X,,..., X, areiid. Fand Y7,Y5,...,Y;, are ii.d. GG, our test

statistic will be now based on the process
1 m
Gmln()) = =3 I{Yi€ &()},
i=1

where the sets £, (+) are appropriately chosen random sets depending on X1, Xo,..., X,
parameterized in some way. The above leads to a sort of p — p plot and to precedence
tests on R% provided that &,(-) is a stopping set, since we will see that G,,(€,(-)) is
adapted to the underlying data structure; therefore, we will be able to base our test
statistic on partial samples.

In this work we focus on two types of bivariate p — p plots, their asymptotic
behaviour, and their respective applications to tests of stochastic orders. We will see
that, for example, if we are using the minimal filtration, we consider the statistic
Gm(€f~) that gives rise to the one-dimensional p — p process v/m[Gm(£5) — G(EE)],
where ¢ = {z € ®2 : F(z—) < p} for p € [0,1]. Under Hy : F = G, this
one-dimensional p — p process can be regarded as a two-sample version of Kendall’s
process (see [9]). If we use the product filtration instead, we consider the statistic

Gmo (F~(p), F2~(q)) that gives rise to the two-dimensional p — p process /m[G,, o
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(F1~(p), F2-()) = G o (Fy (p), Fy (a))] for (p,q) € [0, 1]%. Under Hy : F = G, this
two-dimensional p — p process can be viewed as a two-sample version of the empirical
copula process (see [22]).

This document is organized in the following way:

In Chapter 2 we will present the definitions of filtrations, stopping sets and
stochastic orders on the line, as well as their respective extensions to the plane that
will be used to construct our tests for bivariate data. Since the problem of comparing
two distributions arises naturally in geographical data and clinical trials, we will be
considering the minimal and the product filtrations.

In Chapter 3 we will first formally define the p — p plots on which we will be
basing our tests. Once we have defined them, we will develop some Glivenko-Cantelli
type of results for those p — p plots. These results, interesting by themselves, will be
helpful when we start talking about the possible applications of our tests.

In Chapter 4 we will explore the asymptotic behaviour of Gm(gf n) -the first of
the p — p plots introduced in Chapter 3-, which is the appropriate statistic to study
when we deal with data which generates the minimal filtration. We will also talk
about specific applications of our test considering two scenarios: when the complete
samples are available and when we deal only with partial samples.

In Chapter 5 we will study the asymptotic behaviour of G,,,(F}~, F27) -the second
of our p — p plots-, which is the appropriate statistic to explore when the available
data generates the product filtration. As in the previous chapter, we will also discuss
applications of this test considering the two previously mentioned scenarios.

It will be seen that copulas play an important role in the development of bivariate
p — p plots. For this reason, we have included an appendix chapter in which we have
gathered some definitions and properties related to copulas. Although by no means
a comprehensive chapter, it has everything about copulas that we make use of in
the other chapters. In particular, we will be using the Farlie-Gumbel-Morgenstern

(FGM) copula to illustrate the theory and techniques developed in this thesis.



Chapter 2

Filtrations, stopping sets and

stochastic orders in %i

In this chapter we will define the concepts of filtrations, stopping sets and stochastic
orders on the line and we will make the corresponding extensions to the positive

quadrant of the plane.

2.1 Filtrations

In this section we will discuss several types of filtrations associated with point processes
on R2 which will be used later to decide if certain random sets are indeed stopping

sets. We start by stating the definition of a filtration on the line.

Definition 2.1.1 Let (2, F, P) be a complete probability space. {F: :t € R} is a
filtration if:

o F, C FVte R, and contains all the P-null sets.
o s<t=F, CF.

o {F} is right continuous: Fy = Fip = Nygsp Fs.

10



2.1. FILTRATIONS 11

Figure 2.1: A, = [0,21] X [0,22], B, = [0, 21] X (22,00), E, = (21,00) x (22,00),

C, = (z1,00) x [0, z3].

To state the definition of a two-dimensional filtration, we will make use of the
usual partial order on R2: z = (21,2;) < (21,2,) = 2 if and only if z; < 2; and

’

Definition 2.1.2 Let (Q,F, P) be a complete probability space. {F,:z € R%} is a
filtration if:

o F. CFVY zeR% and contains all the P-null sets.
. z§2/=>.7:z§.7:2/.
o {F.} is outer continuous: ¥V z € R2, F, = N, F,, for any sequence z, | z.

Since we are working on the plane, all of our points will have two components; the
notation for random variables will be X = (X', X?), and we will use t = (¢;,ty) for
points. Also, we will be using Figure 2.1 to make the explanation of the information

we have available for each filtration at time z a bit clearer.
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Before we start to look at filtrations, we need a couple of definitions. Although

these definitions can be found for a general space in [47], we will only state them here

for R%.

Definition 2.1.3 A set X = {z1,zs,...} of finite and unordered points in R2 is said
to be a configuration. A configuration X C §Ri is said to be locally finite if it places
at most a finite number of points in any bounded Borel set F C R%. The family of
all locally finite configurations will be denoted as N/ = N;é :

Definition 2.1.4 A point process N on %i is a mapping from a probability space
(2, F, P) into N;eé such that for all bounded Borel sets F' C %i, N(F), the number
+

of points falling in F, is a (finite) random variable.

For now, we will start looking at the filtrations in the case where we only have
a single jump point, X. Note that in the case of a single jump point we have that

N[0, 2] = I{X €0, 2]}.

eMinimal filtration, one jump point
The minimal filtration is the o—field generated by the indicator function of our single
point:
FX =0{N[0,2]: 2 <z} =c{I{X €0,2]}: 2 < z}.
Using this filtration we know at time z if our single observation is inside or outside

of A,. If X isin A,, we know its exact location.

eProduct filtration, one jump point
The product filtration is the product of the o —fields generated on € by the indicator

functions of the components of the time X! and X? of the jump X:
Fr=o{l{X'<2}: 2, < 2} QYo{I{X* < 5} 1 2, < &}

Using the product filtration we know in which region X is located. In addition, re-

ferring to Figure 2.1, if X is in A, we know both its components. If X is in B, we
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know its first component and if X is in C, we know its second component.

Now we will do the same kind of analysis in the case where instead of a single

point we have a finite number of them, namely, X, X5, ..., X,,.

eMinimal filtration, n jump points

When working with n random variables, the minimal filtration becomes:
F,=0{N[0,2]:2 <z} = U{Z I{X;€[0,2]}: 2 <z}
i=1

When using the minimal filtration we know how many observations lie in A, and
therefore how many lie outside A,, but not which ones. For the observations in A,
we have their exact locations, but for the ones outside 4, we do not have any other

information.

eldentifying filtration, n jump points
The identifying filtration, as suggested by its name, is the o—field generated by the

indicator functions of X1, X», ..., X,:

Fl=\/FS=o{l{X,€[0,2]: 4 <z}i=1,...,n}

i=1
Note that if we only have one point, the minimal and the identifying filtrations are
the same and this is the reason that we did not mention it before. With this filtration
we know how many and which observations lie in A, and therefore how many and
which ones lie outside 4,. In addition, for the observations lying in A, we also know

their exact locations in the region.

eProduct filtration, n jump points
For this work we will be using the product filtration associated with the identifying

filtration. The product filtration is the product of the o—fields generated by the
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indicator functions of each of the components of the observations Xi, Xs, ..., X,:

FP o= o{I{X!<z}: 2 Szl,izl,Q,...,n}®

z

o{I{X? <z} iz <z,7=1,2,...,n}

This filtration is much larger than the minimal, since we know exactly which obser-
vations lie in the four parts of the plane (A,, B,,C, and E,). If they lie in A, we
know both their components, if they lie in B, we know their first component and if
they lie in C, we know their second component. We have no further information on

those points lying in E,.

The choice of the filtration depends on the kind of experiment we are conducting.
For example, if we are working with medical trials, where each of the components
denote the times that the patients get a certain disease or symptom, the minimal
filtration would be of little use. We would have only the following information: how
many patients get both diseases or symptoms before a certain time, but we would
not be able to identify the sick ones from the rest. If we were using the identifying
filtration we would know which patients got both diseases by time ¢, but we would not
be able to say how many or which ones got only one. If we decided to use the product
filtration, we would have the same information as with the identifying filtration plus
which patients got the first disease by time t; or the second disease by time ¢, and at
what time.

On the other hand, suppose we are working with geographical data, such as the
position of a certain kind of tree in a forest; here, each component of the random
variables denotes a position coordinate (latitude and longitude). Then, the minimal
filtration would be enough, since we do not need to identify one tree from another;
the only thing we are interested in knowing are their positions. This shows that when
we are conducting an experiment we always have to keep in mind the data structure
behind it. Even if we are not performing the experiment ourselves, we must be able

to identify the filtration used to conduct it.
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We have almost finished the discussion on filtrations, except for one last thing: in
order to show that what we have defined are indeed filtrations, we need to verify that
they are outer continuous. Following the method used in [28], we start by proving
a lemma that will help us to prove that the filtrations we defined before are indeed

outer continuous.

Lemma 2.1.5 Let (Q,F, P) be a probability space. Let Fo, F1,F2,... C F be sub-o-
fields satisfying Fo C Fy and FoNHy = FyNH, ¥V k > 1, where {Hy} ts an increasing
sequence in F such that UyHy = Q. Then Fy = N2, Fk.

Proof: i)Fy C NZ, Fi:
Since Fg C F, V k > 1, then Fy C NipF.

)N, Fre C Fo:

Suppose F' € Ng>1F,. Then F € F for each k > 1.

Therefore, since Fo N Hy = F, N Hy 3 Fy, € Fg such that FyNH, = FNH,V k. We
will show that F = liminf F},.

ii.a)F C liminf Fy:

Fo= UL (FNH) = Ul (F 0 (R4, Hy)) = Uny N2, (F1 0 Hy)

= Uzozl ﬂl?;n (Fk N Hk) - hmlnf(Fk N Hk) g hIIllIlfF}c

We conclude that F' C liminf Fj,.

li.b)liminf Fy, C F:

Take any w € liminf Fy. It follows that 3 n such that w € N Fi. Also, since
Hy TQ, 3msuch that w e H, V k > m.

Then we can conclude that whenever k¥ > max(m,n), w € Fy N Hg. Therefore,

w € FN Hy, and so w € F, completing this part of the proof.
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Putting together i) and ii) we get that liminf Fy = F € Fy. ©

Now we can prove that the minimal filtration is outer continuous.

Proposition 2.1.6 Let F, denote the minimal filtration generated by a point process

N. Then, the family {F, : z € R3} is outer continuous.

Proof: Let {z,} € R% be a decreasing sequence such that [0, z] = N,[0, 2,] and {F.}

the minimal filtration. Here, 2, | 2, i.e. 21, | 21 and 23, | 25.

i)]:z C NpF,:
[0,21] x [0,25] = [0,2] C [0,25] ¥ n. Then F, C F,, ¥V n. It is straightforward that
fz - r-\'n-¢'zn-

)N Frn © Fi
For z = (21,2) and 2 = (2}, 2y), let dist(z, 2') = max(|z; — 2], |22 — 23]). For a
closed subset C C 2, and t € R?, let dist(t,C) = infyeodist(¢, ). Then, de-
fine §(w) = min[dist(t,[0,2]) : t € [0,2]°, Ny = 1]. If no such ¢ exists, we define
d(w) = oco. Note that 6(w) > 0 almost surely.

We can choose a subsequence {2y, } such that dist(z, zn,) = max(zp, ; — 21, 2n, , —
z2) < 1/k.

Now let Hy = {w : 1/k < 6(w)}. It is easy to see that if w € Hy, then all the
jump points that belong to [0, z,,] also belong to [0, 2]. Since Hy = {w : §(w) > 1/k}
and = {w : §(w) > 0}, we have that Hy T Q. Since {2,} is decreasing and {z,, } is

a subsequence of {z,}, we also have that N, F,, = Nk F 2, -
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Now we look at the generators of the minimal filtration. Take any [0, a] C [0, zy,].

On Hy, N([0, z,,]\[0, 2]) = N, — N, = 0 holds. Then,

N[0,a] = N([0,a]N]0,z2])+ N([0,a] N ([0, zn,]\[0, 2]))
< N([0,a] N [0,2]) + N, — N, = N([0,a] N[0, 2])
< NJ0,q].

Therefore, N[0,a] = N([0,a] N0, z]) on Hy.
Then V [0,a] C [0, 2,,], we have that NIy, = N([0,a] N[0, z])In, and thus,
H,. N ank = H N F,. It follows from Lemma 2.1.5 that N, F,, C F,.

We complete the proof by putting together i) and ii). ¢

Now we move on to the identifying filtration. Remember that the identifying
filtration {F!} is generated by the indicator functions of the observations inside the
rectangles of the form [0, 2], 2’ < z.

If we have n observations, we can identify this generator with an n-dimensional
vector whose entries are either zero or one. The ith component of the vector is one
if the ith observation is inside a rectangle [0, 2], and zero otherwise. For example,
the vector (0,1,1,1,0,1,0,0,0,1,0) for an arbitrary rectangle [0, z,] would mean that
from our 11 observations, we have 5 inside [0, 2,], namely Y5,Y3,Ys,Ys, and Yio. Let
this vector be denoted by S,. The same proof used to verify the outer continuity of
the minimal filtration can be used to verify that of the identifying filtration. It is
enough to substitute the generators N, by our new generators S,.

Finally, we take a look at the outer continuity of the product filtration.

Proposition 2.1.7 The product filtration F? = o{I{X} < 2|} : 2] < 2,1 =
1,2,...,n}

Qo{I{X2 <z} 12y < 29,5 = 1,2,...,n} is outer continuous.
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Proof: Let {z,} € R% be a decreasing sequence such that [0, 2] = N,[0, z,]. Again,

Zn l z,1e. 210 | 21 8a0d 250 | 2.

)FP C N FE
[0, 21] %[0, 2] = [0, 2] C [0, z,} Vn. Then F? C FP V n and it follows that 77 C N, F? .

)N, FE C FP:
We will be needing two 1-dimensional processes denoted by N! and N? defined in the

following way:

NY(t1) > I{X! <t} and
i=1

N%(t,) = ‘i I{X} < ta}.

Now we define §(w) = min[dist(t, 2) : ¢ € [0, 2]°, Ny,

distance we use is that defined in proposition 2.1.6. If there are no such ¢; and t; we

define d(w) = oo.

.y = Land Nf, , = 1], where the

We can then choose a subsequence {zn,} such that dist(z,z2,,) = max(z, , —
21, Zny, — 22) < 1/k.

Let Hy = {w:1/k < §(w)}. Then all the jump points that belong to [0, z,, ] also
belong to [0, z]. Also, as before, Hy 1 €2, and N, F2 = NgFP

an :
Now we look at the generators of the product filtration. Take any [0, a] C [0, zn, |.

H{X}! <a} ifa; <z
Then Vi, [{X} < a1} = X sa P on Hy
I{Xil S 21} if aq Z 21

I{Xil < al}IHk ifa; <z

Thus, I{X}! <ally, = YV oa <z,
I{le < ZI}IHk if a) > 2

Therefore, V [0,a] C [0, 2,,], we have that I{X} < a1}y, = I{X} < min(ay, z1)}n,.
The same argument applies to every second component, ie. V [0,a] C [0,z2,,],
H{X} < as}ly, = I{X} < min(az, 2)}u,. Therefore, Hy N FE = Hp N FL and it
follows from Lemma 2.1.5 that MF2 C FL.
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Putting together i) and ii) we complete the proof. ¢

To summarize, in what follows we will be focusing on two filtrations associated
with point processes: the minimal and the product filtration. The first data structure

arises naturally from geographical observations and the second from clinical trials.

2.2 Stopping times and stopping sets

This section deals with the stopping sets corresponding to each of the filtrations we
talked about in the last section. First we need some notation and definitions. We

begin with the definition of a stopping time on R,.
Definition 2.2.1 Let {F; :t € [0,k]}, k € Ry be a filtration. A map 7: Q — R s
a stopping time if {T <t} € F, V t.

Since we required our filtrations to be right continuous, we could have defined 7

to be a stopping time if {t < 7} € F,. This issue is addressed in the following lemma.

Lemma 2.2.2 A random time 7 is a stopping time if and only if {t <7} € F, V ¢.

Proof: i)7 is a stopping time = {t <7} € F, V t:
Let 7 be a stopping time, then {t < 7} = {7 < t}° = {U{r <t — 1}}Y € F..

i){t <7} € F, ¥Vt =7 is astopping time:
For all m we have that
{r<t} = n{r—-1/n<t}
= My{r <t+1/n}
= ﬂan{T <t+ 1/n} < ]:t-}—l/m-

Thus, {T < t} € OmFiy1/m = Fi+, and the result follows directly from the right

continuity of the filtrations. ¢



2.2. STOPPING TIMES AND STOPPING SETS 20

Before proceeding to the two-dimensional case, let us make a brief analysis about
what happens when we have observations on the line. Suppose we have n observations
on R, denoted as X, X,,..., X,. For this scenario we would have several stopping
times. For example, since R, is a totally ordered set, we would have no problem
working with the smallest of the observations because it is a stopping time with respect
to the minimal filtration generated by the point process N(t) = > o, I{X; < t}.
Likewise, the kth order statistic X = inf{t : N(t) > k} is also a stopping time. As
we pointed out earlier (see the introductory chapter), there is no natural analogue for
order statistics in higher dimensions, but the situation can be handled if instead of
stopping times we work with random sets. As an illustrative example, we could have
defined a stopping set on R in the following way: [0, 7] is a stopping set if the event
{t € [0,7]} € F: Vt. We see from Lemma 2.2.2 that [0, 7] is a stopping set if and
only if 7 is a stopping time. Therefore, continuing with the example of the smallest
observation, it is straightforward that the smallest stopping set will be, in fact, the
intersection of all our stopping sets, as defined in the preceding lines.

We will now introduce some terminology that will help to define formally the
stopping sets on R%. Let z = (21, 22) and 2" = (2},2,) be two points on the plane.
We will write z < 2’ if and only if 2; < z, and 2, < 2, Conversely, we will write
z>> 2 whenever 2, > 2] and 2, > z,. Also, let A, = {2’ : 2’ < 2} be as in Figure 2.1

and E, = {z' : 2 > z} and D, = E¢, as in Figure 2.2.

The definition of stopping sets, as well as all concepts needed to construct this

definition, were developed in [29].

Definition 2.2.3 A set D C R2 is called a lower layer if the event {z € D} implies
that [0,2] = A, C DV z. The set of all the lower layers will be denoted as L.

Definition 2.2.4 Let {F, :t € R2} be a filtration. A map £ : Q@ — L is said to be a
stopping set with respect to F if {t € €} € F, Vte R2.
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&

Figure 2.2: D, = A,UB,UC,, E, = DY.

Some authors have defined and worked with stopping lines instead of stopping
sets. These two definitions are equivalent in the sense that stopping lines are the
boundaries of stopping sets. For notational convenience, we will use sets instead of

lines.

Definition 2.2.5 Let {F, : t € R2} be a filtration. A map (11,73) : Q@ - R2 isa
stopping time if {T <t} € F, V t.

Observe that since %2 is only partially ordered, we do not have the analogue of
Lemma 2.2.2 in that if {¢t < 7} € F; V ¢ then 7 is necessarily a stopping time, but

the converse is no longer true. We address this issue in the following Lemma.

Lemma 2.2.6 )If {t <7} € F, Vt € R2 then 7 is a stopping time (i.e. the event
{T <t} is Fy-measurable ¥V t).
w)f {1 <t} € Fy Vi€ RN: then the event {t < T} is not necessarily Fy-measurable.

Proof: i)Let T denote the points t € 2 with dyadic coordinates and assume that
{t <7} € F; Vt. We need to show that {r € AY}° = {r <t} € F, V t. Since T is
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a dense set in R?%, we have that V M € N:

{reAf} = Usenacrr {s < 7}
= Um Ugea0nr dgist(s,a)< s {5 S 7}

= Um>m UseAtCﬂT',dist(s,At)S% {5 < T} € ft+ﬁ

Then, {r <t} € NyF,, 1 = F, and 7 is a stopping time.
t+ g

ii)Through F, at time ¢ we know whether 7 € A; (and therefore its location) or
if 7 € AY. However, if 7 € AY we have no way of knowing whether 7 is in F; or in
B, U C; (cf Figure 2.1). As an example, consider the single jump process with the

minimal filtration. Letting 7 = X, we see that {¢ < 7} is not F;-measurable. ¢

At this point the natural question to ask is what kind of sets will be stopping sets
for the filtrations we defined in the previous section. A couple of candidates would
be A, and D,, where 7 is a stopping time. We have the following two lemmas in this

respect.

Lemma 2.2.7 For a stopping time 7 = (11, 72), D, is always a stopping set.

Proof: Note that {1 < t1,72 < t2} = U, e <tiracto it < T1,72 < T2} € Fp
Thus, it is true that {t € D;} = {t € E,;}° = {n < t1,72 < t2}° € F;. Then, D, is a

stopping set. ¢

Although the random set D, behaves nicely, we have from Lemma 2.2.6 that A,
may not be a stopping set even if 7 is a stopping time. However, in some special cases

A, will be a stopping set.

Lemma 2.2.8 Let FP denote the product filtration generated by the random variables
X1, Xa, ..., X,. Also, let X(li) be the ith order statistic from X, X2,..., X} and X(Zj)
be the jth order statistic from X2, X2,..., X2, Ifr = (X(li),X(Zj)), then T is a stopping

time and A, is a stopping set with respect to FP.
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Proof: Recall the notation of Lemma 2.1.7: N™(t,,) = > o I{X]" <tn}, m=1,2.
First we note that, since each of the indicators inside the sums belong to F;, we

have that:

{N'[0,t1) <i— 1} N[0, t2) <4 — 1}

= {(ZI{Xk<tl Z—l}m{ZI{Xz <t})<j-1}

=={ﬂ{ZHﬁsﬂﬂ—MH{ﬂ{ZHﬁsﬂﬂ—m

reQ,r<t; k=1 s€Q,s<ta =1

e Fr.
i)7 is a stopping time:

{r<t}

Il

{X(li) <t} m{X(Zj) <tp}
{N'[0,t1) > i} [ {NV?[0, 8] > j}
= {N'[0,ta] <i— 1} {N*[0,80] <j—1}° € FF.

ii)A, is a stopping set:

{te A} = {t <XhH |tz < X3}
= {N'[0,t) <i—1}(){N?[0,t2) < j—1} € .

When we use the minimal filtration, neither the times 7 = (X iy X 2 )) as defined
in the previous lemma nor the jump times are, in general, stopping times. The
jump times X; = (X}, X?) are stopping times with respect to the identifying and the
product filtrations, but (X (li), X (2])) is a stopping time only with respect to the product
filtration. As it was mentioned before, A, may not be a stopping set with respect
to certain filtrations and this is indeed the case for the minimal and the identifying
filtration. Nevertheless, there exist other sets that are stopping sets with respect to

the minimal filtration and therefore with respect to the larger filtrations as well. These
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sets are the natural separation sets Ly = {z : N(A,-) < k—1} = {z: N[0,2) < k—1},
k=1,2,...,n. If we pick any z € L; the rectangle A, = [0, 2) will contain no
observations, if we pick z € L, the rectangle [0, z) will contain at most one observation,
and in general, if we pick z € L; the rectangle A, will contain at most £ — 1
observations. It is easy to see that {z € Ly} € F,, and therefore, L is a stopping

set.

Comment 2.2.9 The above mentioned filtrations and stopping sets are defined on

R2. This allows us to define a type of precedence test based on partial data.

As we mentioned before (see the introductory chapter) our test statistic will
be based on a process of the form Gn(é.()) = =Y I{Y; € &(-)}, where the
sets £, are stopping sets depending on X;, Xs,...,X,. If our data generates the
product filtration, two appropriate processes to base our test statistic on would be,
for example, Gyn(A,) or Gr(D-), where 7 = (X, X?,). If our data generates the
minimal filtration, it would be appropriate to base our test statistic on the process
Gm(Lg), where the sets Lyg, as defined before, are the empirical counterparts of the

contours of F.

2.3 Stochastic orders

In this last section we will introduce a new stochastic order which will be appropriate
for when we deal with geographical data (and the minimal filtration). We will also
present several extensions of the stochastic order F' < G to distributions on ®2 which
will be used for when we deal with clinical trials (and the product filtration). In the
latter case, we will also give a couple of examples to illustrate why we need to have
different stopping sets for different kinds of experiments.

We start by reviewing the Kendall stochastic order, which can be found in [37].

Definition 2.3.1 Let X = (X!, X?) and Y = (Y1,Y?) be random variables with dis-
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tribution functions F and G, respectwely. Also, let H and H denote the distribution
functions of F(X) and G(Y'). We say that X is less than'Y in the Kendall stochastic
order (X <xg Y) if and only if H(t) > Ht) Vt € R.

To clearly see how this order relates to the one we will be defining later on
to use with geographical data, we need some notation. Let K be any bivariate
distribution function for which we have a random sample of size I. The sets &X
and its empirical counterpart £ are defined as (X = {(z,y) : K(z~,y~) < t} and
Kt = {(,y) : Kila~,y~) < t}. Then, A(t) = P(F(X) < ) = P(X € &F) = F(&F)
and H(t) = P(G(Y) < t) = P(Y € £€Y) = G(¢¢). 1t follows that X < Y if and only
if F(eF) > GEF) Yt e R

We now turn our attention to the H-larger stochastic order, which was developed

in [36].

Definition 2.3.2 Let X = (X', X?), Y = (Y, Y?) and W = (W', W?) be random
variables with distribution functions F,G and H respectively. Also, let K, and K,
denote the distribution functions of F(W) and G(W). We say that Y is H-larger
than X if and only if Ko(t) < K1(t) Y t € R.

For any bivariate distribution K, let ¢& and £tK ! be defined as before. Then,
K\(t) = P(F(W) <t) = P(W € &) = H(¢F) and Ky(t) = P(G(W) <t) = P(W €
£8) = H(&FP). Tt follows that Y is H-larger than X if and only if H(¢6) < H(¢F) v
teR

What we want to do is define a stochastic order similar to the ones defined above.
To do it we will apply an F-transformation on the random variables X and Y, namely,
X = F(X) and ¥ = F(Y). Then, if K and K denote the distribution functions of X
and Y, we have that K(t) = P(X <t) = P(F(X) <t) = P(X € &) = F(&F) and
K(t) = P(Y <t)=P(F(Y) <t) = P(Y € &) = G(¢F). Now that the similarities
with the two orders described previously are obvious, we can define the stochastic

order we will use.



2.3. STOCHASTIC ORDERS 26

Definition 2.3.3 Let X and Y be two-dimenstonal random variables with distri-
bution functions F and G, and let K and K denote the distribution functions of
X = F(X) and Y = F(Y), respectively. We say that X is less than Y in the F-
transformation stochastic order (X <X" Y ) if and only if K(t) > K(t) V t € R.

Having defined the stochastic order we will use when the data we use is filtered by
the minimal filtration, we can see that our test statistic will be based on the empirical
p — p plot G, (€/™); its asymptotic behaviour will be studied in chapter 4.

Now we turn our attention to the type of stochastic order that is appropiate when
the product is the underlying filtration. Recall that V ¢ = (¢1,¢2), we defined the sets
A; =[0,t1] x[0,t2], Bt = (t1,1] X (t2, 1] and Dy = Ef = {[0, ;] x [0, 1]}U{[0, 1] x [0, £2] }
(see Figure 2.1 and Figure 2.2). We will be using this notation as we describe how
the multivariate stochastic orders follow naturally from the usual univariate stochastic

order. This extension can be found in [41].

Definition 2.3.4 A set U C R¢ is called an upper set if s € U whenever s > t and

teU. InR, U is an upper set if and only if it is of the form (¢, 00) or [¢,0), c € R.

Definition 2.3.5 Let X and Y be continuous random variables with univariate dis-
tribution functions F' and G respectively. We say that X is smaller than Y in the
usual stochastic order (denoted X <4 Y ) whenever the following equivalent state-

ments hold:

1) P(X>u)<PY >u)Vué€ (—o0,00).

2) P(X<u)>PY <u)Vu€(—0,00).

i)

(

(

(X 2u) < P(Y 2 u)V u € (~00,00).

P(X €U) < P(Y € U)V upper set U C (—00,00).
(

5) E(Iy(X)) < E(Iy(Y))V upper set U C (—o0,00).
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Proof:(that the statements are equivalent)

1 = 2)Statement 1 is saying that the random variable X is less likely to take large
values than the random variable Y, i.e. that X is more likely to take small values
than Y, which is exactly what statement 2 says.

2 = 1)We have that V u € (—o0, 00),
PX<u)>PY <u) = 1-P(X>u)>1-PY >u)
= —P(X>u)>-PY >u)
= P(X >u) <PY >u).

1 & 3)This is straightforward because we required F' and G to be continuous.

4 = 1)Take any upper set U, it will be of the form (u,00) or [u, 00).

WP(XeU)<PYelU) = PXEe(uo)<PY e (u,00))
= P(X >u) < PY >u).

“W)P(X €eU)<PY €eU) = P(X €[u,00)) <PY € [u,o00))
= P(X>u)<PY >u)
= P(X>u)<PY >u).

3 = 4) i)For every upper set of the form [u, 0c0), we have that

PX>u)<PY>u) = P(X¢€luo0)) <P € [u,00))

= P(XeU)<PYel)
ii)For every upper set of the form (u, c0), we have that

P(X>u)<PY >u) = P(XE(uox)<PY < lu, o))
= P(X € (u,00)) < P(Y € (u,))
= P(XeU)<PYel).
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4 & 5)For any upper set U we have that
P(XeU)<P(YeU) & E(I{XeU}) <EI{YeU}
& E(ly(X)) < E(Iy(Y)).

It is now our aim to extend the above definition from R to 2, and in particular
to R3. In what follows X and Y will be random variables with bivariate distribution
functions F' and G respectively. From the very definition of an upper set, we have

that the natural extensions of (4) and (5) are:
(4) P(X €U) < P(Y € U)V upper set U C R?, and
(5") E(Iy(X)) < E(Iy(Y))V upper set U C #*.
If one of these conditions hold, we say that X is smaller than Y in the usual (multi-
variate) stochastic order (denoted X < Y'). Or if we prefer to define it in terms of
the distribution functions F' and G, the extension would be F(U) < G(U) V upper
sets U C R2.
If we extend (2), we say that X is smaller than Y in the lower orthant order
(denoted X <, Y) if
(2) P(X <t)>P(Y <t)Vte R%or
(2) P(X€A)>PY € A)Vte R
Note that the second inequality applies to §R‘3‘r—valued random variables only. In terms
of Fand G, X <, Y if F(t) > G(t) V t € R?%. It is easy to see that, when F and G

have support §Ri, the appropriate region to work with the lower orthant order is A;.

If we extend (1) (or (3)), we say that X is smaller than Y in the upper orthant
order (denoted X <,, Y) if

(1) P(X>t)<P(Y>t)VteRor
(1Y P(X€E)<PY €ENWtecR or
(1) P(XeD)>P(Y eD)VteR:.
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Note that the last inequality applies to %2 -valued random variables only. In terms
of distributions F and G with support ®2, X <,, Y if F(D;) > G(Dy) (or F(E;) <
G(E;)) holds V t € ®%. Since Ef = Dy, the choice between these two sets when we

use the upper orthant order will depend on the specific kind of data we have.

Comment 2.3.6 Note that, since F; is an upper set, X < Y implies that X <,, Y.

However, the rest of our stochastic orders are not related.

Focusing on the upper and lower orthant orders, we now describe particular
situations in which our test could be useful, along with the stopping sets and the

stochastic order to be used.

eHypertension is a health condition in which the force of blood against the artery
walls is too strong; symptoms include headaches, visual problems and nausea. Sup-
pose that we are asked to prove that a new drug is effective against hypertension.
We design the experiment such that all the participants involved will have high blood
pressure and related symptoms. Half of them will be taking the new drug and they
will act as our F' sample, the rest will be taking placebo and they will act as our G
sample (the so-called control group). For both groups we record the observations as
follows: the first component will be the time when their blood pressure reaches or
drops below an already fixed level, and the second component will be the time when
all related symptoms have disappeared for at least a fixed amount of time. We will
follow the experiment until we can record both times for 20 people in the F' group.
If indeed the drug is working, we expect to have more observations from the sample
F than from G before the end of the experiment, and we will reject Hy to conclude
that F > G (X <, Y). In this particular case it makes sense to use the A region and
the lower orthant order since the components of our observations will be recordings

of time and we will follow the experiment from time zero.

eLeukemia is a disease that makes the body produce abnormal white cells which
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destroy all the other healthy cells (white, red and plaquettes); symptoms usually in-
clude fever, headaches, weakness and night sweats. Suppose now that we are asked to
prove that a new drug is better than an existing one (both combined with chemother-
apy). The experiment is designed so that all our patients will have leukemia and
related symptoms. A third of them will be taking the new drug (they will act as our
F sample) and the rest will be taking the existing drug (they will be our G sample).
For both groups we record the observations as follows: the first component will be the
time when their healthy cell count reaches or surpasses a fixed level, and the second
component will be the time when all related symptoms have disappeared for at least
a fixed amount of time. Suppose the patients go through a series of chemotherapy
sessions followed by a period of rest, all while taking the drug. The chemotherapy
may cause headaches and weakness, so the second component of the observations
cannot be measured with accuracy during the sessions and shortly after. To accom-
modate this condition we will only monitor the patients during the last part of the
experiment. The patients who have an acceptable cell count and have no symptoms
prior to the first check-up will be assumed to have the illness in remission during the
non-check-up time. If indeed the new drug is better than the existing one we expect
to see fewer patients taking the former during our next check-ups, and therefore to
reject Hy. In this case it makes sense to use the F region and the upper orthant order
since we cannot have any observations before the first check-up and their components

are measuring times of occurrence.

eSuppose a new vaccine for hepatitis is found. The ingredients of the vaccine lead us
to think that patients might exhibit fatigue and/or nausea in the month after receiv-
ing the vaccine. Also, if the patient exhibits one of them, it is highly likely that he
or she will exhibit the other eventually. Assume that we are trying to prove that this
new vaccine will not produce any side effects, i.e. that there is not enough evidence

to say that either nausea or fatigue are caused by the shot. We will have two groups
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of patients: the first group will take the vaccine (they will be the G sample) and the
second group will take a vitamin shot (they will be the F sample). The components
of the observations will be once again the time when the patient exhibits fatigue and
the time when he or she exhibits nausea. We will monitor the patients until we can
record 10 patients which took the vitamin shot with at least one symptom; after that,
we will only monitor those patients who showed one of the side effects until they show
the other one. If we are correct, we expect to find only a few observations from both
groups during the first part of our experiment and therefore we will not be able to
reject Hy. This test suggest that we use the D region and the upper orthant order

since the observations are markers for time and the kind of follow-up required.

Before finishing, it is worth mentioning that we outlined the test in an ideal way.
In practice we may be given the data and we may have to choose a different test from
that mentioned here for the purpose of extracting as much information as possible
from the observations we have.

Looking at the upper and lower orthant orders, it is clear that our test statistic
should be based on the empirical p—p plot G,, 0 (F}~, F27); its asymptotic behaviour
will be discussed in chapter 5.

The discussion in this chapter on filtrations, stopping and stochastic orders in
higher dimensions has focused on ®?-valued random variables, and motivates the two
definitions of p — p plots to be studied in subsequent chapters. It will be seen that
these definitions may be applied to arbitrary distributions on ®¢, and so henceforth

we do not restrict our attention to the positive quadrant.



Chapter 3

P — p plots and Glivenko-Cantelli
theorems for multivariate

distributions

In this chapter we will introduce two types of p—p plots for multivariate distributions,
as well as their empirical counterparts. We will also prove a Glivenko-Cantelli type

of result for each of them that will be used in subsequent applications.

3.1 Multivariate p — p plots

Before defining the p — p plots we will be using, we have to go through some of the
notation and assumptions that will be used throughout the entire document.

We will consider n independent identically distributed R%-valued random vari-
ables X; = (X1, X%,... ., XH, X = (X3,X2,....X9),.. ., Xn = (X}, X2,...,X9)
with distribution function F and m independent identically distributed R?-valued ran-
domvariables Y; = (Y}, Y2,..., Y9, Yo = (YL, Y2, ..., YE), ..., Y = (Y.L, V2, ..., YY)

with distribution function G . We begin with some standard definitions.

Definition 3.1.1 The random distribution function which assigns mass % to each X;

32
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is called the empirical distribution function of X1, Xo,..., Xp:

1 n
Fn(.fEl,IEg,...,IEd) = -”;ZI{X} S fl?l,)(i2 S IEQ,...,Xid S .fl)d}.
=1

Similarly for Y1,Ys, ..., Y,

1 m
Gm(y1, 92, ... == {V}<uy,Y?<vy,...,.Y2 <y}
(Y1 Y2, -+ > Ya) mz{z_yl <y i < ya}

i=1
The next theorem we will mention is the classic Glivenko-Cantelli theorem for

empirical distributions on R¢.

Theorem 3.1.2 With probability one, the empirical distribution function F,(z) con-
verges uniformly to the distribution function F(z), i.e. asn — oo,

sup |Fp(z) — F(z)] —as 0.

zeRd
Definition 3.1.3 The multivariate empirical process based on X1, Xs, ..., X, will be

denoted as UL and is defined as UL (t) = \/n[F,(t) — F(t)], for t € R4

Definition 3.1.4 A stochastic process {Z(t),t € R} is called a Gaussian process if
Z(t1), Z(ty),. .., Z(t,) has a multivariate normal distribution ¥V ty,t,,. .., t,.

Definition 3.1.5 A stochastic process {U(t),0 <t < 1} is called a standard Brown-
ian Bridge if it is a Gaussian process such that E(U(t)) = 0 and Cov(U(s),U(t)) =
(sAt)—stV0<st<1.

Definition 3.1.6 A stochastic process {U#(t),t € [0, 1]%} is called a Brownian Bridge
(that depends on a distribution H on [0,1]?) if it is a Gaussian process such that

E{UH(t)) =0 and Cov(UH(s),UH(t)) = H(s At) — H(s)H(t) ¥V s,t € [0, 1]¢.

Before we continue with the definitions we need, we will define the spaces that
will be used throughout the entire document. Given an arbitrary set T' C [0, 00)¢,
the Banach space ¢*°(T) is the set of all functions f : T — R that are uniformly
bounded equipped with the sup norm || f|| = sup, |f(z)|. As usual, C(T) is the space
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of all continuous functions f : T' — R equipped with the sup norm. Furthermore,
D([0, 00]%) denotes the Skorokhod space of functions that are continuous from above
with limits from all quadrants, also equipped with the sup norm.

The following theorem is a well-known result, it can be found in [19].

Theorem 3.1.7 The empirical process UF (t) = \/n[F,(t) — F(t)] based on the ran-
dom variables X1, Xy, ..., X, with distribution function F with support on [0,1]%,

converges weakly in £*° to a Brownian Bridge UF(t).

Now that we have defined the notation we will use, we can focus our attention
on p — p plots. First, let us state the usual (one-dimensional) definition of a p — p

plot.

Definition 3.1.8 Let F and G be the distribution functions of two one-dimensional
random variables. The procentile-procentile, or p — p plot of G against F is defined
as G(F~(p)) for 0 < p < 1, where F~(p) is the left continuous inverse of F and
F~(0) = lim,—o F~(p) = F~(0+).

Our goal is to extend this definition to the d-dimensional setting. We present
two natural approaches. The first involves the contours of a distribution function,

the second is based on marginal order statistics.

Comment 3.1.9 In what follows, we will denote by F' and G the measures generated

by the distribution functions F' and G, respectively.

Definition 3.1.10 Let & = {(z1,22,...,24) : F(z7,25,...,27) < p)} forp > 0
and &' = ﬂp>0§pF. The pth contour of F' is defined as the upper boundary of {5. The
one-dimensional p—p plot of G against F is defined by G(ff) The empirical p—p plot
of G against F is Gm(ﬁfn), where E:" = {(z1,22,...,24) : Fu(zT,25,...,25) < p}
forp>0 and & = ﬂp>0§5". When we use this definition of a p — p plot, we have a

process defined on the unit interval [0, 1).
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Definition 3.1.11 We define the d—dimensional p—p plot of G against F' -using the
marginal order statistics- as G(Fy , Fy ,..., F;). Using this definition, the empirical
p — p plot of G against F will be G, (FL~, F2,...,F%7). In this case, we have a
process defined on [0,1)¢.

3.2 Glivenko-Cantelli results for bivariate p—p plots

In this section we will present some Glivenko-Cantelli theorems for the p — p plots
we defined in the previous section, as well as for some other closely related statistics.
For notational convenience, the theorems are presented for distributions on R?, but
all results are valid for R

We start by looking at the one-dimensional p — p plot: G (55 ).

In what follows, we assume that sup, , |Fn(z,y) — F(z,y)| = 0V w € Q, where
P(€)) = 1. To prove the Glivenko-Cantelli result we want for G,(¢*) we will be

using the following lemma.

Lemma 3.2.1 Fiz w and assume that for n = n(w) large enough, we have that
sup, , |Fn(z,y) — F(z,y)| < ¢, where F' is a continuous and strictly increasing dis-
tribution function on R2. Then, V 0 < p < 1 the following inclusions hold: 55_6 -
e c e

= Spte-

Proof: Since |F,(z,y) — F(z,y)| < sup,, |Fa(z,y) — F(z,y)| < €, we have that V
T,y

IF"(x’y) - F(SL‘,y)' <€
& —e< Fy(z,y) — F(z,y) <e

& —e+ F(z,y) < Fulz,y) < e+ F(z,y).

Dée S &

To prove the first inclusion we take (z,y) € &, and we show that (z,y) € ™.
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(z,y) € &
= Flz™,y7)<p—ce¢
= F(z7,y ) <e+Flz ,y )<p
= Fu(a7,y7) <p
= (z,y) €&

ii).ff” < zf-i-e:

To prove the second inclusion we take (z,y) € .55", and prove that (z,y) € 11:+e'

(z,y) € &"
= F.(z7,y7)<p
= —e+ F(z,y ) < Fa(z™,y7) <p
= Flz-,y7)<p+e
= (2,9) € &

Before we continue, we would like to talk a little about Kendall distribution

functions (see [37)).

e If X! and X? are two continuous random variables with joint distribution func-
tion F, then the Kendall distribution function of (X!, X?) is the distribution
function of the random variable F(X!, X?), i.e. KF(t) = P[F(X',X?) <] =
P[(X', X?) € §] = F(&).

e Given a sample (X}, X?), (X3, X2),...,(X}, X2) from a distribution F, the em-
pirical Kendall distribution of F' (i.e. the Kendall distribution of the empirical
distribution F,) is defined as F,,(§™).
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e Thus, the p — p plot G(fff) is, under Hy : F' = (G, a two-sample version of the

Kendall distribution function.

The following theorem will become useful later when we talk about the possible
applications of our tests, depending on the information we have available. It is easily
seen from the discussion above, that it can be regarded as a Glivenko-Cantelli theorem

for the empirical Kendall distribution function of F' .

Theorem 3.2.2 Let F' be a continuous and strictly increasing distribution function
onR2. For any 6 >0 and ¥V w € ', where P(§)) = 1, there exists n(w) such that ¥
n > n(w)

sup [F(€") = F(E5)] <

0<p<
Proof: Lemma 3.2.1 gives us that for fixed w € Q' and n = n(w) sufficiently large,
{5_6 C {5" - {5 e holds V p, 0 < p < 1. Since the empirical distribution function F,

is increasing, it follows that for large enough n,

Fn(ff_e) < Fn(ff") < Fu( z}:+e) and therefore,

Fo(g_) = F(&§) S Fa(§™) — F(&§)) < Fuléyd) — F(&)- (3.2.1)
On the other hand, Fn(gg) =30 H{X; € {f:} = 23" H{F(X;) < p}, so
F.(¢&) = K.(p), where K, denotes the (univariate) empirical distribution function

corresponding to K, the distribution function of F(X) (i.e. K(p) = F (&F)). There-

fore, from Theorem 3.1.2 we have that V n = n{w) large enough

sup |Fn(&) — F(¢)] <e. (3.2.2)

0<p<1
Equation 3.2.2 implies that F—e < F,, < F'4+¢ and thus combining Equation 3.2.1
and Equation 3.2.2 we get that V n = n(w) sufficiently large

F(& ) —e—F(&) S Fu(6) - F(g) < F(gf) +e— F(E),
and therefore that

1Fu(&™) — F(E)] < [F(&5p0) — F(§-0)] + 2. (3.2.3)
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But, since K(p) = P(F(X) <p) = P(X € &) = F(&) is a continuous distribution
function over [0, 1], it is uniformly continuous in p and so for any § > 0, an € > 0 can
be chosen such that

4]
sup. |F(&e) — F(E_ )| < ¢, where e < 3 (3.2.4)

pte
0<p<

Finally, combining Equation 3.2.3 and Equation 3.2.4 we get that V n = n(w)
large enough,

sup |Fn(§£") — F(§£)[ < 3e <.

0<psl

The following theorem is a two-sample version of the previous one.

Theorem 3.2.3 Let F and G be continuous distribution functions on R? and assume
that F is strictly increasing. For any § > 0 and ¥V w € ', where P(Q)) = 1, there
ezist n(w) and m(w) such that ¥V n > n(w) and m > m(w)

sup |Gn(€") — G(EF)| < 6.

0<p<1

Proof: Lemma 3.2.1 gives us that for fixed w € Q and n = n(w) sufficiently large,

g ce C el holdsVp, 0 <p< 1. Since the empirical distribution function G,

is increasing, it follows that for n large enough,

Gm(&f-) < Gm<§£") < G 5+€) and therefore

p—e

Gml(€l) = G(ED) < Gn(€l) — G(EF) < Gml(€l,) — G(ED).  (3.2.5)

Let G(&) = 237 I{Y; € &y = LS I{F(Y;) < p} be as in the preced-
ing proof, so Gm(ﬁf ) = Kn(p), where K,, is the (univariate) empirical distribution
function of F(Y) (i.e. K(p) = G(&))). Therefore, from Theorem 3.1.2 we have that

V' m = m(w) large enough,

sup [Gm(ff) - G(éf)\ <. (3.2.6)

0<p<1
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Equation 3.2.6 implies that G — ¢ < G,,, < G + ¢ and thus combining Equa-
tion 3.2.5 and Equation 3.2.6 we get that V n = n(w) and m = m(w) sufficiently

large,

G(&ed) — €= G(§)) < Gu(&™) = G(§) < G(gL) + €~ G(&),

p—€ pte

and therefore that

Gm(&™) = G(§)] < 1G(&4e) — G(E_ )] + 2. (3.2.7)

pte

But, since K (p) = P(F(Y) <p) = P(Y € &) = G(£]) is a continuous distribu-
tion over [0, 1], it is uniformly continuous in p and so for any § > 0, an € > 0 can be
chosen so that

)
sup |G(&.) — G(€]_.)| < ¢, where € < 3 (3.2.8)

0<p<1

Finally, putting together Equation 3.2.7 and Equation 3.2.8 we get that V n =
n(w) and m = m(w) large enough,

sup |Gm(§f") — G(&f)l <3e<é o
1

0<p<

We will now move on to the bivariate p — p plot: G(Fy, F; ).
Although we have included an appendix that has all the definitions and properties
related to copulas that we make use of, we will mention a couple of copula-related

concepts here.

e A copula C can be regarded as a distribution on [0, 1] with uniform marginals.

o CP(u,v) = F(F[ (u), F; (v)) is a copula for any continuous distribution F with
1 2

marginals F; and F3.

e Given a sample X, Xs,..., X, from a distribution F', the empirical copula is

defined by C (u,v) = F,(E}~(u), F2~(v)).
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Thus, it is easily seen that the empirical p — p plot can be viewed, under Hj :
F = @, as a two-sample empirical copula. For this reason, we will start by proving a
Glivenko-Cantelli theorem for empirical copulas. We start with the following lemma

which is a well-known result (see [35]), but we are including it here for completeness.

Lemma 3.2.4 The copula C satisfies a Lipschitz condition of order 1:

IC(p,q) = Clu,v)| < V2[l(p,9) — (u,V)l,
where || - || denotes the Euclidian norm in R%, ie. ||s,t|]] = ||(s1,52), (t1,t2)|| =
\/(81 — t1)2 + (82 — t2)2.

Proof: First we note that V z,y € ® we have that 2(z* + y*) > (z + y)?, from which

it follows that v/2y/22 + 32 > |z + y|.

In what follows, we will also make use of the fact that the copula is a distribution

function with uniform marginals. We have that:

IC(p,q) — Clw,v)] = |C(p,q) — Clu,q) + C(u,q) — C(u,v)|
< [Clp,q) — Clu,9)| +|C(u,q) — C(u,v)|
< |C(p,1) - Clw, 1) +1C(1,9) — C(1,0)]
= lp—ul+|g—v
< V2V - u) + (g - v)?

= V2/l(p —u,q )]
= V2/|(p.q) - (u,v)]|.

The following theorem is most likely known; however, we have been unable to

find a proof in the literature.

Theorem 3.2.5 Suppose that (X1, X?), (X2, X2),... are independent and identically
distributed with continuous distribution F and copula CF. If CF is the empirical

copula, then sup, 4/CE(p,q) — C¥(p,q)| —4.. 0
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Proof: We start by noting that:

s;f}cf(p,q)—CF(p,q)l = S;lfIF W(Fa(p), FE(q)) — F(Fy (p), F5 (9))]
| = swp|F(F (). F2-(0)) = F(FY (0), F2(0)
& F(F- (), F~(9) - F(Fy (), Fr (@)
< sup |Fo(Fy(p), Fa(q)) — F(F,~(p), F¥ ()]
' up PR (p), F2~(a)) = F(Fy (9), F5 (@)

= 8;15) |(F, — F)(F;_(P), F,f_(q))|

s

0
+ sup ICF(R(F)~(p), RR(F2(9))) — CT(p, ).

/

)
We know from Theorem 3.1.2 that (1) —,, 0.

Since we proved in the previous lemma that the copula satisfies the Lipschitz

condition, we can further bound (2) as follows:
(2) < sup V2(l(Fu(Fy(p), Fo(F2 (@) = (P9
< sup V2IR(F, (p) — 9l +sup V2IE(F(g) -

> - 7

@) @
We will only show the way to handle (3), since (4) is managed similarly.

(3) = Sgp\/ilFl(Fﬁ_(P))—Fn( " () + Ep(Fa(p) — pl
sup V2|Fi(F)(p)) — Fa(Fa(p)| +sup V2|Fi(Fa~(p) — p|.

v \ s

IN

(5) (6)
Again, Theorem 3.1.2 gives us that (5) —

On the other hand, since Fl(z) = IZ_PI if X{ppy £ 7 < X(jppny a0d Fy7(p) =
X (1[np]), we have that:

© = supvalZ
= sup\/§|[np]—n—mz[—>0.
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The convergence of (5) and (6) imply that (3) —, 0 (and therefore (4) does

t00), so it is also true that (2) —,, 0. This completes the result. ¢

Before we can proceed with the Glivenko-Cantelli theorem for G(Fy, F5 ), we

will prove a lemma that we will need to prove the desired result.

Lemma 3.2.6 Let X1, Xa,... be (univariate) independent random variables with a
common distribution function F that is continuous and strictly increasing on its open
support, and let G be any continuous distribution function. Then, for any 6 > 0 and
VweQ, where P(Q) =1, there exists n = n{w) such that ¥V n > n(w),

sup |G(F,; (p)) — G(F~(p))| <é.

0<p<l

Proof: Fix w € Q' and as in the proof of Lemma 3.2.1, for n = n(w) large enough,
sup, |Frn(z) — F(z)| < € and —e+ F(z) < F,(z) < e+ F(z), V . This last expression,
combined with the definitions of F,; and F~ givesusthat VO <p <1, F-(p—¢) <
F.(p) < F~(p+ ¢€) holds.

Thus, for n = n(w) sufficiently large we have that V0 <p <1:

Fp—e)<F,(p)<F (pte)
= GF (p—¢) <GF,(p) <GF (p+e)
= |G(F, (p)—-GF (p)| <GF (p+e)—GF (p—-¢).

The result follows from the fact that GF~ is continuous. ¢

We are finally ready to present the Glivenko-Cantelli theorem for the p — p plot
Gy~ (), F ().

Theorem 3.2.7 Let (X}, X?),(X3,X2),... be independent with common distribution
function F and let (Y}, Y?), (Y3, Y3),... be also independent with ditribution G. If
Fi, Fy and G1, Gy are the marginals of F and G respectively, then for any § > 0 and
VweQ, where P() = 1, there exist n(w) and m(w) such that ¥ n > n(w) and
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m 2 m(w),
sup |G (F, ™ (p), ™ (9)) — G(FY (p), F5 (9)] < &

0<p,g<1

Proof: We have that:

Ogﬁqum( “(p), F27(9)) — G(FT (p), F5 (9))]

= Oj;lqp<1| Gm(Fy ™ (p), F2 () — G(F,(p), F2(9))

+ G(F,(p), F2(q) — G(FT (p), F5 (9))]
)

< supi m(Fy~ (), Fr(9)) — G(Fy~ (), By (9))]

i p IG(F (), F>(q)) — G(Fy (9), Fy (a))
= s (G = G)(F, ™ (p), ™ (0))]

+  sup |CY(G1(F,(p)), Go(F () — CE(G1(FT (p)), Ga(F7 ()] -

0<p,q<1

@)

From Theorem 3.1.2 we get that for ¢ = ¢ we can find m = m(w) large enough

3
so that (1) < e.
On the other hand, since the copula satisfies the Lipschitz condition, we have
that:
(2) < suwp V2(Gi(F (), Go(Fm(0)) = (Gi(FT (p), Ga(F5 (0)))]

0<p,g<1

< sup V2IGi(Fy(p) - Gi(FT (9)]

0<p,g<1

)
+  sup \/_le( ())—G2(F2_<CI))|~

0<p,q<1

@
In the previous lemma we showed that for € = % we can find n = n(w) such that

both (3), (4) < €. Therefore (2) < 26, and that completes the proof. ¢



Chapter 4

Asymptotic behaviour of G, (§,")

and applications

In this chapter we will develop the asymptotic behaviour of the p — p plot Gm(fzf "),
as well as some applications of this result. This is the appropriate process to study
when the minimal filtration is the one generated by the available data. In order to
obtain the desired limiting distribution, we will be closely following [9], where Barbe,

Genest, Ghoudi and Rémillard studied the weak convergence of Kendall’s process.

4.1 Limiting distribution

Although some of the notation we will be using was described in chapter 3, we will go
through it again here for the sake of convenience. X;, X»,..., X, and Y1,Y5,...,Y,,
will be random samples from continuous bivariate distribution functions F' and G
with marginals F}, F; and G, G, respectively. The sets &™ and & are defined
as & = {(z,y) : Fo(e™,y7) < t} and &F = {(z,y) : F(z™,y™) < t}. Also, let
X = F(X) and Y = F(Y) be random variables with distribution functions K and
K,ie K(t) = P(F(X)<t)=P(X e¢) = F(EF) and K(t) = P(F(Y) < t) =
P € ¢f) = G¢f), and densities k and k, respectively. We are interested in the
behaviour of the process ay,m(t) = /m[Kym(t) — K(t)], where K, ,(t) is defined as

44
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Kom(t) = 5 EL H{E(V:) <t} = S XL H{Yi € §7) = Gu(&™)-

Although the results developed in this section can be extended to R¢ as in [9]
(which we will be closely following), for the sake of clarity we will restrict ourselves
to bivariate distributions.

The following assumptions will be made on the distribution functions F' and G.

They are analogues of Hypotheses I and II in [9)].

Assumption 1)The distribution functions K (t) = G(¢F) of Y and K(t) = F(¢F)
of X admit continuous densities k(¢) and k(t) on (0,1] respectively, that verify

k(t) = o{t™3 ln“%"(%)} and k(t) = o{t™3 ln_%_‘(%)} for some € > 0 ast — 0.

Comment 4.1.1 Note that if K (t) admits a continuous density k(¢) on (0, 1] verify-

1

ing k(t) = oft™2 In"27¢()} for some € > 0 as t — 0, and the distribution functions F'

g(z,y)
f(zy)

then K(t) = fgtp g(2)dz < fgtp cf(2)dz = cK(t), and we would not need an additional

and G have densities f and g respectively, such that sup, ,

< ¢ for some ¢ < 00,

restriction for K(t), as we have in assumption 1.

Assumption 2)There exists a version of the conditional distribution of the vector
Y* = (Fi(Y?), Fo(Y?)) given F(Y) = t and a countable family P of partitions C of
[0,1]* into a finite number of Borel sets satisfying infeep maxgee diam(C) = 0 such

that V C € C the mapping
t— u°(C) = k(t)P{Y" € C|F(Y) = t}

is continuous on (0,1] with u2%(C) = k(1)I{(1,1) € C}.

Comment 4.1.2 Defining the pseudo-variables X*,Y* as X* = (Fy(X?"), F5(X?))
and Y* = (Fi(Y"), Fo(Y?)), it is easily scen that K,m(t) = K}, (t), where K
is defined as above using the pseudo-variables X7, X5,..., X and ", Y5,..., Y

m

instead. Since X* has distribution C¥ and Y* is a random variable on [0, 1]?, we may
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assume without loss of generality that F' is a copula and that G is a distribution on
[0,1]?. The assumption that F is a copula implies that Y* =Y = (Y!,Y?) in what

follows.

The main result of this chapter is the following theorem, which defines the as-

ymptotic behaviour of o, .

Theorem 4.1.3 Under assumptions 1 and 2, and if = — X\ as m,n — oo, the empir-
ical process au, m(t) = /m[Kym(t) — K(t)] converges in distribution to a continuous,

centered Gaussian process « with zero mean and covariance function

L(s.t) = GEF NER) — G(eNGIER)
n A// (2 N 2) = F(2)F()uFC (d2)ub (7).

Moreover, fort € [0, 1], the limiting process has the following representation in terms
of the weak limits UY of /n(F, — F) and U® of /m(Gr — G):
a(t) = UC(EF) — VX UF(2)ufC(dz). (4.1.1)
[0,1]?
Before proceeding with its proof, we will prove a series of results that will be

needed to show the required convergence.

Lemma 4.1.4 i)The process anm(t) = Vm[Gm(&[™) — G(EF)] can be expressed as
nm(t) = Bim(t) + Yam(t), where

Br(t) = vm [—ZI{Y<t} G(¢F)] and

Yrm(t) = sz:[{F Y;) <t} — I{Y; < t}].

w)If (F, — F)* and (F, — F)~ denote the positive and negative parts of (F, — F),
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then we have that Ynm(t) = 6nm(t) — €nm(t), where

Snm(t) = ZI{t<F ) <t+ (F, — F)~(Y;)} and

enm(t) = —\/—m—;I{t—(Fn—F) (V;) < F(Y;) < t}.

Proof: i)anm(t) = Bm(t) + Ynm(t):

The result follows when we express 3,,(t) and v, () in terms of G,

fnlt) = m% Zf{fc <1} - G

() = fZ[f{F ) <t} — I{¥; < t}]
= Vm[Gn(&™) = Gul(&)).

) Yn,m(t) = Onm(t) — €,m(t) :
We have that:

(6n,m - En,m)(t)
= LS Kt < F(Y) < t+ (Fy - F)(¥)}

Vi
- ZI{t— E,— F)Y(Y)) < F(Y}) < t}]
- %[i I{t—(F, - F)~(Y) < F(Y;) — (F, — F)"(Y;) < t}

- ZI{t<F )+ (Fo— F)T(Y)) <t+ (F, - F)*(¥)}]

_ ;/l—m[g”t (Fu = F)(¥5) + (Fn = F)*(¥0) < F(¥)

— (Fy— F)(Y) + (Fa— F)*(Y) < t + (Fa — F)*(¥)}]
- ﬁ[z I{t — (Fy — F)~(Y;) < F(Y)) + (F, — F)*(Y))

= (Fo=F)"(Y) <t + (Fo— F)*(Y3) — (Fn — F)~(Y)}]

47
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@) | Tum(®) | Teum(®) | 1(6nm — o) ()
F (Y)<tand| 0 0 0 0
P < ¢
F.(Y;) <t and 1 1 0 1
F(Y;) >t
F.(Y;) > t and -1 0 1 -1
P(Y) <t
F.(Y;) >t and 0 0 0 0
F(Y;)) >t

Table 4.1: Ypm(t) = Snm(t) — €nm(t)

= LI+ (R F)) < () + (B~ F)Y) <

E4 (B~ FYY)) = STt~ (B F)-(¥) <

=1

F(Y) + (Fo = F)(Yi) St 4 (F — F)(Yi)}]
1
vm

S (- (By - F) (%) < (YD) < t4 (Fe — FY(YD}

S 14t 4+ (B — F)(Y) < Fu(Y) < t4 (Fa = F) (V)

Let Jwy,m(t) denote the indicator of the process wy, i, (¢). For each Yi, ¢ = 1,2,...,m
consider the cases shown in Table 4.1.

It becomes clear that ¥, ,,(t) can be rewritten as (6nm — €nm)(t). ©

Comment 4.1.5 We know by Theorem 3.1.7 that 8,,(-) converges weakly to a Gaussian
bridge U¥ () with covariance function K (sAt)—K(s)K (t) = G(FneF)~G(eFG (D).

Since the asymptotic behaviour of 3, is known, we will focus our attention on

the process ynm (and therefore on 6, ., and €,,,). We will consider the behavior of
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Yn,m il two separate cases: when ¢ is bounded away from the origin and when ¢ is in

the neighborhood of the origin. Following [9], we start with the former.

Lemma 4.1.6 The following quantities converge in probability to zero for any 0 <
to < 1:

iUt [Onm () = L2 fio.pp VAUFn = F) (2)u] ¢ (d2)].

1)SUPyy i< €n,m(t) — ff[o 12 V(Fn = F)*(2) ¢ (d2)].

ii)5UPry<yer i (D) + YE fiy o /(Fa — F) (2P (d2).

Proof: iii)If i and ii are true, then:

vm

20 Fn®) + 0 [ R, - P ()

= 5 Banlt) = eamlt) = L2 VA= FY @)
\/m + PG
— n(F, — F)"(2)u " (dz

Ry IR C RN O]

< s ) = L2 VA= )l

* tOSEEIIGn,m(t) \/_ﬁ [0,1)2 V(Fy = F)*(2)p % (d2)] — 0.

ii)The proof of ii is analogous to that of i (below) and therefore omitted.

i)For any element C' of a partition C = (C;)j_, € P, define

Inj = inf n(F, — F)"(y),

yeC. 7
Sn; = supvn(F, — F)"(y),

yeC;

emo(t) = \/_[—ZI{F <t,Y;€C}-PFY)<tY e(C)], and

Spmy(t) = \/_Zf{t<F V) <t+ (F, — F)~(Y;)}{Y; € C;}.
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Then,

For1 <3<

5n,m,j (t)

IA

- Z% i[{t < F(Y;) <t+(F,~ F)~(Y)}H{Y; € Cj}

:\/_Zf{t<F ) <t+(F,—F)~ }ZI{YGC}

= Jpm(t).

\/_Zl{t<F Y;) <t+(F,— F)"(Y,)}H{Y; € C;}

7_T;ZJ{KF(Y) <t+-——}I{Y € C;}

\/_
6mC,( f/—) EmCJ +\/_/ C])ds
%w+g>%wwﬁj ww@wﬁ%W@
FG(ryq VT
Ly (C])SH7J\/T_Z

S

[%@@+Jﬁwfm:w+¢—/ * () = e s

7n
S0 Y~ [ R(Fs = FY (a2
Cj

GJWﬂfFY@ﬁWM>

man(t + 222 )%m]ﬂr/ * WEo(Cy) - (s

[ﬁﬂcm@j: j:mmmw»

[ VmE = Py @),

50
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An analogous argument gives us that

%) ~ Emc; ()] + vm /t T WPe(Cy) - uPS(Cp)ds

NG e
(C)S,J\/— \/— ,Jt (])]+ Cj\/_(Fn F)~(2)pe " (dz).

For arbitrary C € C, the finite-dimensional distributions of the pseudo-empirical

Onm,i(t) 2 [Emc;(t +

[Nt

process €, ¢ converge in law to those of a Gaussian process on [0, 1] with mean zero

and covariance function P(Y € C,F(Y) <tAs)— P(Y € C,F(Y) < t)P(Y €

C,F(Y) < s). Moreover, since it can be shown that &, ¢ is tight, it follows that &, ¢

converges in distribution, as m — oo to a continuous Gaussian process (for details,
see [9]).

Furthermore, \/n(F, — F) converges in £°[0, 1]* to a continuous Gaussian process

U = (UM)*—(U")". Therefore, I,; —=p inf.ec;(UT)™(2), Sn; =D sup,ec,(UT) ™ (2),

Ing

W—»pOand

"J

But then, since the €, ¢, are tight, and r is fixed, we have that the processes

0<t<1

I,
p711,m = Z Sup |€mC](t+ \/—) _Sm,cj(t)l’ and
0<t 1

Sn
2
Ernm = Z sup ‘emcj(t-{'- \/ﬁ) —Em,cj(t)!

both converge to zero in probability.

Also, since pf"%(C;) is continuous for s € [ty, 1], we have that for 0 < ¢y < 1, the

processes
S_";_i
Phm = Vm Z sup | f T (uPe(Cy) - uPC(Cy))ds| and
to<t<1
ying
P = \/_Z s<utr<>ll T (Wh(Cy) - uPE(Cy))ds|
0

converge in probability to zero.
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Finally, consider @], as defined below:

Pom = 2 Z sup |ui % (Cs)Sns — st (Ci)In

Y to<t<t
- @Z sup uP(Cy)| sup VR(Fa — F)(21) = inf vA(Fn — F)(22)]
\/T_l ‘=3 to<t<1 z1€C; #2€C;
< VI Zsupu (€)) sup VAl(E, — F) () — (Fa— F)~(2)]
TL t0<t<1 21,22€Cj
< vm

T sup k(t) max sup Val(F, = F)(z) = (Fa = F)(a2)]

to<t<1 1<5<r 21,22 ECJ

< Y2 sup KOw{VA(F, - F)", jaax diom(C,)},

where w{f, s} = Sup,, .,c0.112 21,155 [ (21) — f(22)].

Since & — X as n,m — o0, it is possible to make . arbitrarily small with
probability arbitrarily close to 1 when n and m are large by choosing a partition with
an appropriate mesh.

Then,

51 [6nn(t) - “—ﬁ VA= Py ()

=  sup |Z§nmg(t Z \/_ Fo—F) (2 ),uf’G(dz)’

to<t<1 =1
< max(p}, n, Pom) + maX(pn,m, Prm) + Fom

—p 0.

Lemma 4.1.7 The restriction of the process vnm(t) to the interval {to, 1], 0 <ty <1,

converges in law to a centered, continuous Gaussian process having the representation

—VA Joe UP(2)uC (dz).

Proof: There exists a continuous version F, of F, such that SUP,¢(0,1)2 |Fp(2) —

Fo(2)] < £ and /n(F, — F) —p U in C[0,1]%.
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Also note that:

sup | V(F, = F)(2)u % (d2) - V(F, = F)(2)i% (d2)]
to<t<1 Jo,1]2 [0,1]?
k(t
< sup ﬁ
to<t<1 V1

But in view of Lemma 4.1.6, it is enough to show that for any f € C[0,1]? the
function t — f[OJ]Q F(2)uf(dz) € Clto, 1]. If that is true, then f f{O’I]Q F(2)ufC(dz)
will be a continuous functional from C[0,1]% to C[to, 1].

Given a partition C = (Cj)7_; € P, we have by hypothesis that the function
t - pl ’G(C’j) is continuous on [tg, 1] for any 1 < j < r. Then, for any sequence ()
in [t, 1] converging to t:

L = limsup/f(z)utl (dz) <Zu ;) sup f(z) < oo and

l—o0 zeCJ

Lzhmmf/f Y(dz) >Z,uFG C;) inf f(z2) > —o0.

zECJ

Therefore,

= ZECj ZECJ
< Y wS(C)) sup |f(z) = f(z)|
j=1 21 ZQECJ
< k(t)w{f, maxdiam(C;)}.
j

Since the above does not depend on the partition chosen, L = L and the result

follows from the fact that 2 — X asn,m — oco. ©

To prove our next lemma, we will make use of the following result, the proof of
which can be found in [9] (corollary, page 215) and therefore is presented without
proof.

Lemma 4.1.8 Let ¢(t) = \/_lnp(%) and for arbitrary M > 0, 1 < 2p < r and an

integer n > 1, let Hom = {sUp,.p(o)>s, f%%@ < M}, where t, = lirg’l If
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k(t) = oft™1/? ln"l/z_f(%)} ast — 0, then

lim liminf P(H, ) =1

Moo n—ooo

and as n — 00,

E - F
sup ‘n(z)

2 F(2)>ty F Z)

(@)l < Mlnp_r/z(n) — 0
when Hy, pr 1s realized.
In the next lemma we consider the behaviour of v, ,, in the neighborhood of the

origin.

Lemma 4.1.9 For arbitrary p > 0, one has:
i)limyy o imsup,, ,, oo P(SUPg<i<t, Onm(t) > p) = 0.
4 )limgy o lim SUD,, 7, o, P(SUPg<s<4y €nm(t) 2 p) = 0.

10 )limy, o imsup, o0 P(SUPo<i<s, [Vaym (t)] = p) = 0.

Proof: iii)If i and ii hold, then:

lim limsup P( sup |m(t)] = )

t0—0 nm—ooco 0<t<tp
= lim limsup P( sup |0,m(t) — €nm(t)| = p)
to—0 70,1M— 00 0<t<ty

< lim limsup P( sup |0,,,(t)] = p) + tlim limsup P( sup |enm(t)| = p)
0—'

t0—0 n,m—oo 0<t<tqg n,Mm—00 0<i<to

= 0.

ii)The proof of ii is close to that of i (below) and therefore omitted.

i)Choose p and r such that 1 < 2p < 7 < 1 + 2e. Since P(A4) < P(AN B) + P(B%)

for any events A and B, for given p > 0:

P( sup 6n,m(t) 2 P) .<_ P( sup 6n,m(t) Z 2, Hn,M) + (1 - P<Hn,M))

0<t<to 0<t<to
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Since 1 — P(H, ) can be made arbitrarily small by choosing M large enough,

it is enough to show that
limsup limsup P( sup 6nm(t) > p, Hyp) = 0.
tp—0 n,m—o0 0<t<to

Proceeding as in [9], first note that {F,(YV;) <t < F(Yi))} = {t < F(Y;) <
t+(Fn—F)(Y;)}. Then, observe that if H, 5 is realized, we have that (F,,—F)™(z) <
|Fp—F|(2) < 242 Therefore, the event Hy 1 N{t < F(Y) < t+(F,—F)~(Y)}Nn
{F(Y;) > t,} is equal to the event H, ,y N{t < F(Y;) <t + =q[F(Y)]} n{F.(Y;) <
t< F(Y)}n{F(Y;) > t,}.

Now take n sufﬁciently large such that M In”~"/?(n) < 1. It follows from Lemma
4.1.8 that sup,. p(.)>s, | £l F(Z) — 1| = sup, . p()>t, B -FE)| < 1, implying that ) >

F(z) FYy) =
1 ie. Hom N{F(Y;) >t} C {%1//)) > 1} Tt then follows that

Hope V{FA(Y:) < t < FY)} N {F(Y)) 2 1.}

C {R() <t< PN (e 2 3}

<t< F(Y;)} C {F(Y) < 2t}.

)

={2

Putting these two facts together, we get that H,p» N {t < F(Y;) < t + (F, —
Fy-W)In{FY;) >t} c{t<F(Y;) <t+ %q(%)}, an inclusion that will be used

in the following set of inequalities.

The following inequalities hold when H,, 5 is realized:

Opm(t) =

NE

H{t< F(Y;) <t+(F, - F)~(Y))}

IA
M §

S- 3l 3= 3l
NE

NE

I{t < F(Y)) < t + (Fo — F)~(Y)}{F(Y) > t,)

.
I
=

H{F(Y;) < tn}

1

.
il

IA

1I{t<F(Y) <t+% (2t)}+TZI{F ) < to}

T
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:\/_ZI{FY)<t+T g(2t)} — ZI{F ) <t}

z—l

+ \/_ZI{F ) <t}

Bt + %qm» K %qatm ~ [Bult) + VK ()]

+  [Bm(tn) + VMK (t,)]

Bt + VK (£)] + ({2 + %q@t» — Bnl®)

+ VAmlK(t+ —2a20) - K]

t

If we define

an = Oiltlgo |G (t + % (2t)) — Bm(t)| and

0<t<tg

o7 = sup K+ %q@t» _K(),

then

P(sup bunlt) 2 poHosa) < P(Buta)l = )+ PO/MEK (t) 2

0<t<tp

e )
S

+ Pl 2D+ Pl )
and it remains to show that each term can be made arbitrarily small when n, m are
large and %y is sufficiently small.

Recall Comment 4.1.5: [,, converges in distribution to a process  which is
continuous and vanishes at the origin, so that the first term is taken care of.

We can rewrite the second term as:

VK () = Y RK 1)

= YRy
I (1/t)

= Y _o{In""V27¢(n)} — 0.

Ql

BEEE
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The second equality above follows from assumption 1 and the convergence follows
from the fact that —{/—? — VA
Since (,, is tight, as n,m — oo @S,m — 0.

Now let Kto,mr = SUDg<s<ror Ma(ato) K()q(t) and rewrite ], ., as:

M
Onm = sup Vm[K(t+—=q(2t)) — K(t)]
0<t<ty Vn
t+%tl(2t)
= /m sup k(s)ds
0<t<to Jt
t+-2L g(2¢t)
v 1
< \/;I—’L_HtO,M sup/ —ds
0<t<to Jt Q(S)

Vm q(2t)

< —Mx sup ——=
RV R N TO)
_<. \/_mMnto,M\/E _)t0—>0 0

N

Therefore, limy, .o limsup,, ,,, .o, P(SUPg<s<sy Onym(t) = p) = 0. ©

We are now in a position to prove Theorem 4.1.3, which deals with the asymp-

totic behaviour of ar, .

Proof of theorem 4.1.3: Since we have established that ay m(t) = Bm(t) + Ynm(t),
given 0 < t5 < 1, it follows from Comment 4.1.5 and Lemma 4.1.7 that ay,,(¢)
converges weakly to a continuous process a(t) that may be represented as in equa-
tion (4.1.1) for tg < ¢ < 1. From Lemma 4.1.9 and the fact that the limit § of the
sequence (0,,) is continuous with mean zero, we may conclude that

lim limsup P( sup |tn.(t)] > p)

t0—0 nm—oo 0<t<tp
= lim limsup P( sup |(fm + Yam)(t)] 2 p) =0V p > 0.
0—}

n,m—oo 0<t<tg

Therefore, o, m(t) converges weakly to «(t). It remains to check the covariance.

L(s,t) = E(a()a(s)) = EU(E)UCE)
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= VX [USENUF k) - VA [UCEh U o)
+ / / U (2)UF (2 ) © (d2)ubC(d2))

= BUS(EUE(ER) + A / / BUF(UF ()l S (d=)uf (a)
= G nel) - (ft €s
+ A//(F(zAz’)—F(z)F(z)) G (d2)uPC ().

The following theorem is Theorem 5 in [9]. We will state it without proof and

with minor changes to be consistent with the notation we have been using.

Theorem 4.1.10 Suppose we have a random sample X1, Xs, ..., X, from a bivariate
distribution function F satisfying Assumptions 1 and 2 (with F = G). If K denotes
the distribution function of F(X) and K., its empirical counterpart, then the process
() = /A[Kn(t)— K (t)] converges weakly to a continuous centered Gaussian process
a. This limiting process has the following representation.:
at) =UTEN) — | UM (de),t € [0,1]
[0,1%
We can use Theorem 4.1.3 and Theorem 4.1.10 to show the convergence of the

process ¥ m(t) = vV/m[Gn(§™) — F(§; ™)) under Hy: F =G.

Theorem 4.1.11 Under the null hypothesis Hy : F = G, and assumptions 1 and
2, the process Ynm(t) = Vm[Gn (&™) — Fu(&™)] converges weakly to a centered,
continuous Gaussian process which is equal in distribution to (t) = /1 + NUF(EF).

Proof: We can rewrite ¢, ,,(t) as:

"/}n,m(t) \/E[Gm(ét n) - Fn(ét n)]

= Vm[Gu(§™) - Ful§™) = G(&™) + G(&™) — F(§™) + F(&™)]
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vm

= G (e - (e - YR

1

+ VmGE) - FED).
(3)

\/ﬁ[Fn(gt ") - F(§f)]

@

Using Theorem 4.1.3, (1) — US(&F) \/_f[012 UF(2)ufC (dz). Using Theo-
rem 4.1.10 and the fact that = — X, (2) — VAUT(&]) \/_f[01 L UF(2)pfF (d2).
To simplify the result when Hy : F = G is true, T will denote the bridge
associated with /m[Gm (&) — G(£F)]. Note that although T" and UF will have the
same distribution, they will remain independent. Also note that under Hy, (3) = 0.
Then, under Hy : F' = G, we have that:
Unm(®) — T (D) -V o UP(2)ug " (dz) = VAUT(E])

+ VA UF (2)u" (d2)

[0,1]2
= U (F) - VIUT ()
V1+ \UF(ED).

Applications of Theorem 4.1.11 will be discussed in the next section.
What we want to do now, following Theorem 2 in [9], is to show that Assumption

2 is not as restrictive as it might seem at first glance. We have the following theorem.

Theorem 4.1.12 Suppose that F' is a copula with a continuous and strictly positive
density f, and that G is a distribution on [0, 1] with continuous density g. Then there
exists a version of the conditional distribution of Y* =Y given F(Y) =t such that
for any rectangle C in [0,1]%, the mapping t — ul%(C) = k(E)P{Y € C|F(Y) =t}
is continuous on (0,1] and i is the Dirac measure with mass k(1) at point (1,1).

Moreover, for any Borel set C in [0,1]? and for any 0 < t < 1, ,uf’G(C) admits the
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representation
WO = [ 1 Rtt) € Yol i,
where
Ro(t) = F, () = {y : F(z,y) =t}
and

o (@) = Lo RO, Re(t) I {a € (0,1)  Fla,1) > 1}

In particular, k(t) = f

1) gtF(a:)da:.

Comment 4.1.13 Note that the mapping t — p2¢(C) = k() P{Y € C|F(Y) =t}
is only required to be continuous on (0, 1]. The reason that we do not ask for continuity
at 0 is that the proof will make use of the transformation (z,y) — (z, F(z,y)) and
its inverse. The inverse is unique whenever F(z,y) # 0, but if we take F(z,y) = 0

and z = 0, then (0,y) — (0,0) V y and the inverse does not exist.

Proof: Following [9], the proof will consist of two parts: the first is to show that a
version of the conditional distribution of ¥ given F(Y) = ¢ can be found such that
for any continuous j on [0,1]%, the mapping t — my(j) = f(oyl)zj(z),uf’a(dz) is con-
tinuous on (0, 1]. The second part will be to show that for any non-empty rectangle

C={z€[0,1]*: 21 < z < 2}, the function t — u"°(C) is continuous on (0, 1].

i)Take a continuous function j on [0, 1] and for ¢ € [0, 1] define
M(j) = EGY)I{F(Y) < t}).
Then,

M) = /() /(Oyl)j<z,y>g<z,y>1{F<z,y> < t}dyda.

If we apply the change of variable s = F(z,y) = F;(y) for fixed x such that F(z,1) >
s, we have that y = R;(s) and %E = —C%Rz(s) = R, (s). Note that since F, is strictly

. . . . . . . . . .
increasing, its inverse R,(s) is unique and that R, is continuous since f is. If we let
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9F(z) = [ZR.(s)lg(z, Ru(s))I{z € (0,1) : F(z,1) > s}, we have that:

Mm::AJAymnmmmﬂwmwamw)
I{z: F(z,1) > s}ds)dz

/O i /(0 3 Rele)ale Ru(s))R.(s)I{z : F(z,1) > s}da)ds

t
= [ i Ralo)f @hieds.
o Jon
On the other hand, applying the definition of uf G we have that for t € [0, 1):

M(j) = EGY)I{F(Y)<t})
N /(0 1)2j<Z)I{F(Z) < t}dG(2)

= /O /(0 1)2j(z)k(s)P((YI,Y?) € do|F(Y) = s)I{s < t}dzds

t
= [ [ iewiess
0 J(0,1)2

From the above we deduce that 2% (j) = my(j) = f(o’l)zj(z)uf’G(dz). Also, note
that ‘

/'j@w%w=/ J(o, Ro(8))gF (2)da (4.1.2)
(0,1)2

(0.1

must be true for any bounded measurable function j.
Therefore, u;"® is a version of k(t) times the conditional distribution of ¥ given
F(Y) =t for which the mapping
t=m() = [ @) = [ e Ralt)of (@)
(0,1)2 (0,1)
is continuous on (0,1) for all continuous functions j on (0,1)?, because j and g are
both continuous and the derivative of R, is continuous on (0, 1). Taking j identically

equal to one we obtain that for ¢ € (0, 1),

M,(1) = E(I{F(Y) <t}) = P(F(Y) < t) = G(&)
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and

my(1) = /( ol @)ir= k)

Next, observe that F(y) = 1 < y = (1,1). Therefore EG(Y)|F(Y) = 1) =

4(1,1) and

mG) = [ i

- /(01)2 HROP(YLY?) € do| F(Y) = 1)

_ j(l,l)k(l)/ P(Y',Y?) € do| F(Y) = 1)

(0,1)2

— (L D)E(D).

To complete the first step of the proof, it remains to show that m,(j) converges

to my(j) as t — 1.

Ima(5) = me(5)]

IN A

IA

i1

(L Dk(L) - / j(@, Ra(®)gl (x)dal

(0,1)
(1, D) — (1, k() —
9L D) — (1, k() /(
J(L D)

(L 1)) — k(1)) - / 3@, Ra(t))gF ()da
(0,1)
/ (1, 1)gF (2)dz]
(0,1)

(L DKL) — k(8)] + / (@, Ralt)) — (1, 1)]gF (2)dx

)j (z, Ra(t))g) (z)dz

0,1
7(L, D[Ik(1) — k(¥)] + e |7 (2, R (t)) — 5(1, 1)|K(2)
13(L, DIk(1) — k()] + k(2) sup, 15(y) — 5(1, 1)
0.

The above is true since k is continuous on (0, 1], j is continuous on [0, 1]? and the last

inequality holds from the argument below.
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We need to prove that sup,.p(zi)s: |(2; Ra(t)) — J(1, D < supyepape [9(y) —
j(1,1)]. Note that if s < ¢, then F(z,s) < s < t because F' is a copula. Then,
if F(z,1) > t we have that R,(t) > s and R,(t) > t. Moreover, the fact that
F(z,1) > t, implies that z = F(z,1) > t.

ii)The second part of the proof consists of showing that for fixed ¢t € (0,1], the
mapping t — pl ’G(C) is continuous at ¢ for any non-empty rectangle C of the form
{z€[0,1]*: 21 < 2 < z}.

Following the method presented in [9], we will first deal with the case ¢ < 1.
Consider a rectangle C of the form {z € [0,1]* : 21 < 2 < 23}. Since the boundary
of C is included in a finite union of sets of the form {z : 2(Y = ¢}, it will be enough
to show that ;" “{z : 2® = ¢} = 0 for arbitrary ¢ € [0,1], i = 1,2. Then, it
will follow that 1/“(8C) = 0 and so p"®([0, 2]) is continuous in z for every ¢ and
lim,_, ﬂs(c) = ﬂt(c)-

Since

pCE )T = KOP(YLY?) € 4, 1P F(Y) = 1)

it is sufficient to consider ¢ € (0,1). Let m; be the projection function that omits the
ith coordinate: m(z) = 2p and my(z) = 2;. Since the representation

/ JEEC (dz % dag) = / (e, Ra(t))oF (@),
(0,1)2

(0,1)

is valid for any continuous function j on [0,1], the measure uf G o 77! has density
gF'(x) with respect to Lebesgue measure. Hence, u*{z : z() = ¢} = 0 for arbitrary
c€(0,1).

To show that u[*“{z : 2 = ¢} = 0, let 8,F(z,¢) denote the partial derivative

of F(z,2) with respect to 2 evaluated at (z,c). Equation 4.1.2 is valid for any
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bounded, measurable function j, yielding

pi{z e (0,1 : 29 = ¢}

- / Hz e 0,12 2® = }uPC(dz)
(0,1)2

_ /(0 H Rl €0 12 : Ry(t) = c}g/ ()dz

Il

/(0 H@ R € 1 : Ry(t) = c}%Rz(t)
9@, Re(O)[{z € (0,1): F(z,1) > t}da

1
= /(0’1) H{z €(0,1): F(z,c) = t}g(z,c)mdm

1
— /(0’1) g(m,c)ml{z € (O, 1) : F(:E,c) _ t}dz.

But P(I{z € (0,1) : F(z,c) =t} =1) =0V z € [0,1] because F has a strictly
positive density, and it follows that u,“{z € [0,1]?: z® = ¢} = 0.

Finally, we consider the case t = 1. Take C = {z € [0,1]* : 21 < z < 2z} and
let z, # (1,1). Then (1,1) ¢ 8C, and it follows from the continuity of x*® that
(i€ (00) = k(1)I{(1,1) € 8C} = 0. Hence pF%(C) — pF*¢(C) as s — 1.

Now let 2z, = (1,1). We have that whenever s > max;—; » zl(i),

p1(C) = k(1) and 1(C) = k(s)P((Y',Y?) € CIF(Y) = 5) = k(s),

because for such an s, F(z,1) > s implies that (z, R,(s)) C [s,1]> C C. Since k is

continuous we have that k(s) — k(1) as s — 1 and the proof is complete. ©

Comment 4.1.14 We are requiring an extra assumption that is not needed in [9]:
that f be a strictly positive density. We need this assumption to be able to prove
that u/"%{z : 2® = ¢} = 0; in the one-sample case, studied in [9], it is not necessary
because when we express p; " {z : 2@ = ¢} as an integral, it is immediate that the
indicator function inside the integral will be greater than zero only when the density

f is equal to zero, yielding that part of the proof .
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4.2 Applications

In this section it is our aim to discuss potential applications of Theorem 4.1.3, and in
particular to focus on the different scenarios that are created based on the information
that is available to the experimenter.

Recall that Theorem 4.1.11 in the previous section showed that the process
Unm(t) = V/Mm[Gn(&™) — F,(§™)] converges, under Hy, to a continuous Gaussian
process which is equal in distribution to () = /1 + AUT(&F). To point out that

this process will lead to consistent test statistics, we make the following observation.

Comment 4.2.1 If Hy: F' = G is not true, then

sup VAm|G(ET) — FIET)| = oo,

and therefore

sup wn,m(p) —p OQ.
p

Before talking about the possible test statistics to use, let us show with an exam-
ple, as in [9], that in order to verify that our distributions comply with assumption

1, it is not necessary to calculate k(t) and k(t) explicitly.

Example 4.2.2 The Farlie-Gumbel-Morgenstern (FGM) family of copulas is given
by C(u,v) = wv + fuv(l — u)(1 — v), where —1 < 6 < 1. Take F to be the FGM
copula with parameter § and G to be the FGM copula with parameter ¢, so that:

F(z,y) = zy+0zy(l—z)(1~y)

flz,y) = 1+6(1-2x)(1—2y)

G(z,y) = zy+ery(l—z)(1—-y)
)

g(z,y) = 1+¢e(1-2z)(1-2y).

As defined before,
R,(t)=F_(t)={y: F(z,y) =t}
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and

o (2) =[5 Re(Dlg(ar, Re(O) {z € (0,1): Fla,1) > 1}
Since F(z,y) can be rewritten as F(z,y) = y?(8z? — 0z) + y(0z — 6z* + z), it is easy
to see that R,(t) = {y : y?(0z — 02?) + y(0z% — = — z) + ¢t = 0}. Therefore, following
[9] by letting c, = 6(1 — z) and r,(t) = \/(1 + ¢;)? — ey (L), we have that:

Oxr + 1z — 0z% — \/(Hmz—ex—x) — 4(0x — 0z2)(t)

R.(t) =

2(6z — 0x?)
2(0+1 - 0z) — \/[a: (6z — 0 — 1)]2 — 4t6a2(L — 1)
~ 20z(1 — )
o1 —z)+1— \/[G(x — 1) — 1]2 — 4t0(1=2)
- 20(1 — z)
ot 1— \/[—cz —1]2 — dtc,(3)
- 2¢,
1+c¢ — \/(1 +¢)? — deg (L)
- 2¢;
1ty
2¢,
Since a%t(t) 5 5l(1+cx)® —dea ()] 1% — 1 —, we have that:

z :c\/(l+cm)2—4c,,(;)
1+¢e(l —2z)(1 — Lta=rs)
= —I{z € (0,1): F(z,1) > t}
x\/(l +cg)? — dcg(£)
(1—2)+ %0(1 —z)(1 — 2z)(1 — 1He==T2)

= P 2~ I{ze€(0,1): F(z,1) > t}

_ (1—x)+ Scr(1 - 255)(%;1::6&1)]{;5 €(0,1): F(z,1) > t}

g¢ (z) =

zry(l — z)
< (1-2) ‘;fz((lliif))(rz — 1>I{.’E €(0,1): F(z,1) > t}, where § = (% V1)
< =2 w(l(f 2‘”3(” “ e e 0,1): Flz,1) > 1}
- gz f;f <"11_ zf”z 2\ s € (0.1): F(z,1) > )
G R T e (0,1) : F(z,1) > )

z(1l —z)r,
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_ 42 ‘w"a)jaf)lr“ a1 e € (0,1) : Fla,1) > £}
1—r, 1 (g
1- 7‘3 1 .
= 5[(1 s g + ;]I{x €(0,1): F(z,1) > t}
< 5[1+T2‘9|]1{x € (0,1): F(z,1) > t}.

The first two inequalities follow from the fact that, depending on the (one-sided)
alternative we are using, § will be either § or 1 and the last inequality (1 — 72 <
210|(1 — z)) follows from [9], page 203.

Thus we can see that

k(t) = /ng(z)dw§5(1+2|9|)/t %dw
= 6(1+2/6])(—1Int)

~ 5(1+20)In -715

This is enough because we have that k(t) = o{t"/2In"V?>"¢(1/t)} V -1 <6 < 1 and
arbitrary €. The procedure to check assumption 1 for l-c(t) is similar and developed
fully in [9]. Thus, although explicit forms for k(¢) and k(¢) cannot be found, the FGM

family of copulas verifies assumption 1.

Now we can consider applications of Theorem 4.1.3. We will be discussing two

scenarios: complete and partial samples.

eComplete samples known.

We have completed our experiment and recorded the values of the observations
X1,..., XpandYy,. .., Yy, Weare working with the process ¢nm(p) = vm[Gm (™) —
Fo(&8)] = vVm[Knm(p) — K,.(p)]. In the previous section, Theorem 4.1.11 proved
that under Hy : F' = G this process converges weakly to a continuous Gaussian

process with mean zero and covariance (1 + N)F(EF n&f) — F(EFYF(ED), ie. its
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variance is given by (1 + \)F(&)(1 — F(&) = (1+ NK(p)(1 — K(p)). Thus, it
is straightforward that the process v, ,, converges under Hy to a process which is
equal in distribution to vI + AUK (p). Since K is a continuous increasing function,
it is also true that sup, U K(p) =p sup, U (K (p)) =p sup, U(p), where U is the usual
Brownian bridge on [0, 1].

If we are testing Hy : F' = G against H, : F <K G (ie. Hy: X =pY vs Hy :
Y <X" X), an appropriate test statistic would be Vb = sup, V/In[Gm (E57) — Fn(e57)]
which, from the argument above, converges under Hy : F' = G to \/_1_+—Xsupp U(p).
Similarly, for the alternative Hy : X ~<X" Y we use the test statistic Vi =
sup, vVm[Fn(Ef") — Gu(€8™)] —pm, V1+ Asup,U(p). Finally, if our alternative
is two-sided, we can use the statistic [V, m(p)| = sup, max (V. (p), V., .(p)) that will
converge under Hy : F = G to v1+ Asup, |U(p)|.

Now that we have identified our test statistics, it remains to calculate the corre-
sponding critical values ¢, (for different levels «) to know when to reject Hy. Let us
start with the one-sided alternative H; : Y <K" x : the alternative Hy : X <Ky is
treated similarly:.

We want to find a value c, such that P(v/1+ Asup, U(p) > c,) < o Since it is
known that P(sup, U(p) > r) = exp{—22?} Vz > 0 (see [43], page 142), we want to
find ¢, such that

P(V14+ AsupU(p) > co) =

Ca

VI
) 1 =e

¥ =Iha

& P(s:pU(p) > )=«

< exp{—2(
Co
VI+2X
1+ Aha

2

& =2
& cy =

For testing Hy : F' = G against H3 : F # G, we need to find the critical values
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¢ such that P(v/1+ Xsup, [U(p)| > ca), or P(sup, [U(p)| > \/__) It is known that
P(sup, |U(p)| > z) = 1 — L(z) = 232, (-1)"  exp{—2k*2?} V z > 0, so we are
looking for ¢, such that 23 72 (—1)""! exp{—2k? (= \/CL—) } = a. Alternatively, tables
for L(z), for several values of z (ranging from .28 to 3.00) can be found in [43].

Comment 4.2.3 Although this document is intended to focus on one-sided alterna-
tives, we are also presenting a statistic to use when we are testing Hy : F' = G versus
H; : F' # (G. However, for the two-sided alternative, the Cramer-Von Mises statistic
fo 7 m(P)dp might be a much better choice in terms of power than the statistic that

we are suggesting. This is a topic for further study.

Comment 4.2.4 An important property of these tests that should be highlighted,
is that they are all distribution free, i.e. they do not depend on the underlying

distributions of our samples.

ePartial samples known.
In this scenario we have already completed our experiment but we only know the
values of some of our observations, in particular, the process nm(p) = v/m[Gm(£S™)—
Fo(f)] = vm[Knm(p) — K (p)] can only be observed over the region 0 < p < po.
We will start to describe the procedure when the alternative is H, : ¥ <¥ ¢
(resp. Hy: X <K" Y’). Since we don’t have complete samples, we can no longer use
the statistic V,}, (V.- resp.), but we can define a similar test statistic: V57t (po) =
SUP, o VTG (E57) = Fu(€7)] (Vi (p0) = 5uPpepy VIFa(E5) — Gin(€)] resp.).
Under Hy : F = G, Vt(po) —p VI+ASUD,e,(UF)(p) (resp. Vim(po) —o
\/I_-l-—)\suppspo(Uk)(p)). In a similar way, if we are testing Hy : F = G against Hj :
F # G, we can define our test statistic as |V,*,,(po)| = sup,,, max(V;":t (p), V.5, (9));

it will converge under Hy to v/'1 + Asup,,, |U K(p)| =p vVI+ A SUDp<p, U (K(p)) =p
V1+ Asup,c g UD):

If we know what K is explicitly, the critical values ¢, can be found without any

further problems, see [14]. Here, we can use Corollary 1.3.1 (page 9 of [14]), which
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gives us a formula that we can use to calculate sup,<z(,,) U(P), used to find ¢, when
we have a one-sided alternative. We can also find tables ([14], pages 22 through 34)
that calculate the critical values ¢, for the two-sided alternative, for different values
of K(po) (.1,.2,...,1) and different values of « (.01,.025,.05,.1,.2,...,.9).

However, in practice, the usual scenario is that K is unknown. One way to solve
this problem is to observe that the x—test statistics defined above will always be at
most equal to their complete samples counterpart. For example, since it is true that
SUPp< fe(po) U(P) < sup, U(p), it is also true that P(vI+ AsuPyc gy UD) > Ca) <
P(VT+ Xsup,U(p) > c4) < o Thus, we can use the critical values found in the
complete sample scenario, though it must be said that they will be a conservative
choice.

Another way to solve the problem that K(p) = F(éf ) is unknown, is to use
Theorem 3.2.2, where it was proven that supg,<; |Fa(¢f™) — F(§))| —a.s. 0. Since U
is a.s. continuous, we can just replace K (p)=F (55 ) with its empirical counterpart
K,.(p) = F, (&) for 0 < p < po, and proceed as if K (p) was known to approximate
the critical values c,,.

To end the chapter we will describe a couple of scenarios in which the alternative
Hy:Y <K " X would be appropriate. As a first example, take two distributions F'
and G with exactly the same dependence structure, i.e. CF = C%, but with, possibly,
different marginals. Our test then becomes a test on the marginals: Hy : F} = G,
and Fy, = G, versus H; : F; < Gy or F5 < (G5 or both. Second, suppose that
we are working with two distributions F' and G with equal marginals and whose
dependence structure is given by FGM copulas with unknown parameters 8 and 6.
In other words, F' and G are the same except for, possibly, the parameters 67 and
0. Under these assumptions, our test will actually become Hy : 6p = 65 versus
H, : 0 < 6g. While it is not true that 6 < 05 implies that Y <K* X, it can be
shown by numerical calculation that F' (55 ) > G(&]) for all 65, 6 and p > po, where

.1 < po £ .2 (see the procedure following this paragraph). Therefore, an appropriate



4.2. APPLICATIONS 71

test statistic would be V.- (.2) = sup,» o V[Fr(€f™) — G (™)), The discussion on
critical values preceding this paragraph is easily adapted to this test.
To perform the above mentioned numerical calculations, note that if D = {(z,y) :

0<z<1,0<y<1,F(z,y) <p}, then:
G(eF) — F(Eh) = /D / g — fdady = (0 — 0r) /D / (1 — 22)(1 — 2y)dady
1 pplz)
— (0o — 0 1 —22)(1 — 2y)dydz,
(6c F>/p/0 (1 — 22)(1 - 2y)dydz

where p(z) is given by:

.
% - 20p(1z—1) \/zQ(1+9F2;zipgiit§pan(z*l) ifp<z<l,0r#0
p ifz=1
pz)=4q 2 if 0p = 0,2 # 0
1 ifr=p
| not defined otherwise.

The definition of p(z) when p < z < 1,0F # 0 comes from solving the equation
zy + zybfr(l — z)(1 — y) = p for y. In Table 4.2 we can find different values of
fpl I (w)( 1—2z)(1 — 2y)dydz for different values of 85 and p (Thanks to Justin Francis

for these calculations).
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b b p p b b b b b b

6 |Oorl 2 3 4 5 .6 7 8 9
-1 0 .0005 | -.0362 | -.0547 | -.0592 | -.0541 | -.0429 | -.0289 | -.0150 | -.0043
-9 0 .0013 | -.0356 | -.0545 | -.0593 | -.0544 | -.0432 | -.0291 | -.0151 | -.0043
-.8 0 .0020 | -.0349 | -.0543 | -.0595 | -.0546 | -.0435 | -.0293 | -.0152 | -.0043
-7 0 .0027 | -.0343 | -.0541 | -.0596 | -.0549 | -.0437 | -.0294 | -.0153 | -.0044
-6 0 .0034 | -.0336 | -.0538 | -.0597 | -.0552 | -.0440 | -.0296 | -.0153 | -.0044
-.5 0 .0040 | -.0329 | -.0536 | -.0598 | -.0554 | -.0443 | -.0298 | -.0154 | -.0044
-4 0 0045 | -.0322 | -.0533 | -.0599 | -.0557 | -.0445 | -.0300 | -.0155 | -.0044
-.3 0 .0050 | -.0315 | -.0530 | -.0600 | -.0560 | -.0448 | -.0302 | -.0156 | -.0044
-2 0 0055 | -.0307 | -.0527 | -.0601 | -.0563 | -.0451 | -.0303 | -.0156 | -.0044
-1 0 .0059 | -.0300 | -.0524 | -.0602 | -.0565 | -.0454 | -.0305 | -.0157 | -.0044
0 0 0063 | -.0293 | -.0520 | -.0602 | -.0568 | -.0457 | -.0307 | -.0158 | -.0044
1 0 .0066 | -.0286 | -.0517 | -.0603 | -.0571 | -.0460 | -.0309 | -.0159 | -.0045
2 0 0068 | -.0279 | -.0513 | -.0603 | -.0573 | -.0463 | -.0311 | -.0160 | -.0045
3 0 .0070 | -.0272 | -.0509 | -.0603 | -.0576 | -.0466 | -.0313 | -.0161 | -.0045
4 0 0072 | -.0265 | -.0505 | -.0603 | -.0579 | -.0469 | -.0316 | -.0161 | -.0045
5 0 0074 | -.0258 | -.0500 | -.0603 | -.0582 | -.0472 | -.0318 | -.0162 | -.0045
.6 0 0075 | -.0251 | -.0496 | -.0603 | -.0584 | -.0475 | -.0320 | -.0163 | -.0045
7 0 .0075 | -.0244 | -.0491 | -.0603 | -.0587 | -.0478 | -.0322 | -.0164 | -.0045
.8 0 0076 | -.0238 | -.0486 | -.0602 | -.0589 | -.0481 | -.0324 | -.0165 | -.0046
9 0 .0076 | -.0231 | -.0481 | -.0602 | -.0592 | -.0485 | -.0327 | -.0166 | -.0046
1 0 0076 | -.0225 | -.0476 | -.0601 | -.0595 | -.0488 | -.0329 | -.0167 | -.0046

Table 4.2: Numerical calculations of fpl I @1 - 22)(1 — 2y)dydz.




Chapter 5

Asymptotic behaviour of

Gm(F1~ F27) and applications

In this chapter we will study the asymptotic behavior of the p—p plot G, (F1~, F27),
as well as some applications of this result. This is the appropriate process to explore
when the information associated with the data we obtain yields the product filtration.
In order to obtain the desired limiting distribution, we will be following [22] closely,
where Fermanian, Radulovic and Wegkamp studied the convergence in £°°(]0, 1]?) of
an empirical copula process; it is worth mentioning that Gaenssler and Stute (see

[25]) had previously proved the weak convergence of the said process in D([0, 1]?).

5.1 Limiting distribution

We will be making use of some basic properties of copulas (for more information see
the copula appendix). Let F' and G have continuous marginal distribution functions
F\, Fy and G, G, respectively. The associated copulas will be denoted as C¥ and
CC ie.

CF(Fy(z1), Fa(x2)) = F(21,22) and

C%(G1(y1), G2(y2)) = G(y1,%2).

73
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Since the marginals are continuous, we may write
CF(zy,xy) = F(F (z), Fy (z)) and

C%(y1,y2) = G(GT (1), G5 (1)),
where F, (p) = inf{z : Fy(z) > p} and G;(q) = inf{y : Gi(y) > ¢} are the left
continuous inverses of F;, G;, i = 1,2 (F; (0) = F; (0+) and G; (0) = G; (0+)).
It follows from the definition of the empirical distribution functions that the

marginal empirical distribution functions will be:

FNz)) = Fy(z,+00), F(x3) = F,(+00, 72) and

G71n(y1) = Gm(yl') +OO)»G72n(y2) - Gm(+00,y2)
Therefore, we can define the empirical copula functions as:

CHry,20) = Fo(F(x1), F2 (x)) and

n

Calyiye) = Gu(Gh (1), G (v2)),
where F:=(p) = inf{z : Fi(z) > p} and G% (q) = inf{y : Gi,(y) > ¢} are the
left continuous inverses of F and G¢ , i = 1,2 (Fi(0) = F:~(0+) and Gi-(0) =
G (04)).

As in Chapter 4, we start by defining, following the method of [22], the pseudo-
variables X* = (X{,X3) = (Fi(X,), Fs(X2)) and ¥* = (¥, Y3) = (Fi(%), Fo(Y3)),
with distribution functions F* and G* given by

F*(z1,22) = P(X] <21,X; <) = P(X) < Fy (1), X2 < F5 (x2))

= F(F[ (w1), Fy (22)) = CT (21, 22),
G*(y1,y2) = P(
(

= G(F (), F5 (12)),

and marginals Fy, F} and G7, G respectively. Although F}*(z;) and Fj(x2) are both

Y <y, Y5 <yp) = PY1 < Fy (w), Y2 £ Fy ()

uniform distributions as noted in [22], G%(y:1) and G%(y2) no longer have this property

under our transformation.
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We will also use the copulas CF*,C%" associated with X* and Y™, as well as
the empirical distributions Fy, Fi*, F2* and G, Gy, G2 associated with (X7, X[),

nytn 9

i=1,...,nand (Y*,Y%),i=1,...,m.

7,10 24,2/

The following Lemma allows us to reduce our problem to the distributions F™

and G* defined on [0, 1]2.

Lemma 5.1.1 Let Fy, F5,G1,Gy be continuous distribution functions and assume
that Fy and Fy are strictly increasing. We have the following equalities:

i) CHzy,z20) = CF (21, 25) = F* (1, 33).

i) C%(y,u2) = C (31, 1),

i) G*(F{ (z1), F3 ™ (z2)) = G(F{ (z1), Fy (72)).

Furthermore,
oFt Iy _oF LIy
i) Cp(~) = Cn <n,'n) | |
V) Go(FY(2), F2 (L)) = Gu(F (%), F2 (L)),
m n TL’ n n m n n ytn n

Since the proofs of equalities ¢) and iv) can be found in [22], they are omitted.
It is worth mentioning that with our definition of (Y7*,Y5"), CS(£,4) # C¢" (4, 1).
Proof: ii)CC(y1, 1) = C% (y1,92) :

Cy1,1e) = G(GT(w1),G3 ()

= P(Y1 <G () Y2 < Gy (1))
= P(R(Y) < G (n), F2(Y2) < F2G; (12))

P(Yy < FiGY (1), Yy < 2G5 (12))
= G'(F1Gy(y1), F2G3 (y2))
= CY(GIRG (1), G3FaG5 (1))
= CY(GiFT RGi (), G2F5 B,G3 ()

= CG* (yl ’ y2)
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)G (F™(21), F5 7 (22)) = G(FT (1), Fy (22)) :

G*(FY™(21), F57(22)) = P < F{7 (1), Yy < F5 (22))
= P(F(Y]) <21, F5(Y7) < 22)
= P(FTFi(1) < 21, F5 F(Y,) < 72)
= P(F\FTFI(Y1) < 11, FoFy Fr(Ys) < 1)
= P(Fi(11) < 21, F2(Y2) < 72)
= P < Fy (1), Y2 < Fy (72))

= G(Fy (71), F5 (z2)).
V)G (Fa (2), Fr (L)) = Gu(Fy=(5), Fr= (1)) :

Let i, = % and j, = %, then:

* * *— .7 1 & * *— * *— .
CnlF™ () () = ;;L-ZI{Y;J < By (i), Y < FP ()}

1
n k=1
1 i 1 — lk— 2 — " 2%—( -
k=1
= Gu(FTFy(in), Fy F (jn)).

It remains only to show that F.~(i,) = Fy F* (i) (the result for j, is similar
and therefore omitted). First note that Fj,(X(;)) = £ >0, I{X; < X[y} = in, 50
Fp™(in) = X(;y. We also have that

* 1 . *
FA(R(Xy) = =) Xy <RXy))
k=1

1 — _
= ;ZI{XiSFl Fi(X3)}
k=1

1 n
= oD HXi < Xjy}=in,
"=
hence Fy;*™ (in) = F1(X(;).
Therefore, F{ Fy*~(in) = Fy Fi(X(,)) = X{;y = F, " (in) and our proof is com-

plete. ¢
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To prove the main theorem of the section we will be making use of the functional
delta method, which in turn uses the concept of Hadamard differentiability. We start

by stating the definition of the latter, which is taken from [46].

Definition 5.1.2 Let D and E be Banach spaces. A map ® : Dy C D — E is
called Hadamard differentiable at 8 € Dg tangentially to a set Dy C D if there is a

D(0+tnhn)—-2(0 !
Otiaha)=20) _, g

continuous linear map <I>/9 : D — FE such that h) for all converging

sequences t, — 0 and h, — h € Dy such that 0 + t, h, € Dg for every n.

Now we can move on to prove that the bivariate p — p plot G o (F|, Fy ) is

Hadamard differentiable.

Lemma 5.1.3 Let F(z1,z2) and G(y1,y2) have compact support [0,1]* and marginal
distributions Fy(z1), Fo(z2), G1(y1) and Ga(y2) that are continuously differentiable on
their support with strictly positive densities fi(z1), fa(z2) and g1(y1), g2(y2) respec-
tively. Then, the map ® : (D[0, 1]?)% — £=([0, 1]?) defined by ®(F,G) = Go (F[, Fy)
is Hadamard differentiable tangentially to (C[0,1]%)%, with derivative given by

OCC(GLF;, GoFy ) gi(FY)

@,(F, G)a,B) = B(F[,Fy)— al(Fl—)

0G FT fi(FT)
OCC (G1Fy,GoFy ) go(Fy)
_ ES).
8GyFy f2(F2_)a( 2)

Proof: We can decompose our map @ into three simpler maps as follows:
(FaG) ﬂ’ (FlvF?,G) ﬂ (Fl_vFZ_aG) ﬁ GO (Fl—’F2—)'

Then we have that ® = 3 0 ¢ 0 1, and using the chain rule (see [46], Theorem
3.9.3) we get that @) = @5 (w2 0 1(6)) 0 @3 (1(8)) 0 ¢y ().

The map ¢; is linear and continuous, hence Hadamard differentiable. Its deriv-
ative is given by

01 (F, G)(o, ) = (', 0%, B),

where o' (*) = a(-,1) and o?() = a(1, ).
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The map ¢, is Hadamard differentiable tangentially to C([0,1]?) by Lemma
3.9.23 in [46] and its derivative is

1 2
902<F11F25G)<71772>C) = (__7_ ° Fl-—7 —"l © FQ—’C)‘
fi f2

Finally, the map ¢3 is Hadamard differentiable by Lemma 3.9.27 in [46], with deriv-

ative
b _ . L OG(FT,Fy) 0G(FT,Fy pt
H(Fr Fry G) i) = w(Fr, Fy) + (QCULE) 9GUL By ),
OF] OF; 12
— I/(Fl—-’Fz—)_i_aG(Fl—lFZ—) 1+ 8G<F1 7F2 ),U,2

oF; 1 oF;
Combining these three results we obtain that our map ® is Hadamard differen-

tiable as a composition of Hadamard differentiable functions. Its derivative is given

by:

®' (F,G)(a,B) = ¢s(p2 0 01(F, G)) 0 pp(p1(F, G)) 0 9y (F, G)(ax, §)

= ‘Plso(_g"OFl_F‘a_on—?ﬁ)

fi f2
B oy OGP FY) —al(FY), | OG(Fy,Fy) ,—a(Fy)
- ﬁ(Fl 7F2 )+ aFl— ( fl(Fl_) ) aFQ— ( f2(F2-') )
_ _ oy OCC(GIF[,GoFy ) o) (FT) OCC(GiFY,GyFy ) &*(Fy)
= BT, Fy) OF, fL(FD) 0Fy; fo(Fy)
_ _ . aCG<G1F1-, GQFQ—) aGlFf al(F_)
= AR - =0 e A
_ OCC(GLF,GayFy ) Gy Fy o2(Fy)

an— 8F2" fZ(FQ_)
_ — oy OCC(GLFT,GoFy ) gu(FY) 4,
- /G(F17F2) aGlFl—— f1<F1_)a (Fl)

OCC (G Fy ,GoFy ) go(Fy) 4,00
0GE,  hE)” ) o4

The following theorem (the functional delta method) can also be found in [46].
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Theorem 5.1.4 Let D and E be metrizable topological vector spaces. Let ® : Dg C
D — FE be Hadamard differentiable at 0 tangentially to Dy. Let X, : 2, — Dg be
maps such that r,(X,, — 0) —p X for some sequence of constants r, — oo, where X

is separable and takes its values in Dy. Then r,(®(X,) — ®(8)) —p ®p(X).

Finally, in what follows, recall Definition 3.1.6: if H is a distribution func-
tion on [0,1]?, we will be denoting by U the Gaussian process with covariance
E(UH sy, s5)U(ty,ty)) = H(min{(sy, s2), (t1,t2)}) — H(s1, s2) H(t1,t;). We are ready

to state and prove the main theorem of the section.

Theorem 5.1.5 Suppose F and G are continuous and differentiable distribution
functions with marginal distributions Fy, F5, G, Gy that have positive derivatives on
their open support. Let vi* = Fy (p) and v[* = F;(q). If 2 — X as n,m — oo,

then /m|Gp, 0 (Fy~,F}) —Go (F[,F;)] converges weakly to a Gaussian process in
£°([0,1]?) which is equal in distribution to

W(p,q) = U (Gi(v]"),Ga(v)?))

OC(G1(v)"), Ga(v]?) g1 (v]™)  or

_ \/— P q p C ,
SO DR
9CC(G1(vfY), Go(vI?)) ga(vl2) r

_ \/— P q q C
e het Y

where UST and U°C are independent bridges.

Proof: First recall that for any distribution function H on [0,1]? and its empirical
distribution H, we have that /n[H, — H] —p U¥ (Theorem 3.1.7). Thus, it is
straightforward that v/m[(Fy;, Gy,) — (F*,G*)] = ¥2Val(F;,Gr) — (F*,G")] —p
(\/XU U G*), where U™ and U®" are independent Brownian bridges.

Then, notice that V z, y € [0, 1] there exists iy, j, such that G,,,(E!~(z), F2~(y)) =
Gu(FEY (i), F27(jn)). This and Lemma 5.1.1 give us that

Vm[Gm o (F,7, Fi7) = G o (F, Fy (2, y)
= Vm[G}, o (Fy'7, F7) = G" o (F™, F57)l(z,y) V¥ (2,y).
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We now use Theorem 5.1.4 applied to v/m[(F}, Gr,)—(F*, G*)] with ® as in Lemma 5.1.3,
and since G*(Fy ™ (z1), 5 (22)) = G(Fy (z1), Fy (z2)) (from Lemma 5.1.1), we get
that

Vm[®(F,,Gn) = ®(F,G)] = m[®(F;,G;,) — O(F*,G")]
—p O (VAUF,US) in £2([0,1]2).

Substituting (o, 8) by (VAUF",U%") in Lemma 5.1.3 and recalling that Fy and

Fy are uniform, we find that:

0Ce (Gi(p), G3(9))

e g (p)VAUT (p, 1)

O(F*,GY(VAUF .U )(p,q) =p U (p,q) —

_ TGIW,GHD) o a1 )

9G3(q)
= UG(F;@),F;(q))—306(05@123’(;”5(‘1)) AL LA (Fr (), )
.
e (Gé(a )G )

)
0CC (G1(vf1), Ga(vf?)) 91 (v])
0G1(vs) A

U (1,q).

U (p,1)

=p U (Gi(v]"), Ga(v]?)) = VX
9C(G1(vp"), Ga(v;?)) g2(vy?)

q

— VA
8Ga(vg?) fo(vg?)

Corollary 5.1.6 The limiting Gaussian variable W(p, q) described in Theorem 5.1.5

has variance

Var(W(p,q)) = C¢(G1(vf"), Ga(v/?))(1 = C%(G1(v]1), Ga(v)?)))
g1(v)Y) ., 0CG(G1( b, Gz( N
Fr )°p(1—p)

A e

+  X(
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92(v)?) , ,0CC(G1(v]"), Ga(v)?)) , ~
A A L e e B

g1(v]Y)  ga(vl?) 8CC(G1(vf), Ga(vl?)) 8CC (G (vfh), Go(v)?))
* 2A(f1(“£1))(f2(vfz)) OG (vg) 8G,(vg?)

x [CF(p,q) — CT(p,1)CT (1, q)].

Proof: From the usual covariance form of a Brownian bridge and noting that U oF

and U%° are independent we have

Var(W(p,)) = C(Gi(u;"), Ga(v;*))(1 = C%(Gu(w), Galv;?)))
gl(UFl 8C’G(G1(vfl), GQ(Usz))

G T e PP

92(1}52) 2 8CG(G1(U£1)7G2(Usz)) 2 .
o e i S Ul

g1 (VR) | go(vF3) HCT(Gr (), Go(uF2)) OCC (G (uh), G (1))
A e T a6 5C(0T)

x [CF(p,q) — C"(p, 1)+ CT(1,q)].

Corollary 5.1.7 Under the null hypothesis Hy : F = G, the process W(p,q) simpli-
= F F F __F
fies to UCF(p, q) — \/XBC_’;glg_)Uc (p,1) — \/XWUC (1,q), where U and T

are independent, identically distributed bridges.

—F
Comment 5.1.8 It is important to remark that although US" and U “" have the
same distribution, they are the limits of independent empirical processes, and thus
they remain independent. This fact makes the covariance structure simpler than in

the single sample case.

Proof: If F' = G the limiting distribution becomes:
OCF (Fi(v)h), F(vf?)) fi(vft)

_ 7F LA L A LW
W(p,q) = U (v, v)?) 5F (o) 7 val)\/XU ()
OCT (Fi(v]?), F(vE?)) f2(vf?)

— Foyy Fo
el pe )
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. F F
= T (pq) - V322D a(;, 2 U (p,1) - Vopac L) 6(5’ 2 U (1,q).

What we want to do now is to bring into the mix the fact that, depending on
the kind of experiment that we are dealing with, we work with different regions of
the plane (see discussion of these regions in chapter 2).

Recall that to prove Theorem 5.1.5 we were closely following [22]. As we men-
tioned, this paper developed the weak convergence of the copula process; note that
the process /m|[Gy, o (F}~,F27) — G o (F], F;)] can be regarded as a two-sample
copula process when F' = (G. For this reason we will state the following theorem

(Theorem 3 in [22]) with minor changes to fit the notation we are using,.

Theorem 5.1.9 Suppose that F' has continuous marginal distribution functions and
that the copula function C¥ has continuous partial derivatives. Then the empiri-
cal copula process /n[CE (p,q) — CF(p,q)] converges weakly to the Gaussian process
U (p,q) = 25LLU (p, 1) — PGEAUCT (1) in £2(0,1]) Y0 < pg < 1.

Now, using the result of Theorem 5.1.5 and Theorem 5.1.9 we can find the limiting

distribution of the process

VI[{Gn(V(E, ™ (p), F7(9))) = Fu(V(F, ™ (p), Fr ™ (@)}
— {GVUFT (0, i (0)) = F(V(F (p), F5 ()},
where V' stands for the different regions we have introduced in Figure 2.1 and Fig-
ure 2.2: A, and D, (or equivalently E,).

In everything that follows, we will indicate convergence in distribution in £2°([0, 1|?)

by “_)D” .

e A region

When working with the A region, our process becomes

Vm{Gn(F, 7 (p), F™(q)) — Fu(F, ™ (p), Fa~(0)}
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{G(Fy (p), F5 (@) — F(FT (p), F3 (9))}]:

Combining Theorem 5.1.5 and Theorem 5.1.9, we get that:

VI{Gr(FLE (), F27(q)) — Fu(FY (), F2~(q))} — {G(FT (0), F5 (¢))
— F(F7(p), Fy (@)} —p U°(G1(uf?), Ga(ul®)) = VAU (p,q)

F G ’UFl 9 F2 " 'UFI
v VU Pl - O LR
F G 'UFI 9 ,UF2 9 ’U
b VAU g PR 2O L e

Under Hy : F' = G the last expression becomes:
_CF
T (p.q) = VAU (p, q),

—F
where T (p,q) is, as stated before, the bridge depending on the G-sample. This is
equal in distribution to vI + AU (p, q).

oD region

When working with the D region, our process becomes:

Vm[{GL(Fy™(p) — G1(FT (0)} — {Fa(Fy(p)) — Fu(F7 (p))}
+ {GL(E(9)) = G2(Fy (@)} — {F(F2(9)) — F2(F5 (9))}
= AGu(Fa(p), Fr7 () — Fu(Fy ™ (p), B (9))}
+ {G(Fy (p), F5 (9)) — F(FY (p), F5 (9))})-
Therefore, it is clear that to determine the limiting distribution of this process,

we need the limiting distribution of each of its 1-dimensional analogues. Although

the following is a weaker version of a well known result by Aly, Csérgo and Horvéath
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(see [4]), setting p = 1 or ¢ = 1 in Theorem 5.1.5 will suffice to give us that:

VARG () = iy ()} ~ (R () ~ Fy(F ()N
G g1(Fy (p)
AR
VRGP 0) - GalFs @) — (72

N ce v 92 (q)
o UL G0~ VAZ A

Next, since the Hadamard derivative of a linear function is the function itself,

I

U (p,1) and

(
)
)
(Fa(9)) — Ba(F5 (9))}]
)UCF< )

we may add the result on the A section to get the limiting distribution of the process

associated with the D region:

Vm[{G,,(F,~(p)) — Gi(Fy (0))} = {Fa(Fy~ () — Fu(F7 (p))}
+ {GL(FY (9) — Go(F5 ()} — {FA(FZ (9)) — Fa(F5 (9))}
~ A{Gn(F,(p), F. (Q))—Fn(Fi (p), o (2))}
+ {GFT(p), F57 (@) — F(FT (p), F5 (9))}]
o UG 1) VAL )UC“”< 1) + U (1, Ga(of))

St
- \/X'jsz—?:; U (1,q) = {UZ°(Ga(v*), Galv]?)) = VAU (p,q)
cr, 00T (p,g)  OCC(GL(v] )G2( 2)) g1 (vlt)
+ VAU (p,1)] op 8G, (vlh) fl(val)]
F 8CT(p,q) O0CC(G1(vfY), Ga(vl?)) g2 (v]?)
VW L s e )

= U(G1(v),1) + U (1, Go(v]?)) — UT (G (v]1), Ga(vl?))
+ \/XUCFQ), q) i \/XUCF(p, 1)[aCF(p7 q) aCG(Gl< ) G2( )) gl(v )

o GG ()
g1(vp") v 90" pa) _ 9CC(Gi(v7), Ga(vg?)) ga(vg?)
YR YT Lo, Gl Falol)
g2(v)?)
them

(Y F —C'F
Under Hy : F' = G the last expression becomes T° (p, 1)+UC (1, q)—UC (p,q)+
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VAUCT (p,q) — VAUCT (p, 1) — VAUC" (1,q). This is equal in distribution to

VIFANUS (p,1) + U (1,9) = U (p, q)].

As we will see in more detail in the applications section of this chapter, when we
work with the D region we have the option to work with the (equivalent) E region.
In this case, instead of the usual copula structure, we will use the survival copula
structure instead.

To end the section, we will mention that although the applications of Theo-
rem 5.1.5 that we will talk about next can be easily modified to include the results
for the D, (or E.) region, we will focus on the case of the A, region for the sake of

clarity.

5.2 Applications

In this section it is our aim to discuss applications of Theorem 5.1.5 in practice, and
in particular to focus on the different scenarios that are created based on the informa-
tion that is available to the experimenter. Again, it is divided in two parts: the first
part deals with the case where we have complete data, the second with precedence

tests based on partial data.

eComplete samples known

We have already completed our experiment and know the values of X}, X5,..., X,
and Y1,Y,,...,Y,,. It remains to make the decision whether to reject Hy : F' = G
with a specific level of significance or not.

We define the following notation (as in [2]): |F — G|t = sup(F(z) — G(x)),
|F — G|~ = sup(G(z) — F(z)), and |F — G| = max(|F — G|*,|F — G|7) for z € R?
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and any two continuous distribution functions F and G.

Now, assume that /m[Gm(F2~(p), F2~(q)) — Fu(F1~(p), F2~(q))] is the process
we are working with (which is the one corresponding to the A, region) and that our
one-sided alternative is Hy : Y <;, X, i.e. H; : F < G. In the previous section we
showed that under Hy : F' = G, this process converges in distribution to VI+ AU CF,

so an appropriate test statistic would be

Wi, = supvm[Gu(F,(p), F27(q)) — Fu(F, ™ (p), F2(q))]
p,q
—p \/1+)\supUCF(p,q).
p,q
Let [Wom| = max(W,j:m,Wn“’m), where W, = sup,, VM[F.(F (p), F2(q)) —

Gn(F2(p), F2~(q))]; then for a two-sided test with Hs : F # G we use the fact
that |Wym| —p v1+ Asup,, |UCF(p, q)|-

Comment 5.2.1 As mentioned in Section 4.2, a Cramer Von-Mises statistic is prob-
ably a better way to go if our alternative is two-sided. Although it is not our aim to
focus on a two-sided alternative, we are giving a test statistic that agrees with the

method we are following for the sake of completeness.

To be able to reach a conclusion we need to determine the critical values ¢, for
each of our different alternatives. If the copula C¥ is known, the asymptotic dis-
tribution of |W,, | is completely determined and the values ¢, can easily be found
or simulated. On the other hand if the F' copula is unknown, as in most cases, we
need to develop an alternative method to find those critical values. We suggest the

following two approaches.

a)Conservative approach
Conservative asymptotic values ¢, can be calculated by using the next two results,
the first of which was proved in detail in [1]; only a sketch of the proof is presented

here.
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Theorem 5.2.2 Let J be the degenerate distribution J(x) = max(z; + z2 — 1,0) for
z € [0,1]%. Then for any copula C*' and any § > 0 we have that P(sup e 12 Uc” (z) >
8) < P(supgep, 2 U’ () > 9).

Proof (sketch): A unique map m from [0, 1] onto {(z,y) € [0,1]*: 2 +y > 1} can
be defined such that J(m(z)) = J(m(x), ma(x)) = F(z) and my(z) —m(z) = 22—11
hold V = € [0, 1]?. Tt can be shown V z,y € [0, 1]?, by taking separately the cases z < y
(ory < z) and 1 > y1, T2 < y2 (Or Ty < y1,T2 > Y2), that F(zAy) > J(m(z) Am(y)),
from which it follows that Cov(UC" (), UC" (y)) > Cov(U’(m(z)), U’ (m(y))). This
together with the fact that Var(UC" (z)) = Var(U’(m(z))) gives us, via Slepian’s
inequality, that P(sup,¢(o 2 UC™(z) > 6) < P(sup,e(o12 U7 (m(z)) > 8). The result

follows since sup, U’ (m(x)) = sup, U’(x). o

More precisely, we have the following result (Proposition 5.3 and Remark 5.4) in

[10]:

Proposition 5.2.3 Let J be the degenerate distribution J(z) = max(x; + z2 — 1,0)
for z € [0,1]2. Then for any distribution F on R? and any c: [0,1] — [0, 1], we have
that P(J,(y) > c(J(y))¥ y € R?) < P(F,(x) > c(F(z))V = € R2). In particular, it is
bruc that P(supyeps (v/A(FA(H) — F())} > e0) < Plsuprens (VA(In(H) — J(1))} > )

In view of this two results, Adler, Brown and Lu [2] found, using simulation
techniques, several critical values which we will make use of next.

Going back to our original problem, our null hypothesis was that F' and G have
the same distribution. We consider first the case when we have H; : YV <, X
(Hy : F <€ G) as our alternative; the case Hy : X <, Y (Hy : G £ F) is managed
exactly the same way using W, instead of W, .

Consider

Wim = supvm[Gu(E,™(p), F7(9) — Fa(Fy (p), F ()]
= sup[Vm{Gn(F,”(p), 7~ () — H(F,~(p), Fy ()}
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Rl E(F (), P2 () — H(EY (5), F2(0)}]

suplvm{Gm(Fy~(p), Fi(q)) — H(F,~(p), F¥ ()}
%\/E{Hw-(m, F2=(a)) = Fa(F2~(p), F2(@))}]
sup V(G (0), F2~(g)) — H(FY(0), F2~(@))]

—“-—\/? sup VALH (Y (p), F2 () — Fa(F2™(p), F2(0))]

VilGn = I+ Ll = I

IN +

+

IA

Under Hy : F = G = H the last expression reduces to W}, < /m|Fp, — F|" +
%\/an — F|~, where F,, denotes the empirical distribution of the second sample.
We are looking for values ¢, such that P(W, > c,) < a. This inequality certainly

holds if we choose cq = 2max(d&,da), where the values d% are chosen such that
2 2

da
VA

vl |

P(v/m|F,, “F|+>d+) %andP(\/ﬂFn—FrZ

) <

w.l o)

We can find in [2] simulated values of dé and % for various values of n and m; the
values for our test for different values of n and m are shown in Table 5.1 and Table 5.2.
Values for the alternative Hy : X <;, Y are shown in Table 5.3 and Table 5.4, where
we use instead the test statistic W,

Now consider the case where our alternative is two-sided: Hj : F' # G. This time
we will reject Hy : F' = G = H when our test statistic |Wym| = max(W} , W)

gets too big. Notice that:

(Waml = sup |Vml[Gu(F,™(0), Fr~(0)) = Fu(Fy ™ (p), F~(9))]
= sup |Vm{Gn(FL™(p), F2(q)) — H(F} (p), F*(9))}
= Vm{Fu(F (), Fi (@) = H(Fy™ (), Fr (@)}
< sup|vm|Gn(Fy ™ (p), Fy(q)) — H(F, ™ (p), Fy(9))]]

\/_

+ —\/—ﬁsuplx/ﬁ[H(Fﬁ‘(p),Fﬁ“(q))—Fn(Fi“(p),Fﬁ‘(q))]l
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< V|G — H| + \/—\/?\/H\Fn .

Under Hy : F' = G = H we have that |Wy | < v/m|Fm — F| + ¥2/n|F, — F|.
We need to find the critical values ¢, such that P(|W, | > ¢4) < @. This holds if

we let ¢, = 2max(dh,d), where the values db and dz% are such that
2 2 2

d2

=1
2

VA

P(ym[Fy —F| > db) < % and P(v/n|F, — F| > —&) <

v R

d%
Again, we can use [2] to find d& and 7 these values for our test for several levels of
2

significance and combinations of n and m are shown in Table 5.5 and Table 5.6.

The method to calculate critical values that we have just described will give us
more conservative values as we increase our sample sizes. Thus, even if we are willing
to accept somewhat conservative critical values, this may not be the best approach if
we have large sample sizes.

To handle the large samples scenario, for the alternative H, : ¥ <;, X, we can

use Theorem 5.2.2 to find that

Q

PW; . >df) P(VT+X sup U (z) > d})
z€[0,1]2
dg,

1+

d+
< P(sup Ul(z) > =
(ze{0,1]2 (@) V1i+A

— P suwp U () >
z€[0,1]2

)

;

).

Again, simulated values for \/‘f—'% can be found in [2] and the resulting critical
values are in table 5.7. For the alternative Hy : X <;, Y, the argument is a similar
one, but replacing W, and df with W and d; the corresponding critical values

are also shown in table 5.7.
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a | Alm=10|[n=10m=20 | n=20m=30|n=30
dap | dapp | 3 | dap | dln | dap

20 | 5| 1.453 | 0.788 | 1.474 | 0.813 | 1485 | 0.825
1] 1453 | 0965 | 1474 | 0.996 | 1.485 | 1.011

1| 1453 | 1.365 | 1.474 | 1.409 | 1.485 | 1.430

2| 1.453 | 1.930 | 1.474 | 1.992 | 1.485 | 2.022

3| 1453 | 2364 | 1.474 | 2.440 | 1485 | 2.476

10| 3| 1.576 | 0.859 | 1.603 | 0.887 | 1.615 | 0.899
= | 1.576 | 1.052 | 1.603 | 1.087 | 1.615 1.101

1| 1576 | 1.488 | 1.603 | 1.538 | 1.615 | 1.558

2| 1.576 | 2.104 | 1.603 | 2.175 | 1.615 | 2.203

3| 1.576 | 2.577 | 1.603 | 2.663 | 1.615 | 2.698

05| 3| 1685 | 0923 | 1.720 | 0.956 | 1.731 | 0.968
2| 1685 | 1.130 | 1.720 | 1.170 | 1.731 1.185

1| 1.68 | 1.599 | 1.720 | 1.656 | 1.731 1.677

2| 1.685 | 2.261 1.720 | 2.341 1.731 | 2.371

3| 1.685 | 2769 | 1.720 | 2.868 | 1.731 2.904
02|3| 1.815 | 0993 | 1.855 | 1.034 | 1.875 | 1.046
3| 1.815 | 1.216 | 1.855 | 1.266 | 1.875 | 1.281

1] 1.815 | 1.721 1.885 | 1.791 1.875 | 1.813

2| 1.815 | 2433 | 1.885 | 2.532 | 1.875 | 2.563

3| 1.815 | 2980 | 1.885 | 3.102 | 1.875 | 3.140

.01 ]3| 1.903 | 1.044 | 1.950 | 1.088 | 1.976 | 1.101
21 1903 | 1.279 | 1.950 | 1.332 | 1.976 | 1.348

1] 1.903 | 1.809 | 1.950 | 1.885 | 1.976 | 1.907

21 1903 | 2558 | 1.950 | 2.665 | 1.976 | 2.696

3| 1903 | 3.133 | 1.950 | 3.264 | 1.976 | 3.303

Table 5.1: Values of d% and d% for the alternative H; : Y <;, X.
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a | A|m=50|n=>50|m=100|n=100 | m =500 | n=>500

dl ) doso dl Ao dy ) Aoy

20| 3| 1494 | 0840 | 1501 | 0.849 | 1.507 | 0.866
1] 1494 | 1.028 | 1501 | 1.040 | 1.507 | 1.060

1| 1.494 | 1455 | 1501 | 1472 | 1507 | 1.500

2| 1.494 | 2,057 | 1501 | 2.081 | 1.507 | 2121

3| 1.494 | 2520 | 1.501 | 2.549 | 1.507 | 2.598

10| 1| 1625 | 0915 | 1634 | 0926 | 1.640 | 0.943
3| 1.625 | 1.121 | 1.634 | 1.134 | 1.640 1.156

1| 1.625 | 1.586 | 1.634 | 1.604 | 1.640 | 1.635

2| 1.625 | 2242 | 1.634 | 2.268 | 1.640 | 2.312

3| 1.625 | 2747 | 1.634 | 2.778 | 1.640 | 2.831

05| 3| 1.744 | 0985 | 1.755 | 0994 | 1.752 | 1.012
1] 1744 | 1207 | 1.755 | 1.218 | 1.752 | 1.239

1| 1744 | 1707 | 1755 | 1723 | 1.752 | 1.753

2| 1744 | 2414 | 1.755 | 2436 | 1.752 | 2479

3| 1.744 | 2956 | 1.755 | 2984 | 1752 | 3.036
02|34 | 1.884 | 1.065 | 1.898 | 1.076 | 1.904 | 1.103
1| 1.884 | 1.305 | 1.898 | 1.318 | 1904 | 1.351

1| 1.884 | 1.846 | 1.898 | 1.865 | 1.904 | 10911

2| 1.884 | 2610 | 1.898 | 2.637 | 1904 | 2.702

3| 1.884 | 3197 | 1.898 | 3.230 | 1904 | 3.309
01|34 1.978 | 1.121 | 2.001 | 1.137 | 2.004 | 1.167
1| 1.978 | 1.373 | 2001 | 1.393 | 2.004 | 1.430

1| 1978 | 1.943 | 2001 | 1.970 | 2.004 | 2023

2| 1.978 | 2747 | 2001 | 2.786 | 2.004 | 2.860

3| 1.978 | 3365 | 2.001 | 3.412 | 2.004 | 3.503

Table 5.2: Values of d’%L and dz for the alternative H; : Y <, X.
2
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a | A|n=10m=10|n=20 | m=20|n=30|m=30
o | dap | dipp | Aoy | dap | dop
.20 % 0.838 | 1.365 | 0.851 1.409 | 0.857 1.430
21 1.027 | 1.365 1.042 1.409 1.030 1.430
1] 1.453 | 1.365 1.474 | 1.409 1.485 1.430
21 2054 | 1365 | 2.084 | 1.409 | 2.100 1.430
3| 2516 | 1.365 | 2.553 1.409 | 2.572 1.430
.10 % 0.909 | 1.488 | 0.925 1.538 | 0.932 1.558
% 1.114 | 1.488 1.133 1.538 1.141 1.558
1] 1.576 | 1.488 1.603 1.538 1.615 1.558
2| 2228 | 1.488 | 2.266 1.538 | 2.283 1.558
31 2.729 1.488 | 2.776 1.538 | 2.797 1.558
.05 % 0.972 1.599 | 0.993 1.656 | 0.999 1.677
% 1.191 1.599 1.216 1.656 1.224 1.677
1] 1.685 | 1.599 1.720 1.656 1.731 1.677
2 2382 | 1.599 | 2.432 1.656 | 2.448 1.677
31 2918 | 1.599 | 2.979 1.656 | 2.998 1.677
02| %1 1047 | 1.721 1.070 1.791 1.082 1.813
2] 1.283 | 1.721 1.311 1.791 1.325 1.813
1] 1.815 1.721 1.885 1.791 1.875 1.813
2| 2.566 1.721 2.623 1.791 2.651 1.813
31 3.143 | 1.721 3.212 1.791 3.247 1.813
.01 % 1.098 | 1.309 1.125 1.885 1.140 1.907
21 1345 1.809 1.378 1.885 1.397 1.907
1| 1.903 1.809 1.950 1.885 1.976 1.907
2] 2.691 1.809 | 2.757 | 1.885 | 2.794 1.907
31 3.296 | 1.809 | 3.377 1.885 | 3.422 1.907

Table 5.3: Values of d% and d% for the alternative Hy : X <5, Y.
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a | A|n=50|m=>50|n=100|m=100|n=>500 | m =500
dy do o df Aoy dl deo
20| 1| 0862 | 1455 | 0.866 | 1472 | 0.870 | 1.500
1| 1.056 | 1455 | 1.061 | 1472 | 1.065 | 1.500
1| 1494 | 1455 | 1501 | 1472 | 1.507 | 1.500
2| 2112 | 1455 | 2122 | 1472 | 2131 1.500
3| 2587 | 1455 | 2599 | 1472 | 2.610 | 1.500
10| 1] 0938 | 1.586 | 0.943 | 1604 | 0946 | 1.635
2| 1149 | 1586 | 1.155 | 1.604 | 1.159 | 1.635
1| 1.625 | 1.586 | 1.634 | 1.604 | 1.640 | 1.635
2| 2298 | 1586 | 2310 | 1.604 | 2319 | 1.635
3] 2814 | 1586 | 2830 | 1.604 | 2.840 | 1.635
05| 4| 1006 | 1.707 | 1.013 | 1723 | 1.011 | 1.753
2| 1.233 | 1.707 | 1.240 1.723 1.238 1.753
1| 1744 | 1.707 | 1755 | 1.723 | 1752 | 1.753
2| 2466 | 1707 | 2481 | 1723 | 2477 | 1.753
313020 | 1707 | 3.039 | 1.723 | 3.034 | 1.753
02 3| 1.087 | 1.846 | 1.095 | 1.865 | 1.099 | 1.911
111332 | 1846 | 1.342 | 1.865 | 1.346 | 1.911
1| 1834 | 1.846 | 1.898 | 1.865 | 1.904 | 1911
2| 2664 | 1.846 | 2.684 | 1.865 | 2.692 | 1.911
3| 3263 | 1.846 | 3.287 | 1.865 | 3.297 | 1.911
01|3) 1141 | 1.943 | 1155 | 1970 | 1.157 | 2.023
11 1398 | 1943 | 2414 | 1.970 | 1417 | 2.023
1| 1978 | 1.943 | 2001 | 1970 | 2.004 | 2.023
2| 2797 | 1943 | 2829 | 1.970 | 2.834 | 2.023
3| 3425 | 1943 | 3465 | 1.970 | 3471 | 2.023

Table 5.4: Values of dg and ds for the alternative Hy : X <, Y.
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a | A|m=10|n=10m=20|n=20| m=30|n=30
By | 2y | dy | Ry | By |
.20 % 1.536 | 0.886 1.574 | 0.908 1.588 | 0.916
2| 1.536 | 1.086 1.574 1.112 1.588 1.122
1] 1.536 | 1.536 1.574 1.574 1.588 1.588
2| 1.536 | 2.172 1.574 | 2.225 1.588 | 2.245
3] 1.536 | 2.660 1.574 | 2.726 1.588 | 2.750
.10 % 1.646 | 0.950 1.690 | 0.975 1.705 | 0.984
= | 1.646 | 1.163 1.690 1.195 1.705 1.205
1| 1.646 | 1.646 1.690 1.690 1.705 1.705
2| 1.646 | 2.327 1.690 | 2.390 1.705 | 2.411
3] 1.646 | 2.850 1.690 | 2.927 1.705 | 2.953
.04 % 1.776 | 1.025 1.826 1.054 1.845 1.065
% 1.776 1.255 1.826 1.291 1.845 1.304
1] 1776 | 1.776 1.826 1.826 1.845 1.845
2| 1776 | 2.511 1.826 | 2.582 1.845 | 2.609
3| 1776 | 3.076 1.826 | 3.162 1.845 | 3.195
.02 % 1.864 | 1.076 1.919 1.107 1.942 1.121
3| 1.864 | 1.318 1.919 1.356 1.942 1.373
1| 1.864 | 1.864 1.919 1.919 1.942 1.942
2| 1.864 | 2.636 1.919 | 2.713 1.942 | 2.746
3 1.864 3.228 1.919 3.323 1.942 3.363

Table 5.5: Values of dl% and dz% for the alternative Hz : F' # G.
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a | A|lm=50|n=50|m=100|n=100|m=>500|n=3500
Aoy day2 da2 dzp daya daye
.20 % 1.607 | 0.927 1.620 0.935 1.638 0.945
11 1.607 | 1.136 1.620 1.145 1.638 1.158
1] 1.607 | 1.607 1.620 1.620 1.633 1.638
2| 1607 | 2.272 1.620 2.291 1.638 2.316
3| 1.607 | 2.783 1.620 2.805 1.638 2.837
101 3| 1727 | 0.997 1.739 1.004 1.752 1.011
% 1.727 | 1.221 1.739 1.229 1.752 1.238
1 1.727 1.727 1.739 1.739 1.752 1.752
2| L1727 | 2.442 1.739 2.4539 1.752 2.477
3| 1727 | 2.991 1.739 3.012 1.752 3.034
.04 —% 1.865 1.076 1.882 1.086 1.906 1.100
% 1.865 1.318 1.882 1.330 1.906 1.347
1| 1.865 1.865 1.882 1.882 1.906 1.906
2 1865 | 2.637 1.882 2.661 1.906 2.695
3| 1.865 | 3.230 1.882 3.259 1.906 3.301
.02 % 1.961 1.132 1.984 1.145 2.012 1.161
3| 1.961 1.386 1.984 1.402 2.012 1.422
1| 1.961 1.961 1.984 1.984 2.012 2.012
2| 1.961 2.773 1.984 2.805 2.012 2.845
3| 1.961 3.396 1.984 3.436 2.012 3.484

Table 5.6: Values of dl% and d?% for the alternative Hs : F' # G.
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07 A H11YS(OX HziXSLOY
10 | % 1.740 1.732
3 1.845 1.837
1| . 2131 2.121
2 2.610 2.598
3 3.014 3.000
05 | 3 1.893 1.887
3 2.008 2.002
1 2.319 2.312
2 2.840 2.831
3 3.280 3.270
025 | 3 2.023 2.024
3 2.145 2.146
1 2.477 2.479
2 3.034 3.036
3 3.504 3.506
01 |2 2.198 2.206
5 2.331 2.340
1 2.692 2.702
2 3.297 3.309
3 3.808 3.822
.005 | 2.314 2.335
3 2.454 2.477
1 2.834 2.860
2 3.471 3.503
3 4.008 4.046
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Table 5.7: Large sample critical values for the alternatives H; : Y <;,, X and H, :

X <o Y.
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Table 5.8: Large sample critical values for the alternatives H3 : F' # G.
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Now consider the case where our alternative is H; : F' # G and the statistic

[Whm| = max(W7,, W, ). In the same way as before, we get that P(|W, .| >

n,m

do) < P(supyep e U7(z) > \/f%) and we have in [2] simulated values such that

P(sup,epe U7 (2) > T‘f—f/\-) < a. Critical values are presented in table 5.8.

b)Bootstrap approach
As we mentioned before, in practice, we do not usually know what the copula C* is
and need to estimate it from the data we have. One of the ways to approach this
situation is to estimate C*" via the bootstrap technique, which was first introduced in
[17]. The general idea behind the bootstrap is to obtain a sample from an unknown
distribution, construct an empirical distribution applying 1/nth of mass to each ob-
servation, resample with replacement from that empirical distribution and then use
this last sample to estimate the initial unknown distribution or a function of it. As
under our null hypothesis the samples X, X5, ..., X, and Y1,Y5,...,Y,, are actually
two samples from the same distribution, we will present a bootstrap that uses pooled
data.

Following the two-sample bootstrap procedure described in section 3.7.2 of [46],

we denote the pooled data as
(ZlN7ZZN7--'aZNN) = (X19X27-"aXn’}/hYQa"';Ym)a

where N = n + m. To follow this approach we will sample with replacement from
B B B
(Zin, Zan, - .., ZNw) to obtain (Z1n, Zon, ..., Znw). This can be regarded as a sin-

gle bootstrapped sample from the distribution H = IJ%\F + I%\G. We define the

pooled empirical distribution function Hy and the two-sample bootstrap empirical

B B
distribution functions Fp y and G, n as follows:

N
Hy(t) = %ZI{ZW St} = TFalt) + SGm()

B 1 < B
Fan (t) = ;;I{ZWS t}


file:///ZiNi
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B 1 & B
Gmn (1) = ;L“;f{ZnJri,NS t}.

First, consider the process
B B B B
VI(Fnn,Gun) — (Hy, Hy)] = (Wm(Fan —Hn), VI(Gmn —HN)).

This will converge to (\/XUCH,UCH) given (X1, Xo,..., Xn, Y1,Y2,...,Yy), where as
before, the bridges U " and _UCH are independent. We will again use the fact that
the function ®(F,G) = Go(Fy , Fy ) is Hadamard differentiable with derivative given
by Lemma 5.1.3.

We have that:

B Bl= B2~ L o
VM|Gun (Fp s Fan) — Hv(Hy  HY (9, )

—  /[O(Fans Cony) — S(Hy, Hy) (P, q)
o O(H, HYVAUC T, q)

—CH ocH , H ocH . H
— 70 - ARy 1) - VAEE R et g

given (X1, Xa,..., X0, Y1, Y2, ..., Y0).

Similarly:

B B~ B2- L o
Vm[Fnn (Fons Fon) — Hv(Hy , Hy)))(p, 9)

= T[O(Fan, Fan) - ®(Hy, Hy)|(p:q)
—p &' (H, H) (VXU VAU ) (p, q)

= VAU (g) - VRS Dy 1) - ﬁ?-(%v(ﬂa,q)

given (X1, Xo,..., X, V1,2, ..., V).
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Both asymptotic behaviors above follow from the delta method for bootstrap
(see Theorem 3.9.11 in [46]).
Putting the two expressions together, we get that the following holds:

Bl— pZ- Bl— pZ-

B B
Vm[Gmn (Fpns Frn)— Frn (Fpns Fun)l(®,9)

—p T (p,g) = VAU (p,g) + VAU (p, 1)]

8CH(p,q)  ACH(p, q)]
dq 0q
= T (p,q) - VAU (p,q)

=p VI+ AU (p,q)

aC(p,q)  8CH(p, 2,
op ap

+ VAU (1,9)]

given (X, Xa,..., Xn, Y1,Y0, ..., Y0).

Now we define our new bootstrapped process:
B Bl- p2- B Bl— p2-
Wr?,r,:(p7 Q) = sup \/E[Gm,N (Fn,N7 Fn,N)‘ FnN (Fn,N7 Fn,N)]'

p.q

We just proved that anf —p \/l—l——)\supp’q UC". Therefore, we can take a large
number of samples of size NV from our pooled empirical distribution Hy and use anf
to approximate observations of v/1 + A sup, , U C" The upper (1—a)100th percentile
of our bootstrapped observations will approximate c,, the appropriate critical value
for testing Hy : I' = G = H against the alternative H; : Y <;, X. The alternatives
H;: X <, Y and Hj : F # G are handled similarly using, respectively, bootstrapped

observations of W2~ and |W2, |

ePartial samples known
In this scenario we have already completed our experiment but we only know the val-
ues of some of our observations, in particular, the process v/m[Gn(F1™(p), F2 (q)) —

F,(F!~(p), F?7(q))] can only be observed over the region 0 < p < py and 0 < ¢ < go.
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a)Conservative approach
Assume we are working with the process v/m[Gm (FL~(p), F2~(q))—Fo(Fi~(p), F2~(g))]
and the alternative H; : Y <;, X. Under the precedence scheme we can no longer

use the test statistic W, n,, but we will define a new statistic

W’:,m = W;:,m(PoJZo)
= sup Vm[Gu(Fy~(p), Fi(9)) — FulFy ™ (0), B (2))]

p<p0,9<qo
to takes its place. It is easy to see that under Hy : F' = G,
W::,m(Po, %) —Dp \/1+—>\ sup ue’ (p,q).
p<po,9<qo
Now we are in a familiar position: we need to find the critical values ¢, for each
alternative. If the copula C¥ is known the critical values are simulated without any
further complications.

If the F' copula is unknown we can certainly compare this new statistic with
that we already used in the case of complete samples. We know that Wt < W
from which follows that P(Wyt > ci) < PWF, > ci) < @ Then, if we let
Cq =2 max(d%’, d%), where the values d% are chosen as in the case of complete samples,
we have found critical values that will work. It is obvious that these values are not the
best in the sense that P(W+ > c,) could be significantly smaller than P(W,F, > c,),
which in turn is almost always smaller than «. As a consequence of accepting as
critical values the values found in Table 5.1, Table 5.2 or Table 5.7 we are definitely
setting a conservative critical region and in doing so, choosing a less powerful test.
Using the same logic we can conclude that the values found in Table 5.3, Table 5.4
or Table 5.7 can be seen as conservative critical values for a test Hy : ' = G vs
Hy X <, Y.

Similarly, when we have a two-sided alternative Hy : F # G, we use that

’Wi,m(po,%)l —p V14 ASUP,<p a<an |UCF(p, q)|. Since IW,’{,m| < [Woml, it follows
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that P(|Wy .| 2 ca) < P(IWpm| > co) < a and once more we can use the values in
Table 5.5, Table 5.6 or Table 5.8 as conservative critical values for our test.

If we have some additional information about the copulas involved, this approach
can be refined. To explain the path to follow we need to go back to the sketch of
the proof of Theorem 5.2.2. There, we worked with the supremum over [0, 1]? of the
two bridges U®” and UY. If we now want to restrict = to [0, po] x [0, o], the proof
will still hold up until the last line: we will have that P(Sup,c( pojx[0,00] U (z) > 6) <
P(SUPejo,poixfogo) U7 (%)) > 8), but Supse(o o)« (0,40 U7 (M) = SUPgeo polxfo.go) U7 (%)
will not be true anymore.

We have that:

P( sup U (@)>8)<P( sup Ullm(z)) >

z€[0,po] % (0,q0] z€[0,p0] % [0,90]

< P( sup Ul(z) > 9).

=1 Ssup{ma(2):z€[0,p0]x[0.q0]} w2 Ssup{ma(z):2€[0,po] x[0,00]}

With that in mind, let us pick a specific example to show the way this method
works. Suppose we know that both F and G share the FGM copula C(u,v) =
wv + Ouv(1 — u)(1 — v) with unknown parameter 6, and we want to test Hy: F = G
vs H; : Y <, X. Under this assumption, we are actually testing Hy : 0p = 05 vs
H; :0p < 0.

The function m(z) for the FGM copula is 3(z; — 2 + 1+ 2122(1 + (1 — 21)(1 —
T9)), T2 — o1 + 1 + 2122(1 + 0(1 — x1)(1 — z2))). To continue with the example, fix
po = o = 3. Some of the values of m(z) are: my(3,3) = ma(3,3) = %-}-3‘5—2, my(0,3) =
ma(3,0) = 1, and my(3,0) = my(0,3) = 3. We can check that m; is increasing in z;,
but decreasing in z, and that ms is decreasing in x;, but increasing on x,. Therefore,
the supremum (2 for both functions) is attained at m;(3,0) and at m2(0, 5). Then
we can say that P(supye(o 1)x(o,4] U™ (z) > \) < P(supgepo,2p U'(z) > A).

In general, if we can find the function m(z) as defined in Theorem 5.2.2, which
in turn means we have some information about the copula structure, we can use this

alternative approach to obtain more accurate critical values.
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b)Standarization

Up to this point, we have assumed that the process

Tom(p, @) = Vm[Gu(Fy™(p), i (@) = Fu(Fn ™ (p), i (9)]

can be completely observed on some region [pg, go]. However, there may be situations
in which only aggregate data is available, and we observe only T, m(po,go) at one

fixed value of (p,q). It is our intention to prove that under Hy,

T
n,m(Po, q0) —p N(0,1), (6.2.1)

\/1—4__?\/05(1)0, 9)[1 = CF(po, q0)]

where CF' = F,,(F}~, F27) is the empirical copula of the F' distribution. In this case,

the appropriate critical values for each of the alternatives are easily determined.

Tn,m (P0,q0) as
\/(1+%)Cﬁ(p0,qo)[l CF(PO;QO)])

Tn,m(Po, %) V1+ A \/CF(PO, 90)[1 — C¥(po, 90))
\\/(1 + XN)CF(po, g0)[1 — CF(po, QO)l Vit s \\/Cf P, q0)[1 — CF(po, QO)]
\q,._/

(@) (®) (©)
Since under the null hypothesis T, (po, %) —p V1 + \Uer (Po, go), which is normal

We will rewrite

with mean 0 and variance (1 + \)CF(pg, g0)[1 — C¥(po, q0)], it immediately follows
that (a) —p N(0,1). From the fact that © — X it is clear that (b) — 1. Fi-
nally, to deal with (c) we first recall that the empirical copula C" converges to CF
a.s. (Theorem 3.2.5). Then we observe that the functions f(z) = z(1 — z) and
g(z) = /z (and therefore their composition) are continuous. This implies that
CE(po, q0)[1 — CF(po, q0)] —as CF(po,q0)[1 — CF(po, qo)], and we can deduce that
(¢) =45 1. Equation (5.2.1) follows from the convergence of (a), (b), (c) and Slut-

sky’s theorem.

Comment 5.2.4 It is important to remark that the particular bootstrap technique
that we used in the complete samples case cannot be used when we only have partial

data, since the full samples are needed for resampling.
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Although all the results in this section are for the A region, it is worth mentioning
that to handle information for the D region we can take two approaches. The first one
is to work with the limiting distribution that was developed in the previous section.
The second, and more convenient, one is to work with the equivalent region F instead
(see figure 2.2). We have not developed the limiting distribution of this region because
it is possible to use the asymptotics found for the A region for this purpose. What
we need to do is to invert all our data so that the points (0,0) and (1,1) become
(1,1) and (0,0), respectively. By “flipping all our data over” we will end up with
observations in the A region, and we have already presented different alternatives to
work with this type of data. It should be noted that, since we are inverting all our
data, the resulting copula structure under Hy : F = G will correspond to the survival
copula of F (see Definition 7.1.11). All the results developed for the A region hold
for the F region under the above mentioned transformation and the corresponding

survival copula structure.



Chapter 6

Conclusion

The goal of this thesis has been to suitably extend the concepts of a p — p plot and a
precedence test to higher dimensions. Although the focus has been on the underlying
theory, potential applications have been proposed.

For multivariate data that generates the minimal filtration -like geographical
data- and data that generates the product filtration -like clinical experiments-, we
have defined two different extensions of a p — p plot to R¢. We developed a Glivenko-
Cantelli type of result for each of these p—p plots, as well as described their respective
asymptotic Gaussian behaviour. We have used these results to construct tests of
stochastic order between two distributions. These tests have the advantage that they
do not necessarily need the complete samples to be effective; instead, partial data
may be enough.

At this point, we would like to mention that, although we have managed to
achieve all the goals we set for ourselves at the beginning of this work -and that our
theoretical results are useful as they are-, there is still plenty of research to be done
on this topic.

The first step in this direction would be to do some simulations in order to
calculate the power of our tests. Once we have their power we would be able to
compare them both to other tests (for example, to two one-dimensional tests) and to

other test statistics (for example, a Cramer-Von Mises test statistic for a two sided
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alternative). We could, as well, assess the adequacy of tests based on partial data.

Further research is also needed in the case that our samples are small, instead
of large. We did not go into the details of the small sample scenario because our
focus was on the asymptotic behaviour of our two test statistics. Regarding the large
sample case, we have developed a weak approximation for both our processes; it would
be interesting to obtain a strong approximation. We would also suggest, as future
research, to look for weak and strong approximations for weighted processes.

Also, in essence, our tests can set a cut-off point, where only the data found
before such point will be considered. This can be regarded as a particular form of
censoring. Therefore, extending our schemes and results to include censored data

might turn out to be a productive idea.



Chapter 7

Appendix A

7.1 Copulas

For this appendix chapter we have gathered some definitions, theorems and properties
concerning copulas. Although the literature on copulas is very extensive, we will only
be covering the small part that is needed for the present work. All the following

results, and their corresponding proofs when applicable, can be found in [35].

Definition 7.1.1 Let S, and S, be nonempty subsets of ® = [~o0,00], and let H
be a function with domain S; x Ss. Let B = [z1, 23] X [y1,y2] be a rectangle whose
vertices are in S; X Sy. The H—wvolume of B is denoted as Vi (B) and it is defined
as Viu(B) = H(za,y2) — H(za,y1) — H(z1,y2) + H(z1,41).

Definition 7.1.2 A real function H with domain S; X Sy C R® and range in the
real numbers is 2-increasing if Vg(B) > 0 for all rectangles B whose vertices lie in

Sl X Sz.

Definition 7.1.3 Suppose that S, has a least element a, and that S, has a least
element az. A function H from Sy x Sy to R is said to be grounded if H(z,a3) =0 =
H(ay,y) for all (z,y) € S1 X Ss.

Definition 7.1.4 A copula is a function C with the following properties:
107
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e The domain of C 1s [0,1]%
o C is grounded and 2-increasing.
e For every u in Sy and every v in Sy, C(u,1) =u and C(1,v) = v.
Equivalently, a copula is a function C from [0, 1]* to [0, 1] with the following properties:
e For every u,v € [0,1], C(u,0) =0 = C(0,v), C(u,1) =u and C(1,v) =v.

e For every uy,us,vi,v2 € [0,1] such that u; < ug and vi < vy, Clug,vg) —

C(ug,v1) — Clus,vy) + Cluy,vy) > 0.

Theorem 7.1.5 If C is a copula, then for every (u,v) € [0,1]?, max(u+v —1,0) <

C(u,v) < min(u, v).

Theorem 7.1.6 If C is a copula, it is uniformly continuous on [0,1]*: for every

u1, ug, v1,v2 € [0,1], |Clug, v2) — Clur,v1)| < |ug — wy| + |v2 — v4].

Theorem 7.1.7 Let C be a copula. For anyv € [0,1], the partial derivative %_2 exists
for almost all u, and for such v and u, 0 < B—C(,Sji) < 1. Similarly, for any u € [0,1],

the partial derivative %—f exists for almost all v, and for such u and v, 0 < % <l

Theorem 7.1.8 Let H be a joint distribution function with marginals F and G.
Then there exists a copula C such that for all x,y € R,

H(z,y) = C(F(x),G(y)). (7.1.1)

If F and G are continuous, then C is unique. Conversely, if C is a copula and F and
G are distribution functions, then the function defined by equation 7.1.1 is a joint

distribution function with marginals F' and G.

Corollary 7.1.9 Let H be a joint distribution function with continuous marginals F
and G, and let F'~ and G~ be the left continuous inverses of F and G, respectively.
Then for any (u,v) € [0,1]?, C(u,v) = H(F~(u), G~(v)).
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We can restate the last theorem in terms of random variables and their distrib-

ution functions.

Theorem 7.1.10 Let X and Y be random variables with distribution functions F
and G, respectively, and joint distribution function H. Then there exists a copula C

such that equation 7.1.1 holds. If F and G are continuous, C is unique.

Definition 7.1.11 For a pair (X,Y) of random variables with distribution func-
tion H, the joint survival function is given by H(z,y) = P(X > z,Y > y). If
the marginals of H are denoted by F and G, then the survival copula is defined as

Clu,v) =u+v—1+C(l —u,1—v). As with the usual copula structure, we have

that H(z,y) = C(F(z),G(y)).

Theorem 7.1.12 Let X and Y be continuous random variables. Then X and Y are

independent if and only if C{u,v) = [[(u,v) = wv. [] ts called the product copula.

Example 7.1.13 The Farlie-Gumbel-Morgenstern (FGM) family of copulas is given
by C(u,v) = wv+ Ouv(l —u)(1 —v), where —1 < 6 < 1. In view of their simple form,
FGM copulas have been used, traditionally, in tests of association and non-parametric

studies.
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