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PACKING MEASURE, AND ITS EVALUATION
FOR A BROWNIAN PATH
BY
S. JAMES TAYLOR AND CLAUDE TRICOT

ABSTRACT. A new measure on the subsets E C R is constructed by packing as many
disjoint small balls as possible with centres in E. The basic properties of ¢-packing
measure are obtained: many of these mirror those of ¢-Hausdorff measure. For
#(s) = s2/(loglog(1/s)), it is shown that a Brownian trajectory in R? (d > 3) has
finite positive ¢-packing measure.

1. Introduction. The size of sets of zero Lebesgue measure in R? can be investi-
gated by several distinct techniques. The first of these to be extensively developed
was established by Hausdorff—for a recent account see Rogers [9]. Hausdorff
measure is defined using economical covers of a set. For a given monotone function
¢(s), there is a sense in which Hausdorff ¢-measure is the smallest outer measure
determined by ¢; there are several other measures based on ¢. In this paper we
define packing ¢-measure and examine some of its basic properties. We will see that
it is larger than Hausdorff ¢-measure, and many of its properties mirror those of
Hausdorff measure.

The definition of packing measure has to be given in two stages. In §3 we consider
various premeasures and eventually choose one of them to generate the ¢-packing
measure ¢ — p(E) defined in §5. In the theory of Hausdorff measures, an essential
tool used to prove ¢ — m(E) finite and positive is the use of upper density, first
developed by Frostman [6] and made precise in [10]. The analogous theorem for
packing measure, using lower density, is developed in §5 and used for immediate
calculations. For example, the classical Cantor set in [0, 1] has finite positive packing
measure with respect to ¢(s) = 5% a = log2/log 3, so that this set is regular in the
sense that the correct ¢ giving finite positive measure is the same for both Hausdorff
and packing measures.

The notion of strong and weak ¢-variations of a function f: [a, b] > R? was
studied by Goffman and Loughlin in [7]. Just as the weak variation is related to
Hausdorff measure, we are able to show, in §4, that ¢-packing measure of the image
of f is bounded by the limiting strong ¢-variation. The strong variation of Brownian
motion was obtained in [14], so this relationship gives an upper bound for the
packing measure of a Brownian trajectory.

In [2] it was shown that ¢(s) = sZlogflog s| is the correct function to give the
Hausdorff measure of a Brownian trajectory in R? (d > 3). In §7 we show that
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680 S.J. TAYLOR AND CLAUDE TRICOT

Y(s) = s2/logllog 5| is the correct function to make the y-packing measure of the
trajectory finite and positive. The proof requires a new analysis of the small values
of the sojourn time in a ball for the process. This is carried out in §6 and leads to
Theorem 6.8 which describes the lower asymptotic behaviour of the sojourn time. In
order to set the scene we start in §2 by developing notation and describing the main
results for Hausdorff measure for which we can obtain analogues.

The set function ¢ — p(E) was first defined for subsets of R in [17, p. 145].
Sullivan [11] used the term “packing measure” for an outer measure », which he
defined on the subsets of a fixed closed set A in R?. His measure v, depends critically
on the local structure of A and is not translation invariant. In general, ¢ — p # ,
when restricted to subsets of A unless A is sufficiently regular—for example, if A
were a rectifiable Jordan arc and ¢(s) = s.

2. Measures of Hausdorff type. We restrict our attention to subsets of Euclidean
space R? (d > 1). Some of our results extend to more general metric spaces, but we
use the structure of RY and do not concern ourselves with the validity of extensions.
We use |E| to denote the Lebesgue outer measure of £ and ||x| to denote the
distance from 0 to x € R%. We denote the open ball with centre at x and radius
r > 0by

B(x)={yeR%:|x -yl <r}.

Let I'* stand for the class of dyadic cubes in R%. C € T* if it has side length 27",
n € N, and each of its projections proj, C on the ith axis is a half-open interval of
the form [k,27", (k,+ 1)2°") with k, € Z. For x € R let u,(x) be the unique
dyadic cube of side 2~ " containing x.

We also need the larger class I'** of semidyadic cubes. C € T'** if it has side
length 27" and proj, C = [$k,27", (k, + 1)27") with k; € Z. Each x € R? belongs
to 24 cubes of side 27" in ['**: of these we denote by v,(x) the unique cube in I'** of
side 27" whose complement is at distance 27"~ 2 from u,, , ,(x). The coordinate of the
centre of v,(x) is within 27"~ ? of the corresponding coordinate of x.

® denotes the class of functions ¢: (0,1) » R which are increasing, continuous
with ¢(s) = 0 as s | 0, and satisfy a smoothness condition:

(1) There exists ¢, > 0 such that $(2x) < cop(x) for0 < x < 1,/2.

The identity function e(x) = x, and each of its positive powers is clearly in ®.
Suppose Z(R?) is the family of bounded subsets of R”. We introduce a partial
order in the class of set functions F: #(R?) - [0, + 0] = R*U{+ 0 }. Put F; < F,
if there is a finite A < 0 such that Fi(E) < AF,(FE) for all E € #(RY), and write
F, < F, and say F, and F, are equivalent if both F; < F, and F, < F}.
diam( E) denotes the diameter of E € Z(R*). If Z ¢ Z(R?) put

o(R)= Y ¢(diam(E)) and ||| = sup{diam(E): E € Z}.
Eex
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PACKING MEASURE AND ITS EVALUATION 681

F(R?) is a covering family if, for each ¢ > 0, there is a subfamily # Cc F with
|2|| < ¢ and R? € U4 E. Clearly this property is valid for T* or I'** or & the
family of all open balls. For any covering family # define
(2) Foé - m(E) = lim inf{¢(9z):||gz||<e,gecgr,Ec U F}

el0 FeF
Whenever .% = #(RY), ¢ — m is the classical $-measure defined by Hausdorff,
which we denote by ¢ — m. When # = % we obtain spherical Hausdorff measure.
Since every bounded set is contained in a ball of double the diameter, (1) im-
mediately implies

(3) Fdp—-—mxX¢—m.
When % = I'* we denote I'*¢ — m by ¢ — m™*, and again it is easy to see that
(4) ¢ —mxo— m*.

These restricted Hausdorff measures were first defined and used by Besicovitch. For
our present purposes we make two further modifications. Given E C R?, let ¥, be
the family of open balls { B,(x): r > 0, x € E'} with centres in E. We again get

(5) ¢ —m(E) < Fxp — m(E) < c¢p — m(E)

for a suitable constant ¢. Now put
#*={uv(x):neNxe€E},

and denote I'}*¢ — m(E) by ¢ — m**(E). It again follows that

(6) ¢ —mx$—m**

We note that each of the above set functions is defined on all subsets of R?, takes
values in [0, + oc], and is a metric outer measure in the sense of Carathéodory. For
each of them there is a class of measurable subsets #, and the restriction of the set
function to .# is a o-additive measure. Further, .# contains the Borel subsets of R?.
The rarefaction index corresponding to Hausdorff measure is usually called the
Hausdorff-Besicovitch dimension and is defined by

dim E = inf{a > 0: e —m(E) =0} =sup{a > 0:e“—m(E) = +0}.

Clearly (3)-(6) show that any of the above set functions would have given the same
value of dim E. However if dim E = 8§ > 0, then ¢® — m(E) can be zero, finite and
positive, or +oco. Only if 0 < e® — m(E) < + o0 do we say that ¢(s) = s° is the
correct function in ® for giving the Hausdorff measure of E.

If we want to prove that ¢ — m(E) < + oo, it is sufficient to find K < + oo such
that for each £ > 0 there is a cover % of E for which || 2| < € and ¢(2#) < K. By
using definition (2), it is harder to show that ¢ — m(E) > 0, for now we have to find
¢ > 0 such that ¢(2#) > ¢ for every possible cover of E. To avoid the need to
consider all covers, the following density theorem, which is immediately deducible
from the results in [10], is a useful tool.
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682 S. J. TAYLOR AND CLAUDE TRICOT

THEOREM 2.1. For a given ¢ € O there are constants ¢, ¢, such that, for all E ¢ R*
and every finite Borel measure p. in R?,

cun(E) int | timint E20

<¢ - m(E) < cp(R) sup { liminf #(d(w) ,
xeg| eloxen  p(u)
diam(u)<e

where the last infimum is taken over nondegenerate rectangles u containing x with
diameter at most e.

Variants of this theorem can be obtained by using (3)-(6) to replace ¢ — m by one
of the restricted measures and by replacing the lim inf by

lim inf —2(&) 2(2°")

e10 p(B,(x)) o linn—l'i::fﬂ[vn(x)].

A necessary tool for examining Brownian paths will be a density theorem for
packing measure. Our choice of precise definition will ensure that such a density
theorem is valid. We would point out that, in terms of a given ¢ € ®, there are other
measures which lie between ¢ — m and ¢ — p. No density theorem is known for
these, and in some cases one can show that none is valid.

We use K to denote a finite positive constant whose value is unimportant and may
change from line to line.

3. Packing premeasures. Before defining new outer measures (§5), our first step is
to consider several ways of modifying definition (2) by changing inf to sup and
replacing covers of E by packings of disjoint sets related to E. We again assume %
is a covering family of bounded sets in R%. We say # ¢ #(R?) is a packing of E if,
forall FE€ ®, ENF + @ and the sets in # are disjoint. Put
(7) Fo—P(E)= limsup {¢(R): ||R|| < e, R F,Ris apacking of E }.

el0
If we made no restriction on %, this would not be a useful definition, because near
any x € E one could fit in an arbitrary number of disjoint sets of diameter ¢ > 0
having x in their closure. This would give a value + oo even for the singleton { x }. In
[19] definition (7) was used with # = the class of open balls. That definition is now
denoted
F¢ - P(E)=¢ - 0(E).

Different natural choices of % yield premeasures and measures which are not
equivalent, although we will see that they all lead to the same rarefaction index A
discussed in [18].

We consider three further possibilities for #.

(i) F% is the family of balls B,(x) r > 0, x € E. ¥z — P(E) is denoted by
¢ — P(E).
)Tt ={u(x)neN,xe E}CTI* T{p —~ #(E)isdenoted by ¢ — P*(E).
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PACKING MEASURE AND ITS EVALUATION 683

(i) T}* = {v,(x): n€N, x € E} CI'** T'}*¢ — P(F) is denoted by ¢ —
P**(E).
We discard ¢ — Q and ¢ — P* for reasons which later become evident and show
that ¢ — P and ¢ — P** are equivalent set functions. ¢ — P** will be useful as an
auxiliary set function, but our final definition will be based on ¢ — P. The first step
is to clarify the simple properties of the set functions based on (7), which we have
defined.

LEMMA 3.1. Let 7 = 7, be one of the set functions ¢ — P, ¢ — P*, ¢ — P**, ¢ — Q.

Then
(i) 7 is monotone: E, C E, = 7(E)) < 7(E;).

(i) 7 is subadditive: T(E, U E,) < 7(E,) + 7(E,), with equality holding if the
distance between E, and E, is positive.

(i) If p(s) /Y (s) = Oass = 0, then T (E) < + o0 = 1,(E) = 0.

(iv)¢p —m=7,

W IfE = {x)}, thenT,(E)=0.

(vi) If E is a bounded Lebesgue measurable subset of R? with positive Lebesgue
measure and ¢(s) = s then 0 < 1,(E) < + o0.

PrROOF. Most of these properties are immediate consequences of the definition of

7. We note that (ii) follows from the fact that any packing # of E; U E, can be

separated into a packing of E; and a packing of E, with no interference when || %|| is

smaller than half the distance between E, and E,. (iv) is easily verified for ¢ — P: if

M,_(E) denotes the maximum number of disjoint balls of radius r centered in E, then
¢ — P(E) > limsup M,(E)¢(2r),

r—0
while E can be covered by M,(E) balls of radius 2r, so that
¢ — m(E) < liminf M,(E)¢(4r).

r—0

The same holds for the other 7,, with an analogous proof, or the use of the following
Lemma 3.4. The lower bound of (vi) derives directly from (iv). The upper bound is
evident.

REMARK. All the above are true for Hausdorff measure and its variants. For
Hausdorff measure (i) can be strengthened to 7(U%, E,) < £, 7(E,). This is false
in the present case. Consider ¢(s) = s?/? and E = Q N [0, 1], the set of rationals in
[0,1]. Since 7,(E) = 7,([0,1]), 7,(E) = + o0, but E is a countable union of single-
tons. Thus 7 is not an outer measure.

LEMMA 3.2. If 7 is as above, there exists for all E € #(R?) a Borel set B O E such
that 1(B) = 1(E). For ¢ — P or & — Q we can take B = E (closure of E).

PROOF. Any packing of E is a packing of E and, conversely, so that ¢ — Q(E) =
¢ — Q(E). Given € > 0 and a family £ of disjoint open balls of radii r, and centre
x, € E, we can always find a new family 2’ of balls of radii r, and centre x; € E
such that B,,(x}) C B, (x,), and £¢(2r,) < (1 + &)Lo(2r;). This gives ¢ — P(E) <
(1 + &)¢ — P(E) for all € > 0. The monotonicity of ¢ — P gives the opposite
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684 S.J. TAYLOR AND CLAUDE TRICOT

inequality: ¢ — P(E) < ¢ — P(E). For ¢ — P* take the Borel set B = N,U{u,(x):
x € E}) which contains E: since I'} = '}, we get ¢ — P*(B) = ¢ — P*(E). The
same argument works for ¢ — P**,

The next lemma is the main reason we discard ¢ — Q as a candidate for packing
premeasure:

LEMMA 3.3. Let ¢(s) € ® be such that s/¢(s) € ®, and let E be an infinite set
included in [0,1). Then ¢ — Q(E) = 0 or + 0.

Functions satisfying such conditions are common: for example s, 0 < a < 1.

PROOF. If |E| > 0 we use the fact that s '¢(s) > + oo and Lemmas 3.1(iii), (vi),
and 3.2tofind¢ — Q(E) = + o0.

If |E| = 0, let us write E as [0, 1] — U{° J, where the J, are disjoint open intervals of
decreasing lengths. There are two cases: either X¢(|J;|) diverges: using packings
made up of the J, we deduce that ¢ — Q(E)= +o00; or L¢(|J;) converges: let
so > 0 be such that s '¢(s) is decreasing on 0, so[ . For all sequences (a,) of
positive reals such that Ya, < 5,5, we have ¢(Xa,) < X¢(a,). Now let 0 < & < s,
and let # be a packing of E by disjoint intervals of length < ¢. If ¥ € £, the fact
that |E| = 0 implies

luf=Z{|JNul:JNu+ @}
so that
o(lu) <Z{e(WNu): S Nnu+ o}

Let N(e) be the largest integer n such that |J,| > &. Adding up the last inequality for
all u € &, we see that the same J; is never counted more than twice, and that if
i < N(¢), its contribution to the total sum is less than 2¢(e). Therefore

Lo(@) < T o1 + M) (s)

N(e)

< X oD+ X ¢(1) + N(n)o(e)
N(e) N(nm)
if 7 is any number > €. Letting ¢ — 0 and then n — 0, we see that the right member
tends to 0, and therefore ¢ — Q(E) = 0.

LEMMA34.¢ — P X ¢ — P* <x¢p—P*andp — P < ¢~ Q.

ProOOF. From the definition of v,(x) it follows that B,-»-2(x) C v,(x) C B,,--(x),
where p = d!/? is the diameter of a unit cube. Condition (1) now implies the first
equivalence ¢ — P X ¢ — P**_ Since every semidyadic v,(x) contains the dyadic
u,,,(x), we get ¢ — P** < ¢ — P*. The last inequality is obvious.

EXAMPLE 3.5. Let E,, be the perfect symmetric set in [0, 1] with ratio 1/4. That is,

E,= {xER:x= Zan4"',an=00r3}.

The family of all dyadic intervals u = u,(x) can be divided in two classes %,, %,,
according as # N E, # @ or it N Ey = &. In the last case, u has the form u, (k27").
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PACKING MEASURE AND ITS EVALUATION 685

If # is any packing of E, made up of intervals of €,, e'/2(#) is at most equal to 1
and actually equal to 1 in the case where # covers all of E,, except for a countable
subset. Therefore, €,e'/> — P(E,) = 1.

Given ¢ < 1, x € E,, there is a u € %, such that ¥ C B(x) and |u| > ¢/2. It
follows that

e'/? — P(E,) < c}%,e'/* — P(E,) < + .

Since %, contains, for all n, 2" — 1 disjoint intervals of length 272" we deduce, using
these packings, that e!/?2 — P*(E,) = + co. Therefore, ¢ — P and ¢ — P* are not
equivalent.

But if E; is defined as E|, less the countable set of endpoints of the complementary
intervals, %, is empty and e!/2 — P*(E,) < + co. However, e!/? — Q(E,) = + .
Therefore, ¢ — P* is not equivalent to ¢ — Q. This example also shows that
¢ — P*(FE)is not always equal to ¢ — P**(E).

REMARK 3.6. In the light of this example, the reader may feel that the definition of
¢ — P* is artificial because it depends too heavily on the presence of the dyadic
points in the set. If, instead, we were to require the packing dyadic cubes to have an
interior point on E, we would get a smaller premeasure, defined only on subsets of
RY — D, where D is the set of points with at least one coordinate of the form k2", It
would still be rejected because of the undesirable properties of ¢ — p* (see Example
5.7). The definition given for ¢ — P* yields an easy proof for the density theorem
5.4.

In [13] we noted that the gap between ¢ — m and generalised y-capacity in the
sense of Frostman [6] was about a factor [log s|. The same phenomenon exhibits itself
concerning the maximum ‘gap’ between ¢ — P, ¢ — P*, and ¢ — Q. We now make
this precise:

LEMMA 3.7. Let g: 10,1 — R be such that ¥1/g(27") < + o0 and let ¢ € @ be
such that¢/g =y € ®. Thendp — P(E)< + o0 = ¢ — Q(E)=0.

PROOF. Let E € #(R?). We recall that M,(E) denotes the maximum number of
disjoint open balls of diameter r centered in E. Since ¢ — P(E) < + oo, there exists
K < + oo such that sup, M,-.(E)¢(27") < K. There exists also a constant L, such
that no ball of radius 27" is at distance < 2" from L, disjoint balls of radius > 27",
Let N € N, and let Z be a family of disjoint balls at distance 0 from E, || #}| < 2-V "2
Let k, be the number of balls in # of radius between 27" and 2-"*1, n > N. Since
k, < L,M,-.(E), we have

- 1
~ 827"y’

Y(Z) < ikn‘l’(z_"ﬂ) < ¢oKL,
N

which tends to 0 as N tends to + co. Hence, ¢ — Q(E) = 0.
Using any of the above definitions we could use the normal technique to obtain a
rarefaction index. The following result shows that we always get the same index:
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COROLLARY 3.9. There is an index A such that for all E € B(R%):
D) if0 <8 < A(E),

e’ —P(E)=e¢’—P*(E)=¢’— P**(E)=¢’— Q(E) = + .
(i) if 8 > A(E),
e®— P(E)=e’—P*E)=e¢’—P**(E)=¢e’- Q(E)=0.
From Lemma 3.1, A is such that
(8) dim(E) < A(E) < d.
For subsets of R there are many other equivalent definitions of A (see Tricot [18]).

4. Relation with strong variation. Suppose f: I = [0,1] = R? and 7 is a dissection
of [0, 1],
0=xy<x, < -+ <x,=1, o(7)=max(x;, — x,_;).

n

Define the strong g-variation W,( /) and limiting strong ¢-variation V,(f) by

9) W,(f) = sup X 6 (1 (x) — f(x_ )1,
7 =1
(10) V(f)=tim sup ¥ e(17(x) — f(xi I
el0 a(m)<e j=1

There is an easy connection between V,(f) and ¢ — P(f(I)). The following proof
is due to the referee—it replaces our earlier more complicated version.

THEOREM 4.1. Suppose f: I — R? is continuous and ¢ € ®. Then ¢ — P(f(I)) <
2COV¢(f).

Proor. Given 5 > 0, choose £ > 0 such that

(11) sup L o(f(x) = f(xi D) < Vo (f) + .

o(m)<e 1
Now choose 8 > 0 such that ¢(8) = 2. Let # be a finite disjoint family of balls B, of
diameter less than 8 and centres f(x;) with x; < x,,,, x; € ]0,1[ . Together with 0
and 1 the points x,, 0 < i < n, form a dissection 7 of [0, 1]. Form the subcollection
X, of balls centered at f(x,) such that x; — x,_, > ¢ and #, = Z\ #,. Since the
number of balls in &, is at most e}, we get

¢(R,) <e9p(8) =e.

Add further division points to the dissection =, formed from the x; such that f(x,)
is a centre of a ball in #,, to give a new dissection 7, with o(m;) < &, containing no
extra division point in ]x,_,, x,[ if x; € 7,. Now

diam Bi < 2“f(xi) _f(xi—l)“’
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PACKING MEASURE AND ITS EVALUATION 687
so, by (1),
¢(diam B,) < 2¢od(I1f(x,) = F(x,-)II)

and

(R,) < 2¢o X ¢(I1f(x;) —f(x;2 1))

X; €My

< 2¢(V,(f) +7) by(11).

Therefore, $(£) < & + 2¢o(V,(f) + ). If n and ¢ tend to 0, § tends also to 0, so
that the theorem is proved.

This theorem is not, in general, sharp. The gap between critical functions ¢ for
¢ — P(f(1)) and V,(f) can be arbitrarily large.

EXAMPLE 4.2. Suppose ¢ is any strictly increasing continuous function. Define f:
I - Rby

f(0)=0, f(x)=¢x)sin(1/x) for0<x<xl.

Take z, =2/km, k=1, 2,..., to see that V,(f)= +c. However, f(I) is a
bounded interval so e — P(f(I)) < + c0.
If we want f to be bijective we could take the graph of the above fin R,

5. Packing measure. We now return to the premeasures 7 which are the subject of
Lemma 3.1 and use Method I of Munroe [8, Theorem 11.3] to define an outer
measure '

(12) w(E) = inf{ Y 7(E,): E, € 2(R%), E c UE, }
defined for all subsets E of R? Let us first summarize some of the properties of p:

LeEMMA 5.1. If 7 is one of the premeasures ¢ — P, ¢ — P* ¢ — P** ¢ — Q, the

outer measure p defined by (12) is such that:
(i) p is metric: dist(E, F)> 0 = p(E U F) = p(E) + p(F).

(ii) All Borel sets in R? are p-measurable.

(iii) p is Borel regular: for all E C R? there is a Borel set B D E such that
p(B) = p(E).

(iv) IfE € BR%), u(E) < 7(E).

(v) For any sequence of sets E, 1t E, p(E,) = n(E).

(vi) If E is p-measurable, 0 < p(E) < oo and ¢ > 0, there exists a closed set F C E
such that p(F) > p(E) — «.

(vii) For any E,

(13) p(E) = inf{limr(E,): E, € #(R*),E,1E}.

PROOF. (i) comes from the fact that for any ¢ > 0 we can take the sets E, in (12) to
be included in U, .z B,(x). Then apply Lemma 3.1(ii). Property (ii) of Lemma 5.1 is
true for any metric outer measure [8). (iii) comes from Lemma 3.2: we can assume
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688 S.J. TAYLOR AND CLAUDE TRICOT

that the E, in (12) are Borel sets without changing u(E). Then construct B by
countable unions and intersections of Borel sets. (iv) follows directly from (11). (v)
obtains from the monotonicity of p: lim p(E,) exists and is < p(E). By (iii) we can
find Borel sets B, > E, with p(B,) = p(E,). But B, 1 B and p(B,) - n(B), so that
lim p(E,) > p(E).

(vi) Let E be p-measurable and choose a Borel set B D E with u(B) = p(E). Since
p(B\ E) = 0, we can find a Borel set B; D B\ E with u(B;) = 0. Now B, = B\ B,
is Borel, B, C E, and u(B,) = p(E). The set function p,(F) = u(F N B,), F Borel,
defines a finite Borel measure in R? p, is therefore inner regular, so there exists a
closed set F < B, with u,(F) > p,(B,) — & This gives u(F) > p(E) — ¢.

(vii)) We denote the right side of (13) by p*(E). (iv) and (v) imply that p(E) =
lim p(E,) < limr(E,) for all E, 1 E, E, € #(R?). This gives p(E) < p*(E). Con-
versely, given & > 0 we can cover E by sets F, € Z(R?) with X2_, 7(F,) < p(E) + &.
Take E, = E N (U!_, F). By Lemma 3.1(i) and (ii),

n

7(E,) < X 7(F) <p(E) +e,

p(E) <p(E) +e

Notation 5.2. The outer measures generated by the premeasures ¢ — P, ¢ — P*,
¢ — P** ¢ — Q will be denoted by ¢ — p, ¢ — p*, ¢ — p**, ¢ — g, respectively.

It follows from Lemma 3.1 that countable sets have zero measure and from
Lemma 3.4 that

(14) $-pXo—p*<od—p* ¢-p<o—gq.
Let us prove a result which applies to ¢ — p and ¢ — g by Lemma 3.2.

LEMMA 5.3. Suppose T: B(R?) = R* is monotone subadditive and satisfies 7(A) =
7(A) for all A, and let p be defined by (13). If E is a compact set such that
T(E N V) = + oo for all V which are open and meet E, then p(E) = + co.

PRrOOF. Suppose E, 1 E. Since E is closed we must have E, somewhere dense in E
(Baire’s Theorem) for some N. Then take an open set V'suchthat E, N V=ENV
#* O to get

T(Ey)z2m(ExNnV)=1(E,NV) =1(ENnV) =1(ENV)= +o0.

Using (13) gives u(E) = + 0.
We now state the main density theorem which has a similar structure to Theorem
2.1 for Hausdorff measure.

THEOREM 5.4. Suppose p is a Borel measure in R? with 0 < ||u|| = p(RY) < + 0.
u,(x) and v,(x) denote the dyadic and semidyadic cubes, respectively, containing x.
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For each ¢ € ® there are finite constants X, > 0 such that, for all E < R®,

im su ( ) < -
< Kl sup lim sup —( )
h “ ”xEE{ rl0 [.L(Br(X))}’

1/29-n
Ap(E) infE{limsup M—l} <¢ - p*(E)

nowo  B(u,(x))

< ||p)) sup {lim sup %;—)},

x€FE n— oo

1/24-n
3pL(E) mf {hmsupM

o T <)

1/249-n
< Il sup {nm sup M}
x€E n-—co [,L(Un(X))

PrOOF. Each of the above results can be proved by similar arguments. We give the
details for ¢ — p(E) which is the hardest case. The right inequality is trivial unless
there is a finite K such that, for all x € E,

lim sup M < K.

rlo p ( Br( X ))
In this case put E,={x€ E: r<1/n= ¢(2r) < Ku(B,(x))}. Since E, 1 E,
¢ — p(E) < sup ¢ — p(E,). But if Zis a disjoint family of open balls centred in E,
with [| ]| < 1/n, we get $(®) < K|[ul, s0 ¢ — p(E,) < K |||l Hence, ¢ — p(E) <
K ||u]| for every such K, and the right inequality is established.
Now assume there exists K > 0 such that, for all x € E,

, _e(@r)

P (B ()
For the left inequality it suffices to prove that
(15) MKu(E) < ¢ — P(E)
(then use (13) and the ¢-additivity of u). We assume ¢ — P(E) < + oo0. Foralle > 0
there exists § such that for each packing # of E by centered balls, || 2|| < 8, we have
¢(X) < ¢ — P(E) + e. For any ball B denote by B* the ball with the same center
and with diameter 5 diam B. The family of all balls B centered in E and verifying
the inequality Ku(B*) < ¢(diam B*) is a Vitali covering of E: a standard argument
allows us to select a packing #= {B,} of E, ||| < 6, such that for all n,
E c U B*. Therefore,

W(E) < Tu(BY) < KT p(diam BY)
< 3K 'o(#) from (1)

<c3K Yo — P(E) +¢).
This proves (15) with A; = c3.
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REMARK 5.5. It is clear from the argument used that if the lim sup is attained
uniformly over E, the right inequality is valid for ¢ — P as well as ¢ — p.

ExaMmpLE 5.6. Consider the set E introduced in Example 3.5. We take the uniform
measure p defined on E, by giving to each u € €, the mass |u|'/2. Every interval u
verifies
(16) wlu) < jul'?,
so that, for ¢(s) = s'/2, Theorem 5.4 implies ¢ — p(E,) > 0. For an upper bound
we already know that ¢ — p(E,) < ¢ — P(E,) < + 0.

Taking away the countable set of endpoints of the complementary intervals, we
get E, such that

0 <¢—p*(Ey) =¢—p*(E) <¢— P*E,) < +c0.
Now let us consider ¢ — g: the uniform structure of E, tells us that for all V open,
VN E,+ &, wehave

6— Q(E,NV)>¢—PHE,NV)= +0co0.

This shows that ¢ — ¢ and ¢ — p* are not equivalent and the conclusion of
Lemma 5.3 does not hold for ¢ — p*.

ExaMmpLE 5.7. Clearly, ¢ — p is invariant for translations. However, the following
argument shows that, for the set E, of Examples 3.5 and 5.6 and ¢(s) = s'/2, we can
find a real number a such that
(17) ¢ — p*(Ey + a) = +o0.

This shows that ¢ — p and ¢ — p* are not equivalent and, moreover, ¢ — p* is not
invariant for translations even in a weak sense.

p is the uniform measure on E, defined above. We choose a = ¥, 27%. Let us fix
an integer k > 1. Let x = X a,(x)47", a,(x) = 0 or 3, be a typical element of E,.
The event

A(x):ap_ i (x)= " =ay=

occurs infinitely often for p-almost all x: this can be proved by a Borel-Cantelli
argument. Now puty = x + «, b, the right endpoint of u,(x), b, the left endpoint of
u,(y). We want to show that, provided 4,(x), the distance between bj._, and
b,n_, + ais small, which gives a small measure to u,._ ().

If A (x)is true, then 0 < b, , —x <27 %, s0 that 0 < by_, + a —y < 272"
But b, , + a canbe writtenz - 2°¥"*% + 1, wherez € Zandn = £®2°% < 27¥*L
Therefore b}, =z - 2" **and 0 < byn_, + a — bjn_, < 277"*L Let us take for
measure p* on E; + a the translate of p. This last inequality implies

(e () = p¥([Bor_ g5 by + @),
so that, using (16) for p*,
p*(up i (y)) <207+D72
This gives
¢ (I (DI)/0* (e () 2 2007072
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infinitely often for p*-almost all y in E; + a. Theorem 5.4 implies that
§ = P*(Ey + @) > A,20 D72,
where k is arbitrarily large, hence (17) holds.
ExaMPLE 5.8. It is easy to check that the triadic Cantor set C C [0, 1] satisfies
0<e*-p(C)< +o0 fora=1log2/log3.

ConNJECTURE. This set C is such that e* — p*(C) = + oo. In order to prove this,
one seems to need a strong independence result concerning the expansions of a real
to bases 2 and 3.

COROLLARY 5.9. Each of the outer measures ¢ — p, ¢ — p*, ¢ — g defines the same
dimensional index.

PrOOF. This follows from Corollary 3.9. This index is denoted Dim or A—see

Tricot [19).
Since¢p — m < ¢ — p < ¢ — P, we have
(18) dim < Dim < A.

We now have to make a choice for “packing measure”. We discard ¢ — g because
there are no infinite sets of finite positive measure in R. The above examples show
that ¢ — p* is not translation invariant. We could take either ¢ — p or ¢ — p**, as
both satisfy the density theorem and are equivalent. However, ¢ — p** involves the
use of a particular net, and it is unlikely to be invariant for translations so we make

DEFINITION 5.10. Given ¢ € @, the outer measure ¢ — p is called the ¢-packing
measure.

We now compare ¢ — p with the Hausdorff measure ¢ — m:

LEMMA 5.11. For all E C R%, ¢ — m(E) < ¢ — p(E).

PROOF. Let us assume first that E is a bounded, Borel set. It is enough to prove
that

(19) ¢ —m(E)< ¢ — P(E).
Assume ¢ — P(E) < + 0. Let € > 0 and p, = p,(E, €) be small enough to ensure
that for each family (U;) of Borel sets with diam U, < p,, we have

¢ —m(ENUU)) < Lo(diamU,) + e
(see [1, §7]). Let p, be small enough to ensure that for each packing of E by open
balls B, of diameter < p, centered in E we have

Y ¢(diam B,) < ¢ — P(E) +e.

By a classical Vitali argument we can choose a packing (B;) of such balls, with
diam B; < min(p,/5, p,), and such that for all n, E — U] B, c U2, , B¥, where B* is

the ball with the same center as B, and with radius multiplied by a factor of 5.
Therefore,

En

b

¢—m(E—UBi)<¢'—m

1

U B.*)

n+1
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and given diam B} < p,,

¢ — m(E - UB,.)g Y o(diam B*) + ¢ < ¢} ) ¢(diam B,) + ¢,
1

n+1 n+1

where 27 ; ¢(diam B;) tends to 0 as n — oo since the series converges. Therefore,

¢—m(E)Y<s¢—mlEn|UB,|| +¢
1

< Y ¢(diam B,) + 2e < ¢ — P(E) + 3e.
1

This proves (19) for bounded, Borel sets. But both measures are Borel regular so the
result follows for any bounded subset of RY. The extension of Lemma 5.11 to
unbounded sets is immediate.

REMARK 5.12. It will usually be the case that ¢ — m(E) < ¢ — p(E) unless they
are both 0 or +oo. The condition 0 < ¢ — m(E)=¢ — p(E) < + 00 is a very
strong regularity condition which will be studied in a subsequent paper [16].

6. Sojourn time for Brownian motion. Before we can attack the problem of packing
measure for sample paths we need precise information about the small tail of the
distribution of the total time spent in a ball. We restrict attention to Brownian
motion in R? (d > 3) where the process is transient and, therefore, the total sojourn
time is finite. The case d = 1 is trivial, and a solution for d = 2 will require some
additional techniques.

X, = X,(w), —00 <t < 400, is a standard version of the Wiener process in R%.
P = P% is the Wiener measure for X, = 0. We need several associated random
variables. Let

M, = sup{|IX, = X,ll, 0 < < 1).
For r > 0, P,(r) denotes the first passage time out of the ball B,(0), given X, = 0:
P,(r)y=inf{tr>0: X, & B,(0)}.
The total time spent in B,(0) after 0, given X, = 0, is
Uy(r) = (> 0: X, € B(0)}],
while the corresponding time before 0 is
V,(r)=1{t<0: X, € B(0)}
and the sojourn time in B,(0), given X, = 0, is
T,(r) = Ud(") + Vd(")-

We are interested in the small values of T,(r) as r 0. U,(r) and V,(r) are
independent positive random variables with the same distribution, so T is small only
if U, and V,, are small. It is for this reason that our argument is more complicated
than that in [2], for there the large values of T, were relevant and these are the same
size as the large values of U, or V.

The trajectory of the process on [0, 1] is denoted

E(w) = {x € R": x = X, for some t € [0,1]}.
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Since X, is continuous a.s. E(w) is a compact set. For n € N we put
N, (@) = number of dyadic cubes of side 2™" containing a point of E(w).

We can now state some elementary results.
LEMMA 6.1. Suppose || x|| > r; then
P{B.(x) ishitby X, fort > 0} = (r/||Ix|)*"*

This is well known: it follows from the fact that the hitting probability of a ball
starting from y is a harmonic function of y with boundary value 1 on the surface of
B.(x).

LEMMA 6.2. There are positive constants c¢,, ¢, such that, for r > 1,

erd % P < P(My>r) < cyrite "2
PrOOF. The reflection principle gives
P{IXil > r} < P{M,>r} <2P{lIX] >r}.
The result now follows using the large tail of the normal distribution.

LEMMA 6.3. There is a positive constant ¢, such that
E(N,(w)) < ¢32*" foralln € N.
This can be deduced from Lemmas 6.1 and 6.2 by a standard calculation, or we
can obtain it as a corollary of the results in [2].

LEMMA 64. For0 <t < 1,
¢ 127472172t P{Ud(l) } ¢ (2-4/2-1/21

Proor. It was proved in [2] that U,(1) has the same distribution as P,_,(1).
Hence,

P{U,(1) <t} =P{P,(1) <t} =P{P,,(17?) <1} = P{M,_, > 17},

using the scaling property for Brownian motion for the third term. The result now
follows from Lemma 6.2.

LEMMA 6.5. For each ¢ > 0 there is a t; = t,(g) > 0 such that
et/ < PIT, (1) <t} <e™ @Y forO<t<it.
PROOF. Since U, (1) and V(1) are independent with the same distribution, we get
2
P{T,(1) <t} = [P{U,(1) < 31}]
> Kt~ 9*%-2/* by Lemma 6.4

> e~ @*9/" if t is small enough.
A fairly crude method gives the right inequality. Put G(s) = P{U,(1) < s} and fix
an integer k. Then

P(T,(1) < t}—/G(t—s)dG(s)— z[

(i-1)t/k

< Te(EtL6( L)

i=1

YK G(1 - 5) dG(s)
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Now use Lemma 6.4 with distinct arguments for d > 4 and d = 3 to give
- ; 2
o(k=ix1 ;(H,)G(i,)gC(k),4~dexp[_.;_t_i(kk_;f1)],
where C(k)= 0(k“"®) as k > co. But, for 1 <i<k, (k*+k)/i(k—i+1)>
41 -~ 1/k), so
P{T,(1) <t} < kC(k)t* “%exp[-(2/¢)(1 — 1/k)].
Given ¢ > 0 choose k > 3 /¢ and ¢ small enough to give
P{T, (1)<t} <e @9 forO0<rt<u,.

REMARK 6.6. It is clear that we could tighten up the above argument considerably
but not enough to give an exact asymptotic value for P{T,(1) <t} as ¢ | 0. If we
could have proved the following, it would have simplified our task in the next
section.

CONJECTURE 6.7. There are constants K = K(d), A = A(d), such that

P{T,(1) <t} ~ Kt*e™*" ast 0.

It seems likely that this should follow from a general result on the small tail of the
distribution of the sum of two positive independent random variables, but the
existing techniques are not good enough.

THEOREM 6.8. Suppose T,(r) is the total time spent in the ball B,(0) by a Brownian
motion process in R? (d > 3), X,, —00 <t < + o0, with X, = 0. Then

T
lim inf —d(r) =

it 2 a.s.,

where y(r) = r*/logllog r|.
ProofF. We fix d throughout the proof and omit it. In the easier direction a
standard Borel-Cantelli argument will work. Fix y < 2. For k=2, 3,... let a, =
exp(-k/log k), E, = {w: T(a,) < y¥(a,)}. Let 0 < ¢ < 1. Using the scaling prop-
erty,
P(E,) = P{T(1) < v/logllog a,|} < P{T(1) < v/(1 — e)log k }
<k ® wherea=(1-¢€)(2-¢)/y
by Lemma 6.5, when k is large enough. Taking & small enough to make a > 1, we
have LP(E,) converges, so, with probability 1, there exists k; = k,(w) for which
k >k, = T(a,) > y{¢(a;). Thus
T
lim inf —(ak) >y as.
k- Y{ay)
But T,(7) and y(r) are monotone for small r and
lim \P(ak) _

=1.
k—oo ‘P(ak+1)

Hence,

s/ . T(r)
it

=Y as.
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Since y can be chosen arbitrarily close to 2, we get

¢ I(r)
(20) lrJ,O 7 > >2 as.

In the other direction we require precise estimates of probabilities, so we have to use
the fact that 7'(r) is the sum of two independent random variables 7(r) = U(r) +
V(r). We now fix y > 2 and show that, for b, = exp(-k(log k)?), k =2, 3,...,
infinitely many of the events

(21) Dy = {w: T(ay) < v(ay)}

occur with probability 1. This is enough to give

T(r)
lnrnwf‘” ) <2 as,

which with (20) will complete the proof of the theorém. The first step uses the
minimum ‘rate of escape’ to show that there is no contribution to 7(b, ) from values
of ¢ with |¢] much greater than b;. To be precise put 1 = kb2 and

T(by, 7)) ={t € R:|t] < T and || X}|| < by } .
Then the event T(b,, 7,) # T(b,) is contained in
{w:t> 7 with|| X||| < b} U{w:t < -1, with|| X,|| < b, }-
The estimates for delayed hitting probability in [3] give
P(T(by, ) * T(b,)} = O(k™*?),
so that a.s. there exists k, = k,(w) for which
(22) k>k,= T(b,)=T(b,, ).

Using the large tail of the normal distribution to estimate P{|| X, || > k?b,}, we can
show that a.s. there exists k; = k;(w) for which

(23) kzky=|X,| <k, and ||X_ || <k?b,.
Now pute, = b, + (k + 1)2b,(+1 and note that
(24) > ky= B, (0) C Bek( fkﬂ)
Define new sections of sojourn time
U(tg, r,t)=l{t:ty<t<tg+rand || X, ~ X, | < r}l,

V(tg,r,7)=|{t:tg— 1<t <toand||X,— X, || <1}l
By (24), for k > k,,
(25) U(O’ bk, Tk) < Tr+1 + U(tk+l’ ek’ T — Tk+l)'

But now the events

A, = {w: U('rk+1, €rs Ty — Tk+1) < %Y‘l’(bk) - "'k+1}
are independent, and

P(4,) > P{U(ek) < iv(b,) - ”'k+1} =P{UQ1) < y.},
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where

e = (vd(by) = mi1)/ek ~ $v/logk ask = oo.
It follows from Lemma 6.4 that, for each ¢ > 0, whenever k is large enough,
P(Ak) > k-U+e/y,

The same result holds for the symmetrical event
By = {w: V(-mions € T — i) < 319(by) — 7 -
The events A,, B, are independent, so we get
P(A,N B,) » k~3+o/,

But for k = 2, 3,..., the events A, N B, depend on disjoint time intervals and are,
therefore, independent. It follows that, with probability 1, for each y > 2, 4, N B,
happens infinitely often. We now combine (22) and (25) to deduce that D, defined
by (21) happens infinitely often a.s.

REMARK 6.9. There are two differences between the result of Theorem 6.8 and the
corresponding lim sup law obtained in [2]. Firstly, the asymptotic value does not
depend on d > 3. Secondly, the constant is different for a one-sided law. A
simplified version of the above argument shows that

COROLLARY 6.10. For fixed t, let T (1,, r) denote the total time spent in B,(X, ) by
a Brownian motion process in R? (d > 3). Then

. lo, ¥
lim inf alto,r) _ 2 as
rlo ll/(r)
PROOF. Y, = X, ., — X, , ~0 < s < 00, defines a version of the Brownian motion

process for which Y, = 0. Apply the theorem to Y.

7. The exact packing measure of Brownian motion. Our object in this section is to
prove that

y(r) = r?/logllog r|
is the correct function in ® to give a finite positive y-packing measure for a piece of
Brownian trajectory in RY (d > 3). To obtain an upper bound we use a result which
may be more general than we need.

LEMMA 7.1. Suppose Y(w) is any standard process in R? (d > 1) and E(w) = {x:
x =Y, for some t € [0,1}}. Let N,(w) be the number of dyadic cubes of side 2" which
meet E(w), p = p(w) be a finite Borel measure in R, and write, for A > 0,

gur= sup P{p(By(x)) <A¢(27")}.
x€ E(w)

If £2_114, Q2 " E(N,(w))/? < + 00 for some X > 0, then ¢ — P(E(w)) < + o0

n=1

a.s.
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PROOF. Using (1) and the trivial inequality N, < N, , ,, we see that the hypothesis
of Lemma 7.1 implies

(26) Y [4ns229(2" ") E(N,(0))]"* < + 0.

A semidyadic cube v of side 27" is called ‘good’ if p(v) > Ap(27""2); otherwise it is
‘bad’. If v = v,(x) then v contains B,-.-2(x) so that, for x € E(w),

P(Un(x) is bad) < qn+2,)\'

There are less than KN, such cubes v,(x) (K = K(d)), so if M, is the number of bad
cubes,

E(Mn(w)) < an+2,7\E(Nn(w))‘
Hence,
P{Mn > [qn+2,AE(Nn)/¢(2—n)]l/2} < K[qn+2,)\¢(2—n)E(Nn)]l/2'
Using Borel-Cantelli and (26) a.s., we obtain that there is n, = n,(w) such that
M, < [1020E(N,) /627" forn > ny.

Now if # is a family of disjoint cubes of T** with ||#|| < 2™V, N > n,, the
contribution of the ‘bad’ cubes to the sum ¢ (%) becomes negligible, for

Y (6(d(v)): v € @, visbad) < 3. Mo(d2™")

n=N
< ¢ X 14ns200(2 ") E(N,)[V2,
n=N
and this converges to 0 as N = o0 by (26). Also

T {$(d(V)): v € #, vis good) < ;Lo (4 side of v) < L,
where r is an integer such that 2772 > d'/2, Thus, we have proved that
¢ — P**(E(w)) < ¢; < +00. By Lemma 3.4 this tells us that there is a X, s.t.
¢ — P(E(w)) < K; < +00 as.
COROLLARY 7.2. If X, is a standard Brownian motion in R? (d > 3), then
Vv — p(E(w)) < K; < + o0, where y(r) = r*/logflog r|. .

PrOOF. We define p = p(w) by the projecting Lebesgue measure from [0, 1] onto
E(w). Thus for Borel 4, p(4) = |{t € [0,1]: X, € A}|. Clearly, p(R?) = p(E(w)) =
1. Now suppose 0 < A < 1/4. Fort € [0,1],

P((By(X)) < M) < P(UQR™) < Ap(277))
< P{U(l) < A2 (277)} < P{U(1) < A/logn}.
Using Lemma 6.4 gives
duy < cz}‘%dﬂ(l"g n)-“d/z"_l/u-
Using Lemma 6.3 satisfies the hypothesis of Lemma 7.1 for A < 1/4. Thus we have
v—-p(E(w)<¢y—-P(E(w)) <K, < +00 as.
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REMARK 7.3. There is an alternative proof of the result y — p(E(w)) < K;. If we
use Theorem 4.1 and the result about strong variation proved in [14], V, (X(1)) = 2
a.s., we get an immediate upper bound.

LeEMMA 7.4. If X, is a standard Brownian motion in R® (d > 3), there is a constant
K, such thaty — p(E(w)) = K, > 0 a.s.

PrROOF. We apply the density theorem to the measure p defined above. By
Corollary 6.10, for each fixed ¢, € (0, 1), almost surely

. v(r) 1
(27) limsup —————— = =.
rlo .u'(Br(X(tO))) 2
By a Fubini argument the set of ¢, € (0, 1) for which (27) is true has full measure, so
the corresponding E;, C E(w) satisfies u(E;) = 1. Apply Theorem 5.4 to the set F;
to get

Yy—p(E)2y¢—p(E)=>A/2>0 as.
We can now state our main result.

THEOREM 7.5. Suppose X, (—oo <t < o0) is a standard Brownian motion in R?
(d = 3). Almost surely there are finite positive constants p, such that y — p(X(A)) =
p,4|A| for every Borel set A C R, where

X(A)={xeR: 1€ Awith X, = x}.

PRrROOF. Corollary 7.2 and Lemma 7.3 ensure that
(28) 0 < Kyt < — p(X(0,1)) < Kyt
for each fixed r > 0. Let Y, = ¢ — p(X(0, t)). Let us show that Y, is an independent
increment process, that is, for any fixed times 0 < ¢, < ¢,, putting Z = X(0, t;) N
X(1q, 1)
(29) v—p(Z)=0 as.
(In fact if d > 4, Z is empty a.s.; see [4].) From Lemmas 3.4 and 5.1(iv), it suffices to
show that  — P*(Z) = 0, or rather the stronger result

Ve> 0, e'**— P*(Z)=0.
Let D, be the number of dyadic cubes of side 27" hit by Z, that is, by both X(0, )
and X(7,,1,). A calculation of the first moment of D, and an application of
Borel-Cantelli shows that a.s. there exists ny = ny(w, €) such that n > ny, = D, <
2"1+¢/2 For any N > n, and for any packing # of Z by dyadic cubes of side
< 27V containing a point of Z, we get
et (#) < Y (dV?277) D, < + 0.
N

Letting N — oo it follows that ¢ — P*(Z) = 0 (actually this proves that A(Z) < 1,
and since dim(Z) = 1 (5], we get dim(Z) = Dim(Z) = A(Z) = 1).

(29) being proved, it follows that Y, is a Lévy process. Using (28) and an argument
in [15], we deduce that there is a constant p such that

v —p(X(0,1))=p, forallz>0as.
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A similar argument works for  — p(X(-¢,0)). It is now immediate that

¥ = p(X(1, 1)) = pu(t, — 1)
for all rational ¢,, t, and, therefore, for all #;, ¢, by monotonicity. The result now
follows for any Borel set A since we can approximate 4 by a union of intervals.
REMARK 7.6. We have seen that (27) and V( X,) do not depend on the dimension
d > 3. It seems likely that the constants p, in Theorem 7.5 are the same for each
d > 3. It would be interesting to find p,.
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