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Pairing mechanism in multiband
superconductors

Wen-Min Huang'™ & Hsiu-Hau Lin{®?*

It has been a long-standing puzzle why electrons with repulsive interactions can form pairs in
unconventional superconductors. Here we develop an analytic solution for renormalization group
analysis in multiband superconductors, which agrees with the numerical results exceedingly well.
The analytic solution allows us to construct soluble effective theory and answers the pairing puzzle:
electrons form pairs resonating between different bands to compensate the energy penalty for
bring them together, just like the resonating chemical bonds in benzene. The analytic solutions
allow us to explain the peculiar features of critical temperatures, spin uctuations in unconventional
superconductors and can be generalized to cuprates where the notion of multibands is replaced by
multipatches in momentum space.

It has been over one hundred years since Heike Kamerlingh Onnes discovered the resistance of mercury suddenly
drops to zero! when cooled down by liquid helium in 1911 and marked the birth of superconductivity. The exotic
phenomena of superconductors remained mysterious until Bardeen, Cooper and Schrieffer (BCS)? came up with
a complete theory in 1957. There are two key ingredients in BCS theory. Firstly, a negatively charged electron
distorts the nearby lattice formed by positively charged ions and another electron thus feels an effective attrac-
tion toward the original electron. In professional jargons, one can say that the effective attraction is mediated by
electron-phonon interactions. The second key ingredient is pair formation: an electron with specific momentum
and spin pairs up with another electron with opposite momentum and spin via the effective attraction. These
electron pairs, referred as Cooper pairs, form a Bose-Einstein condensate in the superconducting state®*.

Despite the celebrating success of BCS theory, there are other superconductors including cuprates®~/,
heavy-fermion compounds®'°, organic superconductors'!, iron-based superconductors'>'* and recently found
superconducting graphene superlattices'*, remaining queer'>!° and unexplained by the electron-phonon inter-
actions alone. It is generally believed that the Coulomb interaction between electrons may be responsible for the
emergent superconductivity*. However, there is a huge mismatch of the energy scales - the critical temperature is
much smaller than the bare electronic interactions. Perhaps the most intriguing puzzle for these unconventional
superconductors is the pairing mechanism: what is the glue to pair up electrons from mutual repulsive interac-
tions? The experimental evidences seem to suggest that pairing in the unconventional superconductors is not due
to electron-phonon interactions'®. Due to strong magnetic correlations’’-? in these materials, it is proposed that
spin fluctuations?'~%” may play the role of glue to pair electrons up. The renormalization-group (RG) studies®**-*
seems to indicate that the antiferromagnetic spin fluctuations may be the cause of unconventional superconduc-
tivity in iron-based materials.

In this Article, we investigate the pairing mechanism in multiband iron-based superconductors by RG anal-
ysis. As in previous RG studies**?**-32, we integrate out quantum fluctuations at shorter length scales within
the one-loop approximation and seek for the ground state in the low-energy limit. Because the RG equations
are intrinsically non-linear, numerical analysis is already challenging, rendering simple understanding beneath
the messy numerics inaccessible in most cases. We adapt the classification scheme of relevant couplings devel-
oped in previous works**~* to overcome the challenge and analyze how superconductivity emerges in RG
transformations.

In addition, we make use of the scaling relation to bridge the results obtained by RG analysis and those in
the conventional mean-field theory. While it is well known that the mean-field theory provides a self-consistent
description for various physical quantities, it is less familiar to the scientific community that the mean-field theory
also lays out the RG equations for its parameters. For example, for the generalized multiband BCS Hamiltonian,
the vanilla version of the mean-field theory is characterized by two important parameters: gand g, , standing for
intraband and interband pair hopping. The functional form of the gap function computed within the mean-field
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theory dictates the RG equations for gand g, . In fact, these RG equations derived from the mean-field theory are
so simple so that analytic solutions can be found easily.

Here comes the surprise. For multiband iron-based superconductors, we find the RG flows are well cap-
tured by simple analytic solutions for intraband and the interband pairing hopping derived from the mean-field
theory. The solutions are elegant and simple enough for us to reveal the pairing mechanism in multiband
superconductors.

Because the electronic interactions are repulsive in nature, both couplings g and g, are positive before RG
transformations. However, it turns out that there is no need to search for attractive glues to pair electrons up
anymore. Through interband pair hopping g, electron pairs hop between different bands to lower the energy,
compensating the penalty for pair formation due to repulsion. Our findings are consistent with the previous
studies®®?’. The pairing mechanism in multiband superconductors is resonating pair hopping between different
bands, just like the resonating chemical bonds in benzene. In fact, the effective theory we found is consistent with
the previous mean-field theories for multiband superconductors in the interband-dominated regime-#4.

However, the RG analysis makes stronger predictions than the mean-field theories and sews several different
phenomena into one coherent picture. Let us explain the major findings without digging into the technical details.
The binding energy for Cooper pair formation is dictated by a small parameter § = ¢ — |g, |. Aslong as the inter-
band pair hopping is larger than the intraband, Cooper pairs resonating between different bands become stable
despite of the repulsive intraband interaction. Meanwhile, it is shown that the interband pair hopping also gives
rise to spin fluctuations at the nesting vector which connects the dominant Fermi surfaces. The picture of resonat-
ing Cooper pairs between different bands thus provides a coherent understanding of several different phenom-
ena: (1) Electrons can form pairs despite of mutual repulsive interactions. The onset of superconductivity can be
determined by numerical RG. (2) Though the coupling strengths of g and g, are large, the binding energy of
Cooper pairs (and thus the critical temperature) is determined by their difference , which is one order smaller
than the bare couplings as detailed later. (3) The interband pair hopping not only explains why strong magnetic
fluctuations often show up in unconventional superconductors but also pins down at what momentum the spin
fluctuations should appear.

The difference between pairing mechanism for multiband superconductors and that for the conventional BCS
theory lies in the presence of interband pair hopping. In its absence, the binding energy is solely determined by
6 =g, just the intraband pair hopping. Thus, for electrons to pair up, one needs some sort of attractive interactions
(g<0). Besides, the binding energy is of the same order of the effective attraction. But the interband pair hopping
completely changes the story: attractive interaction is no longer a necessity. Despite of repulsive interactions, as
long as the interaction profile produces a larger interband pair hopping, Cooper pairs form and superconductiv-
ity sets in. The interband pair hopping, driving unconventional superconductivity in the presence of repulsion,
provides natural explanations, not only for the spin fluctuations at the momentum connecting the Fermi surfaces,
but also for the mismatched energy scales of the critical temperature and the bare interaction strength.

Results

To put our feet on the firm ground, we choose iron-based superconductor as a demonstrating example. In the
following, we elaborate the numerical and analytical details how the above conclusions are achieved. It is worth
emphasizing that most conclusions are not limited to iron-based superconductors. Generalization of our theory
will be discussed at later paragraphs.

RG for Multiband Superconductor.  The kinetic energy in iron-based superconductors is described by a
five-orbital tight-binding model with appropriate hopping matrix elements*>*¢. The mutual repulsion between
electrons is model by the simplest on-site interactions, containing intra-orbital repulsion U, inter-orbital repul-
sion U, and the Hund’s coupling J; between different orbitals. Detail descriptions of the model can be found in
Methods.

The above Hamiltonian has been studied by functional renormalization group (fRG) method, which shows
that the ground state is a superconductor with sign-reversed s pairing symmetry>**. Due to the s-wave symme-
try, it is enough to sample one point on each Fermi surfaces for qualitative understanding. It turns out that this
simplification is equivalent to put the iron-based superconductor on the four-leg ladder with periodic boundary
conditions along the x direction. It will become clear later that this geometry does not change the ground state
but simplify the algebra significantly. Later, we will come back to two-dimensional calculations and reaffirm the
validity of our major claims.

In weak coupling, the relevant degrees of freedom can be labeled by the quantized momentum k, and the
chirality R/L as shown in Fig. 1. Following the standard field-theory description*’~*’, the allowed interactions are
Cooper scattering ¢/, c// and forward scattering f;”, f/ between different bands, where o, p denote the spin and
charge channels respectively. The RG equations for all couplings are given explicitly in Methods. Though the RG
equations can be written down explicitly, the solutions are still too complicated. With I=1In(A,/A) being the log-
arithm of the ratio between bare energy cutoff A, and the running cutoff A, we integrate the coupled differential
equations numerically, and elaborate the details in Methods. We find all couplings are captured by the scaling
Ansatz3%,

T U= 1)

where g; are generally referred to the Cooper and forward scatterings mentioned above, G; is an order one con-
stant and 0 <+, <1. The scaling exponent , help us to build the hierarchy of all relevant couplings without
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Figure 1. Fermi surfaces for iron-based superconductor in ladder geometry. (a) The Fermi surfaces from the
five-orbital tight-binding Hamiltonian at electron doping x=0.1. The momentum k, is quantized due to the
ladder geometry, reducing the five active bands to five pairs of Fermi points. (b) The Cooper scattering between
different bands can be classified by the RG exponents. For the dominant bands (M, N=1, 2), the exponents of
o Chin €qual 1. For the subdominant bands (m, n=3, 4, 5), the exponents forc,, , ¢/, are 0.89. The Cooper
scattering between the dominant and the subdominant bands cyy,,, cfy,, have RG exponents roughly 0.94. (c) For
forward scattering in the spin sector f, the exponent is about 0.45, significantly smaller than those for Cooper
scattering. (d) In the charge sector, the exponent for f” is 1 and that for f isaround 0.89. All other exponents
for f7, f{; and f/_ are significantly smaller and decrease to zero upon further electron doping. The interaction
profile chosen for these RG flows is U; =2.8, U,=1.4and J;=0.7.

ambiguity. For example, starting with U, =2.8 eV, U,=1.4 eV and J;=0.7 eV, the RG exponents for all couplings
are shown in Fig. 1 with the electron doping range from x=0 to x=10.12.

The couplings with ;= 1 are the most dominant, including intraband Cooper scattering ¢//”, cf3° < 0and
the interband ones cfz/ 7> 0 between the hole pocket centered at (0,0) (band 1) and the electron pocket at(+ 7, 0)
(band 2). The positive sign of the interband Cooper scattering c;, leads to the s, pairing symmetry. Note that our
RG Ansatz predicts the dominant superconducting bands with the correct pairing symmetry as obtained by the
fRG method. In fact, a detail analysis including all subdominant relevant couplings lead to correct signs for all gap
functions in different bands as those obtained in the fRG method. Thus, the ground state in the ladder geometry
is the same as that in the two-dimensional system.

However, due to the explicit form of the RG equations for ladder geometry, the pairing mechanism in the
multiband superconductor can be studied analytically. Construct the couplings, ¢ = (c{; + ¢4, + ¢} + ¢3,)/4 for
intraband pair hopping and ¢, = (¢, + ¢4} + ¢ + ¢;;)/4 for interband pair hopping. It is remarkable that the
RG flows obtained in numerics are well captured by the analytic solutions g(/) and g, (1),
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Figure 2. An analytic solution for the intraband and interband pair hopping. The RG flows for ¢(I) and ¢, (I)

are plotted in solid lines while the solutions g(I) and g, (I) are plotted in dashed lines for comparisons. It is clear
that the simple solutions capture the trends of ¢(]) and ¢ (I) rather well in the entire RG regime. As the couplings
grow in RG transformation, the fluctuations are suppressed and eventually go to zero in the low-energy limit.

1 1 1
Da~o() = = ,
oll) ~ (1) 2[1_1+ l_l]
1 1 1
D=g () = — - —,
wherel, = —1/[g(0) + g (0)] can be extracted from the numerical RG flows as the following. First of all, since
the RG flows diverge at /=1, it fixes that] = 1/[g,(0) — g(0)] = I, Meanwhile, it is reasonable to require

thatc(0) + ¢, (0) = g(0) + g, (0), ensuring the coupling strengths are of the same order. Because c(0), ¢, (/) are
given and I, is found in numerics already, the values of g(0) and g, (0) are pretty much determined.

The above simplification is inspiring: it implies that the RG flows for the intraband and the interband pair hopping
c(l) and ¢, (I) from integrating the whole set of nonlinear differential equations (about 50 equations for this case) can
be captured by the analytic solutions given in Eq. (3). Comparison between the numerical solutions c(J), ¢, (I) and the
analytic ones g(I), g, (I) are shown in Fig. 2, agreeing with each other exceedingly well in the whole RG regime. Thus, if
we can understand the physics for the analytic solutions, we can answer the long-standing puzzle of pairing mechanism.

Look for effective theory. To dig out the secret message behind the analytic solutions, let us switch gear to
review the well-known single-band BCS Hamiltonian first. The gap function takes the form A(g)=2Aexp(1/g),
where g < 0 arisen from effective attraction and A is the Debye energy. But, it is not widely known that the RG
equation for g can be derived from the dependence of the gap function. In the RG method, the gap function is
rescaled with rescaling energy of systems in RG steps. By integrating high-energy modes, the rescaling of the gap
function is described by the RG equation dA/dl= A. 1t is said that gap functions at different energy scales can be
related by A[g(0)] = eilA[g(l)], which is the so-called scaling argument in RG transformations®. Taking the
derivative, d/dl, on the both sides, the RG equation reads, dg/d = —g*l. Therefore, if the RG flow for some system
is described by the derived RG equation, its effective theory is just the single-band BCS Hamiltonian.

We can generalize the scaling argument to multiband BCS Hamiltonian as elaborated in Methods. In particu-
lar, when two bands reign interband pair hopping, the corresponding RG equations are

dg 22

a & &

dgL

2L~ g0,

dl it (3)

where gand g, stand for intraband and interband pair hopping. The above non-linear coupled equations can be
solved exactly, giving the analytic solutions we discussed previously. Therefore, the effective theory for iron-based
superconductors is the multiband BCS Hamiltonian, proven by matching the RG flows together.

RG flows for repulsive interactions are shown in Fig. 3. If the intraband pair hopping is larger than the inter-
band one (g=g, <0), the ground state flows toward the Fermi-liquid fixed point and no superconductivity
occurs. However, if the interband pair hopping is larger (g=g, <0), the ground state flows toward the super-
conducting phase with s, pairing symmetry. It is worth mentioning that, if the initial couplings are close to the
symmetric ray g=g, it will flow toward the Fermi-liquid fixed point first and then turns around to the uncon-
ventional superconducting state. This means that, upon cooling down the system toward the critical temperature,
it exhibits non-trivial crossover properties over a wide range of temperatures. This crossover is shown in the
orange-shaded regime in Fig. 3(b) where both couplings gand g, are small.

It is interesting to compare with the pairing instability in the absence of interband pair hopping (g, =0). Asis
clear in Fig. 3(a), a negative g(0), i.e. attractive interaction, is required to trigger the superconducting instability.
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Figure 3. RG flows for multiband BCS Hamiltonian. (a) In the upper plane g, >0, the ground state is

determined by the sign of the parameter § = g — |g, | For positive 6, it flows toward the Fermi-liquid fixed
point. For negative 9, the ground state is a superconcjfuctor with s pairing symmetry. The conventional
superconductor is described by the RG flows on the horizontal axis: attractive interactions are needed to drive a
superconducting phase. (b) Typical RG flows for bare couplings close to the symmetric ray g, =g. The
corresponding trajectory on the g — g, plane is also illustrated in part (a). It is a generic feature that the RG flows
stay in the vicinity of the Fermi-liquid fixed point and exhibit crossover behavior in a wide range of energy
scales shaded by orange areas.

For repulsive interaction g(0) > 0, the RG flow always bring the system to the trivial Fermi-liquid fixed point. The
RG flows in the special case g, =0 give rise to the commonly accepted criterion that an effective attraction is nec-
essary for Cooper pair formation. However, the criterion is obviously wrong as the RG flows in the upper plane is
quite different from those in the horizontal axis.

The key to Cooper pair formation in the presence of interband pair hopping is characterize by the parameter

b=g— gl (4)

in contrast to the intraband pair hopping ¢ in conventional superconductors. The parameter ¢ offers a vivid pic-
ture for electron pairing. The penalty to form a Cooper pair within the same band is g. However, through inter-
band pair hopping, a Cooper pair gains —|g, | benefit through resonating between different bands. Unlike the
conventional superconductors, the pairing mechanism in multiband superconductors is resonating pair hopping
between different bands, just like the resonating chemical bonds in benzene. Our findings are consistent with the
previous discoveries of superconductivity in the interband-dominated regime*-*4.

This picture leads to several significant changes of our common intuitions. First of all, the attractive inter-
action is no longer a necessity. As long as 0 < 0, the generalized BCS Hamiltonian delivers a superconducting
ground state. The second feature is that the critical temperature is not locked up the the energy scale of the bare
interactions g and g, anymore. Following the textbook calculations, the critical temperature is

keT. =~ 1.14 A e VP, (5)

where A is of the same order of electronic band width. Setting A = t = 1eV, reasonable estimate for the hopping
amplitude ¢, we extract § from the numerical RG flows for different on-site interaction strengths
U, = U, + U, + Jy and plot the critical temperatures in Fig. 4. For the particular interaction profile we choose,
U/U, = 2 and U}/J; = 4, the parameter ¢ is one order of magnitude smaller that the bare coupling U,/t. This
explains why the critical temperature can be so small while the bare interaction strength is large. If one chooses
U, = 2.8,U, = 1.4and J; = 0.7, the predicted critical temperature is about 56 K - quite a reasonable estimate.
Finally, the interband pair hopping g, brings in another interesting property in unconventional superconduc-
tors. Making use of the instability analysis developed by Wang and Lee’, the interband pair hopping also enhances
spin-density-wave (SDW) instability if the momentum Q=K — K,, connecting the two Fermi surfaces, is close to half
of the reciprocal lattice vectors, i.e. Q= G/2. In the case of iron-based superconductor in ladder geometry, Q= (, 0)
satisfies the above condition. Therefore, it is expected that the antiferromagnetic spin fluctuations at the momentum Q
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Figure 4. Critical temperature T, versus the interaction strength. The on-site interaction strength is

U, = U, + U, + J with the interaction profile U;/U, = 2 and U)/J,; = 4. The critical temperature is dictated by
the small parameter 6, which can be extracted from numerical RG flows and is one order smaller than the bare
interaction strength.

Intraband (F) Interband (F)

Forward

Cooper

Intraband (C) Interband (C)

Figure 5. Generic 4-fermion interactions in two dimensions. The upper row represents forward scattering
within the same band and that between two different bands. The lower row represents Cooper pairs hop within
the the same band and between different bands.

are enhanced along with unconventional superconductivity. Note that, in conventional superconductors, Q is automat-
ically zero and no antiferromagnetic spin fluctuations are expected to grow hand-in-hand with the superconductivity.

RGintwo dimensions. Now that we realize the importance of interband pair hopping, we are ready to generalize
Shankar’s seminal work™ on RG in two dimensions. In stead of following Shankar’s original approach, we follow closely
the methodology developed in functional RG. Consider two circular Fermi surfaces as shown in Fig. 5. The generic
4-fermion interactions include intraband forward scattering F,,(6,, 6,), interband forward scattering F5(6,, 6,), intra-
band Cooper scattering Cpp(6,, 6,) and interband Cooper scattering Cpp(0;, 6,), where P = 1, 2is the band index with
the convention] = 2, 2 = land 0, represents the angle of the corresponding momentum.

Derivations of the RG equation in two dimensions are provided in Mathods. Here we concentrate on the final
results and their implications. The RG equations in two dimensions are,
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. 2m 4o
CPP(01> 02) - _fo g

: 2 df
Cpﬁ(ep 02) = _j(; E[Cpp(ep e)cpﬁ(ey 02) + Cpﬁ(ep H)Cpp(e, 02)]

[Cpp(ep H)CPP(H, 92) + Cpﬁ(ely e)cpﬁ(ey 02)])

(6)

In the absence of interband pair hopping, we have checked that the above RG equations reduce to those
derived by Shankar with just one circular Fermi surface. The general RG equations involving integration over
internal angles can be simplified to the previous result. Assuming the density of states and the bare couplings are
rotationally invariant, i.e. C(6,, 6,) = C(f, — 6,), the RG equations can be decoupled by the partial-wave decom-
position. By identifying Cpp — g and Cpp — g/, we go back to the same set of RG equations in Eq. (3) again.
Therefore, our claims can be readily applied to two dimensional systems as well.

The two-pocket model presented here provides another perspective on the relation between superconductivity
and antiferromagnetic spin fluctuations. In iron-based superconductors, the momentum connecting two Fermi
surfacesis Q = (m, 0), (0, 7)and thus the interband pair hopping enhances the antiferromagnetic spin fluctua-
tions at these momenta. However, for the two pocket model shown in Fig. 5, both Fermi surfaces locate at the
same momentum. As a consequence, though the superconductivity is still driven by the interband pair hopping,
it does not come with any enhanced antiferromagnetic spin fluctuations.

Discussion

Our previous calculations concentrate on the dominant bands in the iron-based superconductor to reveal the
pairing mechanism in multiband superconductors on firm ground. But, it is reasonable to include all active bands
in the generalized BCS Hamiltonian when quantitative accuracy is required. In addition, it is intriguing to check
whether the fRG flows can be captured by the analytic solutions in Eq. (2) as well.

For single-band materials but with significant variations in density of states at different momenta, one should
divide the Fermi surface into appropriate patches and applies the method developed here. We have carried out prim-
itive RG analysis on cuprates by cutting the single-band Fermi surface into 16 patches (minimum to differentiate
nodal and antinodal regimes with four-fold dihedral symmetry). The dominant patches locate at (, 0) and (0, «)
with sign-reversed gap functions, agreeing with the d-wave symmetry. It implies that pairing mechanism in cuprates
arises from resonating pair hopping between antinodal regimes®'. The interpatch pair hopping between antinodal
regimes also explains the enhance spin fluctuations at (m, ). The pairing instability in the nodal regimes is only
triggered when approaching close to the critical temperature. How to rigorously generalize the analysis presented
here from multiband superconductors to multipatch single-band system remains an open question at this point.

We would like to emphasize that the weak-coupling RG analysis demonstrated here may work well in strong
coupling if no quantum phase transition is encountered. That is to say, the generalized BCS Hamiltonian with
multiple bands (or different momentum patches) may be the mother Hamiltonian for most unconventional
superconductors in the low-energy limit. Even the pairing mechanism is revealed, non-trivial crossovers in
the unconventional superconductors are expected at wide temperature range and a complete phenomenologi-
cal description is still lacking. Finally, the pursue for higher critical temperatures should not be on seeking for
stronger glues. In stead, it is time to search for optimal interaction profile which gives the largest interband pair
hopping g, and suppresses the intraband one g. It is not yet clear whether the optimal electronic interaction for
different materials share a generic profile, or the answer may vary from one material to the other.

Methods
RG equations in ladder geometry. The band structure of the iron-based superconductor can be described
by the five-orbital tight-binding model,

5
T
HO = Z Z apvaKvw(P)apwm
p.ov,w=1 (7)

wherev, w = 1, 2, ..., 5label the five orbitals of iron, represented as 1:d;,2_ g2, 2:dy, 3:dy,, 4:dy2_y2, 5:dyy and
o =T, | isthe spin index. The 5 X 5 kinetic matrix K, in the momentum space has been constructed in previous
studies**. The Fermi surface with electron doping x = 0.1is illustrated in Fig. 1, which contains two hole pockets
centered at (0, 0) and another hole pocket centered at (7, 7) in the Brillouin zone. In addition, there are two elec-
tron pockets located at (7, 0) and (0, ) points*.

To investigate the correlation effects, the most general on-site interactions® satisfying the SU(2) symmetry
(spin rotational invariance) are

Hy = U ity + Uy D> iyt
i,v

i,v<waf

o i i
i 2 2 e Biwe + (1810085, + Hoc)l,
i,v<w| af (8)
where n,,,(r) = a;a,,, and i runs over all lattice sites. Note that, due to the multiple orbitals, even the simplest
on-site interactions contain three terms: intra-orbital repulsion Uy, inter-orbital repulsion U, and Hund’s cou-
pling J; between different orbitals.
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By putting the iron-based superconductor on the four-leg ladder with periodic boundary conditions along
the x direction, we quantize the momentum k, and reduce the five active bands to five pairs of Fermi points, as
show as Fig. la. For the ladder geometry, the RG equations for all couplings have been studied in previous litera-
tures**-347-49_and can be written down explicitly,

¢ = _(Ci(i’)2 - kz ;k[ chei + (ci) ’1, ©)

P i,k 3
Cij g 4 [(Crk) + (Clk)] (10)

.o aij k o 1 o o oro
G = 727[ iy + ciieh + 26e] + E(Cé)ﬁj +ciffy = 2¢if; ) (11)
k

Qij k 1
e = =S —Hefef + 3egef| + S(cify + 351y ),

a (12)

o PRV -

=)+ e - @ @
f = [(c )+ 3(c)]. (14)

The notation ¢ = dg/dl with] = In(A,/A)being the logarithm of the ratio between bare energy cutoff Ay and
the running cutoff A. The coeflicient tensor a;; ik = =W+ v, + v/ 2wy, + v, )] depends on the Fermi velocity
v, for each band. We intentionally separate the intraband and interband RG equatlons for clarity. Various symme-
tries ensure that ¢;= ¢; and f;=f;. To avoid double counting, we choose f; =0 here.

To compute the initial conditions of the RG transformation, we rewrite the field operators in the five-orbital
tight-binding Hamiltonian by the chiral field decomposition®>*7~*, i.e.

1 i ik ik,
c,(r) =~ —Z Z e lk“x[e lkw”ﬁiawm te lkm”fiawu}'
4575 (15)
Here ug;,, a=1,2, ..., 5, are the five orbital components of the Bloch wave functions associated with the R/L

(or +y/—y direction) members of the i-th Fermi pair, and 1), ,, are chiral-field operators. After some calculation,
the initial conditions of ¢” and ¢” terms can be represented as

o __ ® ES * *
i = 20 upiiaiathiie + 20Uy Y UpigUikipbrinhia
a a=b
* * * *
+2]HZ URigURiaYLiv¥Ljp + ZIHZ URigURjbULiaULjb>
a=b a=b (16)
[ * * * £ ' *
Gj = 2UIZ URiaURjaULiaUlja T ZUzz [zuRiauij”Lib”Rja URiaURjp¥LibYLja
a a=b

+2]HZ [ZuRm”L*ju”Lib”Ejb - ”Ria“ﬁja“uh“fjh] + 2]HZ UpigURibULiaUTjb-
a=b a=b (17)

With the similar computation, we also obtain the initial conditions of the forward couplings,

fi = 20 upibiabrjahiie + 2Us Y Uriabiiptiphiia
a a=b
* * Q *
T2y D Urighiiattptiie + 2n Y Uriakiibiabie
a=b a=b (18)
- * * * s * 5
fz-j = ZUZ URiaURiaULjabTja T ZUzz [2uRiauijuijuRia — UpiaURibYLjb%Lja
a a=b

+2Jyy P”Rm UM jpURip — URiaURia ”ij”fjb] + 20y ) Upiabiptziali-
a=b a=b ( 1 9)

We notice that the initial conditions of g and g, of our effective theory in the main text are
8O0y = (cfi + cbh + ey + c5p)/4 andgL( ) = (¢ + cf+ ¢+ c))l4

Within the initial conditions for U; =2.8, U, = 1.4 and J;= 0.7, we numerically solve the RG equations to
obtain the RG flows with different filling factors. We find that the coupling constants diverge at the same length
scale I;. By showing the RG flows versus 1/(];—I) in the log-log plot, as illustrated in Fig. 6, we find that the hierar-

chy order of coupling constants can be differentiated by RG exponents in the scaling ansatz*!. The RG exponents
for different filling factors are showed in Fig. 1.
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Figure 6. RG exponents of coupling flows. For filling factor x =0.05, we plot the RG flows versus 1/(I;—I) in
the log-log plot. We capture the RG exponents by fitting the coupling constants |g(I)| from 10~* to 10~!. The RG
exponents are y.e = 1. OO,vfp = 1.00,7.5, = 0.94,7.7 = 0. 89,'yfp =0. 89,'yfn =0. 45,'yfp = 0.30,

Vp =0, 42and7fu =0.21.

Derivations for RG equations in two-pocket model. Following standard derivations developed in
functional RG approach®>->, the four-fermion vertex function I'¥ is expressed as

©  dw, &K,
4 _
r H f s | G VK K Ky K;)
%(Klr wl)wﬁ(KZ’ w2)¢5(K3, w3 (Ky + Ky — K3, w) + w, — wy), (20)

where o, 3 are spin indices, w and K= (K, K,) are labelled as the frequency and the two-dimensional momentum
respectively.

The derivation is aided by dividing the Fermi surfaces into two bands and N patches for each band in the vicin-
ity of the two Fermi surfaces, determined by the energy cut-off A, as shown in Fig. 7. Since the Fermi momenta
are different, each patches are not of the same size and will give rise to a factor related to the curvatures of Fermi
surfaces. Under the patching approach, we rewrite the momentum integral as

fd: QA — |EK) =~ 3O f dk, Pnfo“ﬁ,

P12 E(k}, |<A0 o 2m

” N

— i f
NT@OPEJ (s, ‘<A 2R Z

= 21

where momenta are constrained in the regime (kpp — Ay/vp) < kp < (kpp + Ay/vp) with kppand vp respectively
being the Fermi momentum and Fermi velocity of the band P. We also approximate that the dispersion of the two
Fermi pockets are independent of the angular direction. As a consequence, the tree-level RG analysis, demon-
strated by Shankar®, shows that the only marginal couplings are the forward and Cooper scattering in this con-
vention Fpo(i, jy = V(Pi, Qj, Qj, Piyand Cp(i, j) = V/(Pi, Pi, Qj , Qjy with the band indices P, Q = 1, 2 and
i,j =1, 2, ..., N being the patching indices. We note that the patching indexi = i + N/2 is represented as the
time-reversal partner of the i-th patch. With the convention of the band indicesT = 2(2 = 1), the vertex function
in the patching approach can be written as

r® _ H f (27r)3p21:2 f (k30 (zﬂn 2N21]Zl p.p,

{6P1,P36P2,P3[F pp(is ])wPiaijdu)Pjﬁd)Pia - F PP(I’ ])wPiaJPjﬂijuu)Piﬂ

+Cpplis j )Q/TPinQZP?ﬂij 5¥pja — Crplis j )JPia,‘EPiﬂij Wil

+38p,5,0p,5,[Fpp(is NVpia¥5;6¢ js¥pial

+5P1 ,PZ‘SPI,E[ —F }l’ﬁ (i, ) JPia"ZFjﬂ"/"Fja"/)Piﬂ

+Cpplis )Upiatpigi s pia — Cop(is j) Vriapigt 7o)} (22)

where §, , is the Kronecker delta and the spin patterns are defined as V* = CoPand V! = V9l with V=C, F.
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Figure 7. Patching the Fermi surfaces. We divide the Fermi surfaces into N patches. However, since the Fermi
momenta are different, each patches are not of the same size. Therefore, in the derivation of RG equations, a
factor related to the curvatures of Fermi surfaces will show up.

Under the U(1) and SU(2) symmetries, the generic form of functional RG equations for V* and V' in one-loop
approximation are represented as

V'K, Ky, Ky K,) = f dr
{L,(K, P, — K)V(K;, K,, K, B, — K)V'(P,, — K, K, K3, K,)
LK, K+ Q) V(K + Q3 Ky, K, K,)
Vi(K, K K + Q3 K3)
—2L,(K, K + Q) V(K + Qs Ky, K, Ky)
VUK, K, K + Qs K,)
+Ly(K, K + Qi) V(K + Qs Ky, K, K)
VIK, K, K + Qs K,)
+L(K, K + Q) V(K + Qs Ky, K, K)
VA(K, Kp, K + Qs K}, (23)

and

VK, Ky Ky K) = [ di
{L, (K, P, — K)V'(K}, K, K, B, — K)V'(B,, — K, K, K3, K,)
—2L,(K, K + Q) V'(K + Q3 Ky, K, K,)
VIK, K, K + Q3 K))
+L(K, K + Q) V(K + Qpp, Ky, K, K)
VIK, K, K + Q3 K;)
+L,(K, K + Q) V(K + Q3 K, K, K,)
Vi(K, K;, K + Q3 K3)
+L(K, K + Qi) V(K + Qs Ky, K, K)
VK, K, K + Qj,, K}, (24)
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where fd/{ = fo; ‘j—f dZK, P, =K, + K;, and Q; = K; — K;. The L, and L, functions, depicting

particle-particle and particle- “hole bubble dlagrams respectlvely, are denoted as

d
LK, P, —K) = Z[G(K’ w; DG(P, — K, — w; )]

_ 1 1 d -
T W _EK) —iw_E®, —K)d [X(K, Dx(B, — K, D], o
and
LK, K + Q) = %[G(K, w; DG(K + Qy, w; ]
_ 1 1 d
iw— E(K) iw — E(K + Q; )dl [X(K Dx(K + Q) DI, 06

where (K, I) = O(A — \E(K)\) w1th running cut-off A is the truncating function, and the usual logarithmic
derivative is represented as = = — AH'

We elaborate the computatlon of the first and second contributions of Cpp(i, j) = V*(Pi, Pi, Pj, Pj)in Eq.
(23), as an example to construct the full RG equations. In the patching approach, we approximate the dispersion
of the P-th Fermi pocket as E(kp) = E(kgp) + vpq with g < |Ay/vp| As a consequence, the first contribution of
Eq. (23) is represented as

) - Vo d
V'(Pi, Pi, Pf, Pj T kL (Qn,
Pt B Nle foc 27Tf1/v rolpp( Q> QM)
VS(Pz Pi, Qn Qm)V*(Qn, Qn, Pj, Pj)

- = Z Z kg —Q ylpi, pi, Qa, Qm)V(Qa, Qn, Pj, Pj),
NG, o1 21, (27)

wherefOO do Ao/ qu (Qn, Qi) = —1/(27wv,)andV*(Pi, Pi, Qn, Qi) = —V!Pi, Pi, Q@, Qn). Meanwhile,
s 21 J—A ol pp Q

the second contrlbutlon can also be computed,

S s o © dw (Ao dq _
V' (Pi, Pi, Pj, Pj) = —kpoL,,(Qn, Qn + Pi — Pj)
7> Nle foc 27Tf/l/v FQ™ph J

V*(Qn + Pi — Pj, Pi, Qn, P))V*(Qn, Pi, Qn + Pi — Pj, Pj)

k Lo
= 6,.} EP_|VS(Pi, Pi, Pi, Pi)]?,
N 2mvp (28)

where foo dw Alvg dq ©1,(Qn, Qn + Pi — Pj) = 6p o0, i/ (27vp).- We note that the summation of patches is

0o 21 J-4 ol v miTLj
constrained by the integral which is also shown in Shankar’s single-pocket mode
With the same spirit, we compute the full set of RG equations. Furthermore, to simplify the coefficients in the

RG equations, we rescale the couplings as
[KK,

- —— Vi
m(vp + o) e (29)

1°0.

Thus, the full set of non-trivial RG equations is represented as,

Eypliy 1) = %{v[c;pa, D — A[FG, DEL

(30)
~l_,¢71 S (il oo I/ a2
Fopli, 1) = N{Zvcpp(l, i) Cpp(i, i) — 2y[Cpp(i, 1)]
2 . 1—-~% . . .
— 2B, D+ —Fip(i, DF, D,
vy (31)
s 1Y
Cpplis j) = _NZ CPP(’ n CPP(” )+ Qpp, PCPP(I ”)CPP(” Ml
n=1
28, [Caplis D + 6, 42Cp, DCaplis 1) — 2(Cha(iy DI,
N i,jL~PP N Jsi PP PP PP (32)
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N 1 N X s . , B ,
Corli ) = =152 [Cpplis M)Cip(n, ) + app pCppli M)Cip(ns )]

n=1

1 NS .. 1 PP
+ﬁ6,,,»{z<:£p(z, DCip(i, 1) — 2[Chp(i, D'} + ~ 0l Gl e, (33)

s 1Y
Cpp(i, j) = _NZ CPP i n CPP(" D+ CPP(’ n)CPP(n 7l

7+ 1/7

,_

+

6, Coplis DEsp(is 1) + 6, [ Chp(is ))E3p(i, 1)

+CPI3(13 DEp(i, 1) — 2Chp(i D)Fpp(is D]}, (34)

NI 1 ) . .
Crslin j) = _EZ [CLp(i, m)Cip(n, ) + Cha(n, DC5(n, )]

J’_

1/ S (+ ADGS_(: T .S (s T
i < 116, :Copli, D)E3p(is 1) + 6 [ Chalis DE3p, 1)

+Cop(iy )Fpp(i, 1) — 2Cpp(i, i)Fpp(i, D]y, (35)

where a;; = (v; + v)(v; + v)/2v(v; + v;) and v = . [kpp/kgp . Noted that because of Cpp(i, i) = Fyp(i, 1), we
choose Fpp(i, i) = 0 to avoid double countlng

Take N — oo and the two dimensional RG emerges. Terms with 1/N factor but without summation vanish
in the two dimensional limit. This simplification is the same as the elegant “phase-space argument” invented by
Shankar® before. Terms with summations smoothly evolve back into angular integral,

N—ooN 1T o 21 (36)

because Af = 2T, Relabeling the couplings by continuous variables and rescaling of the couplings again to
remove all curvature factors,

KoK, KK,
Gpg = JJapp p————Gpg = Gpo
m(vp + ) NI (37)

now the RG equations are in their simplest final form:

s 2 do

Cpp(0y, 0,)) = —fo [CPP(QI, 0)Chp(0, 0,) + Cpp(0y, O)Chp(0, 0,)], (38)
N T do

Cop(0y, 0,) = — fo ~LCin0r, G340, 65) + Cin(6y, O)C35(0, 6,)1 (39)
o T dy

Con0y 0) = = [ ZZIChp(by, 0)Cha0, 6) + Chal0), O)Ch3(6, 6] (40)
. 27 4o s s

Con0y 0) = — [ ZZICh0y, 0)C30, 05) + Chal0), O)C3500, 0). @)

The identity C*(d,, 8,) = C*(0, 6, = ©) = C'(0,, 6,) = C(6,, 0,), tracing back from the definitions of these
couplings, further reduces the four sets of RG equations into two sets as given in the main text. We note that all
forward scattering does not flow under RG transformation in two dimensions as pointed out before™.

RG equations for multiband BCS hamiltonian.  We consider the standard multiband BCS Hamiltonian®>*.

Hyp = >R (R) (k) + [ (— k) (=] + A () [ty [(—k) + H.c}. w
ik

where A, (k) = vk K )(1@ (=K )qbﬁ(k’ )) is the gap function and & (k) is the dispersion for the i-th band.

To 51mpllfy the caf ulatlons we drop the momentum dependence of the interaction v;(k, k) = v in the follow-

ing. To comparing our RG results, we address the pairing between the two dominant bands and assumev;; = v,,

andv;, = v,, to simplify the algebra. The generalized BCS Hamiltonian can be solved self-consistenly>® with dif-

ferent instabilities, depending on two parameters g = Dv;; and g = Dv,,, with D is the density of states at the
Fermi energy.
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Forg > 0andg — g < 0, the generalized two-band BCS Hamiltonian gives the s.. pairing symmetry, i.e. the
gap functions arerelated A; = —A, = A, and can be expressed as

1
Asi(g, gl) = 2Aexp R
8- gL (43)

where A is the cutoff energy for the bare interaction. Similarly, for g < 0and g + g < 0, the generalized
two-band BCS Hamiltonian gives the s-wave pairing symmetry, i.e. the gap functions are related A| = A, = A
and can be expressed as

1
A (g, gL) = 2Aexp R
gtg (44)

We connect the gap function to the RG approach, where the gap function is rescaled with rescaling energy of
systems in RG steps. Taking the gap function with s, pairing symmetry for instance, by integrating high-energy
modes, the rescaling of the gap function is described by the RG equation dA, /dl = Asfo. It is said that gap
functions at different energy scales can be related by A, [g (0)] = e_’Asi[gi(l)], where g = g — g . Taking
derivative with respect to [ in the both side, we obtain the equation,

g

dnA, )7
= .
dl

dg_

(45)

We combine with the gap function from generalized two-band BCS Hamiltonian Eq. (45), and end up with

dg dg 2 2 2
22— (g— =—g° — 200 .
ol g-g) g —g +2g (46)

In the same manner, the generalized two-band BCS Hamiltonian gives the s-wave pairing symmetry leading
to the RG equation,

dg . 93
dl dl

Combining the above RG equations together, we obtain Eq. (3).

_ 2 2 2
=-@+tg)=-¢ g — 2. 7)

Received: 11 December 2019; Accepted: 2 April 2020;
Published online: 04 May 2020

References
1. Onnes, H. K. The Superconductivity of Mercury. Commun. Phys. Lab. Univ. Leiden 120b(122b), 124c¢ (1911).
2. Bardeen, J., Cooper, L. N. & Schrieffer, J. R. Microscopic Theory of Superconductivity. Phys. Rev. 108, 1175 (1957).
3. Wang, E & Lee, D.-H. The Electron-Pairing Mechanism of Iron-Based Superconductors. Science 332, 200 and references therein
(2011).
4. Chubukov, A. V. Pairing Mechanism in Fe-Based Superconductors. Annu. Rev. Condens. Matter Phys. 3 57 and references therein
(2012).
5. Bednorz, J. G. & Miiller, K. A. Possible high Tc superconductivity in the Ba-La-Cu-O system. Z. Phys. B 64, 189 (1986).
6. Wu, M. K. et al. Superconductivity at 93 K in a new mixed-phase Y-Ba-Cu-O compound system at ambient pressure. Phys. Rev. Lett.
58, 908 (1987).
7. Anderson, P. W. The Resonating Valence Bond State in La,CuO, and Superconductivity. Science 235, 1196 (1987).
8. Steglich, F. et al. Superconductivity in the Presence of Strong Pauli Paramagnetism: CeCu,Si,. Phys. Rev. Lett. 43,1892 (1979).
9. Stewart, G. R. Heavy-fermion systems. Rev. Mod. Phys. 56, 755 (1984).
0. Joynt, R. & Taillefer, L. The superconducting phases of UPt3. Rev. Mod. Phys. 74, 235 (2002).
1. Jérome, D., Mazaud, A., Ribault, M. & Bechgaard, K. Superconductivity in a synthetic organic conductor (TMTSF),PFy. J. Physique
Lett. 41, 195 (1980).
12. Kamihara, Y., Watanabe, T., Hirano, M. & Hosono, H. Iron-Based Layered Superconductor LaO1—xFxFeAs (x = 0.05-0.12) with Tc
=26 K. J. Am. Chem. Soc. 130, 3296 (2008).
13. Hosono, H. & Kuroki K. Iron-based superconductors: Current status of materials and pairing mechanism. Physica C 514, 399-422
and references therein (2015).
14. Cao, Y. et al. Unconventional superconductivity in magic-angle graphene superlattices. Nature 556, 43 (2018).
15. Norman, M. R. The Challenge of Unconventional Superconductivity. Science 332, 196 and references therein (2011).
16. Basov, D. N. & Chubukov, A. V. Manifesto for a higher Tc. Nature Physics 7, 272 (2011).
17. dela Clarina, C. et al. Magnetic order close to superconductivity in the iron-based layered LaO, _,F,FeAs systems. Nature 453, 899
(2008).
18. Huang, Q. ef al. Neutron-Diffraction Measurements of Magnetic Order and a Structural Transition in the Parent BaFe,As,
Compound of FeAs-Based High-Temperature Superconductors. Phys. Rev. Lett. 101, 257003 (2008).
19. Zhao, J. et al. Structural and magnetic phase diagram of CeFeAsO1—xFx and its relation to high-temperature superconductivity.
Nature Mater. 7,953 (2008).
20. Inosov, D. S. et al. Normal-state spin dynamics and temperature-dependent spin-resonance energy in optimally doped
BaFe,,45C0g.15As,. Nature Phys. 6,178 (2010).
21. Miyake, K., Schmitt-Rink, S. & Varma, C. M. Spin-uctuation-mediated even-parity pairing in heavy-fermion superconductors. Phys.
Rev. B 34, 6554 (1986).
22. Béal-Monod, M. T., Bourbonnais, C. & Emery, V. ]. Possible superconductivity in nearly antiferromagnetic itinerant fermion
systems. Phys. Rev. B 34, 7716 (1986).

SCIENTIFIC REPORTS |

(2020) 10:7439 | https://doi.org/10.1038/s41598-020-63608-1


https://doi.org/10.1038/s41598-020-63608-1

www.nature.com/scientificreports/

23.
24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34,

35.
36.

37.
38.

39.

40.

41.

42.
43.

44.
45.
46.
47.
48.
49.
50.
51.
52.
53.
54.
55.

56.

Scalapino, D. J., Loh, E. Jr. & Hirsch, J. E. d-wave pairing near a spin-density-wave instability. Phys. Rev. B 34, 8190 (1986).

Maier, T. A, Poilblanc, D. & Scalapino, D. J. Dynamics of the Pairing Interaction in the Hubbard and t-] Models of High-Temperature
Superconductors. Phys. Rev. Lett. 100, 237001 (2008).

Mazin, I. I, Singh, D. J., Johannes, M. D. & Du, M. H. Unconventional Superconductivity with a Sign Reversal in the Order
Parameter of LaFeAsO1—xFx. Phys. Rev. Lett. 101, 057003 (2008).

Chubukov, A. V., Khodas, M. & Fernandes, R. M. Magnetism, Superconductivity, and Spontaneous Orbital Order in Iron-Based
Superconductors: Which Comes First and Why? Phys. Rev. X 6, 041045 (2016).

Bohm, T. et al. Microscopic origin of Cooper pairing in the iron-based superconductor Ba, (K, Fe,As,. npj Quantum Materials 3, 48
(2018).

Chubukov, A. V,, Efremov, D. V. & Eremin, I. Magnetism, superconductivity, and pairing symmetry in iron-based superconductors.
Phys. Rev. B78, 134512 (2008).

Maiti, S. & Chubukov, A. V. Renormalization group ow, competing phases, and the structure of superconducting gap in multiband
models of iron-based superconductor. Phys. Rev. B 82, 214515 (2010).

Wang, E, Zhai, H., Ran, Y., Vishwanath, A. & Lee, D.-H. Functional Renormalization-Group Study of the Pairing Symmetry and
Pairing Mechanism of the FeAs-Based High-Temperature Superconductor. Phys. Rev. Lett. 102, 047005 (2009).

Thomale, R., Platt, C., Hu, J., Honerkamp, C. & Bernevig, B. A. Functional renormalization-group study of the doping dependence
of pairing symmetry in the iron pnictide superconductors. Phys. Rev. B 80, 180505 (2009).

Thomale, R., Platt, C., Hu, J., Honerkamp, C. & Bernevig, B. A. Mechanism for Explaining Differences in the Order Parameters of
FeAs-Based and FeP-Based Pnictide Superconductors. Phys. Rev. Lett. 106, 187003 (2011).

Chang, M.-H., Chen, W. & Lin, H.-H. Renormalization Group Potential for Quasi-One-Dimensional Correlated Systems. Prog.
Theor. Phys. Suppl. 160, 79 (2005).

Shih, H.-Y., Huang, W.-M., Hsu, S.-B. & Lin, H.-H. Hierarchy of relevant couplings in perturbative renormalization group
transformations. Phys. Rev. B 81, 121107(R) (2010).

Huang, W. M. & Lin, H. H. Anomalous isotope effect in iron-based superconductors. Scientific reports 9, 5547 (2019).

Raghu, S., Kivelson, S. A. & Scalapino, D. J. Superconductivity in the repulsive Hubbard model: An asymptotically exact weak-
coupling solution. Phys. Rev. B 81, 224505 (2010).

Maiti, S. & Chubukov, A. V. Superconductivity from repulsive interaction. AIP Conference Proceedings 1550, 3 (2013).

Benfatto, L., Capone, M., Caprara, S., Castellani, C. & Di Castro, C. Multiple gaps and superuid density from interband pairing in a
four-band model of the iron oxypnictides. Phys. Rev. B 78, 140502(R) (2008).

Fanfarillo, L., Benfatto, L., Caprara, S., Castellani, C. & Grilli, M. Theory of uctuation conductivity from interband pairing in
pnictide superconductors. Phys. Rev. B 79, 172508 (2009).

Innocenti, D. et al. Resonant and crossover phenomena in a multiband superconductor: Tuning the chemical potential near a band
edge. Phys. Rev. B 82, 184528 (2010).

Innocenti, D. et al. Shape resonance for the anisotropic superconducting gaps near a Lifshitz transition: the effect of electron
hopping between layers. Supercond. Sci. Technol. 24, 015012 (2011).

Caprara, S. et al. Multiband superconductivity and nanoscale inhomogeneity at oxide interfaces. Phys. Rev. B 88, 020504(R) (2013).
Marciani, M., Fanfarillo, L., Castellani, C. & Benfatto, L. Leggett modes in iron-based superconductors as a probe of time-reversal
symmetry breaking. Phys. Rev. B 88, 214508 (2013).

Benfatto, L., Valenzuela, B. & Fanfarillo, L. Nematic pairing from orbital-selective spin uctuations in FeSe. npj Quantum Materials
3,56 (2018).

Kuroki, K. et al. Unconventional Pairing Originating from the Disconnected Fermi Surfaces of Superconducting LaFeAsO1—xFx.
Phys. Rev. Lett. 101, 087004 (2008).

Ding, H. et al. Observation of Fermi-surface-dependent nodeless superconducting gaps in Ba,,K,,Fe,As,. Europhys. Lett. 83, 47001
(2008).

Balents, L. & Fisher, M. P. A. Weak-coupling phase diagram of the two-chain Hubbard model. Phys. Rev. B 53, 12133 (1996).

Lin, H.-H., Balents, L. & Fisher, M. P. A. N-chain Hubbard model in weak coupling. Phys. Rev. B 56, 6569 (1997).

Lin, H.-H., Balents, L. & Fisher, M. P. A. Exact SO(8) symmetry in the weakly-interacting two-leg ladder. Phys. Rev. B 58, 1794
(1998).

Shankar, R. Renormalization-group approach to interacting fermions. Rev. Mod. Phys. 66, 129 (1994).

Perali, A. et al. Two-gap model for underdoped cuprate superconductors. Phys. Rev. B 62, 19295(R) (2000).

Kopietz, P, Bartosch, L. & Schiitz, E. Introduction to the Functional Renormalization Group, Lecture Notes in Physics. (Springer,
Berlin, 2010).

Metzner, W., Salmhofer, M., Honerkamp, C., Meden, V. & Schénhammer, K. Functional renormalization group approach to
correlated fermion systems. Rev. Mod. Phys. 84,299 (2012).

Platt, C., Hanke, W. & Thomale, R. Functional renormalization group for multi-orbital Fermi surface instabilities. Advances in
Physics 62, 453-562 (2013).

Shul, R., Mathias, B. T. & Walker, L. R. Bardeen-Cooper-Schrieffer Theory of Superconductivity in the Case of Overlapping Bands.
Phys. Rev. Lett. 3, 552 (1959).

Salasnich, L., Shanenko, A. A., Vagov, A., Aguiar, J. A. & Perali, A. Screening of pair uctuations in superconductors with coupled
shallow and deep bands: A route to higher-temperature superconductivity. Phys. Rev. B 100, 064510 (2019).

Acknowledgements

We acknowledge supports from the National Science Council in Taiwan through grant MOST 107-2112-M-005-
008-MY3 and MOST 106-2112-M-007-011-MY3. Financial supports and friendly environment provided by the
National Center for Theoretical Sciences in Taiwan are also greatly appreciated.

Author contributions
Both WM.H. and H.H.L. contribute extensively to the work in all aspects. WM.H. and H.H.L. prepare the
manuscript together.

Competing interests
The authors declare no competing interests.

Additional information
Correspondence and requests for materials should be addressed to W.-M.H. or H.-H.L.

Reprints and permissions information is available at www.nature.com/reprints.

SCIENTIFIC REPORTS |

(2020) 10:7439 | https://doi.org/10.1038/s41598-020-63608-1


https://doi.org/10.1038/s41598-020-63608-1
http://www.nature.com/reprints

www.nature.com/scientificreports/

Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International

T ] icense, which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the Cre-
ative Commons license, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons license, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons license and your intended use is not per-
mitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this license, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2020

SCIENTIFICREPORTS|  (2020) 10:7439 | https://doi.org/10.1038/s41598-020-63608-1


https://doi.org/10.1038/s41598-020-63608-1
http://creativecommons.org/licenses/by/4.0/

	Pairing mechanism in multiband superconductors

	Results

	RG for Multiband Superconductor. 
	Look for effective theory. 
	RG in two dimensions. 

	Discussion

	Methods

	RG equations in ladder geometry. 
	Derivations for RG equations in two-pocket model. 
	RG equations for multiband BCS hamiltonian. 

	Acknowledgements

	Figure 1 Fermi surfaces for iron-based superconductor in ladder geometry.
	Figure 2 An analytic solution for the intraband and interband pair hopping.
	Figure 3 RG flows for multiband BCS Hamiltonian.
	Figure 4 Critical temperature Tc versus the interaction strength.
	Figure 5 Generic 4-fermion interactions in two dimensions.
	Figure 6 RG exponents of coupling flows.
	Figure 7 Patching the Fermi surfaces.


