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PARALLEL KAHLER SUBMANIFOLDS
OF QUATERNIONIC KAHLER SYMMETRIC SPACES

DMITRI V. ALEKSEEVSKY, ANTONIO J. DI SCALA
AND STEFANO MARCHIAFAVA

(Received November 27, 2003, revised August 12, 2004)

Abstract. The non totally geodesic parallel 2n-dimensional Kiahler submanifolds of
the n-dimensional quaternionic projective space were classified by K. Tsukada. Here we give
the complete classification of non totally geodesic immersions of parallel 2m-dimensional
Kihler submanifolds in a quaternionic Kdhler symmetric space of non zero scalar curvature,
i.e., in a Wolf space or in its non compact dual. They are exhausted by parallel Kihler sub-
manifolds of a totally geodesic submanifold which is either an Hermitian symmetric space or
a quaternionic projective space.

1. Introduction. Let (M*", j, Q) be a quaternionic Kihler manifold with metric §
and parallel quaternionic structure Q. A submanifold M>" together with a section J; €
I"(Q)|nm such that le = —1land J1TM = T M is called Kdhler if J; is parallel with respect
to the Levi-Civita connection of g. We

will study parallel Kiihler submanifolds of a quaternionic Kiihler symmetric space M of
non zero scalar curvature, that is, Kéhler submanifolds M with parallel second fundamental
form £ in a Wolf space or in its non compact dual. In the case when dim(l\7I ) =2dim M, we
prove that any curvature invariant and intrinsically locally symmetric Kdhler submanifold is
parallel, and hence extrinsically symmetric.

Any parallel submanifold M of a Riemannian manifold M is curvature invariant. Fur-
thermore, a curvature invariant, in particular a parallel, maximal K#hler submanifold of a
quaternionic Kihler manifold is also normal curvature invariant. Using these properties, we
derive the following result from Naitoh’s theorem 2.6 in the next section.

THEOREM 1.1. Any curvature invariant (in particular, any parallel) Kihler subman-
ifold M*" of the maximal dimension 2n of a quaternionic Kdhler symmetric space M dif-
ferent from the n-dimensional quaternionic projective space HP", M*" £ HP", is totally
geodesic.

We recall that a submanifold M of a Riemannian manifold M is called full if M is not
contained in a proper totally geodesic submanifold M of M and is called 1-full (according
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to Tsukada [Tsul]) if the first normal bundle N'M = h(TM, TM) of M coincides with the
normal bundle 7+ M of M in M.

We associate with a Kihler submanifold M2" of M anof arbitrary dimension 2m, a
symmetric 3-form C, called the shape tensor, and prove the following theorem.

THEOREM 1.2. Let (M?™, J) be a geodesically complete parallel Kéihler submanifold
of a quaternionic Kdihler symmetric space M*" and M the minimal totally geodesic subman-
ifold ofM containing M.

1) Ifthe shape tensor C of M vanishes at one point, then M is an Hermitian symmetric
space and M is a full parallel Kiihler submanifold of M.

2) IfC # 0, then M = HP™ and (M*", J) is a Hermitian symmetric manifold with
parallel cubic line bundle, that is a product Q1 X cP! of the complex quadric Q-1 C
CP™ and the projective line CP', or one of the following exceptional Hermitian symmetric
spaces:CP' x CP',CP' x CP' x CP!, Sp>/ Uy x CP',CP', Sp3/Us, SUs/S(Us x Us),
$012/ Us, E7/T1 - Eg, with the canonical Tsukada imbedding into HP™ as described in
[Tsu2].

Thus, the classification of parallel Kéhler submanifolds of type 1) in a quaternionic Kéh-
ler symmetric space reduces to a description of parallel Kéhler submanifolds of Hermitian
symmetric spaces.

The classification of parallel Kihler submanifolds of CP" was first obtained by Naka-
gawa and Takagi [NT].

THEOREM 1.3 ([NT)]). The only full parallel Kihler submanifolds of a complex pro-
Jective space are, up to isometries, the images of the Veronese imbedding of the projective
space PV associated with V = C"*' into the projectivization PS*V of the symmetric square
S2V defined by

¢: CP"=PV — PS*V
[v]=Cv +—[v®v],

of the Segre imbedding defined by

v: CP"xCP" =PV xPV - P(V®V)
(v, D = ],

or of the first canonical imbedding of compact irreducible Hermitian symmetric spaces of
rank 2, i.e., Q,, Grz(C"+2), S§010/SUs and E¢/Spinyg - T.

The classification of all parallel Kédhler submanifolds of a Hermitian symmetric space
was established by Tsukada [Tsul]. He proved that any such submanifold is a product of
Veronese submanifolds, Segre submanifolds, canonical Kaehler imbeddings of compact Her-
mitian symmetric spaces of rank two and trivial factors (defined by the identity map). The
Theorem in [Tsul, p. 130] implies the following
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THEOREM 1.4. There is no full parallel (proper) Kdihler submanifold M in a Hermit-
ian symmetric space M having no factor isometric to CP" . Any full parallel Kéihler subman-
ifold of CP™ x CP™ has the form yr{ (M) X Y2 (M), where i (M;) C CP" is one of the
immersions in Theorem 1.3.

Tsukada [Tsul] proved that any parallel Kéhler submanifold of a Hermitian symmetric
space of non compact type is totally geodesic.

These results together give the full classification of non totally geodesic parallel Kéh-
ler submanifolds in a quaternionic Kéhler symmetric space. A classification of maximal to-
tally geodesic Kéhler submanifolds of Wolf spaces in term of Satake diagrams was given by
Takeuchi [Tak]. See also Section 6.

The authors like to thank heartily the referee for useful remarks.

2. Preliminaries.

2.1. Gauss, Codazzi-Mainardi and Ricci equations. Let M be a submanifold of a
Riemannian manifold M. We denote by h : TM x TM — T-+M the second fundamental
form of M, and by A% the shape operator in the direction of a normal vector & € T+M
such that

VxY = VxY +h(X.Y),
Vi = Vit — AEX,
where X €e TM,Y ¢ I'TM and & € TLM. Here V, V, V1 are the Levi-Civita connection
of M and the induced connections in 7M and T M, respectively.
For X, Y € T, M we decompose the curvature operator R X,y as
Rxy = Ryy + Ryy + Ry + Ryy »
according to the decomposition
End(T; M) = End(T M) + Hom(T, M, T;* M) + Hom(T "M, T, M) + End(T;* M) .
Then we have the following Gauss-Codazzi equations:
(Gauss) RYy = Rxy —hxhly + hyhy = Rxy — Y A% X A ASY,
i

(Codazzi-Mainardi) Ry, Z= (Vih) (Y, Z) — (Vyh)(X, Z) ,
(Ricci) RY¥E = Ry — > (X, [A%, AS]Y)E
i

where &; is an orthonormal basis of TAM, X, Y €eTM, & e TL+M, R, Rt are the curvature
tensors of the connections V, VL, and V' is the connection in T+M ® ST M induced by
V1 and V, respectively. (We identify a bivector X A ¥ with the skew-symmetric operator
Z— Y, Z)X — (X, Z2)Y))
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2.2. Parallel submanifolds of symmetric spaces.

DEFINITION 2.1. A submanifold M of a Riemannian manifold M is called parallel if
it has parallel second fundamental form £, i.e., V'h = 0.

DEFINITION 2.2. A subspace V C T, M of a tangent space of a Riemannian manifold
M is called curvature invariant if

R(V,V)V CV.

A submanifold M of M is called curvature invariant if each tangent space T, M is curvature
invariant and it is called normal curvature invariant if each normal space T;*M is curvature
invariant.

It follows from Codazzi-Mainardi equation that any parallel submanifold M of a Rie-
mannian manifold M is curvature invariant.

DEFINITION 2.3. A submanifold M of a Riemannian manifold M is called 1-full if
the first normal bundle N'M = h(T M, T M) coincides with the normal bundle 7+ M.

DEFINITION 2.4. Let M = G/K be a homogeneous Riemannian manifold. Fix an
orbit V of the isometry group G in the Grassmann bundle Gry (7 M) of tangent k-planes of
M. If a k-plane V € V (resp. if the orthogonal plane V-, V € V) is curvature invariant, then
V is called curvature invariant (resp. normal curvature invariant).

A k-dimensional submanifold M C M is called a V-submanifold if T,M € V for any
x € M. Obviously, if V is (normal) curvature invariant, then any V-submanifold is (normal)
curvature invariant.

DEFINITION 2.5. A submanifold M of a Riemannian manifold M is called extrinsi-
cally symmetric if for any point x € M there exists an involutive isometry (symmetry) s, of
M preserving M such that s, (x) = x and its differential at x satisfies

(1) (SX)*|TXM - _Id, (SX)*|TXLM =Id
We recall the following theorem of Naitoh [Na2].

THEOREM 2.6 (H. Naitoh). Ler M be a simply connected Riemannian symmetric
space. A submanifold M of M is parallel and normal curvature invariant if and only if it is
extrinsically symmetric.

PROOF. Let M C M be an extrinsically symmetric submanifold. Remark that the
symmetry s, acts as —Id on any tensor space Tx®p ® Txl®q , where p is odd. On the other hand,
it preserves the tensor V' € TX®3 ® T~ and the curvature tensor R at x. This implies that an
extrinsically symmetric submanifold is parallel and normal curvature invariant. Conversely,
if M is parallel and normal curvature invariant, then the automorphism (sy)s € GI(Tk M)
defined by (1) preserves the curvature tensor R,, and hence can be extended to an involutive
isometry s of M. Now the inverse statement follows from a remarkable theorem of Striibing
[Str].
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THEOREM 2.7 (W. Strubing). Let M be a parallel submanifold of a Riemannian man-
ifold M and s an isometry of M which preserves a point x € M and satisfies (1). Then s
preserves any geodesic y = y(t) of M with y(0) = x: s(y (t)) = y(—1).

The proof follows from the Frenet formulas for the curve y (¢) considered as a curve in

M:
0 ki 0 0 0
Ei —ki 0k 0 0 Ei
v = IR ,
) 0 0 0 0 kr—1 )

Er 0O 0 0 oy Er
where E1, ..., E, is an orthonormal Frenet frame along y obtained from the fields y, y, ¥, . ..
by Gram-Schmidt process, ki, ..., k-—1 are constants (“curvatures”) and, moreover, E; =

v, E3, Es5,... € I'(TM)|, are V-parallel fields and E; = h(y, y)/Ih(y, y)|, E4, E¢, ... €
I(T+M),, are V*-parallel fields along y. Indeed, the Frenet frame along y (—) and s, E; (1)
satisfy Frenet equations with the same initial conditions (—1)! E; (0). O

Now we state the following fundamental result by Naitoh, which shows that up to a
short list of exceptions, a parallel normal curvature invariant (or, equivalently, extrinsically
symmetric) V-submanifold of a symmetric space is in fact totally geodesic.

THEOREM 2.8 (H. Naitoh [Na3]). Ler M = G/K be a compact simply connected
symmetric space with simple isometry group G, and V is an orbit of G in Gri(T M) which
is curvature invariant and normal curvature invariant. Then any V-submanifold is totally
geodesic with the exception of the following cases:

(@ M=S"=S0mn+1/S0m),1<k<n,

(b) M = CP",V is the set of complex 2k-subspaces,

(¢) M = CP",V is the set of totally real n-subspaces,

(d) M =HP",V is the set of totally complex 2n-subspaces,

() M= G /K is an irreducible symmetric space andV = GT, where T is the tangent
space to an irreducible symmetric R-space (i.e., the geometries associated with irreducible
symmetric R-spaces).

The statement remains true also for non compact dual of G/K [BENT].

The following result will be used in Section 5.

THEOREM 2.9 (H. Naitoh [Nad]). Let M be a parallel submanifold of a symmetric
space M. If the first osculating space O;M = TyM + h(Ty, Ty) at some point x € M is
curvature invariant, then M is contained in the totally geodesic submanifold M = exp(O; M)
ofM generated by O; M.

Obviously, M is full in M.
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3. Kaibhler submanifolds of quaternionic Kihler manifolds. Let (M an 0,3) bea
quaternionic Kdhler manifold, that is, a Riemannian manifold (1\;14”, g) with a @—parallel
quaternionic structure @, i.e., a rank 3 subbundle of End(T M) locally generated by 3 skew-
symmetric almost complex structures J1, J2, J3 = J1J» = —JpJ1. Forn = 1, in the definition
we assume that (]l714, g) is an anti-self-dual Einstein manifold.

Recall that the curvature tensor R of a quaternionic Kéhler manifold has the form

RZURHpn-FW,

where W is an sp,-valued 2-form satisfying the Bianchi identities (the quaternionic Weyl
tensor), v = K /4n(n 4+ 2) is the reduced scalar curvature, which is proportional to the scalar
curvature K, and

1
Rypn(X,Y) = Z(X AY + D JuX AJgY =2 (X, Y)Ja) ,
o o

wherea = 1,2,3and (, )=g(, ).
We recall also that the following identities hold:

[R(X,Y), Jo] = —v((JyX, Y)Jp — (JgX, Y)Jy) ,

where (o, B, v) is a cyclic permutation of (1,2, 3). They are equivalent to the following
identities

) R(LX.J,Y)Z = R(X.Y)Z + u(uﬂx, Y)JsZ + (J, X, V)], Z) ,
which we will need later on.

DEFINITION 3.1. A submanifold M2" of a quaternionic Kihler manifold (M*", Q, §)
together with a section J; € I'(Q)|y such that le = —Id and J1(TM) = TM is called

1) a Kdhler submanifold if Jp is @—parallel,

2) a totally complex submanifold if Jo(TM) L TM, where J, € Q is a complex
structure anticommuting with Jj.

The Kihler submanifold M?" considered as a manifold with the induced Riemannian
metric g = g | and the almost complex structure J = Jy 7y is a Kéhler manifold.

Recall that if the scalar curvature of (M , ) is not zero, then a Kihler submanifold
M m > 1, is totally complex ((AM2]). In particular, m < n. A Kihler submanifold
of maximal possible dimension 2r is called maximal.

Let (M Zm J1) be a Kéhler submanifold of a quaternionic Kihler manifold M*". We fix
a local section J> € I'(Q)|y such that J2 = —1and J;J» = —J»J;. One can check that

(3) Vvd = w(V)J3,

where J3 = J;J> and w is a local 1-form on M. As in [AM1], we associate with the second
fundamental form £, a (local) (0, 3)-tensor field C on M, called the shape tensor, defined by

C(X,Y,Z) = (hh(X,Y),Z).
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It is symmetric with respect to X, Y, Z and satisfies the following identities:
CX,Y,JZ)=C(UX,Y,Z2)=C(X,JY, 2Z2),
which means that the associated endomorphism Cx, X € T M, defined by
(CxY,Z)=C(X,Y,2)

anticommutes with J.
If J2’ = cos6J, + sinfJ Jp is another section, then the associated shape tensor C’ is
related to C by

Cx =cosf Cx +sinfJ; o Cx .

This implies that the u,,-valued 2-form [C, C](X,Y) := [Cx, Cy] is globally defined and
satisfies the Bianchi identities.
‘We define the (0, 4)-tensor field P as follows:

P(V;X,Y,2)=(VyO)X,Y,Z)+ w(V)C(X,Y,JZ),

which is symmetric with respectto X, Y, Z.

PROPOSITION 3.2. Let (Mzm, J1) be a curvature invariant Kdhler submanifold of a
quaternionic Kdhler symmetric space. Then

1) the tangential part RTT of the curvature tensor R of M is parallel and the tensor
[C, C] satisfies the second Bianchi identity:

VRTT =0, cycl(Vz[C,CDH(X,Y) =0,

2) If M is parallel, then P = 0.
PROOF. The proof is the same as for the case n = m, which was done in [AMI1]. O

The following Lemma describes the relation between the covariant derivative of C and
the tensor P.

LEMMA 3.3. Let (M, J1) be a totally complex submanifold of a quaternionic Kiih-
ler manifold M*". Then the covariant derivative of the shape tensor C is given by

—(VyO)(X,Y,Z) = ((V@h)(X, ), hZ)+o(V)C(X,Y,JZ)+ (h(X,Y), Lh(V, Z))
or, equivalently,
“4) —P(V; XY, Z) = (Vy ) (X, Y), hZ) + (h(X.Y), Lh(V, Z))

for any tangent vectors X, Y, Z, V.
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PROOF. We extend vectors X, Y, Z € Ty M to local tangent vector fields on M such
that Vy X = VyY = VyZ =0 at x € M. Then we have

—(VyO)(X.,Y,Z) =—-VC(X,Y,Z) = V{(h(X,Y), 1hZ)

= (Vih(X,Y), hZ) + (h(X,Y), Vi 1 Z)
(Vy)(X,Y), hZ) + (h(X,Y), Vy hZ)
(Vyh) (X, Y), L Z) + (h(X,Y), (Vy ) Z + Vv Z)
( + (
( + (
(

(V(,h)(X, Y), hZ) h(X,Y), o(VYJZZ + JLh(V, Z))
(V@h)(X, Y), hZ) h(X,Y),—o(V)JL 1 Z+ HLh(V, Z))
(Vyh) (X, Y), hZ)+o(V)C(X,Y,JZ) + (h(X,Y), hh(V,Z)). O

COROLLARY 3.4. 1) Assume that at some point x € M the subspace (V’TxMh)
(TxM, Ty M) is orthogonal to JTyM. Then P, = 0 and the first normal space N; =
h(T M, Ty M) is totally complex, i.e., JlN)i = N; and JZN; is orthogonal to Ni.

2) Assume that M is curvature invariant and the first normal space N; at some point
x € M is totally complex. Then P,(V; X, Y, Z) = ((V{,h)x (X,Y), JhZ) is symmetric in all
arguments.

PROOF. 1) The first term on the right member of (4) vanishes. Hence Py (V;X,Y,Z)
= —(h(X,Y), hh(V,Z)) is symmetric in all arguments. Since P, (X, X, X,X) =
(—h(X, X), JLh(X, X)) = 0, we get the conclusion.

2) By taking Codazzi-Mainardi equation into account, it is obvious. o

THEOREM 3.5. Let (M*", J1) be a totally complex submanifold of a quaternionic
Kdhler manifold M*". Assume that ((Vg/h)(X, Y), hZ) =0 forany X,Y,Z,V € TM,
which is true if M is parallel. Then the first normal bundle N'M = h(T M, T M) is totally
complex, i.e., (h(X,Y), Joh(V, Z)) = 0 and the tensor field P = 0.

Assume moreover that the reduced scalar curvature v of M*" is not zero. Then there are
two cases:

1) C = 0 at some point and then C = 0, which means that N'm L JT M, or

2) C # 0and then M is a locally symmetric Hermitian manifold with parallel cubic
line bundle of type v ([AM1]). More precisely, M is locally isometric to one of the symmetric
spaces: S = Q,_1 x CP',CP' x CP',CP! x CP' x CP', Sp>/U> x CP', CP', Sp3/ U3,
SUs/S(Us x U3), SO12/Us, E7/T" - Eg or its non compact dual.

PROOF. By Corollary 3.4, the tensor P vanishes, that is,
P(V;X,Y,2)=(VyO)(X,Y,Z)+w(V)C(X,Y,JZ)=0.
It was shown in [AM1] that if C # 0 at least at one point, then this condition means that the

tensor field C generates a parallel holomorphic line bundle in the space of cubic symmetric
forms of type (3, 0) such that the induced connection has curvature RL = ivg o J (parallel
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cubic line bundle of type v). All such Kéhler manifolds are locally symmetric and locally
isometric to one of the symmetric spaces described in [AM1, Thm. 3.14]. O

4. Characterization of maximal parallel Kihler submanifolds of a quaternionic
Kihler symmetric space. In this section we give a characterization of maximal parallel
Kihler submanifolds M?" of a quaternionic Kihler symmetric space M*", of non zero scalar
curvature.

THEOREM 4.1. Let M C M™*" be a complete maximal Kihler submanifold of a
quaternionic Kdhler symmetric space M of non zero scalar curvature. Then the following
properties are equivalent:

(1) M is curvature invariant and locally symmetric.
(i) M is parallel.
(iii)) M is extrinsically symmetric.

PROOF. For proof we need the following lemma.

LEMMA 4.2 ([AMI, Prop. 2.8]). Any curvature invariant maximal Kdhler submani-
fold (M?", J) of a quaternionic Kéihler manifold M*" is normal curvature invariant.

PROOF. The proof follows from the following identity which implies that the curvature
tensor R is invariant under the automorphism J,:

(R(2X, hY)IhZ, hW) = (R(X,Y)Z, W)
forall X,Y,Z, W e TM.

PROOF OF THE THEOREM 4.1. The equivalence (ii) < (iii) follows from the Lemma
and Theorem 2.6. (ii) = (i) is well-known.

Thus, it remains to prove that (i) = (ii). Assume that M is curvature invariant and
locally symmetric. Then, by Proposition 2.13 in [AMI, page 887] the tensor field [C, C]
is parallel, i.e., V[C, C] = 0. We associate to the shape operator A the tensor [A, A] €
T'(A’T+M @ A2TM) by [A, Al(€, ) = [AS, A" for &, n e TEM.

We need the following lemma.

LEMMA 4.3. Let M*" be a maximal Kdhler submanifold of a quaternionic symmetric
space M*" # 0, and A% its shape operator. Then the following holds:

(Vz[C, C) (2§, amW = (VZ[A, ADE, mW .
PROOF OF LEMMA. Foré,n e JLT,M and Z, W € T, M, we have
(Vz[C, CD (12§, amW = Vz(C o C) (2§, omW — Vz(C o C)(J2n, LE)W .
We have
Vz(C o C)(J2§, omW = ((VzC) o C) (2§, JamW + (C o (VZO))(J2§, JamW .
By definition it follows that
(VzC)yyW =VzCyW = Cy,vyW =CyVzW.
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Hence we obtain
Vz(C 0 C) (&, JamW = (VLA 0 AW + (A% o (VAW
= (Cvzne © CoW = (Cpg 0 CvzmmW .
Since (VzJ2) = w(Z)J3, we get
(Cvzn)e o CrpW +(Chre 0o Cvyiyp) W =0.
Then,
Vz(C 0 C) (D&, Jan, W) = (V5 A)* 0 AW + (A" o (VAW
=V, (Ao A)E,n, W).
Now, the lemma follows from the above identity.

By using this lemma, we see that (i) implies (V’Z[A, A] (&, n)W = 0. Since J; is paral-
lel, we obtain that (V’Z[A, A) (&, Jin)W = 0. From these two identities we get

V(Ao A)E MW = (VA 0o ANW + (A% o (V,A)HW =0.
Also, we have
V), z2(Ao A)E MW = (V) ,A)F 0 ANW + (A% o (V) ,A)NW = 0.

Since M is curvature invariant, it follows that (V’JlZA)EX = —Jl(V’ZA)EX. By using this
fact together with the last two identities, we obtain

(V4 A 0o ANW = (A% o (V, AW =0.
Now, the theorem is a consequence of the following lemma.

LEMMA 4.4. Let M be a submanifold of a Riemannian manifold and A its shape op-
erator. If

(VxA): o AW = (A% o (VxA)HW =0,
then M is parallel, i.e., V'A = 0.
PROOF. We decompose TM = N @ N1, where
N = ﬂ ker(A%), N+t = span( U Image(AE)) .
geTML geTML

So, if Z € N1, it follows that (Vi A)(&, Z) = 0. Let Z € N be any section. Observe that
(V4 A)*Z € N. On the other hand, we have (V5 A)*Z = —ASVx Z. Thus, (V4 A)*Z € Nt
and then (V;(A)SZ = 0, that is, A is parallel. O

5. Parallel Kihler submanifolds of a symmetric quaternionic Kéhler manifold.
5.1. Reduction to the case of 1-full parallel Kéhler submanifolds. Note that the inter-
section of totally geodesic submanifolds of a Riemannian manifold M is a totally geodesic
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submanifold. Hence we may consider the minimal totally geodesic submanifold M containing
a given submanifold M.

In this subsection we prove the following theorem which reduces the classification of
parallel Kihler submanifolds of a quaternionic Kihler symmetric manifold to the classifica-
tion of 1-full parallel Kidhler submanifolds in Hermitian or quaternionic Kéhler symmetric
spaces.

THEOREM 5.1. Let (M?", J) be a parallel Kiihler submanifold of a symmetric quater-
nionic Kdihler manifold M of non zero scalar curvature and M the minimal totally geodesic
submanifold of M*" containing M*".

1) If the shape tensor C of (M, J) vanishes, then M is a totally geodesic Hermitian
symmetric space and (M*", J) is a full parallel Kéihler submanifold of M.

2) IfC # 0, and hence (M*™, J) is a Kihler manifold with parallel cubic line bundle,
then M is a quaternionic Kdhler symmetric space of dimension 4m and (M?", J) is a full
parallel Kdihler submanifold of M.

PROOF. We need the following Lemma.

DEFINITION 5.2. A parallel Kihler submanifold of a symmetric quaternionic Kéhler
manifold M*" is called of type 1) if the shape tensor C = 0 and of type 2) otherwise.

LEMMA 5.3. Let M be a parallel Kdihler submanifold of a symmetric quaternionic
Kdhler manifold with non zero scalar curvature.

1) [Ifitis of type 1), then

HT:M L N; forall x e M.
2) Ifitis of type 2), then

HhTM = N; forall x e M.

PROOF OF LEMMA 5.3. 1) is obvious, by definition of C. Before considering the case
2), let state some facts which hold true for any parallel submanifold M. As before, we use
Latin letters X, Y, Z, ... for vector fields in 7 M and Greek letters &, n, ... for vector fields
in 7M. By hypothesis V'h = 0 we have the identity

(5) Vy (h(Y, 2)) = h(VxY, Z) + h(Y.Vx Z)
and

(6) R(TM,TM)TM CTM.
Moreover, by (2) of Lemma 13 of [Nal],

(7) R(TM,TM)N' c N'.

(Naitoh proved (7) as follows: the Ricci equation of the parallel submanifold can be written
as

R(X,Y)¢ = RY(X,Y)E — h(X, A°Y) + h(A’ X, Y),
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and for & = h(Z, T), by (5), it follows that
RL(X, Yh(Z, T)=h(R(X,Y)Z,T)+h(Z,R(X,Y)T).

The conclusion follows immediately).
The proof of the Lemma follows directly from the next two Sublemmas.

SUBLEMMA 5.4. For any parallel Kédhler submanifold M one has
(8) R(TM,N"YTM c N'.
Moreover, if M is of type 2), then
©) LTM CN'.

PROOF OF SUBLEMMA 5.4. Since M*" is a symmetric space and the submanifold M
is curvature invariant, we have (Vx R)(Z, U)Y = 0, which can be written as

Vx(R(Z,U)Y) + h(R(Z,U)Y, X)
= R(VxZ,U)Y + R(Z,VxU)Y + R(Z,U)VxY
+ R(W(X,Z),U)Y + R(Z,h(X,U))Y + R(Z,U)h(X, Y).
The projection onto T M of this identity gives
(100 R(h(X,2),U)Y + R(Z,h(X,U))Y = h(R(Z,U)Y, X) — R(Z, U)h(X,Y).

By comparing (10) with the identity obtained by changing X — J1X and U — J1U, and
taking account of (2), we deduce the following identity:

R(h(X,Z),0)Y = (1/2)[—v((h(X, Z), U)hY + (3h(X, Z), U)J3Y)
(11) +h(R(Z,U)Y, X) + h(R(Z, JU)Y, JX)
— R(Z,U)h(X,Y) — R(Z, JU)h(JX, Y)].

If M is of type 1), then (8) follows from (11), (6), (7). Let now assume that M is of type 2).
We use (11) to compute the first two terms of the Bianchi identity 0 = R(h(X,Z),U)Y +
R(Y,h(X, Z))U + R(U, Y)h(X, Z). Taking account of (7), we get
—(hh(X, Z2),U)rY = (J3h(X,Z),U)J3Y
12
(12 + (hh(X, 2),Y)hU + (3h(X, Z), Y)J3U € N'.

Let us assume that at a point x € M there exists a vector Y such that ,Y ¢ (NV)L. If
U = J1Y, then (12) gives

(13) (Jh(X, Z), Y)Y — (Jhh(X, Z),Y)]3Y € N!

and, by changing X — J1 X, we get

(14) (Lh(X,Z), Y)Y 4+ (3h(X, Z),Y)J3Y € N'.

By assumption, there exist vectors X, Z € Ty M such that

(hh(X,Z),Y)> + (J3h(X, Z),Y)> #0.
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Then (13) and (14) imply that J,Y, J3Y € NL. Now, for any U € TM, (12) gives
(15) (hh(X,Z),Y) U + (3h(X,Z),Y)3U € N',

from which, by comparing with the identity where U is replaced with JU, it is easy to deduce
that /LU € N'! forany U € TM. (8) follows from (11), (6), (9) and (7). O

SUBLEMMA 5.5. If M is of type 2) then
(16) LN ' cTM.

PROOF OF SUBLEMMA 5.5. Let us assume that the vector field & € N!. Since
R(Y, £)Z € N! by (8), the identity (VxR)(Y, £)Z = 0 can be rewritten as

VyR(Y,£)Z — ARYOZy _ Revyy, 6)Z + R(Y, VyE)Z + R(Y,6)VxZ
+ R((X,Y),6)Z — R(Y, AS)Z + R(Y, §)h(X, Z) .
By using repeatedly (5), (7) and (8), we get
R(h(X,Y),6)Z + R(Y,&)h(X,Z) € O'
and, by changing Y — JY and § — J§,
R(IWK(X,Y), HEYZ 4+ R(LY, h1E)h(X, Z) € O} = T M + h(T:M, T, M) .
The last two identities together with (2) imply that
v((th(X, Y),E)Z + (J3h(X,Y), E) s Z
+ (1Y, E)R(X, Z) + (J3Y,€)J3h(X, 2)) € O}

Since LZ, J3Z € N 1 by Lemma 5.4, we conclude that
) (LY, &) Lh(X, Z) + (J3Y,6)3h(X, Z) € O .

Let us assume that there exists a vector ¥ € Ty M such that (J,Y, €)% + (J3Y, &)2 # 0. We
deduce easily, by comparing (17) with the identity obtained by the change Y — J;Y, that

hh(X,Z), h(X,Z)e O' forany X,Z € TyM .
On the other hand, by Corollary 3.4, Joh(X, Z) is orthogonal to N ! Hence
DLh(X,Z), Kh(X,Z)e TM forany X,Z e T:M,
and (5.5) follows. This finish the proof of Sublemma 5.5 and hence Lemma 5.3. O

Now we prove the following Proposition which, together with Lemma 5.3, implies The-
orem 5.1.

PROPOSITION 5.6. Let (M*™, J) be a parallel Kiihler submanifold of a locally sym-
metric quaternionic Kdhler manifold. Then the first osculating space 0; =TM+ N; at any
point x € M is curvature invariant, i.e.,

RO', oho' co'.
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REMARK. The proposition remains true if Misa locally symmetric Kéhler manifold,
whose proof is the same as in the quaternionic Kéhler case.
PROOF. The identity (VR)(Y, Z)& = 0 can be rewritten as
VE(R(Y, 2)E) — ARY-DEX — R(VyY, Z)E + R(Y, Vx 2)E + R(Y, Z)V&
+ R(W(X,Y), Z)E + R(Y, h(X, Z))E — R(Y, Z)A*X.
For& e N, by taking account of (6), (7) and (5), this gives
R(h(X,Y),Z)e + R(Y.,h(X,Z))E € O".
By changing X — J1X and Z — J;Z, we have
R(IWh(X,Y), 1Z)E — R(Y,h(X, Z))E € O'.
By (2), we also have
RUIA(X,Y), 12)E = R(W(X,Y), 2)§ + v(<th(X, Y), Z) ok
+ (J3h(X. ¥), Z)Js§) € TM,
which implies
(18) R(N', TM)N' c 0.
Now the Bianchi identity gives
(19) R(N', NHYTM c o'.
We rewrite the identity (VR)(Y, n)& =0 forn, & € N! as follows:
Vx(R(Y, n)§) = R(VxY, m& + R(Y, Vyn)é + R(Y, n) V&
+ R(h(X,Y), nE — R(Y, ATX)E — R(Y, n)A*X .

Since the bundle O! is invariant under parallel transport, it follows that ﬁ(h(X LY), né e 0;,
and hence

(20) RN, NHN! c o]l
Formulas (6), (7), (8), (18), (19) and (20) then imply Proposition 5.6. O

We also obtain the following corollary, which was proved by Tsukada [Tsu2] in the case
of quaternionic projective space.

COROLLARY 5.7. A non totally geodesic parallel totally complex submanifold
(M?™, 1) of a symmetric quaternionic Kihler manifold M*" is 1-full if and only if it has
maximal dimension, i.e.,n = m.

PROOF. We have the following orthogonal decomposition:

TM =TM + J,(TM) + N(M),
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where N (M) is a quaternionic subbundle. If we assume that M is 1-full, then it follows that
T+M = JL,TM + NM = N'M. By 1) of Corollary 3.4, N' M is totally complex, and hence
NM = 0. Vice versa, if M has maximal dimension n = m, then J,TM = T-+M. Since M is
not totally geodesic, M has type 2) and by Lemma 5.3, we get N'M = LTM =T+M. O

REMARK 5.8. As a consequence of Proposition 5.6 and Naitoh’s Theorem 2.9, it fol-
lows that the concept of being 1-full and that of being full are equivalent for a parallel Kéhler
submanifold of a locally symmetric quaternionic Kéhler manifold.

Now we can prove Theorem 5.1. By Proposition 5.6 and Theorem 2.9, the Kihler sub-
manifold M?™ is 1-full in the totally geodesic submanifold M = exp(O; M). In the case 1),
M is a totally complex totally geodesic submanifold, and hence a Hermitan symmetric space.
In the case 2), M is a quaternionic Kihler submanifold. g

6. Totally geodesic maximal Kihler submanifolds of Wolf spaces. All totally geo-
desic maximal Kihler submanifolds M>" of a Wolf space W = G/K = M*" were classified
by Takeuchi in terms of Satake diagrams [Tak]. Here we sketch another approach based on
a simple observation that there exists a natural one to one correspondence between such sub-
manifolds and involutive automorphisms of the complex Lie algebra g = Lie(G)¢, which
preserve the canonical ideal sp; of the stability Lie algebra € and act non trivially on it. Simi-
lar ideas can be found in [Wo].

6.1. Lie algebra description of Wolf spaces. Recall that any simple complex Lie alge-
bra g determine the Wolf space as follows. Let

g=b+ ) CE,

aeR

be the Cartan decomposition of the Lie algebra g with respect to a Cartan subalgebra h and
IT = {ay, ..., ar} asystem of simple roots of the root system R.

We denote by u the maximal root of R and by H, = 2/(u, /L)B;l = [E,, E_,] the
corresponding element of b such that {H,,, E+,} is the standard basis of the 3-dimensional
subalgebra a; = 5p’1‘ (C). Then ady, has the eigenvalues 2, £1, 0 and the corresponding
eigenspace decomposition

21 g=g2+tg-1+tg0+a+m

gives rise to a gradation of the Lie algebra g. Moreover, we have

g2 =CEy+y, g+1= Z 9a go=f)+ZCEa=go/€BCH ,
aeER aeRy

where

2 ) _
(1, )

Rlz{aeR;a(Hu)z 1}, Ry={axeR; (x,n) =0}.
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We put gp = expin(adpy,), which is an involutive automorphism of g with eigenspace de-
composition

9 = gev + Fodd = (g—2 +go + g2) + (g—1 + g1) .

Since ¢y commutes with the standard antilinear involution t of g associated with the Cartan
decomposition, which determines the compact real form g* = {X € g; (X) = X}, ¢o
defines a symmetric decomposition

g =05, + 00 =Gp +90)" +(@-1+gD" =t+m

of the compact Lie algebra g*. We denote by G the adjoint (compact) Lie group with the Lie
algebra g* and by K = Ng(a;) =S p’f - K’ the normalizer of the 3-dimensional subalgebra
(which is the connected Lie group generated by the subalgebra ¢ = gZ ). Then W = G/K is
a simply connected irreducible symmetric space W = G/K associated with this symmetric
decomposition. Moreover, it has a natural structure of quaternionic Kihler symmetric space,
which is called the Wolf space associated with the Lie algebra g. The quaternionic structure

Q in the tangent space T, W = g, is given by Q = adsp’f lgZsq
Remark that the pair (G, K) is determined by the grading element d = H,, of the grada-
tion (21) and the antilinear involution T with td = —d. Conversely, a pair (d, 7), where d is

the grading element of a gradation (21) with dim g+» = 1 and t is an antilinear involution of
g with td = —d, defining a compact real form g* of g, defines a Wolf space W = G/K, and
any such pairs are conjugated by an inner automorphism of g.

6.2. Totally geodesic extrinsically symmetric Kihler submanifolds of a Wolf space.
Let W = G/K be a Wolf space associated with a complex simple Lie algebra g and (d =
H,,, 7) be the pair that determines (G, K) as above. Since the isotropy group K = Sp’f - K’
acts transitively on the unit sphere of all complex structures J € Q = adg, |m, any totally geo-
desic Kidhler submanifold M of W containing 0o = eK € W is K-equivalent to a submanifold
M’ > o, whose tangent space T, M is invariant under some fixed complex structure J; € Q.
We choose as J; the complex structure J; = ad; H, |9€dd' We will call a totally geodesic Kéhler
submanifold M of W admissible if it contains o and the tangent space 7, M is Ji-invariant.

THEOREM 6.1. Let W = G/K be a Wolf space associated with a complex simple Lie
algebra g, d = Hy be the grading element of the gradation (21) and t be the antilinear
involution defining the compact real form Lie G = g¢* of g.

1) There is a natural one-to-one correspondence between

1) involutive automorphisms o of g which commute with t and satisfy condition
o0(Exy) =—Ex,, and

ii) (connected) admissible totally geodesic extrinsically symmetric Kdihler sub-
manifolds M (o) of W = G/K given by M(c) = W%, where W 3 o is
the connected component of the fixed points set of the symmetry so : W >
aK +— o(a)K. Moreover, dim M () = (1/2) dim W.

2) Submanifolds M (o) and M (o1) are G-equivalent if and only if the involutive auto-
morphisms o and o1 are conjugated by an element of K.
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3) For any submanifold M (o) there is another canonically defined totally geodesic ex-
trinsically symmetric Kéiihler submanifold M (o) associated with the involutive automorphism
o' = @g o o such that one has the orthogonal decomposition T,W = T,M(c) + T,M (o).

4)  The pair of involutive automorphisms o and 6’ = @g o o is determined by the re-
striction of o 10 g;, . Two automorphisms o and oy define G-equivalent pairs (M (o), M(c"))
and (M(o1), M(07)) of submanifolds if and only if the automorphism a'% is conjugated to
otlg or oy |y, in the group of automorphisms of g0’

PROOF OF THEOREM. 1) Let M = L/Ly = Lo be an admissible totally geodesic
extrinsically symmetric Kéhler submanifold of the Wolf space W = G/K and

g=g-—2+9g-1+9go+ g1+ 92 = gev+ Godd

the ad g, -eigenspace decomposition of the complex Lie algebra g. We identify the complexi-
fied tangent space TOCW with p = godd = g—1 + 91-

The symmetry s, of M at point o induces a complex linear involutive transformation
Sox Of TOC W = p = g—1 + g1, which by assumption commutes with the complex structure
J1 =adig, lp- This implies that the eigenspace decomposition of s, has the form

p=@" +9g))+ @, +g)),

€ = g, + g/ is the complexification of the tangent space m =

where the +1-eigenspace m
ToM and g— | +g/ isits orthogonal complement. The graded subspace mC generates a graded
Lie subalgebra ¢ = [mC, mC] + m€ of g. Since [mc, mC] cannot contain the subalgebra
5p’f(C), it belongs to g_1 + go + g1. In particular, [gfr, gfr] = [gJ_rl, gJ_rl] = 0. On the other
hand, £o = [m€, m€] c go contains H,,, since M = L /L is a Hermitian symmetric space.

We denote by o the involutive automorphism of the group G and its Lie algebra g®
defined by conjugation with the symmetry s,, and extend it to a complex linear automorphism
o of g, which commutes with 7. Since the restriction oy = $,|p commutes with J; =
ad,-HMIP, we have o (H,) = Hy, that is, o preserves the gradation of g defined by H,,. In
particular, 0 (E+x,) = ¢E4,, where ¢ = £1. Assume that ¢ = +1,i.e., 0(E+,) = E4.
Then (s,)«|7,w commutes with the quaternionic structure Q = adfjp] (C), which contradicts
the assumption that M is totally complex. Hence o (E+; ) = —E+,. We have proven that the
automorphism o defined by the symmetry s, satisfies all conditions of the theorem.

Now we remark that

lol), 04,1 =lo%,, 05,1 =0,
since o|g,, = —Id. This means that g+ = gil + g1, is a decomposition of the complex

symplectic vector space g1, with the symplectic form w defined by [X, Y] = o (X, Y)E4,,
into direct sum of two Lagrangian subspaces. In particular,

. + . —_ . + . —_ 1 .
dimg, =dimg, =dimg", =dimg_, = 1 dim W .

Conversely, let o be an involutive automorphism commuting with 7 and acting as —Id
on g_» + go. Then it preserves H,, = [E,, E_,]. Hence its eigenspaces decomposition has
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the form
g=go+gt, +o ,+al g +o  +o , +o.

Moreover, [gL , gL] = [g1;,95;] = 0 and the four spaces gil have the same dimension.
One can easily check that the subalgebras

=97, 40, =07+
define two totally geodesic extrinsically symmetric Kihler submanifolds M* = M(c) and
M~ = M (¢q o o) of the same dimension 2n = (1/2) dim W.

To prove that the correspondence between o and M (o) is a bijection, it is sufficient
to show that two involutive automorphisms o, ¢’ coincide if they have the same restriction
to g1 + g1 or, equivalently, that the fixed point set g° = g7, + g0 + CH, + g{ can be
reconstructed from g%, + g¢. Since g, = [g—1, g1], we have

90’ =1lg-1,011° =97, 0]1.

2) If M(o) and M (o1) are G-equivalent, there exists an isometry k € K such that
kM (o) = M (oy). Then the conjugation by k transforms o into o’. The converse statement is
also clear.

3) is obvious. To prove 4) , it is sufficient to check that an automorphism p = o~
acting trivially on gey = g—2 + go + @2 is either trivial or equal to ¢g. It follows from the
fact that the isometry of W associated to p with the fixed point 0 commutes with the stability
subgroup K acting irreducibly on 7, W. a

100/

It is not difficult to describe all automorphisms ¢ of g which correspond to totally ge-
odesic extrinsically symmetric Kéhler submanifolds M (o) in terms of Kac diagrams, see
[GOV]. Here we state only a corollary which we use in the proof of Theorem 1.1.

COROLLARY 6.2. Let W = G/K be a Wolf space or its non compact dual. Then,
up to an isometry, there exist finitely many totally geodesic extrinsically symmetric Kdihler
submanifolds of W. Any one of them has dimension (1/2) dim W.

PROOF. The claim for Wolf spaces follows from Theorem 6.1. It remains true for non
compact dual W', since totally geodesic Kihler extrinsically symmetric submanifolds can be
characterized as totally geodesic Kihler submanifolds which are normal curvature invariant,
and the restriction of the natural one-to-one correspondence between totally geodesic sub-
manifolds of W and W’ gives a one-to-one correspondence between such submanifolds. O

Remark that in a symmetric space M there could be even a continuous number of non
equivalent totally geodesic submanifolds of given dimension, for example geodesics in a sym-
metric space of rank greater than 1.

7. Proof of Theorems 1.1 and 1.2.

PROOF OF THEOREM 1.1. Let M be a curvature invariant maximal Kéhler submanifold
of a Wolf space or its dual. By Lemma 4.2, M is also normal curvature invariant. Hence
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for any point x € M there exists an involutive isometry s, such that s,|7, ;7 = —Id and
SolrLy = 1d, see the proof of Theorem 2.6. This shows that the totally geodesic submanifold
M (x) = exp(Ty M) is an extrinsically symmetric maximal Kihler submanifold. Hence by 6.2,
the tangent space Ty M belongs to one of the finitely many orbits V = G(V) C Grp, T (G/K).
By continuity reason, M is a V-submanifold, where V is defined by one of the extrinsically
symmetric Kdhler submanifolds. Since V is curvature and normal curvature invariant, by
applying Naitoh’s Theorem 2.8, M is totally geodesic if M % HP" or the dual quaternionic
hyperbolic space HH" (The last statement for M # HP”" can also be obtained directly by
using Theorem 5.4 and Remark 5.5 of [Na2] for the Grassmannian G2(C"+2). An elementary
proof that G(C"*?) does not contain non totally geodesic maximal Kihler submanifolds was
given in [ADM]). It is known ([Tsu2]) that any parallel Kdhler submanifold of HH" is totally
geodesic. This proves Theorem 1.1.

PROOF OF THEOREM 1.2. The first claim was proved in Theorem 5.1. Assume that the
shape tensor C # 0. Then by Theorem 5.1, M>" is a parallel maximal Kihler submanifold
of a quaternionic Kihler symmetric space M*”. Theorem 1.1 then implies that M = HP™.
Now result follows from Tsukada’s classification of parallel Kdhler submanifolds of HP™. O
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