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PARALLEL, NON-ITERATIVE, MULTI-PHYSICS DOMAIN

DECOMPOSITION METHODS FOR TIME-DEPENDENT

STOKES-DARCY SYSTEMS

YANZHAO CAO, MAX GUNZBURGER, XIAOMING HE, AND XIAOMING WANG

Abstract. Two parallel, non-iterative, multi-physics, domain decomposition
methods are proposed to solve a coupled time-dependent Stokes-Darcy system
with the Beavers-Joseph-Saffman-Jones interface condition. For both methods,
spatial discretization is effected using finite element methods. The backward
Euler method and a three-step backward differentiation method are used for
the temporal discretization. Results obtained at previous time steps are used
to approximate the coupling information on the interface between the Darcy
and Stokes subdomains at the current time step. Hence, at each time step,
only a single Stokes and a single Darcy problem need be solved; as these are
uncoupled, they can be solved in parallel. The unconditional stability and con-
vergence of the first method is proved and also illustrated through numerical
experiments. The improved temporal convergence and unconditional stability
of the second method is also illustrated through numerical experiments.

1. Introduction

There exist many important applications that involve a free flow and a porous
medium flow occurring in separate but abutting domains, with the two flows coupled
at the interface between the two domains. Such flows arise in surface water flows,
subsurface oil and groundwater flows such as karst aquifers, and flows in a vuggy
porous medium; see, e.g., [2, 20, 21, 25, 40, 60, 65, 76, 83, 98] and the references cited
therein. An important model describing such coupled flows is the Stokes-Darcy
system in which the Stokes and Darcy systems are used to model the free and
porous medium flows, respectively. The two systems of partial differential equations
are coupled through interface conditions applied at the interface between the two
flows, enabling a better description of the physics compared to that possible with
a single-system model. It is not surprising, then, that a great deal of effort has
been devoted to the development of methods for the approximate solution of the
Stokes-Darcy system, including coupled finite element methods [2, 4, 20–22, 26, 32,
49, 51, 72, 93, 98], domain decomposition methods [19, 27, 40–45, 64, 67], Lagrange
multiplier methods [3, 56, 57, 76], two-grid methods [16, 83], decoupled marching
schemes [78, 84], discontinuous Galerkin methods [23, 30, 34, 60, 71, 91, 92], mortar
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discretizations [9, 50, 52–54], boundary integral methods [10, 97], and others [17,
58, 73, 75, 85, 87]. Stokes-Brinkman and other models have also been studied and
compared; see, e.g., [1,5,7–9,14,15,28,36,61,81,82,86,88,95,100,102,103] and the
references cited therein.

Physics-based domain decomposition approaches are especially attractive for
solving coupled Stokes-Darcy systems because of the obvious possibility of breaking
up the problem into two single-physics problems that might be solved in parallel,
each possibly using a legacy code. This possibility has motivated the development of
several efficient methods for solving the discretized Stokes-Darcy systems; see, e.g.,
[19, 27, 42, 44, 45, 67]. However, most existing work addresses steady-state Stokes-
Darcy models instead of the more interesting and more useful time-dependent mod-
els considered in this paper.

In the single-physics setting, domain decomposition has provided a natural and
efficient means for solving discretized partial differential equations in parallel.1 For
non-overlapping domain decomposition methods, the major difficulty faced is how
to define the values on the interface between subdomains. For elliptic equations,
convergent iterations are used to predict the values needed on the interfaces; see,
e.g., [12, 55, 80, 90, 101]. For time-dependent problems, there are two popular ways
to effect domain decomposition. The traditional way is to apply an iterative do-
main decomposition method at each time step; see, e.g., [18, 33, 35, 47, 74, 79, 89].
Alternately, one can take advantage of information obtained in previous time steps
to construct a non-iterative domain decomposition method. Based on an implicit
discretization in time, such methods make use of results from previous time steps to
predict the values on the interface between the two subdomains at the current time
step. Obviously, the second approach saves on computation and communication
costs because it is non-iterative. The key issue encountered in non-iterative domain
decomposition is how to obtain optimal accuracy and good stability properties be-
cause interface values are obtained from results at previous time steps, i.e., in an
explicit manner, instead of using iterations to predict those values. Example meth-
ods in the second framework are the explicit/implicit domain decomposition method
(EIDD) [37–39,105,106], the stabilized EIDD method [107,108], IPIC methods [70],
ADI methods [69], and others [48, 104]. The EIDD method first uses an explicit
scheme as a predictor to obtain the information on the interface and then applies
an implicit scheme to the interior of each subdomain. Because of the explicit na-
ture of the predictor, the EIDD method is conditionally stable. The IPIC and ADI
methods are stabilized EIDD methods developed to achieve better stability with
some additional cost.

In this paper, we develop and analyze two parallel non-iterative domain decompo-
sition methods for a time-dependent Stokes-Darcy model with the Beavers-Joseph-
Saffman-Jones (BJSJ) interface condition [66,68,94]. The central advantages of our
approach are as follows.

• The methods are non-iterative, that is, at each time step, a single Stokes
solve and a single Darcy solve are needed and, because those solves are

1In the single-physics setting, the solution domain is usually artificially subdivided into many
subdomains as opposed to the obvious domain subdivision according to relevant physics in the
multi-physics setting. Of course, in the latter case, one can also further divide each physics-based
subdomain in order to achieve greater parallelism. However, in this paper, we only consider
physics-based domain decomposition.
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uncoupled, they may be done in parallel; this is the least one can hope to
have to do at each time step.2

• Even though the coupling terms in the interface conditions are treated in
an explicit manner, the methods are unconditionally stable.

• The methods yield optimally accurate approximations.

For example, compared to the EIDD method, the new methods feature no stabil-
ity requirement and optimal convergence and are also simpler and less costly to
implement.

The rest of the paper is organized as follows. In Section 2, we introduce the
Stokes-Darcy system we study. In Section 3, that system is decoupled using ap-
propriate Robin boundary conditions. In Section 4, the semi-discretization of the
decoupled system is studied. The first parallel non-iterative domain decomposition
method is proposed in Section 5 and analyzed in Section 6. In Section 7, we pro-
pose the second parallel non-iterative domain decomposition method that improves
the accuracy of the first. Finally, in Section 8, we present numerical examples
illustrating the convergence and stability properties of the two methods.

2. The Stokes-Darcy model

We consider a coupled Stokes-Darcy system on a bounded domain Ω = ΩD∪ΩS ⊂
R

d, d = 2, 3, where ΩD and ΩS denote disjoint open regions with common boundary
Γ = ΩD ∩ ΩS ; see Figure 1.

Γ

ΩS

ΩD

Figure 1. A sketch of the porous medium domain ΩD, the free
flow domain ΩS , and the interface Γ.

In the porous medium region ΩD, let �uD denote the fluid discharge rate, K the
hydraulic conductivity tensor, and fD the sink/source term; φD = z + pD

ρg denotes

the hydraulic head, where pD denotes the dynamic pressure, z the height, ρ the
density, and g is the gravity constant. Then, the flow in the porous medium is
assumed to satisfy, for t ∈ (0, T ], the Darcy system

(2.1)

⎧⎨⎩
�uD = −K∇φD,

∂φD

∂t
+∇ · �uD = fD.

2Alternative approaches either require, for each time step, a single coupled Stokes-Darcy solve
or require an iterative procedure involving multiple uncoupled Stokes and Darcy solves; both such
approaches are substantially more costly compared to our non-iterative domain decomposition
approach which merely requires, for each time step, single, uncoupled Stokes and Darcy solves.
A third alternative is to use a space-time discretization instead of a straightforward marching
scheme; in general, such an approach is more costly compared to ours.
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Eliminating �uD, we obtain the second-order form of the Darcy system

(2.2)
∂φD

∂t
−∇ · (K∇φD) = fD.

With a modest amount of work and with appropriate modifications, most of what
follows remains valid if we use the first-order formulation (2.1) instead of (2.2). We
choose to use the latter because it is simpler to implement and its analysis and
numerical analysis are also simpler to present.

In the free-flow region ΩS , let �uS denote the fluid velocity, pS the kinematic

pressure, �fS the external body force density, and ν the kinematic viscosity of the
fluid. Additionally, T(�uS, pS) = 2νD(�uS) − pSI denotes the stress tensor, where
D(�uS) =

1
2 (∇�uS +∇T�uS) denotes the rate of deformation tensor and I the identity

tensor. The free flow in ΩS is assumed to satisfy, for t ∈ (0, T ], the Stokes system

(2.3)

⎧⎨⎩
∂�uS

∂t
−∇ · T(�uS , pS) = �fS ,

∇ · �uS = 0.

Along the interface Γ, we first impose the two well-accepted interface conditions

(2.4) �uS · �nS = −�uD · �nD and − �nS · (T(�uS, pS) · �nS) = g(φD − z),

where �nS and �nD denote the unit outer normal to the free flow and porous medium
regions at the interface Γ, respectively, and z denotes the vertical Cartesian coor-
dinate. These interface conditions imply the continuity of the normal components
of the velocity and the balance of forces normal to the interface. In the tangential
direction along the interface, the Beavers-Joseph-Saffman-Jones (BJSJ) interface
condition [66, 68, 94]

(2.5) −τ j · (T(�uS, pS) · �nS) =
αν

√
d√

trace(Π)
τ j · �uS

is imposed, where τ j (j = 1, . . . , d− 1) denote mutually orthogonal unit tangential
vectors along the interface Γ and Π denotes the permeability of the porous media.

Remark 2.1. The permeability Π is a property of the porous media whereas ν
denotes the kinematic viscosity of the fluid. On the other hand, the hydraulic
conductivity K = g

νΠ relies on properties of both the fluid and the porous media.
In a simulation, one can specify any two of these after which the third is determined.

For simplicity, except on Γ, we impose homogeneous Dirichlet boundary condi-
tions for the hydraulic head φD and the free flow velocity �uS on the boundaries
∂ΩD and ∂ΩS of ΩS and ΩD, respectively, i.e., we have

φD = 0 on ∂ΩD\Γ,(2.6)

�uS = 0 on ∂ΩS\Γ.(2.7)

Finally, we impose the initial conditions

φD(0, x, y) = φ0(x, y),(2.8)

�uS(0, x, y) = �u0(x, y).(2.9)

The Stokes-Darcy system we consider is given by (2.2)–(2.9).
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The finite element methods we consider are based on a variational formulation
of (2.2)–(2.9) that is defined with respect to the function spaces

XS = {�v ∈ [H1(ΩS)]
d | �v = 0 on ∂ΩS\Γ},

QS = L2(ΩS),

XD = {ψ ∈ H1(ΩD) | ψ = 0 on ∂ΩD\Γ},
L2(0, T ;QS) = {φ : φ(t, ·) ∈ QS , ∀ t ∈ [0, T ]},

H1(0, T ;XD, X ′
D) = {φ : φ ∈ L2(0, T ;XD) and

∂φ

∂t
∈ L2(0, T ;X ′

D)},

H1(0, T ;XS, X
′
S) = {φ : φ ∈ L2(0, T ;XS) and

∂φ

∂t
∈ L2(0, T ;X ′

S)},

where X ′
D and X ′

S denote the dual spaces of XD and XS, respectively. For the
domain D (D = ΩS or ΩD), (·, ·)D denotes the L2 inner product and 〈·, ·〉 denotes
the L2 inner product on the interface Γ or the duality pairing between (H

1/2
00 (Γ))′

and H
1/2
00 (Γ). Pτ denotes the projection onto the tangent space on Γ, i.e.,

Pτ�u =
d−1∑
j=1

(�u · τ j)τ j .

We also define the bilinear forms

aD(φD, ψ) = (K∇φD,∇ψ)ΩD
,

aS(�uS , �v) = 2ν(D(�uS),D(�v))ΩS
, and bS(�v, q) = −(∇ · �v, q)ΩS

.

With these notations, a weak formulation of the coupled Stokes-Darcy system
(2.2)–(2.9) is given as follows [20, 21, 27, 45]: find (�uS, pS) ∈ H1(0, T ;XS, X

′
S) ×

L2(0, T ;QS) and φD ∈ H1(0, T ;XD, X ′
D) such that

(
∂�uS

∂t
,�v)ΩS

+ (
∂φD

∂t
, ψ)ΩD

+ aS(�uS , �v) + bS(�v, pS) + aD(φD, ψ)

+〈gφD, �v · �nS〉 − 〈�uS · �nS , ψ〉+
αν

√
d√

trace(Π)
〈Pτ�uS , Pτ�v〉(2.10)

= (fD, ψ)ΩD
+ (�fS , �v)ΩS

+ 〈gz,�v · �nS〉 ∀�v ∈ XS , ψ ∈ XD,

bS(�uS , q) = 0, ∀ q ∈ QS ,(2.11)

�uS(0) = u0, φD(0) = φ0.(2.12)

The system of (2.10)–(2.12) is well posed for �fS ∈ [L2(ΩS)]
d and fD ∈ L2(ΩD);

see, e.g., [21, 27, 45].

3. Robin boundary conditions and the decoupled system

In order to solve the coupled Stokes-Darcy problem utilizing domain decompo-
sition, following [27], we introduce Robin boundary conditions for the Darcy and
Stokes systems.

First, we introduce the Robin condition

K∇φ̂D · �nD + gφ̂D = ξD on Γ(3.1)

for the Darcy system, where ξD denotes a function defined on Γ. Then, the corre-
sponding weak formulation for the uncoupled Darcy system (2.2), (2.6), (2.8), and
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(3.1) is given by: for ξD ∈ L2(0, T ;L2(Γ)), find φ̂D ∈ H1(0, T ;XD, X ′
D) such that

(
∂φ̂D

∂t
, ψ)ΩD

+ aD(φ̂D, ψ) + 〈gφ̂D, ψ〉 = (fD, ψ)ΩD
+ 〈ξD, ψ〉 ∀ψ ∈ XD,(3.2)

φ̂D(0) = φ0.(3.3)

For the Stokes system, we introduce the Robin-type condition

�nS · (T(�̂uS , p̂S) · �nS) + �̂uS · �nS = ξS on Γ,(3.4)

where ξS denotes a function defined on Γ. Then, the corresponding weak formula-
tion for the uncoupled Stokes system (2.3), (2.5), (2.7), (2.9), and (3.4) is given by:

for ξS ∈ L2(0, T ;L2(Γ)), find �̂uS ∈ H1(0, T ;XS, X
′
S) and p̂S ∈ L2(0, T ;QS) such

that

(
∂�̂uS

∂t
,�v)ΩS

+ aS(�̂uS , �v) + bS(�v, p̂S) + 〈�̂uS · �nS, �v · �nS〉

+
αν

√
d√

trace(Π)
〈Pτ �̂uS , Pτ�v〉 = (�fS , �v)ΩS

+ 〈ξS, �v · �nS〉 ∀�v ∈ XS ,(3.5)

bS(�̂uS , q) = 0 ∀ q ∈ QS ,(3.6)

�̂uS(0) = �u0.(3.7)

It is not difficult to show that there exists a unique solution of the systems (3.2)–
(3.7); see, e.g., [21] for the case of coupled Stokes-Darcy system.

The following proposition shows that, for appropriate choices of ξS and ξD,
(smooth) solutions of the coupled Stokes-Darcy system (2.10)–(2.12) are equivalent
to solutions of the uncoupled systems (3.2)–(3.3) and (3.5)–(3.7), and hence we may
solve the latter systems instead of the former. Even though we have the additional
term gz in the second interface condition in (2.4) and the problem we consider is
time-dependent, the proof is similar to that of [27, Lemma 2.2] for the steady-state
case.

Proposition 3.1. Let (φD, �uS , pS) denote the solution of the coupled Stokes-Darcy

system (2.10)–(2.12) and let (φ̂D, �̂uS , p̂S) denote the solution of the decoupled Darcy
and Stokes systems (3.2)–(3.3) and (3.5)–(3.7), respectively, with Robin bound-
ary conditions at the interface. Suppose (φD, �uS , pS) is regular in the sense that
φD ∈ L2(0, T ;H2(ΩD)), uS ∈ L2(0, T ;H2(ΩS)), and pS ∈ L2(0, T ;H1(ΩS)), then

(φ̂D, �̂uS , p̂S) = (φD, �uS , pS) if and only if ξS and ξD satisfy the compatibility con-
ditions

ξD = �̂uS · �nS + gφ̂D,(3.8)

ξS = �̂uS · �nS − gφ̂D + gz.(3.9)

Remark 3.2. The terms in the Robin conditions (3.1) and (3.4) appear to be dimen-
sionally inconsistent; however, they contain “hidden” dimensional parameters. In
fact, two parameters γp and γf are utilized in [19,27] to define the Robin boundary
conditions

γpK∇φ̂D · �nD + gφ̂D = ξD on Γ,

�nS · (T(�̂uS , p̂S) · �nS) + γf �̂uS · �nS = ξS on Γ.
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In this article, we set, in appropriate units, γf = γp = 1 for simplicity. The proof
of Proposition 3.1 remains valid for arbitrary choices of positive γf = γp. This is
consistent with the results of [19, 27] because convergence is guaranteed as long as
we set γp = γf > 0.

4. Semi-discretization of the decoupled system

In this section, we present spatial semi-discretizations of (3.2)–(3.3) and (3.5)–
(3.6). For simplicity of notation, let ‖φ‖k denote ‖φ‖Hk(ΩD) (k = 1, 2), ‖�u‖k denote

‖�u‖[Hk(ΩS)]d (k = 1, 2), ‖p‖1 denote ‖p‖H1(ΩS)
, ‖φ‖0 denote ‖φ‖L2(ΩD), ‖�u‖0 denote

‖�u‖[L2(ΩS)]d
, and ‖p‖0 denote ‖p‖L2(ΩS)

. We assume that we have in hand regular

subdivisions TD and TS of ΩD and ΩS , respectively, into finite elements; we further
assume that the interface Γ consists of the union of faces of a subset of the elements
of each of the two subdivisions and that the two subdivisions exactly match along
Γ. Based on the subdivisions TD and TS , one can define finite element spaces
XDh ⊂ XD, XSh ⊂ XS, and QSh ⊂ QS ; these spaces are parameterized by the
mesh size h.

We assume that XSh and QSh consist of first or higher order of piecewise poly-
nomials and satisfy the inf-sup condition [59, 63, 76],

(4.1) inf
0�=q∈Qsh

sup
0�=�v∈XSh

bS(�v, q)

‖�v‖1 ‖q‖0
> β,

where β > 0 is a constant independent of the mesh size h; this condition is needed to
ensure that the spatial discretizations of the Stokes system are stable. Moreover, we
need inverse inequalities in both XDh and XSh: there exist C1 and C2, depending
on ΩD and ΩS , respectively, such that

‖φh‖1 ≤ C1h
−1 ‖φh‖0 , ∀ φh ∈ XDh,(4.2)

‖�uh‖1 ≤ C2h
−1 ‖�uh‖0 , ∀ �uh ∈ XSh.(4.3)

See [13, 31, 59, 63] for details and for many examples of pairs of finite element
spaces XDh, XSh, and QSh that satisfy (4.1)–(4.3). One example is the Taylor-
Hood element pair that we use in the numerical experiments; for that pair, XDh

and XSh consist of continuous piecewise quadratic polynomials and QSh consists
of continuous piecewise linear polynomials.

Remark 4.1. The requirement that the finite elements exactly conform to the in-
terface Γ is, of course, restrictive as it is tantamount to assuming that the interface
is piecewise planar. Of course, this assumption enables substantial simplifications
in the analysis. In the more general case, the two finite element grids would match
along a piecewise planar surface Γh that approximates a possibly curved interface
Γ; one would then have to account for errors due to the interface approximation
throughout the analysis; see [11,29,77] and the references therein for related works.
Furthermore, if the two grids do not match on the interface, then one has to in-
terpolate data from one side of the interface onto the grid on the other side which
introduces additional errors that must be accounted for. All of these topics are of
interest for future work. The key foci in this article are the non-iterative aspects
of our domain decomposition algorithms and the unconditional stability for the
algorithms which treat the interface term in an explicit manner.
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Define Ph : XD → XDh and Ph : XS → XSh to be the regular orthogonal projec-
tions. We are now in a position to define spatial semi-discretizations of the Darcy

system (3.2)–(3.3) and the Stokes system (3.5)–(3.7): find φ̂h ∈ H1(0, T ;XDh),

�̂uh ∈ H1(0, T ;XSh) and p̂h ∈ L2(0, T ;QSh) such that

(
∂φ̂h

∂t
, ψh)ΩD

+ aD(φ̂h, ψh) + 〈gφ̂h, ψh〉

= (fD, ψh)ΩD
+ 〈ξDh, ψh〉 ∀ψh ∈ XDh,(4.4)

(
∂�̂uh

∂t
,�vh)ΩS

+ aS(�̂uh, �vh) + bS(�vh, p̂h) + 〈�̂uh · �nS , �vh · �nS〉

+
αν

√
d√

trace(Π)
〈Pτ �̂uh, Pτ�vh〉 = (�fS , �vh)ΩS

+ 〈ξSh, �vh · �nS〉 ∀�vh ∈ XSh,(4.5)

bS(�̂uh, qh) = 0 ∀ qh ∈ QSh,(4.6)

φ̂h(0) = Phφ0, �̂uh(0) = Ph�u0,(4.7)

where

ξDh = �̂uh · �nS + gφ̂h on Γ,(4.8)

ξSh = �̂uh · �nS − gφ̂h + gz on Γ.(4.9)

There still remains temporal discretizations of (4.4)–(4.9). In Sections 5 and 7,
we define two such discretizations that lead to non-iterative domain decomposition
methods for the Stokes-Darcy system.

5. The first parallel non-iterative domain decomposition method

The first parallel domain decomposition algorithm is based on, but is not exactly,
the backward-Euler method for temporal discretization. All terms in (4.4)–(4.6) are
treated implicitly except for the evaluation of ξDh and ξSh which are treated ex-
plictly so that the Darcy and Stokes parts of (4.4)–(4.7) uncouple at each time step.
The algorithm proceeds as follows, assuming that the interval [0, T ] is partitioned
into N equal intervals of length �t = T/N ; the uniformity of the partition is not
essential to the algorithm.

Algorithm 1 – First non-iterative domain decomposition method. Set

φ̂0
h = Phφ0 and �̂u

0

h = Ph�u0. Then, for n = 0, 1, 2, . . . , N − 1,
1. set

ξnDh = �̂u
n

h · �nS + gφ̂n
h on Γ,(5.1)

ξnSh = �̂u
n

h · �nS − gφ̂n
h + gz on Γ.(5.2)

2. Independently solve

(
φ̂n+1
h − φ̂n

h

�t
, ψh)ΩD

+ aD(φ̂n+1
h , ψh) + 〈gφ̂n+1

h , ψh〉

= (fn+1
D , ψh)ΩD

+ 〈ξnDh, ψh〉 ∀ψh ∈ XDh(5.3)

for φ̂n+1
h and
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(
�̂u
n+1

h − �̂u
n

h

�t
, �vh)ΩS

+ aS(�̂u
n+1

h , �vh) + bS(�vh, p̂
n+1
h )

+ 〈�̂u
n+1

h · �nS , �vh · �nS〉+
αν

√
d√

trace(Π)
〈Pτ �̂u

n+1

h , Pτ�vh〉,(5.4)

= (�fn+1
S , �vh)ΩS

+ 〈ξnSh, �vh · �nS〉 ∀�vh ∈ XSh,

bS(�̂u
n+1

h , qh) = 0 ∀ qh ∈ QSh,(5.5)

for �̂u
n+1

h and p̂n+1
h .

6. Convergence analysis for the first parallel non-iterative

domain decomposition method

We use the well-known energy method framework to analyze the convergence
properties of the first non-iterative domain decomposition method. Using this
framework, we separate the analysis of errors for the spatially semi-discrete ap-
proximation of Section 4 and the fully discrete approximation of Section 5.

In what follows, C > 0 denotes a generic constant whose value may be different
from place to place, but which is independent of the spatial and temporal grid sizes
h and �t, respectively.

6.1. Error of the semi-discrete approximate solution. We will follow the
regular convergence analysis framework for finite element semi-discretizations [46,
96, 99]. For the analysis of the porous medium flow, we define Rh to be the Ritz
projection satifying

aD(Rhφ, ψh) = aD(φ, ψh) ∀ψh ∈ XDh, φ ∈ XD.(6.1)

For the analysis in the Stokes system, we introduce the projection operator P =
(Ps,Pp) : XS ×QS → XSh ×QSh such that, for any �u ∈ XS and p ∈ QS ,

aS(Ps�u,�vh) + bS(�vh,Ppp) +
αν

√
d√

trace(Π)
〈Pτ (Ps�u), Pτ�vh〉

= aS(�u,�vh) + bS(�vh, p) +
αν

√
d√

trace(Π)
〈Pτ�u, Pτ�vh〉 ∀�vh ∈ XSh,(6.2)

bS(Ps�u, qh) = bS(�u, qh) ∀ qh ∈ QSh.(6.3)

Under certain smoothness assumptions we have the following error estimates (see
[78, page 8] and [84, pages 712 and 715]). For �u ∈ [H2(ΩS)]

d and φ ∈ H2(ΩD),

‖Phφ− φ‖0 ≤ Ch2 ‖φ‖2 ,(6.4)

‖Ph�u− �u‖0 ≤ Ch2 ‖�u‖2 ,(6.5)

‖Rhφ− φ‖0 ≤ Ch2 ‖φ‖2 ,(6.6)

‖Rhφ− φ‖1 ≤ Ch ‖φ‖2 ,(6.7)

and for (�u, p) ∈ [H2(ΩS)]
d ×H1(ΩS),

‖Ps�u− �u‖0 ≤ Ch2(‖�u‖2 + ‖p‖1),(6.8)

‖Ps�u− �u‖1 ≤ Ch(‖�u‖2 + ‖p‖1),(6.9)

‖Ppp− p‖0 ≤ Ch(‖�u‖2 + ‖p‖1).(6.10)
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Remark 6.1. We refer to [11, 24, 29, 96] and the references cited therein for further
discussions about relaxing the above assumptions.

Then, the error estimates for the semi-discrete approximations are given as fol-
lows.

Theorem 6.2. Assume that φ̂D∈H1(0, T ;H2(ΩD)) and �̂uS∈H1(0, T ; [H2(ΩS)]
d).

Then, ∥∥∥φ̂h − φ̂D

∥∥∥
1
+
∥∥∥�̂uh − �̂uS

∥∥∥
1

≤ Ch
(∥∥∥φ̂D

∥∥∥
H1(0,T ;H2(ΩD))

+
∥∥∥�̂uS

∥∥∥
H1(0,T ;[H2(ΩS)]d)

)
.(6.11)

Proof. Define

θ = φ̂h −Rhφ̂D and ρ = Rhφ̂D − φ̂D.(6.12)

Then,

φ̂h − φ̂D = θ + ρ.(6.13)

Taking ψ = ψh ∈ XDh in (3.2), substituting (3.8) into (3.2), and subtracting (3.2)
from (4.4), we have

(
∂φ̂h

∂t
− ∂φ̂D

∂t
, ψh)ΩD

+ aD(φ̂h − φ̂D, ψh) + 〈g(φ̂h − φ̂D), ψh〉

= 〈(�̂uh − �̂uS) · �nS + g(φ̂h − φ̂D), ψh〉 ∀ψh ∈ XDh.(6.14)

Define

�θ1 = �̂uh − Ps�̂uS , �ρ1 = Ps�̂uS − �̂uS ,(6.15)

θ2 = p̂h − Ppp̂S, ρn2 = Ppp̂S − p̂S.(6.16)

Then,

�̂uh − �̂uS = �θ1 + �ρ1 and p̂h − p̂S = θ2 + ρ2.(6.17)

Taking �v = �vh ∈ XSh in (3.5), substituting (3.9) into (3.5), and subtracting (3.5)
from (4.5), we obtain

(
∂(�̂uS − �̂uh)

∂t
,�vh)ΩS

+ aS(�̂uS − �̂uh, �vh) + bS(�vh, p̂h − p̂S)

+〈(�̂uS − �̂uh) · �nS , �vh · �nS〉+
αν

√
d√

trace(Π)
〈Pτ

(
�̂uS − �̂uh

)
, Pτ�vh〉

= 〈(�̂uh − �̂uS) · �nS − g(φ̂h − φ̂D), �vh · �nS〉 ∀�vh ∈ XSh.(6.18)

Taking q = qh ∈ QSh in (3.6) and subtracting the result from (4.6), we have

bS(�̂uh − �̂uS , qh) = 0 ∀ qh ∈ QSh.(6.19)

Then, substituing (6.13) and (6.17) into (6.14), (6.18), and (6.19), choosing ψh = θ,

�vh = �θ1, and qh = θ2, and using (6.1), (6.2), and (6.3), we obtain

(
∂θ

∂t
, θ)ΩD

+ aD(θ, θ) = −(
∂ρ

∂t
, θ)ΩD

+ 〈(�θ1 + �ρ1) · �nS , θ〉

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



NON-ITERATIVE DDMS FOR STOKES-DARCY SYSTEMS 1627

and

(
∂�θ1
∂t

, �θ1)ΩS
+ aS(�θ1, �θ1) + bS(�θ1, θ2) +

αν
√
d√

trace(Π)
〈Pτ

�θ1, Pτ
�θ1〉

= −(
∂�ρ1
∂t

, �θ1)ΩS
− 〈g(θ + ρ), �θ1 · �nS〉,

bS(�θ1, θ2) = 0.

Hence,

(
∂θ

∂t
, θ)ΩD

+ (
∂�θ1
∂t

, �θ1)ΩS
+ aD(θ, θ) + aS(�θ1, �θ1)

= −(
∂ρ

∂t
, θ)ΩD

+ 〈(�θ1 + �ρ1) · �nS , θ〉 − (
∂�ρ1
∂t

, �θ1)ΩS
− 〈g(θ + ρ), �θ1 · �nS〉.

Then

d ‖θ‖20
dt

+
d
∥∥∥�θ1∥∥∥2

0

dt
+ 2aD(θ, θ) + 2aS(�θ1, �θ1)

≤
∥∥∥∥∂ρ∂t

∥∥∥∥2
0

+ ‖θ‖20 +
∥∥∥∥∂�ρ1∂t

∥∥∥∥2
0

+
∥∥∥�θ1∥∥∥2

0
+ ‖�ρ1‖20,Γ + g ‖ρ‖20,Γ + (1 + 2g)

∥∥∥�θ1∥∥∥2
0,Γ

+(2 + g) ‖θ‖20,Γ .

Using trace theory, we have

‖θ‖20,Γ ≤ C ‖θ‖0 ‖θ‖1 ≤ C

2

[
1

ε
‖θ‖20 + ε ‖θ‖21

]
,(6.20) ∥∥∥�θ1∥∥∥2

0,Γ
≤ C

∥∥∥�θ1∥∥∥
0

∥∥∥�θ1∥∥∥
1

≤ C

2

[
1

ε

∥∥∥�θ1∥∥∥2
0
+ ε

∥∥∥�θ1∥∥∥2
1

]
.(6.21)

Hence,

d ‖θ‖20
dt

+
d
∥∥∥�θ1∥∥∥2

0

dt
+ 2aD(θ, θ) + 2aS(�θ1, �θ1)

≤
∥∥∥∥∂ρ∂t

∥∥∥∥2
0

+ ‖θ‖20 +
∥∥∥∥∂�ρ1∂t

∥∥∥∥2
0

+
∥∥∥�θ1∥∥∥2

0
+ ‖�ρ1‖21 + ‖ρ‖21(6.22)

+(1 + 2g)
C

2

[
1

ε

∥∥∥�θ1∥∥∥2
0
+ ε

∥∥∥�θ1∥∥∥2
1

]
+ (2 + g)

C

2

[
1

ε
‖θ‖20 + ε ‖θ‖21

]
.

By the Korn and Poincaré inequalities, we can choose ε such that

(1 + 2g)
C

2
ε
∥∥∥�θ1∥∥∥2

1
+ (2 + g)

C

2
ε ‖θ‖21 ≤ C1

(∥∥∥�θ1∥∥∥2
1
+ ‖θ‖21

)
≤ aD(θ, θ) + aS(�θ1, �θ1),

where C1 > 0 is a constant. Hence, we have

d ‖θ‖20
dt

+
d
∥∥∥�θ1∥∥∥2

0

dt
+ C1

(∥∥∥�θ1∥∥∥2
1
+ ‖θ‖21

)
≤ C(‖θ‖20 +

∥∥∥�θ1∥∥∥2
0
) +

∥∥∥∥∂ρ∂t
∥∥∥∥2
0

+

∥∥∥∥∂�ρ1∂t

∥∥∥∥2
0

+ C(‖�ρ1‖21 + ‖ρ‖21).(6.23)
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Then,

d ‖θ‖20
dt

+
d
∥∥∥�θ1∥∥∥2

0

dt

≤ C(‖θ‖20 +
∥∥∥�θ1∥∥∥2

0
) +

∥∥∥∥∂ρ∂t
∥∥∥∥2
0

+

∥∥∥∥∂�ρ1∂t

∥∥∥∥2
0

+ C(‖�ρ1‖21 + ‖ρ‖21).(6.24)

Integrating (6.24) from 0 to t and applying Gronwall’s inequaltiy, we obtain

‖θ(t)‖20 +
∥∥∥�θ1(t)∥∥∥2

0
≤ C

[
‖θ(0)‖20 +

∥∥∥�θ1(0)∥∥∥2
0

+

∫ t

0

(∥∥∥∥∂ρ(s)∂t

∥∥∥∥2
0

+

∥∥∥∥∂�ρ1∂t

∥∥∥∥2
0

+ C ‖�ρ1‖21 + C ‖ρ‖21

)
ds
]
.

Then by (6.4)–(6.10), the proof is completed. �

Remark 6.3. Higher convergence rates are possible if the projection errors (6.4)–
(6.10) are of higher order. However, higher order projection errors are not generally
valid assumptions unless the interface is convex with respect to the domains on both
sides, i.e., the interface is a straight line for d = 2, which is the case in our numerical
experiments.

6.2. Error of the fully discrete approximate solution. Standard analyses
of the backward Euler method for the heat and Stokes equations yield that the
temporal error is O(�t). The first domain decomposition algorithm consists of
a heat equation and a Stokes system which have been decoupled by using the
Robin boundary conditions which, in turn, introduce two coupling functions ξD
and ξS . Therefore, compared with the standard analysis of the backward Euler
method, the additional work here is to analyze the error caused by using ξnD and
ξnS to replace ξD(tn+1) and ξS(tn+1). However, because this replacement also has
accuracy order of O(�t), we expect the same order of accuracy for the error of the
full discretization.

The following theorem states that the first parallel non-iterative domain decom-
position method is unconditionally stable and has optimal rates of convergence.

Theorem 6.4. If φ̂D ∈ H1(0, T ;H2(ΩD))∩L∞(0, T ;H2(ΩD))∩H2(0, T ;L2(ΩD)),

�̂uS∈H1(0, T ;H2(ΩS))∩L∞(0, T ;H2(ΩS))∩H2(0, T ;L2(ΩS)), ξD∈H1(0, T ;L2(Γ)),
and ξS∈H1(0, T ;L2(Γ)), then∥∥∥φ̂n

h − φ̂D(tn)
∥∥∥
0
+

∥∥∥�̂un

h − �̂uS(tn)
∥∥∥
0

≤ CeCT � t
[ ∫ tn

0

∥∥∥∥∥∂2φ̂D

∂t2

∥∥∥∥∥
0

dt+

∫ tn

0

∥∥∥∥∂ξD∂t
∥∥∥∥
0,Γ

dt

+

∫ tn

0

∥∥∥∥∥∂2�̂uS

∂t2

∥∥∥∥∥
0

dt+

∫ tn

0

∥∥∥∥∂ξS(s)∂t

∥∥∥∥
0,Γ

dt
]

+CeCTh2
[ ∫ tn

0

∥∥∥∥∥∂φ̂D

∂t

∥∥∥∥∥
2

dt+

∫ tn

0

∥∥∥∥∥∂�̂uS

∂t

∥∥∥∥∥
2

dt

+ max
0≤s≤tn

∥∥∥φ̂D(s)
∥∥∥
2
+ max

0≤s≤tn

(∥∥∥�̂uS(s)
∥∥∥
2
+ ‖p̂S(s)‖1

) ]
.(6.25)
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Proof. We follow the standard energy method framework [46,96,99] to analyze the
error of fully discrete approximations. For the Darcy part, taking ψ = ψh ∈ XDh

in (3.2) and subtracting (3.2) from (5.3), we have

(
φ̂n+1
h − φ̂n

h

�t
− ∂φ̂D(tn+1)

∂t
, ψh)ΩD

+ aD(φ̂n+1
h − φ̂D(tn+1), ψh)

+〈g(φ̂n+1
h − φ̂D(tn+1)), ψh〉 = 〈ξnD − ξD(tn+1), ψh〉 ∀ψh ∈ XDh.(6.26)

Define

θn = φ̂n
h −Rhφ̂D(tn) and ρn = Rhφ̂D(tn)− φ̂D(tn).(6.27)

Then,

φ̂n
h − φ̂D(tn) = θn + ρn.(6.28)

Here, ρn is bounded because of (6.6) and (6.7), i.e.,

‖ρn‖0 ≤ Ch2
∥∥∥φ̂D(tn)

∥∥∥
2
.(6.29)

For the Stokes part, take �v = �vh ∈ XSh in (3.5) and q = qh ∈ QSh in (3.6).
Then, subtracting (3.5) and (3.6) from (5.4), and (5.5) separately, we obtain

(
�̂u
n+1

h − �̂u
n

h

�t
− ∂�̂uS(tn+1)

∂t
,�vh)ΩS

+ aS(�̂u
n+1

h − �̂uS(tn+1), �vh)

+bS(�vh, p̂
n+1
h − p̂S(tn+1)) + 〈

(
�̂u
n+1

h − �̂uS(tn+1)
)
· �nS , �vh · �nS〉

+
αν

√
d√

trace(Π)
〈Pτ

(
�̂u
n+1

h − �̂uS(tn+1)
)
, Pτ�vh〉

= 〈ξnS − ξS(tn+1), �vh · �nS〉 ∀�vh ∈ XSh,(6.30)

bS(�̂u
n+1

h − �̂uS(tn+1), qh) = 0 ∀ qh ∈ QSh.(6.31)

Define

�θn1 = �̂u
n

h − Ps�̂uS(tn), �ρ n
1 = Ps�̂uS(tn)− �̂uS(tn),(6.32)

θn2 = p̂nh − Ppp̂S(tn), ρn2 = Ppp̂S(tn)− p̂S(tn).(6.33)

Then,

�̂u
n

h − �̂uS(tn) = �θn1 + �ρ n
1 and p̂ n

h − p̂S(tn) = θn2 + ρn2 .(6.34)

Here (6.8) and (6.9) give us the estimates

‖�ρ n
1 ‖0 + h ‖�ρ n

1 ‖1 ≤ Ch2(
∥∥∥�̂uS(tn)

∥∥∥
2
+ ‖p̂S(tn)‖1),(6.35)

‖ρn2‖0 ≤ Ch2(
∥∥∥�̂uS(tn)

∥∥∥
2
+ ‖p̂S(tn)‖1).(6.36)

Also, we have the following relations for the approximations of the coupling func-
tions. Subtracting (3.8) and (3.9) from (5.1) and (5.2) separately, we have

ξnD − ξD(tn) =
(
�̂u
n

h · �nS + gφ̂n
h

)
−
(
�̂uS(tn) · �nS + gφ̂D(tn)

)
=

(
�θn1 + �ρ n

1

)
· �nS + g (θn + ρn)(6.37)
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and

ξnS − ξS(tn) =
(
�̂u
n

h · �nS − gφ̂n
h + gz

)
−
(
�̂uS(tn) · �nS − gφ̂D(tn) + gz

)
=

(
�θn1 + �ρ n

1

)
· �nS − g (θn + ρn) .(6.38)

Now we begin to analyze the Darcy part of the Stokes-Darcy system. Define

wn+1
1 = Rh

(
φ̂D(tn+1)− φ̂D(tn)

�t

)
− ∂φ̂D(tn+1)

∂t
,(6.39)

wn+1
2 = ξD(tn+1)− ξD(tn).(6.40)

By (6.1) and (6.27), we have

aD(ρn+1, ψh) = 0 ∀ψh ∈ XDh.(6.41)

Choose ψh = θn+1. Then, substituting (6.28), (6.37), (6.39), (6.40), and (6.41) into
(6.26), we obtain

(
θn+1 − θn

�t
, θn+1)ΩD

+ aD(θn+1, θn+1) + 〈gθn+1, θn+1〉

= −(wn+1
1 , θn+1)ΩD

− 〈wn+1
2 , θn+1〉 − 〈gρn+1, θn+1〉

+〈�ρ n
1 · �nS + gρn, θn+1〉+ 〈�θn1 · �nS + gθn, θn+1〉.(6.42)

Now we turn to the analysis of the Stokes part. Define

�wn+1
3 = Ps

(
�̂uS(tn+1)− �̂uS(tn)

�t

)
− ∂�̂uS(tn+1)

∂t
,(6.43)

wn+1
4 = ξS(tn+1)− ξS(tn).(6.44)

By (6.2) and (6.3), we have

aS(�ρ
n+1
1 , �vh) + bS(�vh, ρ

n+1
2 ) + 〈�ρ n+1

1 · �nS , �vh · �nS〉

+
αν

√
d√

trace(Π)
〈Pτ�ρ

n+1
1 , Pτ�vh〉 = 0 ∀�vh ∈ XSh,(6.45)

bS(�ρ
n+1
1 , qh) = 0 ∀ qh ∈ QSh.(6.46)

Choose �vh = �θn+1
1 and qh = θn+1

2 . Then, substituting (6.34), (6.43), (6.44), (6.45),
and (6.46) into (6.30) and (6.31), we obtain

(
�θn+1
1 − �θn1

�t
, �θn+1

1 )ΩS
+ aS(�θ

n+1
1 , �θn+1

1 ) + bS(�θ
n+1
1 , θn+1

2 )

+〈�θn+1
1 · �nS , �θ

n+1
1 · �nS〉+

αν
√
d√

trace(Π)
〈Pτ

�θn+1
1 , Pτ

�θn+1
1 〉

= −(�wn+1
3 , �θn+1

1 )ΩS
− 〈wn+1

4 , �θn+1
1 · �nS〉 − 〈�ρ n+1

1 · �nS , �θ
n+1
1 · �nS〉

+〈�ρ n
1 · �nS − gρn, �θn+1

1 · �nS〉+ 〈�θn1 · �nS − gθn, �θn+1
1 · �nS〉

bS(�θ
n+1
1 , θn+1

2 ) = 0.

Hence,
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(
�θn+1
1 − �θn1

�t
, �θn+1

1 )ΩS
+ aS(�θ

n+1
1 , �θn+1

1 ) + 〈�θn+1
1 · �nS , �θ

n+1
1 · �nS〉

≤ −(�wn+1
3 , �θn+1

1 )ΩS
− 〈wn+1

4 , �θn+1
1 · �nS〉 − 〈�ρ n+1

1 · �nS , �θ
n+1
1 · �nS〉(6.47)

+〈�ρ n
1 · �nS − gρn, �θn+1

1 · �nS〉+ 〈�θn1 · �nS − gθn, �θn+1
1 · �nS〉.

Adding (6.47) to (6.42), we have

(
θn+1 − θn

�t
, θn+1)ΩD

+ (
�θn+1
1 − �θn1

�t
, �θn+1

1 )ΩS
+ aD(θn+1, θn+1)

+aS(�θ
n+1
1 , �θn+1

1 ) + 〈�θn+1
1 · �nS , �θ

n+1
1 · �nS〉+ 〈gθn+1, θn+1〉

≤ −(wn+1
1 , θn+1)ΩD

− 〈wn+1
2 , θn+1〉 − (�wn+1

3 , �θn+1
1 )ΩS

− 〈wn+1
4 , �θn+1

1 · �nS〉
−〈gρ n+1, θn+1〉 − 〈�ρn+1

1 · �nS , �θ
n+1
1 · �nS〉(6.48)

+〈�ρ1n · �nS + gρn, θn+1〉+ 〈�ρ n
1 · �nS − gρn, �θn+1

1 · �nS〉
+〈�θn1 · �nS + gθn, θn+1〉+ 〈�θn1 · �nS − gθn, �θn+1

1 · �nS〉.
Using the Schwarz and Young inequalities and trace theory, we have∥∥θn+1

∥∥2
0
+
∥∥∥�θn+1

1

∥∥∥2
0
+�taD(θn+1, θn+1) +�taS(�θ

n+1
1 , �θn+1

1 )

+g � t
∥∥θn+1

∥∥2
0,Γ

+�t
∥∥∥�θn+1

1 · �nS

∥∥∥2
0,Γ

≤ 1

2
‖θn‖20 +

1

2

∥∥θn+1
∥∥2
0
+

1

2

∥∥∥�θn1 ∥∥∥2
0
+

1

2

∥∥∥�θn+1
1

∥∥∥2
0
+

�t

2

[ 1

ε1

∥∥wn+1
1

∥∥2
0

+ε1
∥∥θn+1

∥∥2
0
+

1

ε1

∥∥�wn+1
3

∥∥2
0
+ ε1

∥∥∥�θn+1
1

∥∥∥2
0

]
+ C � t

[ 1

ε2

∥∥wn+1
2

∥∥2
0,Γ

(6.49)

+ε2
∥∥θn+1

∥∥2
0,Γ

+
1

ε2

∥∥wn+1
4

∥∥2
0,Γ

+ ε2

∥∥∥�θn+1
1

∥∥∥2
0,Γ

+
1

ε2

∥∥ρn+1
∥∥2
0,Γ

+ε2
∥∥θn+1

∥∥2
0,Γ

+
1

ε2

∥∥�ρ n+1
1

∥∥2
0,Γ

+ ε2

∥∥∥�θn+1
1

∥∥∥2
0,Γ

+
1

ε2
‖�ρ n

1 ‖20,Γ

+ε2
∥∥θn+1

∥∥2
0,Γ

+
1

ε2
‖ρn‖20,Γ + ε2

∥∥θn+1
∥∥2
0,Γ

+
1

ε2
‖�ρ n

1 ‖20,Γ

+ε2

∥∥∥�θn+1
1

∥∥∥2
0,Γ

+
1

ε2
‖ρn‖20,Γ + ε2

∥∥∥�θn+1
1

∥∥∥2
0,Γ

+
1

ε3

∥∥∥�θn1 ∥∥∥2
0,Γ

+ε3
∥∥θn+1

∥∥2
0,Γ

+
1

ε3
‖θn‖20,Γ + ε3

∥∥θn+1
∥∥2
0,Γ

+
1

ε3

∥∥∥�θn1 ∥∥∥2
0,Γ

+ε3

∥∥∥�θn+1
1

∥∥∥2
0,Γ

+
1

ε3
‖θn‖20,Γ + ε3

∥∥∥�θn+1
1

∥∥∥2
0,Γ

]
≤ 1

2
‖θn‖20 +

1

2

∥∥θn+1
∥∥2
0
+

1

2

∥∥∥�θn1 ∥∥∥2
0
+

1

2

∥∥∥�θn+1
1

∥∥∥2
0
+

�t

2

[ 1

ε1

∥∥wn+1
1

∥∥2
0

+ε1
∥∥θn+1

∥∥2
0
+

1

ε1

∥∥�wn+1
3

∥∥2
0
+ ε1

∥∥∥�θn+1
1

∥∥∥2
0

]
+

C � t

ε2

[ ∥∥wn+1
2

∥∥2
0,Γ

+
∥∥wn+1

4

∥∥2
0,Γ

+ ‖�ρ n
1 ‖20,Γ + ‖ρn‖20,Γ +

∥∥ρn+1
∥∥2
0,Γ

+
∥∥�ρ n+1

1

∥∥2
0,Γ

]
+Cε2 � t

[ ∥∥θn+1
∥∥2
0,Γ

+
∥∥∥�θn+1

1

∥∥∥2
0,Γ

]
+ C � t

[
ε3

∥∥θn+1
∥∥2
0,Γ

+ε3

∥∥∥�θn+1
1

∥∥∥2
0,Γ

+
1

ε3

∥∥∥�θn1 ∥∥∥2
0,Γ

+
1

ε3
‖θn‖20,Γ

]
.
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By the coercivity of aD(·, ·) and aS(·, ·) and the Korn and Poincaré inequalities, we
can choose ε1, ε2, and ε3 such that

ε1
2

∥∥θn+1
∥∥2
0
+ C(ε2 + ε3)

∥∥θn+1
∥∥2
0,Γ

≤ 1

2
aD(θn+1, θn+1) + g

∥∥θn+1
∥∥2
0,Γ

(6.50)

and

ε1
2

∥∥∥�θn+1
1

∥∥∥2
0
+ C(ε2 + ε3)

∥∥∥�θn+1
1

∥∥∥2
0,Γ

≤ 1

2
aS(�θ

n+1
1 , �θn+1

1 ) +
∥∥∥�θn+1

1 · �nS

∥∥∥2
0,Γ

.(6.51)

Also, by trace theory, we have

‖θn‖20,Γ ≤ C ‖θn‖0 ‖θn‖1 ≤ C

2

[
1

ε4
‖θn‖20 + ε4 ‖θn‖21

]
,(6.52) ∥∥∥�θn1 ∥∥∥2

0,Γ
≤ C

∥∥∥�θn1 ∥∥∥
0

∥∥∥�θn1 ∥∥∥
1

≤ C

2

[
1

ε4

∥∥∥�θn1 ∥∥∥2
0
+ ε4

∥∥∥�θn1 ∥∥∥2
1

]
.(6.53)

Then, substituting (6.50)–(6.53) into (6.49), we have

1

2

∥∥θn+1
∥∥2
0
+

1

2

∥∥∥�θn+1
1

∥∥∥2
0
+

�t

2
aD(θn+1, θn+1) +

�t

2
aS(�θ

n+1
1 , �θn+1

1 )

≤ 1

2
‖θn‖20 +

1

2

∥∥∥�θn1 ∥∥∥2
0
+

�t

2ε1

∥∥wn+1
1

∥∥2
0
+

�t

2ε1

∥∥�wn+1
3

∥∥2
0

+
C

ε2
� t

[ ∥∥wn+1
2

∥∥2
0,Γ

+
∥∥wn+1

4

∥∥2
0,Γ

+ ‖�ρ n
1 ‖20,Γ + ‖ρn‖20,Γ(6.54)

+
∥∥ρn+1

∥∥2
0,Γ

+
∥∥�ρ n+1

1

∥∥2
0,Γ

]
+ C � t

[
1

ε3ε4

∥∥∥�θn1 ∥∥∥2
0
+

1

ε3ε4
‖θn‖20

]
+C � t

[
ε4
ε3

∥∥∥�θn1 ∥∥∥2
1
+

ε4
ε3

‖θn‖21
]
.

Based on the coercivity of aD(·, ·) and aS(·, ·), we may choose ε4 such that

Cε4
ε3

∥∥θn+1
∥∥2
1

≤ 1

2
aD(θn+1, θn+1),(6.55)

Cε4
ε3

∥∥∥�θn+1
1

∥∥∥2
1

≤ 1

2
aS(�θ

n+1
1 , �θn+1

1 ).(6.56)

Then, ∥∥θn+1
∥∥2
0
+
∥∥∥�θn+1

1

∥∥∥2
0
+

2Cε4 � t

ε3

∥∥θn+1
∥∥2
1
+

2Cε4 � t

ε3

∥∥∥�θn+1
1

∥∥∥2
1

≤ ‖θn‖20 +
∥∥∥�θn1 ∥∥∥2

0
+

�t

ε1

∥∥wn+1
1

∥∥2
0
+

�t

ε1

∥∥�wn+1
3

∥∥2
0

+
2C

ε2
� t

[ ∥∥wn+1
2

∥∥2
0,Γ

+
∥∥wn+1

4

∥∥2
0,Γ

+ 2 ‖�ρ n
1 ‖20,Γ + 2 ‖ρn‖20,Γ(6.57)

+
∥∥ρn+1

∥∥2
0,Γ

+
∥∥�ρ n+1

1

∥∥2
0,Γ

]
+ 2C � t

[
1

ε3ε4

∥∥∥�θn1 ∥∥∥2
0
+

1

ε3ε4
‖θn‖20

]
+2C � t

[
ε4
ε3

∥∥∥�θn1 ∥∥∥2
1
+

ε4
ε3

‖θn‖21
]
.
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Let ε = 2Cε4
ε3

. Then,∥∥θn+1
∥∥2
0
+
∥∥∥�θn+1

1

∥∥∥2
0
+ ε� t

∥∥θn+1
∥∥2
1
+ ε� t

∥∥∥�θn+1
1

∥∥∥2
1

≤ (1 + C � t)

[
‖θn‖20 +

∥∥∥�θn1 ∥∥∥2
0
+ ε� t

∥∥∥�θn1 ∥∥∥2
1
+ ε� t ‖θn‖21

]
+C � t

[ ∥∥wn+1
1

∥∥2
0
+
∥∥wn+1

2

∥∥2
0,Γ

+
∥∥�wn+1

3

∥∥2
0
+
∥∥wn+1

4

∥∥2
0,Γ

+ ‖�ρ n
1 ‖20,Γ + ‖ρn‖20,Γ +

∥∥ρn+1
∥∥2
0,Γ

+
∥∥�ρ n+1

1

∥∥2
0,Γ

]
.

Straightforward manipulation leads to∥∥θn+1
∥∥2
0
+
∥∥∥�θn+1

1

∥∥∥2
0
+ ε� t

∥∥θn+1
∥∥2
1
+ ε� t

∥∥∥�θn+1
1

∥∥∥2
1

≤ (1 + C � t)n+1(
∥∥θ0∥∥2

0
+
∥∥∥�θ 0

1

∥∥∥2
0
+ ε� t

∥∥∥�θ 0
1

∥∥∥2
1
+ ε� t

∥∥θ0∥∥2
1
)

+C � t

n∑
j=0

(1 + C � t)j
[ ∥∥∥wj+1

1

∥∥∥2
0
+
∥∥∥wj+1

2

∥∥∥2
0,Γ

+
∥∥∥�wj+1

3

∥∥∥2
0
+
∥∥∥wj+1

4

∥∥∥2
0,Γ

+
∥∥∥�ρ j

1

∥∥∥2
0,Γ

+
∥∥∥�ρ j+1

1

∥∥∥2
0,Γ

+
∥∥ρj∥∥2

0,Γ
+
∥∥ρj+1

∥∥2
0,Γ

]
≤ CeCT

[ ∥∥θ0∥∥2
0
+
∥∥∥�θ 0

1

∥∥∥2
0
+ ε� t

∥∥∥�θ 0
1

∥∥∥2
1
+ ε� t

∥∥θ0∥∥2
1

+� t
n∑

j=0

(∥∥∥wj+1
1

∥∥∥2
0
+
∥∥∥wj+1

2

∥∥∥2
0,Γ

+
∥∥∥�wj+1

3

∥∥∥2
0
+
∥∥∥wj+1

4

∥∥∥2
0,Γ

+
∥∥∥�ρ j

1

∥∥∥2
0,Γ

+
∥∥∥�ρ j+1

1

∥∥∥2
0,Γ

+
∥∥ρj∥∥2

0,Γ
+
∥∥ρj+1

∥∥2
0,Γ

]
.(6.58)

Then by (6.4)–(6.10), we complete the proof of (6.25). �
Remark 6.5. The constant C in Theorems 6.2 and 6.4 is independent of the para-
meter α in the BJSJ interface condition but depends on ν and ‖K‖ and therefore,
it depends on (see Remark 2.1) on ν and ‖Π‖. It can be shown that this constant
grows with decreasing ν or ‖Π‖.

7. The second parallel non-iterative domain decomposition method

We now discuss a multi-step method to improve the accuracy in time descretiza-
tion. Assume the spatial error is of O(h3). Then we may apply a three-step
backward differentiation method that results in O(h3+�t3) errors. The method is
complicated by the need to use one- and two-step methods to set up the three-step
method in such a way that accuracy is not lost. Again, as in Section 5, we use a
uniform partition of the interval [0, T ], although, again, this is not essential to the
algorithm, applying the algorithm to non-uniform partitions now requires changes
in the coefficients of the two- and three-step methods to avoid loss of accuracy. The
algorithm proceeds as follows.

Algorithm 2 – Second non-iterative domain decomposition method. Set

φ̂0
h = Phφ0 and �̂u

0

h = Ph�u0. Then,
1. set

ξ0Dh = �̂u
0

h · �nS + gφ̂0
h and ξ0Sh = �̂u

0

h · �nS − gφ̂0
h + gz on Γ
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and independently solve

(
φ̃1
h − φ̂0

h

�t
, ψh)ΩD

+ aD(φ̃1
h, ψh) + 〈gφ̃1

h, ψh〉

= (f1
D, ψh)ΩD

+ 〈ξ0Dh, ψh〉 ∀ψh ∈ XDh

for φ̃1
h and

(
�̃u
1

h − �̂u
0

h

�t
, �vh)ΩS

+ aS(�̃u
1

h, �vh) + bS(�vh, p̃
1
h)

+〈�̃u
1

h · �nS , �vh · �nS〉+
αν

√
d√

trace(Π)
〈Pτ �̃u

1

h, Pτ�vh〉

= (�f 1
S , �vh)ΩS

+ 〈ξ̃0Sh, �vh · �nS〉 ∀�vh ∈ XSh

bS(�̃u
1

h, qh) = 0 ∀ qh ∈ QSh

for �̃u
1

h and p̃1h;
2. set

ξ̃1Dh = �̃u
1

h · �nS + gφ̃1
h and ξ̃1Sh = �̃u

1

h · �nS − gφ̃1
h + gz on Γ

and independently solve

(
φ̂1
h − φ̂0

h

�t
, ψh)ΩD

+ aD(
φ̂1
h + φ̂0

h

2
, ψh) + 〈g φ̂

1
h + φ̂0

h

2
, ψh〉

= (
f1
D + f0

D

2
, ψh)ΩD

+ 〈 ξ̃
1
Dh + ξ0Dh

2
, ψh〉 ∀ψh ∈ XDh

for φ̂1
h and

(
�̂u
1

h − �̂u
0

h

�t
, �vh)ΩS

+ aS(
�̂u
1

h + �̂u
0

h

2
, �vh) + bS(�vh,

p̂1h + p̂0h
2

)

+〈 �̂u
1

h + �̂u
0

h

2
· �nS , �vh · �nS〉+

αν
√
d√

trace(Π)
〈Pτ

�̂u
1

h + �̂u
0

h

2
, Pτ�vh〉

= (
�f 1
S + �f 0

S

2
, �vh)ΩS

+ 〈 ξ̃
1
Sh + ξ0Sh

2
, �vh · �nS〉 ∀�vh ∈ XSh

bS(
�̂u
1

h + �̂u
0

h

2
, qh) = 0 ∀ qh ∈ QSh

for �̂u
1

h and p̂1h;
3. set

ξ1Dh = �̂u
1

h · �nS + gφ̂1
h and ξ1Sh = �̂u

1

h · �nS − gφ̂1
h + gz on Γ

and

ξ̃2Dh = 2ξ1Dh − ξ0Dh and ξ̃2Sh = 2ξ1Sh − ξ0Sh on Γ

and independently solve

(
3φ̂2

h − 4φ̂1
h + φ̂0

h

2� t
, ψh)ΩD

+ aD(φ̂2
h, ψh) + 〈gφ̂2

h, ψh〉

= (f2
D, ψh)ΩD

+ 〈ξ̃2Dh, ψh〉 ∀ψh ∈ XDh
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for φ̂2
h

(
3�̂u

2

h − 4�̂u
1

h + �̂u
0

h

2� t
, �vh)ΩS

+ aS(�̂u
2

h, �vh) + bS(�vh, p̂
2
h)

+〈�̂u
2

h · �nS , �vh · �nS〉+
αν

√
d√

trace(Π)
〈Pτ (�̂u

2

h, Pτ�vh〉

= (�f 2
S , �vh)ΩS

+ 〈ξ̃2Sh, �vh · �nS〉 ∀�vh ∈ XSh

bS(�̂u
2

h, qh) = 0 ∀ qh ∈ QSh

for �̂u
2

h and p̂2h;
4. for n = 2, . . . , N − 1, set

ξnDh = �̂u
n

h · �nS + gφ̂n
h and ξnSh = �̂u

n

h · �nS − gφ̂n
h + gz on Γ

and then independently solve

(
11φ̂n+1

h − 18φ̂n
h + 9φn−1

h − 2φ̂n−2
h

6� t
, ψh)ΩD

+ aD(φ̂n+1
h , ψh) + 〈gφ̂n+1

h , ψh〉

= (fn+1
D , ψh)ΩD

+ 〈ξnDh, ψh〉 ∀ψh ∈ XDh

for φ̂n+1
h and

(
11�̂u

n+1

h − 18�̂u
n

h + 9�̂u
n−1

h − 2�̂u
n−2

h

6� t
, �vh)ΩS

+ aS(�̂u
n+1

h , �vh)

+bS(�vh, p̂
n+1
h ) + 〈�̂u

n+1

h · �nS , �vh · �nS〉+
αν

√
d√

trace(Π)
〈Pτ (�̂u

n+1

h , Pτ�vh〉

= (�fn+1
S , �vh)ΩS

+ 〈ξn+1
S , �vh · �nS〉 ∀�vh ∈ XSh

bS(�̂u
n+1

h , qh) = 0 ∀ qh ∈ QSh

for �̂u
n+1

h and p̂n+1
h .

The three-step backward differentiation method requires information from the
previous three time levels so that it cannot be applied until one has determined an
approximate solution for the first three time levels, i.e., for n = 0, 1, 2. Of course, for
n = 0, that approximate solution is determined from the initial conditions. Steps 1
and 2 implement a backward-Euler predictor/Crank-Nicholson corrector method to
determine the approximate solution for n = 1 whereas Step 3 implements a two-step
backward differentiation method to determine the approximate solution for n = 2.
After that, in Step 4, the three-step backward differentiation is implemented. In
all steps, the coupling functions ξDh and ξSh are treated in an explicit manner so
that, in all steps, the discretized Darcy and Stokes systems need to be solved only
once and can be solved in parallel.

The global error of three-step backward differentiation method, the local error
of two-step backward differentiation method, and the local error of Crank-Nicolson
scheme are all of O(�t3) [6, 62, 96]. We also use piecewise quadratic polynomial
spatial approximations for φ and �u. Thus, one has reason to expect that the global
accuracy of the approximations to φ and �u obtained using the second parallel non-
iterative domain decomposition method are of O(h3 + �t3); this is numerically
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verified in Section 8. Note that to obtain this optimal accuracy, the approximations
of the coupling functions ξD and ξS were also carefully defined in Algorithm 2.

At each time step, the corresponding linear algebraic systems appearing in Al-
gorithms 1 and 2 are the same size. The two methods require information from the
previous steps 1 and 3, respectively, so that Algorithm 2 requires greater storage
and incurs greater costs for matrix assembly and for start up. However, because of
the much higher temporal accuracy of Algorithm 2, these extra costs are more than
made up by the fact that, for the same accuracy, one can take much larger time
steps. Of course, because both methods are non-iterative domain decomposition
methods, in both cases only single uncoupled Stokes and Darcy problems need be
solved at each time step.

8. Numerical examples

We use a manufactured solution to illustrate the accuracy and stability of the
two non-iterative domain decomposition algorithms introduced in Sections 5 and 7.

Let Ω = [0, π] × [−1, 1] with ΩD = [0, π] × [0, 1] and ΩS = [0, π] × [−1, 0]. Set
T = 1, α = 1, ν = 1, g = 1, z = 0, and K = I, where I denotes the identity tensor.
We subdivide ΩD and ΩS into rectangles of height h = 1/M and width πh, where
M denotes a positive integer, and then subdivide each rectangle into two triangles
by drawing a diagonal. Clearly, faces of the triangles in ΩD and ΩS are aligned
with and match at the interface Γ = {y = 0, 0 ≤ x ≤ π}. For both non-iterative
domain decomposition methods, we effect spatial discretization using the Taylor-
Hood element pair for the Stokes equation, i.e., continuous piecewise linear and
quadratic finite element spaces for the approximation of pS and �uS , respectively,
and for the Darcy equation, continuous piecewise quadratic finite element spaces
for the approximation of φD.

The initial condition data, boundary condition data, and source terms are chosen
to correspond to the exact solution3⎧⎨⎩

φD = (ey − e−y) sin(x)et,
�uS = [ 1

π2 sin(2πy) cos(x)e
t, (−2 + 1

π2 sin
2(πy)) sin(x)et]T ,

pS = 0,

All numerical results given below are for t = T = 1, i.e., for n = N .
Errors are measured using high-accuracy quadrature rules to approximate

L2(ΩD), [L2(ΩS)]
2, and L2(ΩS) norms and H1(ΩD) and [H1(ΩS)]

2 semi-norms.

We also abbreviate notation so that �u represents �uS |t=1 and �uh represents �̂u
N

h and
similarly for the other variables.

8.1. Results for the first non-iterative domain decomposition method.
We first choose �t = 8h3. Table 1 provides errors for different choices of h for the
first non-iterative domain decomposition algorithm. Using linear regression, the
errors in Table 1 satisfy

‖�uh − �u‖0 ≈ 1.980 h3.017, |�uh − �u|1 ≈ 9.644 h1.957,

‖ph − p‖0 ≈ 20.736 h3.155,

‖φh − φ‖0 ≈ 16.457 h2.946, |φh − φ|1 ≈ 15.239 h2.375.

3We also ran examples with exact solutions such that pS �= 0; the results obtained are entirely
similar to those reported on here, except that the pressure approximations now conform more
fully with expectations; see the discussion below.
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The Taylor-Hood element pair is used for the Stokes part and quadratic elements
are used for the hydraulic head. Hence, we see the O(h3 + �t) = O(h3) conver-
gence rates with respect to L2 norms for �u and φ. The one exception is that the
convergence rate for the pressure approximation is better than expected; seemingly,
this occurs because the exact solution for the pressure vanishes; in other tests with
pS �= 0, we obtained the expected second-order rate of convergence.

Table 1. Errors of the first non-iterative domain decomposition
algorithm for �t = 8h3.

h ‖�uh − �u‖0 |�uh − �u|1 ‖ph − p‖0 ‖φh − φ‖0 |φh − φ|1
1/4 3.018× 10−2 6.284× 10−1 2.689× 10−1 2.657× 10−1 6.240× 10−1

1/8 3.737× 10−3 1.671× 10−1 2.886× 10−2 3.741× 10−2 1.042× 10−1

1/12 1.099× 10−3 7.561× 10−2 7.998× 10−3 1.121× 10−2 3.830× 10−2

1/16 4.608× 10−4 4.286× 10−2 3.238× 10−3 4.743× 10−3 1.966× 10−2

1/20 2.349× 10−4 2.754× 10−2 1.615× 10−3 2.430× 10−3 1.198× 10−2

1/24 1.356× 10−4 1.917× 10−2 9.179× 10−4 1.407× 10−3 8.081× 10−3

1/28 8.518× 10−5 1.411× 10−2 5.708× 10−4 8.862× 10−4 5.830× 10−3

1/32 5.698× 10−5 1.081× 10−2 3.788× 10−4 5.937× 10−4 4.410× 10−3

Next, we choose�t = h. The first non-iterative domain decomposition algorithm
is still stable; error information is given in Table 2. Again, all L2 norm errors are
consistent with the theoretical results of Section 6. For example, for �u and φ we
see the expected O(h3 +�t) = O(h) behavior.

Table 2. Errors of the first non-iterative domain decomposition
algorithm for �t = h.

h ‖�uh − �u‖0 |�uh − �u|1 ‖ph − p‖0 ‖φh − φ‖0 |φh − φ|1
1/4 3.341× 10−2 6.301× 10−1 5.697× 10−1 4.630× 10−1 1.022× 100

1/8 7.148× 10−3 1.683× 10−1 2.079× 10−1 2.643× 10−1 5.711× 10−1

1/16 2.475× 10−3 4.373× 10−2 8.549× 10−2 1.416× 10−1 3.048× 10−1

1/32 1.035× 10−3 1.146× 10−2 3.848× 10−2 7.333× 10−2 1.577× 10−1

1/64 4.687× 10−4 3.227× 10−3 1.826× 10−2 3.731× 10−2 8.025× 10−2

To further illustrate the unconditional stability of the first non-iterative domain
decomposition method, we also considered the choice �t =

√
h > h. The numerical

results did indeed show that the method remained stable and the accuracy obtained
was what was expected, given the estimates obtained in Section 6. For the sake of
brevity, we do not to report details about the numerical results for this case.

8.2. Results for the second non-iterative domain decomposition method.
We choose �t = h. Table 3 provides errors for different choices of h for the second
non-iterative domain decomposition algorithm. Using linear regression, the errors
in Table 3 satisfy

‖�uh − �u‖0 ≈ 1.9480 h3.0128, |�uh − �u|1 ≈ 9.8117 h1.9663,

‖ph − p‖0 ≈ 13.8987 h3.1332,

‖φh − φ‖0 ≈ 2.8731 h3.0012, |φh − φ|1 ≈ 4.4010 h2.0050.
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Table 3. Errors of the second non-iterative domain decomposi-
tion algorithm for �t = h.

h ‖�uh − �u‖0 |�uh − �u|1 ‖ph − p‖0 ‖φh − φ‖0 |φh − φ|1
1/4 2.980× 10−2 6.285× 10−1 1.739× 10−1 5.115× 10−2 2.760× 10−1

1/8 3.726× 10−3 1.671× 10−1 2.185× 10−2 4.865× 10−3 6.734× 10−2

1/16 4.589× 10−4 4.286× 10−2 2.341× 10−3 6.620× 10−4 1.687× 10−2

1/32 5.673× 10−5 1.081× 10−2 2.603× 10−4 8.747× 10−5 4.225× 10−3

1/64 7.051× 10−6 2.711× 10−3 3.065× 10−5 1.159× 10−5 1.058× 10−3

These rates of convergence are entirely consistent with the expectations in Sec-
tion 7; in particular, we see the O(h3+�t3) = O(h3) convergence rates with respect
to L2 norms for �u and φ.

9. Conclusions

In this paper, we present two parallel non-iterative domain decomposition meth-
ods for the approximate solution of the time-dependent Stokes-Darcy system with
the Beavers-Joseph-Saffman-Jones interface condition. From the numerical experi-
ments, it can be seen that both methods are unconditionally stable and optimally
convergent with respect to the finite element spaces and the temporal discretizations
used. The stability and convergence of the first method are proven and illustrated
through numerical experiments whereas, for the second method, only numerical ex-
periments are provided. The analysis of the second method, studying more general
configurations of the domain and the interface, error estimation for the interface
approximation and for non-matching meshes on the interface are of interest for
future work; see [6, 11, 13, 29, 63] and the references therein for related topics.

Acknowledgments

This work was supported in part by the CMG program of the National Science
Foundation under grant numbers DMS-0620035 (for MG, XH, and XW) and DMS-
0914554 (for YC) and the University of Missouri Research Board (for XH). We also
thank the referees for helpful comments.

References

[1] M. Amara, D. Capatina, and L. Lizaik, Coupling of Darcy-Forchheimer and compressible
Navier-Stokes equations with heat transfer, SIAM J. Sci. Comput. 31 (2008/09), no. 2,
1470–1499, DOI 10.1137/070709517. MR2486839 (2010g:65141)

[2] Todd Arbogast and Dana S. Brunson, A computational method for approximating a Darcy-
Stokes system governing a vuggy porous medium, Comput. Geosci. 11 (2007), no. 3, 207–218,
DOI 10.1007/s10596-007-9043-0. MR2344200 (2009b:76155)
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[92] Béatrice Rivière and Ivan Yotov, Locally conservative coupling of Stokes and Darcy flows,
SIAM J. Numer. Anal. 42 (2005), no. 5, 1959–1977, DOI 10.1137/S0036142903427640.
MR2139232 (2006a:76035)

[93] Hongxing Rui and Ran Zhang, A unified stabilized mixed finite element method for coupling
Stokes and Darcy flows, Comput. Methods Appl. Mech. Engrg. 198 (2009), no. 33-36, 2692–
2699, DOI 10.1016/j.cma.2009.03.011. MR2532369 (2010g:76045)

[94] P. Saffman, On the boundary condition at the interface of a porous medium, Stud. in Appl.
Math. 1 (1971), 77–84.

[95] Xue-Cheng Tai and Ragnar Winther, A discrete de Rham complex with enhanced smooth-
ness, Calcolo 43 (2006), no. 4, 287–306, DOI 10.1007/s10092-006-0124-6. MR2283095
(2007j:76050)

[96] Vidar Thomée, Galerkin finite element methods for parabolic problems, 2nd ed., Springer
Series in Computational Mathematics, vol. 25, Springer-Verlag, Berlin, 2006. MR2249024
(2007b:65003)

[97] Svetlana Tlupova and Ricardo Cortez, Boundary integral solutions of coupled Stokes and

Darcy flows, J. Comput. Phys. 228 (2009), no. 1, 158–179, DOI 10.1016/j.jcp.2008.09.011.
MR2464074 (2009j:76168)

[98] J. M. Urquiza, D. N’Dri, A. Garon, and M. C. Delfour, Coupling Stokes and Darcy equa-
tions, Appl. Numer. Math. 58 (2008), no. 5, 525–538, DOI 10.1016/j.apnum.2006.12.006.
MR2407730 (2009a:76053)

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use

http://www.ams.org/mathscinet-getitem?mr=1064345
http://www.ams.org/mathscinet-getitem?mr=1064345
http://www.ams.org/mathscinet-getitem?mr=1950614
http://www.ams.org/mathscinet-getitem?mr=1950614
http://www.ams.org/mathscinet-getitem?mr=2333004
http://www.ams.org/mathscinet-getitem?mr=2333004
http://www.ams.org/mathscinet-getitem?mr=2346360
http://www.ams.org/mathscinet-getitem?mr=2346360
http://www.ams.org/mathscinet-getitem?mr=2600540
http://www.ams.org/mathscinet-getitem?mr=2600540
http://www.ams.org/mathscinet-getitem?mr=2783231
http://www.ams.org/mathscinet-getitem?mr=2783231
http://www.ams.org/mathscinet-getitem?mr=1274560
http://www.ams.org/mathscinet-getitem?mr=1274560
http://www.ams.org/mathscinet-getitem?mr=2867757
http://www.ams.org/mathscinet-getitem?mr=2537310
http://www.ams.org/mathscinet-getitem?mr=2460791
http://www.ams.org/mathscinet-getitem?mr=2460791
http://www.ams.org/mathscinet-getitem?mr=1857663
http://www.ams.org/mathscinet-getitem?mr=1857663
http://www.ams.org/mathscinet-getitem?mr=2142206
http://www.ams.org/mathscinet-getitem?mr=2142206
http://www.ams.org/mathscinet-getitem?mr=2139232
http://www.ams.org/mathscinet-getitem?mr=2139232
http://www.ams.org/mathscinet-getitem?mr=2532369
http://www.ams.org/mathscinet-getitem?mr=2532369
http://www.ams.org/mathscinet-getitem?mr=2283095
http://www.ams.org/mathscinet-getitem?mr=2283095
http://www.ams.org/mathscinet-getitem?mr=2249024
http://www.ams.org/mathscinet-getitem?mr=2249024
http://www.ams.org/mathscinet-getitem?mr=2464074
http://www.ams.org/mathscinet-getitem?mr=2464074
http://www.ams.org/mathscinet-getitem?mr=2407730
http://www.ams.org/mathscinet-getitem?mr=2407730


1644 YANZHAO CAO, MAX GUNZBURGER, XIAOMING HE, AND XIAOMING WANG

[99] Mary Fanett Wheeler, A priori L2 error estimates for Galerkin approximations to para-
bolic partial differential equations, SIAM J. Numer. Anal. 10 (1973), 723–759. MR0351124
(50 #3613)

[100] Xiaoping Xie, Jinchao Xu, and Guangri Xue, Uniformly-stable finite element methods for
Darcy-Stokes-Brinkman models, J. Comput. Math. 26 (2008), no. 3, 437–455. MR2421892
(2009g:76087)

[101] Jinchao Xu and Jun Zou, Some nonoverlapping domain decomposition methods, SIAM Rev.

40 (1998), no. 4, 857–914, DOI 10.1137/S0036144596306800. MR1659681 (99m:65241)
[102] Xuejun Xu and Shangyou Zhang, A new divergence-free interpolation operator with appli-

cations to the Darcy-Stokes-Brinkman equations, SIAM J. Sci. Comput. 32 (2010), no. 2,
855–874, DOI 10.1137/090751049. MR2609343 (2011g:76108)

[103] Shiquan Zhang, Xiaoping Xie, and Yumei Chen, Low order nonconforming rectangular finite
element methods for Darcy-Stokes problems, J. Comput. Math. 27 (2009), no. 2-3, 400–424.
MR2495068 (2010d:65339)

[104] Zheming Zheng, Bernd Simeon, and Linda Petzold, A stabilized explicit Lagrange multiplier
based domain decomposition method for parabolic problems, J. Comput. Phys. 227 (2008),
no. 10, 5272–5285, DOI 10.1016/j.jcp.2008.01.057. MR2414854 (2010a:65180)

[105] Liyong Zhu, Guangwei Yuan, and Qiang Du, An explicit-implicit predictor-corrector
domain decomposition method for time dependent multi-dimensional convection diffu-
sion equations, Numer. Math. Theory Methods Appl. 2 (2009), no. 3, 301–325, DOI
10.4208/nmtma.2009.m8016. MR2605862 (2011g:65188)

[106] Liyong Zhu, Guangwei Yuan, and Qiang Du, An efficient explicit/implicit domain decom-
position method for convection-diffusion equations, Numer. Methods Partial Differential
Equations 26 (2010), no. 4, 852–873, DOI 10.1002/num.20461. MR2642324 (2011d:65268)

[107] Yu Zhuang, An alternating explicit-implicit domain decomposition method for the parallel
solution of parabolic equations, J. Comput. Appl. Math. 206 (2007), no. 1, 549–566, DOI
10.1016/j.cam.2006.08.024. MR2337462 (2008i:65197)

[108] Yu Zhuang and Xian-He Sun, Stabilized explicit-implicit domain decomposition methods
for the numerical solution of parabolic equations, SIAM J. Sci. Comput. 24 (2002), no. 1,
335–358 (electronic), DOI 10.1137/S1064827501384755. MR1924428 (2003g:65112)

Department of Mathematics and Statistics, Auburn University, Auburn, Alabama

36830

E-mail address: yzc0009@auburn.edu

Department of Scientific Computing, Florida State University, Tallahassee, Florida

32306

E-mail address: gunzburg@fsu.edu

Department of Mathematics and Statistics, Missouri University of Science and Tech-

nology, Rolla, Missouri 65409

E-mail address: hex@mst.edu

Department of Mathematics, Florida State University, Tallahassee, Florida 32306

E-mail address: wxm@math.fsu.edu

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use

http://www.ams.org/mathscinet-getitem?mr=0351124
http://www.ams.org/mathscinet-getitem?mr=0351124
http://www.ams.org/mathscinet-getitem?mr=2421892
http://www.ams.org/mathscinet-getitem?mr=2421892
http://www.ams.org/mathscinet-getitem?mr=1659681
http://www.ams.org/mathscinet-getitem?mr=1659681
http://www.ams.org/mathscinet-getitem?mr=2609343
http://www.ams.org/mathscinet-getitem?mr=2609343
http://www.ams.org/mathscinet-getitem?mr=2495068
http://www.ams.org/mathscinet-getitem?mr=2495068
http://www.ams.org/mathscinet-getitem?mr=2414854
http://www.ams.org/mathscinet-getitem?mr=2414854
http://www.ams.org/mathscinet-getitem?mr=2605862
http://www.ams.org/mathscinet-getitem?mr=2605862
http://www.ams.org/mathscinet-getitem?mr=2642324
http://www.ams.org/mathscinet-getitem?mr=2642324
http://www.ams.org/mathscinet-getitem?mr=2337462
http://www.ams.org/mathscinet-getitem?mr=2337462
http://www.ams.org/mathscinet-getitem?mr=1924428
http://www.ams.org/mathscinet-getitem?mr=1924428

	1. Introduction
	2. The Stokes-Darcy model
	3. Robin boundary conditions and the decoupled system
	4. Semi-discretization of the decoupled system
	5. The first parallel non-iterative domain decomposition method
	6. Convergence analysis for the first parallel non-iterative  domain decomposition method
	6.1. Error of the semi-discrete approximate solution
	6.2. Error of the fully discrete approximate solution

	7. The second parallel non-iterative domain decomposition method
	8. Numerical examples
	8.1. Results for the first non-iterative domain decomposition method
	8.2. Results for the second non-iterative domain decomposition method

	9. Conclusions
	Acknowledgments
	References

