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Parameter Convergence in Nonlinearly
Parameterized Systems
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Abstract—A large class of problems in parameter estimation
concerns nonlinearly parametrized systems. Over the past few
years, a stability framework for estimation and control of such
systems has been established. We address the issue of parameter
convergence in such systems in this paper. Systems with both
convex/concave and general parameterizations are considered. In
theformer case, sufficient conditions are derived under which pa-
rameter estimates convergeto their true values using a min-max
algorithm asin a previouswork by Annaswamy, et al. In the latter
case, to achieve parameter convergence a hierarchical min—max
algorithm is proposed wherethelower level consists of a min—max
algorithm and the higher level component updates the bounds on
the parameter region within which the unknown parameter is
known to lie. Using this hierarchical algorithm, a necessary and
sufficient condition is established for global parameter conver-
gence in systems with a general nonlinear parameterization. In
both cases, the conditions needed are shown to be stronger than
linear persistent excitation conditions that guarantee parameter
convergence in linearly parametrized systems. Explanations and
examples of these conditions and simulation results are included
to illustrate the nature of these conditions. A general definition
of nonlinear persistent excitation that leads to parameter conver -
genceis proposed at the end of this paper.

I ndex Terms—Author, please supply your own keywordsor send
a blank e-mail to keywor ds@ieee.org to receive a list of suggested
keywords..

I. INTRODUCTION

ECENTLY, astability framework has been established for

studying estimation and control of nonlinearly parameter-
ized (NLP) systemsin[1]-{8]. In[1]7], various NLP systems
were considered and the conditions for global stability, regu-
lation and tracking were derived using a min—max algorithm,
while in [8], stability and parameter convergence in a class of
discrete-time systemswas considered. I n this paper, we consider
parameter convergence in a class of continuous-time dynamic
systems. We begin with systems that have convex/concave pa-
rameterization and derive sufficient conditions under which pa-
rameter convergence can occur in such systems. These condi-
tions are related to linear persistent excitation (LPE) conditions
relevant for convergence in linearly parameterized systems[9],
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and are shown to be stronger, with the additional complexity
being afunction of the underlying nonlinearity.

We also propose a new hierarchical min—max algorithm in
this paper in order to relax the sufficient conditions for param-
eter convergence. The lower level of this algorithm consists of
the same min—max algorithm as in [1] and [6]. An additional
higher level component isincluded in the hierarchical algorithm
that consists of updating the bounds on the parameter region
that the unknown parameter is assumed to belong to. We then
show, using the hierarchical algorithm, that parameter conver-
gence can be accomplished globally under anecessary and suffi-
cient condition on the system variables and the underlying non-
linearity f. Examples of functionsthat satisfy such a condition,
which we denote as a condition of nonlinear persistent exci-
tation (NLPE), and relations to LPE are also presented in this
paper.

The paper is organized as follows. Section Il givesthe state-
ment of the problem, the estimator based on the min-max algo-
rithm and the properties. In Section |11, parameter estimation in
functionsthat are concave/convex is considered, and asufficient
condition for parameter convergenceis derived. In Section 1V, a
hierarchical min—max algorithm is proposed and necessary and
sufficient conditions for parameter convergence are proposed.
Examples and relation to L PE are also presented in this section.
Simulation results areincluded in Section V. Summary and con-
cluding remarks are stated in Section VI. Proofs of all proper-
ties, lemmas, and theorems can be found in Appendix A.

Il. STATEMENT OF THE PROBLEM

The problem considered isthe estimation of unknown param-
etersin aclass of nonlinear systems of the form

y=—a(y,w)y+ f(bo,w(y,u))
0 <Omin S oz(y,u) S Omax (1)
whered, € Q° c R™ are bounded unknown parameters, u, y €
IR areinput and output respectively, and the functionsw and f
aregivenbyw : R xR —-IR™and f : R" x R™ — R.
We make the following assumptions regarding w and f.
Assumption1:  Thefunctionw(y(t), w(t)) isLipschitzint so
that
||w(t1) — w(f2)|| S Uthl — ILQH Vthtz S IR+.

Assumption 2:  f is Lipschitz with respect to its arguments,
i.e,

[f(6 4+ A0, w + Aw) — f(0,w)| <Bgl|(Aw, AG)]|
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<Bs([|Awll + [[A0]]).

Assumption 3: w(y, u) isabounded, continuous function of
its arguments, and « is bounded and continuous.

Assumption 4: The system in (1) has bounded solutionsif u
is bounded.

Assumption 5: 6, € Q° ¢ R", and 2° is aknown compact
Set.

Let aset U be defined as follows:

UI:{wi,i:1,...,I,wi7éwjifi7éj,wiE]Rm}. )]

We introduce the definition of an identifiable function which is
necessary for parameter convergence.

Definition 1. A function f(0,w),0 € Q° c R" isidentifi-
able over parameter region Q° with respect to U; if there does
not exist 6;, 6> € Q° and 6, # #, such that

0151911 f(97wt) = 011%12 f(07wt) vw’i € UI,Z = 1,,]—
Definition 1 implies that identifiability follows if the system
of equations:

f(0,wi) = f(fo,wi) =0 Vw; €Us 3
has a unique solution § = 6, for any 6, € Q°. Equation 3
suggests a procedure for constructing Uy such that for a given
QY, f can become identifiable over Q°. That is, the number I
and the value w;, for ¢ = 1,..., I must be chosen such that (3)
has a unique solution.

We also note that for agiven Q°, identifiability of f isdepen-
dent on the choice of U;. For example, if f islinear, then f is
identifiable over any § € R"™ if elements of U; span the entire
space of R™; for anonlinear f, identifiability may be possible
even if these elements span only a subspace. We notice that if f
is not identifiable with respect to Uy, it implies that we have no
way of identifying 6y using any input w; in U;.

In Sections I1-A—C, we propose a min—max parameter esti-
meation algorithm, and its properties. For simplicity, we omit the
argumentsof w, and notethat it isameasurable continuous func-
tion of time that satisfies Assumption 1.

A. Min-Max Parameter Estimation Algorithm

The dynamics of parameter estimation algorithm that we pro-
pose is the same as the min—-max algorithm in [1] and is as fol-
lows:

b= — ofy.u) <y _ esat (%)) + f(6,w) - asat <%>

= - gf @b* (4)

where

Ji=9-y gfzg—esat@) )

€

e is an arbitrary positive number, sat(-) denotes the saturation
function and is given by sat(xz) = sign(z) if |z| > 1 and
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sat(z) = z if |#| < 1, and a* and ¢* come from the solu-
tion of an optimization problem
* = mi 6,w,
v = . 9w 9)

* =arg min maxg(6,w,
¢ g min, 06909( W, P)

9(60,w, ) =sat (g)

x (f0.w) = f(6.0) = ¢"E-0)). ©
The choices of ¢* and a* imply the following inequality:
sat (%) (£(0.0) = 1(0.0) = 67 (F - 0)) — " < 0. (7
We define
0=0-10

and rewrite the dynamics of the whole parameter estimation al-
gorithm as

e

= — a(y,u)je + f(B,w) — f(fo,w) — a*sat (%)
==9p" (8)

Let = = [g.,AT]T. The problem is therefore to determine the
conditions onw under which the system (8) has uniform asymp-
totic stability in the large (u.asl.) a z = 0.

-

B. Solutions of «* and ¢*

In [1] and [6], closed form solutions to (6) when f is a con-
cave/convex function of 6y and when f isagenera function of
6o werederived, respectively. Inboth [1] and [6], these solutions
were derived under the assumption that € Q°. Inthis paper,
results are extended to the case when this assumption isomitted.
For ease of exposition, we present the results for the cases when
a) 0 isascdar, and f is a genera function of # and b) # isa
vector, and f is a convex/concave function of . We define a
convex set C(§2y) which is constructed as follows: If H¢(£2)
isthe convex hull, which isthe smallest convex setinIR" " that
contains { (6, f(0,w))|0 € Q°}, then C() isthe projection of
H () onIR™ which contains €2y. Such aconvex set is needed
sincei) the hierarchical algorithm discussed in Section |V-C can
allow the parameter estimate to wander outside 2, and ii) the
solutions to the min—max algorithm differ depending whether 6
lies within this convex set C'(€2) or outside.

a)d € Q° c R, and f isa general function of §: In this
case, C(02°) = [fumin, Ormax)- Same asin [6], the following two
definitions are useful.

Definition 2: A point §° € 6. if §° € C(Q2°) and

Vfoo (6 —6") < f(8,0) - £(6°,w)

where Vfgo = (8f/86) |90 .

Definition 3: 6, = 6, C(w°) , where f,. denotes the com-
plement of 6.

We now state the solutionsto (6) in case @), when 7 > 0. The
solutions when ¢ < 0 can be derived in asimilar manner using
the concave cover.

VoeoQ) (9
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Denoting . = {62,634, ...,6™"}, 6% = [¢7,67] asin[6],
we obtain

¢*=Vf,; o
g:_zgoi;» itoehe it beo(ao)
a*=f(0,w) — F(0F,w)—*(6-07), if feb' o

andif § > Omax, (11), shown at the bottom of the page, holds,
andif < Omin,» (12), shown at the bottom of the page, holds.
b) 6 € Q° c R", f isa concave function of §: The solutions
to (6) are easier to find when Q° isasimplex, and are presented
first.
Case i): Q¥ is a simplex: Very similar to [1], we have the
following solutions:

a* =0 §<0,0eC(P(Q))
P =V

a* =0 §<0,0¢C(P(Q°)
"=V

= A j<0,0ecC(P(Q°
il A ((0))
a* = y<0,0&C(P(Q
=0 (P (@)

where [Al,AQ]T = G_lb, A eR, A4, € R"

(-1 —(0—6s1)"

e | —(d —.esz)T

-1 —A(é—ésml)

[ _(f(GA?w)_fSl)

b= _(f(ng) - f52)

| —(£(0.w) = Fons)
fsivi = 1,...,n + 1 are the vertices of Q°, and
fsi = f(Osi,w). o

Case i) Q0 is a compact set in R™: We define a polygon
P(Q% which contains Q°, whose vertices are given by

pointsfrom the K vertices of the polygon. Denoting the vertices
of the sth hyperplane as P ,..., P;, . ,, and ¢; as the slope

of this hyperplane, we choose J as a set of the L hyperplanes
such that

?

J={il <i <L f(B,0) - f(Pyw) = 67 (D= P,) >0,
véep(m)}.

We can derive the solutions to (6) as

a* =0 §<0,0eC(P(Q%)

* =V,

a* = 7<0,6¢C(P(Q)

¢ =V,

= A 0,0eC(P(Q°

el A ((0))

a* =0 7<0,0¢C(P(Q

= P @)
where

Ay =¢;

Al :f(é7w) 4 f(ijw) - ¢T(9A - P]l)
j =argmax f(Pi,,w) + ¢ (0 - Py,).
The solutions for the case when f is a convex function of 4
can be derived in a similar manner.

c)d € Q° ¢ R"™, f isa general function of §: Using the
above two cases, and in particular, a combination of concave
and convex covers, convex hull, and polygons, the solutions to
(6) can be found.

C. Properties of the Min—Max Estimator

In[1], themin—max estimator and thereforetheresulting error
model in (8) was shown to be stable. The stability properties of
thiserror model are summarized in Properties 1 and 2 below. In
what follows, the quadratic function V' is useful:

1 R |
V= (92+070) = =|lz(t)|* 13
P, P,,..., Pg. Denoting L = nj—il , we note that L 2 (yE ) 2”36( il (13
hyperplanes can be constructing using a combination of n + 1 - Property 1 summarizes the stability properties of (8).
ax =0 R R
¢* _ ¢*(9max)7 N If f(ema)uw) + (ls*(gmax)(g - Hmax) Z f(g, w) (11)
| L= fO) - otherwise
ax =0 R R
¢* . ¢*(9min)7 R if f(gminy w) + ¢*(9111in)(9 - gmin) Z f(97 U.)) (12)
| D)= fO) - otherwise



Property 1:

o < —agj?. (14)
Property 1 implies that the min—-max estimator is stable. How-
ever, whether the parameter estimateswill convergeto their true
values, that is, whether = will converge to the origin isyet to be
established. To facilitate parameter convergence discussions, an
additional property of the min—max estimator is stated in Prop-
erty 2.
Property 2: If in (8)

|ge(t1)| Z Y (15)

then

3
Umin”Y

VTSV 500 )

(16)
Where TI = (7/M+ amax7)5 O < Qmin S (Y(Z//U) S Qmax
and

M =max{|m(t)|}

() =f(6,w) — F(B0,w) — a*sat (y—) S

Property 2 impliesthat for parameter convergenceto occur, g,
must become periodically large. For thisin turn to occur, exam-
ining the dynamicsin (8) and defining f(8, 8, w) = f(,w) —
f(8o,w), 1) f(8,80,w) must be large when ||| is large and ii)
a* must be small compared to f(f, 6o, w). Condition i) is re-
lated to persistent excitation, and issimilar to parameter conver-
gence conditions in linearly parameterized systems. Condition
ii) is specific to the min—max algorithm. In order to facilitate the
latter, afew properties of o™ areworth deriving, and are enumer-
ated below in Properties 3 and 4.

Noting that «* is defined asin (6), we denote

a’ (6,w)

a’ (8, w) =a* if . > 0.

a*ifg. <0

It follows that a* and a*. are well defined functions of § and
w. We establish the following properties about a*, a* (6, w) and
aj(é7 w).

Property 3:

la* (0,w) < a*sat <y> < aj_(é,w).
€

Suppose for agiven w, f(,w) retainsits curvature as ¢ varies.
We define

s ={ L,

Property 4: For o* and (3 defined asin (6) and (18), respec-
tively, the following holds:

if f(f,w) isconvex

if f(A,w)isconcave’ (18)

i)a* =0if B = —1;
(iii) Ba*y <0, for any (.

i) a% = 0if 8 =1;
(19)

Both Properties 3 and 4 are used in Section |11 for the proof
of Theorem 1.
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I1l. PARAMETER CONVERGENCE IN SYSTEMS WITH
CONVEX/CONCAVE PARAMETERIZATION

We first focus on parameter convergence of the system (8)
when f is convex/concave for any § € Q. For the sake of
completeness, we include the definition of a concave/convex
function.

Definition 4: A function f(6) issaid to bei) convex on © if
it satisfies the inequality

01+ (L= X)b2) S Af(01) + (1= A)f(02) V61,0, €0
and ii) concaveif it satisfies the inequality
01+ (L= X)b2) =2 Af(01) + (1= A)f(62) Vb1,0,€0

where0 < X < 1.

We make afew qualitative comments regarding the solutions
of (8) and their convergence properties before establishing the
main result. The main difficulty in establishing parameter con-
vergence is due to the presence of the time-varying function o*
in (8). As shown in Properties 34 in Section 11-C, the mag-
nitude of a* changes with the curvature of f. As mentioned in
Section |1-C, in order to establish parameter convergence, in ad-
dition to f(#, 6y, w) being large when 6 is large o* has to re-
main small. Property 3 shows that for any nonzero value of y,
a* can periodically take the value zero if f switches periodi-
cally between concavity and convexity. Thisin turn implies that
a* can periodically become small if f continues to change its
curvature, that is, 5 changes from +1 to —1. Aswill be shown
in Section I11-A, the conditions for parameter convergence not
only require that f become large for alarge 6 but also require
f toswitch between convexity and concavity over any givenin-
terval.

Yet another feature of the min—max algorithm is the use of
the error y. for adjusting the parameter 6 instead of the tradi-
tional estimation error g. Thiswas introduced in the estimation
algorithm to ensure a continuous estimator in the presence of a
discontinuous solution that can be obtained from the min—-max
optimization problem. Theintroduction of anonzero e can cause
the parameter estimation to stop if |y| becomes smaller than e.
Asaresult, thetrajectories are shown to converge to aneighbor-
hood D. of the origin rather the origin itself.

In Section I11-A, we state and prove the convergenceresult. In
Section I11-B, we discuss the sufficient condition that resultsin
parameter convergence, specific examples of f and counterex-
amples, and the relation to persistent excitation conditions that
guarantee parameter convergence in the case of linear parame-
terization.

A. Proof of Convergence

Thefirst convergence result in this paper is stated in Theorem
1.

Theorem 1: If i) f(6,w(¢)) is convex (or concave) on ¢ for
any w(t) € R™, and ii) for every ¢ > to, there exist positive
constants 7y, €, and atimeinstant t, € [t1,¢; + Tp] such that
for any 6

Blw(ta)) (f(0,w(tz2)) — f(fo,w(t2))) = €ullf = boll  (20)
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where B(w(t2)) is defined asin (18), then all trajectories of (8)
will converge uniformly to

De = {z|V(z) <m} (21)

where

o 2
o =[G 07",y = = (16B4U, + 8BgB, +4B2) (22)

€

e isdefined asin (8), ¢, isgiven by (20), U, and By are defined
asin Assumptions 1 and 2, and By isthe bound on ¢* in (4) so
that

lo*(W)|| < By Yt >to.

The proof of Theorem 1 follows by showing that if w and
f are such that condition (20) is satisfied, then g.(¢) becomes
large at some time ¢ over theinterval [t1,t; + Tp]. Once g.(t)
becomes large, it follows from Property 2 that V(¢) decreases
over theinterval [t1,%1 + Tp] by afinite amount.

Remark 1: If f isconcave (or convex) and if f satisifesthe
inequality in (20), weshall definethat f satisfiesthe convex per-
sistent excitation (CPE) condition with respect to w. Theorem 1
implies that if f satisfies the CPE condition with respect to w,
then parameter convergence to a desired precision follows.

Remark 2: From the definition of D, it automaticaly fol-
lowsthat ase — 0, all trgjectories convergeto theregion 2 = 0
and hence u.a.s.l. follows.

(23)

B. Sufficient Condition for Parameter Convergence

The CPE condition specifies certain requirements on f in
order to achieve parameter convergence. For a given f, The-
orem 1 does not state how w should behave over time in order
to satisfy (20). In this section, we state some observations and
examples of w that satisfies (20) for ageneral f.

Equation (20) consists of two separate requirements. De-
noting f = f(8,w) — f(bo,w), thefirst requirement isthat the
magnitude of f must be large. The second requirement is that
f must have the same sign as 3. The first component states that
for alarge parameter error, there must be alarge error in f. It is
straightforward to demonstrate that this condition is equivalent
to linear persistent excitation condition in [10], and is shown in
Section 111-B.2. The second requirement states what the sign of
f should be in relation to the convexity/concavity of f. If fis
convex, f should be positive, and conversely, if f isconcave, f
should be negative.

The coupling of convexity/concavity and the sign of the in-
tegral of f has the following practical implications. To ensure
parameter convergence, w must be such that one of thefollowing
occurs: At least at oneinstant ¢5 € [t1,¢1 + T1.

a) For thegiven g, w must changein such away that the sign
of f isreversed, whilekeeping the convexity/concavity of
[ thesame.
b) Or, forthegiven 6, w must reversethe convexity/concavity
of f, while preserving the sign of f
1) Examples: We illustrate the aforementioned comments
using specific examples of f. Suppose

T

f=e? (24)

wherew(t) : R — R", § € Q@ C R™. It can be checked
that f givenin (24) is aways convex with respect to 4 for al
w. Therefore, option b) is not possible. Hence, w must be such
that f can switch sign for any # as required by option (a). One
exampleof suchanw isif forany ¢, thereexiststs € [t1,¢1+7]
such that

wT(tz)v > €, (25)

where v is any unit vector in R™. Another example which sat-
isfies condition (20) is given by

f=6“, w € R.
It is easy to show that for such an f, condition b) is satisfied if
w switches between w; and w, where0 < w; < 1 andwy > 1.
The previous examples show that the condition on w that sat-
isfies (20) varies with f.
2) Relation to Conditions of Linear Persistent Excitation
. The relation between CPE and LPE is worth exploring. For
this purpose, we consider a linearly parameterized system,
which is given by (1) with

f(bg,w) = 65 d(w)

where ¢(w) € IR". Inthis case, it iswell known that the corre-
sponding estimator is given by (4) witha* = 0 and ¢* = ¢ [9].
The resulting error equations are summarized by

== a(y7 u)ﬂe + éTd’(w)
= 'ge¢(w)

In [10], it is shown that u.as.l. of (26) follows under an LPE
condition. For the sake of completeness, we state this condition
NOW.

Definition (LPE): ¢ is said to be linearly persistently ex-
citing (I.p.e.) if for every ¢t1 > t¢, there exists positive constants
To, b¢, €g and asubinterval [1527 to + (50] S [tl./ t1+ To] such that

o e

(26)

ta+80
/ 67 p(w(r))dr| > eoll6]]. 27)

We now show the relation between the L PE condition and the
CPE conditionin (20). When (0, w) = 67 ¢(w), if Assumption
1 holds, it can be shown that the L PE condition is equivaent to
the following inequality: For every t; > to and ¢, there exists
positive constants 7y, ¢p and atime instant ¢t € [t1,¢1 + 1]
such that

|70, w(t2)) = f(fo,w(t2))] = eullf — boll-

Since alinear function can be considered to be either convex or
concave, the inequality in (28) is equivalent to the CPE condi-
tion in (20). This equivalence is summarized in the following
lemma:

Lemmal: When f(#,w) = T ¢(w), if Assumption 1 holds,
the CPE condition in (20) is equivalent to the L PE condition in
(27).

It should be noted that for a general nonlinear f, the CPE
condition becomes more restrictive than the L PE condition. For
example, for f asin (24), the CPE condition impliesthat w must

(28)



satisfy (25). Ontheother hand, if f = w?'f, evenif w issuchthat
|wT (t2)v] is periodically large, the LPE condition is satisfied.

3) Counterexample: For agenera function f, it may not be
possible to find aw that satisfies either condition a) or b) previ-
ously mentioned. A simple exampleis

f = cos(fw)

where |w| < wpax ad § € [0, 7/(2wmax)]- We note that f
is concave and monotonically decreasing for any w with |w| <
wmax- HeNce, neither @) nor p) issatisfied. That is, it ispossible
for the parameter estimate # of the min—max algorithm to get
“stalled” in aregion in QY. This motivates the need for an im-
proved min—-max algorithm, and is outlined in Section V.

IV. PARAMETER CONVERGENCE IN SYSTEMS WITH A
GENERAL PARAMETERIZATION

In Section 1ll, we showed that if a function f is convex
(or concave), and if f and w satisfy the CPE condition, then
parameter convergence follows. However, as we saw in Sec-
tion 111-B-111, not al convex/concave functions can satisfy the
CPE condition. In this section, we present a new algorithm
which not only allows the persistent excitation condition to be
relaxed but also enables parameter convergence for nonconvex
and nonconcave functions.

The agorithm we present in this section is hierarchical in na
ture, and consists of alower level and ahigher level. Inthelower
level, for a given unknown parameter region Q2°, the parameter
estimate d is updated using the min—max algorithm asin (4). In
the higher level, using information regarding the parameter es-
timate 6 obtained from the lower level, the unknown parameter
region is updated as 2. Iterating between the lower and higher
levels, the overall hierarchical algorithm guarantees a sequence
of parameter region Q. The properties of these two levels are
discussed in Sections|V-A and B, respectively. In Section[V-D,
we discuss conditions under which 8 converges to 6. Using
these conditions, the definition of persistent excitation for non-
linearly parameterized systems is introduced. In Section I1V-E,
we present examples of such an NLPE. The relation between
NLPE and CPE is discussed in Section IV-F.

A. Lower Level Algorithm

The lower level agorithm consists of the min—max param-
eter estimation asin (4) with the unknown parameter 6, € QF.
We show in this section that when this algorithm is used, 7. (t)
becomes small in afinite time, which is denoted as lower level
convergence. Once this occurs, the parameter estimate 4, de-
rived from the lower level convergence, remains nearly steady.
This estimate, in turn, is used in the higher level part of hierar-
chical algorithm to update the unknown parameter region from
0% to Q*+1, Theconvergenceof ¢, isstatedin LemmaZ2, and the
characterization of the unknown parameter is stated in Lemma
3.

Lemma 2: For the system in (1) and the estimator in (4),
given any positive T' and §, there exists a finite time ¢; such
that

|ge(t)] < dforty <t <ty +1T. (29
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We note that for every specific w, atimet; that satisfies (29)
exists. However, the value of ¢; will depend on the choice of
w. Since our goal is parameter convergence, we require w to
assume distinct values, i.e., persistently span a set of interest.
Thisis stated in the definition later.

Let Uy be defined asin (2).

Definition 5: w is said to persistently span U; if for any
w; € Uy and any ¢4, there exist afinite 7; and 7; such that

w(’ri):wi TiE[tl,tl—i-Ti] i=1,...1. (30)
Definition 5 impliesthat w periodically visitsall pointsin U;.
Let
By = 2By(8By + 2Uy) + 6B (31)
where U, By and By are defined in Assumption 1, Assumption
2 and (23) and ¢ is any positive number. If we choose T as

2 Bt(6+ 6)

whereT; isgiven by (30), then LemmaZ2 impliesthat there exists
afinite time ¢; such that

[9(6)]| <6 t1 <t<it1+T. (32
When 7. satisfies(32), werefer toit aslower level convergence.
If w persistently spans Uy, then Definition 5 and the choice of
T Impllesthat ar e [tAl-/tl + T], w(’ri) =w,t=1,...,1.
The parameter estimate 6(;) at time instances are defined as

0 =0(r;) i=1,....1

and are denoted as low-level convergent estimates. We charac-
terize the region where the unknown parametersliein ILemma
3 using these lower level convergent estimates.

Lemma 3: For the system in (1) and the estimator in (4), let
Q be the unknown parameter region and 65,: = 1,...,1, be
the lower level convergent estimates. If the input w persistently
spans Uy, then

I
Bo € () ®e(Qwi, e, 8,65).

i=1

where

q)e(vaivE?&? é:) = {9 € Q|iL < f(ewz) < .fl}
i’i :f(éfwt)’r - aj—(éfw)
— Qmax0 — 2/ Bi(6 + €)
fi =167, w0) + 0 (0, w)

+ Amaxd + 24/ By (6 + ¢€)

(33)

and B; asin (31).

Lemma 3 implies that the unknown parameter 6, liesin @,
for agiven w;. It should be noted that in general, . need not be
smaller than Q. However other properties of ®. are useful for
characterizing the convergence behavior of the min—max algo-
rithm. These are enumerated as follows.
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Pl) Foré = e=0,if a} = a* = 0, then ®. reducesto the
manifold

F(Bo,wi) = f(BS, wy).

P2) Property P3) implies that if i) w isp.e. in Uy, ii) f is
identifable w.r.t. Uy, iii) 6 = e = 0, and iv) a’} = a* =
0, then

k7w'i76767 é:) = {60}

These properties are made judicious use of in designing the
higher level algorithm in Section 1V-B.

B. Higher Level Algorithm

We now present the higher level component of the hierar-
chical algorithm. Here, our goal isto start from aknown param-
eter region QF that the unknown parameter 6, liesin, and update
it as Q1! using al available information from the lower level
component. In particular, we use ®. defined in (33) to update
Q*. In order to reduce the parameter uncertainty, different ®.’s
are computed by varying w;, i = 1,..., 1. Theresulting Q*+!
is, therefore, chosen as

I
=) ®(2"
=1

Qk+1

wi, €,8,05). (34)

C. Hierarchical Algorithm

The complete hierarchical algorithm is stated in Table I.

It should be noted that Steps 2) and 3) correspond to the lower
level and the higher level parts of the hierarchical algorithm, re-
spectively. Also, we note that Step 2) requires the closed-form
solutions of a* and ¢* which can be found as outlined in Sec-
tion [1-A.

In order to obtain parameter convergence using the hierar-
chical agorithm, what remains to be shown is whether Q*+1 is
astrict subset of QF.

D. Parameter Convergence With the Hierarchical Algorithm
We now address the parameter convergence of the hierar-
chical agorithm. We introduce a definition for a “stalled” pa-
rameter region A;: B
For any QCQ’, define f* and f; as

¥ =min f(0,w;) (35)

-t eEQ

fi, = Iglea‘é( f(a,w7)
Then, wedefine A;(€2) tobea“stalled” estimate-region of (2 as

AQ) = {0170, wi) = a3 (0,01) — D(e,8) < [}

where
D(e,6) = amax0 + 2/ B:(6 + ¢). 37

TABLE |
COMPLETE HIERARCHICAL
ALGORITHM
Step 1: | Setk = 0 and QF = Q°, and
T = max; Ti + 2\/Bt(6 + 6)/Bt
where B; is defined as in (31).
Step 2: | Run the estimator in (4) where

a* = mingemrm maxgeqr (0, w, @)
¢* = argmingemrm maxgeqr 9(0,w, @)
9(6,w,¢) = ~
sat (2) (0,w) = 1(6,0) - 67(@-6)).
Wait until time ¢; where
|Fe(®)| <6 fort € [t}, t + T},

and record the low level convergent estimate éf as
éf = 0(r;) where

w(r) = wi, V1 € [ty, tp + T

Calculate %+ from O and 6§, = 1,...1,

as follows:

Step 3:

Ok = N (0, w;,€,6,09)

®.(,wi, €,6,05) = {9 €Qlf, < f(O,w) < f}
;= F65,w0) = a3.(65,0) ~ Q(6,¢)
f (9“wz)+a (05, w) + Q(d, €)
where Q(d,¢) = amazé + 24/B;(6 + ¢).

If Q1 = QF stop. Otherwise, set k = k + 1 and
return to step 2.

Step 4:

We prove a property of A;(2) which explains why it corre-
sponds to a “stalled” region in €2.
Lemma4: For somek,if 05 € A;(QF),Vi=1,...,I,then

Qk—‘,—l Qk

In order to establish parameter convergence, we first char-
acterize the region L that the parameter estimate converges to
in Lemma 5, and then establish the conditions under which L
simply coincides with the true parameter 6, in Theorem 2. The
set L is defined as follows:

) (38)

L’eo) = | (
) isabox that contains any set X and is defined as

ﬂB

V QeN0,0,eQ \i=1,.

where B(X

B(X)={0]|6 — 0]| < 6TB,, Ve X}. (39

Lemma 5: For the system in (1) and estimator in (4), under
Assumptions 1-4, the hierarchical algorithm outlined in Tablel|
guarantees that

Jlim 0(t) € L(Q°, ¢, 6). (40)

Since e and § are arbitrary positive numbers, they can be
chosen to be as small as possible. Whene — 0, § — 0, it fol-
lows directly from (36), (39), and (38) that

N A

L(O° e, 6) = U

v Qeno, With g,eQi=1,....T

) (4D)

lim
e—0,6—0



where

i) = {01 (0,01) — a3 (0. 00) < f

with f;‘ and f; defined asin (35). From (41), we have the fol-
lowing theorem.

Theorem 2: For the system in (1) and the estimator in (4),
under Assumptions 1-4

t—>oo,e—>076—>06 - 60 (43)
if and only if for any QCQg where fy € Q
N A@=dor () Ai(Q)={b} 49

where ¢ denotes the null set and A is defined asin (42).

Theorem 2 givesusamethod to check if the hierarchical algo-
rithm can estimate the true parameters to any desired precision
when we set € and § small enough for a specific problem. We
notethat L (o, ¢, 6) isacontinuous function of ¢ and §, and that
ase and 6 becomes small, I. becomes arbitrarily close to the set
{60 }. Hence, the parameter estimate converges to the true value
with a desired precision.

Remark 3: If f(f,w) isidentifiable over Q with respect to
Uy, w persistently spans Uy, and f satisfies the inequality (44),
we shall definethat f satisfies the NL PE condition with respect
tow. Theorem 2impliesthat NLPE of f with respect tow isnec-
essary and sufficient for parameter convergence to take place.

Remark 4: The requirement on w for f to satisfy the NLPE
can sometimes be less stringent than that on w for LPE. An
example of this fact is for the parameter § = [0y, #2]%, and the
cases (i) 1(f) = 8T w, and (i) f(0) = f1w; cos(faws) Where wy
and w, are the elements of w. Clearly, for aw such that w; =
kwo, where k isaconstant, w does not satisfy L P F, but f does
satsify NLPE with respect to w. As shown in Section I11-B-I,
NLPE can impose more stringent conditions on w as well.

Remark 5: It should be noted that the NLPE condition guar-
antees parameter convergence for any general nonlinear func-
tion f that isidentifiable. Thisimplies that the min—max algo-
rithm outlined in [6], which is applicable for even a nonconvex
(or anonconcave) function, can be used to establish parameter
convergence. We include simulation results of such an example
in Section V.

Remark 6: It should be noted that a fairly extensive treat-
ment of conditions of persistent excitation has been carried out
in[11], [12]for aclass of nonlinear systems. The systems under
consideration in this paper do not belong to this class. The most
distinct features of the system (1) isthe presence of the quantity
a* and the quantity f(é, w) — f(bo,w), where the former can
introduce equilibrium points other than zero and the latter is not
Lipschitz with respect to § — 6. Asaresult, an entirely different
set of conditions and properties have had to be derived to estab-
lish parameter convergence.

Remark 7: The closed-form solutions of ¢* and ¢* can be
calculated as shown in Section I1-A. It should be noted that
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these sol utions have been derived without requiring that 0 e QF,
thereby expanding the results of [1]. Since g can lie anywhere,
subsequent iterations of the hierarchical algorithm can be car-
ried out during which time the corresponding min—-max solu-
tions can be derived.

Asisevident from (44), (35), and (42), to check if indeed the
NLPE condition is satisfied for every QC ), for agiven f and w
isadifficult task. In Section IV-E, we show that when § € R?,
if £ ismonotonic function of 4, identifiable with respect to Uy,
and f is convex/concave, then the NLPE condition is satisfied.

E. Parameter Convergence When ¢ € IR?: An Example

When # = [6, 85] € IR?, the following lemma provides suf-
ficient conditionsfor (44) to hold and, hence, for the hierarchical
algorithm to guarantee convergence.

Lemma 6: For systemin (1), the estimator in (4) where § €
R?, let 6, € Q0 and f be identifiable over Q° with respect to
Us. If

i) f(#,w;) isconvex (or concave) over all § in Q°

w,wz € Ur; (45)
i) f(6,w;) is monotonic with respect to # in Q°
wi,wz € Ur; (46)

then (44) holds for any QCQ° where 8, € Q.
The reader isrefered to [13] for the proof.

F. Relation Between NLPE and CPE

In what follows, we compare the NL PE and the CPE condi-
tions. In order to facilitate this comparison, we restate the CPE
condition in a simpler form.

Definition 6: f is said to satisfy the CPE’ condition with
respecttow if i) f(6,w(t)) isconvex (or concave) for any w(t) €
R™, and ii) w is persistently spanning with respect to Uy, and
(iii) for any 6, there existsw; € U such that

Bwi) (FBwi) — F(Bo,wi) > eallf —boll.  (47)

We note that the only distinction between the inequalitiesin
(20) and (47) isin the value taken by w(t2) for some ¢, in the
interval [¢,¢ + T7. In (47) it implies that w(¢2) assumes one of
the finite values w; in Uy while in (20), the corresponding Uy
can consist of infinite values. If w is“ergodic” in nature so that
it visits all typical values that it will assume for al ¢ over one
interval, then it impliesthat the two conditions (20) and (47) are
equivalent. We shall assume in the following that the input is
“ergodic.”

Lemma7: Let f(6,w;)beconvex (or concave) foral § € Q°
, then the CPE’ condition implies the NLPE condition.

Remark 8: Lemma 7 showsthat the CPE’ condition is suffi-
cient for the NLPE to hold if f is convex (or concave). Clearly,
the CPE’ condition is not necessary, as shown by the counterex-
amplein Section I11-B-111. The NL PE condition therefore repre-
sentsthe most general definition of persistent excitation in non-
linearly parameterized systems.
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30

Fig. 1. Nonconcave (and nonconvex) function f(#,wu) versus 6, for
u=10,-1.f(0,1)—-, f(6,—1):---, f(6,0).
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Fig. 2. Output error g.(t) with ¢ using the hierarchical algorithm. e = 0.001
and 6§ = 0.02.

45

35F

25F

15 L L L I L L L L L ")
[ 20 40 60 80 100 120 140 160 180 200

t

Fig. 3. Parameter estimate é(t) with ¢ using the hierarchical algorithm. True
parameter value ¢, = 2.

V. SIMULATION RESULTS

We consider the systemin (1) and the estimator in (4) to eval-
uate the performance of the hierarchical algorithm. The system
parameters are chosen as follows:

f= (90 - %)2 + 126Xp{—5 (90 24 %)2}

where 6 is an unknown parameter that belongs to a known in-
terval Q0 = [0, 5]. System variable w is chosen as a sinusoidal
function w = 1.1sin(2¢t) and the true unknown parameter 6
equals 2. We note that the function f is nonconvex (and non-
concave), whose values are shown in Fig. 1 forw = 1, —1,0. It
can be shown that f isidentifable with respect to Q° and that w
is persistently spanning with respect to U; = {1, —1,0}. The
hierarchical algorithm in Table | was implemented to estimate
fo. The parameterse = 0.001 and 6 = 0.02. Since w isasi-
nusoid, the parameter 7" was set to the corresponding period .
The resulting output error ¢, parameter estimate ¢, and the up-
date of the parameter region 2% are shown in Figs. 2—4, respec-
tively. The evolutions of the lower and upper bounds ff and
fk, i = 1,2,3 with respect to ¢ are also shown in Fig. 5. A
similar convergence was observed to occur for any 6, in Q°.
These figures show that the update of % is not necessarily
periodic. Once g. becomes smaller than § over an interval T,
the corresponding parameter estimates and the upper and lower
bounds on f; and therefore the unknown parameter region are
computed. It was al so observed that just the min—max algorithm
without the higher level component did not result in parameter
cornvergence.

VI. SUMMARY

In this paper, the problem of parameter estimation in systems
with general nonlinear parameterization is considered. In sys-
tems with convex/concave parameterization, sufficient condi-
tions are derived under which parameter estimates converge to
their true values using a min—-max algorithm asin [1]. In sys-
tems with a general nonlinear parameterization, a hierarchical
min—-max algorithm is proposed where the lower level consists
of a min-max agorithm and the higher level component up-
dates the bounds on the parameter region within which the un-
known parameter is known to lie. Using this agorithm, a nec-
essary and sufficient condition is established for parameter con-
vergence in systems with a general nonlinear parameterization.
In both cases, the conditions needed are shown to be stronger
than linear persistent excitation conditions that guarantee pa-
rameter convergence in linearly parametrized systems, thereby
leading to a general definition of NLPE.

The results in this paper establish parameter estimation in a
system of the form (1). Even though the output isa scalar, asis
shown in [6], awide variety of adaptive control and estimation
problems can be reduced to an error model of the form of (1).
Asaresult, the persistent excitation conditions presented in this
paper are applicable to all of these problems.
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Fig. 4. Evolution of the parameter region 2* with #, using the hierarchical
agorithm. Note that Q* is updated at instants ¢; such that |7.(t)] < ¢ for
t e [t: - TtZ]
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Fig. 5. Upper-bounds 7. and lower bounds f* of f(6,u;) with ¢ using the
hierarchical agorithm, for u; = 1, —1,0. f,, f =— fo, f. o=~ Far Fo e

21 —2: 23
APPENDIX

A. Proof of Property 1
From (8) and (13), it follows that
V = —(Y(y7 U)?jz + gs

x(ﬂ@w)—f@mw)—¢ﬂYé—&ﬁ—a%m(%))- (49)

When || < e, it follows that . = 0 and, hence, V' = 0.
When |g| > e, it follows that sat (§/€) = sign(y). Then, (48)
is transformed into
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—§T (0 85)) - a*).
Combining (7) and (49), Property 1 is established. °

(49)

B. Proof of Property 2
To prove Property 2, the following sublemma is needed.
Sublemma 2:1: For given systems

(t)x + =z(t)

j:m = - kmxm +Zm

b=

where k(t) > 0,k,, > 0 and

|2(t)] <zm Vit 2>t
if x(to) <zm(to) < 0,k(t) < km
then z(t) <z (t) YVt > to wherez,,(t) <0.

The proof of the sublemmais straight forward and is omitted.
Now, let us prove Property 2.
Without loss of generality, we assume that

ge(tl) S -. (50)

From (8), it follows that

Je = —al(y, u)ge +m(t) (51)
where m(t) is defined asin (17). From Assumption 2, because
Q% isbounded, | f(6,u) — f(fo,u)|, a* and therefore m(t) are
also bounded, with |m(t)| bounded by M. Let y,,(t) be spec-
ified as the solution of the following differential equation for
t > t1:

ym = —QmaxYm T M ym(tl) = —-". (52)

From (50), (51), and (52), Sublemma 2.1 implies that

Je(ti +7) <gym(ti+7) V7 20adym(ti +7) <0,
(53)

From (52), it follows that

M M

Ym(ty +7) = (— - 7) e tmT +

amax amax

We note that y,,,(t1 + 7) is a concave function of = for 7 >
0. From properties of concave functions, it can be shown that
ym(t1 + 7) satisfies the inequality

Ym(t1+7) < Ym(t1) + Veym(ta +7) |,y (54)
From (53) and (54), we obtain that
Fe(t1 +7) < =y + (M + max)T, forr>0. (55)

For T7 = (v/M + amax7), we can verify easily from (55) that
:ljg(t) <0 Vte [tl,tl -l-Tl].

From (55), we have that

t1+T" -
~ 2
. dr > ———— |
A () > g

3
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Integrating (14) over [t1,t; + T’], we have that

Vt, +T') < V(t) - _ ominy®
! - ! 3(M + Oémax’Y) ’
For
'gs(tl) Z v
we can obtain asimilar result. This proves Property 2. °

C. Proof of Property 3
Let usfirst prove that

—ai(é./w) < a*sat (%) . (56)

Since g(A,w, ¢) = 0, it follows that for at least one value of ¢
inQ°, g(A,w, ) = 0. This proves
a* > 0. (57)

If 4 > 0, from (57), (56) holds. If § < 0, it follows that
a”sat <Q> = a* (6, w)sat <Q> > —a* (6,w).
€ €

Similarly, we can prove a* < aj_(é, w) and Property 3isestab-
lished. .
D. Proof of Property 4

Since § = —1, f(#,w) is concave. It follows from the solu-
tions of the min—max algorithm in Section I1-A that

a* =0, if§<0 (58)

which proves Property 4-i). When g > 0, it followsfrom the so-
[utions of the min—max agorithm that a* is nonnegative, hence
Ba*y <0, if g > 0. (59)

When 3 = 1, proceeding in the same manner as before, it
follows that

E. Proof of Theorem 1

For any ¢; and é(tl), it follows from (20) that there exists
to < t1 + Tp such that

Blw(ta)) (F(B(t),w(t2)) = [(B0,w(t2))) > eullf(tr) = o]l

(62)
Without loss of generality, we assume that 5(w(t2)) = 1 which
means that f(#,w(t2)) is convex (or linear) over 6. The proof
can be givenin asimilar manner if 5(t2) = —1. When 3(t2) =
1, (62) can be rewritten as

FB(t),w(tz)) — f(bo,w(t2)) > € (63)

where

€= eu||6(t1) — 6o (64)

If 2(t1) € D, wenotethat z(t) € D, foral ¢t > ¢, sinceV
is a Lyapunov function. Hence, we assume that z(¢1) ¢ D.. It
follows from the definition of V' in (13) that either

D 180N > v or i) [ge(t)] > v

If (65)-ii) holds, it is easy to show that V' decreases. If (65)-i)
holds, we show below that ¢.(¢) will become large for some
t > t1. Using the definitions of ; in (22), it follows from (64)
and (65)-i) that

(65)

& > 2¢(16ByU, + 8By By + 4B3). (66)
We shall show that if (66) holds, there existst3 € [t2,t2 + T4]
such that

|ge(t3)| > Inin{17 5} (67)

where (68) and (69), shown at the bottom of the page, hold.
From (66), we can verify easily that both § and 7} are positive

numbers. We prove (67) by contradiction.
Suppose (66) holds and (67) is not true. Then, it follows that
@ [7e(ta +7)| < 1and (D) [ge(t2+7)| <& (70)

for any 7 € [0, T1]. From (8) and (70) b), it follows that

a*=0,ifg=1,andy >0 (60) .
X < N * Y
and Y > —Qmax0 + [f(&,w) — f(Ho,w)] — a*sat <Z> . (71)
Ba*§<0,if 8=1,and§ < 0. (61) We prove that g.(t) must become large over [ta,t> + T1] by
establishing lower bounds on the bracketed term and the last
prove Property 4-ii) and 4-iii). e term on the right-hand side of (71).
_ ) 3 €2 — e(16ByUy, + 8Byg By + 4Bi)
6 = min e = 2 (68)
2(B9B¢T0 + anlax) 2€B9B¢T0 + 2€0max + 16Bg Uy + 8B(~)B¢ + 4B¢

_E — (B9B¢T0 + amax)é
T 4ByU, + 2By By + Bi )

1

(69)
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It follows from (4), (70) b), Assumption 2, and the fact that
to — t1 < Ty, that

| £(B(t2),w(ta)) = F(B(tr), w(t2))| < BoByTob.  (72)
Combining (63) and (72), we have that
F(B(t), w(t2)) = f(Bo,w(t2)) > €= ByByTos.  (73)
From Assumption 1, it follows that
lw(tz +7) = w(ta)|| < Uspr. (74)

For r € [0,Ty], since |g.(t2 + 7)| < 1 from (70) (&), by inte-
grating (4) over [t2,to + 7], we obtain that
16(t2 +7) = 6(t2)|| < By (75)

By combining (74), (75), and Assumption 2, it follows that

for = fo = (f(Bo,w(tz + 7)) = f(Bo,w(t2)))
< B9(2Ub + B¢)T (76)
which can be rewritten as
fzq- — f(Oo,w(tz + 7))
> fo — f(bo,w(t2)) — Bo(2Uy + By)r (77)
where
for = (B(t + 7),0(t2 + 7))
fo =f(0(t2),w(ta)). (78)

Combining (73) and (77), it follows that for any = € [0, 7]

far = f(00,w(t2 + 7))

BgBd)T()S — B9(2Ub + Bd))T (79)

which establishes alower bound for the bracketed termin (71).
We now derive alower bound for the third term in (71). For
any 6, using the same procedure asfor (76), it can be shown that

|far = f2 = (F(8,w(t2 + 7)) — £(8,w(t2))) |

< BQ(ZU[, + B¢)T (80)

where f»,, f> are defined in (78). It follows from (75) that
|6 (7:)(0(t2 + 7) — 6(t2))| < B

Weknow that at ¢, because 3(t2) = 1, it followsfrom Property
4-ii) that

(81)

a’ (B(t2),w(t2)) = 0.

From the definition of a7, and the optimization problemin (6),
we obtain that

@ (B(ta), w(t2)) = max (f2 = (8. w(t2))
4" (t2)(0(t2) - 0))
max ( for = f(0,0(t2 + 7))

HeN0

(82)

ay (O(ts +7),w(ts + 7)) =
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— ¢ (ta+ 1)
x(O(ts +7) — a)) (83)

where sz7 fz are defined as in (78). Because ?*(Ti +t) isthe
value that result in the minimum value of a* (6(7; +t), w(7i +
t)), it follows that

@} (0t + 7),(t2 + 7)) < max (fZT — F(,w(ts + 7))
9" (t) (Ot +7) ~ 6)) . (8D
Combining (83) and (84), it follows that
a% (B(ta + 1), w(ts + 7))
< a} (0(t2), w(t2))
+ élé%lx (ng fO,w(ta+ 7))
— (f2 = £(8,w(t2))) —
x (Ot +7) = 0(t2)) )

where f»., f» are defined in (78). From (81), (85), and (80), it
follows that

¢*(7i)
(85)

a’ (B(ts + 7),w(ts + 7))
< a% (0(t2), w(t2)) + Be(2Uy + By)7 + B3

Combining (82) and (86), it follows that

(86)

_a+(é(t2 + 7),w(ts + 7))sat (%)
> —By(2U, + By)r — Bir. (87)

It follows from (87) and Property 3 that for all = € [0, 77]

—a*(0(ts + 1), wlty + 7))sat (ﬂ)
€

> —By(2U, + By)r — BT (89)
which establishes a lower bound on the last term on the
right-hand side of (71).

Using (79) and (88), (71) leads to the inequality
g(t2 + T) >€— (BOBd)TO + amax)g
— (4ByUy, + 2By By + B2)T

Y 7 €l0, 1] (89)

Integrating both sides of (89) over [to,t2 + T1] where T; is
defined in (69), we have

g(t2 + T1) — g(t2)
to+Ty
> / (6 — BQB4,T() + amax)é
Jt,
_(4BQU() + 2BgB¢ + Bi)’r) dr
which can be simplified as

(6_ — (BQB4,T() =+ Oémax>(§)2

to+T
hlt2 +Th) = §t) 2 2(4BoUy + 2B¢By + B2)

(90)
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Since (70) holdsfor all 7 € [0, 7], we have that
g(tz) > —€— 0. (91)
It follows from the definition of ¢ in (68) that

e — E(lGBgUb + 8BgB¢ + 433))

6 < :
- 2€B9B¢T0 + 2€0max + 16ByUp, + 8B9B¢ + 4B3)
(92)
Equation (92) can be rewritten as
& — 2€(ByByTy + imax )0 -
> .
2(4ByUs + 2By By + B2) 2e+28 ©3)
It follows from (90) and (91) that
e — 2€(B9.B4,T0 + ama)()S -
. S 5
W+ T) 2 Sap R, B, + B2) o (%4
From (93), (94) can be simplified as
Glta+T1) > e+6. (95)

Equation (95) implies g (to + T1) > 6 which contradicts (70).
Thus, we have shown that (67) must hold.
In summary, we have shown that if V'(¢;) > ~1, then either
|) |’g5(t3)| > min{l, 5}t3 S [tl,tl + TO + Tl], or
i) [ge(t)] >y

wheret; = t» + T1. From Property 2, it follows that if (96)-i)
holds, then there exists 7] = (6/ M + amax6) such that

(96)

. 53
Vits +T)) < V(ts) — L—. 97
(ts +T7) < V(t3) 30 + annd) (97)
Similarly, if (96)-ii) holds, then

3

amin\/ly_l
V(ty + T2 < V(t]) — 98
(t1+T3) < V(t) SO0 + cmny31) (98)

where 5 = (\/71/M + amaxy/71). Because V(t) is nonin-
creasing, it follows from (97) and (98) that for any V'(¢t1) > 71

V(t1+T3) <V(t) — AV (99)
where

Tg’) = HlaX{TO + T1 + T{,TZI}

miné3 min 3
AV =min { @ QminT1 } .

3<M + Oémaxg)7 3(M + amaxryl)

Thisimpliesthat V' (¢) decreases by afinite amount over erery
interval T4 until trajectories reach D.. This proves Theorem 1.
[ ]

F. Proof of Lemma 2
For any m, if
[G(t)| <6 Vi€ [to+mT,tg+ (m+1)T] (100)

wearedone. Otherwise, it meansthereexistst; € [to+mT, to+
(m + 1)T] such that

It follows from Property 2 that there exists 77 =
(6/M + amax6) such that

/ O5min§3
V(i +T") < V(t1) — 3 + cmd)”

This implies that everytime when |g.(¢)| > 6, Lyapunov func-
tion will decrease a small amount. Now, that V() is finite,
these kind of situation can only happen finite times. It means
that we can find afinite m* such that

[Je(t)| <6 Ytelto+m T, to+ (m* + 1)T).
This establishes Lemma 2. °

G. Proof of Lemma 3

We sshall prove by contradiction that Lemma3 holds. Assume
that 6y ¢ @.(Q,w;,€,6,605) forsomel < i< I.Thatis

1) f(0o,wi) < f,, or ii) f(fo,w;) > fi

for some 1 < i < I. Suppose () istrue. Since ¢ = 6(r;), case
(7) implies that
FO),0) = (B0, w)=a3 (B(7), w)—Cmaxd > 2/Bi(6 + €).
From (8), Property 3 and the fact |g.| < 4, it follows that (oD
> (102)
where
Y= —maxb + f(8,0) = f(f0,w) — a%(6,w)

represents the lower bound of 4. Combining (101) and (103), it
follows that

(103)

yi(7i) > 24/ Be(6 + €).

From the definition of a7, and the optimization problemin (6),
we obtain that

@y (Blr)sw(r)) = max (fr = £(8. ()
¢ () (0(r) - 0))
@0 + ), 0(ri + ) = max (Fre = F(8, (7 +1))
— ¢ (T +t)

x(B(r; + 1) — 0)) (105)

(104)

where
f‘r :f(H:(Ti)7w(7—i))
th :f(H(TL + t)'/w(T’i + f))

Because ¢*(7; +t) isthe value that result in the minimum value

N

of a* (6(r; +t),w(r; +t)), it follows that

(106)

ai(é(ﬂ +t),w(r +1) < 61’2%)5 (f_,_t — f(8,w(ri + 1))

N

~¢"(r)(B(ri +1) = 0)) . (207)
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Combining (105) and (107), it follows that

a’ (A(r; + 1), w(ri + 1))
< a} (0(mi), w(mi))
+ max (frt — f(0,w(rmi +1))
- (f‘r - f(9>w(7—’i)))
—¢"(r)(B(ri + 1) = () (108)

where f, and f,, are defined asin (1). From Assumption 1, it
follows that
lw(mi +t) — w(m)]] < Upt. (109)

Since |g.(7; + t)| < 8, by integrating (4) over [r;, 7; + t], we
obtain that

6(7; +t) — 8(m:)|| < 6Byt. (110)
By combining (109), (110), and Assumption 2, it follows that

|fre = fr = (F(0,0(ri + 1) = f(6,0(r)))]

< By(2U, + 6By)t  (111)

where f, and f,, are defined asin (106). From (110), (111), and
(108), we get

a (0(ri + 1), w(ri + 1)) < @’ (0(r:), w())
+By(2U, + 6By + 6B))t.  (112)
Incorporating (111) and (112) into (103), we have that
yz(n‘ + t) — yl(Ti) > —(4B9Ub + 25BQB¢ + (SBi)t

which can be simplified using (31) and (104) as

yi(Ti +t) > 24/ Bi(6 +€) — Byt. (113)
It follows from (102) and (113) that
y(mi +1) > 2¢/Bi(6 + €) — Bit. (114)

Integrating both sides of (114) over [r;, 7; + 73] where 75 =

2¢/Bi(6 + €)/ B,
Ti+TB
y(ri+78) —y(n) = / 2v/Bi(6 + €) — Byt.  (115)

Sinceg(r;) > —(6 + €), we can rewrite (115) as
y(ri +78) > (6 +¢). (116)
Equation (116) implies
Ye(ri +7B) > 6

and this contradicts the fact that |g.(¢)| < é over [t1,t1 + T1.
Thus, we conclude that the assumption (i) that f < f. for some
1 < i < T isnot true and, hence ’

FBo.w) >f, = f(65,w) — a7 (65, w)

2\/ Bt((S + E)

- amaxfs -
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Vi=1,...,1I. (117)
In the same manner, we can prove that
F(0,w) <fi = aZ (65, w) + f(65,w)
+ amax6 + 2 V Bt(6 + 6)
Vi=1,...,1. (118)

Equations (117) and (118) conclude the proof of Lemma3. e

H. Proof of Lemma 4

This proof follows directly from the definition of A; in (36)
and the construction of Q¥+1 in (34).

I. Proof of Lemma 5

We start with the hierarchical algorithm shown in Table I.

Because QF 1 CO*, there exists Q! such that
Q' = lim Q.

k—oo

(119)

Corresponding to Q! if the lower level convergent estimate of
6o is given by 6%, it follows that

lim a(t) = 6. (120)
Suppose (40) does not hold, it implies that
I
6' ¢ () B(A(2Y). (121)
=1
Then, thereexistsan 7,1 < ¢ < I such that
0h ¢ Ni(Q) (122)

where 0! = 6(r;) with w(r;) = w;. We can prove (122) by
contradiction. We assume that

0l e A(QY) Vi=1,....1.
Because
16" — 6i]| < 6T By
combining the defintion of L(Q°, ¢, §) in (38), it follows that
' € L(Q°,¢,6)

which is a contradiction to (121). Thus, (122) must be true if

(40) does not hold.
Let ﬂ' and f! be lower and upper boundsin Q! specified as
f!' = min f(0,w;)

f! = max f(8,w;).
et

-t feQ!
If we define
fi :f(éngi) - aj—(éngi) — D(e, 0)
Fi =0 wi) + ar (B.w:) + D(c, 6)

where D(e, §) isdefined asin (37), (122) together with the def-
inition of A;, imply that

Fo>rlorf <. (123)
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Equation (123) impliesthat tighter bounds f or }T can befound
for £(6,w;) for 6 € Q' which implies that ‘a smaller set QI+

can be found using f or f This contradicts the assumption in
(119) and Lemmabi is proved. °

J. Proof of Theorem5

Sufficiency follows directly from Lemma5 and (41).
To prove necessity, we assume that (44) does not hold. That
is, there exists QC QY where §y € Q such that

DIF]A()#@md

ﬂ A Q) # {60} (124)

It implies that there existssome § € (,_; ;A:(Q2) and § #
fo. Assume that at iteration %, the unknown parameter region
OF = Q and the lower level convergent parameter estimate at
this iteration is given by #°* = §. Then, condition ii) in (124)
implies that

1=1,...,I
since(;_,, ., A*(£2) is not empty. From Lemma4, it follows
that
V=0"=Q j=k+1,k+2,.

and 6 will remainsat 6<% always. Since 6<% +# 6, the parameter
estimate will not convergeto 6y even e and 6 approaches0. This
implies that (44) is anecessary condition for (43). °

K. Proof of Lemma 7

For any QCQ° whered, € Q, if (44) doesnot hold, it follows
that

I
N 2:(Q) ¢¢mdﬂA ) #{b}.  (125)
=1 =1
From (125), it follows that there exists 6 # 6 such that
I
e AiQ). (126)
=1

For this choice of 6, from (47) we have that there existsaw; (6)
such that

Bf(0,w;i) = f(Bo,wi)) > 0. (127)

Without loss of generality, we assumethat 5 = —1. It follows
from Property 4-i) that

a* (8,w;) = 0. (128)

It follows from (128) and the definition of A;(Q2) in (42) that
I
Vo e [Ai®

=1

f(O,wi) > ff (129)

From the definition of £ in (35) and the fact that 6, € €, it
follows that

fi > f(Bo, wy). (130)
Combining (129) and (130), it follows that
f(0,wi) > f(bo,wi) (131)

which is a contradiction to (127) since f = —1. This proves
Lemma7. o
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