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Alrslracl. Wc discuss thc paramclcr idcnlificalion r~f muhivariatc AR ( I) rn~xlcls
;rnd ut unicariatc AKMA (2, I) anJ nR (2) modcls ir thc variahlcti in Ihc m~rJcl are
~rhscrvcd cvcry ~nth pcrii,d whcrc rn is wrnc intcgcr grcatcr th;rn unily. I hr rcwhs
indicotr th:rt Ihr nwdcls will ottcn nol bc glcihallV idcnli(icd cvcn i( Ihry arc Incrlly
rdrnUficJ :rnd Ih,r1 thc Gkclihoud funcUon can havc a largc numhcr ot Iriral maxnna.

ICcyNUrJs. Idcntiliahilily; missing data; ARMn mudcls.

I . INTKODUCfION

In thc analysis of time series it is usually assumed that the data consist of
ubscrvations on the variables in the model for T subsequent time periods that
arc considered appropriate on a priori grounds. This assumption is often not
met in applicd work because, for example, economic theory suggests a
monthly model and only quarterly data are available or one would like to
construct a one-period-ahead forecast of some chemical process which is only
ubscrved cvery other period because of cost considerations. We have shown
clsewhcre (Nijman and Palm, 19R7) that if a variable is known to be
gcnerated hy an autoregressive integrated moving-average (ARIMA) model it
is pussihlc to construct minimum mean square error (MSE) onc-periud-ahcad
forecasts even if the variable is only obscrved every mth period, whcrc m is
sumc interger greatcr than unity. If, for instance, a monthly ARIMA modcl
is assumed, monthly forecasts can be constructed from yuarterly data.
Moreover we have shown that the forecast error variance of the forecasts
hascd on thc rcbularly samplcd data is not neccssarily much largcr than thc
crrur variance associated with forecasts based on complete data. An impur-
tant qucstion in this respect is whether the one-period (e.g. monthly)
ARIMA model can be idcntified from regularly sampled (e.g. quarterly)
data, i.c. whether the parameters of the one-period model can be uniyuely
dctcrmined from thc sample information. Parameter idcntification is also
rcyuircd if, for instance, an ARIMA model is used to construct approxima-
tions for the missing observations as conditional expectations given the
available sample information, as suggested by Harvey and Pierse (1984)
amung others. If the modcl is identified, efficient parameter estimates can be
uhtaincd, (ur cxamplc, using thc fact that thc observed data scrics is
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generated by a (possibly cunstraincd) au[uregressive muving-avcragc
(ARMA) process as will be shown below. The identificatiun and estimatiun
problem might then be viewed as a two-stage prublem, of detcrmining the
cuefficients of the model for the observations and then trying tu solve fur the
underlying parameters. This approach will be adopted in the remainder uf
this paper.
Some results for the identification of AR1MA models if the variables are

only observed every mth period were obtained by Telser (1967) and by Palm
and Nijman (1984). The latter authors concentrated on conditions for local
itJcntification and showed that q ~ p f d is a necessary condition for identi-
fication of a regularly sampled AR1MA (p, d, q) process observed every mth
period. Additional u priori knowledge will often be required fur glubal
identificatiun even if the model is locally identified. Rubinson (192i0), amung
others, considers the identification of a univariate continuuus-parameter
stationary prucess with rational spectral density whieh is samplcd at times
which themselves form a stationary point process.
In this paper we consider the case where the process has a discrete time

parameter and is observed every mth period. The global identificutiun
conditions are discussed in detail for a multivariate AR(1) model in Section 2
and for univariate ARMA(2,1) and AR(2) models in Section 3.
We conclude that many observationally eyuivalent locally identified models

can casily arise when the observations are incomplete and that, even if the
mudcl is glubally identified (i.e. if the likelihood functiun has an overall
maximum), the likelihood function will often contain several local maxima.

2. 771L- MULTIVAKIA"fE AK(I) MODEL

In this srction we consider the glubal identificatiun of a first-ordcr vcctor
autogressivc process fur which all the variables in the mudcl arc ubsrrvcd
evrry ~nth pcriud unly. The global identification critcria fur the sc:llar AR(I)
nwdcl havc alrcaJy bcen disrusscd by Pulm and Nijman (Ic)h4). Thc
multivari~ttc AR(I) mudcl is as fullows:

Y, - IIY,-1 t E, (I)

whrre y, is :1 K x 1 vectur uf variabl~s ubscrv~d lur ~ E T,,, -{al,
2~rr,. .., l~}, whcrc wilhout luss uf gcncrality T is assumcd tu be a multiplc: uf
~~r. Wr assume that the eig~nvalues of I7 lie inside the unit circl~ ancl that th~
t, :Ir~ intjrpcntJcnt ant) nurmally Jistributed vcclurs with mcan zcru antJ
ruvariancr matrix '~. Of cuursc, thc assumptiun of G:wssianity rr~tricts thc
pussibilitics ul achicvin~ idcntification bccausc highcr-urder nwmcnts cuuld
cont:lin i~~ntif}'ing infurmatiun if CGaussianity dues nut huld (c.g. Kaptcyn
and ~1':In~brck, Irlh3). 13ccausc the pseudu-maximum likelihuucl cstimatur~
whlrh impuse G:lussianity arc ronsistcnt in thc~c muJcls withuut Gauasian
as~wnpuunti, huwevcr, thc results which wc ubtain can bc usc~ tu asscss thc
cunsistcncy uf th~se cstimaturs even if Gaussianity dues nut hold.
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If y, iti uhticrvcd evcry inth periud unly, Ihc dala-gcneratinf; pruccss (l)GP)
is givcn by

y, - Il,~~y~-„~ t u, ('-)

whcrc u, is indcprndcnt nunnal and has zcru mcan and cuvariancc matrix S?
defined by S2 - ~.;';,'fTFfl", where 17" - I. "I'hc yucstion is whcther !I an~l
'~ can be ubtained from the parameters of the DGP (17"', S2). Onrc 11 is
knuwn, ~ can he detennined from S2. Thcreforc we concentrate on the
idcntification of 17.
If thc eigenvalucs of !1 arc all distinct we can writc (e.g. Rao, l~)hK)

l1 - P~P-', whcre 0 is thc diagonal matrix with its ith diagunal clcmcnt
cyual tu the ith eigcnvaluc of !1 and P is the corresponding matrix of
cigenvectors. Frrnn the abovc we have that (Im - P~"'P-', so that (if thc
mth powers of all cigenvalucs are distinct) the eigenvalues of !1 and the mth
powcrs uf thcir cigcnvalues are idcntified. Compare this with the currespond-
ing result for differential equation models given by Phillips (1973).
If all eigenvalucs are real and m is odd, the eigcnvalucs and II are

identified. If all eigenvalues are real and m is even, 2K possibilitics remain
whcrc, as bcfore, K is the dimension of the modcl. However, thc critiyuc by
Hansen and Sargent ( 1983) of the results obtained by Phillips ( 1973) fur thc
model in continuous time applies here as well: only those matrices II' that
satisfy (7`m - l7"' cannot be distinguished from II for which Ihe correspund-
ing solution ~' uf S2 - F;'ó~lT"i'' ( I"' is positive dcfinite. lf m is evcn, this
condition is satisficd by (!1, F) and (-!7, ~ at Icast su that the modcl is not
globally identi(ied, as in the univariate case.
If some cigenvalucs of l7 are complex, the number of solutions can bc cven

largcr than 2", as .l'"' - .~'" has m solutions in lhe set of complex numbers. If
we ignorc the restriction implied by thc positive definitencss of S2 and note
that complcx cigenvalues have to be in conjugate pairs, the numbcr of
solutions is at most m"n if K is even and 2m(K-'In if K is odd. ~'hcrc is no
guarantee that the argument of Hansen and Sargent ( 1983) will reduce this
oftcn considerable number of obscrvationally equivalent mudels as Z` will bc
close to Sl and therefore positive definite if thc eigenvalues of ~I are
su(ficiently small in absolute values. These results could again be compared
with the results for the diffcrential eyuations eyuivalcnt to (2) whcrc thc
numher of obscrvationally eyuivalent modcls can be infinite cven if all
cigenvalues are distinct (see Hansen and Sargent, 1983).
In ortler to illustrate the above results, consider a bivariate AR( I) modcl

and dcfinc thc matrices

1~' - [ 0.3 U.6 ] P-' - [ 0.3 -O.6 ] P' - [ 0.64 U.2U ]

.S~ - [ 0 1 ] S~ - [ !3 lU ~
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Im Nr~nruiH,n ( t1111H~.~11t1Nn11Y L.UUI~'nllNl Munriti iN rnr 14i~,uei~ii AR1~1 (`L,rni
(i) irrH Vnkiuuti (lruu rs ur I1. Y nNn m

I 1 - I', I I- I',

rn-2 rrr-1 m-J rn-2 m-J nr-J m- 12

~-.1'i J I J ? .l J I?
2' -.1', 2 I 2 2 I ? J

In Tahlc 1 wc present thc numbcr of obscrvationally cyuivalcnt mudcls fur
scvcral valucs of Ihc numhcr of hcriocls hctwccn Iwo ohsrn~alic,ns ;rnci (ur Ihr
casc whcrc ll and ~ cuincidc with Pr or 1'. ancl .Si ur J'~ resluctivcly. Notc
that 1'i has rcal cigcnvalucs whilc thosc uf I'~ arc runthlcr :uid that !' is
varicd tu illustratc thc intpact of thc cundition th:u Z` should hc husitivc
~cfinitc.
It is evidcnt from Table 1 that the number of ubscrvatiunally rquivalcnt

modcls can he large. Moreover, non-trivial u priurr infurmatiun will oftcn bc
reyuircd to climinate all but one of the observationally cquivalcnl muclcls. If
!I - P,, F- Sr and m- 2 or m- 4, the four observationally cyuivalent
models arc (Pr, Si), (-Pi, Si), (P~, Sr) and (-Pj, Si) as can bc casily
checked. The choice between the first and third of these modcls rcyuires
much more prior information than just the sign of a single coefficient as is the
casc in thc sralar AR(1) mudel considered by Palm and Nijman (19R4). Nute
that unly (-Pr, SZ) is ouservationally equivalent to (Pr, S,) if ni - 2 or
m- 4, because the models with l7 - Pa are excludecl hy the rcyuircment
that s'' shuuld be positive definite.
Until now we have assunted that the eigenvalues uf (1"' arc all distinct. In

this case the parameters uf !1 and ~ are locally identifiable :rlthough the
number uf eyuivalent solutions can be large. lf nut all cigenvalucs arc
distinct, local iclentifiability is no longer guaranteed. If, for ex:unltle, ll is a
2 x 2 tliaf;unal matrix whcre the ( I, I) and (2,2) elements arr p and -~i
resftcrtivcly, we can readily check that, fur

C VI-bc
r

h
-~I-hc. .

!1` ~- ll' for all rcal numhers h, c such that bc ~ I. Thcrefurc thcrc :uc
huints in thc Itaramctcr spacc arhitrarily cluu tu the truc Irrramctcr valuc
th;rl ar~ ohscrvation:rlly ccluivalcnl tu it if K- 2 ancl }~, is uhsrrvccl cvcrv
~ric~ncl hrriocl unly, ;rncl su Iltr rnuclrl iti nut luc;rlly iclcnlificcl 'I hr ~li~c'u~~ir~n
irl Ihr gcncr,rl casc whcrc lhc cil;cnvalucs arc nul ncrrsti:uill cli~linct n
crmiltcel as it is hamltcrrcl (here and in the cuntinuuus-tinre cyurvalrnt) hy thr
fact th:rt Ihc dccumpusition !1 - I'01' ' nu lungcr applics.
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In :rl~lilir~l ~rurk wc h:we lu chuusc unc uf thc ryuiv:(Icn1 wlulic~ns
(1I', `'). r1ti illu~IratcJ in ~I~:rhlc 1. lhi~ chuirc rcyuircti lar nuirr u l,~iu~i

inlurmatiun than in thc univari:ttc AR( 1) casc whcrc knuwlcil~c c,l thr tiign uf

thr auturcgrestiivc liaramctcr is su(firirnt.

~. uNtv,vt(nn ,vtntn(z.(t nND nlt(~t nwut:rs

In the hreviuus srctiun we have shuwn that thc number uf muilcls which arc
r,hscrvatiunally cyuivalcnt tu a multivari:ttc AR(I) mu~cl can be largc if all
variahlcs in the mu(lel are observe~ every mth períud only. We cuulcl
cunsi~lcr a large number of generalizations of this, fur example, to cases
whcre subscts of thc variahles arc always ubscrvcd or to highcr-onlcr AR or
ARMA moclels. In this section we consider the extension to AR(2) an~
ARMA(2,1) models only, restricting ourselves moreover to the univ:triatc
casc. As these mutlcls can uf course be written in thc vector A R(1)
rcpresent:ttion discussed in the previuus sectiun, we might expect thc results
ubtained there tu have direct implications for the models to be considcred in
this section. Unfurtunately, however, in the vectur AR rcpresentatiun of the
highcr-ordcr univari:ttc mu(tcls Ihc assumption macJc in thc prcviuus scctiun
that all the variablcs in the state vector are ubserved every mth pcriucl no
longcr hul~s.
Cunsidcr thc univariatc ARMA(2,1) mudel

P(~)Y, - ~(L)e, (-~)

whcrr !)([.) - 1-!)iL - p,L', ~(L) - 1 f~L and t~, -- W((1, cr;') antl
:(ssumr th:u v, is ubscrvcd for t E T,,, only. "I~hc ruuts of
I- l~iz '- l~,z '- Q arc (lcnutcd by ni antl n~ respcctivcly an(1 it is
astiumctJ that ~ n, ~~~ I:(n~ a, ~-~ (i - 1, ?).
Multiplicatiun uf

(I - ail.)(I - n.l.)t', - (1 ~- ~l.)t, (~)

hy s,,,(ciil.)~,,,(n,l.). wh~r~ .~,,,(nl.) - I I- n!. t n'l.' t... t c~,,, i! „~ i

yirl~s

(I - n'('l.,,,)(I - n;,,l,,,)t., - s,,,(niL)s,,,(n,l.)(I f QiL)r,. (S)

II wc as~umr fur simhlicity that (5) cuntains nu cummun lacturs, thr
ul~scrvatíuns arc ~;rncratccl by thc ARMA(2,l) mocicl

(I - tp,L,,,)(I - y,,L,,,)~', - ( I - wL,.,)ti~, (!~)

whrrc v, is a whitc nuisc fur r E T,,,. Its variance a~ anel thc muving-avcrage
Ir.uamctcr r~ can bc ubtainrd by solving thc momcnt eytuuiuns suhjcct to thc
runilitiun that ~w~ ~ I. As an illustr:ttion, wc first discuss thc casc whcn
t,t - 2. "Thcn

y,, - cr;' (7a)
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ma; cr nz -f- n t az t n~ az n t a, t cr;' - { i ~ t ~ ~ r ( i V~)}

:rnd thc first-urdcr autucorrclatiun

~u
-{n,a,t~a, tQ)n,fqia,n,(n, fre,tcp)}

I t ~u' -

x{ I t(n, t a, t~)- t(a,a'z f ~cr, t q,n",)'- t q,'n icr;} -'.

(~b)

(~c)

Thc icicntification conJitions of an ARMA(2,1) model obscrvcd cvcry sccond
perioii can easily be chccked frum (7). The spccial case with az - 0(i.e. the
ARMA( I , 1) model) has already been considered by Palm and Nijman (19t;4).
Fur the ARMA(2,1) mudel (3), if the standard conditions fur idcntification of
( y,,, y,,, cu, a;.) in (6) are satisfied, ~ cr, ~ and ~ az ~ can be identified frum y~,
and y~z which yields four admissible solutions for a, and az. For every
admissible solution for (a,, crz) the corresponding value for ~ will have to
satisfy (7c). If ~ - Q) satisfies this mument equation, su will ~- Q1-' as can
casily be verified. Expression (7c) yields a yuadratic eyuation with a unique
value fur ~ within the unit circle for every choice of (a,, az). Subsequently a
uniyue value for a~ can be obtained from (7b). Four ARMA(2,1) mudels,
corresponding tu the different solutions to a? - y~, ( i - 1, 2), arc observa-
tionally eyuivalent but they are locally identified. If cancelling of factors in
(6) is not excluded, the model may not even be locally identified, although
the necessary cundition for identification given by Palm and Nijman ( 1984),
which requires that the number of moving-average parameters is nut largcr
th:rn thc number uf autoregressive parameters, is clearly satisficd.
lf p, - 0 in (3), which implies that cr, --aZ, thc obscrvations y,, t e Tz,

are generated by (1 - PzL1)y, - v, with a,~. -(I t~z)a~. Obviously, thc
paramcters ~ anel a,z cannot be identified from a;,.
Returning now to the general case where rrr is not necessarily eyual ro 2,

we see that (fi) implies that if rn is odd and if ar and az are real and uneyual,
the pararneters cr, and az can be oblained from y~, and az. The only
aclmissihlc sulutiun of .~~" - w, and ~2' - y~, is (.~,,.1,) - (cr,, az). Thc
paramctcrs ~ and a~ can then be obtained from cu ancl p~. ~~he mudel is
thcrefore globally identitied in this case. If, in contrast, m is even and a, anci
n. arc rcal with ~ a, ~~ ~ nz ~, four solution pairs (~t,, ~z) arc in agrcemcnt
with (y~,, y~z). We cannot exclude the possibility that all four solutions are
compatible with values for ~ and a~ that are also in agreement with ro anel
~J;,, so that four eyuivalent models exist. If thc roots of p(z-~) - ll are
rumplex ur n i' - m~', the number of eyuivalent models may be even I.rrger.
In this case all m solutiuns uf ~~' - y~, in the complex plane cannut be
rejected as their conjugates are solutiuns to ,l2 - WZ. Analogous to the
situation dircussed before, we cannot in general expect any infonnation on
the correct chuice uf these roots from cu and a~,.. The number o( ubserva-
tionally cyuivalcnt models can therefore be cyual to m. The results fur the
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maximum number of observationally equivalent models for the ARMA(2,1)
case are summarized in Table 1[.
Now consider the AR(2) model where it is known that ~- 0 in (4). "1'he

ubscrvations on y„ t e T„„ are again generated by (fi), and the discussion of
possible solutions of ,l~ - w l and ,~Z - yzZ goes through as before. llowever,
there is a difference in that cu contains information on the choice of the roots.
An incorrect choice for these roots can no longer be compensated by an
incorrect choice for ~. However, the signs of al and az cannot be uniyuely
determined if m is even, because a simultaneous change in them does not
affect m. "Cherefore two observationally equivalent models exist for thc AR(2)
modcl if m is even and pz is globally identified. The information on the
choice of the roots .~1 and ~lz has to come from cu, the value of which is close
to zcro for all models that were considered. We should therefore not bc
surprised if local maxima of the likelihood function close to the overall
maxima show up for this model in applications where cu has to be eslim~lted
from a finite sample. The difference with the ARMA(2,1) model in this
respect will be smaller than suggested by large-sample theory.
To illustrate the points made above we present plots of the approximatc log

likclihood function for an AR(2) model with (pl, pz) - ( 1.4, -0.74),
T- SOm, antJ m - 2 and m - 3 respectively. More details and other
examples are given by Nijman and Palm ( 1985).
We define y~(Lm) -(l - yztLm)(1 - yizLm), a(Lm) - 1- cuL"' and

(~r,, u~z, cu, a,z,) - g(pl, pz, aÉ). If the sum of squared residuals in the concen-
tratcd log likelihood function L(pt, pz) is replaced by its expectation or its
probability limit for given values of pt and pz, L(pl, pz) is approximated by

-T[1 f In E{y,(Lm)y~-t(Lm)cJ-1(Lm)(u(Lm)y~}'~
j(F'1, Pz) - 2m (g)

where (yll, y,,, c~z. ~rz) - g(P1, Pz, ~~). We plot j(P1, P,) for admissiblc
vahles (pl, jt,) which are not significantly different (rom the truc parameter
valucs (pl, p,) at which j(pl, pz) reachcs a maximum, an~ wc plut
j(pl, pz) - 3.l)O if f(pl, pz) - IÍPI, Pz) ~ 3.~) which indicates that thc
hyputhesis p, - p, would be rejectcd at the 5"~~ levcl. ~~hc valuc
f(pl, p,) - 3.5O was assigned to parameter points which imply roots of the
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autctrcgressivc pulymtmial insidc thc unit circlc.
I~ur (F~i. p,) -( 1.4, -U.74) ancl m- 2, the cyuatiuns ~l~' - y~i .rnil a~' - yr,

havc twu solution pairs (.li,.l~), (0.7 f U.ii, 1).7 - O.Si) anil
(-U.7 - O.Sr, - 0.7 f O.Si), if wc ncglcct sulutions whcrc itnly thc ntlrs uf ~i
and ,~, arc intcrchangcd. Both roots imply the samc valucs uf u, as

~u ~r~z

I f w' - 1 f(.ii f.1,)z f,~i~z.

Discriminaliitn betweett the models with (pr, pz) - (I.~3, -U.74) ancl
(pr, pz) -(- 1.4, -U.7d) is Ihcrcfore not possible as is cvitlcnt frum I'ióurc 1.
If ~ir - 3, there are thrce s~tlutiuns for (ar, ,1,), (0.7 f ILSi, O.7 -(1.5i),
(-11.7fi iO.36r, - 0.78 - 0.36i) ancl (O.OH - 0.85i, 0.02{ f 11.2i5i). "I~hc vahrc
of w can nuw bc clcrivecl frum

cu .~i.~, t .~:ai i- ,~~,~2

I f w' - I f(,~i f.l,)' f(,~~ -~ ~li,~z f~2)z -F (.~id, f.~i.~~)' f.~i~l',

w that ~u - -(1.35, ~u - 11.27 and w--0.1 I respcctivcly. In largc samplcs
the iiifferent vulues of cu can be used to select the correct modcl, which is
globally ieJcntificd. In small samplcs thc information cuntcnt uf ru will bc
small and local maxima show up for thc thrce solutions frtr (~1~, a~) in Figurc
Z. The maxima in that figurc arc in gitod agrecment with thc valucs uf
(pi, !z,) implicd by the (~li, .lz) sitlutions which arc (1.4, -U.35),
(-I.i(t, -0.35) ancl ((1.16, -O.35) respectivcly.

v

Fict Kr 1 AF~Fiiu~un:ur lug likr6huud lunrhun fur an AR (?) nwJcl with ~~~ - I.J. N, --11.7a;
~~i - ' anJ T - IIMI.
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Fiauei 2. As for Figure 1 hut with m- 3 and T- ISO.

?~17

Nxtcnsiuns of thc abuve discutision Io highcr-ordcr ARMA muilcls ur
uhscrvatiuns un tluw v:tri:thlcs, (or cxamplc, are str;ri~htfonvanl. I~he numbcr
iif uhscrvatii)n:rlly ryuivalcnt moilcls ran bccomc largc, cvcn if thc nuxlcl is
Ic~r:tlly iilcntifircl, cshcrially if the autr)rrgrcssivc pulynumial cuntains rcm)rlcx
n)uls.

~. CON(~LI.~tiInNS

In this palicr wc arrtlyscJ thc idcntificatiun uf rnultivariatc AR(l) muclcls anil
tmivariatc ARMA(2,1) antl AR(?) rno~cls if thc variahlcs in thc muilrl nrc
~~hsrrvccl cvcry nrth pcrio~, whcrc m is sumc intcgcr grcatcr than unity. Fur
a K-variatc AK ( I) pn)cc,s thc numbcr of ubscrv:ttionally cyuivalcnt luc,~lly
iilrntifi~d muilcls c;tn bc as large as nr"~-. For the univari;tte nRMA(2,1)
nwilcl m uhservation;tlly eyuiv:tlent locally iclentifieti mudcls r:rn casily ;trisc,
whilc fi)r the univ:triate AR(2) proccss the numbcr vf rlhscn~:ttir)n:rlly
cyuivalcnt mci~cls will usually bc tin,~u nut tnc likclihooil functir)n will uftcn
crrntain ticvrral lur:tl rnaxima as illustnttc~ in Scctii)n 3. Fc)r cmhirical wurk
uur results iinhly that oftcn addilional n prrori infonnation will hc rcyuircil tir
iclrntify thr ~:tr;tn)ctcrs ancJ lhat it is very important tu cltcck whclhcr a
~Ic~hal m:rximum has hccn rcachccl whcn itcrativc i)ptirniz:rtiun rcrutincti arc
uticil ti) n)aximitc thc log likclihood function. Hr)wcvcr, in a linitc san)hlc iI
cannut hc guar:tntcc~ that the sclection of a wlution which may hc a lung
w:ry frcrm thc truc rararnetcr v,tluc will bc avoidcd.
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