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~ PARAMETRIC INSTABILITIES IN TURBULENT,

- INHOMOGENEOUS PLASMA*

- Dwight R. Nicholson and’Allan N. Kaufman
‘Department of Physics and Lawrence Berkeley Laboratory
University of Caligornia, Berkeley, California 94720
July 21, 1974.
ABSTRACT
It is known that parametric instabilities involving
two coupled modes; with oppositely directed group velocities,
. saturate convectively if the medium is‘inhomogeneous. This
wérk considers the modification of that result, when weak
long-wave turbulenbe.is present, in addition to the back-
ground inhomogeneity. We find that the convective saturaj
tion disappears when the turbulence exceeds a certain

level, absolute growth occurring instead.

The behavior of parametric instabilities in homogeneous media

is now fairly well ulrld'e’rstood.l-3 Study of the inhomogeneous situation

4=10

ié progressing rapidly, motivated by the problems of laser
fusion,;1 heating of magnetically confined plasma, and ionosphgric
modification.

Most theories of‘coupled mode effects assume that the pump
(or driver), which is responsible for coupling the two modes, has
a definite phase relationship to them. In practice, there will be a
finite bandwidthlz'in the driver; furthermore, there may be spatiél
and temporal fluctuations in the béckgroﬁhd mediumvwhich would

affect the coupling and propagation of the modés;l.3
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When all inhomogeneities are stationary in time, and slowly

varying in space with respect to the wavelengths of the three waves,

the coupled mode equations can be cast into the'form5’8
X
<}§; + Vl ?%fj) al(x,t) = Y, 2(x t) exp| i k(x' )dx'
0
(1)
X A
(:g% + Vz-é%:) az(x,t) = Y al(x,t) exp|-1i k(%' )dx'
0

where ai(x,ﬁ) and a2(x,t) are the slowly varying (in space and
time ) amplitudes of £he waves; Vi and V2' are thevgroup velocities
of the waves in the absence of coupling; YO_‘iS the coupling
constant, usually proportional to ﬁhe amplitude of the third wave,
and here aésumed constant in space and time; . «k(x) 1is the wave
number mismatch between the three waves in a WKBJ sense:
k(x) = ko(x) - kl(x) - k2(x). The origin x = 0 is chésen as the
reference point of exact wave number matching, i.e., «k(x =0) =0,
in the absence of turbulence. The parameters Vl’ V2, and Yo can
be combined to form the fundamental length LO \[——RF-/YO
leZ > 0, LO is the amplifigation length; if V1V2 <0, LO is
the minimum length of a finite system for the existence of absolute
instability.

| For purposes of this paper, we separate the mismatch function

k(x) 4into a nonrandom part, representing a constant gradient, and a

random part with zero mean:
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k(x) = w'x o+ ok(x) 5 {8k(x)) =  0_ . (2)

‘The'turbulent contribution is characterized by the rms mismatch

A = (K(bx(x))z )>% and the correlation length L.

~In the case V,V, >0, there is no possibility of absolute

instability,2 and one can assume a steady state. This case has been
considered by Kaw et al.14 For «' = 0, and with a constant source

at x = 0, the growth length was found to be:incfeased by the

2

presence. of turbulence, from L, to (LOA)2'LT' for A >> 1/L

5
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For k' # 0 and no turbulence, we know that the maximum amplifica-

tion of a temporally constaﬁt sourcé at x = 0 1is ~exp(m)), where
A E yoz/VIVZK‘. In the turbulent case a similar result was found,
but with the amplification }ength increased.
In this papér we consider the case .ViV2'< 0, which oceurs

in back-séatter instabilities. If «!' = 0, and there is no turbulence,
an ab;olute instability exists. Qn tﬁe other hand, for «' # 0 and
in the absence of turbulence, the absolute instability is replaced by
saturation of an initial pulse at a value exp(mA). Wé interpret this

saturation, at a fixed point in space, as due t6 destructive inter-

ference by the waves. We expect that fhe effecfiveness of this inter-

~ ference would be reduced, if phése incoherence is introduced by spatial

turbulence; and that the saturation could be eliminated, with ébsolute

‘.instability'again obtained for a sufficient level of turbulence.

Spatial. turbulence is characterized by'an amplitude A and a.
correlation length LT‘ We take the correlatidn_function to be

statistically uniform and Gaussian:

_<$K<x> sc(x')) = 82 exp{— > (x - x?)Z/LTZ] : (3)
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Consistent with Eq. (3), we represent the random function Sk(x) as
’ . 1/4 LT i -(k.LT)2/4 - .
octx) = (AN o ) e I sin(ix v o
. Jj=1

where kj = 2mj/L; L is a length much larger than LO’ LT, and the

pulse width at all times of inﬂerest; ’aj is a random phase, with

)
(4)

probability uniformly distributed between zero and 2m; and the upper
1imit of summation is taken to be large,l5vsﬁch that (kj)MAX Ly >> 1.
For a given realization '{uj}, and a particular set of parameters, the
total mismatch gradient dx(x)/dx = k' + d(?K(X))/dX is illuétrated
in Fig. la.

Given this model, the coupled-mode eQﬁations (1) are inte=-
grated numerically to determine the effect of‘the-spatial turbulence
on the response‘of the system to an initial perturbation. The main
result of this study is that if A exceeds a threshold value
(dependent on LT), the instability no longer saturates at a‘value
~exp(mA), but grows exponentially at fixed x for all time, at a
growth rate 'Ya lower than that for a nonturbulént homogeneous
medium. In-.Fig. 1b we show the temporal development of a typical
unstable case with initial conditions al(x,t = 0) = 8(x),
a2(x;t‘= 0) = 0. Fluctuations reminiscent of Ref. .7 are observed, but
with a less regu;ar character. The most unstable part of.tﬁe pulse
has the behavior of a temporal normal mode, maintaining- its shape
.while gfowing exponentially.

In Fig. lc we show the absolut? growth rate Ya/YO Vs A/LO
for Vl/V2 = -1, a7t 02

turbulence level is seen 10 oceur at A/LO-

He

«'L."” =1, LT/-LO = 1.27. The threshold

1 sz,i. The maximum

P L
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grthh rate is Ya/YO x 0,70, which is comparable to the homogéneous
grqwth rate‘ Yor |

The function dx(x)/dx vshown in Fig. la corresponds to the
threshold case of Fig. lec. 'This function is seen to 1lie in the range
0.80 < LO2 dk(x)/dx < 1.20. This shows that the‘COupled mode equations
can produce absolute instability even if dx(x)/dx vanishes nowhere
in the medium, in contrast to the result of Kaw et a1.14

In Fig. ld we show the growth rate Y, as a function of
correlation length LT, for fixed fluctﬁation level A. For this
calculation we use the same realization of the set {aj} in Eq. (4),
varying L, with A/LO"l = 0.5. We see thét-fhe»absolute growth rate
decreases with increasing correlation length.

We have also considered parameters corresponding to Raman
backscattering16 in a laser pellet geometry.l.l Resuits similar to
those above were found.

It should be noted that in this work the turbulent wavelengths
are quite long, the shortest being equal to the standard length
Lo = VIV V,l/v,. |

A further point is that for a given vaiue of 'A, the absolute
growth rate depends somewhat on the realization of {aj} chosen in
Eq.‘(d). The relative dispersion of the gfthh rates is of the order
of 30-40%. |
| We interpret our results as follows. . The convective saturation
-of the linearly inhomogeneous coupled mode'probiem,5’7 with oppositely
directed group velocities, seems to be due to.deéﬁructive iﬁterferences
between responses originéting at large poéitive and negative_positions.

17

This interpretation is supported by the work of Whi@é et al., who

found that replacing the constant pump (YO invK{.(l)) by a Gaussian
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in x resulted in absolute instability; i.e., removing the responses

at large x removed the destructive interference at x = 0. The

analogy in our work is that the turbulence upSéts the delicately -

balanced destructive interferenﬁes, allowing.the system to grow
absolutely.

We conclude that the presence of long-wave turbulence tends
to destabilize the convective saturation found5’7 for the coupled
mode.equations, with oppositely directed groﬁp velocities, in an
inhomogeneous medium. This destabilization occurs at relatively small
turbulence levels; so small that the condition 3K(x)/8x =0 1is

never satisfied.
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FIGURE CAPTIONS §
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Fig. 1. V,/V, = -1, RO AR | (L/Ly = 400). A particular ;

realization of the set {aj} is used. ' o

t

(a) The functibn Losz(x)/dx vs x/LO at the threshold f

-1 N _ ' 5

value A/LO x O..l in Fig. lec. LT/LO = 1.27. l

(b) The temporal evolution of |a2(x,t)| Vs x/LO' for the %

|

initial conditions al(x,t =0) = §(x), az(x,t = 0) = 0. !

-1 = 3 = o }

A/LO v“ O',‘)-’ LT/LO 1.27- )i

(c) The absolute growth rate Ya/YO vs the RMS mismatch 5;

function A/Lo_l.' _ ‘ﬂ

iy

(d) The absolute growth rate Ya/YO vs the correlation :

length LT/LO. : v\%
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