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Abstract

In this paper, we study the problem of constructing a family of surfaces from a given spatial geodesic curve. We derive a parametric
representation for a surface pencil whose members share the same geodesic curve as an isoparametric curve. By utilizing the Frenet trihedron
frame along the given geodesic, we express the surface pencil as a linear combination of the components of this local coordinate frame, and
derive the necessary and sufficient conditions for the coefficients to satisfy both the geodesic and the isoparametric requirements. We
illustrate and verify the method by finding exact surface pencil formulations for some simple surfaces, such as surfaces of revolution and
ruled surfaces. Finally, we demonstrate the use of this method in a garment design application.
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1. Introduction

Geodesic on a surface is an intrinsic geometric feature
that plays an important role in a diversity of applications.
Geometrically, a geodesic on a surface is an embedded
simple curve on the surface such that for any two points on
the curve the portion of the curve connecting them is also
the shortest path between them on the surface. Many
geometric operations are inherently related to geodesics. For
instance, when a developable surface is flattened into a
planar figure (with no distortion), any geodesic on it will be
mapped to a straight line in the planar figure [10]. Thus, to
flatten an arbitrary non-developable surface with as little
distortion as possible, a good algorithm should try to
preserve the geodesic curvatures on the surface [2,3].
Geodesic method also finds its applications in computer
vision and image processing, such as in object segmentation
[6,7,26] and multi-scale image analysis [22,28]. The
concept of geodesic also finds its place in various industrial
applications, such as tent manufacturing, cutting and
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painting path, fiberglass tape windings in pipe manufactur-
ing, textile manufacturing [4,5,12,14-17,35].

Traditional fundamental research in geodesics concen-
trated on finding and characterizing geodesics on analytical
curved surfaces [31]. As the computer becomes increasingly
more powerful, and discretized models become more
prevalent in geometric modeling, discrete geodesics have
also been gaining attention. Over the last decade there has
been a flush of research results on how to efficiently
compute geodesics on discretized surfaces (i.e. polyhedra or
grid-based systems) [1,8,11,13,18—30,32]. Regardless of
the representation of the surface, most existing work on
geodesics can be viewed as ‘forward analysis’: given a
surface, how to find a geodesic or a structure of geodesics.

In this paper, we study the reverse problem, or ‘backward
synthesis’: given a 3D curve, how to characterize those
surfaces that possess this curve as a common geodesic. This
is a reverse engineering problem. We use an example in
shoe design to illustrate potential applications of this
problem. Fig. 1 shows a model of a women’s shoe, which
is usually represented by one or several free-form B-spline
surfaces. On the shoe, there is one important characteristic
curve called the girth, which more or less measures the
width and height of the shoe. Given a particular model and
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Fig. 1. A shoe surface model with its girth curve.

the nominal size of the shoe (say USA women’s size 8), the
girth is usually fixed, while the shape of the shoe changes
frequently to suit various design intents, e.g. the fashion. A
common practice in shoe manufacturing industry is to
require that, when the shoe’s surface is flattened to the
plane, the girth should be mapped to a straight or near-
straight line with minimum flattening distortion. This
implies that the girth is preferred to be a geodesic on the
shoe’s surface.

Given a 3D parametric curve r(s), 0 = s =L, we call
r(s) an isogeodesic of a surface P if it is both a geodesic and
an isoparametric curve on P; in other words, P can be
expressed as a parametric representation P(s,7) and there
exists a parameter f, such that r(s) = P(s, 1), 0 = s = L.
The objective of study in this paper is to establish the correct
parametric representation of P(s,?) for a given r(s). In
Section 2, by utilizing the Frenet trihedron frame from
differential geometry, we derive the necessary and sufficient
conditions for the correct parametric representation of the
surface P(s, r) when the parameter s is the arc length of the
curve r(s). The basic idea is to represent P(s, ) as a linear
combination of the three vector functions T(s), N(s), and
B(s), which are the tangent vector, the principal normal, and
the binormal of r(s), respectively, and find the necessary
constraints on the coefficients of these vectors so that both
the geodesic and isoparametric requirements are met. Since
arc-length parametrization is impractical, in Section 3 we
also give the parametric representation of the surface pencil
for the case when the given geodesic curve is arbitrarily
parametrized. To verify the formulae derived in Sections 2
and 3, and also for illustration purpose of the application of
an isogeodesic surface pencil in geometric design, in
Section 4 we choose some simple yet representative
geodesic curves r(s) and determine the exact corresponding
surface pencils that not only share the common geodesic but
also contain certain known geometric features such as
cylinders, surface of revolution, and ruled surfaces. Finally,
as a practical example, an application of the isogeodesic
surface pencil in garment design is presented in Section 5.
We conclude the paper in Section 6 with some pointers to
possible future research in this area.

2. Parametric representations of a geodesic
surface pencil

Suppose we are given a spatial parametric curve
C: r=r(), 0=s=1L, 2.1)

in which s is the arc length, and r(s) has third derivatives.
We assume that r’(s) # 0, 0 =< s = L, because otherwise
the curve is a straight line segment or the principal normal is
undefined at some points on the curve.

Let T(s), N(s), and B(s) be the tangent, principal normal,
and binormal vectors of the curve C, respectively; and let
k(s) and 7(s) be the curvature and the torsion, respectively.
The parametric surface P(s,#):[0,L] X[0,T]— R3 s
defined based on the given curve r(s) and the local
coordinate frame defined by T(s), N(s), and B(s) as follows
(see Fig. 2):

T(s)
P(s, 1) = x(s) + (u(s, 1), v(s, 1), w(s, D) | N(s) |,

BGs) (2.2)

0=s=L0=r=T,

where u(s, 1), v(s, 1) and w(s, 1) are all C' functions. If the
parameter ¢ is seen as the time, the functions u(s, t), v(s, t)
and w(s,f) can then be viewed as directed marching
distances of a point unit in the time ¢ in the direction T(s),
N(s), and B(s), respectively, and the position vector r(s) is
seen as the initial location of this point unit. Here the values
of the functions u(s,t), v(s,t), and w(s,¢) indicate,
respectively, the extension-like, flexion-like, and retortion-
like effects, by the point unit through the time ¢, starting
from r(s). Hence in this paper we call u(s, ), v(s,t), and
w(s, t) the marching-scale functions in the directions T(s),
N(s), and B(s), respectively.

Our goal is to find the necessary and sufficient conditions
for which the curve C is a geodesic on the surface P(s, 7).
First, since the curve C is an isogeodesic on the surface

risi T

Fig. 2. Generating a surface P(s,7) based on the Frenet frame of the
curve r(s).
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P(s, 1), there exists a parameter t = f, € [0, T] such that
P(s,t5) = 1r(s), 0 = s = L, that is,

u(s,tg) =v(s,tg) =w(s,ty) =0, 1, €[0,T],0=s=L. (2.3)

Secondly, according to the geodesic theory [31], the curve C
is a geodesic on the surface P(s,?) if and only if at any point
on the curve C the principal normal N(s) to the curve and the
normal n(s, #) to the surface P(s,?) are parallel to each other.
The normal n(s,#;) can be computed by taking the cross
product of the partial differentials; that is, based on the
following derivation using the Serret—Frenet formula

0 k() O
aP;j’t) =T(s)+ (u(s,),v(s,0),w(s,H))| —k(s) 0  7(s)
0 —-15) O
T(s) T(s)
x| Nes) +(8u(s,t)’av(s,t)’ 6w(s,t)) NGs)
as as as
B(s) B(s)
and
au(s,t)
ot
PD — (o). Ny Besn | 200 |
t ot
ow(s,t)
ot
the normal vector can be expressed as
n(s,f)= IP(s,1) X aPFs,t) = (1 —v(s,0)K(s)+ duls.1) ,u(s,)k(s)
as ot as
i)+ st + )
as as
au(s,t)
0 B(s) —N(s) ot
x| -Bs) 0 T || &0
ot
N@s) —T(s) O aw(s,f)
ot
Thus, we get

n(s,t9)= b (s,20) T(s)+ > (s,10)N(s)+ b3 (s,19)B(s),
where

av(s,ty) Ow(s,ty) _ aw(s,ty) 0V(s,tg)

’t =
Pr(st0)=—3— as o
du(s,ty) ) ow(s,tg)  Ow(s,ty) du(s,ty)
’t - 1 b
Pa(s:t0) < T s ot T s at

d>3(s,t0):(1 + a“(s”0)> OV(s:to) _ dV(syto) dus,to)

as ot as ot

Since

1 d’r(s)
N(S)_@—dsz >

we know that N(s)|[n(s,ty), 0=s=L, if and only if

(j)](s,to) = ¢3(S,t0) = O,
dr(5,1)#0,0=s=<L,0=1,=<T.

(2.4)

Combining the conditions (2.3) and (2.4), we have found the
necessary and sufficient conditions for the surface P(s,?) to
have the curve C as an isogeodesic.

To distinguish from other parametric surfaces that also
have the curve C as a geodesic, we call the set of surfaces
defined by Egs. (2.2)—(2.4) an isogeodesic surface pencil,
since the common geodesic is also an isoparametric curve on
these surfaces. Any surface P(s, ) defined by Eq. (2.2) and
satisfying Eqgs. (2.3) and (2.4) is a member of this pencil. For
the purposes of simplification and better analysis, next we
study the case when the marching-scale functions u(s,t),
v(s, 1), and w(s, f) can be decomposed into two factors:

u(s,t) = I(s)U(¢),
v(s, ) = m(s)V(¢),
w(s, t) = n(s)W(),

O0=s=L,0=¢t=T. (2.5)

Here I(s), m(s), n(s), U(¢), V(t) and W(t) are all C! functions,
and [(s), m(s) and n(s) are not identically zero. Thus, from Eq.
(2.3), we can simply express the sufficient condition for
which the curve C is an isogeodesic curve on the surface
P(s, 1) as

[ U(ty) = V(ty) = W(ty) =0,
Vi) _ _
| e 0, or m(s) =0,
M = const # O, (26)
dr
L n(s) # 0,

th €0, T],0 =s=1L.

The factor-decomposition form possesses an evident
advantage: any set of functions I(s), m(s), and n(s) would
satisfy Eq. (2.6), thus the designer can select different
sets of functions [(s), m(s), and n(s) to adjust the shape
of the surface until they are gratified with the design, and
the resulting surface is guaranteed to belong to the
isogeodesic surface pencil with the curve C as the
common geodesic.

For convenience in practice, the marching-scale func-
tions can be further constrained to be in more restricted
forms and still possess enough degrees of freedom to define
a large class of isogeodesic surface pencils. Specifically, let
us suppose that u(s, t), v(s, t) and w(s, ) depend only on the
parameter ¢, that is, in Eq. (2.5)

I(s) = m(s) = n(s) = 1. 2.7
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Furthermore, we can assume that U(¢), V(¢) and W(¢) are all
cubic polynomials, defined on interval [0, 1]. Then the
sufficient conditions in Eq. (2.6) (n(s) =1 # 0) clearly
become:

U(t) = ay(t — to) + ar(t — t)* + as(t — 1),

V(1) = by(t = 10)* + bs(t — 10,

2.
W(t) = cy(t — 1g) + cx(t — 1) + c3(t — 1), @8

C]#O,OSZ‘SI, IOE[O,I],

where the coefficients a;, ¢; (i =1,2,3) and b; (i =2,3)
are eight arbitrary real number constants. The corres-
ponding isogeodesic surface pencil can then be rep-
resented as a surface family controlled by these eight
parameters, i.e.

{P(S, t; ap,ap,as, b2’ b3, C1,Cp, C3)

Cli,bi,C,'eRl
0=s=<L O0=t=<1 '

CI#O

Ifa=a=a3=b,=b;=c,=c3=0, but ¢; #0, we
will obtain the simplest member. The designer can adjust
these parameters to produce surfaces that meet certain
constraints, such as the boundary, feature lines, data
points, curvatures, etc.

As an alternative to polynomials, U(¢), V(t) and W(¢) can
be defined as C-Bézier splines [33,34]:

U(t) = a,(t — ty) + ay[1 — cos (t — ty)] + assin (t — 1),
V(1) = byl — cos (1 — 1p)] + b3[(r — 1) — sin (t — 1p)],

W(t) = c;(t — ty) + c»[1 — cos (t — #y)] + c3sin (t — 1),

Cl+c; #0,0=t=a,ty €[0,al (2.9)

It is a simple matter to validate that this suite of functions
satisfies the conditions in Eq. (2.6). Here we also have
eight parameter values. Since the bases of C-Bézier spline
are {1,z,cos t,sin ;0 =t = a}, C-Bézier spline can
represent both free form curves and conic sections
without rational polynomials. Note that here « is not
only the length of the parameter interval, but also a shape
control parameter.

3. Surface pencil with a geodesic expressed
by an arbitrary parameter

In the majority of practical cases, the parameter of a
given curve is usually not its arc length. So in this section we
present an algorithm for constructing an isogeodesic surface
pencil from an arbitrarily parametrized geodesic. Suppose
we are given a spatial parametric curve

C: R(r)y=X),Y),Z(r)), 0=r=H, (3.1

where the parameter r is not the arc length. The components
of the Frenet frame are now defined by [9]

. R()

T = TRer

By = ROXRO) (3.2)
IR(r) X R(7)|

N(r) = ﬁ(r) X T(r).

When the given curve C is in the oxy plane, the following
moving frame can be used:

T(r) — (X3 Y’ 0) N(r) — (_Y9X9 0)
\/W’ \/m ’ (3.3)
B(r) =(0,0,1).

The surface pencil generated from the arbitrarily
parametrized geodesic R(r) is expressed as

T(r)
P(r, 1) = R(r) + (u(r, 0, v(r, ), w(r, )| N |,
_ (3.4)
B(r)
0=r=H0=t=T,

and the necessary and sufficient conditions for which the
curve R(7) is an isogeodesic on the surface P(r,7) can
correspondingly be written as

{u(r, to) = v(r,tg) = w(r,ty) =0,
d)l(r? tO) = ¢3(r’ to) = O’ ¢2(r7 tO) 7 O’ (35)

O=r=H 0=1=T.

For the case when the marching-scale functions depend
only on the parameter #, the isogeodesic surface pencil
becomes

T(r)
P(r,0) = R() + (U@, V), W) | N |,

B (3.6)

O0=r=H,0=t=T.

As in Section 2, when the marching-scale functions are all
cubic polynomials, the shape of a member surface in the
pencil is determined by the eight constants.

4. Examples of generating simple surfaces with
common geodesics

In this section we illustrate that it is possible to derive
exact isogeodesic surface pencils whose members include
cylinders, surfaces of revolution, and ruled surfaces, by
specifying a geodesic that represents a geometric feature of
the object to be designed. In other words, the parametric
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definitions of the corresponding marching-scale functions
can be derived exactly based on the geometric character-
istics. We present four concrete examples to illustrate this
viewpoint. They also serve to verify the correctness of the
formulae derived in Sections 2 and 3.

4.1. Cylinder with a geodesic circular helix

In this first example, we construct an isogeodesic surface
pencil in which all the surfaces share a geodesic circular
helix represented as:

R(r) = (a cos r,a sin r, br),
4.D

a>0,b#0,0=r<2m.
It is easy to show that

(—asinr,acos r,b)

N(@r) = (—cos r, —sin r, 0),

T(rn =

(bsinr,—bcosr,a)

B =

By choosing

Un=at, VE=0, W@ =08t

B#0,0=r=T,

and from formula (3.6), we obtain the following isogeodesic
surface pencil

(P(r,1; a, B) = (a cos r,asin r,br) + (a, 0, B) )
—asinr acosr b a ER!
. t 1
—Ccos r —sinr 0| —— BER ¢,
Va* + b?
bsinr —bcosr a B#0
(0=r=2mw, 0=¢r=T, J
5 7
0
5 Rk
-10 |
-15 —
5 5 — 0

(a)

which has the curve C as a common spatial geodesic. If we
let its two pencil parameters be

P s bVa® + b’

P BZ_ s

a a

we immediately obtain a member surface

b2
(a CoSs 7, a sin r,b(r — (1 + —z)t)),
a

O0=r<2m 0=1r=T,

which is obviously a cylinder with radius a. This surface is
shown in yellow in Fig. 3, in whicha=2,b=1, T = 10.
As a comparison, if we set « = 0.1, B = —1, we obtain
another member surface in the pencil as shown in green in
Fig. 3. This surface is not a cylinder but still possesses the
same geodesic circular helix. This fact conforms with the
geodesic theory in differential geometry.

4.2. Surface of revolution with a geodesic circle

Let
1) = (0, 1,(0), L.(1)),

be a parametric curve in the oyz plane satisfying the
following conditions:

0<t=T, (4.2)

I(#y) = (0,a,0), @3

I'(ty) = (0,0,b), a>0,b#0,0=1,=T.

By revolving the curve I(¢), as a generating curve, about the
z-axis, we obtain a surface of revolution. Suppose now we
are given a circle

R(r) = (acos r,a sin r,0), a>00=r<2mw. 44

We show how to select the marching-scale functions U(¢),
V() ang W(z) in terms of ,(¢), L(f) such that the surface
family P(7, ¢) is an isogeodesic surface pencil with the circle
R(r) as a common geodesic.

(b)

Fig. 3. Two surfaces generated with a circular helix: P(rt; —/5/4, —\/5/2) (yellow) and P(r,1;0.1,—1) (green).
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It is easy to show that

T(r) = (—sin r,cos 1, 0), N(@) = (—cos r, —sin r, 0),

B(r) = (0,0, 1).

Thus the surface pencil can be represented as
P(r,t) = (a cos r,a sin r,0) + (U(), V(t), W(1))
—sinr cosr O

X| —cosr —sinr 0|,

0 0 1

O=r<2m0=tr=T.

It follows that P(r,7) is a surface of revolution with
generating curve 1(7), i.e.

P(r, 1) = (I, (t)cos r, L ,(1)sin r, 1 (1)),
if and only if

Uun=0, Vioy=a—-IL(), Won=Lon,0=t=T.

This leads to the selection

U@)y=a(t—1y), V()= Bla— L),

W)=yl (), y*0,0=t=T,

from which it is easy to see that the functions U(¢), V(f), and
W(t) comply with the conditions in Egs. (2.5)—(2.7), given
that 1(7) satisfies the conditions in Eq. (4.3). By substituting
these choices of marching-scale functions into the surface
pencil equation and rearranging, we obtain the following
isogeodesic surface pencil containing the common geodesic
circle R(r):

P, 1 B,y) = (—a(t — ty)sin r + [a — B(a — [, (1))]cos r,
a(t — ty)cos r + [a — Bla — ly(t))]sin r, Yl,(1))

0=r<2m0=tr=T,

Fig. 4 shows a surface of revolution (in yellow) obtained
by setting « = 0, B =1, y= 1, with the parametric curve
1(r) given as

_ 2cost+3 B 37
I(r) = (O,a(f)(l E),bt),

a=2b=11=0,0=r<2m

Note that it satisfies the conditions in Eq. (4.3). We observe
that when @« =0 and 87 1 or y # 1, the corresponding
member surface is always a surface of revolution. If we
choose a # 0, the corresponding member surface is no
longer a surface of revolution; specifically, Fig. 4 shows a
surface (in green) with o« = 0.3, 8= 1.1, y=0.9.

4.3. Surface of revolution with a geodesic
as the generating curve

Suppose we are given a parametric curve in the oyz
plane:
R(r) = (0, Y(r), Z(r)), 0=r=H. 4.5)
We will construct an isogeodesic surface pencil sharing the
curve R(r) as the geodesic, and such that a member of the
pencil is a surface of revolution, on which the curve R(7) is
not only a geodesic, but also the generating curve (which
when revolved about the z-axis produces the surface of
revolution).

From the definition of the Frenet frame in Eq (3.2), and

denoting D(r) = \/Y?(r) + Z*(r), we obtain
T(r) = (0,Y(r),Z(r)/D(r),  N(r)=(0,~Z(r), Y(r)/D(r),
B(r=(1,0,0), 0=r=<H.

The isogeodesic surface pencil generated is

Bry= (W DT (r)+u(r,t)Y(r)—v(r,t)Z(r)’Z @

D(r)

+”(r’t)z(r)+v(r’t)y(r)),OSrsH,OStsT. (4.6)
D(r)

Now we consider a member of the above isogeodesic
surface pencil P(r,t). If the surface is generated by rotation,
its parameter ¢ is chosen as a rotation angle, and the
starting angle 7, is equal to /2, then it must be in the
following form

P(r,n)=(Y(r)cost,Y(r)sint,Z(r)), 0=r<H,0=<t<2.

a,B,'yERl,
y#0

Hence we have w(r,t)=Y(r)cost, and

Y(Pu(r,t)—Z(r)v(r,t)
D(r)

Z(u(r,H)+Y(r)v(r,t) _
D(r) a

Thus, suppose «(r), B(r) and y(r)7#0 are arbitrary three
real functions, we set the marching-scale functions as

u(r,t)=—a(r)Y(r)Y(r)(1—sint)/D(r),
v(r,t)=p0B(r) Y(r)Z(r)(1—sint)/D(r),

=Y(r)(sint—1),
4.7)
0.

4.8)
w(r,t)=y(r)Y(r)cost,

a(r),B(), YNER" , ¥(r)#0,0=r=H,0=t<2m,
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(a)

(b}

Fig. 4. Two surfaces with a common circle geodesic: f’(r, 1;0,1,1) (yellow) and f’(r, 1;0.3,1.1,0.9) (green).

to obtain the isogeodesic surface pencil

{P(r.1;a(r), B0, Yr) | a(r), B(r), Y ER' ,4(r) %0}

When a(r)=B(r)=(r)=1, the functions u(r,t), v(r,t) and
w(r,t) are just the solution to system (4.7); the correspond-
ing member surface P(rt;1,1,1)=(Y(r)cost,Y(r)sint,Z(r))
is thus also a surface of revolution.

Note that we can easily verify that the marching-scale
functions satisfy the conditions for N(r)||i(r, 1)), 0 = r =
H given in Eq. (3.5) with #y = m/2. Thus, Egs. (4.6) and
(4.8) are exactly what we are looking for.

Fig. 5 depicts two members of the isogeodesic surface
pencil where the geodesic is given as

R(r) = (0,cos r+ 1.5,r),

0=r=S5;

(a)

Fig. 5. Two surfaces with a geodesic generating curve: f’(r, t;1,1,1) (green) and f’(r, 1;1.2,1.2,1.8) (yellow).

the green and yellow surfaces have their pencil parameters
setas a(r) =1, B(r) =1, y(r)=1and a(r) = 1.2, B(r) =
1.2, v(r) = 1.8, respectively. It is observed that the yellow
surface is not a surface of revolution.

4.4. Ruled surface with a geodesic directrix

Ruled surfaces are an important class of surfaces widely
used in many CAD systems. In this last example, we show
how to derive the formulation of a ruled isogeodesic surface
pencil such that the shared geodesic curve is also the directrix
of the ruled surfaces. Let r(s) be a 3D curve where s is the arc
length. Suppose P(s, 1) is a ruled surface with the directrix
r(s); this means that the entire surface P(s, 7) is spanned by
straight lines emanating from the curve r(s) = P(s, 7y) going

(b)
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in the direction D(s) for some parameter f,; that is,
P(s,1) — P(s,19) = (1 — 1)D(s),
O0=s=L,0=t=T,1t€][0,T]
From Eq. (2.2), the surface is equivalent to

T(s)

(u(s, 1), v(s, 1), w(s, )| N(s)
B(s)

= (t - tO)D(S)9

O0=s=L,0=¢t=T,1t,€[0,T]

Writing the above equation for each of its coordinate
components, we obtain a system of three equations with
three unknowns u(s, t), v(s, t), and w(s, ). Denoting the scalar
triple product of three vectors a,b, and ¢ as (a, b, ¢), their
solutions can be represented as:

u(s, 1) = (D(s), N(s), B(s))(r — 1),
v(s, 1) = (T(s), D(s), B())(z — 1),

4.9
w(s, 1) = (T(s), N(s), D()(t — 1), @9

0=s=L,0=¢t=T,1t,€[0,T].

The above equations are just the necessary and sufficient
conditions for which P(s, t) is a ruled surface with a directrix
r(s). Next, we need to check if the curve r(s) is also a geodesic
on the surface P(s,f) by using the conditions given in Eq.
(2.6). It is evident that in this case these conditions become:

{ (T(s), D(s), B(s)) = 0,
(T(s),N(5), D(s)) # O,

0=s=1L.

It follows that the at any point on the curve r(s), the ruling
direction D(s) must be in the plane formed by T(s) and B(s).
On the other hand, the ruling direction D(s) and the vector

(a)

T(s) must not be parallel. This implies

D(s) = a(s)T(s) + B(s)B(s),
(4.10)

Bs)#0,0=s=1L

for some real functions a(s) and B(s). Substituting it into the
expressions in Eq. (4.9), we get

u(s,t) = a(s)t, v(s, 1) =0, w(s, 1) = B(s)t,

B(s) # 0.

So, the isogeodesic surface pencil with the common geodesic
directrix r(s) is given by

{P(s,t; a, B) = 1(s) + ta(s)T(s) + tB(s)B(s), 0 =s =L, 0

=r=Tlao,BER", B#0)},

where a(s) and SB(s) are two controlling functions of the
pencil.

It should be pointed out that in this model, there exist two
geodesics passing through every point on the curve r(s)—
one is r(s) itself, and the other is a straight line in the
direction D(s) as given in Eq. (4.10). Every member of the
isogeodesic surface pencil is decided by two pencil
parameters «(s) and fS(s), i.e. by the direction vector
function D(s). Fig. 6 shows two member surfaces of a ruled
isogeodesic surface pencil whose geodesic directrix is the
circular helix in Eq. (4.1), witha =2, b= 1, T = 10. The
controlling functions of the two surfaces are a(r) = B(r) =
Jr(yellow) and  «a(r) = 1.3/, B@r) = 1.1/r sin(r/4)

(green), respectively.
5. An application example in garment design
In this section, we demonstrate how the methodology of

constructing an isogeodesic surface pencil developed in this
paper can be used in garment design. A piece of garment,

(b)

Fig. 6. Two ruled surfaces with a circular helix geodesic: P(r, 1; \/r, \/r) (yellow) and P(r,1; 1.3,/r, 1.1,/r sin (r/4)) (green).
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such as a dress, is usually characterized by some key curves,
e.g. the waist line and chest line, which are assigned
measurements or dimensions. Given the nominal size of a
design, these salient dimensional curves are usually fixed,
while the shape of the garment itself may change to suit the
design intents. Many of these key dimensional curves are
required to be straight or near-straight lines when the piece
of clothing is flattened into its planar counter-part. There-
fore, in principle, these dimensional curves are preferred to
be geodesics on the surface of the garment. Fig. 7 shows a
dress with its waist line marked in black; here the waist line
happens to be a planar curve but it need not be so in general.

We now apply the concept of isogeodesic surface pencil
to the design of a dress. Assume that we are given a mesh
model for the dress. This initial model could be obtained
from some existing sample via laser scanning or based on
some conceptual designs. Also assume that the waist line is
the only key dimensional curve, represented as a 3D B-
spline curve R(r) embedded on the given model. Basically,
we want to model the dress as an isogeodesic surface with
R(r) as a geodesic. The initial model can be thought of as a
reference design. The objective is to find the ‘nominal’
values—aj, a3, a3, b3, b}, ¢, ¢;, c3—of the eight parameters
so that the corresponding member surface (as defined by
Egs. (3.6) and (2.8)) contains R(r) as a geodesic and closely
approximates this reference design. Once these nominal
parameters are determined, the designer can then change the
eight parameters around these values to modify the shape of
the dress, while having the comfort that, no matter what
values the parameters take, the corresponding surface
always has R(r) as a geodesic.

To find these nominal parameter values, we employ the
least square fitting method. Specifically, the initial model is
sampled to obtain a set of data points {Q;;}}"] .-, € R,
capturing the important characteristics such as the boundary
and other critical points. We assume that the data points are
sampled in a sectional fashion; that is, the points in the ith
row {Q; ;}j=i 2, lie on a plane parallel to the curve R(r),
and they are ordered in the row from ‘left’ to ‘right’. The
waist line R(r) divides the surface of the model into two
regions: Sjower and SYPPCT. Let the first k rows be in S)g and
the rest of the rows be in S"PP*. Let the parameter range for
the surface P(r, 1) be [0, H] X [0, 1]. A simple parameteriza-
tion scheme for the two regions S*?P*" and Sy, is suggested
as follows:

Q= (1),

-1
_ HZ,,:I Q111 — Qiyl

rlli n_l 9’ = 1’ 2’ ey n?
anl 1Q; 41 — Qi yl
1 1Qg1, — Qg .
0.5 = . ifi=k
. =1 1IQer1; — Qg
i i—1 5
1Qs,, — Q.
0.5x |14 SEE )0 >k
et 1Qe1; — Qg
i=12,....m

Iso view

front view

Fig. 7. The original model of a dress and its waist line.
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a, =0.00013802
a, =0.5000124267
a; = -0.0000367162
b, =0.371255

by =0.160588

¢y =0.859692

¢, = 0.139165

¢; = 0.0507752

Fig. 8. Nominal isogeodesic surface with its parameters.

Note that, with this parameter assignment, the parameter for
the curve R(r) is y, = 0.5. Introducing a variable g to iterate
through the x, y, z coordinates of the various vector
functions, the cost function of the approximation can be
expressed as

m n 2
F(ay,ay,a3,by,b3,¢1,0p,03) = Z Z IP(r;, 1) — Qi |

i=1 j=1

m n
=20 D R + WUT () + VN(ry)

=1 j=1 g=xy.2

i

+ W(t)B,(r) — (Qp)i i1,

Iso view

where U(t)), V(1;), W(t;) and Ty (r;), N, (1)), Bo(r)), 8 = X, ¥, 2,
can be computed by Egs. (2.8) and (3.2), respectively. To
minimize this cost function, its partial derivatives with
respect to the variable parameters are set to zero. Thus, we
obtain a system of linear equations in the eight variables, a;,
a, as, b2, b3, Ci, Cy and C3 !

b Z S ((fi 1) Y Tg(r,-)) [Ro(r) +(U(t)T ()

8=X.,2

+ V()N (rj) + W(t)B () — (Qy)i,]
0

front view

Fig. 9. The superimposed original (purple) and the nominal isogeodesic (blue) surfaces.
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Iso view front view side view
Blue(nominal) Red Green
ar” a ar’
az 5" as"
as" as” as”
by" by +abs(b;")*0.1 bo"-abs(b,")*0 1
bs" ba™+abs(by")y*0.1 bz"-abs(bs™)*0.1
o ¢y +abs(c;")*0.1 ¢y -abs(c;7)* 0.1
ca ¢ rabs(c;")*0.1 ¢z -abs(c;")*0 1
o5 c3tabs(c3")*0.1 ¢z -abs(c3")*0 1

Fig. 10. Three members of an isogeodesic surface pencil.

11

oF m n - ~
ah =2 2| 0" 3 Nl | Ry(r)+ (UGT(r)
i=1 j=1 g=Xy.2
+ V)N (1) + W(1)By(17) = (Qy)i ]
:O’
oF - k % 7
Ezzlzl (1 =10)" > By(r) |[Ry(r)+ (U T (1)
i=1j= g=Xy,2

+ V(ti)]Vg(rj) + W(ti)Bg(rj)) —(Qy)i,]

:0,

1=1,2,3; h=2,3;k=1,2,3.

The solutions to the above system of equations—a], a5,
ay, b3, b3, c], ¢;, c;—are the nominal parameters sought.
The corresponding surface closely approximates the initial
model and at the same time possesses curve R(r) as a
geodesic. By changing the values of the eight parameters
around their nominal values, one can achieve different

designs for the dress, all of which share the same geodesic
waist line R(r).

As an illustration, the nominal isogeodesic surface
P(r,t,a},d5, a3, b5, b3, ¢}, c5, c3) that approximates the orig-
inal reference model of Fig. 7 is shown in Fig. 8; for
comparison purpose, it is also shown in Fig. 9 superimposed
with the original reference surface. Three variations of the
design surface are shown in Fig. 10, with one being
the nominal and the other two obtained by deviating the
nominal parameter values {b3,b3,c],c5,c3} by certain
amounts. We point out that in this particular example the
three parameters a,, a,, and a; are kept unchanged, as the
original model is symmetric about its center line and it is
found that changes of these three parameters from their
nominal values will alter this symmetry.

6. Conclusion

We have presented a method for finding a surface pencil
whose members all share a given geodesic curve as an
isoparametric curve. The surface pencil is controlled by three
marching-scale functions. For the simpler case when
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the marching-scale functions are univariate and cubic, the
surface pencil is parameterized by eight constants. We verify
the method by finding exact surface pencil formulations
whose members include simple surfaces that are commonly
used in CAD. To illustrate potential applications of our
method, we show how to find the surface pencil represen-
tation for surfaces of more general object models. Least
square fitting is employed to fit the surface of the given model
and the resulting linear system is solved for the values of the
eight parameters. These values can then be perturbed to
achieve variations in the design surface, which are guaran-
teed to produce surfaces that contain the given geodesic.

Several open issues remain. While requiring the shared
geodesic to be an isoparametric curve on the surface greatly
simplifies the derivation and analysis of the formulae, the
constraint nevertheless limits the domain of surfaces sharing
the same geodesic curve. One possible alternative is to
consider the realm of implicit surfaces F(X,Y,Z) =0 and
attempt to establish the conditions for a given parametric
curve r(s) to be a geodesic on F(X,Y,Z)=0. Another
possibility is that, while still requiring the surface to be
parametric, the curve r(s) does not have to be isoparametric
on the parametric surface P(r, 1), but instead is related to
P(r, 1) by an algebraic constraint; that is, r(s) = P(r(s), 1(s))
where r(s) and #(s) are two pre-specified algebraic functions.
A further relaxation is to allow multiple geodesics: given m
parametric curves r;(s) and 2m smooth algebraic functions
ri(s) and t;(s), i = 1,2,...,m, find a geodesic surface pencil
P(r,r) such that r,(s) = P(r,(s),,(s)) and r,(s), i=
1,2,...,m, are geodesics on P(r, ).
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