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Abstract—An analysis is presented of the parametric X-ray radiation emitted by a relativistic electron at a
small angle to its velocity as it passes through a single-crystal plate in asymmetric Laue geometry (including
symmetric geometry as a particular case). Expressions describing the spectral-angular distributions of para-
metric X-ray radiation, transition radiation, and their interference are obtained. The effect of asymmetry on

the spectral-angular distributions is examined.

1. INTRODUCTION

When a fast charged particle passes through a per-
fect crystal, the virtual photons associated with its
Coulomb field are scattered from a set of parallel
atomic planes of the crystal, giving rise to parametric
X-ray radiation (PXR) [1—3]. For a relativistic parti-
cle, the PXR theory predicts emission not only in the
Bragg direction, but also along the particle velocity
(forward parametric X-ray radiation, FPXR) [4—6].
The latter phenomenon is due to the contribution of
dynamical diffraction effects to PXR. Experimental
studies of FPXR were attempted in [7—11], but the
first observation of FPXR was reported relatively
recently in [10], where the contribution of transition
radiation to the X-ray background near the Bragg fre-
quency was suppressed by destructive interference
between the transition radiation waves generated at the
entrance and exit surfaces of the crystal plate. How-
ever, the presentation in [10] did not include any anal-
ysis of the narrow peak appearing in the transition
radiation spectrum near the Bragg frequency because
of dynamical effects [12], which could well be inter-
preted as an FPXR peak in an experimental study. In
the experiment reported in [11], X-ray radiation from
relativistic electrons passing through a thick single-
crystal target was detected under FPXR generation
conditions, but the desired reflex was barely observable
against the background emission from electrons inter-
acting with parts of the experimental setup. Thus, the-
oretical characterization of FPXR and finding optimal
conditions for observation of this dynamical effect
remain challenging tasks.

A detailed theoretical description of the dynamical
phenomenon of FPXR and the accompanying back-

ground of transition radiation in symmetric geometry
was given in [13—15]. A theoretical description of PXR
and transition radiation (TR) in asymmetric geometry
was given in [16—18], and FPXR in Bragg geometry
was analyzed in [19]. Those studies demonstrated a
strong dependence of the spectral-angular distribu-
tions associated with these radiation mechanisms on
reflection asymmetry and revealed effects due to
asymmetry.

In this paper, we analyze the forward parametric
X-ray radiation emitted by a relativistic electron in the
general case of asymmetric Laue geometry, when the
diffracting planes make an arbitrary angle 6 with the
target surface. The two-beam approximation of
dynamical diffraction theory [20] is used to derive
expressions describing the spectral-angular distribu-
tions of FPXR and TR and the contribution resulting
from their interference (denoted by superscript INT).

2. SPECTRAL-ANGULAR DISTRIBUTION

We analyze the radiation emitted by a relativistic
electron passing through a crystal plate of thickness L
with a constant velocity v (Fig. 1), using an equation
for the Fourier transform of the electromagnetic field,

Ek o) = jdzd%E(r, neerT, ()

Since the electromagnetic field associated with a
relativistic particle can accurately be considered as
transverse, both incident wave Ey(k, o) and diffracted
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Fig. 1. Radiation geometry: ' is the polar emission angle,
Op is the Bragg angle (the angle between electron velocity v
and diffracting atomic planes), 6 is the angle between the
crystal surface and the diffracting planes, k is the incident
wavevector, and kg =k + g is the diffracted wavevector.

wave E,(k, o) are determined by pairs of transverse
polarization amplitudes:

E(k o)ey + £ (k, o)y,
EV(k w)el + E(k, w)el?.

E,(k, ®)
E,(k, »)

(2)

. . . 1 2 1
The unit polarization vectors eg ), eg ), e(] ), and

2 2
e(1 ) are defined as follows. The vectors egl) and ef) :

are perpendicular to k while the vectors e(ll) and e(lz)

are perpendicular to k, = k + g, and the vectors ef)z)

and e(12> liec in the plane spanned by k and k, (n-polar-

ization) while egl) and e(,]) are perpendicular to that

plane (c-polarization). The reciprocal lattice vector g
specifies a particular set of reflecting atomic planes of
the crystal. In the two-beam approximation, the sys-
tem of equations for the Fourier transform of the elec-
tromagnetic field is written as follows [21]:

(0’ (1+%0) - K)E) + o’y CVE
= 81 iewdvP8(mw -k - v), (3)

0 % CUE + (0 (14 20) —k)E,” = 0,

where ¥, and y_, are coefficients in the Fourier expan-
sion of the dielectric susceptibility of the crystal in
reciprocal lattice vectors g,

(1) =Y pe(@)e™
¢ (4)
= 3 () +igg (@))e® ",

We consider a centrosymmetric crystal (y, = %) and
use the following expressions for y, and yx, in (4):

v o Flg)S(g 1 22
1 = 16595 exp ). (52)
" " 1
% = mew(-Sgl), (5b)

where yo= %o + iy, isthe average dielectric suscepti-

bility, F{(g) is the form factor for an atom containing Z
electrons, S(g) is the structure factor of an Ny-atom
unit cell, and u_ is the rms thermal vibration amplitude
of atoms in the crystal. In the X-ray frequency range

considered here, it holds that y, <0 and y, <0.
The parameters C® and P in (3) are defined as

V=1,

¥ = .

=€ €,
C? = cos20,, PV = eg”(E), (6)
ol
PY = sing, P = cosQ.

Here, p = k — @wv/v? is the virtual photon momentum
component perpendicular to the particle velocity v
(1= @8/v, where 8 < 1 is the angle between k and v);
the Bragg angle 0j is defined as the angle between the
electron velocity and a set of crystallographic planes;
the azimuthal emission angle ¢ is measured from the
plane spanned by v and g; and the reciprocal lattice
vector magnitude is expressed as g = 2mysiny/v,
where oy is the Bragg frequency. We denote by 0 the
angle between vector wv/v? and wavevector Kk of the
incident wave and by 6' the angle between vector
ov/v? + g and wavevector k, of the diffracted wave.
Equations (3) with s = 1 and 2 describe - and
n-polarized wave fields, respectively.

Combining Eqs. (3), we obtain a dispersion rela-
tion for X-rays in the crystal:

(@ (1 +%0) = k)@ (1 +%0) —k2)

—(x)“)(,g)(ng~ = 0.
We analyze this relation by standard methods of
dynamical diffraction theory [20].

We represent the x-components of k and k, along
the normal vector n to the crystal surface (see Fig. 1), as

(7)
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k, = ocosy,+ OLo_ 4 L, (8a)
2cosy,  cosy,

ky, = wcosy, + 203& + L. (8b)
cosy, cosy,

We use a well-known relation between the dynami-
cal corrections A and A, for X-rays [20],

hy = OByt 9
g 7 0"/0 ()
where
1
p=a-n(1-5), «=Lw-s).
0 Q)]

Yo = COSYq, 7Y, = COSY,,
Y, Is the angle between k and n, and v, is the angle
between K, and n (see Fig. 1). The magnitudes of k
and k, are

k=oJl+y+y, k,=oJl+y+i,. (10)

Substituting expressions (8) into Eq. (7), using (9),
and noting that the wavevector components along the
crystal surface are k; ~ wsiny, and ky ~ (osm\pg, we
find expressions for the dynamical corrections:

W = (B + (B 4y O ks V) z) (11a)
A = o 4Y—0
Ye (11b)

2 1/
X (— B+ ([32 + 4xgx7gC(s) :%) z)

The incident wave amplitude in the crystal
obtained by solving Eqgs. (3) is conveniently repre-
sented as
8n’ievOP”

Q)

E(s)cr _
0 =

— 032[3 — ZOJ,Yg}\’O/,YO
4y, (o = 15 = A5 /76

1) 2)
+ B 500 -2 + B 8,

where A = @(y 2 + 02 — %0)/2, v = A1 - v is the

(1) 2)
Lorentz factor of the particle, and Egs) and Egs) are

the field amplitudes of real incident photons in the
crystal.

The solution to Egs. (3) for the field amplitude in
vacuum at the entrance surface is

E(s)vacl 8TC ie VeP( $) 1
’ Q) —%o—2ho/®

% 8(hy— AF).

X

(ko = 25)

12)

-,

(13)

The field amplitude in vacuum at the exit surface is

E(s)vacII — 8n2ie VeP(S) 1
’ ® —Yo— 20/

AEY + E“’“‘da(xo ‘”27‘0)

(14)
X d(hg—

where E™ s the field amplitude of the coherent
radiation emitted along the electron velocity.

The second equation in (3) yields a relation
between the diffracted and incident field amplitudes in
the crystal:

20,

E(s)cr _
0 =
oozng(”

Eés)cr. (15)

Using standard boundary conditions at the
entrance and exit surfaces of the crystal plate,

J‘E,gs)vacldko _ J'Eé”“dko,
Iﬁf;’“amo = 0,

J.E%S)crei}LOL/YOCD\.O — J.E%S)VaCIIei}LOL/YOCD\.O,
we obtain the radiation field amplitude

2, (s) %
Fmd _4rn"ievOP exp (l]&o + (DXO/ZL)
0] Yo

2 -1/
x [(1 (B ) )
Yo
o ( ® N ® :
— oy =20 2aF -y

@) 5%
x(l—exp(iko A LD
Yo
1 I R A
+ L+ BB+ 4y, .

(16)

17)

X

()} + ()}
—ox— 2%y 200k -

(1 - exp( k(l)% r LD}

Expression (17) can be used to describe spectral
and angular characteristics of the radiation.

Prior to analyzing spectral-angular characteristics,
it should be noted that the total radiation yield com-
bines the contributions of three radiation mecha-
nisms: bremsstrahlung, transition radiation, and
FPXR. The amplitude £®?4 contains FPXR and TR
contributions. Since TR background is the main factor
that complicates the observation and experimental
study of FPXR, we represent the amplitude £®md
given by (17) as the sum of FPXR and TR field ampli-
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tudes to evaluate the contributions due to these mech-
anisms and their interference:

Ef)s)rad — E%S)FPXR-FE%J)TR, (183)
2, () *
Egs)FPXR _ 4 ievOP exp(iko + (’JXO/ZL)
0l Yo
) 0‘)2ng o 1
) v Ay
[3 + 4y, C
(2) Y (18b)
1- exp *)
X
% - xg”
()
1- exp(lyLO ko)
_ Yo
AE =g
Egs)TR _ 4rtievo P exp(im( + (DXO/ZL)
® Yo
y (L _ 1)
oY+ 2hg 2N
2 -1/
x [(1 — BB+ e Z—g) z)
’ (18¢)

2)
(1 — exp( o ko LD
Yo

2 -1/
+ (1 + [3([32 + 4xgx7gC(” yﬁ) Z)
Yo

(1o (A2 )

The first and second bracketed expressions in (18b)
and (18c) represent two dispersion branches of X-rays
generated in the crystal, referred to as branch 2 and
branch 1 below.

In the analysis below, we use the following expres-
sions for dynamical corrections (11):

£y ip”(1-¢)

X(l 2 _ (D|Xg|c( )|:
2

2¢

i@(x)ﬂf e p(”(l = £ (”s) (192)

, 2 Y
—p" ((—1 _48) +1 8)) i|,

where

(s) €
o)+ =L,

£o) =

) Isi Ze
(o) =~ = - &
2™ vrde

o (1 ol - ecoscpcoteB))’
Op

(19b)

v A5
€ = Te o CO8Y, V(S) = x—gc ,

Yo COS\VO’ XE)

" 1 ~(s)
© _ Xo()’ <O ng
|X0|CS Xo

Since the inequality 2sin?0/v?|y, |C® > 1 holds in
the X-ray frequency range, n(w) is a rapidly varying
function of w. Therefore, further analysis is greatly
facilitated by using n®(w) as a frequency variable.
Expression (19a) contains an important parameter €,
which quantifies the degree of asymmetry. In particu-
lar, e = 1 and & = n/2 (the incident and diffracted
wavevectors make equal angles with the plate surface)
in the symmetric case, and € # 1 and 6 = 7t/2 otherwise.

We represent the asymmetry ratio as
sin(d + 0p)
" Sin(6-0p)
noting that the electron angle of incidence & — Oy
increases with decreasing € and vice versa (see Fig. 2).

(20)

The parameter v©® characterizes the reflecting
power of a set of atomic planes as determined by the
interference between waves scattered by atoms in dif-
ferent planes (v® ~ 1 and 0 when the interference is
constructive and destructive, respectively). Dynamical
diffraction phenomena, such as FPXR, can be
observed only when the interference is constructive.

The parameter p® is the ratio between the extinc-

)

tion length Lo = 1/w|y,|C and the absorption

length L, = 1/wy; forX-raysin the crystal. Note that

the energy of the primary wave is completely trans-
ferred to the secondary wave propagating in the Bragg
direction at the depth equal to the extinction length.

The parameter k¥ quantifies the anomalous trans-
mission effect (Borrmann effect) [22] for X-rays pass-
ing through a crystal. The absorption coefficients for
the two branches of real emitted X-rays are [20]

b= oy (1Y), 1)

According to this formula, a necessary condition
for anomalous transmission of branch 2 is «® =~ 1,
which corresponds to anomalously strong absorption
of branch 1.
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The dynamical corrections kgl’ 2 corresponding to
the two branches of dispersion relation (7) depend not
only on photon frequency and target properties, but
also on &. Thus, the dispersion of real photons in the
crystal depends on asymmetry:

K5 = o T+ + 00 N0, €). (22)
The dispersion of virtual photons associated with
the Coulomb field is described by the formula

k* = o1+, +Af = (o+(12°(92+y72).

An FPXR reflex can be observed only if at least one
denominator in the bracketed expressionin (18b) van-
ishes:

Re(A*-2") =0, Re(A¥-2%")y=0. (4

Substituting (19a) into (18b) and (18c), we represent
the FPXR and TR field amplitudes as

(23)

gk _ dn’iev0 PV exp(io(y " +0°)L/2y) 1
(OFPXR _

2
/\la(” +&

() )
1 exp(—ib(”(cm + ET+NE + sj _p® p(” A(Z)j

® Y0 =7

e

() a(s)+/\/§(s)2+8 . (5) A (D)
cV+2"85 7T _jpYA
g

. (25)

©_ [
1-exp (— ib(s)(c;(” + M} _ b(S)p(s)A(l)j
€
(s) a(s)— /\]a(s)2+8 . (A D
o+ N> T° A

&

Egs)TR:4TczieV9P(5)eXp(iw(y’2+ez)L)( 21 - 12 ) (I—L
6 2y, YO+O Yy T4+0 -y

X (1 - exp(— ib(s)(cs(s) + a—(” +AEY + gj - b(s)p(s)A(z)D + (1 + —am J

(25b)
€

« (1 _ exp(— ib(s)(G(S) + a(s) _ /a(S) + gj _ b(S)p(S)A(I)D:|’
€

where

(s) ()
A(Z):8+1+1—8 € + K

2e 2e A/a(”2+s «/a“’2+s’

A(l):8+1_1—8( g9 W j

2¢e 2 e R

»\/a() +¢€ /\/a() +¢€
e 1

o ,|C(S)(92+vz—x5),
Xe

(26)

o - ol
2 Yo
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Fig. 2. Asymmetric (€ > 1, € < 1) and symmetric (¢ = 1) reflection geometries.

The parameter b can be represented as

© _ 1 L.
25n(5—05) 1O

ext

(27)

i.e., b is half the distance traveled by an electron in
the plate, measured in units of extinction length.

The FPXR yield primarily comes from branch 1 in
(19a), which corresponds to the second term in (25a),
since only this term has a denominator with vanishing
real part. Accordingly, the equation

© _ fe
G(S)+E-’—E-’ te _ 9

€

(28)

determines the center frequency of the spectrum of
FPXR photons emitted at a particular observation
angle.

Substituting (18a), (25a), and (25b) into a well-
known expression for the spectral-angular density of
X-ray radiation [21],

2
L]

2 2
dN _ w2(2n)—ﬁz‘ﬁv§)s)md (29)

[0 =
dodQ
s=1
we find the contributions to the spectral-angular den-
sity due to FPXR, TR, and their interference:

2\ As)FPXR 2 s
0)af N _ £ p

dodQ 4’
(30a)
y 0’ RUIFPXR
2 -2 v 2 ’
(0" +v " —%0)
R(s)FPXR _ 1

2
¥ tg

X {1 +exp(=26"pAM) — 2exp (-6"p A"

(30b)
x cos[bm(cm + a—m_ “ém + 8]]}
€
2 -1
) fes)
X{(Goué — NG +8] +(p“)A“))2} ’
€
(DdzN(X)TR — e_ZP(S)262
dodQ 47
(31a)
y ( 1 1 )2R(5)TR’

0 +y” 84y -y

R(S)TR _ (l B é(S) ]2
N Ef”z + g

X (l + exp(—2b(s)p(S)A(2)) - 2exp(—bmp(s)A(2))

), [e®)
X COS (b(s)[cs(s) + & NGt SDJ
g

() 2
+ [1 + &
[a(f)z_i_
X (1 + exp(—2b(j)p(s)A(l)) - 2exp(—b(5)pmA“))

y cos[b(j)(g(j) N é(S) . [é(&)z R gjjj
S

(31b)
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N 2¢e |:1+ exp(—b(s)p(s)g-i- 1)
€

X cos(b(s)(c(s) + a—(s) — ‘a(s) ha SD}
g

a(s) +g
2b(s)'\/§(s)2 +¢e () () A (D) AN o
20 NS TEl _ Q) =—P"0
X cos( . exp(—b"p AT dodQ 37
1 1
© [ X ( — - — ) (32a)
X COS (b(s)(g(s) + w}j 62 + Y 2 92 + Y 2 %
€
x — 172 R(s)INT’
—exp(-b"p'A") 0" +y %
O ATS
1 exp(_ ib(s){cs(s) L& NG+ 8] _p9p® A(l)j
RONT _ _ 2 Re &
[’ 6 e
£ +¢ O E —NE +e l.p(s)A(l)
€
() (s) 08
x {1 5 {1 - exp(ib(s)(c(s) 4 & HNE He Sj - b(”p(”A(”D (32b)
/a(sf + &
6 ©  few’
+ (1 + _& j(l - exp{ib(”{cm + E —WNE +¢ Sj - b(s)p(S)A(l)D
) €
’\/i() +¢€
Expressions (30)—(32) are the main result of this 2 p(OITPXR 2 () A2
study. They are obtained in the two-beam approxima- dNT T _ e P_ 6_
tion of dynamical diffraction theory for an arbitrary dod() 47 |Xo| |Xo|
orientation of the diffracting planes with respect to the 5 (33a)
surface of an absorbing crystal. In the particular case of 0’ 1 1| poEexR
symmetric geometry, when the diffracting planes are % m + 2| | + ’
perpendicular to the surface (¢ = 1), expressions (30)— o ¥ 1o
(32) reduce to those obtained in [15]. ROTPR _ 4
In what follows, we analyze the effect of asymmetry T
on spectral-angular characteristics of radiation. & +e ,
% | ™ + am_— NEY +& (33b)
3. FPXR FROM A THIN TARGET g

Suppose that the target is sufficiently thin that
b®p® < 1; i.e., absorption is negligible. As a condition
facilitating the observation of dynamical effects, we
consider a plate whose thickness is such that the dis-
tance traveled by an electron in the plate, L/sin(6 —
Op), far exceeds the extinction length for X-rays prop-

agating in the crystal, LEZ = 1/0y, IC?; ie., ¥ > 1
according to (27).

The spectral-angular distribution of the FPXR
yield from a thin crystal follows from expression (30b):

() ® e’
x sin’ (b? (G(S) L& WG He SD ,
€

where

2
Q- %(6_4_ 21' +1j,
A% |X0| Y |X0|

£9(0) = n(w)+ =£

2 V(S)
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ROFPXR
6

2
n9(w)

Fig. 3. Variation of FPXR spectrum with distance traveled
by a particle in the target.

The curves of (33b) shown in Fig. 3 demonstrate
that the height of the FPXR intensity peak increases
with crystal thickness L, while its spectral width
decreases. A remarkable property of FPXR is associ-
ated with the reflection asymmetry of the field gener-
ated by a relativistic electron: according to Fig. 4, the
peak intensity of the FPXR spectrum also significantly
increases with decreasing €, while its width increases.
Note that this property is demonstrated here by using
the curves calculated for several values of € and constant
0p and b® (distance traveled by an electron in the plate).

To examine the effect of asymmetry on the angular
density of PXR, we integrate (33a) with respect to the
frequency variable n®(w):

2
dN&TFPR _ e’ v po S)FPXR, (34a)
de 87’sin’0y

RSFPXR

200 -

100

Fig. 4. Variation of FPXR spectrum with asymmetry.

F(J)FPXR:e_'z[e_'z+ 21 +1]2
|Xo| |X0| Y |Xo|
y O]‘R(S)FPXRdn(s)‘

—00

(34b)

The curves of (34b) shown in Fig. 5 for several val-
ues of £ demonstrate that the maximum angular den-
sity considerably increases with decreasing asymmetry
ratio. Thus, when Op and normalized distance 26
traveled by an electron in the crystal plate are held
constant, both spectral peak intensity and angular
density of FPXR strongly depend on the angle &
between the target surface and the set of diffracting
atomic planes.

4. ANALYSIS OF TR CONTRIBUTION
TO RADIATION YIELD AND EFFECT
OF INTERFERENCE BETWEEN FPXR AND TR

Since FPXR can be observed experimentally only
against a background of transition radiation, both the
contribution of TR and the effect of interference
between FPXR and TR must be analyzed. Using
(31b), we obtain the following expression for the spec-
tral-angular distribution of TR, valid in the case of a
thin crystal:

d2N(s)TR e2 P(s)2 62
H——— = — —
dodQ  4q’ |X0| |X0|
5 )
x[9_,+ L +1j (352)
|X0| Y |Xo|
FOFPXR
8 T T
0.2 v =0.8
6 | L - = 05 ]
“/A/|X0|
0.5 p) =7
41 i
e=1.0
2k i
0 1 2 3
8
| %0l

Fig. 5. Variation of FPXR angular density with asymmetry.
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, )
X(e_'+ 21 '] R(s)TR’
|X0| Y |Xo|

¢ )2
R = 4(1 B
[&(S)Z_i_
x sinz[lﬁ)[“m P e +8D
2 €

(s) 2
+ 4[1 + &
/gmz +
(s) ) [
x sin’ [b— [G(S) + § —NE +e SD
2 g
) [e(s)
+ 4¢ {cosz(b é +8j
&

2
£V tg

— cos (bm(csm + %)D
X cos(b(s)[ J Eﬂ‘(S)z + SD }

(35b)

€

Expression (35b) describes the spectrum of the
transition radiation generated at the entrance and exit
surfaces of the target. The first and second terms here
correspond to branches 2 and 1, respectively; the last
term, to interference between them.

Spectral distribution (35b) substantially differs
from the conventional TR generated in an amorphous
plate of the same thickness L. The difference is due to
dynamical diffraction effects and is confined to a
neighborhood of the Bragg frequency wg. Outside this
neighborhood (when [E¢)] > ¢), the function ROTR s
given by the well-known expression

ROTR & 16sin2(b(5)cm)
2

! (36)
= 16sinz(0%’(62 + y_2 - Xo))

describing the interference between the TR waves gen-
erated at the entrance and exit surfaces, where L, is the
distance traveled by an electron in the plate.

According to (36), the contribution of normal TR
to the total radiation yield is suppressed by interfer-
ence effects near the Bragg frequency, where the
FPXR peak is observed, if

b(S)G(S) _
= nn,
2

n=0=xl,... 37

ROTR

15

~10 0 10
o)

Fig. 6. Variation of TR spectrum with asymmetry (param-
eter g).

Figure 6 shows the curves of RWTR calculated by
using formula (35b) for several values of € and constant
v® and 1/y%y, |, with parameter 5* and observation
angle 9 satisfying resonance condition (37) for n = 3.
Itis clear from Fig. 6 that the shape of the TR peak var-
ies with the asymmetry ratio. This is explained by the
variation of the interference term in (35b) with the
asymmetry-dependent relative phase between the
transition radiation wave generated at the entrance
surface and dynamically diffracted inside the crystal
and the TR wave generated at the exit surface.

The angular distributions of TR and FPXR can be
distinguished when the energy of the emitting particle
is sufficiently high that y?y,| > 1. Indeed, the maxi-
mum point of the TR angular distribution lies in the
vicinity of 6 ~ y~! according to expression (35a),

whereas FPXR is concentrated around 0 ~ |Xo| >yl

(see Fig. 5). The relative contributions of FPXR and
TR to collimated radiation strongly depend on the
observation angle 0. They are evaluated by using the
following expressions derived from (32a) and (32b),
respectively, to describe the interference between
FPXR and TR in a thin crystal:

GENT &P e
dodQ 472 |x| il

5 -2
x (6_ + % + 1]
|X0| Y |X0|

y (6_2 + 21 ' le(s)lNT,
|X0| Y |Xo|

(38a)
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T6)
| cr ] V9 =0.8
5+ T©FPXR 0 = 0.8 A
1
T(S)TR / \|] 0’
~7 /I~ =05
L -~ I v ’Xol ~ N
ok . \ 7 \\'/ n=3
T®INT
-5t v : i
] v 1 ]
-2 0 2
I

Fig. 7. Relative contributions of FPXR, TR, and their
interference (INT) to the total radiation yield in symmet-
ric geometry (g = 1).
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The relative contributions of FPXR, TR, and their
interference to the total radiation yield are conve-
niently analyzed by representing expressions (33),
(35), and (38) as follows:
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Fig. 8. Same as Fig. 7, but for a larger observation angle 6.
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Figures 7 and 8 show the spectral-angular distribu-
tions of TR, FPXR, and their interference calculated
by formulas (39) under condition (37) for several
observation angles in symmetric geometry (¢ = 1).
Note that both TR and FPXR peaks have widths of
only a few electronvolts. The curves demonstrate a
strong effect of the interference between FPXR and
TR on the total radiation spectrum. According to
Fig. 7, the narrow peak observed at small observation
angles is mainly due to transition radiation. It is clear
from Fig. 8 that the relative contribution of PXR
increases with 0, whereas the total radiation yield
drastically decreases. It should be noted that, accord-
ing to Fig. 8, interference can substantially reduce the
net contribution of TR to the total spectrum.

With decreasing ¢, the contribution of TR to the
total radiation yield, as compared to the FPXR contri-
bution (Fig. 4), changes insignificantly (Fig. 6). For
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Fig. 9. Relative contributions of FPXR, TR, and their
interference (INT) to the total radiation yield in asymmet-
ric geometry. The distance traveled by an electron is as in
Fig. 7.
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Fig. 11. Relative contributions of FPXR, TR, and their
interference (INT) to the total radiation yield in symmet-
ric geometry when condition (37) is violated.

this reason, it is interesting to examine the curves plot-
ted in Figs. 9 and 10 for a relatively large asymmetry
and all other parameters as in Figs. 7 and 8. We see that
the relative contribution of FPXR to the total radia-
tion yield increases with asymmetry, becoming domi-
nant at large observation angles, while interference
remains significant.

Since TR suppression condition (37) is difficult to
achieve in a real experiment, it is also interesting to
compare the contributions of different radiation
mechanisms for a crystal plate of arbitrary thickness.
Figures 11 and 12 show curves calculated by using for-
mulas (39). It is clear that the net contribution of
FPXR to the total spectrum is negligible in symmetric
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Fig. 10. Same as Fig. 9, but for a larger observation angle 0.
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Fig. 12. Same as Fig. 11, but in asymmetric geometry. The
FPXR contribution is dominant.

geometry (see Fig. 11) and dominant when the asym-
metry ratio is relatively large (see Fig. 12).

Thus, the dynamical phenomenon of FPXR is
most clearly observed against the background of tran-
sition radiation when the target is a crystal cut as
shown in the right panel of Fig. 2 (e < 1).

5. CONCLUSIONS

The two-beam approximation of dynamical dif-
fraction theory [20] is used to derive analytical expres-
sions for the spectral-angular distribution of the
coherent X-ray radiation emitted by a relativistic elec-
tron passing through a single-crystal plate along its
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velocity in asymmetric Laue geometry, including the
contributions of parametric X-ray radiation along the
electron velocity (FPXR), transition radiation (TR),
and their interference. It is shown that a decrease in
asymmetry ratio (see Fig. 2) causes a significant
increase in both spectral peak intensity and angular
density of FPXR. It is also shown that variation in
asymmetry changes the shape of the transition radia-
tion peak by changing the relative phase between the
TR wave generated at the entrance surface of crystal
plate and dynamically diffracted inside the crystal and
the TR wave generated at the exit surface of the target.
An analysis is presented of the relative contributions of
FPXR and TR to the total radiation yield and the
effect of interference between these mechanisms. It is
shown that the relative contribution of FPXR to the
total radiation yield increases with decreasing asym-
metry ratio at both large and small observation angles,
becoming dominant when a certain degree of asym-
metry is reached.
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