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The method of normal forms is used to study the nonlinear response of two-degree-of-
freedom systems with repeated natural frequencies and cubic nonlinearity to a princi-
pal parametric excitation. The linear part of the system has a nonsemisimple one-to-
one resonance. The character of the stability and various types of bifurcation
including the formation of a homoclinic orbit are analyzed. The results are applied to
the flutter of a simply supported panel in a supersonic airstream. © 1995 John Wiley &

Sons, Inc.

INTRODUCTION

Parametrically excited two-degree-of-freedom
(2-DOF) systems with a nonsemisimple one-to-
one resonance are analyzed by the method of
normal forms. A system with repeated frequen-
cies is said to have a nonsemisimple one-to-one
resonance if its linearized part cannot be
diagonalized. The nonlinearity is cubic and the
excitation is harmonic. Principal parametric res-
onance is investigated. The results are applied to
the flutter of an isotropic panel in a supersonic
airstream, in which case the nonlinearity is due
to midplane stretching. The following brief sur-
vey serves as an introduction. For a comprehen-
sive review, we refer the reader to Evan-
Iwanowski (1976), Nayfeh and Mook (1979),
Ibrahim (1985), Schmidt and Tondl (1986), and
Nayfeh and Balachandran (1989, 1995).
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Parametrically excited 2-DOF systems with
quadratic nonlinearities and two-to-one auto-
parametric resonances were studied by Miles
(1985), Nayfeh (1983b,c, 1987a), Nayfeh and
Zavodney (1986), Streit et al. (1988), and Asrar
(1991). Distributed-parameter systems with qua-
dratic nonlinearities and two-to-one internal res-
onances were studied by Miles (1984), Ibrahim
and Barr (1975), Holmes (1986), Nayfeh (1987b),
Gu and Sethna (1987), and Nayfeh and Nayfeh
(1990).

Tso and Asmis (1974) analyzed the response
of a 2-DOF system with cubic nonlinearities for a
principal parametric resonance of the first mode.
Tezak et al. (1978) treated the nonlinear response
of a hinged-clamped beam for principal and com-
bination parametric resonances.

Parametrically excited systems with one-to-
one internal resonances whose linear parts are
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diagonal were studied by Asmis and Tso (1972),
Ciliberto and Gollub (1985), Meron and Procac-
cia (1986), Simonelli and Gollub (1989), Feng and
Sethna (1989), and Nayfeh and Pai (1989).

Parametrically excited systems having non-
semisimple linear structures were studied by Fu
and Nemat-Nasser (1972a,b), Nayfeh and Mook
(1979), Tezak et al. (1982), Nayfeh (1983a), Na-
machchivaya and Malhotra (1992), and Nayfeh
(1993). Fu and Nemat—Nasser used Floquet the-
ory to analyze the response of linear multi-DOF
systems with two repeated frequencies. Nayfeh
and Mook (1979) used the method of multiple
scales to analyze the response of linear multi-
DOF systems with two repeated frequencies for
principal, fundamental, and combination para-
metric resonances. Nayfeh (1983a) used the
method of multiple scales to analyze the re-
sponse of linear systems with three repeated fre-
quencies. Tezak et al. (1982) used the method of
multiple scales to determine the response of non-
linear multi-DOF systems with two repeated fre-
quencies for principal parametric resonances.
They applied the results to the flutter of a panel
in a supersonic stream. Namachchivaya and
Malhotra (1992) used the method of normal
forms to analyze the response of general nonlin-
ear 2-DOF systems with two repeated frequen-
cies for a principal parametric resonance. They
found some interesting phenomena, such as ho-
moclinic bifurcations near the Bogdanov-Takens
bifurcation point. Nayfeh (1993) used the meth-
ods of normal forms and multiple scales to derive
normal forms for multi-DOF systems with two
repeated frequencies and quadratic and cubic
nonlinearities for principal, fundamental, and
combination parametric resonances.

In this article we use the method of normal
forms to reexamine the panel-flutter problem in-
vestigated by Tezak et al. (1982). We show that,
in the case of a simply supported panel in a su-
personic airstream, only heteroclinic orbits can
be observed near the Bogdanov—Takens bifurca-
tion point, whereas a homoclinic bifurcation can
occur, resulting in a jump phenomenon. The the-
orem of Shilnikov (1970) is used to interpret
these results. Some of the analytical results are
verified by numerical integration of the governing
equations.

EQUATION OF MOTION

The aeroelastic equations of motion for plates
and shells are well established (Dowell, 1975;

Dowell and Ilgamov, 1988). The motion of a
panel under a harmonic in-plane load in a super-
sonic airstream is governed by the following
equation (Dowell, 1975):
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is the tension due to the bending-induced stretch-
ing of the panel, D is the flexural rigidity, w is the
transverse deflection, x is the stream-wise spatial
coordinate, ¢ is the time, NZ is the in-plane har-
monic loading, E is the modulus of elasticity, 4 is
the panel thickness, a is the panel length, and py,
and w, are the material density and damping,
respectively. On the right-hand side of Eq. (1),
piston theory is used to approximate the super-
sonic aerodynamic loads on the panel, where p..,
U., and M., are the density, speed, and Mach
number in the free stream.

Equation (1) can be rewritten in the following
dimensionless form:

ItwE  Fw* . IW*
dx*4 - gpx2 dx*
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where

w* = (a/lh®)w, x* = 2la)x,

t* = [4D"aX(ph)"t, N* = p.Uia’/8M..D,
R} = Nfa¥/4D = F cos Q*r*,

a* = Eh’/4a’D,
2u* = (@4 pmhD))m + p=Ux/M..).
Following the Galerkin procedure, Tezak et al.
(1982) expressed the deflection as an expansion

in terms of the linear free-vibration modes and
obtained a system of ordinary differential equa-



tions for the time-dependent coefficients (also
called modal amplitudes) in this expansion. For
flutter, two natural frequencies coalesce and the
corresponding modal amplitudes u; are governed
by equations having the following form:

ﬁ] + Ui + 2[1,11,21 + f\“ul + A]zuz
+ (2 COS QT)(fuLll +f12M2) + c’v“u%
+ apuiuy + Gy + 3 = 0 4)

i+ uy + up + 2[1,2112 + /-\21141 + [\221/{2
+ (2 cos Q‘T)(leul + f22u2) + &21”?
+ Gpuiuy + Gputs + sz = 0 )

where 7 = w*t* is the new independent variable;
w* is the dimensionless natural frequency; the
ratio of the excitation frequency to the natural
frequency Q is close to 2; the A; = (\* — A\})C;;
are the aerodynamic detuning parameters; the C;
are constants; A is the critical value that causes
two natural frequencies to merge and flutter to
ensue; and the 4;, f;, and &; are constants re-
lated to the damping, in-plane loading, and non-
linear terms in Eq. (1), respectively. The case of
a one-to-one internal resonance and a principal
parametric excitation are studied.

Nayfeh and Mook (1979) showed that, in the
presence of damping, all modes that are not di-
rectly or indirectly excited by an internal reso-
nance decay with time.

METHOD OF SOLUTION

Tezak et al. (1982) used the method of multiple
scales to obtain an approximate solution to Eqgs.
(4) and (5). One can obtain the same results by
the method of normal forms, as we demonstrate
in this section.

Scaling

Due to the nonsemisimple structure of the linear
undamped operator, u, is much larger than u,.
Hence, after introducing & as a bookkeeping de-
vice, one assumes that

_ — Al c— .8
Uy = gvy, Uy =¢&"Wy, ;= 2

" ©

—_ o8 £.o—= o8 5., = b
Ay = ePNy, fy = &%y, Q= ey

fori=1,2,j=1,2,k=1,2,3, 4, where the 8,
are unspecified (for the present) positive con-
stants. Substituting Eq. (6) into Egs. (4) and (5)
yields
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Keeping only the dominant terms, we have

v + vy + 8822[1,11}1 + 883_8‘1\121)2
+ %782 cos Q1) fiavn + 52 30,03
.- -=0 ©)

U, + &%y + vy + e2up0, + - - - = 0. (10)

To make the damping, aecrodynamic loading,
parametric resonance, and nonlinearity interact

in the first approximation, we let

6, =063 — 8 =684 — 8, =05+ 2— 38 = 8;.
(11)

Hence, for an arbitrary §,, say 1,
=1, & =2, 6=2, and 6 =2 (12)
and the scaled Eqgs. (9) and (10) become

v + vy + 28}1.11}] + eApv;
+ &2 cos Q) fizv2 + g3 + -+

ijz + eV} + v+ 28#202 +- =0 (14)

_o @

Method of Normal Forms

To simplify Eqs. (13) and (14), using the method
of normal forms (Nayfeh, 1993), we first recast
them in complex-valued form using the following
transformation:

where 7); is the complex conjugate of ;. Solving
for n; and 7;, we obtain

1 .. _ 1 ie
nm = i (Uj - lUj) and n = 5 (Uj + zvj). (16)

Differentiating the first of Egs. (16) with respect
to 7 and using Eqs. (13)—-(15), we find



46 Nayfeh, Chin, and Mook
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where z = ¢®. Next, we introduce the near-

identity transformation

1’12 §j+ 3hj(§m: f_m, Z’ Z_) + e ]

(19)
m=1,2 foreach j=1,2
into Egs. (17) and (18) and choose the 4; so that
the resulting equations take the simplest possible
form, the so-called normal form:

.'zi'+8 ( ms _mazaz_)+' T
& =i& + egi(ém, & 20)
m=1,2 foreach j=1,2

where the g; consist of the resonance and near-
resonance terms. After substituting Eqs. (19) and
(20) into Eq. (17) and equating the coefficients of
e, we obtain

. {dh dhy - | oh ohy -
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Choosing 4, to eliminate the nonresonance terms
in Eq. (21) leaves g; with the resonance and near-
resonance terms; that is,

g1 = —mé + % (A&, + 3auélé; + fizzés).
(22)

The term proportional to z&, is a near-resonance
term because ) = 2 and the rest of the terms on
the right-hand side of Eq. (22) are resonance
terms. After substituting Eqs. (19) and (20) into
Eq. (18), equating the coefficients of £, and
choosing 4, to eliminate the nonresonance terms,
we obtain

1,
g = —wb + 5 €. (23)

Substituting Egs. (22) and (23) into Eq. (20)
yields the normal form

£ = it — emé
1 ~ (@9
+ 5 ie(Apér + 3aubsé + fuzd)
b= it — sty + 5 sk, @s)

Next, we introduce a detuning parameter o
defined by

Q=2+ ¢e0 (26)

where g0 is small compared with 1. Moreover,
we express the ¢; in the polar form

1 .
fj = z aje’(”ﬂf) (27)

recall that z = ™", separate Eqgs. (24) and (25)
into real and imaginary parts, and obtain

!

1 3 .
ay = —Mia; — (z A12a2 + g 0[14(1%) S vy,

! (28)
- EfuazSin Y2
, 1 3 3
ap = 3 Apa; + g 14a3 | cos vy
29
1
+ zflzaZCOS Y2
, 1 .
@y = ~pa@2 + 5 aisn ¥y (30)
, 1
a2 = 5 aicos v, 31

where the prime is the derivative with respect to
T, = er,

Yi=B2—p1 and y; =0T — B — B1. (32)

A comparison between the numerical time inte-
gration of the modulation equations and the origi-
nal governing equations is shown in Figs. 1-3. In
Fig. 1, we show the effect of &, which appears in
the scaling process. Clearly, the accuracy of the
perturbation solution improves as e decreases.
Good agreement between the perturbation and
exact solution is reached when & = 0.01, which is
also used for the results obtained in Figs. 2 and 3.
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FIGURE 1 Comparison between the numerical time
integration of the modulation equations (+) and the
original governing equations for (A, F) = (0, 500) and
(0, 1000) (outer loop); (a) € = 0.1; (b) ¢ = 0.01.
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FIGURE 2 Comparison between the numerical time
integration of the modulation equations (+) and the
original governing equations for ¢ = 0.01; (a) A = 0,
F = 500, 5000, and 50000 (outer loop); (b) F = 500,
A = =500, 1000, 2000, and 5000 (outer loop).
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FIGURE 3 Comparison between the numerical time integration of the modulation equa-
tions (left) and the original governing equations (right). (A, F) = (600, 379) for (a) and (b);

(A, F) = (600, 329) for (c) and (d).
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By introducing this £, one can observe that u, is
much larger than u;, which is consistent with the
inherent nonsemisimple structure of the system
under investigation.

EQUILIBRIUM SOLUTIONS AND THEIR
STABILITY

The equilibrium solutions of Eqs. (28)—(32) cor-
respond to @; = 0 and y; = 0. There are two
possibilities: a trivial solution:

a=a, =0 (33)
and a nontrivial solution:

a; = a; Va? + 4y} (34)

4
a3 = T {-An+ 02— 4up,
(35)

+ V%, — 402w + m)’t.

In the example considered below, ay4 is positive
and A,; decreases with M. and is zero at the
critical M...

The trivial solution always exists, although it
may not always be stable. The nontrivial solution
exists when a3 is positive. One requirement is

fiz = 2|o(u + w2)l. (36)

In addition, when

o2 = Ap = 4y > VI — 4oy + po)?
(37a)

there are two possible nonzero values for a and
when

VL, — 4oy + m2)? > |02 — Az — dpapel
(37b)

there is only one nonzero value for a}. Condition
(37b) applies for both positive and negative val-
ues of o2 — A12 - 4[.1,1/.1,2.

Next, we examine the stability of the various
solutions. We are particularly interested in the
boundaries separating the stable combinations of
parameters from the unstable ones.

Stability of Trivial Solution

Determining the limits of stability for the trivial
solution is equivalent to determining the flutter

boundaries. We introduce the Cartesian form

gl — _;_’ (pj . l'qi)ei(1+(1/2)e:0')~r, j — 1’ 2 (38)

to transform the nonautonomous system (24) and
(25) into the four-dimensional autonomous sys-
tem

x'=Lx + Nx) (39)
where
P q>
q1 3 —D2
x= . N =g opl+q)) ., (40)
D2 0
92 0
and
—2ui -0 0 Ap — fr
7= 1| o =2u1 —Ap - fi 0
2] o 1 -2 —
-1 0 [0 _2,LL2
(41)

The eigenvalues A of the matrix L satisfy the
characteristic equation

}\4 + r,)\3 + I‘z}\z + r;)\ + ry = 0 (42)

where

= 2(u + p2) (43a)
1

rp=pd+ ud+ A + 5 Az + o) (43b)

1 1
r3 = (u + @) (21«'«1}/«2 + ) Ap + 5 0'2) (43¢)

1
re=y oy + mo)?
(43d)

+( +1A _1 2)2__1_ 2
1 2 4 e 40' 167 12

According to the Routh-Hurwitz criterion, at
least one root of Eq. (42) has a positive real part
if at least one of the following conditions is not
satisfied:



r1>0, rlrz—r3>0,

(44)
r3(r1r2 - r3) - r%r4 > 0, ¥y > 0.

The flutter boundaries separating stable and un-
stable regions for the case of a simply supported
panel can then be constructed to form the bifur-
cation diagram, as shown in Fig. 4. Stable trivial
solutions exist in regions I and II only. As a con-
trol parameter is varied, the trivial equilibrium
solution can undergo a variety of bifurcations.
The qualitative dynamical behavior near these bi-
furcation curves can be analyzed by a combina-
tion of center manifold theory and the method of
normal forms.

Static Bifurcations of Trivial Solution. The P
curve in Fig. 4 corresponds to the condition ry =
0, where r4 is defined in Eq. (43d). Thus, along
this bifurcation curve, the linear operator L has a
zero eigenvalue. As F crosses the P curve di-
rectly from region I into region III at a fixed A, a
supercritical pitchfork bifurcation occurs, which
can be identified by the normal form (Nayfeh and
Balachandran, 1994)

y' = e(F — Fy)y + apy?,
g > 0 and a) < 0 (45)

where F, is the bifurcation value. If F crosses

from region II into region III, a subcritical pitch-
fork bifurcation occurs. It can be identified by

800
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FIGURE4 Various regions of interest obtained from
the linear and nonlinear stability analyses for a simply
supported panel, w* = 8.1076, o = 25/w*, u; = uy =
10/w*, Aj; = —=99.2A/ 0™, fi; = 202.5F/w**, and a4 =
5729/w**. The P and H curves define the linear flutter
boundaries. The P curve corresponds to pitchfork bi-
furcations, the H curve corresponds to Hopf bifurca-
tions, and the § curve corresponds to saddle-node bi-
furcations.
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the normal form (Nayfeh and Balachandran,
1994)

Y = &F — Fu)y + oy,
& > 0 and o > 0. (46)

In the case of supercritical bifurcation, the stable
trivial solution loses stability and gives way to a
stable nontrivial constant solution (or periodic
solution of the original system) that smoothly
grows with F, as shown in Fig. 5(a), where (g,
;) = (0.0033, —0.001) when (A, F,) = (—300,
332.92). In the case of subcritical bifurcation, the
solution jumps from a trivial to a nontrivial value
as F increases past the bifurcation value, as
shown in Fig. 5(b), where (e;, a;) = (0.0058,
0.0028) when (A, F.) = (100, 346.79).

Hopf Bifurcation of Trivial Solution. The H
curve in Fig. 4 corresponds to the condition
r3(riry — r3) — rirg = 0, where the r; are defined in
Eqgs. (43). The linear operator L has a pair of
purely imaginary eigenvalues along this bifurca-
tion curve. As A crosses the H curve from region
I into region IV or from region II into region V at
a fixed F, a supercritical Hopf bifurcation occurs
that can be identified by the normal form (Nayfeh
and Balachandran, 1994)

r'=e(A — Ar + azr,
&3>0 and a3 <0 (47a)

and oy <0 (47b)

Il

0'

Il

p+ aur?, p*=nln
where A, is the bifurcation value, In Fig. 6(a,b),
the variation of the amplitude of the second
mode with the aecrodynamic detuning for two val-
ues of the excitation amplitude is shown.

When F = 200 and A is increased slowly, the
stable trivial solution loses stability across the
Hopf bifurcation curve at A, = 326.41, where
(&3, a3) = (0.0026, —0.0475) and (p, ay) = (1.423,
—0.0053). The amplitude of the periodic solution
of the modulation equations (or quasiperiodic so-
lution of the original system) gradually grows
with increasing A, as shown in Figs. 6(a) and
7(c,d).

We show the results for F = 350 in Fig. 6(b).
When A is increased from a low value, the trivial
solution loses stability at A = —416 (point B) and
a stable nontrivial constant solution (which
passes through points F and A) starts to grow as
A continues to increase. When A =~ 118 (point E),
a second, unstable nontrivial constant solution is
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FIGURE 5 Variation of the amplitude of the second mode a, with the amplitude of the
parametric excitation: (a) A = —300; (b) A = 100; (c) A = 300; (d) A = 500; (e) A = 679.2;
and (f) A = 1000. Thin-solid lines denote stable constant solutions, dotted lines denote
unstable constant solutions, and thick-solid lines denote mean amplitude of the periodic

solutions.

possible and the unstable trivial solution regains
its stability. It remains stable until A = 453 (point
D), where (g3, a3z) = (0.0032, —0.04) and (p, as)
= (1.140, —0.0158) a supercritical Hopf bifurca-
tion occurs and a periodic solution of the modu-
lation equations emerges. The amplitude of the
periodic (limit-cycle) solution of the modulation
equations grows as A continues to increase, as
indicated by the heavy line from D to C in Fig.
6(b). In the region of multiple stable solutions,
the response depends on the initial conditions.
Starting from a stable nontrivial constant solu-
tion at a large value of A, point A in Fig. 6(b), and
then gradually decreasing A, one finds that the
amplitude of the nontrivial solution decreases
through point F until a stable trivial solution is

reached at point B. Starting from a periodic solu-
tion at a large value of A, point C, and gradually
decreasing A, one finds that the amplitude of the
limit-cycle solution decreases until a reverse
Hopf bifurcation to a stable trivial solution oc-
curs at point D. However, as A continues to de-
crease, a jump occurs at the reverse pitchfork
bifurcation, point E, to the stable nontrivial solu-
tion, point F, which is the only realizable solu-
tion. As A decreases further, the solution follows
the stable branch from point F to point B.

Stability of Nontrivial Solutions

The Jacobian matrix of the autonomous system
defined by Egs. (28)-(32) evaluated at the nontri-
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FIGURE 6 Variation of the amplitude of the second mode a; with the aerodynamic
detuning: (a) F = 200; (b) F = 350. Thin-solid lines denote stable constant solutions, dotted
lines denote unstable constant solutions, and thick-solid lines denote the mean amplitude of

the periodic solutions.
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FIGURE 7 A two-dimensional projection of the phase portrait onto the a, — a, plane:
(A, F) = (a) (679.2, 340); (b) (1000, 340); (c) (679.2, 200); and (d) (1000, 200).
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vial fixed points can be expressed as

- 1 -
—H1 Ji Jiz —iflzazCOS Y2
1 . 1
3 sin i — U2 5 41C08 V1 0
J= (48a)
l cos J J & a,sin
@ Y1 32 33 2a, 2SI Y2
o 1 g a . Ji2 .
I a; a COSs vy @ J32 a sin y; J33 2611 a,sin vy, )

where
1 9 . 1 .
Jp=— 5 <A12 + 2 a14a%> sin 7y, — Eflzsm 0]
(48b)
1 3 2
J13 = — 5 A]2 + Z Aj4ds | ACOS Y1 (480)
1 3 2
Jip =~ a Ap + 5 Quadj | COS Y + fizc0s v,
(48d)

i

_a Ap o 3o 3) :
( Zaz+2a1 a, + 84, a3 ) sin y;.  (48e)

J3
The stability of a nontrivial equilibrium solution
depends on the real parts of the eigenvalues of
the matrix J. If the real part of each eigenvalue is
negative, the corresponding equilibrium solution
is asymptotically stable. If the real part of at least
one of the eigenvalues is positive, the corre-
sponding equilibrium solution is unstable. In re-
gions II and V of Fig. 4, there are two nontrivial
constant solutions: one is stable and one is unsta-
ble. And in region III, there is one nontrivial con-
stant solution, which is stable. If the equilibrium
solution becomes nonhyperbolic, a similar bifur-
cation analysis can be conducted near the nontri-
vial fixed point by using the center manifold the-
ory and the method of normal forms. As F is
decreased across the line S, where F = F,., be-
tween regions I and II (or IV and V) for a fixed A,
one real eigenvalue becomes positive and a sad-
dle-node bifurcation occurs; it can be identified
by the normal form

y' = &y(F — Fy) — y2, g4 > 0. 49
In Fig. 5(b—f), as F decreases past the bifurcation
point, the stable nontrivial constant solution no

longer exists and either jumps down to a stable
trivial constant solution or a, becomes a periodic
function. The unstable branch of nontrivial con-
stant solutions is unrealizable in both numerical
and physical experiments.

Stability of Periodic Solutions

Using Floquet theory to check the stability of the
periodic solutions in regions IV and V, one finds
that only stable periodic solutions exist in region
IV, whereas stable periodic solutions and stable
nontrivial constant solutions coexist in part of
region V, as shown in Figs. 5(e,f) and 6. In the
latter case, the response depends on the initial
conditions. In Figs. 5(c,d) and 8, the mean value
of the amplitude of the periodic solution de-
creases while its period increases as F increases,
and eventually a reverse Hopf bifurcation pro-
duces a stable trivial solution. In Fig. 5(e,f),
when A is either near the value where the
Bogdanov-Takens bifurcation occurs or away
from the Hopf-bifurcation curve, the mean value
of the amplitude of the periodic solution first de-
creases with F, then starts to increase some-
where beneath the unstable branch of nontrivial
constant solutions (saddles). At this point, the
periodic solution is stable in a sense that the cor-
responding Floquet multipliers lie within the unit
circle. However, as shown in Fig. 8 for fixed
values of A, the period of the limit cycle tends to
infinity as F increases, suggesting the occurrence
of a homoclinic orbit.

If a system has an orbit homoclinic to a saddle
focus, which has one positive real eigenvalue A,
M = A3 = —a + iw, and Real(—\;) > o for i = 4,
S,. . .,n,where o and w are positive, Shilnikov
(1970) showed that the system has a stable peri-
odic orbit on one side of the homoclinic orbit and



10

FIGURE 8 Variation of the period of the periodic
motion with the amplitude of the parametric excita-
tion. (0) A = 500; (O) A = 600; (+) A = 679; (A) A =
700; (*) A = 1000.

no recurrent behavior on the other if the eigen-
values of this saddle satisfy the inequality

= af 7\] > 1, (50)
which is the case in the current study.

The projections of the unstable manifolds of
the saddle focus are shown in Fig. 9 for A =
1000. Before the homoclinicity condition is
reached, the unstable manifold leads to a limit
cycle in one direction and to a sink in the other,
as shown in part (a) for F = 330. As F increases,
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FIGURE 10 Variation of the period of the periodic
motion with the aerodynamic detuning. (&) F = 100;
(A) F = 200; (O) F = 300; (+) F = 325; (x) F = 400.

the limit cycle grows and its period increases, as
shown in part (b) for F = 335. At F = F, =
340.853, the periodic orbit passes through the
saddle focus, forming the homoclinic orbit. The
eigenvalues of the saddle focus are A\; = 0.4656,
A3 = —1.2334 = 4.2036i, and Ay = —2.9324.
Hence, 8 = 2.649 > 1. Therefore, according to
the Shilnikov theorem, when F < F;,, the system
has a stable limit cycle, and when F > F;, it has
no recurrent behavior, explaining the results in
Fig. 9.

In Fig. 10, when A increases from approxi-

-]
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FIGURE 9 A two-dimensional projection of an unstable manifold onto the a, — a, plane
for A = 1000 and F = (a) 330 (both directions are included); (b) 335; (c) 340.853; (d) 350. (+)

denotes a saddle and (%) denotes a sink.
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FIGURE 11 A two-dimensional projection of an unstable manifold onto the a4, — a, plane
for F = 400 and A = (a) 530 (both directions are included); (b) 630; (c) 734.161; (d) 830. (+)

denotes a saddle and () denotes a sink.

mately 510.5 for F = 400, where a supercritical
Hopf bifurcation occurs and a limit cycle is born,
the period of the limit cycle increases and tends
to infinity as A — A, = 734.16. In Fig. 11(a) for
A = 530, the unstable manifold of the saddle
leads to a limit cycle in one direction and to a
sink in the other. As A increases further, the limit
cycle grows and approaches the homoclinic or-
bit, as shown in part (b) for A = 630 and part (c)
for A = 734.1614, respectively. The eigenvalues
of the saddle focus at A = Ay, where a homo-
clinic orbit occurs, are A\; = 0.7262, \;3 =
—1.2334 = 3,0807i, and Ay = —3.193, Clearly, &
= 1.698 > 1. Therefore, according to the Shilni-
kov theorem, the system has a stable limit cycle
for A < A and no recurrent behavior for A > Ay,
again explaining the results in Fig. 11.

Bogdanov-Takens Bifurcation
of Trivial Solution

Analyzing a similar type of system, Namachchi-
vaya and Malhotra (1992) observed an interesting
phenomenon: a homoclinic bifurcation near the
Bogdanov-Takens bifurcation point, which is
the intersection of two codimension—-one bifurca-
tion varieties, the static bifurcation and the Hopf
bifurcation. The corresponding linear operator
has a double-zero eigenvalue.

For the case of a simply supported panel in a
supersonic stream, the critical values A, = 679.2
and F. = 519.6 at point c in Fig. 4 are obtained
by satisfying the two conditions r; = 0 and r4 = 0,
where r; and r, are defined in (43c,d). The corre-
sponding linear operator L. has the Jordan form

J=PIL.P
01 0 0
00 0 0
= . (51
00 —(ui+ wm) 1
0 0 0 =1 + p2)

Center manifold theory (Carr, 1981) can then be
applied near this nonhyperbolic fixed point to re-
duce the fourth-order system to a second-order
equation defined on a two-dimensional center
manifold. Substituting x = Py into Eq. (39) and
premultiplying by P! yields

y' =Jy + P"\L ~ Ly)Py + P"'N(Py). (52)

The center manifold of the decoupled system has
the form

y3 = hi(yi, y2, A, F)
Y4 = h?.(yla Y2, A, F)

(53a)
(53b)



Because the nonlinearities are cubic, this center
manifold can be approximated by cubic func-
tions. Therefore, the dynamics of the center
manifold is governed by equations of the follow-
ing form:

P1=1P1+HAF4?]+&MJw(M)
Y2 Y2 Y2

where

0 1
J = ,
o o

iyt + aoyiyr + asyiyi + auys

= 8 ,
[as)’% + agyty, + arniyi + as}’%}

(55)

and E is a 2 X 2 submatrix of P"{(L — L)P.
Letting

[bn b12]
B=J+E-= ,
by by (56)

det B = b11b22 - b21b12, and tr B = b“ + b22

one can introduce the transformation

SR P | B
2 bun bl Ly

to transform Eq. (54) into the following form:

9] L s o
m —detB trB]||m =

Again, one can use the method of normal forms
to simplify Eq. (58).

For the time being, one can drop det Band tr B
because they are sufficiently small. Then, we
consider

n' =Jn + N (59)

and introduce a near-identity transformation as
well as the normal form

n=£&+eh+ - - (60a)
JE+ eg§) + - - - (60b)

Substituting Eqs. (60) into (59) yields
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oy ohy
[81]+ 9 8 [0 1] [fl]
2 ohy oy 0 0j[&
| 06, 36

0 17 [~

Lo o[l @
[01&] + méiés + w618 + auf

Lasét + asélés + anfy 85 + asfg]

The form of the nonlinearity suggests seeking the
g:; and k; in the following forms:
hy =& + Toéle, + T:6E + T8 (62a)
hy = Tsél + Tefléy + 1618 + Teéd (62b)
g1 = ME + MEiE + MEE + S (620)
g2 = Asél + AeflEy + MEE + M. (62d)

Substituting Eq. (62) into (61) yields

ME + MEE + LGS + MG

+ &GE + 2066 + T:8)

— ([s&} + Teier + T7£,8 + T38)

= af] + wméib + ;b8 + abs (63)
Asél + Ae8iEr + MEIE + A&

+ £ + 2eé &, + [78)

= asé] + aefiés + w18 + asf3. (64)

Equating the coefficients of £, £2¢,, £,£, and &
on both sides of Eqs. (63) and (64), one has

CC=a-A (65)
where
0000 -1 0 0 0]
3000 0 -1 0 0
0200 0 0 -1 0
C=0010 0 0 0 —1'(66)
0000 0 O 0 O
0000 3 0 0 0
0000 0 2 0 0
0000 0 0 1 0]
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Here I', a, and A are column vectors having the
components I'y,, am, and Ay, respectively.
Because C is a singular matrix, the system (65)
has a solution if and only if & — A is orthogonal to
every nontrivial solution ¥ of the adjoint homo-
geneous problem; that is, C7u = 0. One then has

u=1(0,0,0,0,1,0,0,07 and
(3,0,0,0,0,1,0,07

and accordingly obtains

A5 = s (673.)

3A; + Ag = 3a; + ag. (67b)

One can solve Eq. (65) for I for all values of the

am, and hence Ay, k = 2, 3,4, 7, and 8 can be set

equal to zero. If one has A; = 0 and accounts for

the two unfolding parameters, 8; = —det B and

B, = tr B, the corresponding truncated normal
form of Eq. (58) can be expressed as

&L=6 (682)

& = Bif1 + Babr + & + 18l (68D)

where

Bi1 = —0.009(A — A;) + 0.023(F — F) (69a)
B2 = 0.012(A — Ay) — 0.019(F — F;)  (69b)
v = eas = 0.028 (69¢)
eBa; + ag) = —0.097. (69d)

Y2

The global bifurcation behavior arising from this
local codimension~two bifurcation is well known
(Guckenheimer and Holmes, 1983).

SUMMARY

The nonlinear response of 2-DOF systems with
one-to-one internal and principal parametric res-
onances is obtained by the method of normal
forms. The same technique along with center
manifold theory is used to analyze the bifurcation
behavior near the nonhyperbolic fixed points.
Because the stability of hyperbolic fixed points
or periodic solutions can be studied by the corre-
sponding eigenvalues or Floquet multipliers, re-
spectively, one would then obtain a clearer pic-
ture of the dynamic behavior from the bifurcation
diagram. In the case of a simply supported panel

in a supersonic stream, qualitative changes can
be predicted when either the forcing amplitude or
the aerodynamic pressure is varied across a bi-
furcation curve. It is shown that the trivial solu-
tions can lose stability through three types of bi-
furcations: supercritical and subcritical pitchfork
bifurcations, supercritical Hopf bifurcations, and
Bogdanov-Takens bifurcations. The stability of
the equilibrium and periodic solutions are inves-
tigated. The Shilnikov theorem is used to explain
the numerical results obtained near the formation
of an orbit homoclinic to a saddle-focus fixed
point.

This work was supported by the Air Force Office of
Scientific Research under Grant No. F49620-92-J-
0197.
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