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Résumé. — La premicre partie de ce papier décrit ’évaluation de I’amplitude dipolaire électrique
pour les transitions S-S i un photon d’atomes alcalins, induite sous I’effet du potentiel électron-noyau,
a courte portée, violant la parité, qui est associé aux courants faibles neutres. Deux méthodes sont
présentées en détail : la premiére nécessite une sommation explicite sur les contributions des états P
mélangés aux états S et utilise les informations les meilleures concernant les amplitudes dipolaires
électriques S-P. La seconde méthode, mathématiquement plus élégante, évite toute sommation
explicite sur les états P a ’aide de techniques de fonction de Green ; sil’on néglige quelques corrections
spin-orbite, elle conduit a une formule simple contenant des intégrales de Coulomb tabulées dans la
littérature et les defauts quantiques interpolés pour les ondes S et P. La seconde partie est consacrée a
une description de moyens possibles permettant la détection de la violation de la parité dans les tran-
sitions radiatives S-S avec une bréve discussion de processus physiques qui pourraient étre une source
de difficultés expérimentales. La derniére partie consiste en une analyse théorique de 'influence d’un
champ électrique statique sur les transitions radiatives S-S. L’évaluation de 'amplitude du dipdle
électrique induit dans le cas du césium indique qu’il y aura compétition avec I'amplitude du dipdle
magnétique pour des champs électriques supérieurs 4 10 V/ecm. Un effet d’interférence entre ces
2 amplitudes donne lieu & une polarisation électronique dans 1’état final pouvant atteindre jusqu’a
64 %, dans un cas typique. La mesure de cet effet assez particulier aura I’intérét de fournir le signe de
P’amplitude du dip6le magnétique. De plus, la violation de 1a parité peut se manifester par une dépen-
dance de cette polarisation électronique sur I’état de polarisation du photon incident.

Abstract. — The first part of this paper gives a detailed account of the evaluation of the electric
dipole amplitude induced in alkali one-photon S-S transitions, by the parity violating electron-
nucleus short range potential ¥, , associated with the weak neutral currents. Two methods are pre-
sented : the first involves an explicit sum over the contributions of the P-states admixed with the
S-states and incorporates the best information available on S-P electric dipole amplitudes. The
second method, mathematically more elegant, avoids with the help of Green’s function techniques
any explicit sum over the P states, and, provided that some spin-orbit corrections are neglected, leads
to a fairly simple formula involving Coulomb integrals tabulated in the literature and the interpolated
quantum defects for S and P waves. The second part is devoted to a description of possible ways to
detect parity violation induced in radiative S-S transitions, with a brief discussion of physical pro-
cesses which could be a source of experimental difficulty. The last section of the paper deals with a
theoretical analysis of the influence of a static electric field on the radiative S-S transitions. An eva-
luation of the induced electric dipole amplitude in the case of cesium indicates that it will compete
with the magnetic dipole amplitude for electric fields larger than 10 V/cm. An interference effect
between these two amplitudes gives rise to an electronic polarization in the final atomic state propor-
tional to the vector product of the static electric field by the photon momentum which, in a typical
case, could be as large as 64 9/ ; the measurement of this interesting and rather peculiar effect will
lead to a determination of the sign of the magnetic dipole amplitude. Moreover parity violation could
manifest itself by a dependence of this electron polarization on the state of circular polarization of the
incident photon.

(*) Laboratoire associé au Centre National de la Recherche Postal Adresses : Laboratoire de Spectroscopie Hertzienne,
Scientifique. Ecole Normale Supérieure, 24, rue Lhomond, 75231 Paris Cedex 05,

(**) Laboratoire propre du C.N.R.S., associé a I'Ecole Normale  Laboratoire de Physique théorique, Ecole Normale Supérieure,
Supérieure et 4 'Université de Paris XI. 24, rue Lhomond, 75231 Paris Cedex 05, France.
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Introduction. — In previous publications {1, 2], the
authors have shown that the weak neutral currents,
which have been recently detected in high energy
neutrino scattering on nuclei [3], may, under well
defined conditions, give rise to observable effects
in atomic physics. The theories of weak interactions
featuring neutral currents predict the existence of a
short range electron-nucleus potential which, in
general, will violate the invariance under space
reflexion. This parity violating interaction mixes
atomic states of opposite parities. The usual parity
selection rules in atomic transitions are no longer
strictly valid and mixed electric and magnetic dipole
become possible. In such transitions, the photons
emitted by an initially unpolarized atom will have
on the average a small circular polarization. This
will clearly indicate that the two possible orientations
of space are not equivalent. In ordinary allowed
transitions, this effect is far too small to be observed
but in forbidden magnetic dipole transitions like
the 6 S-7 S transition in Cesium a circular dichro sm
of the order of 107* is predicted.

In reference [2], the authors have developed a
general method to compute the matrix element of
the parity violating potential ¥, , between single par-
ticle s and p states. The final formula is remarkably
simple and could be considered as a generalization of
the Fermi-Segre formula which is rather successful in
predicting the hyperfine splittings of alkali atoms.
This result was used to give an order of magnitude
estimate of the parity violating effects in magnetic
dipole transitions, and to predict their general trend
with atomic number : an approximate Z* law which
favours obviously heavy atoms.

In this paper, we would like to present a detailed
account of the evaluation of the electric dipole
amplitude induced in S-S transitions by the parity
violating electron-nucleus potential. Some of the
results were given in reference [2], but a detailed
justification was lacking. We shall follow two methods.
The first method consists in a straighforward applica-
tion of the first order perturbation theory. The sum
over the P states admixed with the S states involved
in the transition is performed explicitely using the
best possible information available on the electric
dipole S-P amplitude and the matrix element of
V,. obtained in reference [2]. In order to make the
method more practical, a summation over a finite
number of P states should be sufficient to obtain an
accurate result. We have been able to convince
ourselves that it is indeed the case, but a direct jus-
tification is quite laborious. The second method,
mathematically more involved, uses Green’s func-
tion technique in order to avoid an explicit sum-
mation over the P states. In a first step, one finds
an expression which would be very convenient for
refined numerical computations. Moreover, if one
ignores some spin-orbit effects and makes a mild
assumption on the ion-core potential, one can go
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further and after some rather technical steps given
in Appendix, one arrives at a simple closed formula.
In order to get numbers out of it, one only needs to
know the interpolated quantum defects for S and P
waves. This remarkable feature of the result is due
to a cancellation of the contributions involving the
internal part of the atomic wave functions. This
method although less exact, since it neglects some
effects which can be easily incorporated in the first
method, is very useful for deriving a rapid estimate
involving an error not exceeding 20 %,. Within the
same set of hypothesis the results agree almost per-

fectly with those obtained with the first method,

keeping only the contribution of the four nearest
intermediate P states.

In the next section (2), we give a rather detailed
analysis of the possible ways to detect a parity viola-
tion in S-S transitions of alkali atoms. Three types
of experiments are suggested and a particular attention
is paid to hyperfine structure effects. We give a brief
discussion of the most troublesome processes which
can simulate or mask the effects we would like to
observe (influence of a static field, collision induced
transitions). Although they certainly represent a
source of experimental complications, they do not
seem to present unsurmountable difficulties.

Section 3 is devoted to a theoretical analysis of the
influence of a static electric field on S-S transitions.
Although it cannot simulate a genuine parity violation,
it could in principle induce an electric dipole amplitude
which will dominate the magnetic dipole. It is found
that in the case of the 6 S-7 S transition of Cs, an
electric field, kept below the level of one volt/cm,
has a negligeable effect on the transition. On the
other hand, an electric static field is not always a
nuisance and in some cases it could be a very valuable
tool. We have shown that, through an interference
between the magnetic dipole amplitude and the
electric dipole amplitude induced by the static field
E,, an electronic polarization along k A E, (k being
the photon momentum) is produced in the final
state. Since the induced electric dipole amplitude
can be computed quite reliably, the observation of
this polarization will lead to a determination of
the M, amplitude. In particular, the sign of M,
could be obtained within some well defined phase
convention. The maximum electronic polarization
is predicted independently of any particular hypothesis
on the atomic wave function and is found to be as
large as 64 %, in a typical case.

If the S-S transition is induced by a beam of photons
having a given circular polarization £ = + 1, parity
violation will manifest itself by the observation of
an electronic polarization of the form & A E,,
associated with an interference between the electric
dipole amplitudes induced, respectively, by the electric
static field and the electron-nucleus parity violating
potential.
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This effect could constitute an interesting alternative
to the experiments discussed in section 2.

We would like to emphasize that the experimental
investigation of radiative S-S transitions induced
by a static electric field, which bears some resemblance
with the recently observed two photons S-S transi-
tions [4], is by itself of great interest, independently
of the question of parity violation in atomic physics.

1. Evaluation of the electric dipole amplitude induced
by the parity violating electron-nucleus weak potential.
— We would like to present here the main steps and
the results of an evaluation of the electric dipole
matrix element induced between states of the same
parity by the weak parity violating electron-nucleus
potential, V5", with a special attention to the S, ,-S, ,
transitions in cesium. Our theoretical analysis will
be performed in the framework of the single particle
model which gives a good description of the one
valence electron states of concern to us. We shall
use first order perturbation theory together to the
matrix element { n'p,, | V,, |ns,, ) obtained in
reference [2]. The electric dipole matrix element
between perturbed S states reads :

(P82 14,118, = 3 x

+ Gy m?c) Z? o?

2n /21

< n'? Sl/2 | d, | n? S1/2 > =
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(WS|d,|n"PY{(WP|V,, nS)
x E, - E.
('S |V, In"P>n"Pld, |nS)
+ E, - E, @)

To evaluate the above expression, we shall follow
two methods. In the method I, the summation over
n” is performed explicitely using the best information
available on the electric dipole amplitudes
{n'S|d,|n"P). If this method is to be practical,
a finite number of intermediate states should dominate
the final result. The main difficulty in the method is
to convince oneself that it is indeed the case.

The method II is more ambitious. One avoids the
explicit summation using Green’s function technique.
But, in order to obtain a close formula, one has to
neglect the effect of spin-orbit coupling on the electric
dipole matrix elements. The final expression is
remarkably simple. It requires only the knowledge
of the interpolated quantum defects for S and P
states and involves Coulomb functions integrals
tabulated in the literature.

1.1 MetHOD I. — If one inserts in the above
expression the matrix element { ns;;, | V,, | 7" Dyj2 >
given by eq. (29) of reference {2], one arrives at the
following expression for the z-component of the
electric dipole operator taken between perturbed S
states :

0 (Z,N)K, x

[

x { Z < n”2 P1/2 I dz ' n2 Sl/2 > (gn’ 8n”):‘,/“' (1 + 60(811')) (1 + 51(811”))

"
n

n En”

n’

’”

The sum over n” should run over the discrete as
well as the continuous spectrum. In the discrete
part ¢, &,, & stand for the binding energies of the
states | n* S, >,1n%8,, > |n"? Py, in atomic
units.

Expressions for dy(¢) and d,(g), valid when ¢ < 1
and Z > 1, were derived in reference [2]

-1/2
1 + d4(e) = [1 + 2(— g)¥? g—g] x

x (1 + o(e®)

-1/2 (3)
1+ 6, = [1 + 2(— e)3? a"] x
x (1 = { + o(e?) + o((?)
with o 1 .
iz 1z @

(28 | d, [0 Py > (en &) (1 + So(en) (1 + 51(8,."))} @

€y — &y

V.(0) being the electrostatic potential of the electronic
cloud at the nucleus. u(¢) is the interpolated quantum
defect. Q,, is a kind of weak charge appearing in the
weak electron-nucleus potential discussed in refe-
rence [1] :

Vol = (6.-p. 8°(r) + 5*(M) 0..p) . ()

P 4\/—m c

K_is a relativistic correction factor glven in terms of
the nuclear radius R :

A= [r(z

A first estimation of the electric dipole transition
amplitude has been performed following the method

I(3)
1—(Za)2+1)

<ZZR) (\/1—_(2—)2_1] .
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of Bates and Damgaard [S]. These authors use the
fact that for states of low binding energies, the electric
dipole matrix elements receive contribution mainly
from the outer part of the atomic wave function
(radial distances r larger than the radius of the ion
core r.). Assuming that the core potential for r > r,
is purely Coulombic, the external wave functions
properly normalized can be written in terms of
hypergeometric functions. We have used here the
wave functions given by formula (A. 10) of referenc ¢ [2]
which differ from those of Bates and Damgaard by

—1/2
the factor (— 1)***1 [1 + 2(— &)¥? %5] n

table I, we have collected the values obtained in this
manner for n =6, " =7, 8 and " =6, 7, 8, 9.
They are affected with the index (c). These values
have been corrected for the effect of spin-orbit coupl-
ing using first order perturbation [6]. The corrected
values are listed in table I with the index (%).

There exists in the literature more refined computa-
tions of oscillator strengths in cesium, from which
one can extract the modulus of the electric dipole
matrix element. Stone [7] used a numerical potential
constructed in order to reproduce 40 energy levels
of cesium. The spin orbit coupling corrections are
automatically included. The values obtained by
Stone affected with index (%) are in good agreement
with the values given by Bates and Damgaard when
the matrix element modulus is 2 ea,, which means
that there is no large compensation in the integrant
giving the matrix element. The agreement becomes
poorer for small matrix elements which are more
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affected by a small modification of the wave function.

In the calculations of Norcross [8] appearing under
the index (b), the effect of the core polarization neglect-
ed in the two previous calculations is included in a
semi-empirical way. The effect of this correction is
a reduction of the magnitude of the matrix element
of the order of 7 9, for the more important terms.
We shall not give here a complete discussion of the
rather complex experimental situation, and only
say that there is fair agreement between the calculated
electric dipole matrix elements and the measured
oscillator strengths in the cases which are important
for the evaluation of expression (1).

1.1.1 The 6S,,, = 78,,, transition of cesium. —
In order to perform the evaluation of the matrix
element (7S,,,|d,|68S,,, > we have used the abso-
lute values given by Stone with the signs given by
Bates and Damgaard. This prescription seems justifi-
ed since the modulus appears to be in fair agreement
for the dominant terms. If in the dubious cases
where the two amplitudes differ by a factor two, one
would assume that a sign reversal has also occurred,
the final result would only suffer a modification of
the order of 10 . If one uses the numbers listed in
table I under the indices (°), one arrives at the expres-
sion :

(78,014,658, =il.12¢ea, F(Z,N), (7)

where the dimensionless quantity F(Z, N) is defined

as :
GF 77’12 ¢ (Za 2
\‘F(Z, N) == ( )

N/ Y:

QZ, N)K,. (8

TABLE 1
Electric-dipole matrix elements for cesium in atomic units ea,. Values affected with indices (%)
and (°) are deduced from the oscillator strengths computed by Stone [7] and by Norcross [8]. Values ()
are computed by the method of Bates and Damgaard [5] with modification of the normalization factor as
given in the text, and values (%) by correcting them from spin-orbit interaction through first-order pertur-

bation theory.
n <6SI/2 | 4, |nP1/2 >

1.97 (%)
1.83 ()
2.04 ()
2.04 (%)

0.120 ()
0.11 ()
0.23 ()
0.19 (%)

0.036 8 ()
0.030 ()
0.097 ()
0.078 (9

0.016 9 (%)
0.013 ()
0.039 ()
0.026 (9

<7 Sl/2 ld, | ”Pl/z >

8 Sl/2 | d, | ”Pl/z >

_ 0411 ®

—1.59 (%
- 1.82(9 — 0.411 (9
— 1739 — 0413 (%)
4.35 (9 - 3579
4.21 () - 398 ()
4.25 (%) - 3.81(%
0.28 (%) '
0.47 (9 7.27 ¢)
0.34 (%
0.086 (%)
0.17 () 0.80 ()
0.13 (%) 0.68 (%)
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In the Weinberg model [9], Q,(Z, N) is given by

0, =Z(1 —4sin’8,) — N.

Taking sin? @ = 0.35, one finds :
<?§1/2 | d, | g\slm >=—il7ea,1071!

- —i047 % 1078 . (9)

i

We would like to discuss the corrections to the
above result coming from three different sources :
a) Contribution to the sum ) associated with

n
bound states n” > 10.
p) Contribution associated with the continuous
spectrum of the one particle p states | P, ¢ }.
y) Contribution associated with auto-ionizing states
belonging to the configuration Inpl‘,é 6512 7812
withn < §.

In order to estimate the contribution 9 < »” < 12,
we have still used the values of Stone. The contribution
associated with n” > 12 has been treated with the
continuum. To obtain an estimation of the continuum,
we have taken the transition matrix elements obtained
by Burgess and Seaton [10] through an extension,
to the continuum part of the p state spectrum, of the
method of Bates and Damgaard. The spin-orbit
correction, although small in absolute value, becomes
comparable to the full electric dipole amplitude.
The contribution involving the dipole matrix element
{68,,|d, Py,e)> has also been estimated using
the results of Norcross [8] and Weisheit [11]. Although
the two types of calculation give results which in
detail may differ considerably, the order of magnitude
of the final results are not very different. The conclu-
sion we have reached is that the contribution of discrete
states with n” > 9, together with the continuum part
of the one particle spectrum, is not likely to exceed
5 % of that of the lower lying states.

The contribution of the autoionizing states requires
a special treatment, since it involves the matrix
element V,, between 685, or 78S, wave function
and deeply bound one-particle p state associated
with the hole. For such state, the approximate expres-
sions (25) and (26) of reference [2] are no longer
reliable. Let us consider a typical contribution :

=<7sl/2|dz|°‘><“|Vp.v.|6sl/2>

4 — Fa

EGS]/Z

where the autoionizing state | « > is associated to the
particle-hole configuration 6s;,, 7s,,,(np,,)”" with
2 < n < 5. In the Hartree-Fock approximation one
has :

- Ea = Etssl/2 - (Essl,z + E7s,,2 - E ) =

np1/2
- E"Pl/z

E6S:/z
- E7S1/2 *
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Using the particle-hole formalism [12], one can
express the products

<7sl/2|dz|°‘><°‘|Vp.v.|6sl/2>

in terms of one-particle states matrix elements,
and arrive at the final expression :

- <7 S1/2 | Vp.v. | npy )2 > < npy,s ld. |6 Sl/2
Es,,, — E

npg/2

A

2<n<s.

Using the wave function given by C. Froese Fisher [13],
we computed for n = 5 the ratio r of A4 to the corres-
ponding expression involving the valence state 6p;,,.
We found r ~ 2 x 1072 For n < 5, similar estimates
give much smaller results (< 1073).

In conclusion, it appears quite legitimate to neglect
the corrections a), f), v) in the evaluation of the
electric dipole amplitude. In the next section, we
shall present a different method of evaluating the
electric dipole amplitude between states perturbed
by V,, which will provide us with a further justi-
fication.

1.1.2 The 6S,,, —» 88,,, transition of cesium. —
The matrix element of the electric dipole operator
between the perturbed 6 >S,, and 82S,,, states of
Cs has also been performed, using the numbers
listed in table 1 with the index () when they are
available, and with the index (%) otherwise.

One finds :

(8%,,14,165,,)> = 0.43 ieay F(Z, N), (10)

and in the framework of the Weinberg model with
sin® 6, = 0.35:

(885,,,14d,165,,> = —i0.65 x 10711 ¢q, .

1.1.3 The 6 Py, —» 7P, transition of thallium. —
In reference [2], we have noted that the analysis
performed with nS — »’S transitions in alkali states
can be extended to nP,,;, — n'P,, transitions in
gallium or thallium. We have performed an evaluation
of the electric dipole amplitude { 6 Py, |d, | 7 P,,, >
using a formula similar to (1). We have included in
the calculation nS states with n = 7, 8, 9. We have
not found any detailed calculations of the oscillator
strengths. When data are avalaible, we have taken
the electric dipole amplitude (6P, |d, |nS,, )
from experiment [14], with the sign given by Bates
and Damgaard. When no data exist we have used
Bates and Damgaard matrix elements with spin-orbit
corrections obtained from first order perturbation
theory. The numbers used in this computation are
given in table II. The matrix element of the electric
dipole between the perturbed 6 P,, and 7P,
states in thallium is found to be :

(TP, 1d,16P,,> = — 0.49 icay F(Z, N) (11)

35
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and in the framework of the Weinberg model :
(TP, 1d, 6P, > =i0.78 x 107'° eq .

The neglect of intermediate states involving the exci-
tation of 6s electrons can be shown to introduce an
incertitude of the order of 20 .

TaBLE II

Electric-dipole matrix elements for thallium in
atomic units ea,. Index () affects the values deduced
from experimental data [14], index () the values
calculated by the method of Bates and Damgaard [5]
with modification of the normalization factor as given
in the text and values () are obtained by correcting
them from spin-orbit interaction through first order
perturbation theory.

n <6 1:'1/2 | d, | nSl/Z >

<7 P1/2 | d, | ns1/2 >

- 0.—’;12 )

7 — 0.734 () 2429
—0.62 () 2.45 ()
- 0.223 (%

8 —0.187 () -2790)
— 0.192 () - 2.78 ()
- 0.125(9

9 — 0.093 (%) - 0.48 (V)
—0.129 (9 - 0.48 ()

It is instructive to compare the electric dipole
amplitude, induced by the weak neutral currents,
for thallium and cesium, in the framework of the
Weinberg model with sin? 0, = 0.35 :

(7P, 1d,|6P,,)Tl
<7sl/2|dz'6sl/,2>cs_

- 0495(Z=81,N=124) 46
112F(Z =55, N=18) o

1.2 MetHOD II. — Although we have been able
to convince ourselves that the dipole matrix element
given by the formula (1) is dominated by the contribu-
tion of the intermediate P states which have energies
close to those of the S states involved, this was achieved
at the price of an appreciable numerical work. It
would be of great interest to have a method which
avoids the explicit summation over intermediate
states.

Let us write the dipole matrix element between
the S states perturbed by the parity violating potential
V, ., as:

p.v.

E,=<(n'38|d|m) =

, 1
=<(n S'dszp.v.lns>

1
& — H

(12)

+{n'S|V,, d,|nSy .

H, is the one-particle hamiltonian for the states of
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angular momentum /. If one introduces the state

V(e, &) with angular momentum / = 1 defined as :

1
_H,>dz'"5>’

one obtains immediately the following expression
for E,, :

|9 &) > = (8\ (13)

Elz = < l;(sm En’) I Vp.v. | nS > +
+ (S| Vo | Ylew &> (14)

We can associate a radial wave function u, (s, &, p)
with the state | Y(e, &,) ), and in the Appendix, # is
shown to obey the inhomogeneous differential equa-
tion :

d? 2 = 15
a;3 — p—z' + U(p) + & u1(8, L P) = puno(p) ’ ( )

v(p) is the ion core potential written in atomic units,
which reduces to 2/p when p > p, (p. is the core
radius). u,, is the radial wave function associated
with the S bound state of reduced energy ¢,. Perform-
ing now the angular integration appearing in the
expression (14), one arrives at the following expres-
sion of E,, :

E,,=<(n SI/Z | d, l;lgl/Z>

z

o x

8= \/5 i
X O { Uo(P)

ceag Ggm? c
i

171 (8", 8",, P)
2

P lp=0 P p=0
unb(p) El(snﬁ sm p)
- ; . (16)
P lp=0 P p=0

where ¢, and ¢, are the reduced energies of nS,,
and n’ S, ,, respectively.

The above formula is certainly the most convenient
for refined numerical computations, if one has at
one’s disposal accurate S wave functions. The radial
wave function u,(g, ¢, p) can be obtained by a
numerical integration of the inhomogeneous diffe-
rential eq. (15) (*). We shall use it here to derive an
approximate expression for E,,, which becomes exact
for large effective quantum numbers v, and v,,
and more precisely in the limit : v, - o, v,, = oo with
v, — Vv, fixed.

A detailed derivation is given in Appendix 1. Here
we shall only sketch the main steps. One introduces
the two solutions U, (e, p) and V (e, p) of the homo-
geneous differential equation :

2
(&% - &7:2—1—) + v(p) + 8> w(e, p) =0, (17)

(") Such a method has been devised by R. M. Sternheimer [15]
in numerical computation of electric polarizabilities of alkali atoms.
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which satisfies the following conditions :

W, e,
lim —-’fﬁl”) -1,

lim Ve, p) =0
=0 P pro -

and

0 0
Wle, p) 5; Uile, p) — 5; Wyle, p) Uie, p) = 1.

Note Vs, p) exists only if & # ¢,, ¢, being a
bound state energy associated with an orbital angular
momentum /.

In the appendix, these functions are used to cons-
truct the Green’s function associated with the diffe-
rential eq. (17). Knowing the Green’s function, one
can solve immediately the inhomogeneous eq. (15).
One obtains in this way the following expression of
the electric dipole amplitude :

Gy m? ,
Elz = iea, F M. C3 ot2 Qwuno(p) uno(p) x
8n \/5 h P p=0 P p=0
x [He, &) — Kegs &), (18)

with

Ie, &) = I Vile, p) Wo(e', p) pdp.  (19)
0o

In the Appendix, it is argued that the difference
Ie,, ¢,) — Ke,, &,) is dominated by the contributions
from the external region p > p, (p, is the ion core
radius), due to a cancellation between the internal
region contributions (0 < p < p.) in the limit of
small ¢, and ¢,. Using the quantum defect theory
and the results of reference [2], the difference

I(Sm sn’) - 1(8,,', 8,,)

can then be expressed in terms of the Coulomb
integrals tabulated by Bates and Damgaard [5].
The relative error introduced in this way is found to
be of the order of v; 7 = (— g,)"?, an error which
is smaller than those already introduced in the calcula-
tion. Let us quote the final result giving the electric
dipole amplitude between the perturbed S states :

(n' Sy, 1 d; | ’El/z ) & leag (Za)* x

Gem? ¢
12,27
X Qw(l -+ A(S,,, 8,,,)) Kr(R’ Z) (_ 1)n+n’+1

% { IB'D(em 8n’)
sin 7(p, (g,) — pofe,))
IB'D(S,,', 8n)

 sin (&) — Holey)

(20)

The Bates and Damgaard integrals I®P(g,, ¢,) are
given by :

IB'D(B, 8’) — J

0

a0

uiP(e, p) ug (€', p) pdp, (21)
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with :

upPe, p) =

=[VIv—-DIE+1+ D" W (Zv£>

w(e) is the interpolated quantum defect associated
with the bound states of orbital angular momentum
1 (?); the correcting term A(g,, €,) is given by :

Oty Tz
1 + A(gm 8"') - (1 + Fv_ E“) X

aﬂo -1/2
X(1+—a—v—£n'> (I—C)

+ O + O@R) + 0,

(22)

with (~182Z7%3,

In this formula, the effects of spin-orbit couplings,
not contained in the relativistic correction factor
K (R, Z), have been neglected : spin-orbit splittings
in the energy denominators, spin-orbit corrections to
the electric dipole amplitude {(nS|d,|n'P); and
all the corrections associated with the ion core
polarizability are also ignored. Within these limita-
tions, this formula is certainly extremely useful to
get a rapid estimate of electric dipole amplitudes
induced by parity violation, since it only requires the
knowledge of the interpolated quantum defects for s
and p waves, i.e. the energy spectrum.

It is instructive to compare the results obtained
using this formula with those of the previous sections.
The electric dipole amplitudes 6S,,, —78,,, and
6S;,— 88, in Cs are found to be :

(7514, |68> =i093ea, F(Z,N), (23)
(8S5]d,|68) =i040 eay F(Z, N). (24

These numbers are in fairly good agreement with
those of the previous sections (1.12 and 0.43 respec-
tively). If in the sum upon the intermediate nP states
with 6 < n < 9, one uses energy denominators where
the spin-orbit splittings have been subtracted away,
and Bates and Damgaard electric dipole amplitudes
with no spin-orbit corrections, the agreement between
the two methods becomes almost perfect : the numbers
coincide within 1 %,. This internal consistency shows
that the sum upon intermediate states is indeed
dominated by the P states with nearest energies.

2. Possible ways of detecting parity violation in the
cesium 6S,,, » 7S,,, radiative transition. —In a
previous publication [2], we have given a discussion of

(®>) Interpolation formulae for alkali can be found in refe-
rence [16].
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the mechanisms which can give rise to non vanishing
magnetic dipole transitions between S states in alkali
atoms. Although it appears rather difficult to give
any precise predictions, we concluded that the modulus
of the magnetic dipole transition, expressed in unit of
Bohr magneton, is likely to lie in the range 107°-10"*
in the case of the cesium 6 28, ,,-7 ’S,, transition. It
is certainly of great interest to find an experimental
procedure which could yield the modulus of the
magnetic dipole amplitude and its sign, within some
well defined phase convention. It is of course out of
question to detect the spontaneous one-photon radia-
tive decay of the 72S,,, level to the ground state,
the branching ratio with respect to allowed modes
being extremely small (of order 10~ !3). On the other
hand, it appears possible, using the intense photon
beam produced by tunable dye-lasers, to excite the
transition starting from the ground state 6 %S, , with
a reasonable probability. The simplest method, in
principle therefore, is to measure the excitation cross-
section :

photon 4, + 6%S,, - 77%S,,,.

The 7 %S, , final state is detected through the observa-
tion of the radiation associated with the 7 S-6 P
transitions. With an incident photon beam having a
frequency bandwidth Aw smaller than the Doppler
width I'p, the maximum cross-section at the resonance
frequency wy/2 1 = h™'(E,s — Eg) is given in terms
of the magnetic dipole amplitude

1
M,, =z<7251/2|ﬂz|6251/2>

by the following expression :

g(F’ F’)_—llz ’ (25)
4/2n ry °

I'p is the Doppler width (%)

o (6S »78) =

max

kT

Mc*’

with M the mass of the Cs atom and T the absolute
temperature. I'y,, is the rate associated with the

FD=(1)O

spontaneous 7 S Y 6 S transition
4 wp

LT (4 mey) 2 A

g(F, F') is a numerical factor which takes into account

the hyperfine quantum numbers of the initial and final
states. For a nuclear spin I, F = I + 1 and

11 11\ 4KT+ 1)
I-2T+2)=g(1+-1-2) =2+ D
g( 2 2) g( 2 2) Q1+ 1)

(26)

FM IMlzlz’

2FF+1)QF+ 1)

e R I

(®) Note that our definition of the Doppler width differs from the
one conventionally used in spectroscopy.
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If we take | M, | = 10™* up/c, we find :
Ty, =0.50 x 1075571
For T = 550 K, the evaluation of I', gives :
Ip =216 x 10°s7 1,

With these numbers, for I = 7, F =1 — 4 = 3, and
F' = I + } = 4, the numerical value obtained for the
maximum cross-section is :

6, =2.3x 10 cm?. 94))

It can be noted that it is smaller than the cross-section
for elastic scattering by one order of magnitude,
which explains why it is important to detect the effects
under interest at a different frequency.

With an incident beam of photons of 3 x 10'7
quanta per second, corresponding to a power of 0.1 W,
the yield of fluorescent photons associated with the
78y, —>6P;, and 78,, — 6P,, transitions is
given versus the Cs vapour pressure p and the length
of the illuminated column by :

273)\32
N;=3.4x10° (—-—T—) (p torr) (/cm) photons/s. (28)

The measurement of o5y, can yield the modulus of
| M, |, but not the sign which has to be known if one
wants to arrive at a complete determination of the
electric-dipole amplitude induced by parity violation,
from an eventual measurement of P, In order to
determine the sign of M, ,, we shall consider a different
technique which involves an interference with the
electric dipole amplitude induced by an external
electric field. We discuss this effect in the next chapter.
We would like to discuss here different ways of
detecting parity-violation in the forbidden radiative
transition 6 S, — 7S, 5.

2.1 TYPE 1 EXPERIMENT. — An ensemble of unpo-
larized cesium atoms is illuminated alternatively by a
beam of right and left circularly polarized photons.
Parity violation would manifest itself by the existence
of a difference between the cross-sections relative to
right and left polarized photons gy ;. One can define
an asymmetry

_Or — 0

T og t o’
which is clearly equal to the circular polarization P,
of the light emitted in the spontaneous emission
78, = 68, and as shown in ref. [2] (eq. (38)), P,
satisfies the following relation (%) :

21, E, M
“IEPHIMPE

1,{68,,1d.178,,)

M,
<6S,,2 751/z>

r
(*) The electric dipole amplitude induced by parity violation
being pure-imaginary, one has to remind that :

~ 2

(29)

(68,,1d,178,,> = —<T8,,1d,165;,, ).
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Assuming the same total intensity as before of right
(or left) polarized photons, one should observe a
difference between the number of fluorescent photons
when the incident beam polarization is changed from
right to left. With | M, | = 10™* ug/c and

NP~ NFx N

3/2
NR N = 6.4 x 105(@) x

x (p torr) (I cm) photons/s . (30)

Note that if the magnetic dipole matrix element has
been overestimated by a factor 3, N'f + N°f is reduced
by a factor 9 and N°? — Nk by a factor 3.

2.2 TyPE 2 EXPERIMENT. — Here we suppose that
one has succeeded in polarizing a gaseous target of
cesium with a pressure, say of one torr. With the recent
developments in optics, this does not seem to be an
impossible task. If one illuminates this target with a
linearly polarized light beam having the correct
frequency to induce the forbidden 6S,, —» 7S,
transition, one should observe, if parity is violated,
a linear dependence of the cross-section on the cosine
of the angle @ between the polarization of the cesium
vapour and the momentum of the incident photons.
If one forgets about hyperfine interaction the
backward-forward asymmetry is simply given by :

o0 = 1) — a(0 = 0) a1

A= =D To@=0) =<0

{ @, > being the electronic polarization of the target.

When including the hyperfine interaction, if the
target is assumed completely polarized (in the sense
that | (F > | =] (S ) + (I} | hasreached its maxi-
mum value I + 3), the above formula remains valid
both for the transitions F=1+3—>F =1+1
andF=1+3->F =1-1%

2.3 TYPE 3 EXPERIMENT. — As in the preceding
case, this type of experiment involves the measurement
of a correlation between the electronic polarization
and the photon momentum, but this time in the final
state. We propose to look for a small electronic
polarization in the final state, the incident beam being
linearly polarized. For obvious symmetry reasons,
the polarization should be directed along the beam.
If one ignores hyperfine structure effects, the pola-
rization defined as P, = 2 S, ) is equal to P,. The
correction factor associated with the hyperfine interac-
tion can be easily worked out :

P, = y(F,F') P, forthe F — F’ transition
if F=F,

1 1 1 1 1
V(”i’”i) = ‘V("i”“z) =371
ifF £ F, S P 1
, ’ I+
WE Fy =2 EE LD 32)

QI+ 1)7?
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For I =7, the value relevant for the natural Cs
isotope, one thus obtainsfor the F = 3 —» F' = 4tran-
sition :

P, =3P

.

One can still consider another type of experiment for
detecting parity violation but since it involves the
interference of the electric dipole induced by parity-
violation with the electric dipole induced by an
external electric field, we shall discuss this effect at the
end of the next chapter.

The practical realization of these experiments raises

" evidently numerous technical difficulties. A detailed

discussion of the possible means to overcome them has
not its place in this theoretical paper. Instead of going
into a description of possible experimental arrange-
ments, we would rather discuss the physical processes
which may simulate the effects we are looking for.

As we have already pointed out {2], an external
electric field, although it mixes states of different
parity, does not give rise to any circular polarization
in spontaneous transition of unpolarized atoms. With
the same line of reasoning based on symmetry consi-
derations, one can show that a static or a quasi-static
magnetic field can induce effects similar to that to be
searched in the types of experiments suggested pre-
viously. As a result of thermal effects, the atoms are
slightly polarized along the direction of the field, but
the Boltzmann factor uy By/kT being of the order of
10”7 for B, = 1 G, this can be neglected. More
important effects are associated with the existence of
the hyperfine interaction aS.1.

Let us consider an ensemble of atoms in a given
hyperfine state such that

CE,>=(L)=(S8>=0.

If a static magnetic field is applied adiabatically along
the z direction, ¢ F, ) remains zero, but { S, > (and
I, ) acquire a non zero value of the order of uy By/a.
Furthermore, even with an unpolarized initial state,
the transition probabilities are not invariant through
a reflexion by a plane containing the z-axis. It is then
og — 0L
og + oL
is non zero even if parity is not violated. For instance,
in the case of the transition between the hyperfine
levels F=1—-4=3-5F =1+ 4 =4, one finds
that :

not surprising to find that the asymmetry 4 =

A~65x107*B,(G).

In the type 1 experiment, no magnetic field is needed
and to maintain the residual fields below the level,
say of 1072 G, does not seem to raise a too severe
problem. In the type 2 and 3 experiments, a magnetic
field of the order of one gauss may be helpful in the
design of the experiment, but it can be chosen perpen-
dicular to the incident beam, so one has to worry only
about a misalignement of the apparatus giving rise to
a small component along the light beam. In any case,
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it will be possible to study the effect of a reversal of the
sense of propagation of the incident light, all the rest
of the apparatus being kept fixed. The ratio between
the asymmetry associated with a magnetic field and
the asymmetry induced by a parity violating interaction
should reverse its sign.

As a final remark, we would like to rise the problem
of the background processes which do not lead to any
circular polarization but can mask the parity violating
effects. For instance, if the type 1 experiment is
performed in presence of a static electric field, the
asymmetry A4 is reduced by a factor I'y, /(I'y, + I'p),
where I';; is the transition rate induced by the electric
field. The influence of a static electric field will be
discussed thoroughly in the next section. We shall
find that if the static field is kept below the level of
1 Viem, I'y € I'y,, in the case of the 6S — 7§ tran-
sition of Cs, provided the transition magnetic moment
is of the order of 10™* ug/c.

Another source of background are the processes
associated with atomic collisions. During a collision,
the wave functions of the two atoms are distorted and
an electric dipole transition between the perturbed
atomic levels becomes allowed. The collision states
of two cesium atoms can be classified with the help
of the molecular terms of the diatomic molecule Cs?.
For two incoming atoms in 6 S states, one has the two
terms 'X " and *Z," while the outgoing 6 S-7 S states
could give rise to the four terms 'Z,,, 3X}, 12} 354
the first two terms being associated with the symmetric
combination |6 S,7S > + | 7S, 68 ), the two others
with the antisymmetric combination

16S,7S> —|78S,6S ).
The following electric dipole transitions are allowed :
photon (4,) + 'Z,F (6S,6S) > 25 (685,75),
photon (4,) + 2} (6S,68) > 32, (65,78).

A complete discussion of the above process is clearly
outside the scope of the present paper and will be the
subject of a separate publication. We shall only say
here that the frequency spectrum associated with
collision induced transition is very broad; a simple
argument based on the fourth uncertainty principle
shows that its width is at least one hundred times larger
than the Doppler width typical of the direct radiative
transition, so that the line associated with the latter
will appear as a peak sticking out from a broad
‘background. Since the interference between the colli-
sion induced and direct transition amplitudes averages
to zero, the signal due to the forbidden magnetic
transitions could — in principle — be extracted
unambiguously.

The alkali dimers could also be a source of difficul-
ties since this kind of experiment will have to be
performed at relatively high vapor pressure. However,
there is no known strong absorption band of Cs?
molecules [17] in the wavelength range corresponding
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to the 6 S-7 S excitation. As in the case of collisions,
we believe that, if the frequency resolution of the
excitation and detection apparatus is good enough,
the effect associated with molecules could be subtracted
away. Recent experimental results on the excitation
of the Cs 6 S-78S transition in presence of a weak
electric field seems to support this conclusion [18].

3. Influence of a static electric field on #S-n'S
transitions. — 3.1 ELECTRIC DIPOLE AMPLITUDE INDU-
CED BY AN EXTERNAL STATIC ELECTRIC FIELD. — A
static electric field mixes states of different parity. Asa
consequence electric dipole radiative transitions bet-
ween S states become possible when an atom described
by a parity conserving hamiltonian is under the action
of a static electric field. As already pointed out [1, 2],
this effect can easily be distinguished from a genuine
parity violation.

We shall introduce an effective dipole operator D,
the matrix elements of which are given in terms of the
external static field by the following expression :

(n' Sx/z | Deg | nSI/Z > =
={n' S, |d.E;GE)d|nS,,; ) +
+ <n Sl/2 | dG(E,) d.E, | "S1/2 >, (33)

where d is the ordinary electric dipole operator of the
atom and G(E) = (E — H)™ !, H being the unper-
turbed atomic hamiltonian.

The effective dipole operator D, can be obtained
by a contraction with the vector E,; of the second rank
tensor operator T;; = d, G(E,) d; + d; G(E,) d; :

Deff.i = Tij EOj .
Since we are interested in the matrix element of T;
between two states of angular momentum %, only the
irreductible parts of T;, T = T;, §;; and

T§}’ = %(Tij - Tji) s

transforming respectively as an angular momentum 0
and 1, contribute. The Wigner-Eckart theorem tells
us that acting in the spin space, T{Y is proportional to
the unit matrix and ¢ T{}’ to the Pauli matrix o,.
Note that, if in H we neglect the spin-orbit coupling,
T,; commutes with the three components of the spin
so that T is identically zero.

If o and ¢’ stand for the spin components of the nS, ,
and n' S, , states, the above considerations imply the

following decomposition
(n’ S1/2 0" | Deg | ”51/2 6)=10,,Eg 5«',« +
+ iﬂn’n(o. A EO)a",o' . (34)

Let us first investigate the implication of time rever-
sal invariance. With a suitable phase convention, the
time reversal operator T is given by (see for ins-
tance [19])

T=I,Q ¢ K,
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where the product II, runs over the electrons of the
atom and K is the complex conjugation operator.
If H is even under time reflexion, D, is also even :

Tt Dy T = Dy

One immediately obtains the following identity : °

an’,n 50”,0’ + iﬁn’n(o- A EO)a’,a’ =
iﬂ:’,n(ay(c A EO)* o-y)a’,a' .

From which it follows that «,, , and B, , are both real.
Hermiticity of the dipole operator implies :

- ﬁnn’ .

In order to obtain expressions of «,, and f,., in
terms of the matrix element of 4,, it is convenient to
consider particular spin and electric field configura-
tions.

If we choose ¢ = ¢’ and E; along the z-axis, and
consider the z-component of D :

— ¥
= Oy n 50",0’ -

a = an’n and ﬁn’n = (35)

n'n

Oy = N 8y3 0 | d(G(E,) +

+ G(E, ) d, |nSy;0). (36)

Tofind §,.,. wetake 6’ = — o and E, along the x-axis :
1 .

ﬁn’n - 5; { l(ay)a,—cr X (37)

x {n' Sy, — o |d(G(E,) — GE))d, | nSyp 00 }s

we have used the fact that f,. , is associated with the
antisymmetric part of the tensor T;;.

Let us give the explicit expression for o, , and g, ,
in terms of the radial integrals :

00

“no(P) un”lj(p) p dp (38)

<poni= j
0
withl =1, =31

Besides the reality of «,., and §,.,, one would like to
verify that B =0 when { p Y¥¥? = { p »¥32 and
when the spin-orbit splitting in the energy denomi-
nators is neglected :

2 . .
G = + 55 2 {<p o2 Cp O x

X [(871 - 871"1/2)—1 + (an'
+2p O p o
X [(en = &w32)™H + (& — &w32) 7' 1} (39)

@Y (oW p i x

X [(sn’ - 871"1/2)-—1 - (8” -
— PN p
X [(sn’ - 87:”3/2)_:l - (sn

- 8n”1/2)— 1]

ﬂn’n =

(el S

8n”1/2)_1]

~ ) ') (40)
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&n &1 and .3, being respectively the reduced
energy of the nS, n” P, and n” P, states. It is seen on
formula (40) that f§,, = 0 if spin-orbit coupling is
neglected.

o, and B, , have been computed using electric
dipole amplitudes obtained through a procedure
similar to that described in section 1 : the modulus
of the electric dipole matrix element is taken from the
oscillator strengths computation of Stone [7] and the
sign is assumed to be the one given by the Bates and
Damgaard method with the phase-convention of
reference [2]. Let us quote the result for the 7S — 6 S
transition in cesium :

0(7’5 = 0(6_7 = — 305 ag
Brs = — Bo,7 =45 ay .

One finds that B,., is roughly 7 times smaller than
o, this is the order of magnitude expected. The
electric field induced spin-independent 7S — 6 S
amplitude is given in unit of ug/c as :

(41)

5”3

Ey ~ 1.62 x 1075 22 E; (V/em) . (42)

For a field of the order of 10 V/cm, the induced
electric dipole transition is of the same order of
magnitude as our estimated magnetic dipole ampli-
tude.

It is also worthwhile to note that the effects discussed
in this section are closely related to the two photons
S-S transition which has been observed recently [4].
The electric dipole transition under the influence of a
static field can be considered as a two-photon process
involving a real transverse photon and a virtual
longitudinal photon associated with the instantaneous
Coulomb interaction between the atomic electron
and the static charge sources of the static electric field.

Let us briefly discuss the selection rules for electric
dipole transitions induced by an electric static field
between the hyperfine levels of two S states. When the
spin-orbit coupling is negligeable, the effective dipole
operator acts like a scalar on atomic wave functions.
It is clear that only transitions with AF = 0 are
allowed. For heavy alkali atoms like cesium the spin-
orbit corrections cannot be ignored. The effective
interaction with the radiation field contains both a
scalar and a vectorial part. With unpolarized light,
one should observe two strong lines associated with
AF = 0 transitions and two weaker ones associated
with AF = + 1 transitions. The same lines pattern
is expected in two photons S-S transitions. However,
due to the antisymmetry properties of the operator
T, the AF = + 1 lines will be present only if the
two photons have different frequencies w,, w, and
different polarizations €, and g,, the transition ampli-
tude being of the form

g A £.(T(w, w,) — T(w,, wy)).
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In the two photons experiment without Doppler
broadening where @, = w, and &, = &,, no AF=+1
should be observed even in the presence of a strong
spin-orbit coupling.

As an illustration, let us derive the ratio of the
intensity of the two types of lines in the case of the
6S — 78 transition induced in atomic cesium by a
static field E,. Let us assume that E, is perpendicular
to the photon-momentum and makes an angle 8 with
the electric field carried by the incident photon.

We define (F,, F_) as the probabilities of the
transitions F, — F_(F, = I £ 4, I is the nuclear
spin) normalized in such a way that their sum is equal
to one. We have also assumed that in the initial state
the different hyperfine levels are equally populated :

I+1 a® cos?
271+ 1 a®cos® 0 + B2sin20+
QI+3)T+1) B2 sin 6
31+ 1)?  a?cos’ @+ B?sin® g’
I a? cos? 0 +
21+ 1 a?cos® 0 + B*sin® 6
RI-NnI B? sin? 9
321+ 1)? a?cos? 6+ p*sin? @’
§F, > F.) = (F_ —» F,) =
_4IKI+ 1) B? sin? 6
321+ 1)? alcos? O+ BAsin? 0

FF, > Fy) =

F(F_ - F_) =

Taking I = 7, a/8 ~ — 305/45, one finds for instance :
FF=4,F=3) 3p , 2
> —tg’f ~0016tg* 0
§F=3F=3) 4a° g
T
(0 #* 5) .
Although the effects discussed here are somewhat

outside our main line .of interest, they clearly deserve
a careful experimental investigation.

3.2 INTERFERENCE EFFECTS BETWEEN THE MAGNETIC
DIPOLE AMPLITUDE AND THE ELECTRIC DIPOLE AMPLI-
TUDE INDUCED BY AN EXTERNAL .STATIC ELECTRIC
FIELD. — We shall consider a situdtion in which the
transition amplitude induced by a static field is of
the same order of magnitude as M,,. For an incident
photon in a state of plane polarization described by
the unit vector € the nS — »’'S amplitude can be
obtained from the effective transition matrix G acting
only on spin variables :

C=(aEy 1+ ifc A Eg+ M, 6 A k).g; (43)

o and f are given by expressions (39) and (40) (the
indices n and n’' have been dropped); £ is the unit
vector along the photon momentum k, 1 is the unit
two by two matrix. We shall limit ourselves to tran-
sitions between the same hyperfine state AF = 0.
It is only for such transitions that an interference of
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the type aE, M,, can be observed. In the transition
matrix G, the spin operator ¢ is to be replaced by
2 gr F where

1

Grs12 = £ T+1

In order to simplify the analysis, let us consider
the particular case with the electric field E,, parallel
to the polarization vector of the incident photon :
E, = €E, and assume that the initial state is unpo-
larized. The density matrix p, of the final spin state
is then given by :

[
PRXTF+ D)

The excitation cross-section is proportional to
Tr(66Y) .

4 FF+ 1)

ex a2E2+
Tmax 650 T 3 5T+ 1)

max

(M, . (44

In order to account for the effect of the electric static
field, one has to perform in formula (25) the follow-
ing replacement :

2 2 2
FM1—>FM1(1+§(21+1) “ E").

4 FF+1) | M, |?

The study of the variation of the excitation cross-
section versus EZ, will lead to a determination of
the ratio :

I M 1z |2

o E2

With the same static electric field configuration
(E, = E, ¢), it is easily seen that the final atomic
state is polarized along £ A E, (this result is expected
from symmetry consideration, since the vectork A E,
has the transformation properties under space and
time reflexion of angular momentum) :

Tr (FGTBY)
Fy)=— 222
CF> Tr (BB
_ AFF+ DM,
C3g.21 + 1) aE?
4 FF + 1) M}
~ <1 + ( ) 1z

-1
N
321+ 1)?a? E§> 0
This result can be expressed in terms of the electronic
polarization :
P.=C0)=2g:<F)
_8FF+ 1) M,
T 321+ 1) aE?

4FF + )M .
« |14+ 48 ) Mi. kAE,.
321+ 1)?o? E?

(45)
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The measurement of P, as a function of E, yields
M,, with both sign and absolute value.
P, is maximum when :

, AFF+1) M,

° T3 TQI+ L (46)
PP = sign of <:Z(:) X
1/2 1
X 212+ I (F(F3+ 1)) - /z\zoEo' “47)
For example, if one fakes I =7, F=1+4% =4,

one finds :

S~ 0.64.

1Pl = [

If one now chooses E, parallel to & A k, the scalar
term oE,.¢ does not contribute to the transition
amplitude. One still finds an electronic polarization
along k A E;,, but now involving an interference
between SE, and M,,.

Let us remark that this electronic polarization
cannot be confused with the one associated with
a genuine parity violation discussed in the previous
section which is directed along the momentum k
of the incident photon, paragraph 2.3.

3.3 INTERFERENCE BETWEEN THE ELECTRIC DIPOLE
AMPLITUDES INDUCED BY PARITY VIOLATION AND BY AN

EXTERNAL STATIC FIELD. — We would now like to
discuss a new possible way to detect parity violation

in #S-n’'S transitions which could be a valuable
alternative to the methods described previously.
If parity is violated in a S-S transition of an alkali
atom, a new term of the form
E,6={nS, o =1|d|nS, c=1>¢

has to be added to the effective transition matrix T.
If one considers an incident linearly polarized photon
with the static field E, parallel to & no interference
term of the type oE, appears and no new effects
are predicted. However if the incident photon is
circularly polarized, interference effects between the
electric dipole amplitudes induced by the external
static field and by parity violation do exist. In parti-
cular, they give rise to a component of the electronic
polarization P, of the final atomic state along the
vector k A E, depending linearly upon the circular
polarization & of the incident photon. The quantity
&k A Ey).P, being a pseudo-scalar, the observa-
tion of such an effect would clearly indicate that
the atomic hamiltonian contains a term odd under
space reflexion. The complete expression giving P,
is rather involved in the general case. We shall only
quote the result relative to a F — F transition with
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B < a, Ey.k = 0, keeping only the first order term
in
| Mlz I I Elz I .
oFy oE,

8 (M, + iE,)) FF + 1)
73 Q1 + 1)? aE?

and

kAE,(5). (48)

The detection of a variation of P, with the sign of the
circular polarization of incident photons could be
the only possible procedure to see a parity violation
if, for some reasons, the magnetic dipole amplitude
is strongly suppressed, say much below the level
of 1073 ug/c, leading to a very small excitation cross-
section ¢, < 10727 cm? in absence of a static electric
field.

APPENDIX I

We would like to present an evaluation of the
electric dipole amplitude E,, = {n’ S1 PaA nS1 20
induced by the weak parity violating electron-nucleus
potential where the summation over intermediate P
states appearing in eq. (1) is no longer performed
explicitely.

Let us first rewrite the first order perturbation
expression for E,, in terms of one particle radial
wave functions :

eao GF m? ¢

Y N
U (P)
[{=

1 r’
=l

_ um')(p)
n” p

o«
X \f
0
In this formula, p is the radial distance in atomic

units and the u,, radial functions obey the normaliza-
tion condition :

r

Let us introduce the Green’s function g,(e, p, p")
given by :

E,

o? Qy X

un’{ (p )

2
p=0 P

p=0

uy(p) U (p) p dp

un’,’(P ) 1

2
p=0 1Y

uy(p) une(p) p dp }] . (ALY

p=0 &y — &y

unl(p) un’l(p) dp = 5n,n' .

ZM, (A.1.2)

g1(& p, p) = P

" o
n n

(®) In the expression of P, given here, we have omitted a compo-
nent along £ involving terms proportional to EMP, and EaBE2
which could be easily distinguished.
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(the sum Y in (A.I.1) and (A.I.2) includes also

the continuum part of the spectrum), and define
the function :

[oo]

U (e, &, p) = j g1(e, p, p") u,(p") p' dp’

0

which is the regular square integrable solution of
the differential equation :

d2
<&7 -

where v(p) is the ion core potential in atomic units.
The dipole amplitude E,, takes then the simple form :

22 + v(p) + &) uy (s, €, p) = pu,(p) .
p
(A.1.3)

_ea, Ggm?c

E,=i— a? Qw X
! 8n \/Eh;‘ v

x [ung(p) al(sn’ Sn" p)
P p=0 p2 p=0
un’(p) El(en’, € P)
— Hb . . (A.L.9)
p p=0 p p=0

The above expression is certainly the best starting
point for refined numerical computation of E,,.
If one knows accurate 6 S and 7 S wave functions,
the differential eq. (A.I.3) can be solved numerically.
Here we shall use it to obtain a simple approximate
expression involving the Coulomb radial integrals
tabulated by Bates and Damgaard.

Let us introduce the two functions U,(e, p) and
U,(¢, p) solutions of the differential equation :

& W+ )
(F—(—:z——)+v(p)+s>f=0 (A.L5)

such that :
a

lim -5 =1

p=0 P

lim Ve, p) = 0

pow® (A.1.6)
and

0 o,

WUy, VU,) = ‘UJ,-é;‘U, - WCUI =]

The functions U, and U, exist provided ¢ is not
an eigenvalue of the operator

_[dz RS

dp? P v(p)} '

One can then verify immediately that the Green’s
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function g,(g, p, p’) can be written in terms of the
functions W, (¢, p) and U,(g, p) as :

gi1(& p, p) = 0(p" — p) W, (e, p) VUy(e, p) +
+ 0(p = p) Wy(e, p) VUyle, p) (A.LL7)

where 6(x) is the usual step function.
Inserting this for g,(e, p, p’) in (A .1.2), the follow-
ing expression for u,(e, ¢,, p) is obtained :

Uy (&, & p) = Wy (e, p)j Vy(e, p) up(p) p" dp’ +
P

p
+ V(e p) J W&, p) u (") p' dp’ .
0

Remembering that near the origin U,; behaves like
p? and U, like 1/p, one can see that the first term
in the above expression behaves like p?> while the
second like p*. Writting u, (p) as :

Uyo(P)

Uyo(p) = 5

%0(8113 p) H
0

one finally arrives at the following expression for
the electric dipole amplitude :

Gp m? ,
Elz - ieao F me 63 az Qw uno(p) uno(p)
8 T \/‘2 h p p=0 p p=0
X [I(em Sn’) - I(£n’7 8,.)] (A 1. 8)
with

I(s, &) = I U,y (e, p) Wole’, p) pdp .
0

We shall split the integral I(g, &) into two parts
1(8,,, 8n’) = Ic(am gn,) + AI(S,,, sn’) ’

where I(s,, ¢,) is obtained by replacing everywhere
VU, (e, p) and W,(e,, p) by their Coulomb form
V5 (&, p) and Usg(e,, p) which are supposed to be
valid only for p > p,. The remaining part Al(e,, &,)
is given in terms of integrals involving the interval
region 0 < p < p,

Pe
Alle, &) = J U,y (e, p) WolE', p) pdp —
1]

Pc
—J Vil p) Uoe’, p) pdp. (A.L9)
0

We shall show that if ¢ and ¢’ are assumed to have
the form :

£ =8, = (n — po(s)?
and
(A.1.10)

g€ =g, = — .“0(3..'))_2 s
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n, n’ being two integers and u,(e) the quantum defect
associated with the spectrum of S states, Al(g,, &,)
can be expanded in power-series in g, and ¢,. When n
and »' go to infinity with n — »’ remaining fixed,
the difference Al(e, — ¢,) is of the order of
& — &y ~ 1/ -

Ale,, e,) — Al(g,, &) =
(2 o
T\ % de’
On the other hand, it will appear that in the same
limit, the difference between the Coulomb integrals

I(e,, &y) — L(¢,,¢,) behaves as n* so in this way
we shall be led to the approximation :

I(em 8n’) - I(En:, Sn) ~ IC(S", 8":) - Ic(ﬁn:, Sn) .
(A.1.11)

1
0) (gn - 8n') ~ ? .

e=g'=0 =g =

Let us first construct the function UW,(e, p) for
p > p,.. Using the results and notations of Appendix I
of reference [2], we write U, as :

%1(8’ P) = ‘u)‘i(g, p) = Kl(s) Ul(sa P)
= K(&) [y11(e, p) — B(&) yas(e, p)] -

The constant K,(¢) is obtained from the condition :

l. %1(83 P) U1(89 P)
m —_— pz =

p—0

1.

= K,(¢) lim
p—0

With the help of formulas ((A.1.19), (A.1.27) and
(A .1.48)) of reference [2], one obtains :

K@ = 5 in (5249 5
2@ e [1 +3+ 0(82>]

(A.1.12)

with Z* = Z(1 - %0).
To construct U, = U5 for p > p,, we write :

(1)1(‘% P) = Ll(s) 5;51(8, P)

where we have defined :

(A.1.13)

- rq¢+1—v
yst(ﬁ,P)=—(——‘,—‘—‘)
v

Vsi(&s p)
2p\. . .
Vsi&, p) = W, 510 ) is the Whittaker function.

The coefficient L,(¢) is obtained by writing that
the Wronskian W(L,, U,) = 1. In order to do that,
we write W, in terms of y, and y using identities
given by Seaton [21] :

Wy (e, p) = Ki(&) { y1u(e, p) (1 + Ble) X
x [(1 + &) cotgmv + G(&, D) + B(e) ¥s1(p, ©) } -
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The Wronskian of the functions y, (g, p) and ys(s, p)
can be found in Magnus, Oberhettinger and Soni [20]

_ 2
W(y.,ys) = — T

This leads
_I

2
x [1 + Be) (1 + e)cotg v + G(g, 1))] 7.

Lye) = — 5 K '(6) x

By noting that U, (¢, p) should be proportional to 5
when ¢ is equal to the bound state energy of a p state,
one obtains the well known relation between f(g)
and the interpolated quantum defect y,(¢) of p states :

Be) = [A(v, 1) cotg mu, () — G(e, 1)]7 1.
(A.1.14)

If we restrict ourselves to values of ¢ such that :

e=¢ = —(n— ule)~?

the above relation leads to the following expression
of L,(¢) :

+ S z¥n (1 _ % + 0(85)) sin 7pg(e,)

sin m{u, (e,) — Ho(en)

Ll(an) =
(A.1.15)

We note that the two coefficients K,(¢) and L,(g)
can be expanded in powers series in ¢ provided
is of the form (A.I.10).

For any fixed value of p, Ham has shown that
Uy(e, p) is an analytic function of e. For p > p,,
U, (s, p) is not analytic in ¢, but for values of ¢ such
thate = — [n — po(e)] 2 it has an asymptotic expan-
sion in &, This can be seen by writing s, in terms of
Yule, p) and ys (e, p) :

Vs1(& p)= —y31(e, p)—(1+¢) cotg mvy, (e, p)

= —y3,(&, p)+(1+¢) cotg (nuy(e)) y1,(e, p) -
(A.1.16)

Y11(e, p) is analytic in ¢ and y;,(e, p) although non
analytic in ¢ can be expanded in asymptotic series
near ¢ = (.

This result can be extended to the internal region
p < p. and the first two terms of the ¢ expansion of
U,(g, p) can be obtained following the techniques
developped in Appendix I of reference [2].

From the above considerations, it follows imme-
diately that Al(e, ¢') can be expanded in asymptotic
power-series in ¢ and & provided ¢ and ¢’ are of the
form (A.1.10).
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The final step of the derivation consists in express-
ing the Coulomb integral :

1(&8)—] Vile, p) Wole', p)

in terms of the integrals I®P-(g, ¢') tabulated by Bates
and Damgaard :

o
IB'D'(&'”, 8"') — J‘ u113

0

P, p) B> e 9) p Ip

(A.1.17)

where the functions upP (e, p) are glven by :

B2, ) =
=[V Ty — DI+ 1+ D]y p),
(A.1.18)

withe = — 1/v%.
The S bound state wave function Alg(s,, p) for
p > p. is equal to its Coulomb form UWy(e,, p) which

is given usingeq. (A.1.10) and (A.1.51) of reference [1]
by the following expression :

NG

D" %312 w30z, p) -

(A.1.19)

o(&m P) =

IB.D. (_i _ 1 )
lim n @D - a0,

n— oo n

lim
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Using eq. (A.1.13),
eq. (A.1.18), we obtain :
nz*3/2 v'3|/2 uB.D. 8",
V(e p) = (= 1) 2 L)
3 sm n(:ul(sn) - #0(8,,))
(A.1.20)

(A.1.15), together with

We have all we need to express the integral I (g, &,)
in terms of Bates and Damgaard integrals :

Ic(em an’) =

— (_ 1)n+n’+1 TCZ(I _' C) (vn vn’)3/2 IB.D.(sm Ir:n’)
6 sin n(u,(e,) — Ho(en)
Let us now discuss briefly the difference

Ic(sm 8n’) - Ic(sn’7 8n)

when n and r’ go to infinity, n — n’ remaining fixed.
Consider first the difference

IB'D'(S", 8"1) _ IB'D'(S,,,, 8") .

We have not studied the problem in full generality
but limited ourselves to the particular case of hydro-
genic wave functions corresponding to g, = — 1/n®
and g, = — 1/(n + 1)

Using the Gordon formula and asymptotic pro-
perties of Jacobi polynomials, we have been able
to prove the asymptotic formula :

IB.D. (_ _1— _ 1 ) _ IB.D. (_ _1— — '1—)
2t 1) 04D )y,

n— oo

where J,(x) is the Bessel function of order n. A similar
result is expected to hold true in the more general
case of non integer values of v, and v,, when v, — oo,
v, = o0 with v, — v, fixed. A close inspection of
the tables found in reference [5] supports this conclu-
sion.

From this, one concludes that the difference
I(e,, &) — L(¢y, €,) goes like v when v, - 0. So
that the use of the approximate equality

E, = jeay ————

12\/ R

= (Zo* (1~ ) Qul(Z, N) (1 + 3o(e)) (1 + Sofen) (—

n
I(sn’ 8n') I(Sn ” 8”) ~ lc(gm 8 ) ( n'> 8n)
introduces a relative error of the order v, 7 = (— ¢,)77,
in the limit of large v, or small energy ¢, = — 1/v2.

Using the above equality, together with the value

of uo(p)
p

=0
eq. (A.1.8) the final formula :

derived in reference [2], one gets from

)n +n'+1 X
IB'D'(E,,, En’) IB'D'(E",, 8n) }
- A.1.21
8 { Sil’l n[ﬂl(sn) - /10(8,,)] sin 7"l[:ul('gn’) - ﬂo(sn’)] ( )

with :

-1/2
1 + d4e,) = <1 + %”3) (1 + 0(2)).

This formula has to be multiplied by the relativistic
correction factor K(Z, R) and ignores the core
polarization and spin-orbit effects on the electric
dipole matrix element.
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