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❆❜str❛❝t

❚❤✐s ♣❛♣❡r st✉❞✐❡s ❛ ♣r♦❜❧❡♠ ♦❢ ❞❡s✐❣♥✐♥❣ tr❛❥❡❝t♦r✐❡s ♦❢ ❛ ♣❧❛t♦♦♥ ♦❢ ✈❡❤✐❝❧❡s ♦♥ ❛ ❤✐❣❤✇❛② s❡❣♠❡♥t
✇✐t❤ ❛❞✈❛♥❝❡❞ ❝♦♥♥❡❝t❡❞ ❛♥❞ ❛✉t♦♠❛t❡❞ ✈❡❤✐❝❧❡ t❡❝❤♥♦❧♦❣✐❡s✳ ❚❤✐s ♣r♦❜❧❡♠ ✐s ✈❡r② ❝♦♠♣❧❡① ❜❡❝❛✉s❡ ❡❛❝❤
✈❡❤✐❝❧❡ tr❛❥❡❝t♦r② ✐s ❡ss❡♥t✐❛❧❧② ❛♥ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ♦❜❥❡❝t ❛♥❞ ♥❡✐❣❤❜♦r✐♥❣ tr❛❥❡❝t♦r✐❡s ❤❛✈❡ ❝♦♠♣❧❡①
✐♥t❡r❛❝t✐♦♥s ✭❡✳❣✳✱ ❝❛r✲❢♦❧❧♦✇✐♥❣ ❜❡❤❛✈✐♦r✮✳ ❆ ♣❛rs✐♠♦♥✐♦✉s s❤♦♦t✐♥❣ ❤❡✉r✐st✐❝ ❛❧❣♦r✐t❤♠ ✐s ♣r♦♣♦s❡❞ t♦
❝♦♥str✉❝t ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r✐❡s ♦♥ ❛♥ s✐❣♥❛❧✐③❡❞ ❤✐❣❤✇❛② s❡❣♠❡♥t t❤❛t ❝♦♠♣❧② ✇✐t❤ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥
❢♦r ✈❡❤✐❝❧❡ ❛rr✐✈❛❧s✱ ✈❡❤✐❝❧❡ ♠❡❝❤❛♥✐❝❛❧ ❧✐♠✐ts✱ tr❛✣❝ ❧✐❣❤ts ❛♥❞ ✈❡❤✐❝❧❡ ❢♦❧❧♦✇✐♥❣ s❛❢❡t②✳ ❚❤✐s ❛❧❣♦r✐t❤♠
❜r❡❛❦s ❡❛❝❤ ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r② ✐♥t♦ ❛ ❢❡✇ s❡❝t✐♦♥s t❤❛t ❡❛❝❤ ✐s ❛♥❛❧②t✐❝❛❧❧② s♦❧✈❛❜❧❡✳ ❚❤✐s ❞❡❝♦♠♣♦s❡s t❤❡
♦r✐❣✐♥❛❧❧② ❤❛r❞ tr❛❥❡❝t♦r② ❞❡s✐❣♥ ♣r♦❜❧❡♠ t♦ ❛ s✐♠♣❧❡ ❝♦♥str✉❝t✐✈❡ ❤❡✉r✐st✐❝✳ ❚❤❡♥ ✇❡ s❧✐❣❤t❧② ❛❞❛♣t t❤✐s
s❤♦♦t✐♥❣ ❤❡✉r✐st✐❝ ❛❧❣♦r✐t❤♠ t♦ ❡✣❝✐❡♥t❧② s♦❧✈❡ ❛ ❧❡❛❞✐♥❣ ✈❡❤✐❝❧❡ ♣r♦❜❧❡♠ ♦♥ ❛♥ ✉♥✐♥t❡rr✉♣t❡❞ ❢r❡❡✇❛②✳
❚♦ st✉❞② t❤❡♦r❡t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠s✱ t❤❡ t✐♠❡ ❣❡♦❣r❛♣❤② t❤❡♦r② ✐s ❣❡♥❡r❛❧✐③❡❞ ❜②
❝♦♥s✐❞❡r✐♥❣ ✜♥✐t❡ ❛❝❝❡❧❡r❛t✐♦♥s✳ ❲✐t❤ t❤✐s ❣❡♥❡r❛❧✐③❡❞ t❤❡♦r②✱ ✐t ✐s ❢♦✉♥❞ t❤❛t ✉♥❞❡r ♠✐❧❞ ❝♦♥❞✐t✐♦♥s✱
t❤❡s❡ ❛❧❣♦r✐t❤♠s ❝❛♥ ❛❧✇❛②s ♦❜t❛✐♥ ❛ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ t♦ t❤❡ ♦r✐❣✐♥❛❧ ❝♦♠♣❧❡① tr❛❥❡❝t♦r② ❞❡s✐❣♥ ♣r♦❜❧❡♠✳
❋✉rt❤❡r✱ ✇❡ ❞✐s❝♦✈❡r t❤❛t t❤❡ s❤♦♦t✐♥❣ ❤❡✉r✐st✐❝ s♦❧✉t✐♦♥ ✐s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❝❧❛ss✐❝
❦✐♥❡♠❛t✐❝ ✇❛✈❡ t❤❡♦r② ❜② ✐♥❝♦r♣♦r❛t✐♥❣ ✜♥✐t❡ ❛❝❝❡❧❡r❛t✐♦♥s✳ ❲❡ ✐❞❡♥t✐❢② t❤❡ t❤❡♦r❡t✐❝❛❧ ❜♦✉♥❞s t♦ t❤❡
❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ s❤♦♦t✐♥❣ ❤❡✉r✐st✐❝ s♦❧✉t✐♦♥ ❛♥❞ t❤❡ ❦✐♥❡♠❛t✐❝ ✇❛✈❡ s♦❧✉t✐♦♥✳ ◆✉♠❡r✐❝❛❧ ❡①♣❡r✲
✐♠❡♥ts ❛r❡ ❝♦♥❞✉❝t❡❞ t♦ ✈❡r✐❢② t❤❡ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ❛♥❞ t♦ ❞r❛✇ ❛❞❞✐t✐♦♥❛❧ ♠❛♥❛❣❡r✐❛❧ ✐♥s✐❣❤ts ✐♥t♦
t❤❡ ♣♦t❡♥t✐❛❧ ♦❢ tr❛❥❡❝t♦r② ❞❡s✐❣♥ ✐♥ ✐♠♣r♦✈✐♥❣ tr❛✣❝ ♣❡r❢♦r♠❛♥❝❡✳ ■♥ s✉♠♠❛r②✱ t❤✐s ♣❛♣❡r ♣r♦✈✐❞❡s ❛
♠❡t❤♦❞♦❧♦❣✐❝❛❧ ❛♥❞ t❤❡♦r❡t✐❝❛❧ ❢♦✉♥❞❛t✐♦♥ ❢♦r ❛❞✈❛♥❝❡❞ tr❛✣❝ ❝♦♥tr♦❧ ❜② ♦♣t✐♠✐③✐♥❣ t❤❡ tr❛❥❡❝t♦r✐❡s ♦❢
❝♦♥♥❡❝t❡❞ ❛♥❞ ❛✉t♦♠❛t❡❞ ✈❡❤✐❝❧❡s✳ ❇✉✐❧❞✐♥❣ ✉♣♦♥ t❤✐s ❢♦✉♥❞❛t✐♦♥✱ ❛♥ ♦♣t✐♠✐③❛t✐♦♥ ❢r❛♠❡✇♦r❦ ✇✐❧❧ ❜❡
♣r❡s❡♥t❡❞ ✐♥ ❛ ❢♦❧❧♦✇✐♥❣ ♣❛♣❡r ❛s P❛rt ■■ ♦❢ t❤✐s st✉❞②✳

✶ ■♥tr♦❞✉❝t✐♦♥

✶✳✶ ❇❛❝❦❣r♦✉♥❞

❆s ✐❧❧✉str❛t❡❞ ❜② t❤❡ tr❛❥❡❝t♦r✐❡s ✐♥ t❤❡ t✐♠❡✲s♣❛❝❡ ❞✐❛❣r❛♠ ✐♥ ❋✐❣✉r❡ ✶✭❛✮✱ tr❛✣❝ ♦♥ ❛ s✐❣♥❛❧✐③❡❞ ❛rt❡r✐❛❧ ✐s
✉s✉❛❧❧② ❢♦r❝❡❞ t♦ ❞❡❝❡❧❡r❛t❡ ❛♥❞ ❛❝❝❡❧❡r❛t❡ ❛❜r✉♣t❧② ❛s ❛ r❡s✉❧t ♦❢ ❛❧t❡r♥❛t✐♥❣ ❣r❡❡♥ ❛♥❞ r❡❞ ❧✐❣❤ts✳ ❲❤❡♥
tr❛✣❝ ❞❡♥s✐t② ✐s r❡❧❛t✐✈❡❧② ❤✐❣❤✱ st♦♣✲❛♥❞✲❣♦ tr❛✣❝ ♣❛tt❡r♥s ✇✐❧❧ ❜❡ ❢♦r♠❡❞ ❛♥❞ ♣r♦♣❛❣❛t❡❞ ❜❛❝❦✇❛r❞s
❛❧♦♥❣ s❤♦❝❦ ✇❛✈❡s✳ ❙✐♠✐❧❛r st♦♣✲❛♥❞✲❣♦ tr❛✣❝ ❛❧s♦ ♦❝❝✉rs ❢r❡q✉❡♥t❧② ♦♥ ❢r❡❡✇❛②s ❡✈❡♥ ✇✐t❤♦✉t ❡①♣❧✐❝✐t
s✐❣♥❛❧ ✐♥t❡rr✉♣t✐♦♥s✳ ❙✉❝❤ st♦♣✲❛♥❞✲❣♦ tr❛✣❝ ✐♠♣♦s❡s ❛ ♥✉♠❜❡r ♦❢ ❛❞✈❡rs❡ ✐♠♣❛❝ts t♦ ❤✐❣❤✇❛② ♣❡r❢♦r♠❛♥❝❡✳
❖❜✈✐♦✉s❧②✱ ✈❡❤✐❝❧❡s ❡♥❣❛❣❡❞ ✐♥ ❛❜r✉♣t st♦♣✲❛♥❞✲❣♦ ♠♦✈❡♠❡♥ts ❛r❡ ❡①♣♦s❡❞ t♦ ❛ ❤✐❣❤ ❝r❛s❤ r✐s❦ ✭❍♦✛♠❛♥♥
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❋✐❣✉r❡ ✶✿ ❱❡❤✐❝❧❡ tr❛❥❡❝t♦r✐❡s ❛❧♦♥❣ ❛ ❤✐❣❤✇❛② s❡❣♠❡♥t ✉♣str❡❛♠ ♦❢ ❛♥ s✐❣♥❛❧✐③❡❞ ✐♥t❡rs❡❝t✐♦♥✿ ✭❛✮ ❜❡♥❝❤♠❛r❦
♠❛♥✉❛❧ ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r✐❡s❀ ✭❜✮ s♠♦♦t❤❡❞ ❛✉t♦♠❛t❡❞ ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r✐❡s✳

❛♥❞ ▼♦rt✐♠❡r✱ ✶✾✾✹✮✱ ♥♦t t♦ ♠❡♥t✐♦♥ ❡①tr❛ ❞✐s❝♦♠❢♦rt t♦ ❞r✐✈❡rs ✭❇❡❛r❞ ❛♥❞ ●r✐✣♥✱ ✷✵✶✸✮✳ ❆❧s♦✱ ❢r❡q✉❡♥t
❞❡❝❡❧❡r❛t✐♦♥s ❛♥❞ ❛❝❝❡❧❡r❛t✐♦♥s ❝❛✉s❡ ❡①❝❡ss✐✈❡ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ❡♠✐ss✐♦♥s ✭▲✐ ❡t ❛❧✳✱ ✷✵✶✹✮✱ ✇❤✐❝❤ ♣♦s❡
❛ s❡✈❡r❡ t❤r❡❛t t♦ t❤❡ ✉r❜❛♥ ❡♥✈✐r♦♥♠❡♥t✳ ❋✉rt❤❡r✱ ✇❤❡♥ ✈❡❤✐❝❧❡s s❧♦✇ ❞♦✇♥ ♦r st♦♣✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
tr❛✣❝ t❤r♦✉❣❤♣✉t ❞❡❝r❡❛s❡s ❛♥❞ t❤❡ ❤✐❣❤✇❛② ❝❛♣❛❝✐t② ❞r♦♣s ✭❈❛ss✐❞② ❛♥❞ ❇❡rt✐♥✐✱ ✶✾✾✾✮✱ ✇❤✐❝❤ ❝❛♥ ❝❛✉s❡
❡①❝❡ss✐✈❡ tr❛✈❡❧ ❞❡❧❛②✳

❆❧t❤♦✉❣❤ st♦♣✲❛♥❞✲❣♦ tr❛✣❝ ❤❛s ❜❡❡♥ ❡①t❡♥s✐✈❡❧② st✉❞✐❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❢r❡❡✇❛② tr❛✣❝ ✇✐t❤ ❡✐t❤❡r
t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧s ✭❡✳❣✳✱ ❍❡r♠❛♥ ❡t ❛❧✳ ✭✶✾✺✽✮❀ ❇❛♥❞♦ ❡t ❛❧✳ ✭✶✾✾✺✮❀ ▲✐ ❛♥❞ ❖✉②❛♥❣ ✭✷✵✶✶✮✮ ♦r ❡♠♣✐r✐❝❛❧
♦❜s❡r✈❛t✐♦♥s ✭❡✳❣✳✱ ❑✉❤♥❡ ✭✶✾✽✼✮❀ ❑❡r♥❡r ❛♥❞ ❘❡❤❜♦r♥ ✭✶✾✾✻✮❀ ▼❛✉❝❤ ❛♥❞ ❈❛ss✐❞② ✭✷✵✵✷✮❀ ❆❤♥ ✭✷✵✵✺✮❀ ▲✐
❛♥❞ ❖✉②❛♥❣ ✭✷✵✶✶✮❀ ▲❛✈❛❧ ✭✷✵✶✶❛✮✮✱ ❢❡✇ st✉❞✐❡s ❤❛❞ ✐♥✈❡st✐❣❛t❡❞ ❤♦✇ t♦ s♠♦♦t❤ tr❛✣❝ ❛♥❞ ❛❧❧❡✈✐❛t❡ ❝♦r✲
r❡s♣♦♥❞✐♥❣ ❛❞✈❡rs❡ ❝♦♥s❡q✉❡♥❝❡s ♦♥ s✐❣♥❛❧✐③❡❞ ❤✐❣❤✇❛②s ✉♥t✐❧ t❤❡ ❛❞✈❡♥t ♦❢ ✈❡❤✐❝❧❡✲❜❛s❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥
✭❡✳❣✳✱ ❝♦♥♥❡❝t❡❞ ✈❡❤✐❝❧❡s ♦r ❈❱✮ ❛♥❞ ❝♦♥tr♦❧ ✭❡✳❣✳✱ ❛✉t♦♠❛t❡❞ ✈❡❤✐❝❧❡s ♦r ❆❱✮ t❡❝❤♥♦❧♦❣✐❡s✳ ❈❱ ❜❛s✐❝❛❧❧② ❡♥✲
❛❜❧❡s r❡❛❧✲t✐♠❡ ✐♥❢♦r♠❛t✐♦♥ s❤❛r✐♥❣ ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❛♠♦♥❣ ✐♥❞✐✈✐❞✉❛❧ ✈❡❤✐❝❧❡s ❛♥❞ ✐♥❢r❛str✉❝t✉r❡ ❝♦♥tr♦❧
✉♥✐ts✶✳ ❆❱ ❛✐♠s t♦ r❡♣❧❛❝❡ ❛ ❤✉♠❛♥ ❞r✐✈❡r ✇✐t❤ ❛ r♦❜♦t t❤❛t ❝♦♥st❛♥t❧② r❡❝❡✐✈❡s ❡♥✈✐r♦♥♠❡♥t❛❧ ✐♥❢♦r♠❛✲
t✐♦♥ ✈✐❛ ✈❛r✐♦✉s s❡♥s♦r t❡❝❤♥♦❧♦❣✐❡s ✭❛s ❝♦♠♣❛r❡❞ t♦ ❤✉♠❛♥ ❡②❡s ❛♥❞ ❡❛rs✮✱ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② ❞❡t❡r♠✐♥❡s
✈❡❤✐❝❧❡ ❝♦♥tr♦❧ ❞❡❝✐s✐♦♥s ✭❡✳❣✳✱ ❛❝❝❡❧❡r❛t✐♦♥ ❛♥❞ ❜r❛❦✐♥❣✮ ✇✐t❤ ♣r♦♣❡r ❝♦♠♣✉t❡r ❛❧❣♦r✐t❤♠s ✭❛s ❝♦♠♣❛r❡❞ t♦
❤✉♠❛♥ ❜r❛✐♥s✮ ❛♥❞ ✈❡❤✐❝❧❡ ❝♦♥tr♦❧ ♠❡❝❤❛♥✐❝s ✭❛s ❝♦♠♣❛r❡❞ t♦ ❤✉♠❛♥ ❧✐♠❜s✮✷✳ ❚❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡s❡ t✇♦
t❡❝❤♥♦❧♦❣✐❡s✱ r❡❢❡rr❡❞ ❛s ❝♦♥♥❡❝t❡❞ ❛♥❞ ❛✉t♦♠❛t❡❞ ✈❡❤✐❝❧❡s ✭❈❆❱✮✱ ❡♥❛❜❧❡s ❞✐s❛❣❣r❡❣❛t❡❞ ❝♦♥tr♦❧ ✭♦r ❝♦♦r❞✐✲
♥❛t✐♦♥✮ ♦❢ ✐♥❞✐✈✐❞✉❛❧ ✈❡❤✐❝❧❡s ✇✐t❤ r❡❛❧✲t✐♠❡ ✈❡❤✐❝❧❡✲t♦✲✈❡❤✐❝❧❡ ❛♥❞ ✈❡❤✐❝❧❡✲t♦✲✐♥❢r❛str✉❝t✉r❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s✳
❇❡❢♦r❡ t❤❡s❡ t❡❝❤♥♦❧♦❣✐❡s✱ ❤✐❣❤✇❛② ✈❡❤✐❝❧❡ ❞②♥❛♠✐❝s ✇❛s ❞❡t❡r♠✐♥❡❞ ❜② ♠✐❝r♦s❝♦♣✐❝ ❤✉♠❛♥ ❞r✐✈✐♥❣ ❜❡❤❛✈✲
✐♦r✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ✇❛s ♥♦t ❡✈❡♥ ❛ ✉♥✐✈❡rs❛❧❧② ❛❝❝❡♣t❡❞ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ❤✉♠❛♥ ❞r✐✈✐♥❣ ❜❡❤❛✈✐♦r ✭❚r❡✐❜❡r
❡t ❛❧✳✱ ✷✵✶✵✮ ❞✉❡ t♦ t❤❡ ✉♥♣r❡❞✐❝t❛❜❧❡ ♥❛t✉r❡ ♦❢ ❤✉♠❛♥s ✭❑❡r♥❡r ❛♥❞ ❘❡❤❜♦r♥✱ ✶✾✾✻✮ ❛♥❞ ❧✐♠✐t❡❞ ❡♠♣✐r✐❝❛❧
❞❛t❛ t♦ ❝♦♠♣r❡❤❡♥s✐✈❡❧② ❞❡s❝r✐❜❡ s✉❝❤ ❜❡❤❛✈✐♦r ✭❉❛❣❛♥③♦ ❡t ❛❧✳✱ ✶✾✾✾✮✳ ❚❤❡r❡❢♦r❡✱ ✐t ✇❛s ✈❡r② ❝❤❛❧❧❡♥❣✐♥❣✱
✐❢ ♥♦t ❝♦♠♣❧❡t❡❧② ✐♠♣♦ss✐❜❧❡✱ t♦ ♣❡r❢❡❝t❧② s♠♦♦t❤ ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r✐❡s ✇✐t❤ tr❛❞✐t✐♦♥❛❧ ✐♥❢r❛str✉❝t✉r❡✲❜❛s❡❞
❝♦♥tr♦❧s ✭❡✳❣✳✱ tr❛✣❝ s✐❣♥❛❧s✮ t❤❛t ❛r❡ ❞❡s✐❣♥❡❞ t♦ ❛❝❝♦♠♠♦❞❛t❡ ❤✉♠❛♥ ❜❡❤❛✈✐♦r✳ ❲❤❡r❡❛s ❈❆❱ ❡♥❛❜❧❡s t❤❡
r❡♣❧❛❝❡♠❡♥t ✭❛t ❧❡❛st ♣❛rt✐❛❧❧②✮ ♦❢ ❤✉♠❛♥ ❞r✐✈❡rs ✇✐t❤ ♣r♦❣r❛♠♠❛❜❧❡ r♦❜♦ts ✇❤♦s❡ ❞r✐✈✐♥❣ ❛❧❣♦r✐t❤♠s ❝❛♥
❜❡ ✢❡①✐❜❧② ❝✉st♦♠✐③❡❞ ❛♥❞ ❛❝❝✉r❛t❡❧② ❡①❡❝✉t❡❞✳ ❚❤✐s ♦♣❡♥s ✉♣ ♦♣♣♦rt✉♥✐t✐❡s t♦ ❝♦♥tr♦❧ ✐♥❞✐✈✐❞✉❛❧ ✈❡❤✐❝❧❡
tr❛❥❡❝t♦r✐❡s ✐♥ ❝♦♦r❞✐♥❛t✐♦♥ ✇✐t❤ ❛❣❣r❡❣❛t❡ ✐♥❢r❛str✉❝t✉r❡✲❜❛s❡❞ ❝♦♥tr♦❧s s✉❝❤ t❤❛t ❜♦t❤ ✐♥❞✐✈✐❞✉❛❧ ❞r✐✈❡rs✬
❡①♣❡r✐❡♥❝❡ ❛♥❞ ♦✈❡r❛❧❧ tr❛✣❝ ♣❡r❢♦r♠❛♥❝❡ ❝❛♥ ❜❡ ♦♣t✐♠✐③❡❞✳ ❚❤❡s❡ ♦♣♣♦rt✉♥✐t✐❡s ✐♥s♣✐r❡❞ s❡✈❡r❛❧ ♣✐♦♥❡❡r✐♥❣
st✉❞✐❡s t♦ ❡①♣❧♦r❡ ❤♦✇ t♦ ✉t✐❧✐③❡ ❈❆❱s t♦ ✐♠♣r♦✈❡ ♠♦❜✐❧✐t② ❛♥❞ s❛❢❡t② ❛t ✐♥t❡rs❡❝t✐♦♥s ✭❉r❡s♥❡r ❛♥❞ ❙t♦♥❡✱
✷✵✵✽❀ ▲❡❡ ❛♥❞ P❛r❦✱ ✷✵✶✷❛✮ ❛♥❞ r❡❞✉❝❡ ❡♥✈✐r♦♥♠❡♥t❛❧ ✐♠♣❛❝ts ❛❧♦♥❣ ❤✐❣❤✇❛② s❡❣♠❡♥ts ✭❆❤♥ ❡t ❛❧✳✱ ✷✵✶✸❀
❨❛♥❣ ❛♥❞ ❏✐♥✱ ✷✵✶✹✮✳ ❍♦✇❡✈❡r✱ t❤❡s❡ ❧✐♠✐t❡❞ st✉❞✐❡s ♠♦st❧② ❢♦❝✉s ♦♥ ❝♦♥tr♦❧❧✐♥❣ ♦♥❡ ♦r ✈❡r② ❢❡✇ ✈❡❤✐❝❧❡s ❛t

✶❤tt♣✿✴✴✇✇✇✳✐ts✳❞♦t✳❣♦✈✴❝♦♥♥❡❝t❡❞❴✈❡❤✐❝❧❡✴❝♦♥♥❡❝t❡❞❴✈❡❤✐❝❧❡✳❤t♠✳
✷❤tt♣✿✴✴❡♥✳✇✐❦✐♣❡❞✐❛✳♦r❣✴✇✐❦✐✴❆✉t♦♥♦♠♦✉s❴❝❛r

✷



❛ ♣❛rt✐❝✉❧❛r ❤✐❣❤✇❛② ❢❛❝✐❧✐t② ✭❡✳❣✳✱ ❡✐t❤❡r ❛♥ ✐♥t❡rs❡❝t✐♦♥ ♦r ❛ s❡❣♠❡♥t✮ t♦ ❛❝❤✐❡✈❡ ❛ ❝❡rt❛✐♥ s♣❡❝✐✜❝ ♦❜❥❡❝t✐✈❡
✭❡✳❣✳✱ st❛❜✐❧✐t②✱ s❛❢❡t② ♦r ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥✮ r❛t❤❡r t❤❛♥ s♠♦♦t❤✐♥❣ ❛ str❡❛♠ ♦❢ ✈❡❤✐❝❧❡s t♦ ✐♠♣r♦✈❡ t❤❡ ♦✈❡r❛❧❧
tr❛✣❝ ♣❡r❢♦r♠❛♥❝❡✳ ▼♦st ♦❢ t❤❡ ❞❡✈❡❧♦♣❡❞ ❝♦♥tr♦❧ ❛❧❣♦r✐t❤♠s r❡q✉✐r❡ s♦♣❤✐st✐❝❛t❡❞ ♥✉♠❡r✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥s
❛♥❞ t❤❡✐r r❡❛❧✲t✐♠❡ ❛♣♣❧✐❝❛t✐♦♥s ♠✐❣❤t ❜❡ ❤✐♥❞❡r❡❞ ❜② ❡①❝❡ss✐✈❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t✐❡s✳

❚❤✐s st✉❞② ❛✐♠s t♦ ♣r♦♣♦s❡ ❛ ♥❡✇ ❈❆❱✲❜❛s❡❞ tr❛✣❝ ❝♦♥tr♦❧ ❢r❛♠❡✇♦r❦ t❤❛t ❝♦♥tr♦❧s ❞❡t❛✐❧❡❞ tr❛❥❡❝t♦r②
s❤❛♣❡s ♦❢ ❛ str❡❛♠ ♦❢ ✈❡❤✐❝❧❡s ♦♥ ❛ str❡t❝❤ ♦❢ ❤✐❣❤✇❛② ❝♦♠❜✐♥✐♥❣ ❛ ♦♥❡✲❧❛♥❡ s❡❣♠❡♥t ❛♥❞ ❛ s✐❣♥❛❧✐③❡❞ ✐♥t❡r✲
s❡❝t✐♦♥✳ ❆s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✶✭❜✮✱ t❤❡ ✈❡r② ❜❛s✐❝ ✐❞❡❛ ♦❢ t❤✐s st✉❞② ✐s s♠♦♦t❤✐♥❣ ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r✐❡s ❛♥❞
❝❧✉st❡r✐♥❣ t❤❡♠ t♦ ♣❧❛t♦♦♥s t❤❛t ❝❛♥ ❥✉st ♣r♦♣❡r❧② ♦❝❝✉♣② t❤❡ ❣r❡❡♥ ❧✐❣❤t ✇✐♥❞♦✇s ❛♥❞ ♣❛ss t❤❡ ✐♥t❡rs❡❝t✐♦♥
❛t ❛ ❤✐❣❤ s♣❡❡❞✳ ◆♦t❡ t❤❛t ❛ ❤✐❣❤❡r ♣❛ss✐♥❣ s♣❡❡❞ ✐♥❞✐❝❛t❡s ❛ s♠❛❧❧❡r ❝❛r✲❢♦❧❧♦✇✐♥❣ t✐♠❡ ❤❡❛❞✇❛② ♦r ❛ ❧❛r❣❡r
t❤r♦✉❣❤♣✉t✱ ❛♥❞ t❤✉s ✇❡ s❡❡ t❤❛t t❤❡ ❈❆❱s ✐♥ ❋✐❣✉r❡ ✶✭❜✮ ♥♦t ♦♥❧② ❤❛✈❡ ♠✉❝❤ s♠♦♦t❤❡r tr❛❥❡❝t♦r✐❡s ❜✉t
❛❧s♦ s♣❡♥❞ ♠✉❝❤ ❧❡ss tr❛✈❡❧ t✐♠❡s ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❜❡♥❝❤♠❛r❦ ♠❛♥✉❛❧ ✈❡❤✐❝❧❡s ✐♥ ❋✐❣✉r❡ ✶✭❛✮✳ ❋✉rt❤❡r✱
s♠♦♦t❤❡r tr❛❥❡❝t♦r✐❡s ✐♠♣❧② s❛❢❡r tr❛✣❝✱ ❧❡ss ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ❡♠✐ss✐♦♥s✱ ❛♥❞ ❜❡tt❡r ❞r✐✈❡r ❡①♣❡r✐❡♥❝❡s✳
❲❤✐❧❡ t❤❡ r❡s❡❛r❝❤ ✐❞❡❛ ✐s ✐♥t✉✐t✐✈❡✱ t❤❡ t❡❝❤♥✐❝❛❧ ❞❡✈❡❧♦♣♠❡♥t ✐s q✉✐t❡ s♦♣❤✐st✐❝❛t❡❞✱ ❜❡❝❛✉s❡ t❤✐s st✉❞②
♥❡❡❞s t♦ ♠❛♥✐♣✉❧❛t❡ ❝♦♥t✐♥✉♦✉s tr❛❥❡❝t♦r✐❡s t❤❛t ♥♦t ♦♥❧② ✐♥❞✐✈✐❞✉❛❧❧② ❤❛✈❡ ✐♥✜♥✐t❡ ❝♦♥tr♦❧ ♣♦✐♥ts ❜✉t ❛❧s♦
❤❛✈❡ ❝♦♠♣❧❡① ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ ♦♥❡ ❛♥♦t❤❡r ❞✉❡ t♦ t❤❡ s❤❛r❡❞ r✐❣❤t✲♦❢✲✇❛②✳ ■♥ ♦r❞❡r t♦ ♦✈❡r❝♦♠❡ t❤❡s❡
♠♦❞❡❧✐♥❣ ❝❤❛❧❧❡♥❣❡s✱ ✇❡ ✜rst ♣❛rt✐t✐♦♥ ❡❛❝❤ tr❛❥❡❝t♦r② ✐♥t♦ ❛ ❢❡✇ ♣❛r❛❜♦❧✐❝ s❡❝t✐♦♥s t❤❛t ❡❛❝❤ ✐s ❛♥❛❧②t✐❝❛❧❧②
s♦❧✈❛❜❧❡✳ ❚❤✐s ❡ss❡♥t✐❛❧❧② r❡❞✉❝❡s ❛♥ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ tr❛❥❡❝t♦r② ✐♥t♦ ❛ ❢❡✇ s❡t ♦❢ ♣❛r❛❜♦❧✐❝ ❢✉♥❝t✐♦♥
♣❛r❛♠❡t❡rs✳ ❋✉rt❤❡r✱ ✇❡ ♦♥❧② ✉s❡ ❢♦✉r ❛❝❝❡❧❡r❛t✐♦♥ ❛♥❞ ❞❡❝❡❧❡r❛t✐♦♥ ✈❛r✐❛❜❧❡s t❤❛t ❛r❡ ♥♦♥❡t❤❡❧❡ss ❛❜❧❡ t♦
❝♦♥tr♦❧ t❤❡ ♦✈❡r❛❧❧ s♠♦♦t❤♥❡ss ♦❢ t❤❡ ✇❤♦❧❡ str❡❛♠ ♦❢ ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r✐❡s ✇❤✐❧❡ ❛ss✉r✐♥❣ ❡①❝❡♣t✐♦♥❛❧ ♣❛rs✐✲
♠♦♥② ❛♥❞ s✐♠♣❧✐❝✐t② ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠✳ ❲✐t❤ t❤❡s❡ tr❡❛t♠❡♥ts✱ ✇❡ ♣r♦♣♦s❡ ❛♥ ❡✣❝✐❡♥t s❤♦♦t✐♥❣
❤❡✉r✐st✐❝ ❛❧❣♦r✐t❤♠ t❤❛t ❝❛♥ ❣❡♥❡r❛t❡ ❛ str❡❛♠ ♦❢ s♠♦♦t❤ ❛♥❞ ♣r♦♣❡r❧② ♣❧❛t♦♦♥❡❞ tr❛❥❡❝t♦r✐❡s t❤❛t ❝❛♥ ♣❛ss
t❤❡ ✐♥t❡rs❡❝t✐♦♥ ❡✣❝✐❡♥t❧② ❛♥❞ s❛❢❡❧② ②✐❡❧❞✐♥❣ ♠✐♥✐♠✉♠ ❡♥✈✐r♦♥♠❡♥t❛❧ ✐♠♣❛❝ts✳ ❆❧s♦✱ ♥♦t❡ t❤❛t s♦♠❡ ✈❡❤✐❝❧❡
tr❛❥❡❝t♦r② ❞❡s✐❣♥ ♣r♦❜❧❡♠s ♦♥ ❛ ❢r❡❡✇❛② ✭❡✳❣✳✱ ❈❆❱ ❜❛s❡❞ s♣❡❡❞ ❤❛r♠♦♥✐③❛t✐♦♥ ❛♥❞ ♠❡r❣✐♥❣ ♦♣❡r❛t✐♦♥s✮ ❝❛♥
❜❡ ❛❞❛♣t❡❞ t♦ t❤❡ ✐♥✈❡st✐❣❛t❡❞ ♣r♦❜❧❡♠ ❛s ❧♦♥❣ ❛s ♣r♦♣❡r ✈❡❤✐❝❧❡ ❡①✐t t✐♠❡s ❛♥❞ ❧♦❝❛t✐♦♥s ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞
✭❡✳❣✳✱ ❜② ♣r❡❞✐❝t✐♥❣ s❤♦❝❦ ✇❛✈❡s ❛♥❞ ♠❡r❣✐♥❣ ♣♦✐♥ts✮✳ ❙✐♥❝❡ ❢r❡❡✇❛② tr❛✣❝ ❝❛♥ ❜❡ s♦♠❡❤♦✇ ✈✐❡✇❡❞ ❛s ❛rt❡r✐❛❧
tr❛✣❝ ✇✐t❤ ❛♥ ✐♥✜♥✐t❡ ❣r❡❡♥ ♣❤❛s❡✱ ✇❡ ✐♥✈❡st✐❣❛t❡ ❛ ❧❡❛❞ ✈❡❤✐❝❧❡ ♣r♦❜❧❡♠ ❢♦r ♣♦ss✐❜❧❡ ❢r❡❡✇❛② ❛❞❛♣t❛t✐♦♥s
♦❢ t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠s✳ ❆❢t❡r ❣❡♥❡r❛❧✐③✐♥❣ t❤❡ ❝♦♥❝❡♣t ♦❢ t✐♠❡ ❣❡♦❣r❛♣❤② ✭▼✐❧❧❡r✱ ✷✵✵✺✮ ❜② ❛❧❧♦✇✐♥❣
✜♥✐t❡ ❛❝❝❡❧❡r❛t✐♦♥ ❛♥❞ ❞❡❝❡❧❡r❛t✐♦♥✱ ✇❡ ❞✐s❝♦✈❡r ❛ ♥✉♠❜❡r ♦❢ ❡❧❡❣❛♥t ♣r♦♣❡rt✐❡s ♦❢ t❤❡s❡ ❛❧❣♦r✐t❤♠s ✐♥ t❤❡
❢❡❛s✐❜✐❧✐t② t♦ t❤❡ ♦r✐❣✐♥❛❧ tr❛❥❡❝t♦r② ❞❡s✐❣♥ ♣r♦❜❧❡♠ ❛♥❞ t❤❡ ❝♦♥♥❡❝t✐♦♥ ✇✐t❤ ❝❧❛ss✐❝ tr❛✣❝ ✢♦✇ ♠♦❞❡❧s✳

❲❡ ✇❛♥t t♦ ♥♦t❡ t❤❛t t❤✐s P❛rt ■ ♣❛♣❡r ♦♥❧② ❢♦❝✉s❡s ♦♥ ♣❛rs✐♠♦♥✐♦✉s ❛❧❣♦r✐t❤♠s ❢♦r ❝♦♥str✉❝t✐♥❣ ❛ str❡❛♠
♦❢ ❢❡❛s✐❜❧❡ tr❛❥❡❝t♦r✐❡s ❛♥❞ t❤❡✐r t❤❡♦r❡t✐❝❛❧ ♣r♦♣❡rt✐❡s✳ ❚❤❡s❡ ❛❧❣♦r✐t❤♠s ✇✐❧❧ s❡r✈❡ ❛s ❛ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦ ❢♦r
t❤❡ ❝♦♠♣r❡❤❡♥s✐✈❡ ♦♣t✐♠✐③❛t✐♦♥ ❢r❛♠❡✇♦r❦ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ P❛rt ■■ ♣❛♣❡r ✭▼❛ ❡t ❛❧✳✱ ✷✵✶✺✮ t❤❛t ❞❡t❡r♠✐♥❡s
t❤❡ ❜❡st tr❛❥❡❝t♦r✐❡s ✉♥❞❡r s❡✈❡r❛❧ tr❛✣❝ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s✱ ✐♥❝❧✉❞✐♥❣ tr❛✈❡❧ t✐♠❡✱ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥✱
❡♠✐ss✐♦♥s ❛♥❞ s❛❢❡t② s✉rr♦❣❛t❡ ♠❡❛s✉r❡s✳ ❲❤✐❧❡ t❤✐s ♣❛♣❡r ❛❧s♦ q✉❛❧✐t❛t✐✈❡❧② ❞✐s❝✉ss❡s ♦♣t✐♠❛❧✐t② ✐ss✉❡s ✇✐t❤
✈✐s✉❛❧ ♣❛tt❡r♥s ✐♥ tr❛❥❡❝t♦r② ♣❧♦ts✱ ✇❡ ❧❡❛✈❡ t❤❡ ❞❡t❛✐❧❡❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ✐ss✉❡s ❛♥❞ t❤❡ ♦✈❡r❛❧❧ ♦♣t✐♠✐③❛t✐♦♥
❢r❛♠❡✇♦r❦ t♦ t❤❡ P❛rt ■■ ♣❛♣❡r✳

✶✳✷ ▲✐t❡r❛t✉r❡ ❘❡✈✐❡✇

❋r❡❡✇❛② tr❛✣❝ s♠♦♦t❤✐♥❣ ❤❛s ❞r❛✇♥ ♥✉♠❡r♦✉s ❛tt❡♥t✐♦♥s ❢r♦♠ ❜♦t❤ ❛❝❛❞❡♠✐❛ ❛♥❞ ✐♥❞✉str② ✐♥ t❤❡ ♣❛st
s❡✈❡r❛❧ ❞❡❝❛❞❡s✳ ◆✉♠❡r♦✉s st✉❞✐❡s ❤❛✈❡ ❜❡❡♥ ❝♦♥❞✉❝t❡❞ ✐♥ ❛tt❡♠♣ts t♦ ❝❤❛r❛❝t❡r✐③❡ st♦♣✲❛♥❞✲❣♦ tr❛✣❝ ♦♥
❢r❡❡✇❛② ✭❍❡r♠❛♥ ❡t ❛❧✳✱ ✶✾✺✽❀ ❈❤❛♥❞❧❡r ❡t ❛❧✳✱ ✶✾✺✽❀ ❑✉❤♥❡✱ ✶✾✽✼❀ ❇❛♥❞♦ ❡t ❛❧✳✱ ✶✾✾✺❀ ❑❡r♥❡r ❛♥❞ ❘❡❤❜♦r♥✱
✶✾✾✼❀ ❇❛♥❞♦ ❡t ❛❧✳✱ ✶✾✾✽❀ ❑❡r♥❡r✱ ✶✾✾✽❀ ▼❛✉❝❤ ❛♥❞ ❈❛ss✐❞②✱ ✷✵✵✷❀ ❆❤♥✱ ✷✵✵✺❀ ▲✐ ❛♥❞ ❖✉②❛♥❣✱ ✷✵✶✶❀ ▲❛✈❛❧✱
✷✵✶✶❛✮ ❍❡r♠❛♥ ❡t ❛❧✳ ✭✶✾✺✽✮❀ ❇❛♥❞♦ ❡t ❛❧✳ ✭✶✾✾✺✮❀ ▲✐ ❛♥❞ ❖✉②❛♥❣ ✭✷✵✶✶✮✳ ❍♦✇❡✈❡r✱ ♣r♦❜❛❜❧② ❞✉❡ t♦ t❤❡
❧❛❝❦ ♦❢ ❤✐❣❤ r❡s♦❧✉t✐♦♥ tr❛❥❡❝t♦r② ❞❛t❛ ✭❉❛❣❛♥③♦ ❡t ❛❧✳✱ ✶✾✾✾✮✱ ♥♦ ❝♦♥s❡♥s✉s ❤❛s ❜❡❡♥ ❢♦r♠❡❞ ♦♥ ❢✉♥❞❛♠❡♥t❛❧
♠❡❝❤❛♥✐s♠s ♦❢ st♦♣✲❛♥❞✲❣♦ tr❛✣❝ ❢♦r♠❛t✐♦♥ ❛♥❞ ♣r♦♣❛❣❛t✐♦♥✱ ♣❛rt✐❝✉❧❛r❧② ❛t t❤❡ ♠✐❝r♦s❝♦♣✐❝ ❧❡✈❡❧ ✭❚r❡✐❜❡r
❡t ❛❧✳✱ ✷✵✶✵✮✳ ❚♦ ❤❛r♠♦♥✐③❡ ❢r❡❡✇❛② tr❛✣❝ s♣❡❡❞✱ s❝❤♦❧❛rs ❛♥❞ ♣r❛❝t✐t✐♦♥❡rs ❤❛✈❡ ♣r♦♣♦s❡❞ ❛♥❞ t❡st❡❞ ❛
♥✉♠❜❡r ♦❢ ✐♥❢r❛str✉❝t✉r❡✲❜❛s❡❞ ❝♦♥tr♦❧ ♠❡t❤♦❞s ♠♦st❧② t❛r❣❡t✐♥❣ ❛t ❛❣❣r❡❣❛t❡ tr❛✣❝ ✭r❛t❤❡r t❤❛♥ ✐♥❞✐✈✐❞✉❛❧
✈❡❤✐❝❧❡s✮✱ ✐♥❝❧✉❞✐♥❣ ✈❛r✐❛❜❧❡ s♣❡❡❞ ❧✐♠✐ts ✭▲✉ ❛♥❞ ❙❤❧❛❞♦✈❡r✱ ✷✵✶✹✮✱ r❛♠♣ ♠❡t❡r✐♥❣✭❍❡❣②✐ ❡t ❛❧✳✱ ✷✵✵✺✮✱
❛♥❞ ♠❡r❣✐♥❣ tr❛✣❝ ❝♦♥tr♦❧ ✭❙♣✐❧✐♦♣♦✉❧♦✉ ❡t ❛❧✳✱ ✷✵✵✾✮✳ ❲❤✐❧❡ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts s❤♦✇ t❤❛t t❤❡s❡ s♣❡❡❞
❤❛r♠♦♥✐③❛t✐♦♥ ♠❡t❤♦❞s ❝❛♥ ❞r❛st✐❝❛❧❧② ✐♠♣r♦✈❡ tr❛✣❝ ♣❡r❢♦r♠❛♥❝❡ ✐♥ ❛❧❧ ♠❛❥♦r ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s✱ ❡✳❣✳✱
s❛❢❡t②✱ ♠♦❜✐❧✐t② ❛♥❞ ❡♥✈✐r♦♥♠❡♥t❛❧ ✐♠♣❛❝ts ✭■s❧❛♠ ❡t ❛❧✳✱ ✷✵✶✸❀ ❨❛♥❣ ❛♥❞ ❏✐♥✱ ✷✵✶✹✮✱ ✜❡❧❞ st✉❞✐❡s s❤♦✇ t❤❡

✸



♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡s❡ ♠❡t❤♦❞s ❡①❤✐❜✐t q✉✐t❡ s♦♠❡ ❞✐s❝r❡♣❛♥❝✐❡s ✭❇❤❛♠ ❡t ❛❧✳✱ ✷✵✶✵✮✳ Pr♦❜❛❜❧② ❞✉❡ t♦ ❧✐♠✐t❡❞
✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ♠✐❝r♦s❝♦♣✐❝ ❜❡❤❛✈✐♦r ♦❢ ❤✐❣❤✇❛② tr❛✣❝✱ t❤❡s❡ ✜❡❧❞ ♣r❛❝t✐❝❡s ♦❢ s♣❡❡❞ ❤❛r♠♦♥✐③❛t✐♦♥
❛r❡ ♠♦st❧② ❜❛s❡❞ ♦♥ ❡♠♣✐r✐❝❛❧ ❡①♣❡r✐❡♥❝❡s ❛♥❞ tr✐❛❧✲❛♥❞✲❡rr♦r ❛♣♣r♦❛❝❤❡s ✇✐t❤♦✉t t❛❦✐♥❣ ❢✉❧❧ ❛❞✈❛♥t❛❣❡ ♦❢
t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧s✳ ❆❧s♦✱ ❞r✐✈❡rs ♠❛② ♥♦t ❢✉❧❧② ❝♦♠♣❧② ✇✐t❤ t❤❡ s♣❡❡❞ ❤❛r♠♦♥✐③❛t✐♦♥ ❝♦♥tr♦❧ ❛♥❞ t❤❡✐r
✐♥❞✐✈✐❞✉❛❧ r❡s♣♦♥s❡s ♠❛② ❜❡ ❤✐❣❤❧② st♦❝❤❛st✐❝✱ ✇❤✐❝❤ ❢✉rt❤❡r ❝♦♠♣r♦♠✐s❡s t❤❡ ❛❝t✉❛❧ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡s❡
❝♦♥tr♦❧ str❛t❡❣✐❡s✳ ❚❤❡r❡❢♦r❡✱ t❤❡s❡ ❛❣❣r❡❣❛t❡❞ ✐♥❢r❛str✉❝t✉r❡✲❜❛s❡❞ tr❛✣❝ s♠♦♦t❤✐♥❣ ♠❡❛s✉r❡s ♠❛② ♥♦t
♣❡r❢♦r♠ ❛s ✐❞❡❛❧❧② ❛s t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧ ♣r❡❞✐❝t✐♦♥s✳

❲✐t❤ t❤❡ ❛❞✈❛♥❝❡♠❡♥t ♦❢ ✈❡❤✐❝❧❡✲❜❛s❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✭✐✳❡✳✱ ❈❱✮ ❛♥❞ ❝♦♥tr♦❧ ✭✐✳❡✳✱ ❆❱✮ t❡❝❤♥♦❧♦❣✐❡s✱ r❡✲
s❡❛r❝❤❡rs st❛rt❡❞ ❡①♣❧♦r✐♥❣ ✇❛②s ♦❢ ❢r❡❡✇❛② tr❛✣❝ s♠♦♦t❤✐♥❣ ❜② ❝♦♥tr♦❧❧✐♥❣ ✐♥❞✐✈✐❞✉❛❧ ✈❡❤✐❝❧❡s✳ ❙❝❤✇❛r③❦♦♣❢
❛♥❞ ▲❡✐♣♥✐❦ ✭✶✾✼✼✮ ❛♥❛❧②t✐❝❛❧❧② s♦❧✈❡❞ t❤❡ ♦♣t✐♠❛❧ tr❛❥❡❝t♦r② ♦❢ ❛ s✐♥❣❧❡ ✈❡❤✐❝❧❡ ♦♥ ❝❡rt❛✐♥ ❣r❛❞❡ ♣r♦✜❧❡s
✇✐t❤ s✐♠♣❧❡ ❛ss✉♠♣t✐♦♥s ♦❢ ✈❡❤✐❝❧❡ ❝❤❛r❛❝t❡r✐st✐❝s ❜❛s❡❞ ♦♥ P♦♥tr②❛❣✐♥✬s ♠✐♥✐♠✉♠ ♣r✐♥❝✐♣❧❡✳ ❍♦♦❦❡r ✭✶✾✽✽✮
✐♥st❡❛❞ ♣r♦♣♦s❡❞ ❛ s✐♠✉❧❛t✐♦♥ ❛♣♣r♦❛❝❤ t❤❛t ❝❛♣t✉r❡ ♠♦r❡ r❡❛❧✐st✐❝ ✈❡❤✐❝❧❡ ❝❤❛r❛❝t❡r✐st✐❝s✳ ❱❛♥ ❆r❡♠ ❡t ❛❧✳
✭✷✵✵✻✮ ✜♥❞s t❤❛t tr❛✣❝ ✢♦✇ st❛❜✐❧✐t② ❛♥❞ ❡✣❝✐❡♥❝② ❛t ❛ ♠❡r❣❡ ♣♦✐♥t ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞ ❜② ❝♦♦♣❡r❛t✐✈❡ ❛❞❛♣t❡❞
❝r✉✐s❡ ❝♦♥tr♦❧ ✭❛ ❧♦♥❣✐t✉❞✐♥❛❧ ❝♦♥tr♦❧ str❛t❡❣② ♦❢ ❈❆❱✮ t❤❛t s♠♦♦t❤s ❝❛r✲❢♦❧❧♦✇✐♥❣ ♠♦✈❡♠❡♥ts✳ ▲✐✉ ❡t ❛❧✳
✭✷✵✶✷✮ s♦❧✈❡❞ ❛♥ ♦♣t✐♠❛❧ tr❛❥❡❝t♦r② ♣r♦❜❧❡♠ ❢♦r ♦♥❡ s✐♥❣❧❡ ✈❡❤✐❝❧❡ ❛♥❞ ✉s❡❞ t❤✐s tr❛❥❡❝t♦r② ❛s ❛ t❡♠♣❧❛t❡ t♦
❝♦♥tr♦❧ ♠✉❧t✐♣❧❡ ✈❡❤✐❝❧❡s ✇✐t❤ ✈❛r✐❛❜❧❡ s♣❡❡❞ ❧✐♠✐ts✳ ❆❤♥ ❡t ❛❧✳ ✭✷✵✶✸✮ ♣r♦♣♦s❡❞ ❛ r♦❧❧✐♥❣✲❤♦r✐③♦♥ ✐♥❞✐✈✐❞✉❛❧
❈❆❱ ❝♦♥tr♦❧ str❛t❡❣② t❤❛t ♠✐♥✐♠✐③❡s ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ❡♠✐ss✐♦♥ ❝♦♥s✐❞❡r✐♥❣ r♦❛❞✇❛② ❣❡♦♠❡tr✐❡s ✭❡✳❣✳✱
❣r❛❞❡s✮✳ ❨❛♥❣ ❛♥❞ ❏✐♥ ✭✷✵✶✹✮ ♣r♦♣♦s❡❞ ❛ ✈❡❤✐❝❧❡ s♣❡❡❞ ❝♦♥tr♦❧ str❛t❡❣② t♦ ♠✐t✐❣❛t❡ tr❛✣❝ ♦s❝✐❧❧❛t✐♦♥ ❛♥❞
r❡❞✉❝❡ ✈❡❤✐❝❧❡ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ❡♠✐ss✐♦♥ ❜❛s❡❞ ♦♥ ❝♦♥♥❡❝t❡❞ ✈❡❤✐❝❧❡ t❡❝❤♥♦❧♦❣✐❡s✳ ❚❤❡② ❢♦✉♥❞ ✇✐t❤
♦♥❧② ❛ ✺ ♣❡r❝❡♥t ❝♦♠♣❧✐❛♥❝❡ r❛t❡✱ t❤✐s ❝♦♥tr♦❧ str❛t❡❣② ❝❛♥ r❡❞✉❝❡ tr❛✣❝ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ❜② ✉♣ t♦ ✶✺
♣❡r❝❡♥t✳ ❲❛♥❣ ❡t ❛❧✳ ✭✷✵✶✹❛❀ ✷✵✶✹❜✮ ♣r♦♣♦s❡❞ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♠♦❞❡❧s ❜❛s❡❞ ♦♥ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛♥❞
P♦♥tr②❛❣✐♥✬s ♠✐♥✐♠✉♠ ♣r✐♥❝✐♣❧❡ t❤❛t ❞❡t❡r♠✐♥❡ ❛❝❝❡❧❡r❛t✐♦♥s ♦❢ ❛ ♣❧❛t♦♦♥ ♦❢ ❆❱s ♦r ❈❆❱s t♦ ♠✐♥✐♠✐③❡ ❛
✈❛r✐❡t② ♦❢ ♦❜❥❡❝t✐✈❡ ❝♦st ❢✉♥❝t✐♦♥s✳ ▲✐ ❡t ❛❧✳ ✭✷✵✶✹✮ r❡✈✐s❡❞ ❛ ❝❧❛ss✐❝ ♠❛♥✉❛❧ ❝❛r✲❢♦❧❧♦✇✐♥❣ ♠♦❞❡❧ ✐♥t♦ ♦♥❡ ❢♦r
❈❆❱ ❢♦❧❧♦✇✐♥❣ ❜② ✐♥❝♦r♣♦r❛t✐♥❣ ❈❆❱ ❢❡❛t✉r❡s s✉❝❤ ❛s ❢❛st❡r r❡s♣♦♥❞✐♥❣ t✐♠❡ ❛♥❞ s❤❛r❡❞ ✐♥❢♦r♠❛t✐♦♥✳ ❚❤❡②
❢♦✉♥❞ t❤❡ ❈❆❱ ❢♦❧❧♦✇✐♥❣ r✉❧❡s ❝❛♥ s✐❣♥✐✜❝❛♥t❧② r❡❞✉❝❡ ♠❛❣♥✐t✉❞❡s ♦❢ tr❛✣❝ ♦s❝✐❧❧❛t✐♦♥✱ ❡♠✐ss✐♦♥s ❛♥❞ tr❛✈❡❧
t✐♠❡✳ ❚❛♥❣ ❡t ❛❧✳ ✭✷✵✶✹❛❀ ✷✵✶✹❜✮ s❤♦✇❡❞ s✐♠✐❧❛r s♠♦♦t❤✐♥❣ ❡✛❡❝ts ♦❢ ❈❆❱ ♦♥ ❝❛r✲❢♦❧❧♦✇✐♥❣ ♠♦❞❡❧s✳ ❉❡s♣✐t❡
r❡❧❛t✐✈❡❧② ❤♦♠♦❣❡♥♦✉s s❡tt✐♥❣s ❛♥❞ ❝♦♠♣❧❡① ❛❧❣♦r✐t❤♠s✱ t❤❡s❡ ❛❞✈❡♥t✉r♦✉s ❞❡✈❡❧♦♣♠❡♥ts ❤❛✈❡ ❞❡♠♦♥str❛t❡❞
❛ ❣r❡❛t ♣♦t❡♥t✐❛❧ ♦❢ t❤❡s❡ ❛❞✈❛♥❝❡❞ t❡❝❤♥♦❧♦❣✐❡s ✐♥ ✐♠♣r♦✈✐♥❣ ❢r❡❡✇❛② ♠♦❜✐❧✐t②✱ s❛❢❡t② ❛♥❞ ❡♥✈✐r♦♥♠❡♥t✳

❉❡s♣✐t❡ t❤❡s❡ ❢r✉✐t❢✉❧ ❞❡✈❡❧♦♣♠❡♥ts ♦♥ t❤❡ ❢r❡❡✇❛② s✐❞❡✱ tr❛✣❝ s♠♦♦t❤✐♥❣ ♦♥ ✐♥t❡rr✉♣t❡❞ ❤✐❣❤✇❛②s ✭✐✳❡✳✱
✇✐t❤ ❛t✲❣r❛❞❡ ✐♥t❡rs❡❝t✐♦♥s✮ ✐s ❛ r❡❧❛t✐✈❡ r❡❝❡♥t ❝♦♥❝❡♣t✳ ❚❤✐s ❝♦♥❝❡♣t ✐s ♣r♦❜❛❜❧② ♠♦t✐✈❛t❡❞ ❜② r❡❝❡♥t
❈❆❱ t❡❝❤♥♦❧♦❣✐❡s t❤❛t ❛❧❧♦✇ ✈❡❤✐❝❧❡s✬ ♣❛t❤s t♦ ❜❡ ❝♦♦r❞✐♥❛t❡❞ ✇✐t❤ s✐❣♥❛❧ ❝♦♥tr♦❧s✳ ❚❤❡ ❡①✐st✐♥❣ tr❛✣❝
s♠♦♦t❤✐♥❣ st✉❞✐❡s ❢♦r ✐♥t❡rr✉♣t❡❞ ❤✐❣❤✇❛②s ❝❛♥ ❜❡ ✐♥ ❣❡♥❡r❛❧ ❝❛t❡❣♦r✐③❡❞ ✐♥t♦ t✇♦ t②♣❡s✳ ❚❤❡ ✜rst t②♣❡
❛ss✉♠❡s t❤❛t ❈❆❱s ❝❛♥ ❝♦♠♠✉♥✐❝❛t❡ ✇✐t❤ ❡❛❝❤ ♦t❤❡r t♦ ♣❛ss ❛♥ ✐♥t❡rs❡❝t✐♦♥ ✐♥ ❛ s❡❧❢✲♦r❣❛♥✐③❡❞ ♠❛♥♥❡r
✭❡✳❣✳✱ ❧✐❦❡ ❛ s❝❤♦♦❧ ♦❢ ✜s❤✮ ❡✈❡♥ ✇✐t❤♦✉t ❝♦♥✈❡♥t✐♦♥❛❧ tr❛✣❝ s✐❣♥❛❧s✳ ❋♦r ❡①❛♠♣❧❡✱ ❉r❡s♥❡r ❛♥❞ ❙t♦♥❡ ✭✷✵✵✽✮
♣r♦♣♦s❡❞ ❛ ❤❡✉r✐st✐❝ ❝♦♥tr♦❧ ❛❧❣♦r✐t❤♠ t❤❛t ♣r♦❝❡ss ✈❡❤✐❝❧❡s ❛s ❛ q✉❡✉✐♥❣ s②st❡♠✳ ❲❤✐❧❡ t❤✐s ❞❡✈❡❧♦♣♠❡♥t
♣r♦❜❛❜❧② ♣❡r❢♦r♠s ❡①❝❡❧❧❡♥t❧② ✇❤❡♥ tr❛✣❝ ✐s ❧✐❣❤t ♦r ♠♦❞❡r❛t❡✱ ✐ts ♣❡r❢♦r♠❛♥❝❡ ✉♥❞❡r ❞❡♥s❡ tr❛✣❝ ✐s ②❡t
t♦ ❜❡ ✐♥✈❡st✐❣❛t❡❞✳ ❋✉rt❤❡r✱ ▲❡❡ ❛♥❞ P❛r❦ ✭✷✵✶✷❜✮ ♣r♦♣♦s❡❞ ❛ ♥♦♥❧✐♥❡❛r ♦♣t✐♠✐③❛t✐♦♥ ♠♦❞❡❧ t♦ t❡st t❤❡
❧✐♠✐ts ♦❢ ❛ ♥♦♥✲st♦♣ ✐♥t❡rs❡❝t✐♦♥ ❝♦♥tr♦❧ s❝❤❡♠❡✳ ❚❤❡② s❤♦✇❡❞ t❤❛t ✐❞❡❛❧❧②✱ t❤❡ ♦♣t✐♠❛❧ ♥♦♥✲st♦♣ ✐♥t❡rs❡❝t✐♦♥
❝♦♥tr♦❧ ❝❛♥ s✐❣♥✐✜❝❛♥t❧② ♦✉t♣❡r❢♦r♠ ❝❧❛ss✐❝ s✐❣♥❛❧✐③❡❞ ❝♦♥tr♦❧ ✐♥ ❜♦t❤ ♠♦❜✐❧✐t② ❛♥❞ ❡♥✈✐r♦♥♠❡♥t❛❧ ✐♠♣❛❝ts
❛t ❞✐✛❡r❡♥t ❝♦♥❣❡st✐♦♥ ❧❡✈❡❧s✳ ❩♦❤❞② ❛♥❞ ❘❛❦❤❛ ✭✷✵✶✹✮ ✐♥t❡❣r❛t❡❞ ❛♥ ❡♠❜❡❞❞❡❞ ❝❛r✲❢♦❧❧♦✇✐♥❣ r✉❧❡ ❛♥❞
❛♥ ✐♥t❡rs❡❝t✐♦♥ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♣r♦t♦❝♦❧ ✐♥t♦ ❛♥ ♥♦♥❧✐♥❡❛r ♦♣t✐♠✐③❛t✐♦♥ ♠♦❞❡❧ t❤❛t ♠❛♥❛❣❡s ❛ ♥♦♥✲st♦♣
✐♥t❡rs❡❝t✐♦♥✳ ❚❤✐s ♠♦❞❡❧ ❝♦♥s✐❞❡rs ❞✐✛❡r❡♥t ✇❡❛t❤❡r ❝♦♥❞✐t✐♦♥s✱ ❤❡t❡r♦❣❡♥❡♦✉s ✈❡❤✐❝❧❡ ❝❤❛r❛❝t❡r✐st✐❝s ❛♥❞
✈❛r②✐♥❣ ♠❛r❦❡t ♣❡♥❡tr❛t✐♦♥s✳ ❖✈❡r❛❧❧✱ t❤❡s❡ ❞❡✈❡❧♦♣♠❡♥ts ♦♥ ♥♦♥✲st♦♣ ✉♥s✐❣♥❛❧✐③❡❞ ❝♦♥tr♦❧ ✉s✉❛❧❧② ♦♥❧② ❢♦❝✉s
♦♥ t❤❡ ♦♣❡r❛t✐♦♥s ♦❢ ✈❡❤✐❝❧❡s ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ ❛♥ ✐♥t❡rs❡❝t✐♦♥ ❛♥❞ r❡q✉✐r❡ ❝♦♠♣❧✐❝❛t❡❞ ❝♦♥tr♦❧ ❛❧❣♦r✐t❤♠s ❛♥❞
s✐♠✉❧❛t✐♦♥✳ ■♠♣❧❡♠❡♥t✐♥❣ t❤✐s ❝♦♠♣❧❡① ♠❛t❤❡♠❛t✐❝❛❧ ♣r♦❣r❛♠♠✐♥❣ ♠♦❞❡❧ ✐♥ r❡❛❧✲t✐♠❡ ❛♣♣❧✐❝❛t✐♦♥s ♠✐❣❤t
r❡q✉✐r❡ ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥s✳

❚❤❡ s❡❝♦♥❞ t②♣❡ ♦❢ st✉❞✐❡s ❢♦r ✐♥t❡rr✉♣t❡❞ tr❛✣❝ s♠♦♦t❤✐♥❣ ❝♦♥s✐❞❡rs ❤♦✇ t♦ ❞❡s✐❣♥ ✈❡❤✐❝❧❡s tr❛❥❡❝t♦r✐❡s
✐♥ ❝♦♠♣❧✐❛♥❝❡ ✇✐t❤ ❡①✐st✐♥❣ tr❛✣❝ s✐❣♥❛❧ ❝♦♥tr♦❧s ❛t ✐♥t❡rs❡❝t✐♦♥s✳ ❚❤❡ ❜❛s✐❝ ✐❞❡❛ ✐s t❤❛t ❛ ✈❡❤✐❝❧❡ s❤❛❧❧
s❧♦✇ ❞♦✇♥ ✇❤❡♥ ❛♣♣r♦❛❝❤✐♥❣ ❛ r❡❞ ❧✐❣❤t s♦ t❤❛t t❤✐s ✈❡❤✐❝❧❡ ♠✐❣❤t ❜❡ ❛❜❧❡ t♦ ♣❛ss t❤❡ ♥❡①t ❣r❡❡♥ ❧✐❣❤t
❢♦❧❧♦✇✐♥❣ ❛ r❡❧❛t✐✈❡❧② s♠♦♦t❤ tr❛❥❡❝t♦r② ✇✐t❤♦✉t ❛♥ ❛❜r✉♣t st♦♣✳ ❚r❛②❢♦r❞ ❡t ❛❧✳ ✭✶✾✽✹❛❀ ✶✾✽✹❜✮ t❡st❡❞ ✉s✐♥❣
s♣❡❡❞ ❛❞✈✐❝❡ t♦ ✈❡❤✐❝❧❡s ❛♣♣r♦❛❝❤✐♥❣ ❛♥ ✐♥t❡rs❡❝t✐♦♥ t♦ r❡❞✉❝❡ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ✇✐t❤ ❝♦♠♣✉t❡r s✐♠✉❧❛t✐♦♥✳

✹



▲❛t❡r st✉❞✐❡s ❡①t❡♥❞❡❞ t❤❡ s♣❡❡❞ ❛❞✈✐❝❡ ❛♣♣r♦❛❝❤ t♦ ❝❛r✲❢♦❧❧♦✇✐♥❣ ❞②♥❛♠✐❝s ✭❙❛♥❝❤❡③ ❡t ❛❧✳✱ ✷✵✵✻✮✱ ✐♥✲✈❡❤✐❝❧❡
tr❛✣❝ ❧✐❣❤t ❛ss✐st❛♥❝❡ ✭■❣❧❡s✐❛s ❡t ❛❧✳✱ ✷✵✵✽❀ ❲✉ ❡t ❛❧✳✱ ✷✵✶✵✮ ♠✉❧t✐✲✐♥t❡rs❡❝t✐♦♥ ❝♦rr✐❞♦rs ✭▼❛♥❞❛✈❛ ❡t ❛❧✳✱
✷✵✵✾❀ ●✉❛♥ ❛♥❞ ❋r❡②✱ ✷✵✶✸❀ ❉❡ ◆✉♥③✐♦ ❡t ❛❧✳✱ ✷✵✶✸✮✱ s❝❛❧❡❞✲✉♣ s✐♠✉❧❛t✐♦♥ ✭❚✐❡❧❡rt ❡t ❛❧✳✱ ✷✵✶✵✮✱ ❛♥❞ ❡❧❡❝tr✐❝
✈❡❤✐❝❧❡s ✭❲✉ ❡t ❛❧✳✱ ✷✵✶✺✮✳ ❚❤❡s❡ ❛♣♣r♦❛❝❤❡s ♠❛✐♥❧② ❢♦❝✉s❡❞ ♦♥ t❤❡ ❜✉❧❦② ♣❛rt ♦❢ ❛ ✈❡❤✐❝❧❡✬s tr❛❥❡❝t♦r②
✇✐t❤ ❝♦♥st❛♥t ❝r✉✐s❡ s♣❡❡❞s ✇✐t❤♦✉t ♠✉❝❤ t✉♥✐♥❣ ✐ts ♠✐❝r♦s❝♦♣✐❝ ❛❝❝❡❧❡r❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ❛❝❝❡❧❡r❛t✐♦♥ ❞❡t❛✐❧s
s✐❣♥✐✜❝❛♥t❧② ❛✛❡❝t ❛ ✈❡❤✐❝❧❡✬s ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ❡♠✐ss✐♦♥s ✭❘❛❦❤❛ ❛♥❞ ❑❛♠❛❧❛♥❛t❤s❤❛r♠❛✱ ✷✵✶✶✮✳ ❚♦
❛❞❞r❡ss t❤✐s ✐ss✉❡✱ ❑❛♠❛❧❛♥❛t❤s❤❛r♠❛ ❡t ❛❧✳ ✭✷✵✶✸✮ ♣r♦♣♦s❡s ❛♥ ♦♣t✐♠✐③❛t✐♦♥ ♠♦❞❡❧ t❤❛t ❝♦♥s✐❞❡rs ❛ ♠♦r❡
r❡❛❧✐st✐❝ ②❡t ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ ❢✉❡❧✲❝♦♥s✉♠♣t✐♦♥ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✐♥ s♠♦♦t❤✐♥❣ ❛ s✐♥❣❧❡ ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r②
❛t ❛ s✐❣♥❛❧✐③❡❞ ✐♥t❡rs❡❝t✐♦♥✳ ❆s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✶✭❜✮✱ t❤❡ ✈❡r② ❜❛s✐❝ ✐❞❡❛ ♦❢ t❤✐s st✉❞② ✐s s♠♦♦t❤✐♥❣
✈❡❤✐❝❧❡ tr❛❥❡❝t♦r✐❡s ❛♥❞ ❝❧✉st❡r✐♥❣ t❤❡♠ t♦ ♣❧❛t♦♦♥s t❤❛t ❝❛♥ ❥✉st ♣r♦♣❡r❧② ♦❝❝✉♣② t❤❡ ❣r❡❡♥ ❧✐❣❤t ✇✐♥❞♦✇s
❛♥❞ ♣❛ss t❤❡ ✐♥t❡rs❡❝t✐♦♥ ❛t ❛ ❤✐❣❤ s♣❡❡❞✳ ◆♦t❡ t❤❛t ❛ ❤✐❣❤❡r ♣❛ss✐♥❣ s♣❡❡❞ ✐♥❞✐❝❛t❡s ❛ ❧❛r❣❡r ✐♥t❡rs❡❝t✐♦♥
❝❛♣❛❝✐t②✱ ❛♥❞ t❤✉s ✇❡ s❡❡ t❤❛t t❤❡ ❈❆❱s ✐♥ ❋✐❣✉r❡ ✶✭❜✮ ♥♦t ♦♥❧② ❤❛✈❡ ♠✉❝❤ s♠♦♦t❤❡r tr❛❥❡❝t♦r✐❡s ❜✉t
❛❧s♦ s♣❡♥❞ ♠✉❝❤ ❧❡ss tr❛✈❡❧ t✐♠❡s ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❜❡♥❝❤♠❛r❦ ♠❛♥✉❛❧ ✈❡❤✐❝❧❡s ✐♥ ❋✐❣✉r❡ ✶✭❛✮✳ ❋✉rt❤❡r✱
s♠♦♦t❤❡r tr❛❥❡❝t♦r✐❡s ✐♠♣❧② s❛❢❡r tr❛✣❝✱ ❧❡ss ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ❡♠✐ss✐♦♥s✱ ❛♥❞ ❜❡tt❡r ❞r✐✈❡r ❡①♣❡r✐❡♥❝❡s✳
❲❤✐❧❡ t❤❡ r❡s❡❛r❝❤ ✐❞❡❛ ✐s ✐♥t✉✐t✐✈❡✱ t❤❡ t❡❝❤♥✐❝❛❧ ❞❡✈❡❧♦♣♠❡♥t ✐s q✉✐t❡ s♦♣❤✐st✐❝❛t❡❞✱ ❜❡❝❛✉s❡ t❤✐s st✉❞②
♥❡❡❞s t♦ ♠❛♥✐♣✉❧❛t❡ ❝♦♥t✐♥✉♦✉s tr❛❥❡❝t♦r✐❡s t❤❛t ♥♦t ♦♥❧② ✐♥❞✐✈✐❞✉❛❧❧② ❤❛✈❡ ✐♥✜♥✐t❡ ❝♦♥tr♦❧ ♣♦✐♥ts ❜✉t ❛❧s♦
❤❛✈❡ ❝♦♠♣❧❡① ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ ♦♥❡ ❛♥♦t❤❡r ❞✉❡ t♦ t❤❡ s❤❛r❡❞ r✐❣❤t✲♦❢✲✇❛②✳ ■♥ ♦r❞❡r t♦ ♦✈❡r❝♦♠❡ t❤❡s❡
♠♦❞❡❧✐♥❣ ❝❤❛❧❧❡♥❣❡s✱ ✇❡ ✜rst ♣❛rt✐t✐♦♥ ❡❛❝❤ tr❛❥❡❝t♦r② ✐♥t♦ ❛ ❢❡✇ ♣❛r❛❜♦❧✐❝ s❡❝t✐♦♥s t❤❛t ❡❛❝❤ ✐s ❛♥❛❧②t✐❝❛❧❧②
s♦❧✈❛❜❧❡✳ ❚❤✐s ❡ss❡♥t✐❛❧❧② r❡❞✉❝❡s ❛♥ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ tr❛❥❡❝t♦r② ✐♥t♦ ❛ ❢❡✇ s❡t ♦❢ ♣❛r❛❜♦❧✐❝ ❢✉♥❝t✐♦♥
♣❛r❛♠❡t❡rs✳ ❋✉rt❤❡r✱ ✇❡ ♦♥❧② ✉s❡ ❢♦✉r ❛❝❝❡❧❡r❛t✐♦♥ ❛♥❞ ❞❡❝❡❧❡r❛t✐♦♥ ✈❛r✐❛❜❧❡s t❤❛t ❛r❡ ♥♦♥❡t❤❡❧❡ss ❛❜❧❡ t♦
❝♦♥tr♦❧ t❤❡ ♦✈❡r❛❧❧ s♠♦♦t❤♥❡ss ♦❢ t❤❡ ✇❤♦❧❡ str❡❛♠ ♦❢ ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r✐❡s ✇❤✐❧❡ ❛ss✉r✐♥❣ ❡①❝❡♣t✐♦♥❛❧ ♣❛rs✐♠♦♥②
❛♥❞ s✐♠♣❧✐❝✐t② ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠✳ ❲✐t❤ t❤❡s❡ tr❡❛t♠❡♥ts✱ ✇❡ ♣r♦♣♦s❡ ❛♥ ❡✣❝✐❡♥t s❤♦♦t✐♥❣ ❤❡✉r✐st✐❝
❛❧❣♦r✐t❤♠ t❤❛t ❝❛♥ ❣❡♥❡r❛t❡ ❛ str❡❛♠ ♦❢ s♠♦♦t❤ ❛♥❞ ♣r♦♣❡r❧② ♣❧❛t♦♦♥❡❞ tr❛❥❡❝t♦r✐❡s t❤❛t ❝❛♥ ♣❛ss t❤❡
✐♥t❡rs❡❝t✐♦♥ ❡✣❝✐❡♥t❧② ❛♥❞ s❛❢❡❧② ②✐❡❧❞✐♥❣ ♠✐♥✐♠✉♠ ❡♥✈✐r♦♥♠❡♥t❛❧ ✐♠♣❛❝ts✳ ❆❧s♦✱ ♥♦t❡ t❤❛t t❤✐s ❛❧❣♦r✐t❤♠
❝❛♥ ❜❡ ❡❛s✐❧② ❛❞❛♣t❡❞ t♦ ❢r❡❡✇❛② s♣❡❡❞ ❤❛r♠♦♥✐③❛t✐♦♥ ❛s ✇❡❧❧ ❜❡❝❛✉s❡ t❤❡ ❢r❡❡✇❛② tr❛❥❡❝t♦r② ❞❡s✐❣♥ ♣r♦❜❧❡♠ ✐s
❡ss❡♥t✐❛❧❧② ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ t❤❡ ✐♥✈❡st✐❣❛t❡❞ ♣r♦❜❧❡♠ ✇✐t❤ ❛♥ ✐♥✜♥✐t❡ ❣r❡❡♥ t✐♠❡✳ ❲❡ ✐♥✈❡st✐❣❛t❡ ❛ ❧❡❛❞ ✈❡❤✐❝❧❡
♣r♦❜❧❡♠ t♦ st✉❞② t❤✐s ❢r❡❡✇❛② ❛❞❛♣t✐♦♥✳ ❆❢t❡r ❣❡♥❡r❛❧✐③✐♥❣ t❤❡ ❝♦♥❝❡♣t ♦❢ t✐♠❡ ❣❡♦❣r❛♣❤② ✭▼✐❧❧❡r✱ ✷✵✵✺✮ ❜②
❛❧❧♦✇✐♥❣ ✜♥✐t❡ ❛❝❝❡❧❡r❛t✐♦♥ ❛♥❞ ❞❡❝❡❧❡r❛t✐♦♥✱ ✇❡ ❞✐s❝♦✈❡r ❛ ♥✉♠❜❡r ♦❢ ❡❧❡❣❛♥t ♣r♦♣❡rt✐❡s ♦❢ t❤❡s❡ ❛❧❣♦r✐t❤♠s ✐♥
t❤❡ ❢❡❛s✐❜✐❧✐t② t♦ t❤❡ ♦r✐❣✐♥❛❧ tr❛❥❡❝t♦r② ❞❡s✐❣♥ ♣r♦❜❧❡♠ ❛♥❞ t❤❡ ❝♦♥♥❡❝t✐♦♥ ✇✐t❤ ❝❧❛ss✐❝ tr❛✣❝ ✢♦✇ ♠♦❞❡❧s✳
s❡❝t✐♦♥✳ ❲❤✐❧❡ s✉❝❤ ❛ ♠♦❞❡❧ ❝❛♣t✉r❡s t❤❡ ❛❞✈❛♥t❛❣❡ ❢r♦♠ ♠✐❝r♦s❝♦♣✐❝❛❧❧② t✉♥✐♥❣ ✈❡❤✐❝❧❡ ❛❝❝❡❧❡r❛t✐♦♥✱ ✐t
r❡q✉✐r❡s ❛ ❝♦♠♣❧✐❝❛t❡❞ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ❛❧❣♦r✐t❤♠ t❤❛t ❝♦♥s✉♠❡s ❛ ❧❛r❣❡ ❛♠♦✉♥t ♦❢ ❝♦♠♣✉t❛t✐♦♥ r❡s♦✉r❝❡s
❡✈❡♥ ❢♦r ❛ s✐♥❣❧❡ tr❛❥❡❝t♦r②✳

■♥ s✉♠♠❛r②✱ t❤❡r❡ ❤❛✈❡ ❜❡❡♥ ✐♥❝r❡❛s✐♥❣ ✐♥t❡r❡sts ✐♥ ✈❡❤✐❝❧❡ s♠♦♦t❤✐♥❣ ✉s✐♥❣ ❛❞✈❛♥❝❡❞ ✈❡❤✐❝❧❡✲❜❛s❡❞ t❡❝❤✲
♥♦❧♦❣✐❡s ✐♥ r❡❝❡♥t ②❡❛rs✳ ❍♦✇❡✈❡r✱ ♠♦st r❡❧❡✈❛♥t st✉❞✐❡s ♦♥❧② ❢♦❝✉s ♦♥ ❝♦♥tr♦❧❧✐♥❣ ♦♥❡ ♦r ❛ ❢❡✇ ✐♥❞✐✈✐❞✉❛❧
✈❡❤✐❝❧❡s✳ ▼♦st st✉❞✐❡s ✐♥ t❤❡ tr❛❥❡❝t♦r②✲❜❛s❡❞ tr❛✣❝ ✢♦✇ ❝♦♥tr♦❧ ❧✐t❡r❛t✉r❡ ❡✐t❤❡r ✐❣♥♦r❡ ❛❝❝❡❧❡r❛t✐♦♥ ❞❡t❛✐❧
❛♥❞ ❛❧❧♦✇ s♣❡❡❞ ❥✉♠♣s t♦ ❛ss✉r❡ t❤❡ ♠♦❞❡❧ ❝♦♠♣✉t❛t✐♦♥❛❧ tr❛❝t❛❜✐❧✐t②✱ ♦r ❝❛♣t✉r❡ ❛❝❝❡❧❡r❛t✐♦♥ ✐♥ ❤✐❣❤❧②
s♦♣❤✐st✐❝❛t❡❞ ❛❧❣♦r✐t❤♠s t❤❛t ❛r❡ ❞✐✣❝✉❧t t♦ ✐♠♣❧❡♠❡♥t ✐♥ r❡❛❧ t✐♠❡✳ ❋✉rt❤❡r✱ ❢❡✇ st✉❞✐❡s ✐♥✈❡st✐❣❛t❡❞ t❤❡♦✲
r❡t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❝♦♥tr♦❧s ❛♥❞ t❤❡✐r r❡❧❛t✐♦♥s❤✐♣s ✇✐t❤ ❝❧❛ss✐❝ tr❛✣❝ ✢♦✇ t❤❡♦r✐❡s✳ ❲✐t❤♦✉t
s✉❝❤ t❤❡♦r❡t✐❝❛❧ ✐♥s✐❣❤ts✱ ✇❡ ✇♦✉❧❞ ♠✐ss t❤❡ ❣r❡❛t ♦♣♣♦rt✉♥✐t② ♦❢ tr❛♥s❢❡rr✐♥❣ t❤❡ ✈❛st ❡❧❡❣❛♥t ❞❡✈❡❧♦♣♠❡♥ts
♦❢ ❡①✐st✐♥❣ ♠❛♥✉❛❧ tr❛✣❝ ✐♥ t❤❡ ♣❛st ❢❡✇ ❞❡❝❛❞❡s t♦ ❢✉t✉r❡ ❈❆❱ tr❛✣❝✳

❚❤❡ ♣r♦♣♦s❡❞ tr❛❥❡❝t♦r② ♦♣t✐♠✐③❛t✐♦♥ ❢r❛♠❡✇♦r❦ ❛✐♠s t♦ ✜❧❧ t❤❡s❡ r❡s❡❛r❝❤ ❣❛♣s✳ ❲❡ ✐♥✈❡st✐❣❛t❡ ❛ ❣❡♥❡r❛❧
tr❛❥❡❝t♦r② ❞❡s✐❣♥ ♣r♦❜❧❡♠ t❤❛t ♦♣t✐♠✐③❡s ✐♥❞✐✈✐❞✉❛❧ tr❛❥❡❝t♦r✐❡s ♦❢ ❛ ❧♦♥❣ str❡❛♠ ♦❢ ✐♥t❡r❛❝t✐✈❡ ❈❆❱s ♦♥ ❛
s✐❣♥❛❧✐③❡❞ ❤✐❣❤✇❛② s❡❣♠❡♥t✳ ◆♦t❡ t❤❛t t❤❡ ✐♥✈❡st✐❣❛t❡❞ ♣r♦❜❧❡♠ ❛ss✉♠❡s t❤❛t ❛❧❧ ✈❡❤✐❝❧❡s ❛r❡ ❈❆❱ ❛♥❞
s✉❜❥❡❝t❡❞ t♦ ❝❡♥tr❛❧✐③❡❞ ❝♦♥tr♦❧✳ ❆❧t❤♦✉❣❤ t❤✐s ❛ss✉♠♣t✐♦♥ ♠❛② ♥♦t ❜❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ♥❡❛r ❢✉t✉r❡
s❝❡♥❛r✐♦ ✇❤❡r❡ ❜♦t❤ ❛✉t♦♠❛t❡❞ ❛♥❞ ♠❛♥✉❛❧ ✈❡❤✐❝❧❡s ❝♦✲❡①✐st ✐♥ ❤✐❣❤✇❛② tr❛✣❝ ❛♥❞ t❤❡s❡ ❛✉t♦♠❛t❡❞ ✈❡❤✐❝❧❡s
♠❛② ♥♦t ❜❡ s✉❜❥❡❝t t♦ ❝❡♥tr❛❧✐③❡❞ ❝♦♥tr♦❧✱ t❤❡ r❡s✉❧ts ❢r♦♠ t❤✐s ❛ss✉♠♣t✐♦♥ st✐❧❧ ♣r♦✈✐❞❡ ✈❛❧✉❛❜❧❡ ✐♥s✐❣❤ts
✐♥t♦ t❤❡ ❜❡st t❤❡ ❈❆❱ t❡❝❤♥♦❧♦❣✐❡s ❝❛♥ ❛❝❤✐❡✈❡ ❛♥❞ ❛❧s♦ s❡t ❛♥ ✉❧t✐♠❛t❡ ❞✐r❡❝t✐♦♥ ❢♦r t❤❡ ✐♠♣r♦✈❡♠❡♥t ♦❢
t❤❡ ❝✉rr❡♥t tr❛✣❝ ✇✐t❤ ❈❆❱s✳ ❚❤✐s ♣r♦❜❧❡♠ ✐s ❣❡♥❡r❛❧ s✉❝❤ t❤❛t t❤❡ ❧❡❛❞ ✈❡❤✐❝❧❡ ♣r♦❜❧❡♠ ♦♥ ❛ ❢r❡❡✇❛②
❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ✐ts s♣❡❝✐❛❧ ❝❛s❡ ✭❡✳❣✳✱ ❜② s❡tt✐♥❣ t❤❡ r❡❞ ❧✐❣❤t t✐♠❡ t♦ ③❡r♦✮✳ ❚❤✐s ♣r♦❜❧❡♠ ✐s ❛ ✈❡r②
❝❤❛❧❧❡♥❣✐♥❣ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥ ♥♦♥❧✐♥❡❛r ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ ❛♥❞ t❤✉s ✐t ✐s ✈❡r② ❤❛r❞ t♦ s♦❧✈❡ ✐ts ❡①❛❝t
♦♣t✐♠❛❧ s♦❧✉t✐♦♥✳ ❲❡ ✐♥st❡❛❞ ♣r♦♣♦s❡ ❛ ❤❡✉r✐st✐❝ s❤♦♦t✐♥❣ ❛❧❣♦r✐t❤♠ t♦ s♦❧✈❡ ❛ ♥❡❛r✲♦♣t✐♠✉♠ s♦❧✉t✐♦♥ t♦

✺



t❤✐s ♣r♦❜❧❡♠✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ❡❛s✐❧② ❡①t❡♥❞❡❞ t♦ t❤❡ ❢r❡❡✇❛② ❧❡❛❞ ✈❡❤✐❝❧❡ ♣r♦❜❧❡♠✳ ❚❤❡ ♣r♦♣♦s❡❞
s❤♦♦t✐♥❣ ❤❡✉r✐st✐❝ ✐s ❞✐✛❡r❡♥t ❢r♦♠ ❛ tr❛❞✐t✐♦♥❛❧ s❤♦♦t✐♥❣ ♠❡t❤♦❞ ❢♦r s♦❧✈✐♥❣ ❛ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠
✭❙t♦❡r ❛♥❞ ❇✉❧✐rs❝❤✱ ✷✵✶✸❀ ❱♦♥ ❙tr②❦ ❛♥❞ ❇✉❧✐rs❝❤✱ ✶✾✾✷✮✳ ❚❤❡ ♣r♦♣♦s❡❞ â⑨➐s❤♦♦t✐♥❣â⑨➑ ♠❡❛♥s tr❛❥❡❝t♦r②
s❡❣♠❡♥ts ❛r❡ ❝♦♥str✉❝t❡❞ ❜② s❤♦♦t✐♥❣ ❢r♦♠ ❜♦t❤ ❡♥❞s ♦❢ t❤❡ r♦❛❞✇❛② s❡❣♠❡♥t ❛♥❞ ❣❡t t❛♥❣❡♥t ✇✐t❤ ❡❛❝❤
♦t❤❡r ❛t ❝❡rt❛✐♥ ♣♦✐♥ts ✐♥ ❜❡t✇❡❡♥✳ ❲❤✐❧❡ t❤❡ tr❛❞✐t✐♦♥❛❧ s❤♦♦t✐♥❣ s♦❧✉t✐♦♥ ♠❡t❤♦❞ ✐♠♣❧✐❡s s❤♦♦t✐♥❣ ❢r♦♠
✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✴❣✉❡ss❡s ❢♦r ♠✉❧t✐♣❧❡ ❛tt❡♠♣ts✱ ❤♦♣✐♥❣ t♦ ❛♣♣r♦❛❝❤ ❛ ❣✐✈❡♥ ❡♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ❚❤✐s
♠❡t❤♦❞ ✐s s❡♥s✐t✐✈❡ t♦ ✐♥✐t✐❛❧ ❣✉❡ss❡s ❛♥❞ ❧❡❛❞s t♦ ✐♥st❛❜✐❧✐t② ❛t ❤✐❣❤❧② ❞②♥❛♠✐❝❛❧ s✐t✉❛t✐♦♥s ✐♥ r❡❛❧✲t✐♠❡
❝♦♥tr♦❧✳ ❍♦✇❡✈❡r✱ ♦✉r ❙❍ ❛❧❣♦r✐t❤♠ ❛❧✇❛②s ②✐❡❧❞s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ❢♦r ❛ ❣✐✈❡♥ s❡t ♦❢ ♣❛r❛♠❡t❡rs ❛♥❞ ✐♥♣✉ts
❛♥❞ ✐s ✐♥s❡♥s✐t✐✈❡ t♦ ✐♥✐t✐❛❧ ❡rr♦rs✳ ❲❤✐❧❡ t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠s ❝❛♥ ✢❡①✐❜❧② ❝♦♥tr♦❧ tr❛❥❡❝t♦r② s❤❛♣❡s
❜② t✉♥✐♥❣ ❛❝❝❡❧❡r❛t✐♦♥ ❛❝r♦ss ❛ ❜r♦❛❞ r❛♥❣❡✱ ✐t ✐s ❡①tr❡♠❡❧② ♣❛rs✐♠♦♥✐♦✉s✿ ✐t ❝♦♠♣r❡ss❡s ❛ tr❛❥❡❝t♦r② ✐♥t♦
❛ ✈❡r② ❢❡✇ ♥✉♠❜❡r ♦❢ ❛♥❛❧②t✐❝❛❧ s❡❣♠❡♥ts✱ ❛♥❞ ✐♥❝❧✉❞❡s ♦♥❧② ❛ ❢❡✇ ❛❝❝❡❧❡r❛t✐♦♥ ❧❡✈❡❧s ❛s ❝♦♥tr♦❧ ✈❛r✐❛❜❧❡s✳
❲✐t❤ s✉❝❤ ♣❛rs✐♠♦♥② ❛♥❞ s✐♠♣❧✐❝✐t②✱ t❤❡s❡ ❛❧❣♦r✐t❤♠s ❛r❡ s✉✐t❛❜❧❡ ❢♦r r❡❛❧✲t✐♠❡ ❛♣♣❧✐❝❛t✐♦♥s ❛♥❞ ❢✉rt❤❡r
❛❞❛♣t❛t✐♦♥s✳ ❚❤❡ s✐♠♣❧❡ str✉❝t✉r❡ ♦❢ t❤❡s❡ ❛❧❣♦r✐t❤♠s ❛❧s♦ ❛❧❧♦✇s ✉s t♦ ❛♥❛❧②③❡ ✐ts t❤❡♦r❡t✐❝❛❧ ♣r♦♣❡rt✐❡s✳ ❇②
❡①t❡♥❞✐♥❣ t❤❡ tr❛❞✐t✐♦♥❛❧ t✐♠❡✲❣❡♦❣r❛♣❤② t❤❡♦r② t♦ ❛ s❡❝♦♥❞✲♦r❞❡r ✈❡rs✐♦♥ t❤❛t ❝♦♥s✐❞❡rs ✜♥✐t❡ ❛❝❝❡❧❡r❛t✐♦♥✱
✇❡ ❛r❡ ❛❜❧❡ t♦ ❛♥❛❧②t✐❝❛❧❧② ✐♥✈❡st✐❣❛t❡ t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠s ❛♥❞ t❤❡ ✐♠♣❧✐❝❛t✐♦♥ t♦ t❤❡
❢❡❛s✐❜✐❧✐t② ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠✳ ❚❤✐s ♥♦✈❡❧ ❡①t❡♥s✐♦♥ ❛❧s♦ ❛❧❧♦✇s ✉s t♦ r❡❧❛t❡ t❤❡ tr❛❥❡❝t♦r✐❡s s♦❧✈❡❞ ❜②
t❤❡ ❧❡❛❞ ✈❡❤✐❝❧❡ ♣r♦❜❧❡♠ ❛❧❣♦r✐t❤♠ t♦ t❤♦s❡ ❣❡♥❡r❛t❡❞ ❜② ❝❧❛ss✐❝ tr❛✣❝ ✢♦✇ ♠♦❞❡❧s✳ ❚❤✐s ❤❡❧♣s ✉s r❡✈❡❛❧ t❤❡
❢✉♥❞❛♠❡♥t❛❧ ❝♦♠♠♦♥❛❧✐t✐❡s ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ❤✐❣❤✇❛② tr❛✣❝ ♠❛♥❛❣❡♠❡♥t ♣❛r❛❞✐❣♠s ❜❛s❡❞ ♦♥ ❝♦♠♣❧❡t❡❧②
❞✐✛❡r❡♥t t❡❝❤♥♦❧♦❣✐❡s✳ ◆♦t❡ t❤❛t t❤❡ ✐♥✈❡st✐❣❛t❡❞ tr❛❥❡❝t♦r② ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s ❡ss❡♥t✐❛❧❧② ❛ s❤♦rt✲t❡r♠
tr❛❥❡❝t♦r② ♣❧❛♥♥✐♥❣ ♣r♦❜❧❡♠ r❛t❤❡r t❤❛♥ ❛ r❡❛❧✲t✐♠❡ ❝♦♥tr♦❧ ♣r♦❜❧❡♠✳ ❲❤✐❧❡ t❤❡ r❡❛❧✲t✐♠❡ ❝♦♥tr♦❧ ❝❛♥ t❛❦❡
♦✉r ♣r♦❜❧❡♠ r❡s✉❧ts ❛s t❤❡ ✐♥♣✉t ♦❢ ♣❧❛♥♥❡❞ tr❛❥❡❝t♦r✐❡s ❢♦r ❝♦♥tr♦❧❧❡❞ ✈❡❤✐❝❧❡s t♦ ❢♦❧❧♦✇✱ ✐t ✐s ❛ s❡♣❛r❛t❡
♣r♦❜❧❡♠ ❢r♦♠ t❤❡ tr❛❥❡❝t♦r② ♣❧❛♥♥✐♥❣ ❛♥❞ t❤✉s ✇✐❧❧ ♥♦t ❜❡ ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤✐s st✉❞②✳

❚❤✐s ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ st❛t❡s t❤❡ st✉❞✐❡❞ ❈❆❱ tr❛❥❡❝t♦r② ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ♦♥
❛ s✐❣♥❛❧✐③❡❞ ❤✐❣❤✇❛② s❡❣♠❡♥t ❛♥❞ ✐ts ✈❛r✐❛♥t ❢♦r t❤❡ ❧❡❛❞ ✈❡❤✐❝❧❡ ♣r♦❜❧❡♠ ♦♥ ❛ ❢r❡❡✇❛② s❡❣♠❡♥t✳ ❙❡❝t✐♦♥ ✸
❞❡s❝r✐❜❡s t❤❡ ♣r♦♣♦s❡❞ s❤♦♦t✐♥❣ ❤❡✉r✐st✐❝ ❛❧❣♦r✐t❤♠s ❢♦r t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ❛♥❞ ✐ts ✈❛r✐❛♥t✱ r❡s♣❡❝t✐✈❡❧②✳
❙❡❝t✐♦♥ ✹ ❛♥❛❧②③❡s t❤❡ t❤❡♦r❡t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠s ❜❛s❡❞ ♦♥ ❛♥ ❡①t❡♥❞❡❞ t✐♠❡✲❣❡♦❣r❛♣❤②
t❤❡♦r②✳ ❙❡❝t✐♦♥ ✺ ❞❡♠♦♥str❛t❡s t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠s ❛♥❞ t❤❡✐r ♣r♦♣❡rt✐❡s ✇✐t❤ ❛ ❢❡✇ ✐❧❧✉str❛t✐✈❡ ❡①❛♠♣❧❡s✳
❙❡❝t✐♦♥ ✻ ❝♦♥❝❧✉❞❡s t❤✐s ♣❛♣❡r ❛♥❞ ❜r✐❡✢② ❞✐s❝✉ss❡s ❢✉t✉r❡ r❡s❡❛r❝❤ ❞✐r❡❝t✐♦♥s✳

✷ Pr♦❜❧❡♠ ❙t❛t❡♠❡♥t

✷✳✶ Pr✐♠❛r② Pr♦❜❧❡♠

❚❤✐s s❡❝t✐♦♥ ❞❡s❝r✐❜❡s t❤❡ ♣r✐♠❛r② ♣r♦❜❧❡♠ ♦❢ tr❛❥❡❝t♦r② ❝♦♥str✉❝t✐♦♥ ♦♥ ❛ s✐❣♥❛❧✐③❡❞ ♦♥❡✲❧❛♥❡ ❤✐❣❤✇❛②
s❡❣♠❡♥t✱ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤✐s s②st❡♠ ✐s ❝♦♥tr♦❧❧❡❞ ❜② ❛ ❝❡♥tr❛❧✐③❡❞ r♦❛❞ s✐❞❡
❝♦♠♣✉t❡r ✇✐t❤ ♣❡r❢❡❝t ✐♥❢♦r♠❛t✐♦♥ ✭❡✳❣✳✱ ❛❧❧ ✐♥❢♦r♠❛t✐♦♥ ❝❛♥ ❜❡ ♣❛ss❡❞ ❛♠♦♥❣ t❤✐s ❝♦♠♣✉t❡r✱ t❤❡ s✐❣♥❛❧ ❛♥❞
t❤❡ ✈❡❤✐❝❧❡s ✐♥ r❡❛❧ t✐♠❡ ✇✐t❤ ♣r♦♣❡r r❡❧❛②s ♦❢ ❱✷■ ❛♥❞ ❱✷❱ ✉♥✐ts✮ ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❞❡❧❛②s ✭❡✳❣✳✱ ♦♥ t❤❡
♦r❞❡r ♦❢ ✶ s❡❝♦♥❞✮ ❛r❡ ♥❡❣❧✐❣✐❜❧❡ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ tr❛❥❡❝t♦r② ❞❡s✐❣♥ t✐♠❡ ❤♦r✐③♦♥ ✭❡✳❣✳ ♦♥ t❤❡ ♦r❞❡r ♦❢ ✶✵✵
s❡❝♦♥❞s✮✳ ❚❤❡ ♣r♦❜❧❡♠ s❡tt✐♥❣ ✐s ❞❡s❝r✐❜❡❞ ❜❡❧♦✇✳

❘♦❛❞✇❛② ●❡♦♠❡tr②✿ ❲❡ ❝♦♥s✐❞❡r ❛ s✐♥❣❧❡✲❧❛♥❡ ❤✐❣❤✇❛② s❡❣♠❡♥t ♦❢ ❧❡♥❣t❤ L✳ ▲♦❝❛t✐♦♥ ♦♥ t❤✐s s❡❣♠❡♥t
st❛rts ❢r♦♠ ✵ ❛t t❤❡ ✉♣str❡❛♠ ❛♥❞ ❡♥❞s ❛t L ❛t t❤❡ ❞♦✇♥str❡❛♠✳ ❲❡ ✉s❡ ❧♦❝❛t✐♦♥ s❡t [0, L] t♦ ❞❡♥♦t❡ t❤✐s
❤✐❣❤✇❛② s❡❣♠❡♥t✳ ❚r❛✣❝ ❣♦❡s ❢r♦♠ ❧♦❝❛t✐♦♥ 0 t♦ L ♦♥ t❤✐s s❡❣♠❡♥t✳ ❆ ✜①❡❞✲t✐♠❡ tr❛✣❝ ❧✐❣❤t ✐s ✐♥st❛❧❧❡❞
❛t ❧♦❝❛t✐♦♥ L. ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ❛ s✐❣♥❛❧ ❝②❝❧❡ ✐s ♦♥❧② ❝♦♠♣♦s❡❞ ♦❢ ❛♥ ❡✛❡❝t✐✈❡ ❣r❡❡♥ ♣❤❛s❡ ❛♥❞
❛♥ ❡✛❡❝t✐✈❡ r❡❞ ♣❤❛s❡✱ ✇❤✐❧❡ t❤❡ ②❡❧❧♦✇ t✐♠❡ ✐s s♣❧✐t ✐♥t♦ t❤❡s❡ t✇♦ ♣❤❛s❡s ✭❇r❛♥st♦♥ ❛♥❞ ✈❛♥ ❩✉②❧❡♥✱
✶✾✼✽✮✳ ❚❤❡ ❡✛❡❝t✐✈❡ ❣r❡❡♥ ♣❤❛s❡ st❛rts ❛t t✐♠❡ 0 ✇✐t❤ ❛♥ ❞✉r❛t✐♦♥ ♦❢ G✱ ❢♦❧❧♦✇❡❞ ❜② ❛♥ ❡✛❡❝t✐✈❡ r❡❞
♣❤❛s❡ ♦❢ ❞✉r❛t✐♦♥ R✱ ❛♥❞ t❤✐s ♣❛tt❡r♥ ❝♦♥t✐♥✉❡s ❛❧❧ t❤❡ ✇❛②✳ ❚❤✐s ✐♥❞✐❝❛t❡s t❤❡ s✐❣♥❛❧ ❝②❝❧❡ t✐♠❡ ✐s ❛❧✇❛②s
C := R + G✳ ❲❡ ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❣r❡❡♥ t✐♠❡ ✐♥t❡r✈❛❧s ❛s G := {[gm := mC, rm := mC +G)}m∈Z+

✇❤❡r❡ Z
+ ✐s t❤❡ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡r s❡t✳ ❲❡ ❞❡✜♥❡ ❢✉♥❝t✐♦♥

G(t) = min{t′ ∈ G, t′ > t}, ∀t ∈ [−∞,∞],

✇❤✐❝❤ ✐❞❡♥t✐✜❡s t❤❡ ♥❡①t ❝❧♦s❡st ❣r❡❡♥ t✐♠❡ t♦ t✳ ◆♦t❡ t❤❛t G(t) = t ✐❢ t ∈ G ♦r G(t) > t ✐❢ t /∈ G✳

✻
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≥ τ

≥
s

❋✐❣✉r❡ ✷✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ st✉❞✐❡❞ ♣r♦❜❧❡♠✳

❱❡❤✐❝❧❡ ❈❤❛r❛❝t❡r✐st✐❝s✿ ❲❡ ❝♦♥s✐❞❡r ❛ str❡❛♠ ♦❢ N ✐❞❡♥t✐❝❛❧ ❛✉t♦♠❛t❡❞ ✈❡❤✐❝❧❡s ✐♥❞❡①❡❞ ❛s n ∈ N :=
{1, 2, · · · , N}✳ ❊❛❝❤ ✈❡❤✐❝❧❡✬s ❛❝❝❡❧❡r❛t✐♦♥ ❛t ❛♥② t✐♠❡ ✐s ♥♦ ❧❡ss t❤❛♥ ❞❡❝❡❧❡r❛t✐♦♥ ❧✐♠✐t a < 0 ❛♥❞ ♥♦
❣r❡❛t❡r t❤❛♥ ❛❝❝❡❧❡r❛t✐♦♥ ❧✐♠✐t a > 0✳ ❚❤❡ s♣❡❡❞ ❧✐♠✐t ♦♥ t❤✐s s❡❣♠❡♥t ✐s v̄✱ ❛♥❞ ✇❡ ❞♦♥✬t ❛❧❧♦✇ ❛
✈❡❤✐❝❧❡ t♦ ❜❛❝❦ ✉♣✱ t❤✉s ❛ ✈❡❤✐❝❧❡✬s s♣❡❡❞ r❛♥❣❡ ✐s [0, v]✳

❲❡ ✇❛♥t t♦ ❞❡s✐❣♥ ❛ s❡t ♦❢ tr❛❥❡❝t♦r✐❡s ❢♦r t❤❡s❡ ✈❡❤✐❝❧❡s t♦ ❢♦❧❧♦✇ ♦♥ t❤✐s ❤✐❣❤✇❛② s❡❣♠❡♥t✳ ❆ tr❛❥❡❝t♦r② ✐s
❢♦r♠❛❧❧② ❞❡✜♥❡❞ ❜❡❧♦✇✳

❉❡✜♥✐t✐♦♥ ✶✳ ❆ tr❛❥❡❝t♦r② ✐s ❞❡✜♥❡❞ ❛s ❛ s❡❝♦♥❞✲♦r❞❡r s❡♠✐✲❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥ p(t), ∀t ∈ (−∞,∞) s✉❝❤
t❤❛t ✐ts ✜rst ♦r❞❡r ❞✐✛❡r❡♥t✐❛❧ ✭♦r ✈❡❧♦❝✐t②✮ ṗ(t) ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ❛♥❞ ✐ts s❡❝♦♥❞✲♦r❞❡r r✐❣❤t✲❞✐✛❡r❡♥t✐❛❧
p̈(t) ✭♦r ❛❝❝❡❧❡r❛t✐♦♥✮ ✐s ❘✐❡♠❛♥♥ ✐♥t❡❣r❛❜❧❡ ♦✈❡r ❛♥② t ∈ (−∞,∞)✳ ❲❡ ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❛❧❧ tr❛❥❡❝t♦r✐❡s ❜②
T̄ ✳ ❲❡ ❝❛❧❧ t❤❡ s✉❜s❡❝t✐♦♥ ♦❢ p ❜❡t✇❡❡♥ t✐♠❡s t− ❛♥❞ t+ ✭−∞ ≤ t− < t+ ≤ ∞✮ ❛ tr❛❥❡❝t♦r② s❡❝t✐♦♥✱ ❞❡♥♦t❡❞
❜② p (t− : t+)✳

❲❡ ❧❡t ❢✉♥❝t✐♦♥ pn ❞❡♥♦t❡ t❤❡ tr❛❥❡❝t♦r② ♦❢ ✈❡❤✐❝❧❡ n, ∀n ∈ N ✳ ❆t ❛♥② t✐♠❡ t✱ pn(t) ❡ss❡♥t✐❛❧❧② ❞❡♥♦t❡s
t❤❡ ❧♦❝❛t✐♦♥ ♦❢ ✈❡❤✐❝❧❡ n✬s ❢r♦♥t ❜✉♠♣❡r✳ ❈♦❧❧❡❝t✐✈❡❧② ✇❡ ❞❡♥♦t❡ ❛❧❧ ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r✐❡s ❜② tr❛❥❡❝t♦r② ✈❡❝t♦r
p := [pn(t)]n∈N ✳ ❚❤❡ tr❛❥❡❝t♦r✐❡s ✐♥ ✈❡❝t♦r p s❤❛❧❧ s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥str❛✐♥ts✳

❑✐♥❡♠❛t✐❝ ❈♦♥str❛✐♥ts✿ ❚r❛❥❡❝t♦r② p ✐s ❦✐♥❡t✐❝❛❧❧② ❢❡❛s✐❜❧❡ ✐❢ ṗ(t) ∈ [0, v̄] ❛♥❞ p̈(t) ∈ [a, ā] , ∀t ∈ (−∞,∞)✸✳
❲❡ ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❛❧❧ ❦✐♥❡t✐❝❛❧❧② ❢❡❛s✐❜❧❡ tr❛❥❡❝t♦r✐❡s ❛s

T :=
{

p ∈ T̄ |0 ≤ ṗ(t) ≤ v̄, a ≤ p̈(t) ≤ ā, ∀t ∈ (−∞,∞)
}

. ✭✶✮

❊♥tr② ❇♦✉♥❞❛r② ❈♦♥❞✐t✐♦♥✿ ▲❡t t−n ❛♥❞ v−n ❞❡♥♦t❡ t❤❡ t✐♠❡ ❛♥❞ t❤❡ s♣❡❡❞ ✇❤❡♥ ✈❡❤✐❝❧❡ n ❛rr✐✈❡s ❛t t❤❡
❡♥tr② ♦❢ t❤✐s s❡❣♠❡♥t ✭♦r ❧♦❝❛t✐♦♥ ✵✮✱ ∀n ∈ N ✳ ❲❡ r❡q✉✐r❡ t−1 < t−2 < · · · < t−N ❛♥❞ s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥
tn−1 ❛♥❞ tn ✐s s✉✣❝✐❡♥t ❢♦r t❤❡ s❛❢❡t② r❡q✉✐r❡♠❡♥t✱ ∀n ∈ N\{1}✳ ❉❡✜♥❡ t❤❡ s✉❜s❡t ♦❢ tr❛❥❡❝t♦r✐❡s ✐♥
T t❤❛t ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ ✈❡❤✐❝❧❡ n✬s ❡♥tr② ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❛s

T −
n :=

{

p ∈ T
∣

∣p(t−n ) = 0, ṗ(t−n ) = v−n
}

, ∀n ∈ N . ✭✷✮

❊①✐t ❇♦✉♥❞❛r② ❈♦♥❞✐t✐♦♥✿ ❉✉❡ t♦ t❤❡ tr❛✣❝ s✐❣♥❛❧ ❛t ❧♦❝❛t✐♦♥ L✱ ✈❡❤✐❝❧❡s ❝❛♥ ♦♥❧② ❡①✐t t❤✐s s❡❣♠❡♥t
❞✉r✐♥❣ ❛ ❣r❡❡♥ ❧✐❣❤t✳ ❉❡♥♦t❡ t❤❡ s❡t ♦❢ tr❛❥❡❝t♦r✐❡s ✐♥ T t❤❛t ♣❛ss ❧♦❝❛t✐♦♥ L ❞✉r✐♥❣ ❛ ❣r❡❡♥ s✐❣♥❛❧
♣❤❛s❡ ❜②

T + :=
{

p ∈ T
∣

∣p−1(L) ∈ G
}

, ∀n ∈ N , ✭✸✮

✇❤❡r❡ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ✐♥✈❡rs❡ ❢✉♥❝t✐♦♥ ✐s ❞❡✜♥❡❞ ❛s p−1(l) := inf {t |p(t) ≥ l} , ∀l ∈ [0,∞) , p ∈ T ✳ ◆♦t❡
t❤❛t ❢✉♥❝t✐♦♥ p−1(·) s❤❛❧❧ s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

✸■♥ r❡❛❧✐t②✱ t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ ❧✐♠✐t ♦❢ ❛ ✈❡❤✐❝❧❡ s❤♦✉❧❞ ❜❡ ❛ ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ s♣❡❡❞✳ ❲❡ s❡t ✐t ❛s ❝♦♥st❛♥t ā ❥✉st ❢♦r t❤❡
s✐♠♣❧✐❝✐t② ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥str✉❝t✐♦♥✳ ◆♦t❡ t❤❛t ā s❤♦✉❧❞ ❜❡ s❡t ♥♦ ♠♦r❡ t❤❛♥ t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ ❧✐♠✐t ❛t t❤❡ ♠❛①✐♠✉♠ s♣❡❡❞
v̄ t♦ ❛ss✉r❡ ✐ts ❢❡❛s✐❜✐❧✐t② ❛❝r♦ss t❤❡ ❢✉❧❧ s♣❡❡❞ r❛♥❣❡ [0, v̄]✳

✼



P✶✿ ❋✉♥❝t✐♦♥ p−1(l) ✐s ✐♥❝r❡❛s✐♥❣ ✇✐t❤ l ∈ (−∞,∞)❀
P✷✿ ❉✉❡ t♦ s♣❡❡❞ ❧✐♠✐t v̄✱ p−1(l + δ) ≥ p−1(l) + δ/v̄, ∀l ∈ (−∞,∞) , δ ∈ [0,∞)✳
❋✉rt❤❡r✱ ❧❡t Tn ❞❡♥♦t❡ t❤❡ s❡t ♦❢ tr❛❥❡❝t♦r✐❡s t❤❛t s❛t✐s❢② ❜♦t❤ ✈❡❤✐❝❧❡ n✬s ❡♥tr② ❛♥❞ ❡①✐t ❜♦✉♥❞❛r②

❝♦♥❞✐t✐♦♥s✱ ✐✳❡✳✱ Tn = T −
n

⋂

T +✳

❈❛r✲❢♦❧❧♦✇✐♥❣ ❙❛❢❡t②✿ ❲❡ r❡q✉✐r❡ t❤❛t t❤❡ s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥ ✈❡❤✐❝❧❡ n✬s ❧♦❝❛t✐♦♥ ❛t ❛♥② t✐♠❡ ❛♥❞ ✐ts
♣r❡❝❡❞✐♥❣ ✈❡❤✐❝❧❡ (n − 1✮✬s ❧♦❝❛t✐♦♥ ❛ t✐♠❡ ❞❡❧❛② τ ❛❣♦ ✐s ♥♦ ❧❡ss t❤❛♥ ❛ ❥❛♠ s♣❛❝✐♥❣ s✱ ∀n ∈ N\{1}✳
❚✐♠❡ τ ✐s r❡s❡r✈❡❞ t♦ ❛❝❝♦♠♠♦❞❛t❡ t❤❡ r❡s♣♦♥❞✐♥❣ ❞❡❧❛② ❜❡t✇❡❡♥ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ✈❡❤✐❝❧❡s❀ ✐✳❡✳✱ ✐♥ ❝❛s❡
t❤❡ ♣r❡❝❡❞✐♥❣ ✈❡❤✐❝❧❡ ♠❛❦❡s ❛♥ ❡♠❡r❣❡♥❝② st♦♣✱ ✐t ✇♦✉❧❞ t❛❦❡ ❛t ♠❛①✐♠✉♠ t✐♠❡ τ ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣
✈❡❤✐❝❧❡ t♦ ♣r♦♣❡r❧② r❡s♣♦♥❞✳ ❙♣❛❝✐♥❣ s ✐s ❝♦♠♣♦s❡❞ ♦❢ t❤❡ ✈❡❤✐❝❧❡ ❧❡♥❣t❤ ❛♥❞ ❛ s❛❢❡t② ❜✉✛❡r t❤❛t ❛❜s♦r❜s
❝♦♥tr♦❧ ❡rr♦rs✳ ❋♦r ❛ ❣❡♥❡t✐❝ tr❛❥❡❝t♦r② p ∈ T ✱ ❛ s❛❢❡❧② ❢♦❧❧♦✇✐♥❣ tr❛❥❡❝t♦r② ♦❢ p ✐s ❛ tr❛❥❡❝t♦r② p′ ∈ T
s✉❝❤ t❤❛t p′(t− τ)− p(t) ≥ s, ∀t ∈ (−∞,∞)✳ ❲❡ ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❛❧❧ s❛❢❡❧② ❢♦❧❧♦✇✐♥❣ tr❛❥❡❝t♦r✐❡s ♦❢ p
❛s F(p)✱ ✐✳❡✳✱

F(p) := {p′ |p′(t− τ)− p(t) ≥ s, ∀t ∈ (−∞,∞)} , ∀p ∈ T . ✭✹✮

❲✐t❤ t❤✐s✱ ✇❡ ❞❡✜♥❡ Tn(pn−1) := F(pn−1)
⋂

Tn t❤❛t ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ❢❡❛s✐❜❧❡ tr❛❥❡❝t♦r✐❡s ❢♦r ✈❡❤✐❝❧❡
n t❤❛t ❛r❡ s❛❢❡❧② ❢♦❧❧♦✇✐♥❣ ❣✐✈❡♥ ✈❡❤✐❝❧❡ (n − 1)✬s tr❛❥❡❝t♦r② pn−1✳ ❲❡ ❛♣♣❧② tr❛✣❝ s❛❢❡t② ❝♦♥str❛✐♥t
✭✹✮ ❜❡❝❛✉s❡ ✐t ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ❝❧❛ss✐❝✲❝r❛s❤ ❢r❡❡ tr❛✣❝ ✢♦✇ ♠♦❞❡❧s s✉❝❤ ❛s t❤❡ ❦✐♥❡♠❛t✐❝ ✇❛✈❡ ♠♦❞❡❧
❛♥❞ ◆❡✇❡❧❧✬s s✐♠♣❧✐✜❡❞ ❝❛r✲❢♦❧❧♦✇✐♥❣ ♠♦❞❡❧ ✭s❡❡ ❙❡❝t✐♦♥ ✹✳✹✮ ✇❤✐❧❡ ❡♥s✉r✐♥❣ ❝❛r✲❢♦❧❧♦✇✐♥❣ s❛❢❡t② ✐♥ ❛
♣❤②s✐❝❛❧❧② s♦✉♥❞ ✇❛②✳

■♥ s✉♠♠❛r②✱ ❛ ❢❡❛s✐❜❧❡ ❧❡❛❞ ✈❡❤✐❝❧❡✬s tr❛❥❡❝t♦r② p1 ❤❛s t♦ ❢❛❧❧ ✐♥ T1✱ ❛♥❞ ❛♥② ❢❡❛s✐❜❧❡ ❢♦❧❧♦✇✐♥❣ ✈❡❤✐❝❧❡
tr❛❥❡❝t♦r② pn ❤❛s t♦ ❜❡❧♦♥❣ t♦ Tn(pn−1), ∀n ∈ N\{1} ✳ ❲❡ s❛② ❛ tr❛❥❡❝t♦r② ✈❡❝t♦r p ✐s ❢❡❛s✐❜❧❡ ✐❢ ✐t s❛t✐s✜❡s
❛❧❧ ❛❜♦✈❡✲❞❡✜♥❡❞ ❝♦♥str❛✐♥ts✳ ▲❡t P ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❛❧❧ ❢❡❛s✐❜❧❡ tr❛❥❡❝t♦r② ✈❡❝t♦rs✱ ✐✳❡✳✱

P := {p := [pn] n∈N |p1 ∈ T1, pn ∈ Tn (pn−1) , ∀n ∈ N\1} . ✭✺✮

❚❤❡ ✐♥✈❡st✐❣❛t❡❞ ♣r✐♠❛r② ♣r♦❜❧❡♠ ✭PP✮ ✐s t♦ ✜♥❞ ❛♥❞ ❛♥❛❧②③❡ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥s t♦ P✳ ❚❤✐s ♣❛♣❡r ♠❛✐♥❧②
❢♦❝✉s❡s ♦♥ ♣r♦♣♦s✐♥❣ ❛ ❝♦♥str✉❝t✐✈❡ ❤❡✉r✐st✐❝ ❛❧❣♦r✐t❤♠ t❤❛t s♦❧✈❡s ❛ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ t♦ P ❛♥❞ ❛♥❛❧②③✐♥❣
t❤❡♦r❡t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤✐s ❤❡✉r✐st✐❝ ❛❧❣♦r✐t❤♠✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ P❛rt ■■ ♣❛♣❡r ✇✐❧❧ ❜✉✐❧❞ ✉♣♦♥ t❤✐s ❤❡✉r✐st✐❝
❛❧❣♦r✐t❤♠ ❛♥❞ s♦❧✈❡ ❛ tr❛❥❡❝t♦r② ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✳ ❇❛s✐❝❛❧❧②✱ ♦♥❝❡ ❛ ❢❡❛s✐❜❧❡
tr❛❥❡❝t♦r② ✈❡❝t♦r p ∈ P ✐s ❣✐✈❡♥✱ t❤❡ tr❛✣❝ ♣❡r❢♦r♠❛♥❝❡ ✭❡✳❣✳✱ ✐♥ t❡r♠s ♦❢ tr❛✈❡❧ t✐♠❡✱ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥
❛♥❞ s❛❢❡t② r✐s❦s✮ ❝❛♥ ❜❡ ❡ss❡♥t✐❛❧❧② q✉❛♥t✐✜❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ p✱ ✐✳❡✳✱ M(p)✳ ❚❤❡♥ t❤❡ ❝♦♠♣❧❡t❡ tr❛❥❡❝t♦r②
♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s t♦ s♦❧✈❡ t❤❡ ❜❡st tr❛❥❡❝t♦r② ✈❡❝t♦r p ∈ P t❤❛t ♦♣t✐♠✐③❡s t❤❡ tr❛✣❝ ♣❡r❢♦r♠❛♥❝❡✱
✐✳❡✳✱ minp∈P M(p)✳ ❙✐♥❝❡ t❤❡ t❤❡♦r❡t✐❝❛❧ ❛♥❛❧②s❡s ♦❢ PP ✐♥ t❤✐s ♣❛♣❡r ❛r❡ ❡ss❡♥t✐❛❧❧② st❛♥❞✲❛❧♦♥❡ r❡s✉❧ts ❛♥❞
t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛ s❡♣❛r❛t❡ ♣r♦❜❧❡♠ ❥✉st ✇✐t❤ t❤❡ ♣r♦♣♦s❡❞ ❤❡✉r✐st✐❝ ❛s ❛
❝♦♠♣♦♥❡♥t✱ ✇❡ ❧❡❛✈❡ t❤❡ ❞❡t❛✐❧❡❞ s②st❡♠❛t✐❝ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤✐s ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ t♦ t❤❡ P❛rt ■■ ♣❛♣❡r
✭▼❛ ❡t ❛❧✳✱ ✷✵✶✺✮✳

❘❡♠❛r❦ ✶✳ ❆❧t❤♦✉❣❤ ❛ r❡❛❧✐st✐❝ ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r② ♦♥❧② ❤❛s ❛ ❧✐♠✐t❡❞ ❧❡♥❣t❤✱ ✇❡ s❡t ❛ tr❛❥❡❝t♦r②✬s t✐♠❡ ❤♦r✐③♦♥
t♦ (−∞,∞) t♦ ♠❛❦❡ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♣r❡s❡♥t❛t✐♦♥ ❝♦♥✈❡♥✐❡♥t ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✳ ■♥ ♦✉r st✉❞②✱ ✇❡
❛r❡ ♦♥❧② ✐♥t❡r❡st❡❞ ✐♥ tr❛❥❡❝t♦r② s❡❝t✐♦♥s ❜❡t✇❡❡♥ ❧♦❝❛t✐♦♥s 0 ❛♥❞ L✱ ✐✳❡✳✱ pn

(

t−n , p
−1
n (L)

)

. ❚❤❡r❡❢♦r❡✱ ✇❡
❝❛♥ ❥✉st ✈✐❡✇ pn(−∞, t−n ) ❛s t❤❡ ❣✐✈❡♥ tr❛❥❡❝t♦r② ❤✐st♦r② t❤❛t ❧❡❛❞s t♦ t❤❡ ❡♥tr② ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱ ❛♥❞
pn

(

p−1
n (L),∞

)

❛s s♦♠❡ ❢❡❛s✐❜❧❡ ②❡t tr✐✈✐❛❧ ♣r♦❥❡❝t✐♦♥ ❛❜♦✈❡ ❧♦❝❛t✐♦♥ L ✭❡✳❣✳✱ ❛❝❝❡❧❡r❛t✐♥❣ t♦ v̄ ✇✐t❤ r❛t❡ ā
❛♥❞ t❤❡♥ ❝r✉✐s✐♥❣ ❛t v̄✮✳ ❋✉rt❤❡r✱ ✇✐t❤ t❤✐s ❡①t❡♥s✐♦♥✱ s❛❢❡t② ❝♦♥str❛✐♥t ✭✹✮ ❛❧s♦ ❡♥s✉r❡s t❤❛t ✈❡❤✐❝❧❡s ❞✐❞ ♥♦t
❝♦❧❧✐❞❡ ❜❡❢♦r❡ ❛rr✐✈✐♥❣ ❧♦❝❛t✐♦♥ 0 ❛♥❞ ✇✐❧❧ ♥♦t ❝♦❧❧✐❞❡ ❛❢t❡r ❡①✐t✐♥❣ ❧♦❝❛t✐♦♥ L✳

❘❡♠❛r❦ ✷✳ ❚❤✐s st✉❞② ❝❛♥ ❜❡ tr✐✈✐❛❧❧② ❡①t❡♥❞❡❞ t♦ ❞❡t❡r♠✐♥✐st✐❝ ②❡t t✐♠❡✲✈❛r✐❛♥t s✐❣♥❛❧ t✐♠✐♥❣❀ ✐✳❡✳✱ t❤❡
s✐❣♥❛❧ t✐♠✐♥❣ ♣❧❛♥ ✐s ♣r❡✲❞❡t❡r♠✐♥❡❞✱ ②❡t ❞✐✛❡r❡♥t ❝②❝❧❡s ❝♦✉❧❞ ❤❛✈❡ ❞✐✛❡r❡♥t ❣r❡❡♥ ❛♥❞ r❡❞ ❞✉r❛t✐♦♥s✱ ❡✳❣✳✱
❛❧t❡r♥❛t✐♥❣ ❧✐❦❡ G1, R1, G2, R2, · · · ✳ ■♥ t❤✐s ❝❛s❡✱ ❞❡✜♥❡ s✐❣♥❛❧ t✐♠✐♥❣ s✇✐t❝❤ ♣♦✐♥ts gm =

∑m
i=1 (Gi +Ri) ,

rm =
∑m

i=1 (Gi +Ri) +Gi, ∀m ∈ Z
+ ❛♥❞ G ❜❡❝♦♠❡s {[gm, rm)}∀m=1,2 ✇❤❡r❡ r0 := 0✱ ❛♥❞ ❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣

r❡s✉❧ts s❤❛❧❧ r❡♠❛✐♥ ✈❛❧✐❞✳

✽



✷✳✷ Pr♦❜❧❡♠ ❱❛r✐❛t✐♦♥✿ ▲❡❛❞✲❱❡❤✐❝❧❡ Pr♦❜❧❡♠

■♥ t❤❡ ❝❧❛ss✐❝ tr❛✣❝ ✢♦✇ t❤❡♦r②✱ t❤❡ ❧❡❛❞✲✈❡❤✐❝❧❡ ♣r♦❜❧❡♠ ✭▲❱P✮ ✐s ❛ ✇❡❧❧✲❦♥♦✇♥ ❢✉♥❞❛♠❡♥t❛❧ ♣r♦❜❧❡♠
t❤❛t ♣r❡❞✐❝ts tr❛✣❝ ✢♦✇ ❞②♥❛♠✐❝s ♦♥ ♦♥❡✲❧❛♥❡ ❢r❡❡✇❛② ❣✐✈❡♥ t❤❡ ❧❡❛❞ ✈❡❤✐❝❧❡✬s tr❛❥❡❝t♦r② ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣
✈❡❤✐❝❧❡✬s ✐♥✐t✐❛❧ st❛t❡s ✭❉❛❣❛♥③♦✱ ✷✵✵✻✮✳ ❲❡ ♥♦t✐❝❡ t❤❛t PP ✭✺✮ ❝❛♥ ❜❡ ❡❛s✐❧② ❛❞❛♣t❡❞ t♦ ▲❱P ❜② r❡❧❛①✐♥❣
❡①✐t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭✸✮ ②❡t ✜①✐♥❣ tr❛❥❡❝t♦r② p1✳ ❚❤❡ ▲❱P ✐s ♦✣❝✐❛❧❧② ❢♦r♠✉❧❛t❡❞ ❛s ❢♦❧❧♦✇s✳ ●✐✈❡♥ ❧❡❛❞
✈❡❤✐❝❧❡✬s tr❛❥❡❝t♦r② p1 ∈ T ✱ t❤❡ s❡t ♦❢ ❢❡❛s✐❜❧❡ tr❛❥❡❝t♦r✐❡s ❢♦r ▲❱P ✐s

P▲❱P (p1) :=
{

p := [pn] n∈N

∣

∣

∣
pn ∈ F(pn−1)

⋂

T −
n , ∀n ∈ N\1

}

. ✭✻✮

❚❤❡ ▲❱P ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤✐s ♣❛♣❡r ✐s ✜♥❞✐♥❣ ❛♥❞ ❛♥❛❧②③✐♥❣ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥s t♦ P▲❱P✳

✸ ❙❤♦♦t✐♥❣ ❍❡✉r✐st✐❝ ❆❧❣♦r✐t❤♠s

❚❤✐s s❡❝t✐♦♥ ♣r♦♣♦s❡s ❝✉st♦♠✐③❡❞ ❤❡✉r✐st✐❝ ❛❧❣♦r✐t❤♠s t♦ s♦❧✈❡ ❢❡❛s✐❜❧❡ tr❛❥❡❝t♦r② ✈❡❝t♦rs t♦ PP ❛♥❞ ▲❱P✳
❆❧t❤♦✉❣❤ ❛ tr❛❥❡❝t♦r② ✐s ❞❡✜♥❡❞ ♦✈❡r t❤❡ ❡♥t✐r❡ t✐♠❡ ❤♦r✐③♦♥ (−∞,∞)✱ t❤❡s❡ ❛❧❣♦r✐t❤♠s ♦♥❧② ❢♦❝✉s ♦♥ t❤❡
tr❛❥❡❝t♦r② s❡❝t✐♦♥s ❢r♦♠ t❤❡ ❡♥tr② t✐♠❡ t−n ❢♦r ❡❛❝❤ ✈❡❤✐❝❧❡ n ∈ N , ❜❡❝❛✉s❡ t❤❡ tr❛❥❡❝t♦r② s❡❝t✐♦♥s ❜❡❢♦r❡
t−n s❤♦✉❧❞ ❜❡ tr✐✈✐❛❧ ❣✐✈❡♥ ❤✐st♦r② ❛♥❞ ❞♦ ♥♦t ❛✛❡❝t t❤❡ ❛❧❣♦r✐t❤♠ r❡s✉❧ts✳ ❚❤❡r❡❢♦r❡✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
♣r❡s❡♥t❛t✐♦♥✱ ✇❡ ✈✐❡✇ ❛ tr❛❥❡❝t♦r② ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ tr❛❥❡❝t♦r② s❡❝t✐♦♥ ♦✈❡r t✐♠❡ [t−n ,∞) t❤❡ s❛♠❡✳

✸✳✶ ❙❤♦♦t✐♥❣ ❍❡✉r✐st✐❝ ❢♦r PP

❚❤✐s s❡❝t✐♦♥ ♣r❡s❡♥ts ❛ s❤♦♦t✐♥❣ ❤❡✉r✐st✐❝ ✭❙❍✮ ❛❧❣♦r✐t❤♠ t❤❛t ✐s ❛❜❧❡ t♦ ❝♦♥str✉❝t ❛ s♠♦♦t❤ ❛♥❞ ❢❡❛s✐❜❧❡
tr❛❥❡❝t♦r② ✈❡❝t♦r t♦ s♦❧✈❡ P ✐♥ PP ❡✣❝✐❡♥t❧②✳ ❚r❛❞✐t✐♦♥❛❧ ♠❡t❤♦❞s ❢♦r tr❛❥❡❝t♦r② ♦♣t✐♠✐③❛t✐♦♥ ✐♥❝❧✉❞❡
❛♥❛❧②t✐❝❛❧ ❛♣♣r♦❛❝❤❡s t❤❛t ❝❛♥ ♦♥❧② s♦❧✈❡ s✐♠♣❧❡ ♣r♦❜❧❡♠s ✇✐t❤ s♣❡❝✐❛❧ str✉❝t✉r❡s ❛♥❞ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦❛❝❤❡s
t❤❛t ❝❛♥ ❛❝❝♦♠♠♦❞❛t❡ ♠♦r❡ ❝♦♠♣❧❡① s❡tt✐♥❣s ②❡t ♠❛② ❞❡♠❛♥❞ ❡♥♦r♠♦✉s ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡s ✭❱♦♥ ❙tr②❦
❛♥❞ ❇✉❧✐rs❝❤✱ ✶✾✾✷✮✳ ❙✐♥❝❡ ❛ ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r② ✐s ❡ss❡♥t✐❛❧❧② ❛♥ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ♦❜❥❡❝t ❛❧♦♥❣ ✇❤✐❝❤ t❤❡
st❛t❡ ✭❡✳❣✳ ❧♦❝❛t✐♦♥✱ s♣❡❡❞✱ ❛❝❝❡❧❡r❛t✐♦♥✮ ❛t ❡✈❡r② ♣♦✐♥t ❝❛♥ ❜❡ ✈❛r✐❡❞✱ ✐t ✐s ❝❤❛❧❧❡♥❣✐♥❣ t♦ ❡✈❡♥ ❝♦♥str✉❝t ♦♥❡
s✐♥❣❧❡ tr❛❥❡❝t♦r②✱ ♣❛rt✐❝✉❧❛r❧② ✉♥❞❡r ♥♦♥❧✐♥❡❛r ❝♦♥str❛✐♥ts✳ ◆♦t❡ t❤❛t ♦✉r ♣r♦❜❧❡♠ ❞❡❛❧s ✇✐t❤ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢
tr❛❥❡❝t♦r✐❡s ❢♦r ✈❡❤✐❝❧❡s ✐♥ ❛ tr❛✣❝ str❡❛♠ t❤❛t ❝♦♥st❛♥t❧② ✐♥t❡r❛❝t ✇✐t❤ ❡❛❝❤ ♦t❤❡r ❛♥❞ ❛r❡ s✉❜❥❡❝t t♦ ❝♦♠♣❧❡①
♥♦♥❧✐♥❡❛r ❝♦♥str❛✐♥ts ✭✶✮✲✭✺✮✳ ❚❤❡r❡❢♦r❡ ✇❡ ❞❡❡♠ t❤❛t ✐t ✐s ✈❡r② ❝♦♠♣❧❡① ❛♥❞ t✐♠❡✲❝♦♥s✉♠✐♥❣ t♦ t❛❝❦❧❡ t❤✐s
♣r♦❜❧❡♠ ✇✐t❤ ❛ tr❛❞✐t✐♦♥❛❧ ❛♣♣r♦❛❝❤✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♦♣t t♦ ❞❡✈✐s❡ ❛ ♥❡✇ ❛♣♣r♦❛❝❤ t❤❛t ❝✐r❝✉♠✈❡♥ts t❤❡ ♥❡❡❞
❢♦r ❢♦r♠✉❧❛t✐♥❣ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ♦❜❥❡❝ts ♦r ❝♦♠♣❧❡① s②st❡♠ ❝♦♥str❛✐♥ts✳ ❚❤✐s ❧❡❛❞s t♦ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢
❛ s❤♦♦t✐♥❣ ❤❡✉r✐st✐❝ ✭❙❍✮ ❛❧❣♦r✐t❤♠ t❤❛t ❝❛♥ ❡✣❝✐❡♥t❧② ❝♦♥str✉❝t ❛ s♠♦♦t❤ ❢❡❛s✐❜❧❡ tr❛❥❡❝t♦r② ✈❡❝t♦r ✇✐t❤
♦♥❧② ❛ ❢❡✇ ❝♦♥tr♦❧ ♣❛r❛♠❡t❡rs✳

❋✐❣✉r❡ ✸ ✐❧❧✉str❛t❡s t❤❡ ❝♦♠♣♦♥❡♥ts ✐♥ t❤❡ ♣r♦♣♦s❡❞ ❙❍ ❛❧❣♦r✐t❤♠✳ ❇❛s✐❝❛❧❧②✱ ❢♦r ❡❛❝❤ ✈❡❤✐❝❧❡ n ∈ N ✱ ❙❍
✜rst ❝♦♥str✉❝ts ❛ tr❛❥❡❝t♦r②✱ ❞❡♥♦t❡❞ ❜② p❢n ✱ ✇✐t❤ ❛ ❢♦r✇❛r❞ s❤♦♦t✐♥❣ ♣r♦❝❡ss t❤❛t ❝♦♥❢♦r♠s ✇✐t❤ ❦✐♥❡♠❛t✐❝
❝♦♥str❛✐♥t ✭✶✮✱ ❡♥tr② ❜♦✉♥❞❛r② ❝♦♥str❛✐♥t ✭✷✮ ❛♥❞ s❛❢❡t② ❝♦♥str❛✐♥t ✭✹✮ ✭✐❢ n > 1✮✳ ❆s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡
✸✭❛✮✱ ✐❢ tr❛❥❡❝t♦r② p❢n ✭❞❛s❤❡❞ ❜❧✉❡ ❝✉r✈❡✮ t✉r♥s ♦✉t ❢❛r ❡♥♦✉❣❤ ❢r♦♠ ♣r❡❝❡❞✐♥❣ tr❛❥❡❝t♦r② pn−1 ✭r❡❞ s♦❧✐❞
❝✉r✈❡✮ s✉❝❤ t❤❛t s❛❢❡t② ❝♦♥str❛✐♥t ✭✹✮ ✐s ❡✈❡♥ ♥♦t ❛❝t✐✈❛t❡❞ ✭♦r ✐❢ n = 1 ❛♥❞ p❢n ✐s ❛❧r❡❛❞② t❤❡ ❧❡❛❞ tr❛❥❡❝t♦r②✮✱
p❢n ❜❛s✐❝❛❧❧② ❛❝❝❡❧❡r❛t❡s ❢r♦♠ ✐ts ❡♥tr② ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ (t−n , v

−
n ) ❛t ❧♦❝❛t✐♦♥ ✵ ✇✐t❤ ❛ ❢♦r✇❛r❞ ❛❝❝❡❧❡r❛t✐♦♥

r❛t❡ ♦❢ ā❢ ∈ (0, ā] ✉♥t✐❧ r❡❛❝❤✐♥❣ s♣❡❡❞ ❧✐♠✐t v̄ ❛♥❞ t❤❡♥ ❝r✉✐s❡s ❛t ❝♦♥st❛♥t s♣❡❡❞ v̄✳ ❖t❤❡r✇✐s❡✱ ❛s ✐❧❧✉str❛t❡❞
✐♥ ❋✐❣✉r❡ ✸✭❜✮✱ ✐❢ tr❛❥❡❝t♦r② p❢n ✐s ❜❧♦❝❦❡❞ ❜② pn−1 ❞✉❡ t♦ s❛❢❡t② ❝♦♥str❛✐♥t ✭✹✮✱ ✇❡ ❧❡t p❢n s♠♦♦t❤❧② ♠❡r❣❡ ✐♥t♦
❛ s❛❢❡t② ❜♦✉♥❞ ✭t❤❡ r❡❞ ❞♦tt❡❞ ❝✉r✈❡✮ tr❛♥s❧❛t❡❞ ❢r♦♠ pn−1 t❤❛t ❥✉st ❦❡❡♣s s♣❛t✐❛❧ s❡♣❛r❛t✐♦♥ s ❛♥❞ t❡♠♣♦r❛❧
s❡♣❛r❛t✐♦♥ τ ❢r♦♠ p❢n✳ ❚❤❡ tr❛♥s✐t✐♦♥❛❧ s❡❣♠❡♥t ❝♦♥♥❡❝t✐♥❣ p❢n ✇✐t❤ t❤❡ s❛❢❡t② ❜♦✉♥❞ ❞❡❝❡❧❡r❛t❡s ❛t ❛ ❢♦r✇❛r❞
❞❡❝❡❧❡r❛t✐♦♥ r❛t❡ ♦❢ a❢ ∈ [a, 0)✳ ■❢ tr❛❥❡❝t♦r② p❢n ❢r♦♠ t❤❡ ❢♦r✇❛r❞ s❤♦♦t✐♥❣ ♣r♦❝❡ss ✐s ❢♦✉♥❞ t♦ ✈✐♦❧❛t❡ ❡①✐t
❜♦✉♥❞❛r② ❝♦♥str❛✐♥t ✭✸✮ ✭♦r r✉♥ ✐♥t♦ t❤❡ r❡❞ ❧✐❣❤t✮✱ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✸✭❝✮✱ ❛ ❜❛❝❦✇❛r❞ s❤♦♦t✐♥❣ ♣r♦❝❡ss
✐s ❛❝t✐✈❛t❡❞ t♦ r❡✈✐s❡ p❢n t♦ ❝♦♠♣❧② ✇✐t❤ ❝♦♥str❛✐♥t ✭✸✮✳ ❚❤❡ ❜❛❝❦✇❛r❞ s❤♦♦t✐♥❣ ♣r♦❝❡ss ✜rst s❤✐❢ts t❤❡ s❡❝t✐♦♥
♦❢ p❢n ❛❜♦✈❡ ❧♦❝❛t✐♦♥ L r✐❣❤t✇❛r❞s t♦ t❤❡ st❛rt ♦❢ t❤❡ ♥❡①t ❣r❡❡♥ ♣❤❛s❡ t♦ ❜❡ ❛ ❜❛❝❦✇❛r❞ s❤♦♦t✐♥❣ tr❛❥❡❝t♦r②
p❜n ✳ ❚❤❡♥ p❜n s❤♦♦ts ❜❛❝❦✇❛r❞s ❢r♦♠ t❤✐s st❛rt ♣♦✐♥t ❛t ❛ ❜❛❝❦✇❛r❞ ❛❝❝❡❧❡r❛t✐♦♥ r❛t❡ ā❜ ∈ (0, ā] ✉♥t✐❧ ❣❡tt✐♥❣
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✭❛✮ ✭❜✮ ✭❝✮

❋✐❣✉r❡ ✸✿ ❈♦♠♣♦♥❡♥ts ✐♥ t❤❡ ♣r♦♣♦s❡❞ s❤♦♦t✐♥❣ ❤❡✉r✐st✐❝✿ ✭❛✮ ❢♦r✇❛r❞ s❤♦♦t✐♥❣ ♣r♦❝❡ss ✇✐t❤♦✉t ❛❝t✐✈❛t✐♥❣
s❛❢❡t② ❝♦♥str❛✐♥t ✭✹✮❀ ✭❜✮ ❢♦r✇❛r❞ s❤♦♦t✐♥❣ ♣r♦❝❡ss ✇✐t❤ ❛❝t✐✈❛t✐♥❣ s❛❢❡t② ❝♦♥str❛✐♥t ✭✹✮❀ ❛♥❞ ✭❝✮ ❜❛❝❦✇❛r❞
s❤♦♦t✐♥❣ ♣r♦❝❡ss✳ ✳

❝❧♦s❡ ❡♥♦✉❣❤ t♦ ♠❡r❣❡ ✐♥t♦ p❢n ✱ ✇❤✐❝❤ ♠❛② r❡q✉✐r❡ p❜n st♦♣s ❢♦r s♦♠❡ t✐♠❡ ✐❢ t❤❡ s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡
❜❛❝❦✇❛r❞ s❤♦♦t✐♥❣ st❛rt ♣♦✐♥t ❛♥❞ p❢n ✐s ❧♦♥❣ r❡❧❛t✐✈❡ t♦ ❛❝❝❡❧❡r❛t✐♦♥ r❛t❡ ā❜✳ ❚❤❡♥✱ p❜n s❤♦♦ts ❜❛❝❦✇❛r❞s ❛
♠❡r❣✐♥❣ s❡❣♠❡♥t ❛t ❛ ❜❛❝❦✇❛r❞ ❞❡❝❡❧❡r❛t✐♦♥ r❛t❡ a❜ ∈ [a, 0) ✉♥t✐❧ ❣❡tt✐♥❣ t❛♥❣❡♥t t♦ p❢n✳ ❋✐♥❛❧❧②✱ ♠❡r❣✐♥❣
p❢n ✇✐t❤ p❜n ②✐❡❧❞s ❛ ❢❡❛s✐❜❧❡ tr❛❥❡❝t♦r② pn ❢♦r ✈❡❤✐❝❧❡ n✳ ❙✉❝❤ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ s❤♦♦t✐♥❣ ♣r♦❝❡ss❡s ❛r❡
❡①❡❝✉t❡❞ ❢r♦♠ ✈❡❤✐❝❧❡ 1 t❤r♦✉❣❤ ✈❡❤✐❝❧❡ N ❝♦♥s❡❝✉t✐✈❡❧②✱ ❛♥❞ t❤❡♥ ❙❍ ❝♦♥❝❧✉❞❡s ✇✐t❤ ❛ ❢❡❛s✐❜❧❡ tr❛❥❡❝t♦r②

✈❡❝t♦r p = [pn] n∈N ∈ P. ◆♦t❡ t❤❛t ❙❍ ✉s❡s ♦♥❧② ❢♦✉r ❝♦♥tr♦❧ ✈❛r✐❛❜❧❡s
{

ā❢, a❢, ā❜, a❜
}

t❤❛t ❛r❡ ②❡t ❛❜❧❡ t♦

❝♦♥tr♦❧ t❤❡ ♦✈❡r❛❧❧ s♠♦♦t❤♥❡ss ♦❢ ❛❧❧ tr❛❥❡❝t♦r✐❡s ✭s♦ ❛s t♦ ❛❝❤✐❡✈❡ ❝❡rt❛✐♥ ❞❡s✐r❡❞ ♦❜❥❡❝t✐✈❡s✮✳ ❋✉rt❤❡r✱ t❤❡
❝♦♥str✉❝t❡❞ tr❛❥❡❝t♦r✐❡s ❛r❡ ❝♦♠♣♦s❡❞ ♦❢ ♦♥❧② ❛ ❢❡✇ q✉❛❞r❛t✐❝ ✭♦r ❧✐♥❡❛r✮ s❡❣♠❡♥ts t❤❛t ❛r❡ ❛❧❧ ❛♥❛❧②t✐❝❛❧❧②
s♦❧✈❛❜❧❡✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♣r♦♣♦s❡❞ ❙❍ ❛❧❣♦r✐t❤♠ ✐s ♣❛rs✐♠♦♥✐♦✉s ❛♥❞ s✐♠♣❧❡ t♦ ✐♠♣❧❡♠❡♥t✳

❚♦ ❢♦r♠❛❧❧② st❛t❡ ❙❍✱ ✇❡ ✜rst ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❡r♠✐♥♦❧♦❣✐❡s ✐♥ ❉❡✜♥✐t✐♦♥s ✷✲✹ ✇✐t❤ r❡s♣❡❝t t♦ ❛ s✐♥❣❧❡
tr❛❥❡❝t♦r②✱ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✹✭❛✮✳

❉❡✜♥✐t✐♦♥ ✷✳ ❲❡ ❞❡✜♥❡ ❛ st❛t❡ ♣♦✐♥t ❜② ❛ t❤r❡❡✲❡❧❡♠❡♥t t✉♣❧❡ (l, v, t′) ✱ ✇❤✐❝❤ r❡♣r❡s❡♥ts t❤❛t ❛t t✐♠❡ t′✱
t❤❡ ✈❡❤✐❝❧❡ ✐s ❛t ❧♦❝❛t✐♦♥ l ❛♥❞ ♦♣❡r❛t❡s ❛t s♣❡❡❞ v✳ ❆ ❢❡❛s✐❜❧❡ st❛t❡ ♣♦✐♥t (l, v, t′) s❤♦✉❧❞ s❛t✐s❢② v ∈ [0, v̄]✳

❉❡✜♥✐t✐♦♥ ✸✳ ❲❡ ✉s❡ ❛ ❢♦✉r✲❡❧❡♠❡♥t t✉♣❧❡ (l, v, a, t′) t♦ ❞❡♥♦t❡ t❤❡ q✉❛❞r❛t✐❝ ❢✉♥❝t✐♦♥ t❤❛t ♣❛ss❡s ❧♦❝❛t✐♦♥
l ❛t t✐♠❡ t′ ✇✐t❤ ✈❡❧♦❝✐t② v ❛♥❞ ❛❝❝❡❧❡r❛t✐♦♥ a❀ ✐✳❡✳✱ 0.5a(t− t′)2 + v(t− t′) + l ✇✐t❤ r❡s♣❡❝t t♦ t✐♠❡ ✈❛r✐❛❜❧❡
t ∈ (−∞,∞)✳ ◆♦t❡ t❤❛t t❤✐s q✉❛❞r❛t✐❝ ❢✉♥❝t✐♦♥ ❞❡✜♥✐t✐♦♥ ❛❧s♦ ✐♥❝❧✉❞❡s ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ✭✐✳❡✳✱ a = 0✮✳ ❋♦r
s✐♠♣❧✐❝✐t②✱ ✇❡ ❝❛♥ ✉s❡ ❛ ❜♦❧❞❢❛❝❡ ❧❡tt❡r t♦ ❞❡♥♦t❡ ❛ q✉❛❞r❛t✐❝ ❢✉♥❝t✐♦♥✱ ❡✳❣✳✱ f := (l, v, a, t′) ❛♥❞ f(t) :=
0.5a(t− t′)2 + v(t− t′) + l✳

❉❡✜♥✐t✐♦♥ ✹✳ ❲❡ ✉s❡ ❛ ✜✈❡✲❡❧❡♠❡♥t t✉♣❧❡ s := (l, v, a, t′, t′′) t♦ ❞❡♥♦t❡ ❛ s❡❣♠❡♥t ♦❢ q✉❛❞r❛t✐❝ ❢✉♥❝t✐♦♥
f = (l, v, a, t′) ❜❡t✇❡❡♥ t✐♠❡ min {t′, t′′} ❛♥❞ max {t′, t′′}✳ ❲❡ ❝❛❧❧ t❤✐s t✉♣❧❡ ❛ q✉❛❞r❛t✐❝ s❡❣♠❡♥t✳ ❉❡✜♥❡
s(t) := f(t), ∀t ∈ [min {t′, t′′} ,max {t′, t′′}]✳ ■❢ t❤❡ s♣❡❡❞ ❛♥❞ t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ ♦♥ ❡✈❡r② ♣♦✐♥t ❛❧♦♥❣ t❤✐s
s❡❣♠❡♥t s❛t✐s❢② ❝♦♥str❛✐♥t ✭✶✮✱ ✇❡ ❝❛❧❧ ✐t ❛ ❢❡❛s✐❜❧❡ q✉❛❞r❛t✐❝ s❡❣♠❡♥t✳

❘❡♠❛r❦ ✸✳ ■♥ ❉❡✜♥✐t✐♦♥s ✷✲✹✱ ✐❢ ♦♥❡ ♦r ♠♦r❡ ❡❧❡♠❡♥ts ✐♥ ❛ t✉♣❧❡ ❛r❡ ✉♥❦♥♦✇♥ ♦r ✈❛r✐❛❜❧❡✱ ✇❡ ✉s❡ ✏ ·✑ t♦ ❤♦❧❞
t❤❡✐r ♣❧❛❝❡s ✭❡✳❣✳✱ (l, ·, t′)✱ (l, v, ·, t′, ·) ✮✳

❉❡✜♥✐t✐♦♥ ✺✳ ❋♦r ❛ tr❛❥❡❝t♦r② p ∈ T̄ ❝♦♠♣♦s❡❞ ❜② ❛ ✈❡❝t♦r ♦❢ ❝♦♥s❡❝✉t✐✈❡ q✉❛❞r❛t✐❝ s❡❣♠❡♥ts sk :=
[(lk, vk, ak, tk, tk+1)]k=1,2,··· ,k̄ ✇✐t❤ −∞ = t1 < t2 < · · · < tk̄+1 = ∞✱ ✇❡ ❞❡♥♦t❡ p = [sk]k=1,2,··· ,k̄✳ ❲✐t❤♦✉t
❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❛ss✉♠❡ t❤❛t ❛♥② tr❛❥❡❝t♦r② ✐♥ t❤✐s st✉❞② ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ ❛ ✈❡❝t♦r ♦❢ q✉❛❞r❛t✐❝
s❡❣♠❡♥ts✳

✶✵



(l,
v,
a,
t
′ )

(l,
v,
a,
t
′ , t

′′ )

(l, v, t′)

(l,
v,
a,
t
′ , t

′′ )

p n

(l−
s,
v,
a,
t
′ +

τ
, t
′′ +

τ
)

p
s
n

τ

s

s1
= (l1,

v1,
a1,

t
′

1
, t
′′

1
)

s2 =
(l2, v2

, a2, t
′

2,
t′
′

2
)

D(s1 − s2)

✭❛✮ ✭❜✮ ✭❝✮

❋✐❣✉r❡ ✹✿ ■❧❧✉str❛t✐♦♥s ♦❢ ❞❡✜♥✐t✐♦♥s ✭x✲❛①✐s ❢♦r t✐♠❡ ❡❧❛♣s✐♥❣ r✐❣❤t✇❛r❞s ❛♥❞ y✲❛①✐s ❢♦r ❧♦❝❛t✐♦♥ ✐♥❝r❡❛s✐♥❣
✉♣✇❛r❞s✮✿ ✭❛✮ st❛t❡ ♣♦✐♥t✱ q✉❛❞r❛t✐❝ ❢✉♥❝t✐♦♥ ❛♥❞ s❡❣♠❡♥t❀ ✭❜✮ s❤❛❞♦✇ tr❛❥❡❝t♦r② ❛♥❞ s❤❛❞♦✇ s❡❣♠❡♥t❀ ❛♥❞
✭❝✮ s❡❣♠❡♥t ❞✐st❛♥❝❡✳ ✳

❉✉r✐♥❣ t❤❡ ❢♦r✇❛r❞ s❤♦♦t✐♥❣ ♣r♦❝❡ss✱ ✇❡ ♥❡❡❞ t♦ ❝❤❡❝❦ s❛❢❡t② ❝♦♥str❛✐♥ts ✭✹✮ ❛t ❡✈❡r② ♠♦✈❡ ❢♦r ❛♥②
✈❡❤✐❝❧❡ n ≥ 2✳ ❆s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✹✭❜✮✱ ✇❡ ❜❛s✐❝❛❧❧② ❝r❡❛t❡ ❛ s❤❛❞♦✇ ✭♦r s❛❢❡t② ❜♦✉♥❞✮ ♦❢ t❤❡ ♣r❡❝❡❞✐♥❣
tr❛❥❡❝t♦r② pn−1 ❜② s❤✐❢t✐♥❣ pn−1 ❞♦✇♥✇❛r❞s ❜② s ❛♥❞ r✐❣❤t✇❛r❞s ❜② τ ✳ ❚❤❡♥ s❛❢❡t② ❝♦♥str❛✐♥t ✭✹✮ ✐s s✐♠♣❧②
❡q✉✐✈❛❧❡♥t t♦ t❤❛t pn ❞♦❡s ♥♦t ❡①❝❡❡❞ t❤✐s s❤❛❞♦✇ tr❛❥❡❝t♦r② ❛t ❛♥② t✐♠❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ s♣❡❝✐✜❡s
t❤❡ s❤❛❞♦✇ tr❛❥❡❝t♦r② ❛♥❞ ✐ts ❡❧❡♠❡♥t❛❧ s❡❣♠❡♥ts✳

❉❡✜♥✐t✐♦♥ ✻✳ ❋♦r ❛ tr❛❥❡❝t♦r② pn(t), ∀t ∈ (−∞,∞)✱ ✇❡ ❞❡✜♥❡ ✐ts s❤❛❞♦✇ tr❛❥❡❝t♦r② psn ❛s psn(t) := pn(t−τ)−
s, ∀t ∈ (−∞,∞)✳ ■t ✐s ♦❜✈✐♦✉s t❤❛t t− (psn) = t−n + τ ❛♥❞ t+ (psn) = ∞✳ ◆♦t❡ t❤❛t ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛❥❡❝t♦r②
pn+1(t) ✐♥✐t✐❛t❡❞ ❛t t✐♠❡ t−n+1 s❛t✐s✜❡s pn+1(t) ≤ psn, ∀t ∈ (−∞,∞)✱ t❤❡♥ pn ❛♥❞ pn+1 s❛t✐s✜❡s s❛❢❡t②
❝♦♥str❛✐♥t ✭✹✮✳ ❋✉rt❤❡r✱ ❛ s❤❛❞♦✇ s❡❣♠❡♥t ♦❢ s := (l, v, a, t′, t′′) ✐s s✐♠♣❧② ss := (l−s, v, a, t′+τ, t′′+τ)✳ ❲❡ ❛❧s♦
❣❡♥❡r❛❧✐③❡ t❤✐s ❞❡✜♥✐t✐♦♥ t♦ t❤❡mt❤✲♦r❞❡r s❤❛❞♦✇ tr❛❥❡❝t♦r② ♦❢ pn ❛s ps

m

n (t) := pn(t−mτ)−sm, ∀t ∈ (−∞,∞)

❛♥❞ mt❤✲♦r❞❡r s❤❛❞♦✇ s❡❣♠❡♥t ss
m

:= (l − ms, v, a, t′ + mτ, t′′ + mτ)✱ ✇❤✐❝❤ ❛r❡ ❡ss❡♥t✐❛❧❧② t❤❡ r❡s✉❧ts ♦❢
r❡♣❡❛t✐♥❣ t❤❡ s❤❛❞♦✇ ♦♣❡r❛t✐♦♥ ❜② m t✐♠❡s✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥s s♣❡❝✐❢② ❛♥ ❛♥❛❧②t✐❝❛❧ ❢✉♥❝t✐♦♥ t❤❛t ❝❤❡❝❦s t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ s❡❣♠❡♥ts
✭❡✳❣✳✱ t❤❡ ❝✉rr❡♥t s❡❣♠❡♥t t♦ ❜❡ ❝♦♥str✉❝t❡❞ ❛♥❞ ❛ r❡❢❡r❡♥❝❡ s❤❛❞♦✇ s❡❣♠❡♥t ✐♥ ❢♦r✇❛r❞ s❤♦♦t✐♥❣✮✱ ❛s ✐❧❧✉s✲
tr❛t❡❞ ✐♥ ❋✐❣✉r❡ ✹✭❝✮✳

❉❡✜♥✐t✐♦♥ ✼✳ ●✐✈❡♥ t✇♦ s❡❣♠❡♥ts s1 := (l1, v1, a1, t
′
1, t

′′
1)✱ s2 := (l2, v2, a2, t

′
2, t

′′
2)✱ ❞❡✜♥❡ s❡❣♠❡♥t ❞✐st❛♥❝❡

❢r♦♠ s1 t♦ s2 ❛s

D (s1 − s2) :=

{

mint∈[t−,t+] s1(t)− s2(t), ✐❢ t− ≤ t+;

∞, ♦t❤❡r✇✐s❡✱

✇❤❡r❡ t− := max {min{t′1, t
′′
1},min{t′2, t

′′
2}} ❛♥❞ t+ := min {max{t′1, t

′′
1},max{t′2, t

′′
2}}✳ ■❢ t

− ≤ t+✱ D (s1 − s2)
❝❛♥ ❜❡ s♦❧✈❡❞ ❛♥❛❧②t✐❝❛❧❧② ❛s

D (s1 − s2) :=

{

s1 (t
∗ (s1 − s2))− s2 (t

∗ (s1 − s2)) , ✐❢ a1 − a2 > 0 ❛♥❞ t∗ (s1 − s2) ∈ (t−, t+)

min {s1 (t
−)− s2 (t

−) , s1 (t
+)− s2 (t

+)} , ♦t❤❡r✇✐s❡.

✇❤❡r❡

t∗ (s1 − s2) :=
v1 − a1t

′
1 − v2 + a2t

′
2

a2 − a1
. ✭✼✮

✶✶



❲❡ ❛❧s♦ ❡①t❡♥❞ t❤❡ ❞✐st❛♥❝❡ ❞❡✜♥✐t✐♦♥ t♦ tr❛❥❡❝t♦r② s❡❝t✐♦♥s ❛♥❞ tr❛❥❡❝t♦r✐❡s ❜❡❧♦✇✳ ●✐✈❡♥ t✇♦ tr❛❥❡❝t♦r②
s❡❝t✐♦♥s p(t− : t+) ❛♥❞ p′(t′− : t′+), t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ p(t− : t+) t♦ p′(t′− : t′+) ✐s ❞❡✜♥❡❞ ❛s

D(p(t− : t+)− p′(t′− : t′+)) := min
t∈[max(t−,t′−),min(t+,t′+)]

p(t)− p′(t)

✐❢ max(t−, t′−) ≤ min(t+, t′+) ♦r D(p(t− : t+) − p′(t′− : t′+)) := ∞✳ ❙✉♣♣♦s❡ t❤❡s❡ t✇♦ s❡❝t✐♦♥s ❝❛♥ ❜❡
♣❛rt✐t✐♦♥❡❞ ✐♥t♦ q✉❛❞r❛t✐❝ s❡❣♠❡♥ts✱ ✐✳❡✳✱ p(t− : t+) = [sk]k=1,2,··· ,k̄ ❛♥❞ p′(t′− : t′+) = [s′k′ ]k′=1,2,··· ,k̄′ ✱ t❤❡♥

D
(

p(t− : t+)− p′(t′− : t′+)
)

= min
k=1,··· ,k̄,k′=1,··· ,k̄′,

D(sk − s′k′).

◆♦t❡ t❤❛t ❢✉♥❝t✐♦♥ D(·) ❤❛s ❛ tr❛♥s✐t✐✈❡ r❡❧❛t✐♦♥s❤✐♣❀ ✐✳❡✳✱ D(A−B) ≥ DAB ❛♥❞ D(B−C) ≥ DBC ✐♥❞✐❝❛t❡s
D(A− C) ≥ DAB +DBC ✳

❉❡✜♥✐t✐♦♥ ✽✳ ◆❡①t✱ ✇❡ ❞❡✜♥❡ ❛♥ ❛♥❛❧②t✐❝❛❧ ♦♣❡r❛t✐♦♥ t❤❛t ❞❡t❡r♠✐♥❡s ❤♦✇ ✇❡ t❛❦❡ ❛ ♠♦✈❡ ✐♥ t❤❡ ❢♦r✇❛r❞
s❤♦♦t✐♥❣ ♣r♦❝❡ss✱ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✺✭❛✮✳ ●✐✈❡♥ ❛ q✉❛❞r❛t✐❝ s❡❣♦✈❡r❛❧❧♠❡♥t s′ := (l′, v′, a′, t′−, t′+)
✇✐t❤ t′− < t′+✱ ❛ ❢❡❛s✐❜❧❡ st❛t❡ ♣♦✐♥t (l, v, t−) ✇✐t❤ t− < t′+✱ ❛❝❝❡❧❡r❛t✐♦♥ r❛t❡ a+ ≥ 0 ❛♥❞ ❞❡❝❡❧❡r❛t✐♦♥ r❛t❡
a− < 0 ✭❛♥❞ a− ≤ a′✮✱ ✇❡ ✇❛♥t t♦ ❝♦♥str✉❝t ❛ ❢♦r✇❛r❞ s❤♦♦t✐♥❣ s❡❣♠❡♥t s := (l, v, a+, t−, t♠) ❢♦❧❧♦✇❡❞ ❜② ❛
❢♦r✇❛r❞ ♠❡r❣✐♥❣ s❡❣♠❡♥t s♠ := (l♠, v♠, a−, t♠, t+) ✇❤❡r❡ v♠ := v+ a+(t♠ − t−)✱ l♠ := p+ v(t♠ − t−) +
0.5a+(t♠ − t−)2 ✇✐t❤ t+ ≥ t♠ ≥ t− ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳ ❲❡ ❜❛s✐❝❛❧❧② s❡❧❡❝t t− ❛♥❞ tm ✈❛❧✉❡s t♦ ♠❛❦❡ s

❛♥❞ s♠ s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✳ ❋✐rst✱ ✇❡ ✇❛♥t t♦ ❦❡❡♣ s′ ❛❜♦✈❡ s ❛♥❞ t❤❡ s❡❣♠❡♥t ❡①t❡♥❞❡❞ ❢r♦♠
s♠ t♦ t✐♠❡ ∞✱ ✐✳❡✳✱

D [s′ − s] ≥ 0, ❛♥❞ D
[

s′ −
(

p♠, v♠, a−, t♠,∞
)]

≥ 0. ✭✽✮

❋✉rt❤❡r✱ t❤❡ ❡①❛❝t ✈❛❧✉❡s ♦❢ t♠ ❛♥❞ t+ s❤❛❧❧ ❜❡ ❞❡t❡r♠✐♥❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ❝❛s❡s✿ ✭■✮ ✐❢ ♥♦ t♠ ∈ [t−,∞)
❝❛♥ ❜❡ ❢♦✉♥❞ t♦ s❛t✐s❢② ❝♦♥str❛✐♥t ✭✽✮✱ t❤✐s s❤♦♦t✐♥❣ ♦♣❡r❛t✐♦♥ ✐s ✐♥❢❡❛s✐❜❧❡ ❛♥❞ r❡t✉r♥ tm = t+ = −∞❀ ✭■■✮
♦t❤❡r✇✐s❡✱ ✇❡ tr② t♦ ✜♥❞ t+ ∈ [max {t′−, t−} , t′+] ❛♥❞ t♠ ∈ [t−, t+] s✉❝❤ t❤❛t s′ ❛♥❞ s♠ ❣❡t t❛♥❣❡♥t ❛t t✐♠❡
t+❀ ❛♥❞ ✭■■■✮ ✐❢ t❤✐s tr✐❛❧ ❢❛✐❧s✱ s❡t t♠ = t+ = ∞✳ ❋♦rt✉♥❛t❡❧②✱ s✐♥❝❡ t❤❡s❡ s❡❣♠❡♥ts ❛r❡ ❛❧❧ s✐♠♣❧❡ q✉❛❞r❛t✐❝
s❡❣♠❡♥ts✱ t♠ ❛♥❞ t+ ❝❛♥ ❜❡ s♦❧✈❡❞ ❛♥❛❧②t✐❝❛❧❧② ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r✇❛r❞ s❤♦♦t✐♥❣ ♦♣❡r❛t✐♦♥ ✭❋❙❖✮ ❛❧❣♦r✐t❤♠✱
✇❤❡r❡ t❤❡ ✜♥❛❧ s♦❧✉t✐♦♥s t♦ t♠ ❛♥❞ t+ ❛r❡ ❞❡♥♦t❡❞ ❜② t♠❢ (s′, (l, v, t−, a+) , a−) ❛♥❞ t✰❢ (s′, (l, v, t−, a+) , a−)✱
r❡s♣❡❝t✐✈❡❧②✳

❋❙❖✲✶✿ ■❢ D (s′ − s̄) < 0 ✇❤❡r❡ s̄ := (l, v, a−, t−,∞)✱ t❤❡r❡ ✐s ♥♦ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥✱ ❛♥❞ ✇❡ ❥✉st s❡t t♠ =
t+ = −∞ ✭❈❛s❡ ■✮✳ ●♦ t♦ ❙t❡♣ ❋❙❖✲✸✳

❋❙❖✲✷✿ ❙❤✐❢t t❤❡ ♦r✐❣✐♥ t♦ t✐♠❡ t− ❛♥❞ ❞❡♥♦t❡ t̂′− := t′− − t−✱ t̂′+ := t′+ − t−✱ t̂♠ := t♠ − t−✱ t̂✰ :=
t✰− t− ❛♥❞ t̂− := max{t̂′−, 0}✳ ❚❤❡♥ ❣❡t ❛ q✉❛❞r❛t✐❝ ❢✉♥❝t✐♦♥ q ❜② s✉❜tr❛❝t✐♥❣ (l♠, v♠, a−, t♠) ❢r♦♠

(l′, v′, a′, t′−)✱ ✐✳❡✳✱ q :=
(

l̂, v̂, a′ − a−, 0
)

✇❤❡r❡

l̂ := 0.5a′
(

t̂′−
)2

+ 0.5
(

a+ − a−
) (

t̂♠
)2

− v′t̂′− + l′ − l,

❛♥❞
v̂ = v′ − v − a′t̂′− −

(

a+ − a−
)

t̂♠.

❋❙❖✲✷✲✶✿ ■❢ a′ = a−✱ t❡st ✇❤❡t❤❡r ✇❡ ❝❛♥ ♠❛❦❡ q(t) = 0, ∀t ∈ [t̂−,∞)✱ ✐✳❡✳✱ ✇❤❡t❤❡r l̂ = 0 ✇✐t❤ t̂♠ =
(

v′ − v − a′t̂′−
)

/ (a+ − a−)✳ ■❢ ②❡s ❛♥❞ t̂♠ ∈
[

t̂−, t̂′+
]

✭❈❛s❡ ■■✮✱ s❡t t♠ = t− + t̂♠ ❛♥❞ t✰ = t′+✳
❖t❤❡r✇✐s❡ ✭❈❛s❡ ■■■✮✱ s❡t t✰ = t♠ = ∞✳ ●♦ t♦ ❙t❡♣ ❋❙❖✲✸✳

❋❙❖✲✷✲✷✿ ■❢ a
′

> a−✱t❤❡♥ q ✐s ❛ ❝♦♥✈❡① q✉❛❞r❛t✐❝ ❢✉♥❝t✐♦♥✱ ❛♥❞ ✇❡ ♥❡❡❞ t♦ s♦❧✈❡ α
(

t̂♠
)2

+ βt̂♠ + γ = 0

✇❤❡r❡ α := (a+ − a−) (a+ − a′)✱ β := −2 (a+ − a−)
(

v′ − v − a′t̂′−
)

❛♥❞ γ :=
(

v′ − v − a′t̂′−
)2

− (a′ −

a−)
(

a′
(

t̂′−
)2

− 2v′t̂′− + 2l′ − 2l
)

✳ ■♥ ❝❛s❡ ♦❢ α = β = 0 ✭❈❛s❡ ■■■✮✱ s❡t t✰ = t♠ = ∞✱ ❛♥❞ ❣♦ t♦

✶✷



(p
′ , v

′ , a
′ , t

′−
, t
′+ )

t−

(p
, v
, a

+

, t
−

, t
m )

tm

t+

(p
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v
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a
−
, t
m ,
t
+ )

t′−

t′+
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′ , v
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′−
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′+
)

t−
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a
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−
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m )

tm
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(l
m , v

m , a
− , t

m , t
+ )

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✺✿ ■❧❧✉str❛t✐♦♥s ♦❢ s❤♦♦t✐♥❣ ♦♣❡r❛t✐♦♥s✿ ✭❛✮ ❛ ❢♦r✇❛r❞ s❤♦♦t✐♥❣ ♦♣❡r❛t✐♦♥✱ ❛♥❞ ✭❜✮ ❛ ❜❛❝❦✇❛r❞ s❤♦♦t✐♥❣
♦♣❡r❛t✐♦♥✳ ✳

❙t❡♣ ❋❙❖✲✸✳ ❖t❤❡r✇✐s❡✱ ✇❡ ♥❡❡❞ t♦ tr② ❝❛♥❞✐❞❛t❡ s♦❧✉t✐♦♥s t♦ t̂♠ ❛♥❞ t̂✰✱ ❞❡♥♦t❡❞ ❜② t̂♠❝ ❛♥❞ t̂+❝✱
r❡s♣❡❝t✐✈❡❧②✳ ■♥ ❝❛s❡ ♦❢ α = 0 ❜✉t β 6= 0✱ s♦❧✈❡ t̂♠❝ = −γ/β ❛♥❞

t̂+❝ =
v′ − v − a′t̂′− − (a+ − a−) t̂♠❝

a− − a′
. ✭✾✮

❖t❤❡r✇✐s❡✱ ✇❡ s❤♦✉❧❞ ❤❛✈❡ α 6= 0✱ ❛♥❞ t❤❡♥ s♦❧✈❡ ❜♦t❤ ❝❛♥❞✐❞❛t❡ s♦❧✉t✐♦♥s

t̂♠❝ =
−β ±

√

β2 − 4αγ

2α
✭✶✵✮

❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ t̂+❝ ✇✐t❤ ❡q✉❛t✐♦♥✭✾✮✳ ■❢ t❤❡ ❝❛♥❞✐❞❛t❡ s♦❧✉t✐♦♥s ❛r❡ ♥♦t r❡❛❧ ♥✉♠❜❡rs✱ t❤❡♥
✇❡ ❥✉st s❡t t̂✰❝ = t̂♠❝ = ∞✳ ❖t❤❡r✇✐s❡✱ tr② ❜♦t❤ s❡ts ♦❢ s♦❧✉t✐♦♥s ❛♥❞ s❡❧❡❝t t❤❡ s❡t s❛t✐s❢②✐♥❣
t̂+❝ ≥ t̂♠❝ ≥ 0✳ ❋♦r ❡✐t❤❡r ♦❢ t❤❡s❡ t✇♦ ❝❛s❡s✱ ✐❢ t̂+❝ ∈

[

t̂−, t̂′+
]

✭❈❛s❡ ■■✮ ✱ ✇❡ s❡t t♠ = t− + t̂♠❝ ❛♥❞
t̂✰ = t̂✰❝✳ ❖t❤❡r✇✐s❡✱ s❡t t✰ = t♠ = ∞ ✭❈❛s❡ ■■■✮✳ ●♦ t♦ ❙t❡♣ ❋❙❖✲✸✳

❋❙❖✲✸✿ ❋✐♥❛❧❧②✱ ✇❡ r❡t✉r♥ t♠❢ (s′, (l, v, t−, a+) , a−) = t♠ ❛♥❞ t✰❢ (s′, (l, v, t−, a+) , a−) = t✰✳

❉❡✜♥✐t✐♦♥ ✾✳ ❲❡ ❡①t❡♥❞ ♦♥❡ ❢♦r✇❛r❞ s❤♦♦t✐♥❣ ♦♣❡r❛t✐♦♥ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r✇❛r❞ s❤♦♦t✐♥❣ ♣r♦❝❡ss ✭❋❙P✮
t❤❛t ❣❡♥❡r❛t❡s ❛ ✇❤♦❧❡ tr❛❥❡❝t♦r②✳ ●✐✈❡♥ ❛ s❤❛❞♦✇ tr❛❥❡❝t♦r② ps :=

[

ssh :=
(

lsh, v
s
h, a

s
h, t

s
h, t

s
h+1

)]

h=1,··· ,h̄.
✭✇✐t❤ ts1 = −∞ ❛♥❞ ts̄

h+1
= ∞✮ ❛♥❞ ❛ ❢❡❛s✐❜❧❡ ❡♥tr② st❛t❡ ♣♦✐♥t (l, v, t−)✱ ✇❡ ✇❛♥t t♦ ❝♦♥str✉❝t ❛ ❢♦r✇❛r❞

s❤♦♦t✐♥❣ tr❛❥❡❝t♦r② p❢((l, v, t−), ps) t❤❛t st❛rts ❢r♦♠ (l, v, t−) ❛♥❞ ♠❛✐♥t❛✐♥s ❛❝❝❡❧❡r❛t✐♦♥ ā❢ ♦r s♣❡❡❞ v̄ ✉♥t✐❧
❜❡✐♥❣ ❜♦✉♥❞❡❞ ❜② ps✳ ❲❡ ❝♦♥s✐❞❡r ❛ t❡♠♣❧❛t❡ tr❛❥❡❝t♦r② st❛rt✐♥❣ ❛t (l, v, t−) ❛♥❞ ❝♦♠♣♦s❡❞ ❜② t❤❡s❡ t✇♦
❝❛♥❞✐❞❛t❡ s❡❣♠❡♥ts s❛ := (l, v, ā❢, t−, t❛ := t− + (v̄ − v)/ā❢) ✭✇❤✐❝❤ ❛❝❝❡❧❡r❛t❡s ❢r♦♠ v t♦ v̄ ❣✐✈❡♥ v < v̄✮ ❛♥❞

s∞ :=
(

l❛ := l + 0.5
(

v̄2 − v2
)

/ā❢, v̄, 0, t❛,∞
)

✭✇❤✐❝❤ ♠❛✐♥t❛✐♥s ♠❛①✐♠✉♠ s♣❡❡❞ v̄ ❛❧❧ t❤❡ ✇❛②✮✱ ✐✳❡✳✱

pt :=

{

[s❛, s∞] , ✐❢ v < v̄;

[s∞] , ✐❢ v = v̄.

❚❤❡♥ p❢((l, v, t−), ps)✱ ✐❢ ❜♦✉♥❞❡❞ ❜② ps✱ s❤❛❧❧ ✜rst ❢♦❧❧♦✇ pt ❛♥❞ t❤❡♥ ♠❡r❣❡ ✐♥t♦ ps ✇✐t❤ ❛ ♠❡r❣✐♥❣ s❡❣♠❡♥t
(

pt(t♠), ṗt(t♠), a❢, t♠, t✰
)

✳ ❚❤✐s ❝❛♥ ❜❡ s♦❧✈❡❞ ❛♥❛❧②t✐❝❛❧❧② ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❋❙P ❛❧❣♦r✐t❤♠✳

❋❙P✲✶✿ ■♥✐t✐❛t❡ h = 1✱ t+ = t♠ = ∞✱ p❢ = ∅ ❛♥❞ ✐t❡r❛t❡ t❤r♦✉❣❤ t❤❡ s❡❣♠❡♥ts ✐♥ ps ❛s ❢♦❧❧♦✇s✳

✶✸



❋❙P✲✷✿ ■❢ v < v̄✱ ❛♣♣❧② t❤❡ ❋❙❖ ❛❧❣♦r✐t❤♠ t♦ s♦❧✈❡ ❝❛♥❞✐❞❛t❡ t✐♠❡ ♣♦✐♥ts t♠❝ := t♠❢
(

ssh, (l, v, ā
❢, t−), a❢

)

❛♥❞ t+❝ := t✰❢
(

ssh, (l, v, ā
❢, t−), a❢

)

✳ ■❢ t♠❝ > t❛✱ r❡✈✐s❡ t♠❝ := (t♠❢ssh, (l
❛, v̄, 0, t❛), a❢) ❛♥❞ t✰❝ :=

t✰❢(ssh, (l
❛, v̄, 0, t❛), a❢)✳ ■❢ v = v̄✱ s♦❧✈❡ t♠❝ := t♠❢(ssh, (l, v̄, 0, t

−), a❢) ❛♥❞ t✰❝ := (t✰❢ssh, (l, v̄, 0, t
−), a❢)✳

■❢ t♠❝ = −∞✱ t❤❡ ❛❧❣♦r✐t❤♠ ❝❛♥♥♦t ✜♥❞ ❛ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ ❛♥❞ r❡t✉r♥ p❢((l, v, t−), ps) = ∅✱ t♠❢((l, v, t−), ps) =
−∞ ❛♥❞ t+❢((p, v, t−), ps) = −∞✳ ■❢ t✰❝ ∈ [tsh, t

s
h+1]✱ s❡t t

♠ = t♠❝ ❛♥❞ t+ = t+❝✱ ❛♥❞ ❣♦ t♦ t❤❡ ❙t❡♣
❋❙P✲✸✳ ❖t❤❡r✇✐s❡✱ t✰❝ s❤❛❧❧ ❜❡ ∞✳ ❚❤❡♥ ✐❢ h < h̄✱ s❡t h = h+ 1 ❛♥❞ r❡♣❡❛t t❤✐s st❡♣✳

❋❙P✲✸✿ ■❢ v < v̄ ❛♥❞ t❛ > t−✱ ❛♣♣❡♥❞ s❡❣♠❡♥t (l, v, ā❢, t−,min(t♠, t❛)) t♦ p❢ ✭❛♣♣❡♥❞✐♥❣ ♠❡❛♥s ❛❞❞✐♥❣ t❤✐s
s❡❣♠❡♥t ❛s t❤❡ ❧❛st ❡❧❡♠❡♥t ♦❢ p❢✮✳ ■❢ t♠ > t❛, ❛♣♣❡♥❞ (l❛, v̄, 0, t❛, t♠) t♦ p❢✳ ■❢ t+ < ts̄

h+1
✱ ✇❤✐❝❤

✐♥❞✐❝❛t❡s t+ ∈ [tsh, t
s
h+1]✱ ✇❡ ✜rst ❛♣♣❡♥❞ s❡❣♠❡♥t (lsh + vsh(t

+ − tsh) + 0.5ash(t
+ − tsh)

2, vsh + ash(t
+ −

tsh), a
s
h, t

+, tsh+1) t♦ p❢✱ ❛♥❞ t❤❡♥ ❛♣♣❡♥❞ ❛❧❧ s❡❣♠❡♥ts [ssh′ ]h′=h+1,··· ,h̄ t♦ p❢✳

❋❙P✲✹✿ ❋✐♥❛❧❧②✱ r❡t✉r♥ p❢((l, v, t−), ps) = p❢✱ t♠❢((l, v, t−), ps) = t♠ ❛♥❞ t+❢((p, v, t−), ps) = t+✳

❉❡✜♥✐t✐♦♥ ✶✵✳ ❚❤✐s ❞❡✜♥✐t✐♦♥ ❢✉rt❤❡r s♣❡❝✐✜❡s ❤♦✇ ✇❡ t❛❦❡ ❛ s②♠♠❡tr✐❝ ♠♦✈❡ ✐♥ t❤❡ ❜❛❝❦✇❛r❞ s❤♦♦t✐♥❣✱ ❛s
✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✺✭❜✮✳ ●✐✈❡♥ ❛ q✉❛❞r❛t✐❝ s❡❣♠❡♥t s′ := (l′, v′, a′, t′−, t′+) ✇✐t❤ t′− < t′+ ✭❡✳❣✳✱ ❛ s❡❣♠❡♥t
❣❡♥❡r❛t❡❞ ❢r♦♠ t❤❡ ❢♦r✇❛r❞ s❤♦♦t✐♥❣ ♣r♦❝❡ss✮✱ ❛ ❢❡❛s✐❜❧❡ st❛t❡ ♣♦✐♥t (l, v, t−) ✇✐t❤ t− > t′−✱ ❛❝❝❡❧❡r❛t✐♦♥
r❛t❡ a+ ≥ 0 ❛♥❞ ❞❡❝❡❧❡r❛t✐♦♥ r❛t❡ a− < 0 ✭❛♥❞ a− ≤ a′✮✱ ✇❡ ❝♦♥str✉❝t ❛ ❜❛❝❦✇❛r❞ s❤♦♦t✐♥❣ s❡❣♠❡♥t
s := (l, v, a+, t−, t♠) ♣r❡❝❡❞❡❞ ❜② ❛ ❜❛❝❦✇❛r❞ ♠❡r❣✐♥❣ s❡❣♠❡♥t s♠ := (l♠, v♠, a−, t♠, t+) ✇❤❡r❡ ❛❣❛✐♥
v♠ := v+a+(t♠− t−)✱ l♠ := l+v(t♠− t−)+0.5a+(t♠− t−)2✱ ❛♥❞ t+ ≤ t♠ ≤ t−✱ s✉❝❤ t❤❛t ❝♦♥❞✐t✐♦♥ ✭✽✮ ✐s
s❛t✐s✜❡❞ ✭❛♥❞ t❤✉s s′ ✐s ❛❜♦✈❡ s ❛♥❞ s♠✮✳ ❆♥❞ ❛❣❛✐♥ t❤❡r❡ ❛r❡ t❤r❡❡ ❝❛s❡s ✐♥ ❞❡t❡r♠✐♥✐♥❣ t− ❛♥❞ t♠ ✈❛❧✉❡s✿
✭■✮ ✐❢ ♥♦ t♠ ∈ (−∞, t−] ❝❛♥ ❜❡ ❢♦✉♥❞ t♦ s❛t✐s❢② ❝♦♥str❛✐♥t ✭✽✮✱ t❤✐s s❤♦♦t✐♥❣ ♦♣❡r❛t✐♦♥ ✐s ✐♥❢❡❛s✐❜❧❡ ❛♥❞ r❡t✉r♥
tm = t+ = ∞❀ ✭■■ ✮ ♦t❤❡r✇✐s❡ ✇❡ tr② t♦ ✜♥❞ t+ ∈ [t′+,min {t−, t′−}] ❛♥❞ t♠ ∈ [t+, t−] s✉❝❤ t❤❛t s′ ❛♥❞ s♠ ❣❡t
t❛♥❣❡♥t ❛t t✐♠❡ t+ ✭❛s ❋✐❣✉r❡ ✺✭❜✮ ✐♥❞✐❝❛t❡s✮❀ ❛♥❞ ✭■■■✮ ✐❢ ♥♦ s✉❝❤ t+ ✐s ❢♦✉♥❞✱ s❡t tm = t+ = −∞✳ ❙♦❧✉t✐♦♥s
t♠ ❛♥❞ t− ❛r❡ ❞❡♥♦t❡❞ ❛s ❢✉♥❝t✐♦♥s t♠❜ (s′, (l, v, t−) , a+, a−) ❛♥❞ t✲❜ (s′, (l, v, t−) , a+, a−)✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞
t❤❡② ❝❛♥ ❜❡ s♦❧✈❡❞ ❛♥❛❧②t✐❝❛❧❧② ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜❛❝❦✇❛r❞ s❤♦♦t✐♥❣ ♦♣❡r❛t✐♦♥ ✭BSO✮ ❛❧❣♦r✐t❤♠✳

❇❙❖✲✶✿ ■❢ D[s′ − (l, v, a−, t−,−∞)] < 0✱ t❤❡r❡ ✐s ♥♦ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥✱ ❛♥❞ ✇❡ ❥✉st r❡t✉r♥ t♠ = t+ = −∞
✭❈❛s❡ ■✮✳ ●♦ t♦ ❙t❡♣ ❇❙❖✲✸✳

❇❙❖✲✷✿ ❆❣❛✐♥ s❤✐❢t t❤❡ ♦r✐❣✐♥ ♣♦✐♥t t♦ t− ❛♥❞ ❞❡♥♦t❡ t̂′− := t′− − t−✱ t̂′+ := t′+ − t−✱ t̂♠ := t♠ − t−✱
t̂✰ := t✰− t−❛♥❞ t̂− := min{t̂′+, 0}✳ ❆♥❞ ♦❜t❛✐♥ q ❜② s✉❜tr❛❝t✐♥❣ (l♠, v♠, a−, t♠) ❢r♦♠ (l′, v′, a′, t′−)✱
✇❤✐❝❤ ✐s ❢♦r♠✉❧❛t❡❞ t❤❡ s❛♠❡ ❛s t❤❛t ✐♥ ❙t❡♣ ❋❙❖✲✷✳

❇❙❖✲✷✲✶✿ ■❢ a
′

= a−✱ t❡st ✇❤❡t❤❡r l̂ = 0 ✇✐t❤ t̂♠ =
(

v′ − v − a′t̂′−
)

/ (a+ − a−)✳ ■❢ ②❡s ❛♥❞ t̂♠ ∈
[

t̂−, t̂′−
]

✭❈❛s❡ ■■✮✱

s❡t t♠ = t− + t̂♠ ❛♥❞ t✰ = t′−❀ ❖t❤❡r✇✐s❡✱ r❡t✉r♥ t̂♠ = t̂+ = −∞ ✭❈❛s❡ ■■■✮✳ ●♦ t♦ ❇❙❖✲✸✳

❇❙❖✲✷✲✷✿ ■❢ a
′

> a−✱ ✇❡ ♥❡❡❞ t♦ ❛❣❛✐♥ s♦❧✈❡ α
(

t̂♠
)2

+βt̂♠+γ = 0 ❢♦r♠✉❧❛t❡❞ ✐♥ ❙t❡♣ ❋❙❖✲✷✲✷✳ ■♥ ❝❛s❡ ♦❢
α = β = 0 ✭❈❛s❡ ■■■✮✱ s❡t t✰ = t♠ = −∞✱ ❛♥❞ ❣♦ t♦ ❙t❡♣ ❋❙❖✲✸✳ ❖t❤❡r✇✐s❡✱ ✇❡ ❛❣❛✐♥ tr② ❝❛♥❞✐❞❛t❡
s♦❧✉t✐♦♥s t̂♠❝ ❛♥❞ t̂+❝✳ ■♥ ❝❛s❡ ♦❢ α = 0 ❜✉t β 6= 0✱ s♦❧✈❡ t̂♠❝ = −γ/β ❛♥❞ t̂+❝ ✇✐t❤ ❡q✉❛t✐♦♥ ✭✾✮✳ ■♥
❝❛s❡ ♦❢ α 6= 0✱ t❤❡♥ ✇❡ s♦❧✈❡ t✇♦ s❡ts ♦❢ s♦❧✉t✐♦♥s t̂♠❝ ❛♥❞ t̂✰❝ ✇✐t❤ ❡q✉❛t✐♦♥s ✭✶✵✮ ❛♥❞ ✭✾✮ r❡s♣❡❝t✐✈❡❧②✳
✐❢ t❤❡ ❝❛♥❞✐❞❛t❡ s♦❧✉t✐♦♥s ❛r❡ ♥♦t r❡❛❧ ♥✉♠❜❡rs✱ t❤❡♥ ✇❡ ❥✉st s❡t t̂✰❝ = t̂♠❝ = ∞✳ ❖t❤❡r✇✐s❡✱ tr② ❜♦t❤
s❡ts ♦❢ s♦❧✉t✐♦♥s ❛♥❞ s❡❧❡❝t t❤❡ s❡t s❛t✐s❢②✐♥❣ t̂+❝ ≤ t̂♠❝ ≤ 0✳ ❲✐t❤ t❤✐s✱ ✐❢ ✇❡ ♦❜t❛✐♥ t̂+❝ ∈

[

t̂−, t̂′−
]

✭❈❛s❡ ■■✮✱ ✇❡ s❡t t♠ = t− + t̂♠❝ ❛♥❞ t̂✰ = t̂✰❝✳ ❖t❤❡r✇✐s❡✱ s❡t t✰ = t♠ = ∞✳ ●♦ t♦ ❙t❡♣ ❇❙❖✲✸✳

❇❙❖✲✸✿ ❋✐♥❛❧❧②✱ ✇❡ r❡t✉r♥ t♠❜ (s′, (l, v, t−, a+) , a−) = tm ❛♥❞ t✰❜ (s′, (l, v, t−, a+) , a−) = t+✳

❉❡✜♥✐t✐♦♥ ✶✶✳ ❙②♠♠❡tr✐❝ t♦ ❉❡✜♥✐t✐♦♥ ✾✱ ✇❡ ❡①t❡♥❞ ♦♥❡ ❜❛❝❦✇❛r❞ ♠♦✈❡ ❇❙❖ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜❛❝❦✇❛r❞
s❤♦♦t✐♥❣ ♣r♦❝❡ss ✭❇❙P✮✳ ❲❡ ❝♦♥s✐❞❡r ❛ ❜❛❝❦✇❛r❞ s❤♦♦t✐♥❣ t❡♠♣❧❛t❡ tr❛❥❡❝t♦r② st❛rt✐♥❣ ❛t ❛ ❢❡❛s✐❜❧❡ ❡♥tr②

✶✹



st❛t❡ ♣♦✐♥t (l, v, t−) ❝♦♠♣♦s❡❞ ❜② ♦♥❡ ♦r ❜♦t❤ ♦❢ s−❛ := (l, v, ā❢, t−, t−❛ := t− − v/ā❜) ✭✇❤✐❝❤ ❞❡❝❡❧❡r❛t❡s

❜❛❝❦✇❛r❞ ❢r♦♠ v t♦ 0 ❣✐✈❡♥ v > 0✮ ❛♥❞ s−∞ :=
(

l✲❛ := l − 0.5v2/ā❜, 0, 0, t✲❛,−∞
)

✭✇❤✐❝❤ ❞❡♥♦t❡s t❤❡

✈❡❤✐❝❧❡ ✐s st♦♣♣❡❞ ♣r✐♦r t♦ t✐♠❡ t✲❛✮✱ ✐✳❡✳✱

pt :=

{

[s−∞, s✲❛] , ✐❢ v > 0;

[s−∞] , ✐❢ v = 0.

❋✉rt❤❡r✱ ✇❡ ❛r❡ ❣✐✈❡♥ t❤❡ ♦r✐❣✐♥❛❧ tr❛❥❡❝t♦r② ✭❡✳❣✳✱ t❤♦s❡ ❣❡♥❡r❛t❡❞ ❢r♦♠ ❋❙P✮

p❢ := {sh := {lh, vh, ah, th, th+1}} h=1,··· ,h̄.

❲❡ ✇✐❧❧ ✜♥❞ ❛ ❜❛❝❦✇❛r❞ s❤♦♦t✐♥❣ tr❛❥❡❝t♦r② s❡❝t✐♦♥ p❜((l, v, t−), p) t♦ ♠❡r❣❡ ✐♥t♦ p❢ ✇✐t❤ ❛ ♠❡r❣✐♥❣ s❡❣♠❡♥t
(

pt(t♠), ṗ(t♠), a❜, t♠, t✰
)

❛♥❞ ❞♦❡s ♥♦t ❡①❝❡❡❞ ✭✐✳❡✳✱ ❣♦✐♥❣ ❧❡❢t ♦❢✮ p❢ ❛t ❛♥② t✐♠❡✳ ❚❤✐s ❝❛♥ ❜❡ s♦❧✈❡❞

❛♥❛❧②t✐❝❛❧❧② ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❇❙P ❛❧❣♦r✐t❤♠✳

❇❙P✲✶✿ ■♥✐t✐❛t❡ h ❜❡✐♥❣ t❤❡ ❧❛r❣❡st s❡❣♠❡♥t ✐♥❞❡① ♦❢ p❢ s✉❝❤ t❤❛t th < t−✱ s❡t t+ = t♠ = −∞✱ p❜ = ∅ ❛♥❞
✐t❡r❛t❡ t❤r♦✉❣❤ t❤❡ s❡❣♠❡♥ts ✐♥ p❢✳

❇❙P✲✷✿ ■❢ v > 0✱ ❛♣♣❧② ❇❙❖ t♦ s♦❧✈❡ t♠❝ := t♠❜
(

sh, (l, v, ā
❜, t−), a❜

)

❛♥❞ t+❝ := t♠❢
(

sh, (l, v, ā
❜, t−), a❜

)

✳

■❢ t♠❝ < t−❛✱ r❡✈✐s❡ t♠❝ := t♠❜
(

sh, (l
✲❛, 0, 0, t✲❛), a❜

)

❛♥❞ t✰❝ := t✰❜
(

sh, (l
✲❛, 0, 0, t✲❛), a❜

)

✇✐t❤

❇❙❖✳ ■❢ v = 0✱ ❞✐r❡❝t❧② s♦❧✈❡ t♠❝ := t♠❜
(

sh, (l, 0, 0, t
−), a❜

)

❛♥❞ t✰❝ := t✰❜
(

sh, (l, 0, 0, t
−), a❜

)

✇✐t❤ ❇❙❖✳ ■❢ t♠❝ = ∞✱ t❤❡ ❛❧❣♦r✐t❤♠ ❝❛♥♥♦t ✜♥❞ ❛ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ ✭❜❡❝❛✉s❡ ❛♥② tr❛❥❡❝t♦r② t❤r♦✉❣❤

(l, v, t−) ✇✐❧❧ ❣♦ ❛❜♦✈❡ p❢✮ ❛♥❞ t❤✉s r❡t✉r♥s p❜((l, v, t−), p) = p❡❜
(

(l, v, t−), p❢
)

= ∅✳ ■❢ t✰❝ = −∞

❛♥❞ h = 1✱ t❤❡ ❛❧❣♦r✐t❤♠ ❝❛♥♥♦t ✜♥❞ ❛ ❢❡❛s✐❜❧❡ ❜❛❝❦✇❛r❞ tr❛❥❡❝t♦r② t❤❛t ❝❛♥ t♦✉❝❤ p❢ ❛♥❞ t❤✉s r❡t✉r♥

p❜((l, v, t−), p) = p❡❜
(

(l, v, t−), p❢
)

= ∅✳ ■❢ t✰❝ ∈ [tsh, t
s
h+1]✱ s❡t t♠ = t♠❝ ❛♥❞ t+ = t+❝ ❛♥❞ ❣♦ t♦

❙t❡♣ ❇❙P✲✸✳ ❖t❤❡r✇✐s❡✱ ✐❢ h > 1✱ s❡t h = h− 1 ❛♥❞ r❡♣❡❛t t❤✐s st❡♣✳

❇❙P✲✸✿ ■❢ v > 0 ❛♥❞ t✲❛ < t−✱ ✐♥s❡rt s❡❣♠❡♥t
(

l−♠❛, v−♠❛, ā❜, t−♠❛, t−
)

t♦ p❜ ✭✐♥s❡rt✐♥❣ ♠❡❛♥s ❛❞❞✐♥❣

t❤✐s s❡❣♠❡♥t ❜❡❢♦r❡ t❤❡ ❤❡❛❞ ♦❢ p❜✮✱ ✇❤❡r❡ t−♠❛ := max(t♠, t✲❛)✱ v−♠❛ := v − ā❜(t− − t−♠❛) ❛♥❞
l−♠❛ := l − v(t− − t−♠❛) + 0.5ā❜(t− − t−♠❛)2✳ ■❢ t♠ < t−❛, ✐♥s❡rt (l✲❛, 0, 0, t♠, t✲❛) t♦ p❜✳ ❚❤❡♥ ✇❡
✐♥s❡rt ♠❡r❣✐♥❣ s❡❣♠❡♥t (l♠, v♠ā❜, t+, t♠) t♦ p❜ ✇❤❡r❡ l♠ := lh + vh(t

+ − tsh) + 0.5ah(t
+ − tsh)

2, ❛♥❞
v♠ := vh + ah(t

+ − th)✳

❇❙P✲✹✿ ◆♦✇ ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ ❛ ❜❛❝❦✇❛r❞ s❤♦♦t✐♥❣ tr❛❥❡❝t♦r② s❡❝t✐♦♥ p❜
(

(l, v, t−), p❢
)

= p❜ (t♠ : t−) ✭♦r p❜

❢♦r s✐♠♣❧✐❝✐t②✮✳ ❲❡ ❢✉rt❤❡r ❡①t❡♥❞ p❜ (t♠ : t−) ❜② ✐♥s❡rt✐♥❣ p❢(t1 : t♠) ❛♥❞ ❛♣♣❡♥❞✐♥❣ p❢
(

(l, v, t−) , p❢
)

❣❡♥❡r❛t❡❞ ❢r♦♠ ❛♥ ❛✉①✐❧✐❛r② ❋❙P✱ ❛♥❞ ❝♦♥str✉❝t t❤❡ ❡①t❡♥❞❡❞ ❜❛❝❦✇❛r❞ s❤♦♦t✐♥❣ tr❛❥❡❝t♦r② p❡❜
(

(l, v, t−), p❢
)

:=
[

p❢(t1 : t♠), p❜ (t♠ : t−) , p❢
(

(l, v, t−) , p❢
)]

✳ ❘❡t✉r♥ p❜
(

(l, v, t−), p❢
)

❛♥❞ p❡❜
(

(l, v, t−), p❢
)

✳

◆♦✇ ✇❡ ❛r❡ r❡❛❞② t♦ ♣r❡s❡♥t t❤❡ ♣r♦♣♦s❡❞ s❤♦♦t✐♥❣ ❛❧❣♦r✐t❤♠ t❤❛t ②✐❡❧❞s ❛ tr❛❥❡❝t♦r② ✈❡❝t♦r P
(

ā❢, a❢, ā❜, āb
)

❛s ❛ ❢✉♥❝t✐♦♥❛❧ ♦❢ t❤❡s❡ ❢♦✉r ❛❝❝❡❧❡r❛t✐♦♥ r❛t❡s✳

❙❍✲✶✿ ■♥✐t✐❛❧✐③❡ ❝♦♥tr♦❧ ✈❛r✐❛❜❧❡s ā❢✱ a❢✱ ā❜ ❛♥❞ a❜✳ ❙❡t n = 1✱ tr❛❥❡❝t♦r② ✈❡❝t♦r P = ∅✳

✶✺



❙❍✲✷✿ ❆♣♣❧② t❤❡ ❋❙P t♦ ♦❜t❛✐♥ p❢n =
[

snk =
(

lnk, vnk, ank, tnk, tn(k+1)

)]

k=1,··· ,k̄n
= p❢((0, v−n , t

−
n ), p

s
n−1)

✭❞❡✜♥❡ ps0 := ∅✮✳ ❲❡ ❝❛❧❧ t❤✐s ♣r♦❝❡ss t❤❡ ♣r✐♠❛r② ❋❙P ✭t♦ ❞✐✛❡r❡♥t✐❛t❡ ❢r♦♠ t❤❡ ❛✉①✐❧✐❛r② ❋❙P ✐♥ t❤❡
❇❙P✮✳ ■❢ p❢n = ∅✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤✐s ❛❧❣♦r✐t❤♠ ❝❛♥♥♦t ✜♥❞ ❛ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ ❢♦r tr❛❥❡❝t♦r② ♣❧❛t♦♦♥

P ✱ s❡t P
(

ā❢, a❢, ā❜, āb
)

:= P = ∅ ❛♥❞ r❡t✉r♥✳

❙❍✲✸✿ ❚❤✐s st❡♣s ❝❤❡❝❦s t❤❡ ♥❡❡❞ ❢♦r t❤❡ ❇❙P✳ ❋✐♥❞ t❤❡ s❡❣♠❡♥t ✐♥❞❡① kLn s✉❝❤ t❤❛t L ∈
[

lnkL , ln(kL+1)

)

❛♥❞ s♦❧✈❡ t❤❡ t✐♠❡ tLn ✇❤❡♥ ✈❡❤✐❝❧❡ n ♣❛ss❡s ❧♦❝❛t✐♦♥ L ❛s ❢♦❧❧♦✇s

tLn := tnkL +







−v
nkL+

√

v2

nkL
+2a

nkL (L−l
nkL )

a
nkL

, ✐❢ ankL 6= 0;
L−l

nkL

v
nkL

, ✐❢ ankL = 0.

■❢ tLn = G
(

tLn
)

✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t p❢n ❞♦❡s ♥♦t ✈✐♦❧❛t❡ t❤❡ ❡①✐t ❜♦✉♥❞❛r② ❝♦♥str❛✐♥t ✭✸✮ ✭♦r ❞♦❡s ♥♦t

r✉♥ ✐♥t♦ t❤❡ r❡❞ ❧✐❣❤t✮✱ ✇❡ s❡t pn = p❢n ❛♥❞ ❣♦ t♦ ❙❍✹✳ ❖t❤❡r✇✐s❡✱ p❢n ✈✐♦❧❛t❡s ❝♦♥str❛✐♥t ✭✸✮ ❛♥❞ ✇❡
♥❡❡❞ t♦ ❛♣♣❧② ❇❙P t♦ r❡✈✐s❡ ✐t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ st❡♣✳ ❙❡t vLn := vnkL + ankL

(

tLn − tnkL

)

, ❛♣♣❧② t❤❡

❇❙P t♦ s♦❧✈❡ p❜n = p❜
(

(

L, vLn , G
(

tLn
))

, p❢n
)

✳ ■❢ t❤❡ st❛rt ❧♦❝❛t✐♦♥ ♦❢ ♦❜t❛✐♥ p❜n ✐s ♥♦ ❧❡ss t❤❛♥ ✵✱ s❡t

pn = p❡❜
(

(

L, vLn , G
(

tLn
))

, p❢n
)

. ❖t❤❡r✇✐s❡✱ p❜n ❝❛♥ ♥♦t ♠❡❡t p❢n ♦♥ t❤✐s ❤✐❣❤✇❛② s❡❣♠❡♥t✱ ❛♥❞ r❡t✉r♥

P
(

ā❢, a❢, ā❜, āb
)

:= ∅ ✳

❙❍✲✹✿ ❆♣♣❡♥❞ pn t♦ P ✳ ❘❡t✉r♥ P❙❍
(

a❢, ā❢, a❜, ā❜
)

:= P ✐❢ n = N ✱ ♦r ♦t❤❡r✇✐s❡ s❡t n = n+ 1 ❛♥❞ ❣♦ t♦

❙❍✲✷✳

❆❧t❤♦✉❣❤ ❋❙❖ ✭❉❡✜♥✐t✐♦♥ ✽✮ ❛♥❞ ❇❙❖ ✭❉❡✜♥✐t✐♦♥ ✶✵✮ ❞♦ ♥♦t ❡①♣❧✐❝✐t❧② ✐♠♣♦s❡ s♣❡❡❞ ❧✐♠✐ts t♦ t❤❡ ❣❡♥❡r❛t❡❞
tr❛❥❡❝t♦r② s❡❣♠❡♥ts✱ ❛s ❧♦♥❣ ❛s ❛ ♥♦♥✲❡♠♣t② tr❛❥❡❝t♦r② ✈❡❝t♦r P ✐s r❡t✉r♥❡❞ ❜② t❤❡ ❙❍ ❛❧❣♦r✐t❤♠✱ P s❤❛❧❧
s❛t✐s❢② ❛❧❧ ❝♦♥str❛✐♥ts ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✷ ✭♦r P ∈ P✮✱ ❛s ♣r♦✈❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ■❢ t❤❡ ❙❍ ❛❧❣♦r✐t❤♠ s✉❝❝❡ss❢✉❧❧② ❣❡♥❡r❛t❡s ❛ ✈❡❝t♦r ♦❢ tr❛❥❡❝t♦r✐❡s P
(

a❢, ā❢, a❜, ā❜
)

✇✐t❤

a❢, a❜ ∈ [a, 0) ❛♥❞ ā❢, ā❜ ∈ (0, ā]✱ t❤❡② s❤❛❧❧ ❢❛❧❧ ✐♥ t❤❡ ❢❡❛s✐❜❧❡ tr❛❥❡❝t♦r② ✈❡❝t♦r s❡t P ❞❡✜♥❡❞ ✐♥ ✭✺✮✳

Pr♦♦❢✳ ❙✐♥❝❡ t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ ♦❢ ❡❛❝❤ s❡❣♠❡♥t ❣❡♥❡r❛t❡❞ ❢r♦♠ t❤❡ ❙❍ ❛❧❣♦r✐t❤♠ ✐s ❡✐t❤❡r ❡①♣❧✐❝✐t❧② s♣❡❝✐✜❡❞
✇✐t❤✐♥ [a, ā] ✭✐✳❡✳✱ ♦♥❡ ♦❢ a❢, ā❢, a❜, ā❜ ❛♥❞ ✵✮ ♦r ❥✉st ❢♦❧❧♦✇✐♥❣ ❛ s❤❛❞♦✇ tr❛❥❡❝t♦r②✬s ❛❝❝❡❧❡r❛t✐♦♥ t❤❛t s❤❛❧❧
❢❛❧❧ ✐♥ [a, ā] ❛s ✇❡❧❧✳ ❙♦ t❤❡ ❝♦♥str❛✐♥t ✇✐t❤ r❡s♣❡❝t t♦ ❛❝❝❡❧❡r❛t✐♦♥ ✐♥ ✭✶✮ ✐s s❛t✐s✜❡❞✳

❚❤❡♥✱ ✇❡ ✇✐❧❧ ✉s❡ ♠❛t❤❡♠❛t✐❝❛❧ ✐♥❞✉❝t✐♦♥ t♦ ❡①❛♠ t❤❡ r❡♠❛✐♥✐♥❣ ❝♦♥str❛✐♥ts ✐♥ ✭✶✮✲✭✹✮✳ ❋✐rst ❢♦r ✈❡❤✐❝❧❡
✶✱ ❋❙P ❝❛♥ ❣❡♥❡r❛t❡ p1 ✇✐t❤ ❛t ♠❛①✐♠✉♠ ✷ s❡❣♠❡♥ts✱ ✇❤✐❝❤ ❛♣♣❛r❡♥t❧② ❢❛❧❧s ✐♥ T −

1 ✭❛♥❞ t❤✉s ❜♦t❤ ❝♦♥str❛✐♥ts
✭✶✮✲✭✷✮✳ ❛r❡ s❛t✐s✜❡❞✮✳ ■❢ ❇❙P ✐s ♥♦t ♥❡❡❞❡❞✱ ❡①✐t ❝♦♥str❛✐♥t ✭✸✮ ✐s ❛✉t♦♠❛t✐❝❛❧❧② s❛t✐s✜❡❞ ❛♥❞ t❤✉s p1 ∈ T1✳
❖t❤❡r✇✐s❡✱ t❤❡ ♥❡✇ s❡❣♠❡♥ts ❣❡♥❡r❛t❡❞ ❢r♦♠ ❇❙P ❜❡❧♦✇ L st❛rt ❢r♦♠ ❛ s♣❡❡❞ ♥♦ ❣r❡❛t❡r t❤❛♥ v̄✱ ❞❡❝❡❧❡r❛t❡
❜❛❝❦✇❛r❞s t♦ ❛ ✈❛❧✉❡ ♥♦ ❧❡ss t❤❛♥ ✵✱ ❛♥❞ t❤❡♥ ✐♥❝r❡❛s❡ t❤❡ s♣❡❡❞ ❛♥❞ ♠❡r❣❡ ✐♥t♦ t❤❡ ❢♦r✇❛r❞ s❤♦♦t✐♥❣
tr❛❥❡❝t♦r② ❛t ❛ s♣❡❡❞ ♥♦ ❣r❡❛t❡r t❤❛♥ v̄✳ ❉✉r✐♥❣ t❤✐s ♣r♦❝❡ss✱ t❤❡ s♣❡❡❞ s❤❛❧❧ ❛❧✇❛②s st❛② ✇✐t❤✐♥ [0, v̄] ❛♥❞
t❤❡r❡❢♦r❡ ❝♦♥str❛✐♥t ✭✶✮ r❡♠❛✐♥s ✈❛❧✐❞✳ ❚❤❡ ❛✉①✐❧✐❛r② ❋❙P ✐s s✐♠✐❧❛r t♦ t❤❡ ♣r✐♠❛r② ❋❙P ❛♥❞ t❤✉s ✇✐❧❧ ♥♦t
✈✐♦❧❛t❡ ❝♦♥str❛✐♥t ✭✶✮ ❛s ✇❡❧❧✳ ❋✉rt❤❡r✱ t❤❡ ❇❙P st❡♣ ❙❍✸ ❞♦❡s ♥♦t ❛✛❡❝t t❤❡ ❡♥tr② ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭✷✮
❛♥❞ ♠❛❦❡s ❡①✐t ❝♦♥❞✐t✐♦♥ ✭✸✮ ❢❡❛s✐❜❧❡ ✐♥ ❛❞❞✐t✐♦♥✳ ❚❤❡r❡❢♦r❡ ✇❡ ♦❜t❛✐♥ p1 ∈ T1✳

❚❤❡♥ ✇❡ ❛ss✉♠❡ t❤❛t pn−1 ∈ Tn−1, ∀n = 2, · · · , N ✱ ❛♥❞ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t pn ∈ Tn(pn−1)✳ ■❢ pn ✐s ♥♦t
❜❧♦❝❦❡❞ ❜② pn−1 ❞✉r✐♥❣ t❤❡ ❋❙P✱ t❤❡♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ pn ✐s s✐♠✐❧❛r t♦ t❤❛t ♦❢ p1 ❛♥❞ t❤✉s pn s❤♦✉❧❞
❛✉t♦♠❛t✐❝❛❧❧② s❛t✐s❢② ❝♦♥str❛✐♥ts ✭✶✮✲✭✸✮ ❛♥❞ t❤✉s pn ∈ Tn✳ ❋✉rt❤❡r✱ pn s❤❛❧❧ ❜❡ ❛❧✇❛②s ❜❡❧♦✇ psn−1 ❛♥❞
t❤❡r❡❢♦r❡ pn s❤❛❧❧ s❛t✐s❢② s❛❢❡t② ❝♦♥str❛✐♥t ✭✹✮✱ ✐✳❡✳✱ pn ∈ Tn(pn−1)✳ ❖t❤❡r✇✐s❡✱ ✐❢ pn ✐s ❜❧♦❝❦❡❞ ❜② pn−1✱ t❤❡
❝♦♥str✉❝t✐♦♥ ♦❢ pn ✇♦✉❧❞ ❣❡♥❡r❛t❡ s♦♠❡ ♠♦r❡ s❡❣♠❡♥ts t❤❛t ♠❡r❣❡ t❤❡ ❢♦r✇❛r❞ tr❛❥❡❝t♦r② ✐♥t♦ psn−1 ✭❡✳❣✳✱ ❛s
❋✐❣✉r❡ ✺✭❛✮ ✐❧❧✉str❛t❡s✮ ❛♥❞ t❤❡♥ ❢♦❧❧♦✇ psn−1✱ ❛s ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ p1✳ ❉✉❡ t♦ t❤❡ ✐♥❞✉❝t✐♦♥
❛ss✉♠♣t✐♦♥✱ t❤❡ s❡❣♠❡♥ts ❢♦❧❧♦✇✐♥❣ psn−1 s❤❛❧❧ s❛t✐s❢② ❦✐♥❡♠❛t✐❝ ❝♦♥str❛✐♥t ✭✶✮ t❤❡ s❛♠❡ ❛s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
s❡❣♠❡♥ts ✐♥ pn−1✳ ❋♦r t❤❡ ♠❡r❣✐♥❣ s❡❣♠❡♥t✱ s✐♥❝❡ ✐t st❛rts ❢r♦♠ ❛ ❢♦r✇❛r❞ s❤♦♦t✐♥❣ s❡❣♠❡♥t ❛♥❞ ❡♥❞s ❛t ❛

✶✻



s❤❛❞♦✇ s❡❣♠❡♥t ❛♥❞ t❤❡r❡❢♦r❡ ✐ts s♣❡❡❞ r❛♥❣❡ s❤♦✉❧❞ ❜❡ ❜♦✉♥❞❡❞ ❜② [0, v̄]✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♦❜t❛✐♥ pn ∈ T ✳
❆❣❛✐♥✱ t❤❡ ♣r✐♠❛r② ❋❙P ❡♥s✉r❡s t❤❛t pn s❛t✐s✜❡s t❤❡ ❡♥tr② ❜♦✉♥❞❛r② ✭✷✮ ❛♥❞ ❇❙P ❡♥s✉r❡s t❤❛t pn s❛t✐s❢②
❡①✐t ❝♦♥str❛✐♥t ✭✸✮✳ ❚❤✐s ②✐❡❧❞s pn ∈ Tn✳ ❋✉rt❤❡r ✇❡ s❡❡ t❤❛t ❛♥② s❡❣♠❡♥t ❣❡♥❡r❛t❡❞ ❢r♦♠ ❋❙P s❤❛❧❧ ❜❡ ❡✐t❤❡r
❜❡❧♦✇ ♦r ♦♥ psn−1✳ ■❢ t❤❡ ❇❙P ❣❡♥❡r❛t❡s ♥❡✇ s❡❣♠❡♥ts✱ t❤❡② s❤❛❧❧ ❜❡ str✐❝t❧② r✐❣❤t t♦ t❤❡ ❢♦r✇❛r❞ s❤♦♦t✐♥❣

tr❛❥❡❝t♦r②✳ ❚❤❡r❡❢♦r❡✱ pn s❤❛❧❧ ❢❛❧❧ ✐♥ Tn (pn−1)✳ ❚❤✐s ♣r♦✈❡s t❤❛t P
(

a❢, ā❢, a❜, ā❜
)

∈ P✳

✸✳✷ ❙❤♦♦t✐♥❣ ❍❡✉r✐st✐❝ ❢♦r t❤❡ ▲❡❛❞ ❱❡❤✐❝❧❡ Pr♦❜❧❡♠

❚❤❡ ❛❜♦✈❡ ♣r♦♣♦s❡❞ ❙❍ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ❡❛s✐❧② ❛❞❛♣t❡❞ t♦ s♦❧✈❡ ▲❱P ✭✻✮✳ ❚❤❡ ♦♥❧② ♠♦❞✐✜❝❛t✐♦♥s ❛r❡ t♦
✜① p1 ❛♥❞ t♦ s❡t G = [−∞,∞] ✭❛♥❞ t❤❡r❡❢♦r❡ ♥♦ ❇❙P ✐s ♥❡❡❞❡❞✮✳ ❲❡ ❞❡♥♦t❡ t❤✐s ❛❞❛♣t❡❞ ❙❍ ❢♦r ▲❱P ❜②
❙❍▲✳ ▼♦r❡ ✐♠♣♦rt❛♥t❧②✱ ✇❡ ❢✉rt❤❡r ✜♥❞ t❤❛t ❙❍▲ ❝❛♥ ❜❡ ❛❧❧✐t❡r❛t✐✈❡❧② ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❛ ♣❛r❛❧❧❡❧ ♠❛♥♥❡r✳
❊❛❝❤ tr❛❥❡❝t♦r② ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ✐♥♣✉t ♣❛r❛♠❡t❡rs ✇✐t❤♦✉t ✐ts ♣r❡❝❡❞✐♥❣ tr❛❥❡❝t♦r②✬s
✐♥❢♦r♠❛t✐♦♥✳ ❲❡ ❞❡♥♦t❡ t❤✐s ♣❛r❛❧❧❡❧ ❛❧t❡r♥❛t✐✈❡ ♦❢ ❙❍▲ ✇✐t❤ P❙❍▲✳ ❆♣♣❛r❡♥t❧②✱ P❙❍▲ ❛❧❧♦✇s ❢✉rt❤❡r
✐♠♣r♦✈❡❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✣❝✐❡♥❝② ✇✐t❤ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t✐♥❣✳ ❚❤✐s s❡❝t✐♦♥ ❞❡s❝r✐❜❡s P❙❍▲ ❛♥❞ ✈❛❧✐❞❛t❡s t❤❛t
P❙❍▲ ✐♥❞❡❡❞ s♦❧✈❡s ▲❱P✳ ❲❡ ✜rst ✐♥tr♦❞✉❝❡ ❛♥ ❡①t❡♥❞❡❞ ❢♦r✇❛r❞ s❤♦♦t✐♥❣ ♦♣❡r❛t✐♦♥ ✭❊❋❙❖✮ t❤❛t ♠❡r❣❡s
t✇♦ ❢❡❛s✐❜❧❡ tr❛❥❡❝t♦r✐❡s✳

❊❋❙❖✲✶✿ ●✐✈❡♥ t✇♦ ❢❡❛s✐❜❧❡ tr❛❥❡❝t♦r✐❡s p := [sj := (lj , vj , aj , tj , tj+1)]j=1,2,··· ,J ❛♥❞ p′ = s′k := [(l′k, v
′
k, a

′
k,

t′k, t
′
k+1

)]

k=1,2,··· ,K
∈ T ✱ ❛♥❞ ❞❡❝❡❧❡r❛t✐♦♥ r❛t❡ a− < 0✳ ❙❡t ✐t❡r❛t♦rs j = 1 ❛♥❞ k = 1 ✳

❊❋❙❖✲✷✿ ❙♦❧✈❡ t♠jk := t♠❢ (s′k, (lj , vj , tj , aj) , a
−) ❛♥❞ t+jk = t✰❢ (s′k, (lj , vj , tj , aj) , a

−)✳ ■❢ t♠jk = −∞✱ r❡t✉r♥
t♠(p′, p, a−) = t+(p′, p, a−) = −∞✳ ■❢ t♠jk < ∞ ❛♥❞ t♠jk ∈ [tj , tj+1]✱ r❡t✉r♥ t♠(p′, p, a−) = t♠jk ✱

t✰(p′, p, a−) = t+jk✳ ■❢ k < K✱ s❡t k = k + 1 ❛♥❞ r❡♣❡❛t t❤✐s st❡♣❀ ♦t❤❡r✇✐s❡✱ ❣♦ t♦ t❤❡ ♥❡①t st❡♣✳

❊❋❙❖✲✷✿ ■❢ j < J ✱ s❡t j = j + 1 ❛♥❞ k = 1 ❛♥❞ ❣♦ t♦ ❙t❡♣ ❊❋❙❖✲✷✳ ❖t❤❡r✇✐s❡✱ r❡t✉r♥ t♠(p′, p, a−) =
t+(p′, p, a−) = ∞✳

❇❛s❡❞ ♦♥ ❊❋❙❖✱ ✇❡ ❞❡✈✐s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①t❡♥❞❡❞ ❢♦r✇❛r❞ s❤♦♦t✐♥❣ ♣r♦❝❡ss ✭❊❋❙P✮ t❤❛t ❣❡♥❡r❛t❡s ❛ ❢♦r✇❛r❞
s❤♦♦t✐♥❣ tr❛❥❡❝t♦r② ❝♦♥str❛✐♥❡❞ ❜② ❛ s❡r✐❡s ♦❢ ✉♣♣❡r ❜♦✉♥❞ tr❛❥❡❝t♦r✐❡s✳

❊❋❙P✲✶✿ ●✐✈❡♥ ❛ ❢❡❛s✐❜❧❡ st❛t❡ ♣♦✐♥t (l, v, t)✱ ❛♥❞ ❛ s❡t ♦❢ tr❛❥❡❝t♦r✐❡s {pm ∈ T }m=1,··· ,M ✳ ■♥✐t✐❛t❡ m = 1

❛♥❞ p = p❢ ((l, v, t), ∅) ✇✐t❤ ❋❙P✳

❊❋❙P✲✷✿ ❈❛❧❧ ❊❋❙❖ t♦ s♦❧✈❡ t♠ := t♠
(

pm, p, a❢
)

❛♥❞ t✰ := t✰
(

pm, p, a❢
)

✳ ■❢ t♠ = −∞✱ r❡t✉r♥

p❢
(

(l, v, t), {pm}m=1,··· ,M

)

= ∅✳ ■❢ t♠ < ∞✱ r❡✈✐s❡ p :=
[

p (t− (p) : t♠) ,
(

p
(

t♠✐♥❝❧✉❞✐♥❣ t❤❡✐r s♦❧✉t✐♦♥ ❢❡❛s✐❜✐❧✐t② ❛♥❞ r❡❧❛t✐♦♥s❤✐♣s ✇✐t❤ t❤❡ ❝❧❛ss✐❝ tr❛✣❝ ✢♦✇ t❤❡♦r②✳ ■t ✐s ❛❝t✉❛❧❧② ❝❤❛❧❧❡♥❣✐♥❣ t♦ ❛♥❛❧②③❡ s✉❝❤ ♣r♦♣❡rt✐❡s ❜❡❝❛✉s❡ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ❬s❡❝✿Pr♦❜❧❡♠✲❙t❛t❡♠❡♥t❪ ✐♥✈♦❧✈❡s ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ tr❛❥❡❝t♦ ♠ ❢ ♠

pm (t+ : ∞)]✳

❊❋❙P✲✸✿ ■❢ m < M ✱ s❡t m = m+ 1 ❛♥❞ ❣♦ t♦ P❙❋P✲✷❀ ♦t❤❡r✇✐s❡ r❡t✉r♥ p❢
(

(l, v, t), {pm}m=1,··· ,M

)

= p✳

❚❤❡♥ ✇❡ ❛r❡ r❡❛❞② t♦ ♣r❡s❡♥t t❤❡ P❙❍▲ ❛❧❣♦r✐t❤♠ ❛s ❢♦❧❧♦✇s✳

P❙❍▲✲✶✿ ●✐✈❡♥ ❧❡❛❞ tr❛❥❡❝t♦r② p1 ∈ T ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ [v−n , t
−
n ]n∈N\{1}✳ ■♥✐t✐❛❧✐③❡ ❛❝❝❡❧❡r❛t✐♦♥

♣❛r❛♠❡t❡rs ā❢ ❛♥❞ a❢✳ ❙❡t p̄1 := p1, p̄n := p❢ ((0, v−n , t
−
n ), ∅) , ∀n ∈ N\{1}. ❙❡t ✐♥✐t✐❛❧ tr❛❥❡❝t♦r② ♣❧❛t♦♦♥

P = [p1]✱n = 2✳

P❙❍▲✲✷✿ ❙♦❧✈❡ pn := p❢
(

(0, v−n , t
−
n ) ,

{

p̄s
n−m

m

}

m=1,··· ,n−1

)

✇✐t❤ ❊❋❙P✳

P❙❍▲✲✸✿ ■❢ pn = ∅✱ r❡t✉r♥ PP❙❍
(

a❢, ā❢
)

:= ∅✳ ❖t❤❡r✇✐s❡✱ ❛♣♣❡♥❞ pn t♦ P ✳ ■❢ n = N ✱ r❡t✉r♥ PP❙❍
(

a❢, ā❢
)

:=

P ❀ ♦t❤❡r✇✐s❡✱ s❡t n = n+ 1 ❛♥❞ ❣♦ t♦ P❙❍▲✲✷✳

✶✼



Pr♦♣♦s✐t✐♦♥ ✷✳ PP❙❍
(

a❢, ā❢
)

♦❜t❛✐♥❡❞ ❢r♦♠ P❙❍▲ ✐s ✐❞❡♥t✐❝❛❧ t♦ P❙❍
(

a❢, ā❢, a❜, ā❜
)

✇❤❡♥ p1 ∈ T ✐s

✜①❡❞ ❛♥❞ G = (−∞,∞)✳

Pr♦♦❢✳ ❲❡ ✜rst ❝♦♥s✐❞❡r t❤❡ ❝❛s❡s ✇❤❡r❡ PP❙❍
(

a❢, ā❢
)

6= ∅✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ t❤✐s ♣r♦♣♦s✐t✐♦♥ ✈✐❛ ✐♥❞✉❝✲

t✐♦♥ ✇✐t❤ t❤❡ ✐t❡r❛t♦r ❜❡✐♥❣ ✈❡❤✐❝❧❡ ✐♥❞❡① n✳ ▲❡t [p1,p2, · · · , pN ] ❞❡♥♦t❡ t❤❡ tr❛❥❡❝t♦r✐❡s ✐♥ PP❙❍
(

a❢, ā❢
)

❛♥❞
[

p′1,p
′
2, · · · , p

′
N

]

❞❡♥♦t❡ t❤❡ tr❛❥❡❝t♦r✐❡s ✐♥ P❙❍
(

a❢, ā❢, a❜, ā❜
)

✳ ❆♣♣❛r❡♥t❧②✱ ✇❤❡♥ n = 1✱p′1 = p1

s✐♥❝❡ t❤❡ ❧❡❛❞ ✈❡❤✐❝❧❡✬s tr❛❥❡❝t♦r② ✐s ✜①❡❞✳ ❆ss✉♠❡ t❤❛t ✇❤❡♥ n = k✱ p′k = pk✳ ❇❛s❡❞ ♦♥ t❤❡ ❞❡❢✲

✐♥✐t✐♦♥ ♦❢ ❙❍✱ p′k+1 =
[

p̄k+1

(

t−k+1 : t♠
)

,
(

p̄k+1 (t
♠) , ˙̄pk+1 (t

♠) , a❢, t♠, t+
)

, p
′s
k (t+ : ∞)

]

✇❤❡r❡ p̄k+1 :=

p❢
(

(0, v−k+1, t
−
k+1), ∅

)

✱ p
′s
k (t) := p′k(t− τ)−s✱ t♠ := t♠

(

p
′s
k , p̄k+1, a

❢
)

✱ t✰ := t✰
(

p
′s
k , p̄k+1, a

❢
)

✳ ❇❛s❡❞ ♦♥ t❤❡

✐♥❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥✱ p
′s
k = psk ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② r❡♣❡❛t❡❞❧② ❝❛❧❧✐♥❣ ❊❋❙❖ t♦ ♠❡r❣❡

{

p̄s
k+1−m

m

}

m=1,··· ,k
❛s

✐♥ P❙❍▲✲✷✳ ❚❤❡r❡❢♦r❡✱ p′k+1 ✐s ♦❜t❛✐♥❡❞ ❜② ♠❡r❣✐♥❣
{

p̄s
k+1−m

m

}

m=1,··· ,k+1
❛♥❞ t❤✉s p′k+1 = pk+1✳

❲❤❡♥ PP❙❍
(

a❢, ā❢
)

= ∅✱ ❢r♦♠ t❤❡ ❛❜♦✈❡ ❞✐s❝✉ss✐♦♥ t❤❛t s❤♦✇s t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❣❡♥❡r❛t✐♥❣ pk ❛♥❞ p′k✱

✐t ✐s ♦❜✈✐♦✉s t❤❛t P❙❍
(

a❢, ā❢
)

= ∅ ❛s ✇❡❧❧✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

❈♦r♦❧❧❛r② ✶✳ ●✐✈❡♥ ❧❡❛❞ tr❛❥❡❝t♦r② p1 ∈ T ✱ P❙❍▲ ②✐❡❧❞s PP❙❍
(

a❢, ā❢
)

∈ P▲❱P (p1) ✐❢ a
❢, ā❢ ∈ [a, ā]✳

✹ ❚❤❡♦r❡t✐❝❛❧ Pr♦♣❡rt② ❆♥❛❧②s✐s

❚❤✐s s❡❝t✐♦♥ ❛♥❛❧②③❡s t❤❡♦r❡t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❙❍ ❛❧❣♦r✐t❤♠s✱ ✐♥❝❧✉❞✐♥❣ t❤❡✐r s♦❧✉t✐♦♥ ❢❡❛s✐❜✐❧✐t②
❛♥❞ r❡❧❛t✐♦♥s❤✐♣s ✇✐t❤ t❤❡ ❝❧❛ss✐❝ tr❛✣❝ ✢♦✇ t❤❡♦r②✳ ■t ✐s ❛❝t✉❛❧❧② ❝❤❛❧❧❡♥❣✐♥❣ t♦ ❛♥❛❧②③❡ s✉❝❤ ♣r♦♣❡rt✐❡s
❜❡❝❛✉s❡ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✷ ✐♥✈♦❧✈❡s ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ tr❛❥❡❝t♦r② ✈❛r✐❛❜❧❡s ❛♥❞ ❤✐❣❤❧②
♥♦♥❧✐♥❡❛r ❝♦♥str❛✐♥ts✳ ❋♦rt✉♥❛t❡❧②✱ t❤❡ ❝♦♥❝❡♣t ♦❢ t✐♠❡ ❣❡♦❣r❛♣❤② ✭▼✐❧❧❡r✱ ✷✵✵✺✮ ✐s ❢♦✉♥❞ r❡❧❛t❡❞ t♦ t❤❡
❜♦✉♥❞s t♦ ❢❡❛s✐❜❧❡ tr❛❥❡❝t♦r② r❛♥❣❡s✳ ❚❤✐s ❝♦♥❝❡♣t ❤❛s ❜❡❡♥ ✉s❡❞ t♦ ✐♥✈❡st✐❣❛t❡ ♠❛❝r♦s❝♦♣✐❝ tr❛♥s♣♦rt❛t✐♦♥
♥❡t✇♦r❦ ♣r♦❜❧❡♠s ✭❚❛♥❣ ❡t ❛❧✳✱ ✷✵✶✺❀ ❚♦♥❣ ❡t ❛❧✳✱ ✷✵✶✺✮ ❜✉t s❡❧❞♦♠ ❛♣♣❧✐❡❞ t♦ ♠✐❝r♦s❝♦♣✐❝ tr❛✣❝ ✢♦✇✳ ❲❡
❣❡♥❡r❛❧✐③❡ t❤✐s ❝♦♥❝❡♣t t♦ ❡♥❛❜❧❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡t✐❝❛❧ ❛♥❛❧②s✐s✳

✹✳✶ ◗✉❛❞r❛t✐❝ ❚✐♠❡ ●❡♦❣r❛♣❤②

❋♦❧❧♦✇✐♥❣ t❤❡ ✐❞❡❛ ♦❢ ❑✉✐❥♣❡rs ❡t ❛❧✳ ✭✷✵✶✶✮✱ ✇❡ ✜rst ❣❡♥❡r❛❧✐③❡ t❤❡ t✐♠❡ ❣❡♦❣r❛♣❤② t❤❡♦r② ❝♦♥s✐❞❡r✐♥❣ ❛❝❝❡❧✲
❡r❛t✐♦♥ r❛♥❣❡ [ā, a] ✐♥ ❛❞❞✐t✐♦♥❛❧ t♦ s♣❡❡❞ r❛♥❣❡ [0, v̄]✳ ❚❤❡s❡ ❣❡♥❡r❛❧✐③❡❞ t❤❡♦r②✱ r❡❢❡rr❡❞ t♦ ❛s t❤❡ q✉❛❞r❛t✐❝
t✐♠❡ ❣❡♦❣r❛♣❤② ✭◗❚●✮ t❤❡♦r②✱ ❛r❡ ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✻ ❛♥❞ ❞✐s❝✉ss❡❞ ✐♥ ❞❡t❛✐❧ ✐♥ t❤✐s s✉❜s❡❝t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✶✷✳ ❲❡ ❝❛❧❧ t❤❡ s❡t ♦❢ ❢❡❛s✐❜❧❡ tr❛❥❡❝t♦r✐❡s ✭✐✳❡✳✱ ✐♥ T ✮ ♣❛ss✐♥❣ ❛ ❝♦♠♠♦♥ ❢❡❛s✐❜❧❡ st❛t❡ ♣♦✐♥t
(l, v, t−) t❤❡ q✉❛❞r❛t✐❝ ❝♦♥❡ ♦❢ (l, v, t−)✱ ❞❡♥♦t❡❞ ❜② Clvt− ✱ ✐❧❧✉str❛t❡❞ ❛s t❤❡ s❤❛❞❡❞ ❛r❡❛ ✐♥ ❋✐❣✉r❡ ✻✭❛✮ ❛♥❞
❢♦r♠✉❧❛t❡❞ ❜❡❧♦✇✿

Clvt− =
{

p
∣

∣p ∈ T , p(t−) = l, ṗ(t−) = v, ∀t ∈ (−∞,∞)
}

,

✇❤❡r❡ t❤❡ ✉♣♣❡r ❜♦✉♥❞ tr❛❥❡❝t♦r② p̄lvt− ♦❢ (l, v, t−)✱ ✐❧❧✉str❛t❡❞ ❛s t❤❡ t♦♣ ❜♦✉♥❞❛r② ♦❢ t❤❡ s❤❛❞❡ ✐♥ ❋✐❣✉r❡
✻✭❛✮✱ ✐s ❢♦r♠✉❧❛t❡❞ ❛s

p̄lvt−(t) :=











l − v2

2ā , ✐❢ t ∈
(

−∞, t− − v
ā

]

;

l + v(t− t−) + 0.5ā(t− t−)2, ✐❢ t ∈
[

t− − v
ā , t

− + v̄−v
ā

]

;

l + v̄(t− t−)− (v̄−v)2

2ā , ✐❢ t ∈
[

t− + v̄−v
ā ,∞

)

,

❛♥❞ t❤❡ ❧♦✇❡r ❜♦✉♥❞ tr❛❥❡❝t♦r② p
lvt−

♦❢ (l, v, t−)✱ ✐❧❧✉str❛t❡❞ ❛s t❤❡ ❜♦tt♦♠ ❜♦✉♥❞❛r② ♦❢ t❤❡ s❤❛❞❡ ✐♥ ❋✐❣✉r❡
✻✭❛✮✱ ✐s ❢♦r♠✉❧❛t❡❞ ❛s

✶✽



(l− v2

2ā , 0, t
−

−

v
ā
)

(l
+
v̄
2 −

v
2

2ā

, v̄
, t
−

+
v̄−

v

ā

)

(l− v2

2a , 0, t
−

−

v
a
)

(l
−

v
2 −

v̄
2

2a

, v̄
, t
−

−

v−
v̄

a

)

(l, v
, t
− )

(l
−
, v
−
, t
−
)

(l
+ , v

+ , t
+ )

t̄m

t̄+

p̄
l
+ v

+ t
+

l−
v
−
t
−

tm

t+

p
l
+ v

+ t
+

l−
v
−
t
−

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✻✿ ■❧❧✉str❛t✐♦♥s ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞ t✐♠❡ ❣❡♦❣r❛♣❤② t❤❡♦r② ✐♥ ✿ ✭❛✮ q✉❛❞r❛t✐❝ ❝♦♥❡❀ ❛♥❞ ✭❜✮ q✉❛❞r❛t✐❝
♣r✐s♠✳

p
lvt−

(t) =



















l + v̄(t− t−)− (v̄−v)2

2a , ✐❢ t ∈
(

−∞, t− − v−v̄
a

]

;

l + v(t− t−) + 0.5a(t− t−)2, ✐❢ t ∈
[

t− − v−v̄
a , t− + −v

a

]

;

l + −v2

2a , ✐❢ t ∈
[

t− + −v
a ,∞

)

.

■♥ ♦t❤❡r ✇♦r❞s✱ p̄lvt− ✐s ❝♦♠♣♦s❡❞ ♦❢ q✉❛❞r❛t✐❝ s❡❣♠❡♥ts (l− v2

2ā , 0, 0, t
−− v

ā ,−∞)✱ (l− v2

2ā , 0, ā, t
−− v

ā , t
−+ v̄−v

ā )

❛♥❞ (l+ v̄2−v2

2ā , v̄, 0, t−+ v̄−v
ā ,∞)✱ ❛♥❞ p̄lvt− ✐s ❝♦♠♣r✐s❡❞ ♦❢ q✉❛❞r❛t✐❝ s❡❣♠❡♥ts (l− v2−v̄2

2a , v̄, 0, t−− v−v̄
a ,−∞)✱

(l − v2−v̄2

2a , v̄, ā, t− − v−v̄
a , t− + −v

a ) ❛♥❞ (l + −v2

2a , 0, 0, t− + −v
a ,∞)✳ ◆♦t❡ t❤❛t p̄lvt− = p❢ ((l, v, t−) , ∅) ❢r♦♠

t❤❡ ❋❙P ✇✐t❤ ā❢ = ā ❛♥❞ a❢ = a✱ p̄lvt−(t−) = p
lvt−

(t−) = l✱ ❛♥❞ p̄lvt−(t) ≥ p
lvt−

(t), ∀t 6= t−✳ ❋✉rt❤❡r✱ Clvt−
✐s ❛❧✇❛②s ♥♦♥✲❡♠♣t② ❛s ❧♦♥❣ ❛s (l, v, t−) ✐s ❢❡❛s✐❜❧❡✳

❉❡✜♥✐t✐♦♥ ✶✸✳ ❲❡ ❝❛❧❧ t❤❡ s❡t ♦❢ tr❛❥❡❝t♦r✐❡s ✐♥ T ♣❛ss✐♥❣ t✇♦ ❢❡❛s✐❜❧❡ st❛t❡ ♣♦✐♥ts (l−, v−, t−) ❛♥❞
(l+, v+, t+) ✇✐t❤ t− < t+✱ l− ≤ l+ ❛ q✉❛❞r❛t✐❝ ♣r✐s♠✱ ❞❡♥♦t❡❞ ❜② P l+v+t+

l−v−t− ✱ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✻✭❜✮
❛♥❞ ❢♦r♠✉❧❛t❡❞ ❜❡❧♦✇✿

P l+v+t+

l−v−t− :=
{

p ∈ T
∣

∣p(t−) = l−, ṗ(t−) = v−, p(t+) = l+, ṗ(t+) = v+
}

= Cp−v−t−
⋂

Cp+v+t+ .

❚❤❡ ✉♣♣❡r ❜♦✉♥❞ ♦❢ t❤✐s P l+v+t+

l−v−t− ✭❛s t❤❡ t♦♣ ❜♦✉♥❞❛r② ♦❢ t❤❡ s❤❛❞❡ ✐♥ ✻✭❜✮✮✱ ❞❡♥♦t❡❞ ❜② p̄l
+v+t+

l−v−t− ✱

s❤♦✉❧❞ ❜❡ ❝♦♠♣♦s❡❞ ❜② p̄l−v−t− (∞ : t̄♠)✱ ♠❡r❣✐♥❣ s❡❣♠❡♥t s̄♠
(

p̄l−v−t− (t̄♠) , ˙̄pl−v−t− (t̄♠) , ā, t̄♠, t̄✰
)

❛♥❞

p̄l+v+t+ (t̄+ : ∞)✱ ✇❤❡r❡ ✇❡ ❝❛♥ ❛❝t✉❛❧❧② ❛♣♣❧② ❋❙P ✇✐t❤ ā❢ = ā ❛♥❞ a❢ = a t♦ ♦❜t❛✐♥ ❝♦♥♥❡❝t✐♦♥ ♣♦✐♥ts
t̄♠ := t♠❢ ((l−, v−, t−) , p̄l+v+t+) ❛♥❞ t̄✰ := t✰❢ ((l−, v−, t−) , p̄l+v+t+)✳ ❚❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦❢ t❤✐s ♣r✐s♠ ✭❛s
t❤❡ ❜♦tt♦♠ ❜♦✉♥❞❛r② ♦❢ t❤❡ s❤❛❞❡ ✐♥ ✻✭❜✮✮✱ ❞❡♥♦t❡❞ ❜② pl

+v+t+

l−v−t−
, ✐s ❝♦♠♣♦s❡❞ ❜② s❡❝t✐♦♥ p

l−v−t−
(∞ : t♠)✱

♠❡r❣✐♥❣ s❡❣♠❡♥t s̄♠
(

p
l−v−t−

(t♠), ṗ
l−v−t−

(t♠), ā, t♠, t✰
)

❛♥❞ p
l+v+t+

(t+ : ∞)✱ ✇❤❡r❡ ✇❡ ❝❛♥ ❛♣♣❧② ❋❙P

✐♥ ❛ tr❛♥s❢♦r♠❡❞ ❝♦♦r❞✐♥❛t❡ s②st❡♠ t♦ s♦❧✈❡ t♠ ❛♥❞ t✰. ❲❡ s❤✐❢t t❤❡ ✜rst s❤✐❢t t❤❡ ♦r✐❣✐♥ t♦ (l+, t+)

✶✾



❛♥❞ r♦t❛t❡ t❤❡ ✇❤♦❧❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ❜② ✶✽✵ ❞❡❣r❡❡✳ ❚❤❡♥ st❛t❡ ♣♦✐♥ts (l+, v+, t+) ❛♥❞ (l−, v−, t−)
tr❛♥s❢❡r ✐♥t♦ (0, v+, 0) ❛♥❞ (l+ − l−, v−, t+ − t−)✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ p

l−v−t−
tr❛♥s❢❡rs ✐♥t♦ p̂

l−v−t−
❞❡✲

✜♥❡❞ ❛s p̂
l−v−t−

(t) := l+ − p
l−v−t−

(2t+ − (t− + t))✳ ❚❤❡♥ ✇❡ s♦❧✈❡ t̂
♠

:= t♠❢
(

(0, v+, 0) , p̂
l−v−t−

)

❛♥❞

t̂
✰

:= t✰❢
(

(0, v+, 0) , p̂
l−v−t−

)

✇✐t❤ ❋❙P ✇✐t❤ a❢ = −a ❛♥❞ a❢ = −ā✳ ❚❤❡♥ ✇❡ ♦❜t❛✐♥ t+ = t+ − t̂
♠

❛♥❞

t♠ = t+ − t̂
✰
✳

◆♦t❡ t❤❛t t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ P l+v+t+

l−v−t− ❞❡♣❡♥❞s ♦♥ t❤❡ ✈❛❧✉❡s ♦❢ (l−, v−, t−) ❛♥❞ (l+, v+, t+)✱ ❛s ❞✐s❝✉ss❡❞ ✐♥
t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥s✳

Pr♦♣♦s✐t✐♦♥ ✸✳ ●✐✈❡♥ t✇♦ ❢❡❛s✐❜❧❡ st❛t❡ ♣♦✐♥ts (l−, v−, t−) ❛♥❞ (l+, v+, t+)✱ q✉❛❞r❛t✐❝ ❝♦♥❡ P l+v+t+

l−v−t− ✐s ♥♦t

❡♠♣t② ✐❢ ❛♥❞ ♦♥❧② ✐❢ D
(

p̄l+v+t+ − p
l−v−t−

)

≥ 0 ❛♥❞ D
(

p̄l−v−t− − p
l+v+t+

)

≥ 0 ✳

Pr♦♦❢✳ ❲❡ ✜rst ♣r♦✈❡ t❤❡ ♥❡❝❡ss✐t②✳ ■❢ t❤❡r❡ ❡①✐sts ❛ ❢❡❛s✐❜❧❡ tr❛❥❡❝t♦r② p ∈ P l+v+t+

l−v−t− ✱ t❤❡♥ ✇❡ ❦♥♦✇ t❤❡

D (p̄l+v+t+ − p) ≥ 0 ❛♥❞ D
(

p− p
l−v−t−

)

≥ 0✱ ✇❤✐❝❤ ✐♥❞✐❝❛t❡s D
(

p̄l+v+t+ − p
l−v−t−

)

≥ 0✳ ❙②♠♠❡tr✐❝❛❧❧②✱

D (p̄l−v−t− − p) ≥ 0 ❛♥❞ D
(

p− p
l+v+t+

)

≥ 0 ✐♥❞✐❝❛t❡s D
(

p̄l−v−t− − p
l+v+t+

)

≥ 0✳

❚❤❡♥ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ s✉✣❝✐❡♥❝②✳ ●✐✈❡♥ D
(

p̄l+v+t+ − p
l−v−t−

)

≥ 0 ❛♥❞ D
(

p̄l−v−t− − p
l+v+t+

)

≥

0✱ ✇❡ ❝❛♥ ✜rst ♦❜t❛✐♥ t❤❛t l− < l+ ❛♥❞ t− < t+✳ ❋✉rt❤❡r ✇❡ ❦♥♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣♦✐♥t t̄∗ ∈
[t−, t+] s✉❝❤ t❤❛t p̄l+v+t+(t) ≥ p̄l−v−t−(t), ∀t ∈ [−∞, t̄∗]✱ p̄l+v+t+ (t̄∗) = p̄l−v−t− (t̄∗) ❛♥❞ p̄l+v+t+(t) ≤
p̄l−v−t−(t), ∀t ∈ [t̄∗,∞]✳ ❚❤❡♥ ✇❡ ❝❛♥ ♦❜t❛✐♥ ❛ tr❛❥❡❝t♦r② p♠ ∈ Cl−v−t− ❝♦♠♣♦s❡❞ ❜② p̄lvt−

(

t− : t̂♠
)

✱ s♠ :=
(

p̄lvt−
(

t̂♠
)

, ˙̄plvt−
(

t̂♠
)

, a, t̂♠, t̄♠
)

✱ p̄l+v+t+ (t̄♠ : ∞) s❛t✐s❢②✐♥❣ t− ≤ t̂♠ ≤ t̄♠ < ∞ ❛♥❞ D (p̄l+v+t+ − p♠) ≥
0✳ ◆❡①t✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t̄♠ ≤ t+ ❜② ❝♦♥tr❛❞✐❝t✐♦♥✳ ■❢ t̄♠ > t+✱ t❤❡♥ p̄l+v+t+ (t̄♠) > l+ ❛♥❞ ˙̄pl+v+t+ (t̄♠) >

v+✳ ❙✐♥❝❡ s❡❣♠❡♥t s♠ ❞❡❝❡❧❡r❛t❡s ❛t a✱ t❤❡♥ D
(

p
l+v+t+

− s♠
)

> 0✱ ✇❤✐❝❤ ❤♦✇❡✈❡r ✐s ❝♦♥tr❛❞✐❝t♦r② t♦

D
(

p̄l−v−t− − p
l+v+t+

)

≥ 0 ❜❡❝❛✉s❡ t❤❡ st❛rt ♣♦✐♥t ♦❢ s♠ ✐s ♦♥ p̄l−v−t− ✳ ❚❤✐s ♣r♦✈❡s t❤❛t t− ≤ t̂♠ ≤ t̄♠ ≤ t+✳

❚❤❡r❡❢♦r❡✱ p♠ ∈ Cl−v−t− ∩ Cl+v+t+ = P l+v+t+

l−v−t− ✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

Pr♦♣♦s✐t✐♦♥ ✹✳ ●✐✈❡♥ ❛♥② δ ≥ 0 ❛♥❞ t✇♦ ❢❡❛s✐❜❧❡ st❛t❡ ♣♦✐♥ts (l−, v−, t−) ❛♥❞ (l+, v+, t+) ✇✐t❤ D(p̄l−,v−,t−−

p
l+,v+,t+

) ≥ 0✱ ✐❢ q✉❛❞r❛t✐❝ ♣r✐s♠ P
l+v+(t++δ)
l−v−t− ✐s ♥♦t ❡♠♣t②✱ t❤❡♥ P l+v+t+

l−v−t− ✐s ♥♦t ❡♠♣t② ❛♥❞ D
(

p̄l
+v+t+

l−v−t− − p
)

≥

0, ∀p ∈ P
l+v+(t++δ)
l−v−t− ✳

Pr♦♦❢✳ ■❢ P
l+v+(t++δ)
l−v−t− ✐s ♥♦t ❡♠♣t②✱ Pr♦♣♦s✐t✐♦♥ ✸ ✐♥❞✐❝❛t❡s t❤❛t D

(

p̄l+v+(t++δ) − p
l−v−t−

)

≥ 0✳ ❋✉rt❤❡r✱

❛♣♣❛r❡♥t❧② D
(

p̄l+v+t+ − p̄l+v+(t++δ)

)

≥ 0 ❛♥❞ t❤✉s ❞✉❡ t♦ t❤❡ tr❛♥s✐t✐✈❡ ♣r♦♣❡rt② ♦❢ ❢✉♥❝t✐♦♥ D✱ ✇❡ ♦❜t❛✐♥

D
(

p̄l+v+t+ − p
l−v−t−

)

≥ 0✱ ✇❤✐❝❤ ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ❣✐✈❡♥ ❝♦♥❞✐t✐♦♥D
(

p̄l−,v−,t− − p
l+,v+,t+

)

≥ 0 ✐♥❞✐❝❛t❡s

t❤❛t P l+v+t+

l−v−t− ✐s ♥♦t ❡♠♣t② ❜❛s❡❞ ♦♥ Pr♦♣♦s✐t✐♦♥ ✸✳

❋✉rt❤❡r✱ ❢♦r ❛♥② p ∈ P
l+v+(t++δ)
l−v−t− ✱ ✇❡ ❤❛✈❡ D

(

p̄
l+v+(t++δ)
l−v−t− − p

)

> 0✳ ❙✐♥❝❡ D
(

p̄l+v+t+ − p̄l+v+(t++δ)

)

≥

0✱ ✇❡ ❛❧s♦ ❤❛✈❡ D (p̄l+v+t+ − p) ≥ 0 ❞✉❡ t♦ t❤❡ tr❛♥s✐t✐✈❡ ♣r♦♣❡rt② ♦❢ ❢✉♥❝t✐♦♥ D✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t p ∈

P l+v+t+

l−v−t− ❛♥❞ t❤✉s D
(

p̄l
+v+t+

l−v−t− − p
)

≥ 0. ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

❘❡♠❛r❦ ✹✳ ◆♦t❡ t❤❛t ❛s ā → ∞ ❛♥❞ a → −∞✱ ❡✈❡r② s♠♦♦t❤ s♣❡❡❞ tr❛♥s✐t✐♦♥ s❡❣♠❡♥t ♦♥ t❤❡ ❜♦r❞❡rs ♦❢ ❛
q✉❛rt✐❝ ❝♦♥❡ ♦r ♣r✐s♠ r❡❞✉❝❡s ✐♥t♦ ❛ ✈❡rt❡①✱ ❛♥❞ t❤❡ ◗❚● ❝♦♥❝❡♣t ❝♦♥✈❡r❣❡s t♦ t❤❡ ❝❧❛ss✐❝ t✐♠❡ ❣❡♦❣r❛♣❤②
✭▼✐❧❧❡r✱ ✷✵✵✺✮✳ ❇❡s✐❞❡s✱ ✇❤❡♥ t❤❡ s♣❛t✐♦t❡♠♣♦r❛❧ r❛♥❣❡ ♦❢ t❤❡ st✉❞✐❡❞ ♣r♦❜❧❡♠ ✐s ❢❛r ❣r❡❛t❡r t❤❛♥ t❤❛t
✇❤❡r❡ ❛❝❝❡❧❡r❛t✐♦♥ ā ❛♥❞ ❞❡❝❡❧❡r❛t✐♦♥ a ✐s ❞✐s❝❡r♥✐❜❧❡✱ ♥❡✐t❤❡r ✐s ◗❚● ♠✉❝❤ ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ❝❧❛ss✐❝ t✐♠❡
❣❡♦❣r❛♣❤②✳

✷✵



✹✳✷ ❘❡❧❛t✐♦♥s❤✐♣ ❇❡t✇❡❡♥ ◗❚● ❛♥❞ ❙❍

❆s ♣r❡♣❛r✐♥❣ ❢♦r t❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤❡ ❢❡❛s✐❜✐❧✐t② ❛♥❞ ♦♣t✐♠❛❧✐t② ♦❢ t❤❡ ❙❍ s♦❧✉t✐♦♥✱ ✇❡ ♥♦✇ ❞✐s❝✉ss
t❤❡ r❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ tr❛❥❡❝t♦r✐❡s ❣❡♥❡r❛t❡❞ ❢r♦♠ ❋❙P ❛♥❞ ❇❙P ❛♥❞ t❤❡ ❜♦r❞❡rs ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
q✉❛❞r❛t✐❝ ❝♦♥❡s ❛♥❞ ♣r✐s♠s✳ ❋♦r ✉♥✐❢♦r♠✐t②✱ t❤✐s s✉❜s❡❝t✐♦♥ ♦♥❧② ❝♦♥s✐❞❡rs ❋❙P ❛♥❞ ❇❙P ✇✐t❤ t❤❡ ❡①tr❡♠❡

❛❝❝❡❧❡r❛t✐♦♥ ❝♦♥tr♦❧ ✈❛r✐❛❜❧❡ ✈❛❧✉❡s✱ ✐✳❡✳✱
[

ā❢, a❢, ā❜, a❜
]

= [ā, a, ā, a]✳

Pr♦♣♦s✐t✐♦♥ ✺✳ ❚❤❡ ❢♦r✇❛r❞ s❤♦♦t✐♥❣ tr❛❥❡❝t♦r② p❢ ((l, v, t−) , ∅) ❣❡♥❡r❛t❡❞ ❢r♦♠ ❋❙P ♦✈❡r❧❛♣s p̄lvt−(t
− : ∞)✳

Pr♦♣♦s✐t✐♦♥ ✻✳ ●✐✈❡♥ t✇♦ ❢❡❛s✐❜❧❡ st❛t❡ ♣♦✐♥ts (l−, v−, t−) ❛♥❞ (l+, v+, t+) ✇✐t❤ l+ > l− ❛♥❞ t+ > t− s✉❝❤

t❤❛t q✉❛❞r❛t✐❝ ♣r✐s♠ P l+v+t+

l−v−t− 6= ∅✱ t❤❡ ❡①t❡♥❞❡❞ ❜❛❝❦✇❛r❞ s❤♦♦t✐♥❣ tr❛❥❡❝t♦r② p❡❜((l+, v+, t+), p❢((l−, v−, t−), ∅))

❣❡♥❡r❛t❡❞ ❢r♦♠ ❇❙P ♦✈❡r❧❛♣s p̄l
+v+t+

l−v−t−(t
− : ∞).

❚❤❡s❡ t✇♦ ♣r♦♣♦s✐t✐♦♥s ♦❜✈✐♦✉s❧② ❤♦❧❞ ❜❛s❡❞ ♦♥ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ ❋❙P ❛♥❞ ❇❙P ❛♥❞ t❤✉s ✇❡ ♦♠✐t t❤❡
♣r♦♦❢s✳ ❚❤❡s❡ ♣r♦♣❡rt✐❡s ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❝❛s❡s ✇❤❡r❡ t❤❡ ❝✉rr❡♥t tr❛❥❡❝t♦r② ✐s ❜♦✉♥❞❡❞ ❜② ♦♥❡ ♦r ♠✉❧t✐♣❧❡
♣r❡❝❡❞✐♥❣ tr❛❥❡❝t♦r✐❡s ❢r♦♠ t❤❡ t♦♣✳

❉❡✜♥✐t✐♦♥ ✶✹✳ ●✐✈❡♥ ❛ s❡t ♦❢ tr❛❥❡❝t♦r✐❡s q = {q1, q2, · · · , qM ∈ T }✱ ✇❡ ❞❡✜♥❡ u(q, t) := minm∈{1,··· ,M} qm(t), ∀t
❛♥❞ ✇❡ ❝❛❧❧ ❢✉♥❝t✐♦♥ u(q, ·) ❛ q✉❛s✐✲tr❛❥❡❝t♦r② ❛♥❞ ❞❡♥♦t❡ ✐t ✇✐t❤ u(q) ❢♦r s✐♠♣❧✐❝✐t②✳ ▲❡t U ❞❡♥♦t❡ t❤❡ s❡t
♦❢ ❛❧❧ q✉❛s✐✲tr❛❥❡❝t♦r✐❡s✳ ◆♦t❡ t❤❛t ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥ D ❝❛♥ ❜❡ ❡❛s✐❧② ❡①t❡♥❞❡❞ t♦ U ✱ ✐✳❡✳✱ D (u− u′) :=

mint∈(∞,∞) (u(t)− u′(t)) , ∀u, u′ ∈ U ✳ ❲❡ ❝❛♥ ❛❧s♦ ❞❡♥♦t❡ ❊❋❙P r❡s✉❧t p❢ ((l, v, t) ,q) ❛s p❢ ((l, v, t) , u(q))✳
❋✉rt❤❡r✱ ❧❡t p(q) ❞❡♥♦t❡ t❤❡ tr❛❥❡❝t♦r② ❣❡♥❡r❛t❡❞ ❜② ♠❡r❣✐♥❣ ❛❧❧ tr❛❥❡❝t♦r✐❡s ✐♥ q ✇✐t❤ ❊❋❙❖✱ ❛♥❞ ✇❡ ❝❛♥
❛❧s♦ ❞❡♥♦t❡ ❇❙P r❡s✉❧t p❜ ((l, v, t) , p(q)) ❛♥❞ p❡❜ ((l, v, t) , p(q)) ❛s p❜ ((l, v, t) , u(q)) ❛♥❞ p❡❜ ((l, v, t) , u(q))✱
r❡s♣❡❝t✐✈❡❧②✱ ❢♦r s✐♠♣❧✐❝✐t②✳

❉❡✜♥✐t✐♦♥ ✶✺✳ ●✐✈❡♥ ❛ ❢❡❛s✐❜❧❡ st❛t❡ ♣♦✐♥t (l, v, t−) ❛♥❞ ❛ q✉❛s✐✲tr❛❥❡❝t♦r② u ∈ U ✱ ✇❡ ❞❡✜♥❡ Cu
lvt− :=

{p |p ∈ Clvt− , D (u− p) ≥ 0}✱ ✇❤✐❝❤ ✇❡ ❝❛❧❧ ❛ ❜♦✉♥❞❡❞ ❝♦♥❡ ♦❢ (l, v, t−) ✇✐t❤ r❡s♣❡❝t t♦ u✳

❉❡✜♥✐t✐♦♥ ✶✻✳ ●✐✈❡♥ t✇♦ ❢❡❛s✐❜❧❡ st❛t❡ ♣♦✐♥ts (l−, v−, t−)✱ (l+, v+, t+) ❛♥❞ ❛ q✉❛s✐✲tr❛❥❡❝t♦r② u ∈ U ✱ ✇❡

❞❡✜♥❡ P l+v+t+,u
l−v−t− :=

{

p
∣

∣

∣
p ∈ P l+v+t+

l−v−t− , D (u− p) ≥ 0
}

✱ ✇❤✐❝❤ ✇❡ ❝❛❧❧ ❛ ❜♦✉♥❞❡❞ ♣r✐s♠ ♦❢ (l−, v−, t−) ❛♥❞

(l+, v+, t+) ✇✐t❤ r❡s♣❡❝t t♦ u✳

❆♣♣❛r❡♥t❧②✱ ❜♦✉♥❞❡❞ ❝♦♥❡s ❛♥❞ ♣r✐s♠s s❤❛❧❧ s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✳

Pr♦♣♦s✐t✐♦♥ ✼✳ ●✐✈❡♥ ❛♥② t✇♦ ❢❡❛s✐❜❧❡ st❛t❡ ♣♦✐♥ts (l−, v−, t−)✱ (l+, v+, t+) ❛♥❞ t✇♦ q✉❛s✐✲tr❛❥❡❝t♦r✐❡s

u, u′ ∈ T ✇✐t❤ D(u′ − u) ≥ 0✱ t❤❡♥ Cu
l−v−t− ⊆ Cu′

l−v−t− ❛♥❞ P l+v+t+,u
l−v−t− ⊆ P l+v+t+,u′

l−v−t− ✳

❚❤❡♥ ✇❡ ✇✐❧❧ ♣r♦✈❡ ❧❡ss ✐♥t✉✐t✐✈❡ ♣r♦♣❡rt✐❡s ❢♦r ❜♦✉♥❞❡❞ ❝♦♥❡s ❛♥❞ ♣r✐s♠s✳

Pr♦♣♦s✐t✐♦♥ ✽✳ ●✐✈❡♥ ❛ ❢❡❛s✐❜❧❡ st❛t❡ ♣♦✐♥t (l, v, t−) ❛♥❞ ❛ tr❛❥❡❝t♦r② p′ ∈ T ✱ t❤❡♥ tr❛❥❡❝t♦r② p❢((l, v, t−), p′)

♦❜t❛✐♥❡❞ ❢r♦♠ ❋❙P ✐s ♥♦t ❡♠♣t② ⇔ Cp′

lvt− 6= ∅ ⇔ D
(

p′ − p
lvt−

)

≥ 0✳

Pr♦♦❢✳ ■t ✐s ❛♣♣❛r❡♥t t❤❛t p❢ := p❢((l, v, t−), p′) 6= ∅ ❧❡❛❞s t♦ Cp′

lvt− 6= ∅ ❜❡❝❛✉s❡ p❢ ∈ Cp′

lvt− ✳ ❋✉rt❤❡r ✐❢ ✇❡

❝❛♥ ✜♥❞ ❛ ❢❡❛s✐❜❧❡ tr❛❥❡❝t♦r② ✐♥ p ∈ Cp′

lvt− ✱ ✇❡ ❦♥♦✇ t❤❛t D (p′ − p) ≥ 0 ❛♥❞ D
(

p− p
lvt−

)

≥ 0✱ ✇❤✐❝❤

②✐❡❧❞s D
(

p′ − p
lvt−

)

≥ 0 s✐♥❝❡ D ✐s tr❛♥s✐t✐✈❡✳ ◆♦✇ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ♣r♦✈❡ t❤❛t D
(

p′ − p
lvt−

)

≥ 0 ❧❡❛❞s t♦

p❢((l, v, t−), p′) 6= ∅✳ ◆♦✇ ✇❡ ❛r❡ ❣✐✈❡♥ p′(t) ≥ p
lvt−

(t), ∀t ∈ [t−,∞)✳ ■❢ p′(t) ≥ p̄lvt−(t), ∀t ∈ [t−,∞)✱ t❤❡♥

Pr♦♣♦s✐t✐♦♥ ✺ ✐♥❞✐❝❛t❡s p❢((l, v, t−), p′) = p❢((l, v, t−), ∅) t❤❛t ♦✈❡r❧❛♣s p̄lvt−(t− : ∅)✳ ❚❤❡r❡❢♦r❡ p❢((l, v, t−), p′)
s❤♦✉❧❞ ❜❡ ❛❧✇❛②s ♥♦♥✲❡♠♣t②✳ ❖t❤❡r✇✐s❡✱ ✐t s❤♦✉❧❞ ❜❡ t❤❛t p′(t) ≥ p̄lvt−(t), ∀t ∈ [t−, t∗)✱ p′(t∗) = p̄lvt−(t

∗) ❛♥❞
p′(t) < p̄lvt−(t), ∀t ∈ (t∗,∞) ❢♦r s♦♠❡ t∗ ∈ [t−,∞)✳ ❲❡ ✜rst ❞❡✜♥❡ ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦❢ t✐♠❡ t̂ ∈ [t−,∞)
❛s ❢♦❧❧♦✇s✳ ❲❡ ❝♦♥str✉❝t ❛ tr❛❥❡❝t♦r② ❞❡♥♦t❡❞ ❜② p

t̂
❝♦♠♣♦s❡❞ ❜② ♠❛①✐♠❛❧❧② ❛❝❝❡❧❡r❛t✐♥❣ s❡❝t✐♦♥ p̄lvt−(t

− : t̂)

❛♥❞ ❛ ♠❛①✐♠❛❧❧② ❞❡❝❡❧❡r❛t✐♥❣ s❡❝t✐♦♥ p
p
lvt−

(t̂)ṗ
lvt−

(t̂)t−
(t− : ∞)✳ ❚❤❡♥ ✇❡ ❞❡✜♥❡ ❢✉♥❝t✐♦♥

d(t̂) := D
(

p′ − p
t̂

)

= min
t∈[t−,∞)

p′(t)− p
t̂
(t).

✷✶



◆♦t❡ t❤❛t ❛s t̂ ✐♥❝r❡❛s❡s ❝♦♥t✐♥✉♦✉s❧②✱ p
t̂
(t) ✐♥❝r❡❛s❡s ❝♦♥t✐♥✉♦✉s❧② ❛t ❡✈❡r② t ∈ [t−,∞)✳ ❚❤❡♥ ✇❡ ❝❛♥ s❡❡ t❤❛t

❢✉♥❝t✐♦♥ d(t̂) s❤❛❧❧ ❝♦♥t✐♥✉♦✉s❧② ❞❡❝r❡❛s❡ ✇✐t❤ t̂✳ ◆♦t❡ t❤❛t p
t̂
✐s ✐❞❡♥t✐❝❛❧ t♦ p

lvt−
✇❤❡♥ t̂ = 0✳ ❚❤❡♥ s✐♥❝❡

p′(t) ≥ p
lvt−

(t), ∀t ∈ [t−,∞)✱ ✇❡ ♦❜t❛✐♥ d(0) ≥ 0✳ ❋✉rt❤❡r✱ ❛s t̂ ✐♥❝r❡❛s❡s t♦ t∗✱ t❤❡♥ p
t̂
(t) ❛♥❞ p′(t) s❤❛❧❧

✐♥t❡rs❡❝t✐♦♥ ❛t t∗✱ ✇❤✐❝❤ ✐♥❞✐❝❛t❡s t❤❛t d(t∗) ≤ 0✳ ❉✉❡ t♦ ❇♦❧③❛♥♦✬s ❚❤❡♦r❡♠ ✭❆♣♦st♦❧✱ ✶✾✻✾✮✱ ✇❡ ❝❛♥ ❛❧✇❛②s
✜♥❞ ❛ t̂♠ ∈ [t−, t∗] s✉❝❤ t❤❛t d(t̂♠) = 0✱ ✇❤✐❝❤ ✐♥❞✐❝❛t❡s t❤❛t p′ ❛♥❞ p

t̂♠ ❣❡t t❛♥❣❡♥t ❛t ❛ t✐♠❡ t̄♠ ∈ [t̂♠,∞).

❚❤❡♥ ❛ tr❛❥❡❝t♦r② p❢ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ❝♦♥❝❛t❡♥❛t✐♥❣ p̄lvt−
(

t− : t̂♠
)

✱
(

p̄lvt−
(

t̂♠
)

, ˙̄plvt−
(

t̂♠
)

, a, t̂♠, t̄♠
)

✱

p′ (t̄♠ : ∞)✳ ◆♦t❡ t❤❛t p❢ ✐s ❡①❛❝t❧② p❢((l, v, t−), p′) ❛♥❞ t❤✉s p❢((l, v, t−), p′) ✐s ♥♦t ❡♠♣t②✳ ❚❤✐s ❝♦♠♣❧❡t❡s
t❤❡ ♣r♦♦❢✳

❲❡ ❝❛♥ ❢✉rt❤❡r ❡①t❡♥❞ t❤✐s r❡s✉❧t t♦ ❛ q✉❛s✐✲tr❛❥❡❝t♦r② ❛s ❛♥ ✉♣♣❡r ❜♦✉♥❞✳

❈♦r♦❧❧❛r② ✷✳ ●✐✈❡♥ ❛ ❢❡❛s✐❜❧❡ st❛t❡ ♣♦✐♥t (l, v, t−) ❛♥❞ ❛ q✉❛s✐✲tr❛❥❡❝t♦r② u ∈ U ✱ t❤❡♥ tr❛❥❡❝t♦r② p❢((l, v, t−), u)

♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❊❋❙P ✐s ♥♦t ❡♠♣t② ⇔ Cu
lvt− 6= ∅ ⇔ D

(

u− p
lvt−

)

≥ 0✳

Pr♦♣♦s✐t✐♦♥ ✾✳ ●✐✈❡♥ ❛ ❢❡❛s✐❜❧❡ st❛t❡ ♣♦✐♥t (l, v, t−)✱ ❛ q✉❛s✐✲tr❛❥❡❝t♦r② u ∈ U ❛♥❞ s❝❛❧❛rs δ, δ′ ≥ 0✱ ✐❢

Cu
lvt 6= ∅✱ t❤❡♥ Cu

(l−δ)v(t−+δ′) 6= ∅ ❛♥❞ ✇❡ ♦❜t❛✐♥ D
(

p❢((l, v, t−), u)− p
)

≥ 0, ∀p ∈ Cu
(l−δ)v(t−+δ′)✳

Pr♦♦❢✳ ❲❡ ✜rst ♣r♦✈❡ ✐❢ Cu
lvt 6= ∅✱ t❤❡♥ Cu

(l−δ)v(t−+δ′) 6= ∅✳ ❉✉❡ t♦ ❈♦r♦❧❧❛r② ✷✱ ✇❡ ❦♥♦✇ D
(

u− p
lvt−

)

≥ 0✳

❙✐♥❝❡ ❛♣♣❛r❡♥t❧② D
(

p
lvt−

− p
(l−δ)v(t−+δ′)

)

≥ 0✱ ✇❡ ♦❜t❛✐♥ D
(

u− p
(l−δ)v(t−+δ′)

)

≥ 0 ❞✉❡ t♦ t❤❡ tr❛♥s✐t✐✈❡

♣r♦♣❡rt② ♦❢ ♦♣❡r❛t♦r D✳ ❚❤✐s ②✐❡❧❞s Cu
(l−δ)v(t−+δ′) 6= ∅ ❜❛s❡❞ ♦♥ ❈♦r♦❧❧❛r② ✷✳

❚❤❡♥ ✇❡ ♣r♦✈❡ t❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt ♦❢ t❤✐s ♣r♦♣♦s✐t✐♦♥✳ ■♥ ❝❛s❡ t❤❛t D (u− p̄lvt−) ≥ 0✱ p❢ := p❢((l, v, t−), u)

s❤❛❧❧ ❜❡ ✐❞❡♥t✐❝❛❧ t♦ p̄lvt− ❛♥❞ t❤✉s D
(

p❢ − p
)

≥ 0 ♦❜✈✐♦✉s❧② ❤♦❧❞s ∀p ∈ Cu
lvt− = Clvt− . ❖t❤❡r✇✐s❡✱ ✇❡

❦♥♦✇ t❤❛t p❢ =
[

p̄lvt− (t− : t♠) , s♠ :=
(

p̄lvt−
(

t̂♠
)

, ˙̄plvt−
(

t̂♠
)

, a, t̂♠, t̄♠
)

, p′
(

t✰ : ∞
)]

❢♦r s♦♠❡ t♠ ❛♥❞ t+

s❛t✐s❢②✐♥❣ t− ≤ t♠ ≤ t✰ ≤ ∞✱ ✇❤❡r❡ p′ ✐s t❤❡ ❧♦✇❡r✲❜♦✉♥❞ tr❛❥❡❝t♦r② ♠❡r❣❡❞ ❜② ❛❧❧ ❡❧❡♠❡♥ts ✐♥ u ✇✐t❤

❊❋❙❖✳ ■❢ ∃p ∈ Cu
lvt− s✉❝❤ t❤❛t D

(

p❢ − p
)

< 0✱ t❤❡♥ t❤❡r❡ ♠✉❝❤ ❡①✐st ❛ t̃ ∈ (t♠, t✰) s✉❝❤ t❤❛t p
(

t̃
)

✐s str✐❝t❧②

❛❜♦✈❡ s♠✳ ❙✐♥❝❡D(p̄lvt− − p) ≥ 0 ❛♥❞D

(

p− p
p(t̃)ṗ(t̃)t̃

)

≥ 0✱ t❤✉s ✇❡ ❤❛✈❡D
(

p̄lvt− − p
p(t̃)ṗ(t̃)t̃

)

≥ 0✱ ✇❤✐❝❤

✐♥❞✐❝❛t❡s p
p(t̃)ṗ(t̃)t̃

❛♥❞ s♠ ❤❛✈❡ t♦ ✐♥t❡rs❡❝t ❛t ❛ t✐♠❡ t′ ∈
[

t̂♠, t̃
)

✳ ❍♦✇❡✈❡r✱ s✐♥❡D (u− p) ≥ 0✱ t❤✉s p
p(t̃)ṗ(t̃)t̃

♥❡❡❞s t♦ ✐♥t❡rs❡❝t ✇✐t❤ s♠ ❛t ❛♥♦t❤❡r t✐♠❡ t” ∈
(

t̃, t̄♠
]

✳ ❚❤✐s ✐s ❝♦♥tr❛❞✐❝t♦r② t♦ t❤❡ ❢❛❝t t❤❛t s♠ ❤❛s ❛❧r❡❛❞②

❞❡❝❡❧❡r❛t❡❞ ❛t t❤❡ ❡①tr❡♠❡ ❞❡❝❡❧❡r❛t✐♦♥ r❛t❡ a✳ ❚❤✐s ❝♦♥tr❛❞✐❝t✐♦♥ ♣r♦✈❡s t❤❛t D
(

p❢ − p
)

≥ 0, ∀p ∈ Cp′

lvt− ✳

❋✉rt❤❡r✱ ❣✐✈❡♥ δ, δ′ ≥ 0✱ ❢♦r ❛♥② p ∈ Cu
(l−δ)v(t−+δ′),✇❡ ❝❛♥ ✜♥❞ ❛ p′ ∈ Cp′

lvt−s❛t✐s❢②✐♥❣ D(p′ − p) ≥ 0 ✇✐t❤ ❛

s✐♠✐❧❛r ❛r❣✉♠❡♥t✳ ❚❤✐s ♣r♦✈❡s t❤❛t D
(

p❢ − p′
)

≥ 0, ∀p′ ∈ Cu
(l−δ)v(t−+δ′), δ, δ

′ ≥ 0.

❙②♠♠❡tr✐❝❛❧❧②✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ s✐♠✐❧❛r ♣r♦♣❡rt✐❡s ❢♦r ❇❙P ❛s ✇❡❧❧✳

❈♦r♦❧❧❛r② ✸✳ ●✐✈❡♥ ❛ ❢❡❛s✐❜❧❡ st❛t❡ ♣♦✐♥t (l, v, t+) ❛♥❞ ❛ q✉❛s✐✲tr❛❥❡❝t♦r② u ∈ U ✱ tr❛❥❡❝t♦r② p❡❜((l, v, t+), u)

♦❜t❛✐♥❡❞ ❢r♦♠ ❇❙P ✐s ♥♦t ❡♠♣t② ⇔ Cu
lvt+ 6= ∅ ⇔ D

(

u− p
pvt+

)

≥ 0✳ ■❢ Cu
lvt+ 6= ∅✱ ✇❡ ♦❜t❛✐♥ Cu

(l−δ)v(t++δ′) 6= ∅

❛♥❞ D
(

p❡❜ − p
)

≥ 0, ∀p ∈ Cu
(l−δ)v(t++δ′).

❈♦♠❜✐♥✐♥❣ ❈♦r♦❧❧❛r✐❡s ✷❛♥❞ ✸ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ✇✐t❤ r❡s♣❡❝t t♦ ❛ q✉❛❞r❛t✐❝ ♣r✐s♠✳

❈♦r♦❧❧❛r② ✹✳ ●✐✈❡♥ t✇♦ ❢❡❛s✐❜❧❡ st❛t❡ ♣♦✐♥t (l−, v−, t−)✱ (l+, v+, t+) s❛t✐s❢②✐♥❣ D
(

p̄l−v−t− − p
l+v+t+

)

≥ 0

❛♥❞ D
(

p̄l+v+t+ − p
l−v−t−

)

≥ 0✱ ❛♥❞ ❛ q✉❛s✐✲tr❛❥❡❝t♦r② u ∈ U ✱ t❤❡♥ p❢((l−, v−, t−), u) 6= ∅ ❛♥❞ p❡❜((l+, v+, t+), u) 6=

∅ ⇔ P l+v+t+,u
l−v−t− 6= ∅ ⇔ D(u − p

l−v−t−
) ≥ 0 ❛♥❞ D(u − p

l+v+t+
) ≥ 0✳ ❲❤❡♥❡✈❡r P l+v+t+,u

l−v−t− 6= ∅✱ ✇❡ ♦❜t❛✐♥

D
(

p❡❜ − p
)

≥ 0, ∀p ∈ P
(l+−δ)v+(t++δ′),u
(l−−ǫ)v−(t−+ǫ′) , δ, δ′, ǫ, ǫ′ ≥ 0✳

✷✷



✹✳✸ ❋❡❛s✐❜✐❧✐t② Pr♦♣❡rt✐❡s

❆❧t❤♦✉❣❤ t❤❡ ♣r♦♣♦s❡❞ ❤❡✉r✐st✐❝ ❛❧❣♦r✐t❤♠s ❛r❡ ❡ss❡♥t✐❛❧❧② ❤❡✉r✐st✐❝s t❤❛t ♠❛② ♥♦t ❡①♣❧♦r❡ t❤❡ ❡♥t✐r❡ ❢❡❛s✐❜❧❡
r❡❣✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠✱ ✐t ❝❛♥ ❜❡ ✉s❡❞ ❛s ❛ t♦✉❝❤st♦♥❡ ❢♦r t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠s
✉♥❞❡r ❝❡rt❛✐♥ ♠✐❧❞ ❝♦♥❞✐t✐♦♥s✳ ❚❤✐s s❡❝t✐♦♥ ✇✐❧❧ ❞✐s❝✉ss t❤❡ r❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ t❤❡ ❙❍
s♦❧✉t✐♦♥s ❛♥❞ t❤❛t ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠s✳ ◆♦t❡ t❤❛t ✇✐t❤ ❞✐✛❡r❡♥t ❛❝❝❡❧❡r❛t✐♦♥ ✈❛❧✉❡s✱ t❤❡ ❙❍ ❛❧❣♦r✐t❤♠
②✐❡❧❞s ❞✐✛❡r❡♥t s♦❧✉t✐♦♥s✳ ❋♦r ✉♥✐❢♦r♠✐t②✱ t❤✐s s❡❝t✐♦♥ ♦♥❧② ✐♥✈❡st✐❣❛t❡s t❤❡ r❡♣r❡s❡♥t❛t✐✈❡ ❙❍ ❛❧❣♦r✐t❤♠ ✇✐t❤
ā❢ = ā❜ = ā ❛♥❞ a❢ = a❜ = a✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥❛❧②s✐s ✐♥✈❡st✐❣❛t❡s ▲❱P✱ ✐✳❡✳✱ t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ P▲❱P ❛♥❞ t❤❛t ♦❢ PP❙❍ (a, ā) ✳

❉❡✜♥✐t✐♦♥ ✶✼✳ ❊♥tr② ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ [v−n , t
−
n ]n∈N ✐s ♣r♦♣❡r ✐❢ v−n ∈ [0, v̄] , ∀n ∈ N ❛♥❞

D
(

p̄(ms−ns)v−

m(t−m+nτ−mτ) − p
0v−

n t−n

)

≥ 0, ∀m < n ∈ N .

Pr♦♣♦s✐t✐♦♥ ✶✵✳ P 6= ∅ ⇒[v−n , t
−
n ]n∈N ✐s ♣r♦♣❡r✳

Pr♦♦❢✳ ❲❤❡♥ P 6= ∅, ❧❡t P = [pn]n∈N ❞❡♥♦t❡ ❛ ❣❡♥❡r✐❝ ❢❡❛s✐❜❧❡ tr❛❥❡❝t♦r② ✈❡❝t♦r ✐♥ P✳ ❋♦r ❛♥② ❣✐✈❡♥
m < n ∈ N ✱ ❜❛s❡❞ ♦♥ s❛❢❡t② ❝♦♥str❛✐♥t ✭✹✮✱ ✇❡ ♦❜t❛✐♥ D (psm − pm+1) ≥ 0, D

(

psm+1 − pm+2

)

≥ 0, · · · ,

D
(

psn−1 − pn
)

≥ 0✳ ❚❤✐s ❝❛♥ ❜❡ tr❛♥s❧❛t❡❞ ❛s D
(

ps
n−m

m − ps
n−m−1

m+1

)

≥ 0, D
(

ps
n−m−1

m+1 − ps
n−m−2

m+2

)

≥ 0, · · · ,

D
(

psn−1 − pn
)

≥ 0✱ ✇❤✐❝❤ ✐♥❞✐❝❛t❡s t❤❛t D
(

ps
n−m

m − pn

)

≥ 0 ❞✉❡ t♦ t❤❡ tr❛♥s✐t✐✈❡ ♣r♦♣❡rt② ♦❢ ❢✉♥❝✲

t✐♦♥ D (·)✳ ❋✉rt❤❡r✱ s✐♥❝❡ D
(

p̄(ms−ns)v−

m[t−m+(n−m)τ] − ps
n−m

m

)

≥ 0 ❛♥❞ D
(

pn − p
0v−

n t−n

)

≥ 0 ✱ ✇❡ ♦❜t❛✐♥

D
(

p̄(ms−ns)v−

m[t−m+(n−m)τ] − p
0v−

n t−n

)

≥ 0, ∀m < n ∈ N ✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

❚❤❡♦r❡♠ ✶✳ P▲❱P 6= ∅ ⇔ PP❙❍ (a, ā) 6= ∅ ⇔ [v−n , t
−
n ]n∈N ✐s ♣r♦♣❡r✳

Pr♦♦❢✳ ❲❤❡♥ [v−n , t
−
n ]n∈N ✐s ♣r♦♣❡r✱ ❜❛s❡❞ ♦♥ ❈♦r♦❧❧❛r② ✸✱ ✇❡ ❦♥♦✇ t❤❛t ❡✈❡r② ❊❋❙P st❡♣ ✇✐❧❧ ❣❡♥❡r❛t❡ ❛

❢❡❛s✐❜❧❡ tr❛❥❡❝t♦r②✳ ❚❤✉s PP❙❍ (a, ā) ✐s ❢❡❛s✐❜❧❡✳ ❙✐♥❝❡ PP❙❍ (a, ā) ∈ P▲❱P✱ ✇❡ s❡❡ t❤❛t P▲❱P ✐s ❢❡❛s✐❜❧❡✱
t♦♦✳ ❋✉rt❤❡r✱ Pr♦♣♦s✐t✐♦♥ ✶✵ ✐♥❞✐❝❛t❡s t❤❛t ✇❤❡♥ P▲❱P ✐s ❢❡❛s✐❜❧❡✱ ✇❤✐❝❤ ♠❡❛♥s P t♦♦ ✐s ❢❡❛s✐❜❧❡✱ [v−n , t

−
n ]n∈N

✐s ♣r♦♣❡r✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

◆♦✇ ✇❡ ❛❞❞ ❜❛❝❦ t❤❡ s✐❣♥❛❧ ❝♦♥tr♦❧ ❛♥❞ ✐♥✈❡st✐❣❛t❡ t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ P ✉♥❞❡r ♠✐❧❞❡r ❝♦♥❞✐t✐♦♥s ✇✐t❤ t❤❡
❙❍ s♦❧✉t✐♦♥✳ ❲❡ ❝♦♥s✐❞❡r ❛ s♣❡❝✐❛❧ s✉❜s❡t ♦❢ P ✇❤❡r❡ ❡✈❡r② tr❛❥❡❝t♦r② ❤❛s t❤❡ ♠❛①✐♠✉♠ s♣❡❡❞ ♦❢ v̄ ❛t t❤❡
❡①✐t ❧♦❝❛t✐♦♥ L✱ ✐✳❡✱

P̂ :=
{

[pn] n∈N ∈ P
∣

∣ṗn
(

p−1
n (L)

)

= v̄, ∀n ∈ N
}

.

❚❤✐s s✉❜s❡t ✐s ♥♦t t♦♦ r❡str✐❝t✐✈❡✱ ❜❡❝❛✉s❡ ✐♥ ♦r❞❡r t♦ ❛ss✉r❡ ❛ ❤✐❣❤ tr❛✣❝ t❤r♦✉❣❤♣✉t r❛t❡✱ t❤❡ ❡①✐st
s♣❡❡❞ ♦❢ ❡❛❝❤ ✈❡❤✐❝❧❡ s❤♦✉❧❞ ❜❡ ❤✐❣❤✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥❛❧②s✐s ✐♥✈❡st✐❣❛t❡s t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ P̂ ❛♥❞
P❙❍ (a, ā, a, ā)✳

Pr♦♣♦s✐t✐♦♥ ✶✶✳ ❲❤❡♥ L ≥ v̄2/(2ā)✱ ✐❢ P❙❍ (a, ā, a, ā) = [pn] n∈N ✐s ❢❡❛s✐❜❧❡✱ t❤❡♥ ṗn (t) = v̄, ∀t ≥
p−1
n (L), n ∈ N ✳

Pr♦♦❢✳ ❲❡ ✉s❡ ✐♥❞✉❝t✐♦♥ t♦ ♣r♦✈❡ t❤✐s ♣r♦♣♦s✐t✐♦♥✳ ❚❤❡ ✐♥❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥ ✐s ˙, pn (t) = v̄, ∀t ≥ p−1
n (L)✳ ■❢

t❤❡ ❇❙P ✐s ♥♦t ♥❡❡❞❡❞✱ Pr♦♣♦s✐t✐♦♥ ✺ ✐♥❞✐❝❛t❡s t❤❛t p1 = p❢1 = p̄0v−

1
t−
1

(

t−1 : ∞
)

❛♥❞ t❤✉s s✐♥❝❡ L ≥ v̄2/(2ā)✱ ✇❡

♦❜t❛✐♥ ṗ1 (t) = ˙̄p0v−

1
t−
1

(t) = v̄, ∀t ≥ p−1
1 (L) = p̄−1

0v−

1
t−
1

(L)✳ ❖t❤❡r✇✐s❡✱ ✐❢ ❇❙P ✐s ❛❝t✐✈❛t❡❞✱ ✐t s❤♦♦ts ❜❛❝❦✇❛r❞s

❢r♦♠ t❤❡ st❛t❡ ♣♦✐♥t
(

L, p̄0v−

1
t−
1

(

p̄−1

0v−

1
t−
1

(L)
)

= v̄, G
(

p̄−1

0v−

1
t−
1

(L)
))

✱ ❛♥❞ t❤✉s Pr♦♣♦s✐t✐♦♥ ✻ ✐♥❞✐❝❛t❡s t❤❛t

p1 = p̄
Lv̄G

(

p̄−1

0v
−

1
t
−

1

(L)

)

0v−

1
t−
1

✳ ❚❤❡r❡❢♦r❡✱ ṗ1 (t) = v̄, ∀t ≥ p−1
1 (L) ❤♦❧❞s ❛❣❛✐♥ s✐♥❝❡ L ≥ v̄2/(2ā)✳ ❚❤❡♥ ❛ss✉♠❡

t❤❛t t❤✐s ❛ss✉♠♣t✐♦♥ ❤♦❧❞s ❢♦r n = k − 1✱ ❛♥❞ ✇❡ ✇✐❧❧ ✐♥✈❡st✐❣❛t❡ ✇❤❡t❤❡r ✐t ❤♦❧❞s ❢♦r n = k, ∀k ∈ N\{1}.

✷✸



■❢ t❤❡ ♣r✐♠❛r② ❋❙P ✐s ♥♦t ❜❧♦❝❦❡❞ ❜② psk−1✱ ❛♣♣❛r❡♥t❧② pk = p̄0v−

k
t−
k

✐❢ t❤❡ ❇❙P ✐s ♥♦t ♥❡❡❞❡❞✱ ♦r pk =

p̄
Lv̄G

(

p̄−1

0v
−

k
t
−

k

(L)

)

0v−

k
t−
k

✐❢ t❤❡ ❇❙P ✐s ❛❝t✐✈❛t❡❞✳ ❊✐t❤❡r ✇❛② ṗk (t) = v̄, ∀t ≥ p−1
k (L) ❤♦❧❞s s✐♥❝❡ L ≥ v̄2/(2ā)✳

❖t❤❡r✇✐s❡✱ p❢k ♠❡r❣❡s ✐♥t♦ psk−1 ❜❡❢♦r❡ r❡❛❝❤✐♥❣ L✱ ❛♥❞ t❤✉s ❜❛s❡❞ ♦♥ t❤❡ ✐♥❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥ ✇❡ ♦❜t❛✐♥

ṗ❢k
(

p❢−1
k (L)

)

= ṗsk−1

(

ps−1
k−1(L)

)

= ṗk−1

(

p−1
k−1(L+ s)

)

= v̄.◆♦t❡ t❤❛t ❛❣❛✐♥ t❤❡ ❇❙P ❝♦✉❧❞ ♦♥❧② s❤✐❢t s❡❣♠❡♥ts

✐♥ ♣❛r❛❧❧❡❧ ❛♥❞ t❤✉s ṗk
(

p−1
k (L)

)

= ṗ❢k
(

p❢−1
k (L)

)

= v̄✳ ❚❤❡ ✐♥❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥ ❛❧s♦ ✐♥❞✐❝❛t❡s t❤❛t t❤❡

s❡❣♠❡♥ts ♦❢ pk−1 ✉s❡❞ ✐♥ t❤❡ ❛✉①✐❧✐❛r② ❋❙P ❢♦r pk ✐s ❛t ❝♦♥st❛♥t s♣❡❡❞ v̄✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ❛✉①✐❧✐❛r②
❋❙P ❢♦r pk ✇✐❧❧ ♥♦t ❜❡ ❜❧♦❝❦❡❞ ❜② pk−1✱ ❛♥❞ t❤✉s ✇❡ ♦❜t❛✐♥ ṗk (t) = v̄, ∀t ≥ p−1

k (L)✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡
♣r♦♦❢✳

❚❤❡♦r❡♠ ✷✳ ❲❤❡♥ L ≥ v̄2/(2ā) ✱ P̂ 6= ∅ ⇔ P❙❍ (a, ā, a, ā) 6= ∅ ✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ s✉✣❝✐❡♥❝② ✐s s✐♠♣❧❡✳ ❆❣❛✐♥✱ ✇❡ ❝❛♥ ✇r✐t❡ P❙❍ (a, ā, a, ā) ❛s [pn] n∈N ✳ ❲❤❡♥
P❙❍ (a, ā, a, ā) 6= ∅✱ Pr♦♣♦s✐t✐♦♥ ✶✶ ✐♥❞✐❝❛t❡s t❤❛t P ∈ P̂ ❛♥❞ t❤✉s P̂ 6= ∅.

❚❤❡♥ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ♣r♦✈❡ t❤❡ ♥❡❝❡ss✐t②✳ ❲❤❡♥ t❤❡r❡ ❡①✐sts P ′ = [p′n] n∈N ∈ P̂ t❤❛t ✐s ♥♦t ❡♠♣t②✱ ✇❡
✇✐❧❧ s❤♦✇ t❤❛t [pn] n∈N t♦♦ ✐s ♥♦t ❡♠♣t② ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❞✉❝t✐♦♥✳ ❋♦r t❤❡ ♥♦t❛t✐♦♥ ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡
❞❡♥♦t❡ t

′+
n = (p′n)

−1
(L) ❛♥❞ t+n := p−1

n (L)✳ ❚❤❡ ✐♥❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥ ✐s t❤❛t pn ❡①✐sts ❛♥❞ D (pn − p′n) ≥ 0✳
❲❤❡♥ n = 1, ✐❢ ❇❙P ✐s ♥♦t ❛❝t✐✈❛t❡❞ ✐♥ ❝♦♥str✉❝t✐♥❣ p1✱ t❤❡♥ p1 = p❢

((

0, v−1 , t
−
1

)

, ∅
)

= p̄0v−

1
t−
1

(t− : ∞)

❜❛s❡❞ ♦♥ Pr♦♣♦s✐t✐♦♥ ✺✳ ❚❤❡r❡❢♦r❡✱ p1 ❡①✐sts ❛♥❞ D (p1 − p′1) ≥ 0✳ ❖t❤❡r✇✐s❡✱ ❞❡♥♦t❡ t̄+1 = p̄−1

0v−

1
t−
1

(L) ❛♥❞

t+1 := G
(

t̄+1
)

✳ ◆♦t❡ t❤❛t s✐♥❝❡ L ≥ v̄2/(2ā)✱ ˙̄p0v−

1
t−
1

(

p̄−1

0v−

1
t−
1

(L)
)

= v̄✳ ❆♣♣❛r❡♥t❧②✱ D
(

p̄0v−

1
t−
1

− p
Lv̄t̄+

1

)

≥ 0

❛♥❞ D
(

p
Lv̄t̄+

1

− p
Lv̄t+

1

)

≥ 0✱ ✇❤✐❝❤ ✐♥❞✐❝❛t❡s D
(

p̄0v−

1
t−
1

− p
Lv̄t+

1

)

≥ 0✳ ❋✉rt❤❡r s✐♥❝❡ L ≥ v̄2/(2ā)✱ ✇❡ ❦♥♦✇

D
(

p̄Lv̄t+
1

− p
0v−

1
t−
1

)

≥ 0✳ ❚❤❡♥ ✇❡ ♦❜t❛✐♥ p1 = p̄
Lv̄t+

1

0v−

1
t−
1

❜❛s❡❞ ♦♥ Pr♦♣♦s✐t✐♦♥ ✻✳ ❋✉rt❤❡r✱ ❛♣♣❛r❡♥t❧② t
′+
1 ≥ t̄+1 ✱

❛♥❞ t❤❡♥ t
′+
1 = G

(

t
′+
1

)

≥ G
(

t̄+1
)

= t+1 s✐♥❝❡ ❢✉♥❝t✐♦♥ G(·) ✐s ✐♥❝r❡❛s✐♥❣✳ ❚❤❡♥ Pr♦♣♦s✐t✐♦♥ ✹ ✐♥❞✐❝❛t❡s t❤❛t

D (p1 − p′1) ≥ 0✳
❚❤❡♥ ❛ss✉♠❡ t❤❛t t❤❡ ✐♥❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥ ❤♦❧❞s ❢♦r n = k − 1, ∀k ∈ N\{1}. ❚❤❡♥ ❢♦r n = k✱ ❙✐♥❝❡

p′ ∈ P
Lv̄t

′+

k
,p✬s

k−1

0v−

k
t−
k

✱ t❤❡♥ ✇❡ ♦❜t❛✐♥ ❢r♦♠ ❈♦r♦❧❧❛r② ✹ t❤❛t D
(

p✬sk−1 − p
0v−

k
t−
k

)

≥ 0 ✇❤❡r❡ p✬sk−1 ✐s t❤❡ s❤❛❞♦✇

tr❛❥❡❝t♦r② ♦❢ p′k−1✳ ❆♥❞ t❤❡ ✐♥❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥ t❡❧❧s t❤❛t D
(

psk−1 − p✬sk−1

)

≥ 0 ✇❤❡r❡ psk−1 ✐s t❤❡ s❤❛❞♦✇

tr❛❥❡❝t♦r② ♦❢ pk−1✱ ✇❤✐❝❤ ❢✉rt❤❡r ✐♥❞✐❝❛t❡s t❤❛t D
(

psk−1 − p
0v−

k
t−
k

)

≥ 0 ❜❛s❡❞ ♦♥ t❤❡ tr❛♥s✐t✐✈❡ ♣r♦♣❡rt② ♦❢

D✳ ❚❤❡♥ Pr♦♣♦s✐t✐♦♥ ✽ ✐♥❞✐❝❛t❡ t❤❛t p❢
(

(0, v−k , t
−
k ), p

s
k−1

)

6= ∅✳ ❋♦r t❤❡ s✐♠♣❧✐❝✐t② ♦❢ ♣r❡s❡♥t❛t✐♦♥✱ ✇❡ ❞❡♥♦t❡

p❢
(

(0, v−k , t
−
k ), p

s
k−1

)

❜② p❢k✳ ■❢ ❇❙P ✐s ♥♦t ✉s❡❞ ✐♥ ❝♦♥str✉❝t✐♥❣ pk✱ t❤❡♥ pk = p❢k ❡①✐sts ❛♥❞ Pr♦♣♦s✐t✐♦♥

✾ ✐♥❞✐❝❛t❡s D (pk − p′k) ≥ 0✳ ❖t❤❡r✇✐s❡✱ ❧❡t t̄+k = p❢−1
k (L) ❛♥❞ t+k = G

(

t̄+k
)

✳ ❚❤❡♥ ✐❢ pk ❡①✐sts✱ t❤❡♥

p−1
k (L) = t+k ❛♥❞ ṗk

(

t+k
)

= v̄ s✐♥❝❡ L ≥ v̄2/(2ā)✳ ❆❣❛✐♥✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t D
(

p̄0v−

k
t−
k

− p
Lv̄t+

k

)

≥ 0 ❛♥❞

D
(

p̄Lv̄t+
k

− p
0v−

k
t−
k

)

≥ 0✱ ❛♥❞ t❤❡r❡❢♦r❡ ❈♦r♦❧❧❛r② ✹ ✐♥❞✐❝❛t❡s t❤❛t pk ❡①✐sts✳ ❆❧s♦✱ ❛♣♣❛r❡♥t❧② t
′+
k ≥ t̄+k ✱ ❛♥❞

t❤❡♥ t
′+
k = G

(

t
′+
k

)

≥ G
(

t̄+k
)

= t+k s✐♥❝❡ ❢✉♥❝t✐♦♥ G(·) ✐s ✐♥❝r❡❛s✐♥❣✳ ◆♦t❡ t❤❛t pk = p❡❜
(

(L, v̄, t+k ), p
❢
k

)

❢r♦♠

❇❙P ✇✐t❤ ā❢ = ā❜ = ā ❛♥❞ a❢ = a❜ = a✳ ❚❤❡♥ ❈♦r♦❧❧❛r② ✹ ❢✉rt❤❡r ✐♥❞✐❝❛t❡s t❤❛t D (pk − p′k) ≥ 0✳ ❚❤✐s
❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

❋✉rt❤❡r✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t ✇❤❡♥ L ✐s s✉✣❝✐❡♥t❧② ❧♦♥❣✱ t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ P❙❍ (a, ā, a, ā) ✐s ❡q✉✐✈❛❧❡♥t t♦
t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ P✳

❚❤❡♦r❡♠ ✸✳ ❲❤❡♥ L ≥ v̄2

2ā + v̄2

−2a❜
+ v̄2

−2a❜
+ s(N − 1) ✱ P❙❍ (a, ā, a, ā) 6= ∅ ⇔ P 6= ∅ ⇔ [v−n , t

−
n ]n∈N ✐s

♣r♦♣❡r✳

✷✹



Pr♦♦❢✳ ❲❤❡♥ P❙❍ (a, ā, a, ā) 6= ∅✱ ✐t ✐s tr✐✈✐❛❧ t♦ s❡❡ t❤❛t P 6= ∅ s✐♥❝❡ P❙❍ (a, ā, a, ā) ∈ P✳ Pr♦♣♦s✐t✐♦♥ ✶✵
✐♥❞✐❝❛t❡s t❤❛t P 6= ∅ ❧❡❛❞s t♦ t❤❛t [v−n , t

−
n ]n∈N ✐s ♣r♦♣❡r✳ ❚❤❡♥ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ♣r♦✈❡ t❤❛t ✇❤❡♥ [v−n , t

−
n ]n∈N

✐s ♣r♦♣❡r✱ P❙❍ (a, ā, a, ā) 6= ∅✳ ❲❡ ❞❡♥♦t❡ t❤❡ tr❛❥❡❝t♦r✐❡s ✐♥ P❙❍ (a, ā, a, ā) ✇✐t❤ [pn] n∈N ✳ ◆♦t❡ t❤❛t
❢♦r ❡❛❝❤ tr❛❥❡❝t♦r② pn✱ ✐❢ ❇❙P ✐♥ ❙❍✸ ✐s ❛❝t✐✈❛t❡❞✱ t❤❡♥ ✐t s❤❛❧❧ ❜❡ ❛❧✇❛②s s✉❝❝❡ss❢✉❧❧② ❝♦♠♣❧❡t❡❞ ✇✐t❤✐♥

❤✐❣❤✇❛② s❡❣♠❡♥t
[

L̂ := L− v̄2/
(

−2ā❜
)

− v̄2/
(

−2ā❜
)

, L
]

✳ ❚❤❡r❡❢♦r❡✱ ❇❙P ♥❡✐t❤❡r ❝❛✉s❡s ✐♥❢❡❛s✐❜✐❧✐t② ♥♦r

❛✛❡❝ts t❤❡ s❤❛♣❡ ♦❢ p♥ ✇✐t❤✐♥
[

0, L̂♥ := L− v̄2/
(

−2ā❜
)

− v̄2/
(

−2ā❜
)

− s(n− 1)
]

✳ ❊✈❡♥ ✐❢ ✇❡ ❝♦♥s✐❞❡r

t❤❡ ❜❛❝❦✇❛r❞ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ❝❛✉s❡❞ ❜② t❤❡ ♣r❡✈✐♦✉s tr❛❥❡❝t♦r✐❡s✱ t❤✐s ✐♥❞✐❝❛t❡s pn

(

t−n : ṗ−1
n

(

L̂♥
))

=

p❢n
(

t−n : ṗ−1
n

(

L̂♥
))

✱ ❛♥❞ ✐❢ t❤❡ ❢❡❛s✐❜✐❧✐t② ❝❤❡❝❦ ♦❢ pn ❢❛✐❧s ✐♥ ❙❍✱ ✐t ♠✉st ❤❛♣♣❡♥ ✐♥ t❤✐s s❡❝t✐♦♥✳ ◆♦t❡

t❤❛t ❚❤❡♦r❡♠ ✶ s❤♦✇s t❤❛t ✐❢ [v−n , t
−
n ]n∈N ✐s ♣r♦♣❡r✱ PP❙❍ (a, ā) ✐s ♥♦t ❡♠♣t②✳ ❲❡ ❞❡♥♦t❡ PP❙❍ (a, ā) ✇✐t❤

[p̂n] n∈N ✳ ❚❤❡♥ t♦ ♣r♦✈❡ t❤✐s t❤❡♦r❡♠✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦ s❤♦✇ t❤❛t pn
(

t−n : p−1
n

(

L̂n

))

= p̂n

(

t−n : p−1
n

(

L̂n

))

, ∀n ∈

N ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❞✉❝t✐♦♥✳

❚❤❡ ✐♥❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥ ✐s pn
(

t−n : p−1
n

(

L̂n

))

= p̂n

(

t−n : p−1
n

(

L̂n

))

❛♥❞ ṗn(t) = v̄, ∀t ∈ [p−1
n (L̂n), p

−1
n (L̂)]✳

❲❤❡♥ n = 1✱ t❤❡ tr❛❥❡❝t♦r② ❣❡♥❡r❛t❡❞ ❢r♦♠ ❋❙P s❛t✐s✜❡s p❢1 := p❢1
(

(0, v−1 , t
−
1 ), ∅

)

= p̂n✳ ❙✐♥❝❡ ❇❙P ✇✐❧❧ ♥♦t

❛✛❡❝t t❤❡ s❤❛♣❡ ♦❢ p1 ❜❡❧♦✇ L̂1✱ t❤✉s p1

(

t−1 : p−1
1

(

L̂1

))

= p̂1

(

t−1 : p−1
1

(

L̂1

))

✳ ❙✐♥❝❡ p❢1 s❤❛❧❧ ✜♥✐s❤ ❛❝❝❡❧✲

❡r❛t✐♥❣ t♦ v̄ ❜❡❢♦r❡ r❡❛❝❤✐♥❣ ❧♦❝❛t✐♦♥ L̂ ❜❛s❡❞ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ L̂✱ ṗ1(t) = ˙̂p1(t) = v̄, ∀t ∈ [p−1
n (L̂n), p

−1
n (L̂)]✳

❚❤❡♥ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ✐♥❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥ ❤♦❧❞s ❢♦r n = k − 1, ∀k ∈ N\{1}. ❲❤❡♥ n = k✱ t❤❡

❢♦r✇❛r❞ s❤♦♦t✐♥❣ tr❛❥❡❝t♦r② ✐s p❢k := p❢
((

0, v−k , t
−
k

)

, psk−1

)

✳ ■❢ D
(

psk−1 − p̄0v−

k
t−
k

)

≥ 0✱ t❤❡♥ ❛♣♣❛r❡♥t❧②

p❢k = p̂k = p❢
((

0, v−k , t
−
k

)

, ∅
)

, ❛♥❞ t❤✉s pk(t
−
k : p−1

k (L̂k)) = p❢k(t
−
k : p−1

k (L̂k)) = p̂k(t
−
k : p−1

k (L̂k)) ❛♥❞

ṗk(t) = v̄, ∀t ∈ [p−1
k (L̂k), p

−1
k (L̂)]✳ ❖t❤❡r✇✐s❡✱ ♥♦t❡ t❤❛t p❢k = p❢((0, v−k , t

−
k ), p

s
k−1) = p❢((0, v−k , t

−
k ), p̂

s
k−1) = p̂k

❛♥❞ t❤✉s t❤❡ ❡①✐st❡♥❝❡ ♦❢ p̂k ✐♥❞✐❝❛t❡s t❤❛t p❢k ❡①✐sts ❛s ✇❡❧❧✳ ❚❤❡ ✐♥❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥ ♦❢ ṗk−1(t) = v̄, ∀t ∈

[p−1
k−1(L̂k−1), p

−1
k−1(L̂)] ✐♥❞✐❝❛t❡s t❤❛t ṗ

s
k−1(t) = v̄, ∀t ∈ [ps−1

k−1(L̂k = L̂k−1 − s), ps−1
k−1(L̂− s)]✱ ❛♥❞ t❤❡r❡❢♦r❡✱ p❢k

s❤❛❧❧ ♠❡r❣❡ ✇✐t❤ psk−1 ❛t ❛ ❧♦❝❛t✐♦♥ ❜❡❢♦r❡ L̂ ❜❡❝❛✉s❡ t❤❡ ♠❡r❣✐♥❣ s♣❡❡❞ ❤❛s t♦ ❜❡ ❧❡ss t❤❛♥ v̄✱ ❛♥❞ t❤❡r❡❢♦r❡

ṗk(t) = ṗ❢k(t) = v̄, ∀t ∈ [p−1
k (L̂k), p

−1
k (L̂)]✳ ❚❤❡r❡❢♦r❡✱ pk ❛♥❞ p̂k ♦✈❡r❧❛♣ ♦✈❡r ❤✐❣❤✇❛② s❡❣♠❡♥t

[

0, L̂n

]

✱ ♦r

pk

(

t−k : p−1
k

(

L̂k

))

= p̂k

(

t−k : p−1
k

(

L̂k

))

✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

✹✳✹ ❘❡❧❛t✐♦♥s❤✐♣ t♦ ❈❧❛ss✐❝ ❚r❛✣❝ ❋❧♦✇ ▼♦❞❡❧s

❊✈♦❧✉t✐♦♥ ♦❢ ❤✐❣❤✇❛② tr❛✣❝ ❤❛s ❜❡❡♥ tr❛❞✐t✐♦♥❛❧❧② ✐♥✈❡st✐❣❛t❡❞ ✇✐t❤ ✈❛r✐♦✉s ♠✐❝r♦s❝♦♣✐❝ ♠♦❞❡❧s ✭❡✳❣✳✱ ❝❛r
❢♦❧❧♦✇✐♥❣ ✭❇r❛❝❦st♦♥❡ ❛♥❞ ▼❝❉♦♥❛❧❞✱ ✶✾✾✾✮✱ ❝❡❧❧✉❧❛r ❛✉t♦♠❛t❛ ✭◆❛❣❡❧ ❛♥❞ ❙❝❤r❡❝❦❡♥❜❡r❣✱ ✶✾✾✷✮✮ ❛♥❞ ♠❛❝r♦✲
s❝♦♣✐❝ ❦✐♥❡♠❛t✐❝ ♠♦❞❡❧s ✭❦✐♥❡♠❡t✐❝ ♠♦❞❡❧s ✭▲✐❣❤t❤✐❧❧ ❛♥❞ ❲❤✐t❤❛♠✱ ✶✾✺✺❀ ❘✐❝❤❛r❞s✱ ✶✾✺✻✮ ❛♥❞ ❝❡❧❧ tr❛♥s♠✐s✲
s✐♦♥ ✭❉❛❣❛♥③♦✱ ✶✾✾✹✮✮✳ ❉❛❣❛♥③♦ ✭✷✵✵✻✮ ♣r♦✈❡s t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❦✐♥❡♠❛t✐❝ ✇❛✈❡ ♠♦❞❡❧ ✇✐t❤ t❤❡
tr✐❛♥❣✉❧❛r ❢✉♥❞❛♠❡♥t❛❧ ❞✐❛❣r❛♠ ✭❑❲❚✮ ✭◆❡✇❡❧❧✱ ✶✾✾✸✮✱ ◆❡✇❡❧❧✬s ❧♦✇❡r✲♦r❞❡r ♠♦❞❡❧ ✭◆❡✇❡❧❧✱ ✷✵✵✷✮ ❛♥❞ t❤❡
❧✐♥❡❛r ❝❡❧❧✉❧❛r ❛✉t♦♠❛t❛ ♠♦❞❡❧ ✭◆❛❣❡❧ ❛♥❞ ❙❝❤r❡❝❦❡♥❜❡r❣✱ ✶✾✾✷✮✳ ❲❡ ✇✐❧❧ ❥✉st s❤♦✇ t❤❡ r❡❧❡✈❛♥❝❡ ♦❢ t❤❡ t❤❡
❙❍▲ s♦❧✉t✐♦♥ t♦ ◆❡✇❡❧❧✬s ❧♦✇❡r✲♦r❞❡r ♠♦❞❡❧ ✭♦r ◆❡✇❡❧❧✬s ♠♦❞❡❧✮✱ ❛♥❞ t❤✐s r❡❧❡✈❛♥❝❡ ❝❛♥ ❜❡ ❡❛s✐❧② tr❛♥s❢❡rr❡❞
t♦ ♦t❤❡r ♠♦❞❡❧s ❜❛s❡❞ ♦♥ t❤❡✐r ❡q✉✐✈❛❧❡♥❝❡✳ ●✐✈❡♥ t❤❡ ✜rst ✈❡❤✐❝❧❡✬s tr❛❥❡❝t♦r② q1 = p1 ∈ T ✱ ◆❡✇❡❧❧✬s ♠♦❞❡❧
s♣❡❝✐✜❡s ❛ r✉❧❡ t♦ ❝♦♥str✉❝t ✈❡❤✐❝❧❡ n✬s tr❛❥❡❝t♦r②✱ ❞❡♥♦t❡❞ ❜② qn✱ ✇✐t❤ ✈❡❤✐❝❧❡ n′s ❡♥tr② ❝♦♥❞✐t✐♦♥ (0, ·, t−n )
❛♥❞ ♣r❡❝❡❞✐♥❣ tr❛❥❡❝t♦r② qn−1✱ ❛s ❢♦r♠✉❧❛t❡❞ ❜❡❧♦✇

qn(t) = min
{

v̄(t− t−n ), qn−1(t− τ)− s
}

, ∀n ∈ N\{1}, t ∈ [t−n ,∞). ✭✶✶✮

❋♦r ♥♦t❛t✐♦♥ ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ ❞❡♥♦t❡ t❤✐s ❡q✉❛t✐♦♥ ✇✐t❤ qn = q❑❲❚ ((0, ·, t−n ), qn−1)✳ ❚❤✐s s❡❝t✐♦♥ ❛♥❛❧②③❡s
t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ❙❍▲ s♦❧✉t✐♦♥ ✇✐t❤ ◆❡✇❡❧❧✬s s♦❧✉t✐♦♥ ❢♦r t❤❡ s❛♠❡ ▲❱P s❡tt✐♥❣✳ ❲❡ ❞❡♥♦t❡

t❤❡ ❙❍▲ tr❛❥❡❝t♦r② ✈❡❝t♦r ✇✐t❤ P▲❱P
(

a❢, ā❢
)

= [pn]n∈N ❛♥❞ t❤❛t ❢r♦♠ ◆❡✇❡❧❧✬s ♠♦❞❡❧ ❜② Q = [qn]n∈N

✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ♦♥❧② ✐♥✈❡st✐❣❛t❡ t❤❡ ❝❛s❡ ✇❤❡♥ [v−n , t
−
n ]n∈N ✐s ♣r♦♣❡r ♦r P▲❱P

(

a❢, ā❢
)

✐s

✷✺



❢❡❛s✐❜❧❡✳
❉❛❣❛♥③♦ ✭✷✵✵✻✮ s❤♦✇❡❞ t❤❛t ◆❡✇❡❧❧✬s ♠♦❞❡❧ ❤❛s ❛ ❝♦♥tr❛❝t✐♦♥ ♣r♦♣❡rt②❀ ✐✳❡✳✱ t❤❡ r❡s✉❧t ♦❢ ◆❡✇❡❧❧✬s ♠♦❞❡❧

✐s ✐♥s❡♥s✐t✐✈❡ t♦ s♠❛❧❧ ✐♥♣✉t ❡rr♦rs✱ ❛s st❛t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✶✷✳ ●✐✈❡♥ t✇♦ tr❛❥❡❝t♦r✐❡s q, q′ ∈ T̄ s❛t✐s❢②✐♥❣ maxt∈(−∞,∞) |q(t)− q′(t)| ≤ ǫ ❢♦r s♦♠❡ ǫ >

0✱ t❤❡♥ maxt∈(−∞,∞)

∣

∣

∣
q❑❲❚ ((0, ·, t−), qs)− q❑❲❚

(

(δ, ·, t−), q
′s
)∣

∣

∣
≤ ǫ ❢♦r ❛♥② |δ| < ǫ ❛♥❞ t− ②✐❡❧❞✐♥❣

q❑❲❚ ((0, ·, t−), qs) 6= ∅ ❛♥❞ q❑❲❚
(

(δ, ·, t−), q
′s
)

6= ∅✳

❲❡ ♥♦✇ s❤♦✇ t❤❛t P▲❱P
(

a❢, ā❢
)

❤❛s t❤❡ s❛♠❡ ❝♦♥tr❛❝t✐♦♥ ♣r♦♣❡rt②✳

❚❤❡♦r❡♠ ✹✳ ●✐✈❡♥ t✇♦ ❢❡❛s✐❜❧❡ tr❛❥❡❝t♦r✐❡s p, p′ ∈ T s❛t✐s❢②✐♥❣ maxt∈(−∞,∞) |p(t)− p′(t)| ≤ ǫ✱ t❤❡♥

maxt∈(−∞,∞)

∣

∣

∣
p❢((0, v−, t−), ps)− p❢((δ, v−, t−), p

′s)
∣

∣

∣
≤ ǫ ❢♦r ❛♥② |δ| < ǫ ❛♥❞ ❛♥② (v−, t−) ②✐❡❧❞✐♥❣ p❢((0, v−, t−),

ps) 6= ∅ ❛♥❞ p❢((δ, v−, t−), p
′s) 6= ∅✳

Pr♦♦❢✳ ❙✐♥❝❡ maxt∈(−∞,∞) |p(t)− p′(t)| ≤ ǫ✱ ✇❡ ♦❜t❛✐♥ maxt∈(−∞,∞)

∣

∣

∣
ps(t)− p

′s(t)
∣

∣

∣
≤ ǫ. ❋✉rt❤❡r✱ ❞❡✜♥❡

ps+ǫ(t) := ps(t)+ǫ, ps−ǫ(t) := ps(t)−ǫ✱ p❢+ǫ := p❢ ((ǫ, v−, t−) , ps+ǫ) ❛♥❞ p❢−ǫ := p❢ ((−ǫ, v−, t−) , ps−ǫ)✳ ◆♦t❡
t❤❛t p(t) = p+ǫ(t)−ǫ = p−ǫ(t)+ǫ, ∀t ∈ (−∞,∞)✳ ❙✐♥❝❡D (ps+ǫ − ps) = ǫ ❛♥❞maxt∈(−∞,∞) |p(t)− p′(t)| ≤ ǫ✱

✇❡ ♦❜t❛✐♥ D
(

ps+ǫ − p✬s
)

≥ 0✳ ❚❤❡♥ Pr♦♣♦s✐t✐♦♥ ✼ ✐♥❞✐❝❛t❡s t❤❛t Cp✬s
δvt− ⊆ Cps+ǫ

δvt− ✳ ❋✉rt❤❡r✱ Pr♦♣♦s✐t✐♦♥ ✾

✐♥❞✐❝❛t❡s D
(

p❢+ǫ − p̂
)

≥ 0, ∀p̂ ∈ Cps+ǫ

δvt− ✳ ❲❡ ❞❡♥♦t❡ p❢ ((0, v−, t−), ps) ❛♥❞ p❢
(

(δ, v−, t−), p
′s
)

❛s p❢ ❛♥❞ p
′❢

❢♦r s❤♦rt✱ r❡s♣❡❝t✐✈❡❧②✳ ❙✐♥❝❡ p
′❢ ∈ Cp✬s

δvt− ⊆ Cps+ǫ

δvt− ✱ ✇❡ ♦❜t❛✐♥ D
(

p❢+ǫ − p
′❢
)

≥ 0✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡

♦❜t❛✐♥ D
(

p✬s − ps−ǫ
)

≥ 0✳ ❚❤❡♥ Pr♦♣♦s✐t✐♦♥ ✼ ✐♥❞✐❝❛t❡s Cps−ǫ

−ǫvt− ⊆ Cp✬s
−ǫvt− ✳ ❋✉rt❤❡r✱ Pr♦♣♦s✐t✐♦♥ ✾ ✐♥❞✐❝❛t❡s

D (p′ − p̂) ≥ 0, ∀p̂ ⊆ Cp✬s
−ǫvt− ✳ ❙✐♥❝❡ p❢−ǫ ∈ Cps−ǫ

−ǫvt− ⊆ Cp✬s
−ǫvt− ✱ ✇❡ ♦❜t❛✐♥ D

(

p
′❢ − p❢−ǫ

)

≥ 0✳ ❈♦♠❜✐♥✐♥❣

D
(

p❢+ǫ − p
′❢
)

≥ 0 ❛♥❞ D
(

p
′❢ − p❢−ǫ

)

≥ 0 ②✐❡❧❞s maxt∈(−∞,∞)

∣

∣

∣
p❢(t)− p

′❢(t)
∣

∣

∣
≤ ǫ ✳

❚❤❡♦r❡♠ ✹ ✐♠♣❧✐❡st❤❛t P▲❱P
(

a❢, ā❢
)

✐s ♥♦t s❡♥s✐t✐✈❡ t♦ s♠❛❧❧ ✐♥♣✉t ❡rr♦rs ❛s ✇❡❧❧✳ ❍♦✇❡✈❡r✱ ✇❡ s❤❛❧❧

♥♦t❡ t❤❛t t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❙❍ ❛❧❣♦r✐t❤♠ ❢♦r ❛ s✐❣♥❛❧✐③❡❞ ❤✐❣❤✇❛② s❡❣♠❡♥t ♠❛② ❜❡ s❡♥s✐t✐✈❡ t♦ s♠❛❧❧ ❡rr♦rs
❜❡❝❛✉s❡ t❤❡ ❡①✐t t✐♠❡ ♦❢ ❛ tr❛❥❡❝t♦r②✱ ✐❢ ❝❧♦s❡ t♦ t❤❡ st❛rt ♦❢ ❛ r❡❞ ♣❤❛s❡✱ ❝♦✉❧❞ ❜❡ ♣✉s❤❡❞ ❜❛❝❦ t♦ t❤❡ ♥❡①t
❣r❡❡♥ ♣❤❛s❡ ❞✉❡ t♦ ❛ s♠❛❧❧ ✐♥♣✉t ♣❡rt✉r❜❛t✐♦♥✳ ◆♦♥❡t❤❡❧❡ss✱ t❤✐s ❦✐♥❞ ♦❢ ✏❥✉♠♣✑ ♦♥❧② ❛✛❡❝ts ❛ ❧✐♠✐t❡❞ ♥✉♠❜❡r
♦❢ tr❛❥❡❝t♦r✐❡s t❤❛t ❛r❡ ❝❧♦s❡ t♦ ❛ r❡❞ ♣❤❛s❡✱ ❛♥❞ ♠♦st ♦t❤❡r tr❛❥❡❝t♦r✐❡s ✇✐❧❧ ♥♦t ❜❡ ♠✉❝❤ ❛✛❡❝t❡❞✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥❛❧②s✐s ✐♥✈❡st✐❣❛t❡s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ P▲❱P
(

a❢, ā❢
)

❛♥❞ Q✳

Pr♦♣♦s✐t✐♦♥ ✶✸✳ Q = {qn}n∈N ❢♦r♠✉❧❛t❡❞ ✐♥ ✭✶✶✮ ❝❛♥ ❜❡ s♦❧✈❡❞ ❛s

qn(t) = min
{

ps
n−1

1 (t), v̄
(

t− t−n
)

}

, ∀t ∈ [t−n ,∞), n ∈ N . ✭✶✷✮

✇❤❡r❡ ps
k

1 (t) := p1 (t− kτ)− ks, ∀k.

Pr♦♦❢✳ ❲❡ ♣r♦✈❡ t❤✐s ♣r♦♣♦s✐t✐♦♥ ✇✐t❤ ✐♥❞✉❝t✐♦♥✳ ❆♣♣❛r❡♥t❧②✱ ❡q✉❛t✐♦♥ ✭✶✷✮ ❤♦❧❞s ❢♦r n = 1 s✐♥❝❡ ps
0

1 = p1 ∈

T ❛♥❞ t❤✉s v̄
(

t− t−1
)

≥ ps
0

1 (t), ∀t ∈ [t−1 ,∞)✳ ❆ss✉♠❡ t❤❛t ❡q✉❛t✐♦♥ ✭✶✷✮ ❤♦❧❞s ❢♦r n = k − 1✳ ❲❤❡♥ n = k✱
❡q✉❛t✐♦♥ ✭✶✶✮ ✐♥❞✐❝❛t❡s qk(t) = min{v̄(t− t−k ), qk−1(t− τ)− s}✳ ❚❤❡♥ ♣❧✉❣ t❤❡ ✐♥❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥ ✐♥t♦ t❤❡
❛❜♦✈❡ ❡q✉❛t✐♦♥ ❛♥❞ ✇❡ ♦❜t❛✐♥ qk(t) = min{v̄(t−t−k ), p

sk−2

1 (t−τ)−s, v̄
(

t− t−k−1 − τ
)

−s}= min{ps
k−1

1 (t), v̄(t−

max{t−k , t
−
k−1+τ + v̄/s})}. ❙✐♥❝❡ [v−n , t

−
n ]n∈N ✐s ♣r♦♣❡r✱ ✇❡ ♦❜t❛✐♥ max

{

t−k , t
−
k−1 + τ + v̄/s

}

= t−k ❑❲❚✳ ❚❤✐s
❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

✷✻



❚❤❡♦r❡♠ ✺✳ ■❢ P▲❱P
(

a❢, ā❢
)

6= ∅ ❛♥❞ Q 6= ∅✱ t❤❡♥ D (qn − pn) = 0 ❛♥❞

D (pn − qn) ≥ min
{

−0.5v̄2/ā❢, 0.5v̄2/a❢
}

, ∀n ∈ N\{1} . ✭✶✸✮

Pr♦♦❢✳ ❲❡ ❝♦♠♣❛r❡ ♣❛r❛❧❧❡❧ ❢♦r♠✉❧❛t✐♦♥s ❢r♦♠ P▲❱P
(

a❢, ā❢
)

❢r♦♠ P❙❍▲ ✐♥ ❙❡❝t✐♦♥ ✸✳✷ ✇✐t❤ ❡q✉❛t✐♦♥ ✭✶✷✮

❢♦r Q✳ ❲❡ ♦♥❧② ♥❡❡❞ t♦ ♣r♦✈❡ t❤✐s t❤❡♦r❡♠ ❢♦r ❛ ❣❡♥❡r✐❝ n ∈ N\{1}✳ ❋r♦♠ P❙❍▲✱ ✇❡ s❡❡ t❤❛t pn ✐s

❡ss❡♥t✐❛❧❧② ♦❜t❛✐♥❡❞ ❜② s♠♦♦t❤✐♥❣ q✉❛s✐✲tr❛❥❡❝t♦r② un := u

(

{

p̄s
n−m

m

}

m=1,··· ,n

)

✇✐t❤ t❛♥❣❡♥t s❡❣♠❡♥ts ❛t

❝♦♥st❛♥t ❞❡❝❡❧❡r❛t✐♥❣ r❛t❡ a✳ ❉❡✜♥❡ q̄n(t) := v̄ (t− t−n ) , ∀t ∈ [t−n ,+∞) , q
n
:= p❢ ((0, 0, tn) , ∅)✳ ◆♦t❡ t❤❛t

D
(

q
n
− q̄n

)

= −0.5v̄2/ā❢✱ ❛♥❞ qn(t) = min
{

q̄n(t), p
sn−1

1 (t)
}

. ◆♦t❡ t❤❛t D (qn − un) ≥ 0 s✐♥❝❡ q̄n ≥ p̄n✳

❆❧s♦✱ D (un − pn) ≥ 0 s✐♥❝❡ t❤❡ ♠❡r❣✐♥❣ s❡❣♠❡♥ts ❣❡♥❡r❛t❡❞ ❢r♦♠ ❊❋❙❖✲✷ ❛r❡ ❛❧❧ ❜❡❧♦✇ un✳ ❚❤✐s ✐♥❞✐❝❛t❡s
D (qn − pn) ≥ 0✳ ❋✉rt❤❡r s✐♥❝❡ qn ❛♥❞ pn ❛❧✇❛②s ♠❡❡t ❛t t❤❡ ✐♥✐t✐❛❧ ♣♦✐♥t (0, t−n )✱ ✇❡ ♦❜t❛✐♥ D (qn − pn) = 0✳

❚❤❡♥ ✇❡ ✇✐❧❧ ♣r♦✈❡ D (pn − qn) ≥ min
{

−0.5v̄2/ā❢, 0.5v̄2/a❢
}

✳ ❲❡ ✜rst ❡①❛♠✐♥❡ p′n := p❢((0, v−n , t
−
n ),

{p̄s
n−m

m }m=2,··· ,n−1), ∀n ∈ N\{1}✱ ❛♥❞ ❝❧❛✐♠ D
(

p′n − q
n

)

≥ 0✳ ❇❛s✐❝❛❧❧②✱ p′n ✐s ❝♦♠♣♦s❡❞ ❜② s♦♠❡ s❤♦♦t✐♥❣

s❡❣♠❡♥ts ❢r♦♠
{

p̄s
n−m

m

}

m=2,··· ,n−1
❛♥❞ ✐♥t❡r♠❡❞✐❛t❡ t❛♥❣❡♥t ♠❡r❣✐♥❣ s❡❣♠❡♥ts✳ ❆♣♣❛r❡♥t❧②✱D

(

p̄s
n−m

m − q
n

)

≥

0✳ ◆♦t❡ t❤❛t ❡✈❡r② ♠❡r❣✐♥❣ s❡❣♠❡♥t s❤❛❧❧ ❜❡ ❛❜♦✈❡ p
n
♦r ✐t ✇✐❧❧ ♥♦t ❝❛t❝❤ ✉♣ ✇✐t❤ t❤❡ ♥❡①t s❤♦♦t✐♥❣ s❡❣✲

♠❡♥t t❤❛t ❛❝❝❡❧❡r❛t❡s ❛t t❤❡ ♠❛①✐♠✉♠ r❛t❡ ā❢ ❜❡❢♦r❡ r❡❛❝❤✐♥❣ s♣❡❡❞ v̄✳ ❚❤✉s t❤✐s ❝❧❛✐♠ ❤♦❧❞s ❛♥❞ t❤✉s
D (p′n − q̄n) ≥ −0.5v̄2/ā❢✳ ❚❤❡r❡❢♦r❡✱ D (p′n − qn) ≥ −0.5v̄2/ā❢✳ ◆♦t❡ t❤❛t pn ✐s ♦❜t❛✐♥❡❞ ❜② ♠❡r❣✐♥❣ p′n

❛♥❞ p̄s
n−1

1 ✇✐t❤ ❛ t❛♥❣❡♥t s❡❣♠❡♥t ❞❡♥♦t❡❞ ❜② ŝn✳ ❆♣♣❛r❡♥t❧②✱ D
(

p̄s
n−1

1 − qn

)

≥ 0 s✐♥❝❡ qn(t) ✐s ❞❡✜♥❡❞

❛s min
{

q̄n(t), p
sn−1

1 (t)
}

✳ ❋✉rt❤❡r ♥♦t❡ t❤❛t D
(

ŝn − p̄s
n−1

1

)

≥ 0.5v̄2/a❢✱ ❛♥❞ s✐♥❝❡ D
(

p̄s
n−1

1 − qn

)

≥ 0✱ ✇❡

♦❜t❛✐♥ D (ŝn − qn) ≥ 0.5v̄2/a❢✳ ❚❤❡r❡❢♦r❡ D(pn − qn)≥ min
{

D (p′n − qn) , D
(

p̄s
n−1

1 − qn

)

, D (ŝn − qn)
}

≥

min
{

−0.5v̄2/ā❢, 0.5v̄2/a❢
}

✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

❚❤❡ ❛❜♦✈❡ t❤❡♦r❡♠ r❡✈❡❛❧s t❤❛t ❛ tr❛❥❡❝t♦r② ❣❡♥❡r❛t❡❞ ❢r♦♠P▲❱P
(

a❢, ā❢
)

s❤♦✉❧❞ ❜❡ ❛❧✇❛②s ❜❡❧♦✇ t❤❡

❝♦✉♥t❡r♣❛rt tr❛❥❡❝t♦r② ✐♥ Q ❛♥❞ t❤❡ ❞✐✛❡r❡♥❝❡ ✐s ❛ttr✐❜✉t❡❞ t♦ s♠♦♦t❤❡❞ ❛❝❝❡❧❡r❛t✐♦♥s ✐♥st❡❛❞ ♦❢ s♣❡❡❞ ❥✉♠♣s✳
❖♥❡ ❡❧❡❣❛♥t ✜♥❞✐♥❣ ❢r♦♠ t❤✐s t❤❡♦r❡♠ ✐s t❤❛t t❤✐s ❞✐✛❡r❡♥❝❡ ❞♦❡s ♥♦t ❛❝❝✉♠✉❧❛t❡ ♠✉❝❤ ❛❝r♦ss ✈❡❤✐❝❧❡s ❜✉t ✐s
❜♦✉♥❞❡❞ ❜② ❛ ❝♦♥st❛♥t✳ ❋✉rt❤❡r✱ t❤❡ ❧♦✇❡r ❜♦✉♥❞ t♦ t❤✐s ❞✐✛❡r❡♥❝❡ ✐s ❛❝t✉❛❧❧② t✐❣❤t ❛♥❞ ✇❡ ❝❛♥ ✜♥❞ ✐♥st❛♥❝❡s

✇❤❡r❡ D (pn − qn) ❢♦r ❡✈❡r② ✈❡❤✐❝❧❡ n ∈ N\{1} ✐s ❡①❛❝t❧② ✐❞❡♥t✐❝❛❧ t♦ min
{

−0.5v̄2/ā❢, 0.5v̄2/a❢
}

✳ ❖♥❡ s✉❝❤

✐♥st❛♥❝❡ ❝❛♥ ❜❡ s♣❡❝✐✜❡❞ ❜② s❡tt✐♥❣ p1(t) = L, ∀t ❢♦r ❛ s✉✣❝✐❡♥t❧② ❧♦♥❣ L✱ ❛♥❞v−n = 0, ∀n ∈ N\{1}✳ ❚❤✐s
t❤❡♦r❡♠ ❛❧s♦ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛s②♠♣t♦t✐❝ r❡❧❛t✐♦♥s❤✐♣✳

❈♦r♦❧❧❛r② ✺✳ ■❢ ā❢ → ∞ ❛♥❞ a❢ → −∞✱ t❤❡❑❲❚♥ ✇❡ ❤❛✈❡ P▲❱P
(

a❢, ā❢
)

→ Q.

❚❤✐s r❡❧❛t✐♦♥s❤✐♣ ✐♥❞✐❝❛t❡s t❤❛t ❙❍▲ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ◆❡✇❡❧❧✬s ♠♦❞❡❧ ❛s ✇❡❧❧ ❛s
♦t❤❡r ❡q✉✐✈❛❧❡♥t ♠♦❞❡❧s✱ ✐♥❝❧✉❞✐♥❣ ◆❡✇❡❧❧✬s ❧♦✇❡r ♦r❞❡r ♠♦❞❡❧ ❛♥❞ t❤❡ ❧✐♥❡❛r ❝❡❧❧✉❧❛r ❛✉t♦♠❛t❛ ♠♦❞❡❧✳
❊ss❡♥t✐❛❧❧②✱ t❤❡ ❙❍ s♦❧✉t✐♦♥ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ s♠♦♦t❤❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡s❡ ❝❧❛ss✐❝ ♠♦❞❡❧s t❤❛t ❝✐r❝✉♠✈❡♥ts ❛
❝♦♠♠♦♥ ♣r♦❜❧❡♠ ♦❢ t❤❡s❡ ❝❧❛ss✐❝ ♠♦❞❡❧s✱ ✐✳❡✳✱ ✐♥✜♥✐t❡ ❛❝❝❡❧❡r❛t✐♦♥✴❞❡❝❡❧❡r❛t✐♦♥ ♦r ✏s♣❡❡❞ ❥✉♠♣s✑✳ ❙✉❝❤ s♣❡❡❞
❥✉♠♣s ✇♦✉❧❞ ❝❛✉s❡ ✉♥r❡❛❧✐st✐❝ ❡✈❛❧✉❛t✐♦♥ ♦❢ tr❛✣❝ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s✱ ♣❛rt✐❝✉❧❛r❧② t❤♦s❡ ♦♥ s❛❢❡t② ❛♥❞
❡♥✈✐r♦♥♠❡♥t❛❧ ✐♠♣❛❝ts✳ ❋✉rt❤❡r✱ ❙❍▲ ✐♥❤❡r✐ts t❤❡ s✐♠♣❧❡ str✉❝t✉r❡ ♦❢ t❤❡s❡ ♠♦❞❡❧s ❛♥❞ t❤✉s ❝❛♥ ❜❡ s♦❧✈❡❞
❡✣❝✐❡♥t❧②✳ ❖♥❡ ❝♦♠♠♦♥❛❧✐t② ❜❡t✇❡❡♥ ❙❍▲ ❛♥❞ ◆❡✇❡❧❧✬s s♦❧✉t✐♦♥ ✐s t❤❛t ❛t st❛t✐♦♥❛r② st❛t❡s✱ ✐✳❡✳✱ ✇❤❡♥ ❡❛❝❤
tr❛❥❡❝t♦r② ♠♦✈❡s ❛t ❛ ❝♦♥st❛♥t s♣❡❡❞✱ ❜♦t❤ t❤❡ ❙❍▲ s♦❧✉t✐♦♥ ❛♥❞ ◆❡✇❡❧❧✬s s♦❧✉t✐♦♥ ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ ❛
tr✐❛♥❣✉❧❛r ❢✉♥❞❛♠❡♥t❛❧ ❞✐❛❣r❛♠ ◆❡✇❡❧❧ ✶✾✾✸✱ ❛s st❛t❡❞ ❜❡❧♦✇✳

❚❤❡♦r❡♠ ✻✳ ■❢ s♦❧✉t✐♦♥s P▲❱P
(

a❢, ā❢
)

❛♥❞ Q ❛r❡ ❜♦t❤ ❢❡❛s✐❜❧❡ ❛♥❞ ❡❛❝❤ ṗn(t) ♦r q̇n(t) r❡♠❛✐♥s ❝♦♥st❛♥t

∀t ≥ t−n ✱ t❤❡♥ t❤❡r❡ ❡①✐sts s♦♠❡ V ∈ [0, v̄] s✉❝❤ t❤❛t

✷✼



pn(t) = qn(t) = V
(

t− t−n
)

, ṗn(t) = q̇n(t) = V, ∀t ∈
[

t−n ,∞
)

, n ∈ N . ✭✶✹✮

❋✉rt❤❡r✱ ✐❢ V = v̄✱
t−n − t−n−1 ≥ τ + V/s, ∀n ∈ N , ✭✶✺✮

■❢ V < v̄, t❤❡♥

t−n = (n− 1)(τ + V/s)− t−1 , ∀n ∈ N\{1} . ✭✶✻✮

❋✉rt❤❡r✱ ❞❡✜♥❡ t❤❡ tr❛✣❝ ❞❡♥s✐t② ❛s K := N−1
∑

N

n=2
(pn−1(t)−pn(t))

= N−1
∑

N

n=2
(qn−1(t)−qn(t))

❢♦r ❛♥② t ≥ t−n ❛♥❞

tr❛✣❝ ✈♦❧✉♠❡ ❛s O := N−1
p−1

N
(l)−p−1

1
(l)

= N−1
q−1

N
(l)−q−1

1
(l)

❢♦r ❛♥② l ≥ 0✱ t❤❡♥ ✇❡ ✇✐❧❧ ❛❧✇❛②s ❤❛✈❡

{

K ≤ 1/(s+ V τ), ✐❢ V = v̄;

K = 1/(s+ V τ) ✐❢ V < v̄.
✭✶✼✮

O = KV = min {Kv̄, (1− sK)/τ} ∈ [0, v̄/(s+ v̄τ)] . ✭✶✽✮

Pr♦♦❢✳ ❲❡ ✜st ✐♥✈❡st✐❣❛t❡ t❤❡ ❝❛s❡ ✇❤❡♥ ❡✈❡r② ṗn(t) ✐s ❝♦♥st❛♥t✳ ■❢ t❤❡r❡ ❡①✐st t✇♦ ❝♦♥s❡❝✉t✐✈❡ tr❛❥❡❝t♦r✐❡s
♥♦t ♣❛r❛❧❧❡❧ ✇✐t❤ ❡❛❝❤ ♦t❤❡r✱ t❤❡♥ t❤❡② ✇✐❧❧ ❡✐t❤❡r ✐♥t❡rs❡❝t ♦r ❞❡♣❛rt ❢r♦♠ ❡❛❝❤ ♦t❤❡r t♦ ❛♥ ✐♥✜♥✐t❡ s♣❛❝✐♥❣
s✐♥❝❡ t❤❡② ❜♦t❤ ❛r❡ str❛✐❣❤t ❧✐♥❡s✳ ❚❤❡ ❢♦r♠❡r ✐s ✐♠♣♦ss✐❜❧❡ ❜❡❝❛✉s❡ ♦❢ s❛❢❡t② ❝♦♥str❛✐♥ts ✭✹✮✳ ◆❡✐t❤❡r ✐s t❤❡
❧❛tt❡r ♣♦ss✐❜❧❡ s✐♥❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛❥❡❝t♦r② ❤❛s t♦ ❛❝❝❡❧❡r❛t❡ ✇❤❡♥ t❤❡✐r s♣❛❝✐♥❣ ❡①❝❡❡❞s t❤❡ s❤❛❞♦✇ s♣❛❝✐♥❣
❛♥❞ r✉♥s ❛t ❛ s♣❡❡❞ ❧♦✇❡r t❤❛♥ t❤❡ ♣r❡❝❡❞✐♥❣ ✈❡❤✐❝❧❡✳ ❚❤❡r❡❢♦r❡ ṗn(t) ✈❛❧✉❡s ❛r❡ ✐❞❡♥t✐❝❛❧ t♦ ❛ V ∈ [0, v̄]
❛❝r♦ss n ∈ N ✳ ❚❤❡r❡❢♦r❡✱ pn(t) = V (t− t−n ) , ṗn(t) = V, ∀t ∈ [t−n ,∞) , n ∈ N .

❙✐♥❝❡ P▲❱P
(

a❢, ā❢
)

✐s ❢❡❛s✐❜❧❡✱ ✇❡ ❦♥♦✇ ❢r♦♠ ❚❤❡♦r❡♠ ✶ t❤❛t [v−n , t
−
n ]n∈N ✐s ♣r♦♣❡r✱ ✐♥❞✐❝❛t✐♥❣ t❤❛t

❡q✉❛t✐♦♥ ✭✶✺✮ ❤♦❧❞s ❡✐t❤❡r V = v̄ ♦r V < v̄✳ ❋✉rt❤❡r✱ ✇❤❡♥ V < v̄✱ ❡q✉❛t✐♦♥ ✭✶✺✮ ❜❡❝♦♠❡s ❛ str✐❝t ❡q✉❛❧✐t②
✭♦r ♦t❤❡r✇✐s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛❥❡❝t♦r② ♥❡❡❞s t♦ ❛❝❝❡❧❡r❛t❡✮✳ ❚❤✉s ❡q✉❛t✐♦♥ ✭✶✻✮ ❤♦❧❞s ✐♥ t❤✐s ❝❛s❡✳

❚❤❡♥ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t qn = pn✳ ❙✐♥❝❡ ❛❧❧ tr❛❥❡❝t♦r✐❡s ✐♥ P▲❱P
(

a❢, ā❢
)

❛r❡ ❛t s♣❡❡❞ V ✱ ✇❡ ❦♥♦✇ t❤❛t

v−n = V, ∀n ∈ N ❛♥❞ t❤❡ ❧❡❛❞ tr❛❥❡❝t♦r② ✐s ❣✐✈❡♥ ❛s p1(t) = V
(

t− t−1
)

✳ ■❢ V = v̄✱ ❛♣♣❛r❡♥t❧② ♥♦ tr❛❥❡❝t♦r②
❜❧♦❝❦s ✐ts ❢♦❧❧♦✇✐♥❣ tr❛❥❡❝t♦r②✱ ❛♥❞ t❤✉s qn(t) = V (t− t−n ) = pn(t), ∀t ∈ [t−n ,∞) , n ∈ N . ❖t❤❡r✇✐s❡ ✐❢
V < v̄✱ ❞✉❡ t♦ ❡q✉❛t✐♦♥ ✭✶✻✮✱ qn ❤❛s ♥♦ r♦♦♠ t♦ ❛❝❝❡❧❡r❛t❡ ❛♥❞ t❤✉s ❤❛s t♦ st❛② ❛t s♣❡❡❞ V ✳ ❚❤❡r❡❢♦r❡✱
❡q✉❛t✐♦♥ ✭✶✹✮ ❤♦❧❞s✳ ❚❤❡♥ ✇❡ ✇✐❧❧ ♣r♦✈❡ ❡q✉❛t✐♦♥s ✭✶✼✮ ❛♥❞ ✭✶✽✮✱ ✇❤✐❝❤ q✉❛♥t✐❢② t❤❡ tr✐❛♥❣✉❧❛r ❢✉♥❞❛♠❡♥t❛❧
❞✐❛❣r❛♠✳ ❋✐rst✱ s✐♥❝❡ [v−n , t

−
n ]n∈N ✐s ♣r♦♣❡r✱ t❤❡♥ ✇❡ ♦❜t❛✐♥ pn−1 (t

−
n ) − pn (t

−
n ) ≥ V τ + s, ∀n ∈ N\{1}✱

❛♥❞ t❤✉s K ≥ 1/(V τ + s) ❤♦❧❞s✳ ❲❤❡♥ V < v̄✱ ❞✉❡ t♦ ✭✶✻✮✱ t❤❡♥ pn−1 (t
−
n ) − pn (t

−
n ) = V τ + s, ∀n ∈

N\{1}✱ ❛♥❞ t❤✉s K = 1/(V τ + s) ❤♦❧❞s✳ ❚❤✐s ♣r♦✈❡s ❡q✉❛t✐♦♥ ✭✶✼✮✳ ❋✉rt❤❡r ♥♦t❡ t❤❛t p−1
n (0)− p−1

n−1(0) =

(pn−1 (t
−
n )− pn (t

−
n )) /V, ∀n ∈ N\{1}✱ t❤❡♥ O = N−1

∑

N

n=2(p
−1
n (0)−p−1

n−1
(0))

= N−1
∑

N

n=2(pn−1(t−n )−pn(t−n ))/V
= KV ✳

❲❤❡♥ V = v̄✱ ♣❧✉❣❣✐♥❣ ✐♥❡q✉❛❧✐t② K ≤ 1/(s + V τ) ✐♥ ❡q✉❛t✐♦♥ ✭✶✼✮ ✐♥t♦ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥
KV = Kv̄ ≤ v̄/(s + v̄τ)✱ ❛♥❞ K ≤ 1/(s + V τ) ❝❛♥ ❜❡ r❡❛rr❛♥❣❡❞ ✐♥t♦ t♦ (1 − sK)/τ ≥ KV ✳ ❚❤❡r❡❢♦r❡✱
❡q✉❛t✐♦♥ ✭✶✽✮ ❤♦❧❞s ✐♥ t❤✐s ❝❛s❡✳ ❲❤❡♥ V < v̄✱ ❛♣♣❛r❡♥t❧②✱ KV < Kv̄✳ ❋✉rt❤❡r✱ ❡q✉❛❧✐t② K = 1/(s + V τ)
✐♥ ❡q✉❛t✐♦♥ ✭✶✼✮ ❝❛♥ ❜❡ r❡❛rr❛♥❣❡❞ ❛s KV = (1 − sK)/τ ✳ ◆♦t❡ t❤❛t K = 1/(s + V τ) > 1/(s + v̄τ)✱ ❛♥❞
♣❧✉❣❣✐♥❣ t❤✐s ✐♥❡q✉❛❧✐t② ✐♥t♦ KV = (1− sK)/τ ②✐❡❧❞s KV = (1− sK)/τ < (1− s/(s+ v̄τ))/τ = v̄/(s+ v̄τ)✳
❚❤✐s ✐♥❞✐❝❛t❡s t❤❛t ❡q✉❛t✐♦♥ ✭✶✽✮ ❤♦❧❞s ✐♥ t❤❡ ❝❛s❡ t♦♦✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

✺ ■❧❧✉str❛t✐✈❡ ❊①❛♠♣❧❡s

❚❤✐s s❡❝t✐♦♥ ♣r❡s❡♥ts ❛ ❢❡✇ ✐❧❧✉str❛t✐✈❡ ❡①❛♠♣❧❡s t❤❛t ❤❡❧♣ ✈✐s✉❛❧✐③❡ r❡s✉❧ts ♦❢ t❤❡ ❛❧❣♦r✐t❤♠s ❛♥❞ r❡❧❛t❡❞
t❤❡♦r❡t✐❝❛❧ ♣r♦♣❡rt✐❡s✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡s✱ ✇❡ s❡t t❤❡ ♣❛r❛♠❡t❡rs t♦ t❤❡✐r ❞❡❢❛✉❧t ✈❛❧✉❡s ✉♥❧❡ss st❛t❡❞
♦t❤❡r✇✐s❡✳ ❚❤❡s❡ ❞❡❢❛✉❧t ♣❛r❛♠❡t❡r ✈❛❧✉❡s ❛r❡ L = 1000 ♠✱ N = 50✱ a = −5 ♠✴s2✱ a = 2 ♠✴s2✱ v̄ = 25 ♠✴s✱

✷✽



G = R = 25 s✱ s = 7 ♠✱ ❛♥❞ t❤❡ ❞❡❢❛✉❧t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐s ❣❡♥❡r❛t❡❞ ❛s ❢♦❧❧♦✇s✳ ❲❡ ✜rst s❡t t❤❡ ❛rr✐✈❛❧
t✐♠❡s ❛s

t−1 = 0, t−n = t−n−1 + (τ + s/v̄)

[

1 +

(

C

Gfs
− 1

)

(1− α+ αǫn)

]

, ∀n ∈ N\{1}, ✭✶✾✮

✇❤❡r❡ fs ∈ (0, C/G] ✐s t❤❡ tr❛✣❝ s❛t✉r❛t✐♦♥ r❛t❡ ✭♦r t❤❡ r❛t✐♦ ♦❢ t❤❡ ❛rr✐✈❛❧ tr❛✣❝ ✈♦❧✉♠❡ t♦ t❤❡ ✐♥t❡rs❡❝t✐♦♥✬s
♠❛①✐♠✉♠ ❝❛♣❛❝✐t②✮✱ α ∈ [0, 1] ✐s t❤❡ ❞✐s♣❡rs✐♦♥ ❢❛❝t♦r ♦❢ t❤❡ ❤❡❛❞✇❛② ❞✐str✐❜✉t✐♦♥✱ ❛♥❞ {ǫn}n∈N\{1} ❛r❡
✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ♥♦♥✲♥❡❣❛t✐✈❡ r❛♥❞♦♠ ♥✉♠❜❡rs t❤❛t s❛t✐s❢②

∑

n∈N\{1} ǫn = N − 1✳ ❚❤❡ ❞❡❢❛✉❧t ✈❛❧✉❡s
♦❢ fs ❛♥❞ α ❛r❡ ❜♦t❤ s❡t t♦ ✶✳ ❲❡ s❡t t❤❡ ❛rr✐✈❛❧ t✐♠❡s ✐♥ t❤✐s ✇❛② s✉❝❤ t❤❛t t❤❡ ❛✈❡r❛❣❡ t✐♠❡ ❤❡❛❞✇❛②
❡q✉❛❧s (τ + s/v̄)C/ (Gfs) ②❡t t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❛rr✐✈❛❧ t✐♠❡s ❝❛♥ ❜❡ st♦❝❤❛st✐❝✳ ❚❤❡ st♦❝❤❛st✐❝✐t② ♦❢ t❤❡ ❛rr✐✈❛❧
t✐♠❡s ✐♥❝r❡❛s❡s ✇✐t❤ ❤❡❛❞✇❛② ❞✐s♣❡rs✐♦♥ ❢❛❝t♦r α✳ ◆♦t❡ t❤❛t ✇❡ ❛❧✇❛②s ♠❛✐♥t❛✐♥ ❡✈❡r② ❤❡❛❞✇❛② ♥♦ ❧❡ss t❤❛♥
(τ + s/v̄) ❜❡❝❛✉s❡ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✇♦✉❧❞ ❜❡ ✐♥❢❡❛s✐❜❧❡ ♦t❤❡r✇✐s❡✳ ◆❡①t✱ ❢♦r ❡❛❝❤ n ∈ N ✱ t❤❡ ✐♥✐t✐❛❧
s♣❡❡❞ v−n ✐s ❝♦♥s❡❝✉t✐✈❡❧② ❞r❛✇♥ ❛s ❛ r❛♥❞♦♠ ♥✉♠❜❡r ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ♦✈❡r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧♦✇❡r
❜♦✉♥❞ ❛♥❞ ✉♣♣❡r ❜♦✉♥❞✳ ❚❤❡s❡ t✇♦ ❜♦✉♥❞s ❛ss✉r❡ t❤❛t v−n s❛t✐s✜❡s ✭✐✮ v−n ∈ [(1−β)v̄, v̄] ✇❤❡r❡ ❢❛❝t♦r β ∈ [0, 1]

❝♦♥tr♦❧s t❤❡ ❞✐s♣❡rs✐♦♥ ♦❢ ✐♥✐t✐❛❧ ✈❡❧♦❝✐t✐❡s✱ ✭✐✐✮ D
(

p̄(ms−ns)v−

m[t−m+(n−m)τ] − p
0v−

n t−n

)

≥ 0, ∀m < n ∈ N ❛♥❞

D
(

p̄(ns−ms)v−

n [t−n +(m−n)τ] − p
0v−

mt−m

)

≥ 0, ∃v−m ∈ [0, v̄], ∀m > n ∈ N ✇✐t❤ t❤❡ ♠❛①✐♠✉♠ ❛❝❝❡❧❡r❛t✐♦♥ ❛♥❞ t❤❡

♠✐♥✐♠✉♠ ❞❡❝❡❧❡r❛t✐♦♥ ❢♦r ◗❚● ❞♦✇♥s❝❛❧❡❞ t♦ ā/3 ❛♥❞ a/3✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❞♦✇♥s❝❛❧❡ ♦❢ t❤❡ ❛❝❝❡❧❡r❛t✐♦♥
❧✐♠✐ts ❛ss✉r❡s t❤❛t t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐s ❢❡❛s✐❜❧❡ ❢♦r ❛♥② ❢♦r✇❛r❞ ❛❝❝❡❧❡r❛t✐♦♥ ā❢ ≥ ā/3 ❛♥❞ ❛♥② ❢♦r✇❛r❞
❞❡❝❡❧❡r❛t✐♦♥ a❢ ≥ a/3✱ ✇❤✐❝❤ ❛❧❧♦✇s t♦ t❡st ❛ r❛♥❣❡ ♦❢ ā❢ ❛♥❞ a❢ ✈❛❧✉❡s✳ ■❢ ❛ ♣r♦♣❡r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❝❛♥♥♦t
❜❡ ❢♦✉♥❞✱ ✇❡ ✇✐❧❧ r❡❣❡♥❡r❛t❡ r❛♥❞♦♠ ♣❛r❛♠❡t❡rs {ǫn}n∈N\{1} ✇✐t❤ ❛ ❞✐✛❡r❡♥t r❛♥❞♦♠ s❡❡❞ ❛♥❞ r❡♣❡❛t t❤✐s
♣r♦❝❡ss ✉♥t✐❧ ✜♥❞✐♥❣ ❛ ♣r♦♣❡r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ❚❤❡ ❞❡❢❛✉❧t ✈❛❧✉❡ ♦❢ β ✐s s❡t t♦ ✵✳✺✳

❙❡❝t✐♦♥ ✺✳✶ ❝♦♠♣❛r❡s t❤❡ ❙❍ s♦❧✉t✐♦♥s ✇✐t❤ ❛ ❜❡♥❝❤♠❛r❦ ✐♥st❛♥❝❡ t❤❛t s✐♠✉❧❛t❡s t❤❡ ♠❛♥✉❛❧❧②✲❞r✐✈❡♥
tr❛✣❝ ❝♦✉♥t❡r♣❛rt✳ ❚❤✐s ❝♦♠♣❛r✐s♦♥ ❛✐♠s t♦ q✉❛❧✐t❛t✐✈❡❧② s❤♦✇ t❤❡ ❛❞✈❛♥t❛❣❡s ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❈❆❱ ❝♦♥tr♦❧
str❛t❡❣✐❡s ♦✈❡r ♠❛♥✉❛❧ ❞r✐✈✐♥❣✳ ❙❡❝t✐♦♥ ✺✳✷ ❝♦♠♣❛r❡s ❙❍▲ ❛♥❞ P❙❍▲ r❡s✉❧ts ❛♥❞ s❤♦✇s t❤❡② ♣r♦❞✉❝❡ ✐❞❡♥t✐❝❛❧
r❡s✉❧ts ❢♦r t❤❡ s❛♠❡ ▲❱P ✐♥♣✉t✳ ❙❡❝t✐♦♥ ✺✳✸ t❡sts t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ ❙❍ ❛♥❞ ❙❍▲ s♦❧✉t✐♦♥s ✇✐t❤ ❞✐✛❡r❡♥t
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s t♦ ✈❡r✐❢② s♦♠❡ t❤❡♦r② ♣r❡❞✐❝t✐♦♥s ❛♥❞ r❡✈❡❛❧ ✐♥s✐❣❤ts ✐♥t♦ ❤♦✇ ♣❛r❛♠❡t❡r ❝❤❛♥❣❡s ❛✛❡❝t
t❤❡ s♦❧✉t✐♦♥ ❢❡❛s✐❜✐❧✐t②✳ ❙❡❝t✐♦♥ ✺✳✹ ❝♦♠♣❛r❡s ❙❍▲ ❛♥❞ ▲❲❑ r❡s✉❧ts ❛♥❞ ♠❡❛s✉r❡s t❤❡✐r ❞✐✛❡r❡♥❝❡ t♦ ❝❤❡❝❦
t❤❡ t❤❡♦r❡t✐❝❛❧ ❡rr♦r ❜♦✉♥❞s✳

✺✳✶ ▼❛♥✉❛❧ ✈✳s✳ ❆✉t♦♠❛t❡❞ ❚r❛❥❡❝t♦r✐❡s

❲❡ ❝♦♥str✉❝t ❛ ❜❡♥❝❤♠❛r❦ ✐♥st❛♥❝❡ t❤❛t s✐♠✉❧❛t❡s t❤❡ ♠❛♥✉❛❧❧②✲❞r✐✈❡♥ tr❛✣❝ ❝♦✉♥t❡r♣❛rt ❜② ❛❞❛♣t✐♥❣
●✐♣♣✬s ▼♦❞❡❧ ✭●✐♣♣s✱ ✶✾✽✶✮ ❛s t❤❡ ♠❛♥✉❛❧✲❞r✐✈✐♥❣ r✉❧❡ ❢♦r ❡✈❡r② ✈❡❤✐❝❧❡✿

p̈n(t) = min{āI(ṗn(t) < v̄), as❛❢❡n (t)I(ṗn(t) > 0)}, ✭✷✵✮

✇❤❡r❡ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥ I(·) ✐s 1 ✐❢ ❝♦♥❞✐t✐♦♥ · ❤♦❧❞s ♦r ✵ ♦t❤❡r✇✐s❡✱ ❛♥❞ s❛❢❡t② ❛❝❝❡❧❡r❛t✐♦♥ as❛❢❡n ✐s ❞❡✜♥❡❞
❛s ❢♦❧❧♦✇s✿

as❛❢❡n (t) =











∞, ✐❢ ṗn(t)2/b < ss❛❢❡n (t);

p̈n−1(t− τ), ✐❢ ṗn(t)2/b = ss❛❢❡n (t);

−b, ✐❢ ṗn(t)2/b > ss❛❢❡n (t),

✇❤❡r❡ ❝♦♠❢♦rt ❞❡❝❡❧❡r❛t✐♦♥ b = a/2✱ ❛♥❞ s❛❢❡t② ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥ ss❛❢❡n (t) ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣
❡q✉❛t✐♦♥✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r ✈❡❤✐❝❧❡ n ✐s ♦r ✇✐❧❧ ❜❡ ❜❧♦❝❦❡❞ ❜② ❛ r❡❞ ❧✐❣❤t✿

ss❛❢❡n (t) =







s❋n (t), ✐❢ p̄−1
pn(t)ṗn(t)t

(L) ∈ G ❛♥❞ t ∈ G;

min
{

s❋n (t), s
❘
n (t)

}

, ♦t❤❡r✇✐s❡✱

✇❤❡r❡ t❤❡ s❛❢❡t② ❞✐st❛♥❝❡ ❞✉❡ t♦ ❝❛r ❢♦❧❧♦✇✐♥❣ ✐s s❋n (t) := pn−1(t−τ)−s−pn(t)+ ṗn(t−τ)2/b✱ ❛♥❞ t❤❡ s❛❢❡t②
❞✐st❛♥❝❡ ❞✉❡ t♦ r❡❞ ❧✐❣❤t ❜❧♦❝❦✐♥❣ ✐s s❘n (t) := L−pn(t)✳ ❚♦ ❛❝❝♦♠♠♦❞❛t❡ t❤❡ ❧❡❛❞ ✈❡❤✐❝❧❡ t❤❛t ❞♦❡s ♥♦t ❤❛✈❡
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✭❛✮ ✭❜✮ ✭❝✮

❋✐❣✉r❡ ✼✿ ✭❛✮ ❇❡♥❝❤♠❛r❦ ♠❛♥✉❛❧✲❞r✐✈✐♥❣ tr❛❥❡❝t♦r✐❡s✱ ✭❜✮ ❙❍ r❡s✉❧t P (ā, a, ā, a) , ❛♥❞ ✭❝✮ ❙❍ r❡s✉❧t
P (ā/3, a/3, ā/3, a/9) .

❛ ♣r❡❝❡❞✐♥❣ tr❛❥❡❝t♦r②✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❞❡✜♥❡ ❛ ❞✉♠♠② ✈❡❤✐❝❧❡ ✵ ✇✐t❤ p0(t) = ∞✱ ṗ0(t) = ∞,
❛♥❞ p̈0(t) = −b, ∀t✳ ◆♦t❡ t❤❛t t❤❡ ❛❜♦✈❡ ♠♦❞❡❧ ✐s ❛ ❝♦♥t✐♥✉♦✉s ♠♦❞❡❧✱ ❛♥❞ ❝♦❞✐♥❣ ✐t ♦♥ ❛ ❝♦♠♣✉t❡r r❡q✉✐r❡s
♣r♦♣❡r ❞✐s❝r❡t✐③❛t✐♦♥✳ ❚❤❡r❡ ❛r❡ t✇♦ r❡❛s♦♥s ❢♦r s❡❧❡❝t✐♥❣ t❤✐s ♠♦❞❡❧✳ ❋✐rst✱ t❤❡ tr❛❥❡❝t♦r✐❡s ♣r♦❞✉❝❡❞ ❢r♦♠
t❤✐s ♠♦❞❡❧ ❛♣♣❡❛r t♦ ❜❡ ❝♦♥s✐st❡♥t ✇✐t❤ ♦✉r ❞r✐✈✐♥❣ ❡①♣❡r✐❡♥❝❡ ❛t s✐❣♥❛❧✐③❡❞ ✐♥t❡rs❡❝t✐♦♥s✿ ✇❡ t❡♥❞ t♦ s❧♦✇
❞♦✇♥ ❛♥❞ ♠❛❦❡ ❛ st♦♣ ♦♥❧② ✇❤❡♥ ✇❡ ❣❡t ❝❧♦s❡ t♦ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ❞✉r✐♥❣ ❛ ②❡❧❧♦✇ ♦r r❡❞ ❧✐❣❤t✳ ❙❡❝♦♥❞✱ ✐t
✐s ❡❛s② t♦ ✈❡r✐❢② t❤❛t ❛t ❛ st❛t✐♦♥❛r② st❛t❡✱ t❤❡ s❛♠❡ ♠❛❝r♦s❝♦♣✐❝ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❞❡♥s✐t② ❛♥❞ ✈♦❧✉♠❡
❞❡✜♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✻ ❤♦❧❞s✳ ❚❤✐s ✇❛②✱ t❤❡ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ ❙❍ s♦❧✉t✐♦♥ ❛♥❞ t❤✐s ❜❡♥❝❤♠❛r❦ ✇✐❧❧
♦♥❧② ❢♦❝✉s ♦♥ t❤❡ ✏tr❛❥❡❝t♦r② s♠♦♦t❤✐♥❣✑ ❡✛❡❝t r❛t❤❡r t❤❛♥ ✐♠♣r♦✈❡♠❡♥t ♦❢ st❛t✐♦♥❛r② tr❛✣❝ ❝❤❛r❛❝t❡r✐st✐❝s✱
✇❤✐❝❤ ❤❛s ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ✐♥ ♦t❤❡r st✉❞✐❡s ✭❡✳❣✳✱ ❙❤❧❛❞♦✈❡r ❡t ❛❧✳ ✭✷✵✵✾✮✮✳

❋✐❣✉r❡ ✼ ❝♦♠♣❛r❡s t❤❡ ❜❡♥❝❤♠❛r❦ r❡s✉❧t ✇✐t❤ t❤❡ ❙❍ ♦✉t♣✉t✳ ❋✐❣✉r❡ ✼✭❛✮ ♣❧♦ts t❤❡ ❜❡♥❝❤♠❛r❦ ♠❛♥✉❛❧✲
❞r✐✈✐♥❣ tr❛❥❡❝t♦r✐❡s ❣❡♥❡r❛t❡❞ ✇✐t❤ ❝❛r✲❢♦❧❧♦✇✐♥❣ ♠♦❞❡❧ ✭✷✵✮✳ ❲❡ s❡❡ t❤❛t ❞✉❡ t♦ ❛❜r✉♣t ❛❝❝❡❧❡r❛t✐♦♥s ❛♥❞
❞❡❝❡❧❡r❛t✐♦♥s ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ t❤❡ tr❛✣❝ ❧✐❣❤ts✱ ❛ ♥✉♠❜❡r ♦❢ ❝♦♥s❡❝✉t✐✈❡ st♦♣✲❛♥❞✲❣♦ ✇❛✈❡s ❛r❡ ❢♦r♠❡❞ ❛♥❞
♣r♦♣❛❣❛t❡❞ ❜❛❝❦✇❛r❞s ❢r♦♠ t❤❡ ✐♥t❡rs❡❝t✐♦♥✳ ❚❤❡s❡ st♦♣✲❛♥❞✲❣♦ ✇❛✈❡s s❧♦✇ ❞♦✇♥ t❤❡ ♣❛ss✐♥❣ s♣❡❡❞ ♦❢ t❤❡
✈❡❤✐❝❧❡s ❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥s✱ ❛♥❞ t❤✉s ❞❡❝r❡❛s❡ t❤❡ tr❛✣❝ t❤r♦✉❣❤♣✉t ❛♥❞ ✐♥❝r❡❛s❡ t❤❡ tr❛✈❡❧ ❞❡❧❛②✳ ❆s ❛
r❡s✉❧t✱ t❤❡ t♦t❛❧ tr❛✈❡❧ t✐♠❡ ✭✐✳❡✳✱ t❤❡ t✐♠❡ ❞✉r❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ✜rst ✈❡❤✐❝❧❡✬s ❡♥tr② ❛t ❧♦❝❛t✐♦♥ ✵ ❛♥❞ t❤❡ ❧❛st
✈❡❤✐❝❧❡✬s ❡①✐st ❛t ❧♦❝❛t✐♦♥ L✮ ✐s ♦✈❡r ✷✶✺ s❡❝♦♥❞s ❢♦r t❤❡ ❜❡♥❝❤♠❛r❦ ❝❛s❡✳ ❋✉rt❤❡r✱ ✐t ✐s ✐♥t✉✐t✐✈❡ t❤❛t t❤❡s❡
st♦♣✲❛♥❞✲❣♦ ✇❛✈❡s ❛❞✈❡rs❡❧② ✐♠♣❛❝t ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥s ❛♥❞ ❡♠✐ss✐♦♥s ❛♥❞ ❛♠♣❧✐❢② ❝♦❧❧✐s✐♦♥ r✐s❦s✳ ❋✐❣✉r❡ ✼✭❜✮

♣❧♦ts t❤❡ ❙❍ r❡s✉❧t ✇✐t❤
(

ā❢, a❢, ā❜, a❜
)

✐❞❡♥t✐❝❛❧ t♦ t❤❡✐r ❜♦✉♥❞✐♥❣ ✈❛❧✉❡s (ā, a, ā, a)✳ ❲❡ s❡❡ t❤❛t ❞❡s♣✐t❡

s♦♠❡ s❤❛r♣ ❛❝❝❡❧❡r❛t✐♦♥s ❛♥❞ ❞❡❝❡❧❡r❛t✐♦♥s✱ ❛❧❧ ✈❡❤✐❝❧❡s ❝❛♥ ♣❛ss t❤❡ ✐♥t❡rs❡❝t✐♦♥ ❛t t❤❡ ♠❛①✐♠✉♠ s♣❡❡❞
❛♥❞ t❤✉s t❤❡ tr❛✣❝ t❤r♦✉❣❤♣✉t ❣❡ts ♠❛①✐♠✐③❡❞✳ ❚❤❡ t♦t❛❧ tr❛✈❡❧ t✐♠❡ ♥♦✇ ✐s ♦♥❧② ❛r♦✉♥❞ ✶✼✵ s❡❝♦♥❞s✳

❋✐❣✉r❡ ✼✭❝✮ ♣❧♦ts t❤❡ ❙❍ r❡s✉❧t ✇✐t❤
(

ā❢, a❢, ā❜, a❜
)

❞♦✇♥s❝❛❧❡❞ t♦ (ā/3, a/3, ā/3, a/9)✳ ❲❡ s❡❡ t❤❛t ✇✐t❤

t❤❡ ❛❝❝❡❧❡r❛t✐♦♥✴❞❡❝❡❧❡r❛t✐♦♥ ♠❛❣♥✐t✉❞❡s r❡❞✉❝❡❞✱ tr❛❥❡❝t♦r✐❡s ❜❡❝♦♠❡ ♠✉❝❤ s♠♦♦t❤❡r ✇❤✐❧❡ t❤❡ t♦t❛❧ tr❛✈❡❧
t✐♠❡ r❡♠❛✐♥s ❧♦✇ ❛r♦✉♥❞ ✶✼✵ s❡❝♦♥❞s✳ ❚❤✐s ✇✐❧❧ ❢✉rt❤❡r r❡❞✉❝❡ t❤❡ tr❛✣❝✬s ❡♥✈✐r♦♥♠❡♥t❛❧ ✐♠♣❛❝ts ❛♥❞
❡♥❤❛♥❝❡ ✐ts s❛❢❡t②✳

❚♦ ✐♥s♣❡❝t t❤❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ ❜❡♥❝❤♠❛r❦ ❛♥❞ t❤❡ ❙❍ r❡s✉❧ts ❢r♦♠ ❛ ♠❛❝r♦s❝♦♣✐❝ ♣♦✐♥t ♦❢ ✈✐❡✇✱
✇❡ ♠❡❛s✉r❡ t❤❡ ♠❛❝r♦s❝♦♣✐❝ tr❛✣❝ ❝❤❛r❛❝t❡r✐st✐❝s✱ ✐♥❝❧✉❞✐♥❣ ❞❡♥s✐t② ❛♥❞ ✢♦✇ ✈♦❧✉♠❡s ❢♦r t❤❡ tr❛❥❡❝t♦r② s❡ts
✐♥ ❋✐❣✉r❡ ✼ ✇✐t❤ t❤❡ ♠❡❛s✉r✐♥❣ ♠❡t❤♦❞ ♣r♦♣♦s❡❞ ❜② ▲❛✈❛❧ ✭✷✵✶✶❜✮✳ ❇❛s✐❝❛❧❧②✱ ✇❡ r♦❧❧ ❛ ♣❛r❛❧❧❡❧♦❣r❛♠ ✇✐t❤
❛ ❧❡♥❣t❤ ♦❢ ✶✵✵♠ ❛♥❞ ❛ t✐♠❡ ✐♥t❡r✈❛❧ ♦❢ ✺s ❛❧♦♥❣ t❤❡ s❤♦❝❦ ✇❛✈❡ ❞✐r❡❝t✐♦♥ ✭❛t ❛ s♣❡❡❞ ♦❢ −s/τ✮ ❛❝r♦ss t❤❡
tr❛❥❡❝t♦r✐❡s ✐♥ ❡✈❡r② ♣❧♦t ✐♥ ❋✐❣✉r❡ ✼ ❜② ❛ ✶✵✵♠×✺s st❡♣ s✐③❡✳ ❲❡ ♠❡❛s✉r❡ t❤❡ ✢♦✇ ✈♦❧✉♠❡ ❛♥❞ ❞❡♥s✐t② ❛t
❡❛❝❤ ♣❛r❛❧❧❡❧♦❣r❛♠ ❛♥❞ ♣❧♦t t❤❡ ♠❡❛s✉r❡♠❡♥ts ❛s ❝✐r❝❧❡s ✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✐❛❣r❛♠s ✐♥ ❋✐❣✉r❡ ✽✱ ✇❤❡r❡
t❤❡ s♦❧✐❞ ❝✉r✈❡s r❡♣r❡s❡♥t t❤❡ st❛t✐♦♥❛r② ✢♦✇✲❞❡♥s✐t② r❡❧❛t✐♦♥s❤✐♣s s♣❡❝✐✜❡❞ ✐♥ ❡q✉❛t✐♦♥ ✭✶✽✮✳ ❲❡ s❡❡ t❤❛t
✐♥ ❋✐❣✉r❡ ✽✭❛✮ ❢♦r t❤❡ ❜❡♥❝❤ ♠❛r❦ tr❛❥❡❝t♦r✐❡s✱ ♠❛♥② ♠❡❛s✉r❡♠❡♥ts ❛r❡ ❞✐str✐❜✉t❡❞ ♦♥ t❤❡ ❝♦♥❣❡st❡❞ s✐❞❡ ♦❢
t❤✐s ❞✐❛❣r❛♠ ❛♥❞ ♠♦st ♦❢ t❤❡♠ ❛r❡ ❜❡❧♦✇ t❤❡ st❛t✐♦♥❛r② ❝✉r✈❡✳ ❚❤✐s ❡①♣❧❛✐♥s ✇❤② t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡
❜❡♥❝❤♠❛r❦ ❝❛s❡ ✐s t❤❡ ✇♦rst✳ ❚❤✐s ✐s ♣r♦❜❛❜❧② ❜❡❝❛✉s❡ t❤❡ st♦♣ ❛♥❞ ❣♦ ✇❛✈❡s ✭♦r tr❛✣❝ ♦s❝✐❧❧❛t✐♦♥s✮ r❡s✉❧t
✐♥ ❛ ❧♦✇❡r tr❛✣❝ t❤r♦✉❣❤♣✉t ❡✈❡♥ ❛t t❤❡ s❛♠❡ ❞❡♥s✐t②✱ ✇❤✐❝❤ ✐s ❦♥♦✇♥ ❛s t❤❡ ❝❛♣❛❝✐t② ❞r♦♣ ♣❤❡♥♦♠❡♥♦♥
✭❈❛ss✐❞② ❛♥❞ ❇❡rt✐♥✐✱ ✶✾✾✾❀ ▼❛ ❡t ❛❧✳✱ ✷✵✶✺✮✳ ■♥ ❋✐❣✉r❡ ✽✭❜✮ ❢♦r t❤❡ ❙❍ r❡s✉❧t P (ā, a, ā, a)✱ t❤❡r❡ ❛r❡ ❢❡✇❡r
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❋✐❣✉r❡ ✽✿ ▼❛❝r♦s❝♦♣✐❝ ❝❤❛r❛❝t❡r✐st✐❝s ❢♦r ✭❛✮ t❤❡ ❜❡♥❝❤♠❛r❦ tr❛❥❡❝t♦r✐❡s✱ ✭❜✮ P (ā, a, ā, a)✱ ❛♥❞ ✭❝✮
P (ā/3, a/3, ā/3, a/9) .

♠❡❛s✉r❡♠❡♥ts ❢❛❧❧✐♥❣ ✐♥ t❤❡ ❝♦♥❣❡st❡❞ ❜r❛♥❝❤✱ ❛♥❞ t❤❡s❡ ♠❡❛s✉r❡♠❡♥ts ❛r❡ ❝❧♦s❡r t♦ t❤❡ st❛t✐♦♥❛r② ❝✉r✈❡✳
■♥ ❋✐❣✉r❡ ✽✭❝✮ ❢♦r t❤❡ s♠♦♦t❤❡❞ ❙❍ r❡s✉❧t P (ā/3, a/3, ā/3, a/9)✱ ♠✉❝❤ ♠♦r❡ ♠❡❛s✉r❡♠❡♥ts ❧✐❡ ✐♥ t❤❡ ❢r❡❡✲
✢♦✇ ❜r❛♥❝❤✱ ❛♥❞ t❤❡s❡ ♠❡❛s✉r❡♠❡♥ts ❜❡❝♦♠❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ st❛t✐♦♥❛r② ❝✉r✈❡✳ ❚❤✐s s✉❣❣❡sts t❤❛t t❤❡
♣r♦♣♦s❡❞ ❙❍ ❛❧❣♦r✐t❤♠ ✇✐t❤ ♣r♦♣❡r ♣❛r❛♠❡t❡r ✈❛❧✉❡s ❝❛♥ ❝♦✉♥t❡r❛❝t t❤❡ ❝❛♣❛❝✐t② ❞r♦♣ ♣❤❡♥♦♠❡♥♦♥ ❛♥❞
❜r✐♥❣ ♠❛❝r♦s❝♦♣✐❝ tr❛✣❝ ❝❤❛r❛❝t❡r✐st✐❝s t♦✇❛r❞ t❤❡ ❢r❡❡✲✢♦✇ ❜r❛♥❝❤ ♦❢ t❤❡ st❛t✐♦♥❛r② ❝✉r✈❡✳

❖✈❡r❛❧❧✱ t❤❡ r❡s✉❧ts ✐♥ t❤✐s ❙✉❜s❡❝t✐♦♥ s❤♦✇ t❤❛t t❤❡ ♣r♦♣♦s❡❞ ❙❍ ❛❧❣♦r✐t❤♠ ❝❛♥ s✐❣♥✐✜❝❛♥t❧② ✐♠♣r♦✈❡
t❤❡ ❤✐❣❤✇❛② tr❛✣❝ ♣❡r❢♦r♠❛♥❝❡ ✐♥ t❡r♠s ♦❢ ♠♦❜✐❧✐t②✱ ❡♥✈✐r♦♥♠❡♥t ❛♥❞ s❛❢❡t②✳ ❚♦ r❡❛❧✐③❡ t❤❡ ❢✉❧❧ ✉t✐❧✐t② ♦❢
t❤❡ ❙❍ ❛❧❣♦r✐t❤♠✱ q✉❛♥t✐t❛t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥ ♥❡❡❞s t♦ ❜❡ ❝♦♥❞✉❝t❡❞✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❞❡t❛✐❧❡❞ ✐♥ P❛rt ■■ ♦❢ t❤✐s
st✉❞②✳

✺✳✷ ▲❡❛❞ ❱❡❤✐❝❧❡ Pr♦❜❧❡♠

❚❤✐s s✉❜s❡❝t✐♦♥ ♣r❡s❡♥ts ▲❱P r❡s✉❧ts ❢r♦♠ ♠❛♥✉❛❧ ❞r✐✈✐♥❣ ❧❛✇ ✭✷✵✮ ❛♥❞ t❤❡ ♣r♦♣♦s❡❞ ❈❆❱ ❞r✐✈✐♥❣ ❛❧❣♦r✐t❤♠s✳
■♥ t❤❡ ▲❱P✱ ✇❡ s❡t G = ∞ ❛♥❞ R = 0✱ ❛♥❞ ✇❡ ✉♣❞❛t❡ s❛t✉r❛t✐♦♥ r❛t❡ t♦ fs = 0.5 ✐♥ ❣❡♥❡r❛t✐♥❣ t❤❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥ ✭s♦ t❤❛t t❤❡ ❛✈❡r❛❣❡ ❤❡❛❞✇❛② r❡♠❛✐♥s 0.5(τ + s/v̄)✮✳ ❚❤❡ ❧❡❛❞ tr❛❥❡❝t♦r② ✐s s❡t t♦ ✐♥✐t✐❛❧❧② ❝r✉✐s❡
❛t s♣❡❡❞ v̄ ❢♦r ✷✵ s❡❝♦♥❞s✱ t❤❡♥ ❞❡❝❡❧❡r❛t✐♦♥ t♦ t❤❡ ③❡r♦ s♣❡❡❞ ✇✐t❤ ❛ ❞❡❝❡❧❡r❛t✐♥❣ r❛t❡ ♦❢ a/3✱ t❤❡♥ ❦❡❡♣
st♦♣♣❡❞ ❢♦r ✷✵ s❡❝♦♥❞s✱ t❤❡♥ ❛❝❝❡❧❡r❛t❡ t♦ v̄ ✇✐t❤ ❛ r❛t❡ ♦❢ ā/3✱ ❛♥❞ ✜♥❛❧❧② ❦❡❡♣ ❝r✉✐s✐♥❣ ❛t t❤✐s s♣❡❡❞✱ ✐✳❡✳✱

p1 : =

[

(0, v̄, 0, 0, 20) ,

(

20v̄, v̄,
a

3
, 20, 20−

3v̄

a

)

,

(

20v̄ −
3v̄2

2a
, 0, 0, 20−

3v̄

a
, 40−

3v̄

a

)

,

(

20v̄ −
3v̄2

2a
, 0,

a

3
, 40−

3v̄

a
, 40−

3v̄

a
+

3v̄

ā

)

,

(

20v̄ −
3v̄2

2a
+

3v̄2

2ā
, v̄, 0, 40−

3v̄

a
+

3v̄

ā
,∞

)]

. ✭✷✶✮

❚❤✐s ✇❛②✱ p1 tr✐❣❣❡rs ❛ st♦♣♣✐♥❣ ✇❛✈❡ ❛♥❞ ✇❡ ❝❛♥ ❡①❛♠✐♥❡ ✐ts ♣r♦♣❛❣❛t✐♦♥ ✉♥❞❡r ❞✐✛❡r❡♥t ❞r✐✈✐♥❣ ❝♦♥❞✐t✐♦♥s✳
❋✐❣✉r❡ ✾ s❤♦✇s t❤❡ tr❛❥❡❝t♦r② ❝♦♠♣❛r✐s♦♥ r❡s✉❧ts✳ ❲❡ s❡❡ t❤❛t ✜rst✱ ✐♥ ❋✐❣✉r❡s ✾ ✭❜✮ ❛♥❞ ✭❝✮✱ t❤❡ P❙❍▲
r❡s✉❧ts ✭s♦❧✐❞ ❧✐♥❡s✮ ❡①❛❝t❧② ♦✈❡r❧❛♣ ✇✐t❤ t❤❡ ❙❍▲ r❡s✉❧ts ✭❝r♦ss❡s✮✱ ✇❤✐❝❤ ✈❡r✐✜❡s Pr♦♣♦s✐t✐♦♥ ✷ t❤❛t st❛t❡s t❤❡
❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ P❙❍▲ ❛♥❞ ❙❍▲✳ ❈♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ♠❛♥✉❛❧✲❞r✐✈✐♥❣ ❝❛s❡ ✐♥ ❋✐❣✉r❡ ✾✭❛✮✱ t❤❡ ❛✉t♦♠❛t❡❞✲
❞r✐✈✐♥❣ ❝❛s❡ ✐♥ ❋✐❣✉r❡ ✾✭❜✮✱ ❡✈❡♥ ✇✐t❤ t❤❡ ❡①tr❡♠❡ ❛❝❝❡❧❡r❛t✐♦♥ ❛♥❞ ❞❡❝❡❧❡r❛t✐♦♥ r❛t❡s (ā, a)✱ r❡❧❛t✐✈❡❧② ❜❡tt❡r
❛❜s♦r❜s t❤❡ ❜❛❝❦✇❛r❞ st♦♣♣✐♥❣ ✇❛✈❡ ✇✐t❤✐♥ ❛ ❢❡✇❡r ♥✉♠❜❡r ♦❢ ✈❡❤✐❝❧❡s✳ ❘❡❞✉❝✐♥❣ t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ ❛♥❞
❞❡❝❡❧❡r❛t✐♦♥ ♠❛❣♥✐t✉❞❡s t♦ (ā/3, a/3) ✐♥ ❋✐❣✉r❡ ✾✭❝✮ ❝❛♥ ❢✉rt❤❡r s♠♦♦t❤ ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r✐❡s ❛♥❞ ❞❛♠♣❡♥
t❤❡ ✐♠♣❛❝t ❢r♦♠ t❤❡ st♦♣♣✐♥❣ ✇❛✈❡✳ ❚❤❡s❡ r❡s✉❧ts ✐♠♣❧② t❤❛t ♣r♦♣❡r ❈❆❱ ❝♦♥tr♦❧s ❝❛♥ ❡✛❡❝t✐✈❡❧② s♠♦♦t❤
st♦♣✲❛♥❞✲❣♦ tr❛✣❝ ❛♥❞ r❡❞✉❝❡ ❜❛❝❦✇❛r❞ s❤♦❝❦ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ♦♥ ❛ ❢r❡❡✇❛②✳
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❋✐❣✉r❡ ✾✿ ✭❛✮ ❇❡♥❝❤♠❛r❦ ♠❛♥✉❛❧✲❞r✐✈✐♥❣ tr❛❥❡❝t♦r✐❡s✱ ✭❜✮ ❙❍▲ ❛♥❞ P❙❍▲ r❡s✉❧ts ✇✐t❤
(

ā❢, a❢
)

= (ā, a) , ❛♥❞

✭❝✮ ❙❍▲ ❛♥❞ P❙❍▲ r❡s✉❧ts ✇✐t❤
(

ā❢, a❢
)

= (ā/3, a/3) .

✺✳✸ ❋❡❛s✐❜✐❧✐t② ❚❡sts

❚❤✐s s❡❝t✐♦♥ ❝♦♥❞✉❝ts s♦♠❡ ♥✉♠❡r✐❝❛❧ t❡sts t♦ t❡st t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠s ✇✐t❤ ❞✐✛❡r❡♥t

✐♥♣✉t s❡tt✐♥❣s✳ ❲❡ ✜rst ✐♥✈❡st✐❣❛t❡ ❙❍▲ ✭♦r P❙❍▲✮ ❢♦r ▲❱P ✇✐t❤
(

ā❢, a❢
)

= (ā, a) . ❚❤❡♦r❡♠ ✶ ♣r♦✈❡s

t❤❛t ❙❍▲ ✐s ❢❡❛s✐❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ [v−n , t
−
n ]n∈N ✐s ♣r♦♣❡r✳ ❚❤✉s ✇❡ ✐♥✈❡st✐❣❛t❡ ❤♦✇

t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ ❙❍▲ ❝❤❛♥❣❡s ✇✐t❤ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ v−n ❛♥❞ t−n ✳ ❙✐♥❝❡ t❤❡ ❞❡❢❛✉❧t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥
❣❡♥❡r❛t✐♦♥ ♠❡t❤♦❞ ❛❧✇❛②s ❛ss✉r❡s t❤❛t [v−n , t

−
n ]n∈N ✐s ♣r♦♣❡r✱ t❤✐s s✉❜s❡❝t✐♦♥ ✉s❡s ❛ ❞✐✛❡r❡♥t ❣❡♥❡r❛t✐♦♥

♠❡t❤♦❞ t♦ ❛❧❧♦✇ [v−n , t
−
n ]n∈N t♦ ❜❡ ♥♦♥✲♣r♦♣❡r✳ ❲❡ st✐❧❧ ✉s❡ ❡q✉❛t✐♦♥ ✭✶✾✮ t♦ ❣❡♥❡r❛t❡ t−n ✱ ❛♥❞ t❤✉s t❤❡

❞✐s♣❡rs✐♦♥ ♦❢ t✐♠❡ ❤❡❛❞✇❛② ✐s ❝♦♥tr♦❧❧❡❞ ❜② α✳ ■♥ t❤❡ ♥❡①t st❡♣✱ ❡❛❝❤ v−n ✐s ✐♥st❡❛❞ r❛♥❞♦♠❧② ♣✉❧❧❡❞ ❛❧♦♥❣ ❛
✉♥✐❢♦r♠ ✐♥t❡r✈❛❧ [(1− β)v̄, v̄] ✇✐t❤♦✉t ❝❤❡❝❦✐♥❣ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♣r♦♣❡r♥❡ss✳ ◆♦t❡ t❤❛t t❤❡ ✜♥❛❧ ✈❛❧✉❡s
♦❢ t−n ❛♥❞ v−n ❛r❡ r❛♥❞♦♠❧② ❣❡♥❡r❛t❡❞✳ ❲❡ ❣❡♥❡r❛t❡ ✷✵ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥st❛♥❝❡s ✇✐t❤ t❤❡ s❛♠❡ α ❛♥❞
β ✈❛❧✉❡s ②❡t ❞✐✛❡r❡♥t r❛♥❞♦♠ s❡❡❞s✳ ❚❤❡♥ ✇❡ ❢❡❡❞ ❡❛❝❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥st❛♥❝❡ t♦ t❤❡ ❙❍▲ ❛❧❣♦r✐t❤♠
❛♥❞ r❡❝♦r❞ t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ t❤❡ r❡s✉❧t✳ ❲❡ ❝❛❧❧ t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥s ♦✈❡r ❛❧❧ ✷✵ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s t❤❡ ❢❡❛s✐❜✐❧✐t② r❛t❡ ✇✐t❤ r❡❣❛r❞ t♦ t❤✐s s♣❡❝✐✜❝ ♣❛r❛♠❡t❡r s❡tt✐♥❣✳ ❋✐❣✉r❡ ✶✵ ♣❧♦ts ❤♦t ♠❛♣s ❢♦r
t❤❡ ❢❡❛s✐❜✐❧✐t② r❛t❡ ♦✈❡r α × β ∈ [0, 1] × [0, 1] ✇✐t❤ ❞✐✛❡r❡♥t fs ✈❛❧✉❡s✳ ❲❡ ❝❛♥ s❡❡ t❤❛t ♦✈❡r❛❧❧✱ ❛s α ❛♥❞
β ✐♥❝r❡❛s❡✱ t❤❡ ❢❡❛s✐❜✐❧✐t② r❛t❡ ❞❡❝r❡❛s❡s✱ ❛♥❞ ♠♦r❡ ✐♥st❛♥❝❡s ❛r❡ ✐♥❢❡❛s✐❜❧❡ ❛s fs ✐♥❝r❡❛s❡s✳ ❚❤✐s ✐s ❜❡❝❛✉s❡
❤✐❣❤❡r ❞✐s♣❡rs✐♦♥ ♦❢ t−n ❛♥❞ v−n ✐s ♠♦r❡ ❧✐❦❡❧② t♦ ❝❛✉s❡ ❝♦♥✢✐❝ts ❜❡t✇❡❡♥ tr❛❥❡❝t♦r✐❡s t❤❛t ❝❛♥♥♦t ❜❡ r❡❝♦♥❝✐❧❡❞
✉♥❞❡r s❛❢❡t② ❝♦♥str❛✐♥t ✭✹✮✱ ❛♥❞ s✉❝❤ ❝♦♥✢✐❝ts ♠❛② ✐♥❝r❡❛s❡ ❛s tr❛✣❝ ❣❡ts ❞❡♥s❡r✳ ◆♦t❡ t❤❛t ✐♥ ❛❧❧ ♠❛♣s ✐♥
❋✐❣✉r❡ ✶✵✱ t❤❡ tr❛♥s✐t✐♦♥ ❜❛♥❞ ❜❡t✇❡❡♥ ✶✵✵✪ ❢❡❛s✐❜✐❧✐t② r❛t❡ ✭t❤❡ ✇❤✐t❡ ❝♦❧♦r✮ ❛♥❞ ✵✪ ❢❡❛s✐❜✐❧✐t② r❛t❡ ✭t❤❡
❜❧❛❝❦ ❝♦❧♦r✮ ✐s ✈❡r② ♥❛rr♦✇✳ ❚❤✐s ✐♥❞✐❝❛t❡s t❤❛t ❙❍▲✬s ❢❡❛s✐❜✐❧✐t② ✐s ❞✐❝❤♦t♦♠♦✉s✳ ❲✐t❤ t❤✐s ♦❜s❡r✈❛t✐♦♥✱ t❤❡
♣❛r❛♠❡t❡rs ❝♦✉❧❞ ❜❡ ♣❛rt✐t✐♦♥❡❞ ✐♥t♦ ♦♥❧② t✇♦ ♣❤❛s❡s ✭❢❡❛s✐❜❧❡ ❛♥❞ ✐♥❢❡❛s✐❜❧❡✮ t♦ ❢❛❝✐❧✐t❛t❡ r❡❧❡✈❛♥t ❛♥❛❧②s✐s✳

◆❡①t ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❙❍ ❛❧❣♦r✐t❤♠ ❝♦♥s✐❞❡r✐♥❣ tr❛✣❝ ❧✐❣❤ts ✇✐t❤
(

ā❢, a❢, ā❜, a❜
)

= (ā, a, ā, a)✳ ❲❡

❝♦♥❞✉❝t s✐♠✐❧❛r ❡①♣❡r✐♠❡♥ts ❛s t❤♦s❡ ❢♦r ❋✐❣✉r❡ ✶✵ ✇✐t❤ t❤❡ s❛♠❡ ❛❞❛♣t❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❣❡♥❡r❛t✐♦♥
♠❡t❤♦❞✳ ❚❤❡♦r❡♠s ✷ ❛♥❞ ✸ s✉❣❣❡st t❤❛t t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ ❙❍ ✐s r❡❧❛t❡❞ t♦ s❡❣♠❡♥t ❧❡♥❣t❤ L✳ ❚r❛✣❝ ❝♦♥❣❡st✐♦♥
fs ❛♥❞ ♣❧❛t♦♦♥ s✐③❡ N s❤❛❧❧ ❛❧s♦ ❛✛❡❝t ❙❍✬s ❢❡❛s✐❜✐❧✐t②✳ ❚❤✐s t✐♠❡✱ ✇❡ ✜① α = β = 0.5 ❛♥❞ ❛♥❛❧②③❡ ❤♦✇ t❤❡
❢❡❛s✐❜✐❧✐t② r❛t❡ ✈❛r✐❡s ✇✐t❤ L ❛♥❞ fs ♦✈❡r ❞✐✛❡r❡♥t N ✈❛❧✉❡s✱ ❛♥❞ t❤❡ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✶✳ ❲❡
s❡❡ t❤❛t ❛❣❛✐♥ t❤❡ ✐♥❝r❡❛s❡ ♦❢ fs r❛✐s❡s t❤❡ ❝❤❛♥❝❡ ♦❢ ✐♥❢❡❛s✐❜✐❧✐t②✳ ❋✉rt❤❡r✱ ❛s L ❞❡❝r❡❛s❡s✱ t❤❡ ❧✐❦❡❧✐❤♦♦❞
♦❢ ❢❡❛s✐❜✐❧✐t② ❞✐♠✐♥✐s❤❡s✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ❛ s❤♦rt s❡❣♠❡♥t ♠❛② ♥♦t ❜❡ s✉✣❝✐❡♥t t♦ st♦r❡ ❡♥♦✉❣❤ st♦♣♣✐♥❣ ♦r
s❧♦✇❧② ♠♦✈✐♥❣ ✈❡❤✐❝❧❡s t♦ ❜♦t❤ ❝♦♠♣❧② ✇✐t❤ t❤❡ s✐❣♥❛❧ ♣❤❛s❡s ❛♥❞ ❛❧❧♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❡❤✐❝❧❡s t♦ ❡♥t❡r t❤❡
s❡❣♠❡♥t ❛t t❤❡✐r ❞✉❡ t✐♠❡s✳ ❆❧s♦✱ ♠♦r❡ ✐♥st❛♥❝❡s ❛r❡ ✐♥❢❡❛s✐❜❧❡ ❛s N ✐♥❝r❡❛s❡s✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ♠♦r❡ ✈❡❤✐❝❧❡s
s❤❛❧❧ ❜❛r❡ ❛ ❤✐❣❤❡r ❝❤❛♥❝❡ ♦❢ ♣r♦❞✉❝✐♥❣ ❛♥ ✐rr❡❝♦♥❝✐❧❛❜❧❡ ❝♦♥✢✐❝t ❜❡t✇❡❡♥ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ✈❡❤✐❝❧❡s ❛❣❛✐♥st
s❛❢❡t② ❝♦♥str❛✐♥t ✭✹✮✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ❙❍ ❢❡❛s✐❜✐❧✐t② ✐s ❞✐❝❤♦t♦♠♦✉s ❛♥❞ ❛ t✇♦✲♣❤❛s❡ r❡♣r❡s❡♥t❛t✐♦♥ ♠✐❣❤t ❜❡
❛♣♣❧✐❝❛❜❧❡✳

✸✷
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❋✐❣✉r❡ ✶✵✿ ❋❡❛s✐❜✐❧✐t② r❛t❡ ♦❢ P❙❍▲ ✇✐t❤ ✭❛✮ fs = 0.2✱ ✭❜✮ fs = 0.5✱ ❛♥❞ ✭❝✮ fs = 0.8.
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❋✐❣✉r❡ ✶✶✿ ❋❡❛s✐❜✐❧✐t② r❛t❡ ♦❢ P❙❍▲ ✇✐t❤ ✭❛✮ N = 25❀ ✭❜✮ N = 50❀ ❛♥❞ ✭❝✮ N = 100.
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✭❛✮ ✭❜✮ ✭❝✮

❋✐❣✉r❡ ✶✷✿ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ◆❡✇❡❧❧✬s s♦❧✉t✐♦♥ Q ❛♥❞ ❙❍▲ s♦❧✉t✐♦♥ P▲❱P(ā❢, a❢) ✇✐t❤ ✭❛✮
(

ā❢, a❢
)

=

(ā/3, a/3)✱ ✭❜✮
(

ā❢, a❢
)

= (ā, a)✱ ❛♥❞ ✭❝✮
(

ā❢, a❢
)

= (3ā, 3a)✳✳

✺✳✹ ❈♦♠♣❛r✐s♦♥ ✇✐t❤ ❈❧❛ss✐❝ ❚r❛✣❝ ❋❧♦✇ ▼♦❞❡❧s

❚❤✐s s❡❝t✐♦♥ ❝♦♠♣❛r❡s ◆❡✇❡❧❧✬s s♦❧✉t✐♦♥ Q ❛♥❞ ❙❍▲ s♦❧✉t✐♦♥ P▲❱P
(

a❢, ā❢
)

❢♦r ▲❱P✳ ❆❣❛✐♥✱ ✇❡ s❡t G = ∞

❛♥❞ R = 0✱ fs = 0.5✳ ❚❤❡ ❧❡❛❞ tr❛❥❡❝t♦r② ✐s ❣❡♥❡r❛t❡❞ ✇✐t❤ ❡q✉❛t✐♦♥ ✭✷✶✮✱ ❛♥❞ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥
✐s ❣❡♥❡r❛t❡❞ ✇✐t❤ t❤❡ ❞❡❢❛✉❧t ♠❡t❤♦❞ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡q✉❛t✐♦♥ ✭✶✾✮ t♦ ❛ss✉r❡ t❤❡ ❢❡❛s✐❜✐❧✐t②✳ ❋✐❣✉r❡ ✶✷

❝♦♠♣❛r❡s t❤❡s❡ tr❛❥❡❝t♦r✐❡s ✇✐t❤ ❞✐✛❡r❡♥t
(

ā❢, a❢
)

✈❛❧✉❡s✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❛❧❧♦✇
(

ā❢, a❢
)

t♦ ❣♦ ❜❡②♦♥❞

(ā, a) t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❛s②♠♣t♦t✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❙❍▲✳ ❲❡ s❡❡ t❤❛t ✐♥ ❣❡♥❡r❛❧✱ tr❛❥❡❝t♦r✐❡s ✐♥ Q ❤❛✈❡ ❛❜r✉♣t

t✉r♥s ✇❤✐❧❡ t❤♦s❡ ✐♥ P▲❱P
(

a❢, ā❢
)

❛r❡ r❡❧❛t✐✈❡❧② s♠♦♦t❤✳ ❆❧❧ tr❛❥❡❝t♦r✐❡s ✐♥ P▲❱P
(

a❢, ā❢
)

✐s ❜❡❧♦✇ t❤♦s❡

✐♥ P▲❱P
(

a❢, ā❢
)

✱ ✇❤✐❝❤ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ♣r♦♣❡rt② st❛t❡❞ ✐♥ ❚❤❡♦r❡♠ ✺✳ ❆s
(

ā❢, a❢
)

❛♠♣❧✐✜❡s ❢r♦♠ (ā/3, a/3) t♦ (3ā, 3a)✱ ✇❡ s❡❡ t❤❛t ❛❝❝❡❧❡r❛t✐♦♥s ❛♥❞ ❞❡❝❡❧❡r❛t✐♦♥s ✐♥ P▲❱P
(

a❢, ā❢
)

❜❡❝♦♠❡

s❤❛r♣❡r ❛♥❞ tr❛❥❡❝t♦r✐❡s ✐♥ P▲❱P
(

a❢, ā❢
)

❣❡t ❝❧♦s❡r t♦ t❤♦s❡ ✐♥ Q✱ ✇❤✐❝❤ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❛s②♠♣t♦t✐❝

♣r♦♣❡rt② st❛t❡❞ ✐♥ ❈♦r♦❧❧❛r② ✺✳
❋✐❣✉r❡ ✶✸ ♣❧♦ts t❤❡ ❡rr♦rs ❜❡t✇❡❡♥ Q ❛♥❞ P▲❱P (γā, γa) ❛♥❞ t❤❡✐r ❜♦✉♥❞s ✭❞❡✜♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✺✮✱ ✇❤❡r❡

❛❝❝❡❧❡r❛t✐♦♥ ❢❛❝t♦r γ ✐♥❝r❡❛s❡s ❢r♦♠ 1/3 t♦ 3✳ ❲❡ s❡❡ t❤❛t D (qn − pn) ✐s ❛❧✇❛②s ✐❞❡♥t✐❝❛❧ t♦ ✵ ✭♦r t❤❡ ✉♣♣❡r
❜♦✉♥❞✮ ❛♥❞ D (pn − qn) ✐s ❛❧✇❛②s ❛❜♦✈❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ✭✶✸✮ ❢♦r ❛❧❧ γ ✈❛❧✉❡s✳ ❆s γ ✐♥❝r❡❛s❡s✱ t❤❡ ❡rr♦rs ❛♥❞
t❤❡✐r ❜♦✉♥❞s ❛❧❧ ❝♦♥✈❡r❣❡ t♦ ✵✱ ✇❤✐❝❤ ❛❣❛✐♥ ❝♦♥✜r♠s ❈♦r♦❧❧❛r② ✺✳ ■♥ s✉♠♠❛r②✱ t❤❡s❡ ❡①♣❡r✐♠❡♥ts s❤♦✇ t❤❛t
❙❍▲ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ s♠♦♦t❤❡❞ ✈❡rs✐♦♥ ♦❢ ◆❡✇❡❧❧✬s s♦❧✉t✐♦♥ t❤❛t r❡♣❧❛❝❡s s♣❡❡❞ ❥✉♠♣s ✐♥ ◆❡✇❡❧❧✬s s♦❧✉t✐♦♥
✇✐t❤ s♠♦♦t❤ ❛❝❝❡❧❡r❛t✐♦♥s ❛♥❞ ❞❡❝❡❧❡r❛t✐♦♥s✳

✻ ❈♦♥❝❧✉s✐♦♥

❚❤✐s ♣❛♣❡r ✐♥✈❡st✐❣❛t❡s t❤❡ ♣r♦❜❧❡♠ ♦❢ ❝♦♥tr♦❧❧✐♥❣ ♠✉❧t✐♣❧❡ ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r✐❡s ♦♥ ❛ ❤✐❣❤✇❛② ✇✐t❤ ❈❆❱
t❡❝❤♥♦❧♦❣✐❡s✳ ❲❡ ♣r♦♣♦s❡ ❛ s❤♦♦t✐♥❣ ❤❡✉r✐st✐❝ t♦ ❡✣❝✐❡♥t❧② ❝♦♥str✉❝t ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r✐❡s t❤❛t ❢♦❧❧♦✇ ♦♥❡
❛♥♦t❤❡r ✉♥❞❡r ❛ ♥✉♠❜❡r ♦❢ ❝♦♥str❛✐♥ts✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ♣❤②s✐❝❛❧ ❧✐♠✐ts✱ ❢♦❧❧♦✇✐♥❣ s❛❢❡t②✱
❛♥❞ tr❛✣❝ s✐❣♥❛❧s✳ ❲✐t❤ s❧✐❣❤t ❛❞❛♣t❛t✐♦♥✱ t❤✐s ❤❡✉r✐st✐❝ ✐s ❛♣♣❧✐❝❛❜❧❡ t♦ ♥♦t ♦♥❧② ❤✐❣❤✇❛② ❛rt❡r✐❛❧s ✇✐t❤
✐♥t❡rr✉♣t❡❞ tr❛✣❝ ❜✉t ❛❧s♦ ✉♥✐♥t❡rr✉♣t❡❞ ❢r❡❡✇❛② tr❛✣❝✳ ❲❡ ❣❡♥❡r❛❧✐③❡ t❤❡ t✐♠❡ ❣❡♦❣r❛♣❤② t❤❡♦r② t♦ ❝♦♥s✐❞❡r
✜♥✐t❡ ❛❝❝❡❧❡r❛t✐♦♥s✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ st✉❞② t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠s✳ ❲❡ ✜♥❞ t❤❛t t❤❡
♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠s ❝❛♥ ❛❧✇❛②s ✜♥❞ ❛ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ t♦ t❤❡ ♦r✐❣✐♥❛❧ ❝♦♠♣❧❡① ♠✉❧t✐✲tr❛❥❡❝t♦r② ❞❡s✐❣♥
♣r♦❜❧❡♠ ✉♥❞❡r ❝❡rt❛✐♥ ♠✐❧❞ ❝♦♥❞✐t✐♦♥s✳ ❲❡ ❢✉rt❤❡r ♣♦✐♥t ♦✉t t❤❛t t❤❡ s❤♦♦t✐♥❣ ❤❡✉r✐st✐❝ s♦❧✉t✐♦♥ t♦ t❤❡
❧❡❛❞ ✈❡❤✐❝❧❡ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ s♠♦♦t❤❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝ ❦✐♥❡♠❛t✐❝ t❤❡♦r②✬s r❡s✉❧t✳ ❲❡
✜♥❞ t❤❛t t❤❡ ❦✐♥❡♠❛t✐❝ ✇❛✈❡ t❤❡♦r② ✐s ❡ss❡♥t✐❛❧❧② ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ t❤❡ ♣r♦♣♦s❡❞ s❤♦♦t✐♥❣ ❤❡✉r✐st✐❝ ✇✐t❤
✐♥✜♥✐t❡ ❛❝❝❡❧❡r❛t✐♦♥s✳ ❋✉rt❤❡r✱ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ s❤♦♦t✐♥❣ ❤❡✉r✐st✐❝ s♦❧✉t✐♦♥ ❛♥❞ t❤❡ ❦✐♥❡♠❛t✐❝ ✇❛✈❡
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❋✐❣✉r❡ ✶✸✿ ▼❡❛s✉r❡❞ ❡rr♦rs ❜❡t✇❡❡♥ ◆❡✇❡❧❧✬s s♦❧✉t✐♦♥ Q ❛♥❞ ❙❍▲ s♦❧✉t✐♦♥ P▲❱P (γā, γa) ✈✳s✳ t❤❡✐r ❜♦✉♥❞s
✳

s♦❧✉t✐♦♥ ✐s ❢♦✉♥❞ t♦ ❜❡ ❧✐♠✐t❡❞ ✇✐t❤✐♥ t✇♦ t❤❡♦r❡t✐❝❛❧ ❜♦✉♥❞s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ s✐③❡ ♦❢ t❤❡ ✈❡❤✐❝❧❡s ✐♥ t❤❡
st✉❞✐❡❞ tr❛✣❝ str❡❛♠✳ ◆✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ❛r❡ ❝♦♥❞✉❝t❡❞ t♦ ✐❧❧✉str❛t❡ s♦♠❡ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ❛♥❞ ❞r❛✇
❛❞❞✐t✐♦♥❛❧ ✐♥s✐❣❤ts ✐♥t♦ ❤♦✇ t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠s ❝❛♥ ✐♠♣r♦✈❡ ❤✐❣❤✇❛② tr❛✣❝✳

❚❤✐s ♣❛♣❡r ♣r♦✈✐❞❡s ❛ ♠❡t❤♦❞♦❧♦❣✐❝❛❧ ❛♥❞ t❤❡♦r❡t✐❝❛❧ ❢♦✉♥❞❛t✐♦♥ ❢♦r ♠❛♥❛❣✐♥❣ ❢✉t✉r❡ ❈❆❱ tr❛✣❝✳ ❚❤❡
❢♦❧❧♦✇✐♥❣ ♣❛rt ■■ ♣❛♣❡r ▼❛ ❡t ❛❧✳ ✭✷✵✶✺✮ ♦❢ t❤✐s st✉❞② ✇✐❧❧ ❛♣♣❧② t❤❡ ♣r♦♣♦s❡❞ s❤♦♦t✐♥❣ ❤❡✉r✐st✐❝ ✇✐t❤ ❣✐✈❡♥
❛❝❝❡❧❡r❛t✐♦♥ r❛t❡s t♦ ❛ tr❛❥❡❝t♦r② ♦♣t✐♠✐③❛t✐♦♥ ❢r❛♠❡✇♦r❦ t❤❛t ♦♣t✐♠✐③❡s t❤❡ ♦✈❡r❛❧❧ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❈❆❱
tr❛✣❝ ✭❡✳❣✳✱ ✐♥ t❡r♠s ♦❢ ♠♦❜✐❧✐t②✱ ❡♥✈✐r♦♥♠❡♥t ✐♠♣❛❝ts ❛♥❞ s❛❢❡t②✮ ❜② ✜♥❞✐♥❣ t❤❡ ❜❡st ❛❝❝❡❧❡r❛t✐♦♥ r❛t❡s✳
❚❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ❛♥❞ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s ♦♥ t❤✐s ♦♣t✐♠✐③❛t✐♦♥ ❢r❛♠❡✇♦r❦ ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞✳ ❚❤✐s st✉❞②
♦✈❡r❛❧❧ ❡①♣❡❝ts t♦ ♣r♦✈✐❞❡ ❜♦t❤ t❤❡♦r❡t✐❝❛❧ ♣r✐♥❝✐♣❧❡s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥ ❣✉✐❞❛♥❝❡ ❢♦r ✉♣❣r❛❞✐♥❣ t❤❡ ❡①✐st✐♥❣
❤✐❣❤✇❛② tr❛✣❝ ♠❛♥❛❣❡♠❡♥t s②st❡♠s ✇✐t❤ ❡♠❡r❣✐♥❣ ❈❆❱ t❡❝❤♥♦❧♦❣✐❡s✳ ■t ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ✐♥ ❛ ♥✉♠❜❡r
♦❢ ❞✐r❡❝t✐♦♥s t♦ ❛❞❞r❡ss ♣r❛❝t✐❝❛❧ ❝❤❛❧❧❡♥❣❡s ❛♥❞ ❡♠❡r❣✐♥❣ ♦♣♣♦rt✉♥✐t✐❡s ✐♥ ❞❡♣❧♦②✐♥❣ ❈❆❱ t❡❝❤♥♦❧♦❣✐❡s✳
❲❤✐❧❡ t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞ t❤❛t ❣❡♥❡r❛t❡s ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r✐❡s ✇✐t❤ ❝♦♥t✐♥✉♦✉s s♣❡❡❞s ♠❛❦❡s s✐❣♥✐✜❝❛♥t
✐♠♣r♦✈❡♠❡♥t ♦✈❡r t❤♦s❡ ❛❧❧♦✇✐♥❣ ❢♦r s♣❡❡❞ ❥✉♠♣s✱ t❤❡ ♦✉t♣✉t tr❛❥❡❝t♦r✐❡s st✐❧❧ ❤❛✈❡ ❛❝❝❡❧❡r❛t✐♦♥ ❥✉♠♣s✳
❚❤✐s ❝❛♥ ❜❡ ♦✈❡r❝♦♠❡ ❜② r❡♣❧❛❝✐♥❣ ♦r ❝♦♥♥❡❝t✐♥❣ ❝✉rr❡♥t ♣❛r❛❜♦❧✐❝ s❡❣♠❡♥ts ✇✐t❤ s♠♦♦t❤❡r ❝✉r✈❡s✱ ❡✳❣✳✱
t❤✐r❞✲♦r❞❡r ❝✉r✈❡s✱ s♣✐r❛❧ ❝✉r✈❡s✱ ❛❞❛♣t❡❞ ❧♦❣✐st✐❝ ❢✉♥❝t✐♦♥ ❝✉r✈❡s✱ ❡t❝✳ ❚❤❡ ❝✉rr❡♥t ❙❍ ❛❧❣♦r✐t❤♠ ❛ss✉♠❡s
❛ ❝♦♥st❛♥t ❛❝❝❡❧❡r❛t✐♦♥ ❧✐♠✐t ā✱ ✇❤✐❝❤ ❤♦✇❡✈❡r s❤♦✉❧❞ ❜❡ ❛ ♥♦♥❧✐♥❡❛r ❢✉♥❝t✐♦♥ ♦❢ ✈❡❤✐❝❧❡ s♣❡❡❞✳ ■t ❝❛♥ ❜❡
❛❞❛♣t❡❞ t♦ ❝❤❡❝❦ t❤❡ s♣❡❡❞ ❞❡♣❡♥❞❡♥t ❛❝❝❡❧❡r❛t✐♦♥ ❧✐♠✐t ♦♥ ❡❛❝❤ ❝♦♥str✉❝t❡❞ q✉❛❞r❛t✐❝ tr❛❥❡❝t♦r② s❡❣♠❡♥t
s❡♣❛r❛t❡❧②✳ ❚❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠ ✐s ❡ss❡♥t✐❛❧❧② ❛ s❤♦rt✲t❡r♠ tr❛❥❡❝t♦r② ♣❧❛♥♥✐♥❣ ♣r♦❜❧❡♠✳ ■ts ❛♣♣❧✐❝❛❜✐❧✐t②
✇✐❧❧ ❜❡ str❡♥❣t❤❡♥❡❞ ✐❢ ✐t ❝❛♥ ❜❡ ✐♥t❡❣r❛t❡❞ ✇✐t❤ t❤❡ r❡❛❧✲t✐♠❡ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ t♦ ❡♥s✉r❡ t❤❛t ✈❡❤✐❝❧❡s ♣r♦♣❡r❧②
❢♦❧❧♦✇ t❤❡ ♣❧❛♥♥❡❞ tr❛❥❡❝t♦r✐❡s ❝♦♥s✐❞❡r✐♥❣ ❞❡❧❛②s ❛♥❞ ❡rr♦rs ✐♥ ♦❜s❡r✈❛t✐♦♥s ❛♥❞ ❝♦♥tr♦❧❧❡rs✳ ❚❤❡s❡ s✐♥❣❧❡✲❧❛♥❡
s✐♥❣❧❡✲s❡❣♠❡♥t r❡s✉❧ts ❝❛♥ ❜❡ ✉s❡❞ ❛s ❜✉✐❧❞✐♥❣ ❜❧♦❝❦s t♦ ✐♥✈❡st✐❣❛t❡ ♠♦r❡ ❝♦♠♣❧❡① ❣❡♦♠❡tr✐❡s✱ ❡✳❣✳✱ ♠✉❧t✐✲
s❡❣♠❡♥t ❝♦rr✐❞♦rs✱ ✐♥t❡rs❡❝t✐♦♥s✱ ♠✉❧t✐✲❧❛♥❡ ❤✐❣❤✇❛②s✱ ❛♥❞ ❡✈❡♥ ❛ ❝♦♠♣❧❡t❡ ♥❡t✇♦r❦✳ ■t ✐s ❛❧s♦ ✐♥t❡r❡st✐♥❣
t♦ ✐♥✈❡st✐❣❛t❡ ❤❡t❡r♦❣❡♥❡♦✉s ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ✈❡❤✐❝❧❡s✱ ❡✳❣✳✱ ✐♥ t❡r♠s ♦❢ s✐③❡s✱ ❛❝❝❡❧❡r❛t✐♦♥ ❝❛♣❛❜✐❧✐t✐❡s ❛♥❞
❡♥❡r❣② ❡✣❝✐❡♥❝②✳ ■t ✐s ❛❧s♦ ✐♥t❡r❡st✐♥❣ t♦ ✐♥✈❡st✐❣❛t❡ ❤♦✇ ❤❡t❡r♦❣❡♥❡♦✉s ❞❡st✐♥❛t✐♦♥s r❛t❤❡r t❤❛♥ ♣✉r❡ t❤r♦✉❣❤
tr❛✣❝ ✇♦✉❧❞ ❛✛❡❝t t❤❡ tr❛❥❡❝t♦r② s❤❛♣❡s✳ ❲❤✐❧❡ t❤❡ ❝✉rr❡♥t st✉❞② ❛ss✉♠❡s t❤❡ s✐❣♥❛❧ t✐♠✐♥❣ ✐s ✜①❡❞ ❛❧❧ t❤❡
t✐♠❡✱ ❡♠❡r❣✐♥❣ t❡❝❤♥♦❧♦❣✐❡s ❛❧❧♦✇ ❈❆❱s t♦ ♥❡❣♦t✐❛t❡ ✇✐t❤ s✐❣♥❛❧s t♦ ❛❞❥✉st t✐♠✐♥❣ ♣❧❛♥s ✐♥ r❡❛❧ t✐♠❡✳ ■t ✐s ✈❡r②
✐♥t❡r❡st✐♥❣ t♦ ❡①❛♠✐♥❡ ❤♦✇ ✐♥t❡❣r❛t✐♥❣ tr❛❥❡❝t♦r② ❝♦♥tr♦❧ ✇✐t❤ s✐❣♥❛❧ ♦♣t✐♠✐③❛t✐♦♥ ✇✐❧❧ ❢✉rt❤❡r ✐♠♣r♦✈❡ t❤❡
s②st❡♠ ♣❡r❢♦r♠❛♥❝❡✳ ❚❤✐s st✉❞② ❛ss✉♠❡s t❤❛t t❤❡ ❝♦♥tr♦❧ s❝❤❡♠❡ ✐s ♣✉r❡❧② ❝❡♥tr❛❧✐③❡❞✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s t❤❡
♦♣t✐♠❛❧ ❜❡♥❝❤♠❛r❦ ❢♦r ❛ ❞❡❝❡♥tr❛❧✐③❡❞ s②st❡♠ t❤❛t ✐s ♣r♦❜❛❜❧② ♠♦r❡ ❧✐❦❡❧② ✐♥ t❤❡ ♥❡❛r ❢✉t✉r❡✳ ■t ✐s ✇♦rt❤✇❤✐❧❡
t♦ ✐♥✈❡st✐❣❛t❡ ❤♦✇ t♦ ❞❡s✐❣♥ ✐♥❢♦r♠❛t✐♦♥ ♠❛♥❛❣❡♠❡♥t s❝❤❡♠❡s ✐♥ s✉❝❤ ❛ ❞❡❝❡♥tr❛❧✐③❡❞ s②st❡♠ t♦ ♣✉s❤ t❤❡
s②st❡♠ ♣❡r❢♦r♠❛♥❝❡ t♦✇❛r❞s t❤✐s ♦♣t✐♠❛❧ ❜❡♥❝❤♠❛r❦✳ ■❢ ✇❡ ♦♥❧② ❝♦♥tr♦❧ ❛ ♣♦rt✐♦♥ ♦❢ t❤❡ tr❛❥❡❝t♦r✐❡s ❛♥❞
❣❡♥❡r❛t❡ t❤❡ r❡♠❛✐♥✐♥❣ ♦♥❡s ✇✐t❤ ♠❛♥✉❛❧ ❝❛r✲❢♦❧❧♦✇✐♥❣ ❧❛✇s✱ t❤✐s ❞❡✈❡❧♦♣♠❡♥t ❝❛♥ ❜❡ ❛❞❛♣t❡❞ t♦ ✐♥✈❡st✐❣❛t❡

✸✺



tr❛✣❝ ✇✐t❤ ♠✐①❡❞ ♠❛♥✉❛❧ ❛♥❞ ❛✉t♦♠❛t❡❞ ✈❡❤✐❝❧❡s✳ ❲❤❡♥ t❤❡ ❤❛r❞✇❛r❡ ✐s r❡❛❞②✱ ✜❡❧❞ ❡①♣❡r✐♠❡♥ts ❝❛♥ ❜❡
❝♦♥❞✉❝t❡❞ t♦ ✈❛❧✐❞❛t❡ ❛♥❞ ❝❛❧✐❜r❛t❡ t❤❡ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧s✳

❆❝❦♥♦✇❧❡❞❣♠❡♥ts

❚❤✐s r❡s❡❛r❝❤ ✐s s✉♣♣♦rt❡❞ ✐♥ ♣❛rt ❜② t❤❡ ❯✳❙✳ ◆❛t✐♦♥❛❧ ❙❝✐❡♥❝❡ ❋♦✉♥❞❛t✐♦♥ t❤r♦✉❣❤ ●r❛♥ts ❈▼▼■ ❈❆✲
❘❊❊❘★✶✹✺✸✾✹✾✱ ❈▼▼■ ★✶✷✸✹✾✸✻ ❛♥❞ ❈▼▼■ ★✶✺✹✶✶✸✵✳ ❚❤❡ ❤❡❧♣❢✉❧ ❝♦♠♠❡♥ts ❢r♦♠ ❉r✳ ❳✐❛♦❜♦ ◗✉✱ ❉r✳
❨✐❤❡♥❣ ❋❡♥❣ ❛♥❞ ❉r✳ ❍❡♥r② ▲✐✉ ❛r❡ ♠✉❝❤ ❛♣♣r❡❝✐❛t❡❞✳

❘❡❢❡r❡♥❝❡s

❆❤♥✱ ❑✳✱ ❘❛❦❤❛✱ ❍✳✱ P❛r❦✱ ❙✳✱ ✷✵✶✸✳ ❊❝♦❞r✐✈❡ ❛♣♣❧✐❝❛t✐♦♥✿ ❆❧❣♦r✐t❤♠✐❝ ❞❡✈❡❧♦♣♠❡♥t ❛♥❞ ♣r❡❧✐♠✐♥❛r② t❡st✐♥❣✳
❚r❛♥s♣♦rt❛t✐♦♥ ❘❡s❡❛r❝❤ ❘❡❝♦r❞✿ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❚r❛♥s♣♦rt❛t✐♦♥ ❘❡s❡❛r❝❤ ❇♦❛r❞ ✭✷✸✹✶✮✱ ✶✕✶✶✳

❆❤♥✱ ❙✳✱ ✷✵✵✺✳ ❋♦r♠❛t✐♦♥ ❛♥❞ s♣❛t✐❛❧ ❡✈♦❧✉t✐♦♥ ♦❢ tr❛✣❝ ♦s❝✐❧❧❛t✐♦♥s✳ P❤✳❉✳ t❤❡s✐s✱ ❯♥✐✈❡rs✐t② ♦❢ ❈❛❧✐❢♦r♥✐❛✱
❇❡r❦❡❧❡②✱ ❇❡r❦❡❧❡②✱ ❈❛❧✐❢♦r♥✐❛✳

❆♣♦st♦❧✱ ❚✳ ▼✳✱ ✶✾✻✾✳ ❈❛❧❝✉❧✉s✱ ✈♦❧✳ ✐✐✳ ❊❞ ❘❡✈❡rté✳

❇❛♥❞♦✱ ▼✳✱ ❍❛s❡❜❡✱ ❑✳✱ ◆❛❦❛♥✐s❤✐✱ ❑✳✱ ◆❛❦❛②❛♠❛✱ ❆✳✱ ✶✾✾✽✳ ❆♥❛❧②s✐s ♦❢ ♦♣t✐♠❛❧ ✈❡❧♦❝✐t② ♠♦❞❡❧ ✇✐t❤ ❡①♣❧✐❝✐t
❞❡❧❛②✳ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ❊ ✺✽ ✭✺✮✱ ✺✹✷✾✕✺✹✸✺✳

❇❛♥❞♦✱ ▼✳✱ ❍❛s❡❜❡✱ ❑✳✱ ◆❛❦❛②❛♠❛✱ ❆✳✱ ❙❤✐❜❛t❛✱ ❆✳✱ ❙✉❣✐②❛♠❛✱ ❨✳✱ ✶✾✾✺✳ ❉②♥❛♠✐❝❛❧ ♠♦❞❡❧ ♦❢ tr❛✣❝ ❝♦♥❣❡s✲
t✐♦♥ ❛♥❞ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥✳ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ❊ ✺✶ ✭✷✮✱ ✶✵✸✺✕✶✵✹✷✳

❇❡❛r❞✱ ●✳ ❋✳✱ ●r✐✣♥✱ ▼✳ ❏✳✱ ✷✵✶✸✳ ❉✐s❝♦♠❢♦rt ❞✉r✐♥❣ ❧❛t❡r❛❧ ❛❝❝❡❧❡r❛t✐♦♥✿ ■♥✢✉❡♥❝❡ ♦❢ s❡❛t ❝✉s❤✐♦♥ ❛♥❞
❜❛❝❦r❡st✳ ❆♣♣❧✐❡❞ ❡r❣♦♥♦♠✐❝s ✹✹ ✭✹✮✱ ✺✽✽✕✺✾✹✳

❇❤❛♠✱ ●✳ ❍✳✱ ▲♦♥❣✱ ❙✳✱ ❇❛✐❦✱ ❍✳✱ ❘②❛♥✱ ❚✳✱ ●❡♥tr②✱ ▲✳✱ ▲❛❧❧✱ ❑✳✱ ❆r❡③♦✉♠❛♥❞✐✱ ▼✳✱ ▲✐✉✱ ❉✳✱ ▲✐✱ ❚✳✱ ❙❝❤❛❡✛❡r✱
❇✳✱ ✷✵✶✵✳ ❊✈❛❧✉❛t✐♦♥ ♦❢ ✈❛r✐❛❜❧❡ s♣❡❡❞ ❧✐♠✐ts ♦♥ ✐✲✷✼✵✴✐✲✷✺✺ ✐♥ st✳ ❧♦✉✐s✳ ❚❡❝❤✳ r❡♣✳

❇r❛❝❦st♦♥❡✱ ▼✳✱ ▼❝❉♦♥❛❧❞✱ ▼✳✱ ✶✾✾✾✳ ❈❛r✲❢♦❧❧♦✇✐♥❣✿ ❛ ❤✐st♦r✐❝❛❧ r❡✈✐❡✇✳ ❚r❛♥s♣♦rt❛t✐♦♥ ❘❡s❡❛r❝❤ P❛rt ❋✿
❚r❛✣❝ Ps②❝❤♦❧♦❣② ❛♥❞ ❇❡❤❛✈✐♦✉r ✷ ✭✹✮✱ ✶✽✶ ✕ ✶✾✻✳

❇r❛♥st♦♥✱ ❉✳✱ ✈❛♥ ❩✉②❧❡♥✱ ❍✳✱ ✶✾✼✽✳ ❚❤❡ ❡st✐♠❛t✐♦♥ ♦❢ s❛t✉r❛t✐♦♥ ✢♦✇✱ ❡✛❡❝t✐✈❡ ❣r❡❡♥ t✐♠❡ ❛♥❞ ♣❛ss❡♥❣❡r
❝❛r ❡q✉✐✈❛❧❡♥ts ❛t tr❛✣❝ s✐❣♥❛❧s ❜② ♠✉❧t✐♣❧❡ ❧✐♥❡❛r r❡❣r❡ss✐♦♥✳ ❚r❛♥s♣♦rt❛t✐♦♥ ❘❡s❡❛r❝❤ ✶✷ ✭✶✮✱ ✹✼✕✺✸✳

❈❛ss✐❞②✱ ▼✳✱ ❇❡rt✐♥✐✱ ❘✳✱ ✶✾✾✾✳ ❙♦♠❡ tr❛✣❝ ❢❡❛t✉r❡s ❛t ❢r❡❡✇❛② ❜♦tt❧❡♥❡❝❦s✳ ❚r❛♥s♣♦rt❛t✐♦♥ ❘❡s❡❛r❝❤ P❛rt ❇
✸✸ ✭✶✮✱ ✷✺✕✹✷✳

❈❤❛♥❞❧❡r✱ ❘✳ ❊✳✱ ❍❡r♠❛♥✱ ❘✳✱ ▼♦♥tr♦❧❧✱ ❊✳ ❲✳✱ ✶✾✺✽✳ ❚r❛✣❝ ❞②♥❛♠✐❝s✿ ❙t✉❞✐❡s ✐♥ ❝❛r ❢♦❧❧♦✇✐♥❣✳ ❖♣❡r❛t✐♦♥s
❘❡s❡❛r❝❤ ✻ ✭✷✮✱ ✶✻✺✕✶✽✹✳

❉❛❣❛♥③♦✱ ❈✳ ❋✳✱ ✶✾✾✹✳ ❚❤❡ ❝❡❧❧ tr❛♥s♠✐ss✐♦♥ ♠♦❞❡❧✿ ❆ ❞②♥❛♠✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❤✐❣❤✇❛② tr❛✣❝ ❝♦♥s✐st❡♥t
✇✐t❤ t❤❡ ❤②❞r♦❞②♥❛♠✐❝ t❤❡♦r②✳ ❚r❛♥s♣♦rt❛t✐♦♥ ❘❡s❡❛r❝❤ P❛rt ❇✿ ▼❡t❤♦❞♦❧♦❣✐❝❛❧ ✷✽ ✭✹✮✱ ✷✻✾ ✕ ✷✽✼✳

❉❛❣❛♥③♦✱ ❈✳ ❋✳✱ ✷✵✵✻✳ ■♥ tr❛✣❝ ✢♦✇✱ ❝❡❧❧✉❧❛r ❛✉t♦♠❛t❛❂❦✐♥❡♠❛t✐❝ ✇❛✈❡s✳ ❚r❛♥s♣♦rt❛t✐♦♥ ❘❡s❡❛r❝❤ P❛rt ❇✿
▼❡t❤♦❞♦❧♦❣✐❝❛❧ ✹✵ ✭✺✮✱ ✸✾✻ ✕ ✹✵✸✳

❉❛❣❛♥③♦✱ ❈✳ ❋✳✱ ❈❛ss✐❞②✱ ▼✳ ❏✳✱ ❇❡rt✐♥✐✱ ❘✳ ▲✳✱ ✶✾✾✾✳ P♦ss✐❜❧❡ ❡①♣❧❛♥❛t✐♦♥s ♦❢ ♣❤❛s❡ tr❛♥s✐t✐♦♥s ✐♥ ❤✐❣❤✇❛②
tr❛✣❝✳ ❚r❛♥s♣♦rt❛t✐♦♥ ❘❡s❡❛r❝❤ P❛rt ❆✿ P♦❧✐❝② ❛♥❞ Pr❛❝t✐❝❡ ✸✸ ✭✺✮✱ ✸✻✺✕✸✼✾✳

❉❡ ◆✉♥③✐♦✱ ●✳✱ ❈❛♥✉❞❛s ❞❡ ❲✐t✱ ❈✳✱ ▼♦✉❧✐♥✱ P✳✱ ❉✐ ❉♦♠❡♥✐❝♦✱ ❉✳✱ ✷✵✶✸✳ ❊❝♦✲❞r✐✈✐♥❣ ✐♥ ✉r❜❛♥ tr❛✣❝ ♥❡t✇♦r❦s
✉s✐♥❣ tr❛✣❝ s✐❣♥❛❧ ✐♥❢♦r♠❛t✐♦♥✳ ■♥✿ ❉❡❝✐s✐♦♥ ❛♥❞ ❈♦♥tr♦❧ ✭❈❉❈✮✱ ✷✵✶✸ ■❊❊❊ ✺✷♥❞ ❆♥♥✉❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥✳
■❊❊❊✱ ♣♣✳ ✽✾✷✕✽✾✽✳

✸✻



❉r❡s♥❡r✱ ❑✳✱ ❙t♦♥❡✱ P✳✱ ✷✵✵✽✳ ❆ ♠✉❧t✐❛❣❡♥t ❛♣♣r♦❛❝❤ t♦ ❛✉t♦♥♦♠♦✉s ✐♥t❡rs❡❝t✐♦♥ ♠❛♥❛❣❡♠❡♥t✳ ❏♦✉r♥❛❧ ♦❢
❆rt✐✜❝✐❛❧ ■♥t❡❧❧✐❣❡♥❝❡ ❘❡s❡❛r❝❤ ✸✶✱ ✺✾✶✕✻✺✻✳

●✐♣♣s✱ P✳ ●✳✱ ✶✾✽✶✳ ❆ ❜❡❤❛✈✐♦✉r❛❧ ❝❛r✲❢♦❧❧♦✇✐♥❣ ♠♦❞❡❧ ❢♦r ❝♦♠♣✉t❡r s✐♠✉❧❛t✐♦♥✳ ❚r❛♥s♣♦rt❛t✐♦♥ ❘❡s❡❛r❝❤
P❛rt ❇ ✶✺ ✭✷✮✱ ✶✵✺✕✶✶✶✳

●✉❛♥✱ ❚✳✱ ❋r❡②✱ ❈✳ ❲✳✱ ✷✵✶✸✳ Pr❡❞✐❝t✐✈❡ ❢✉❡❧ ❡✣❝✐❡♥❝② ♦♣t✐♠✐③❛t✐♦♥ ✉s✐♥❣ tr❛✣❝ ❧✐❣❤t t✐♠✐♥❣s ❛♥❞ ❢✉❡❧ ❝♦♥✲
s✉♠♣t✐♦♥ ♠♦❞❡❧✳ ■♥✿ ■♥t❡❧❧✐❣❡♥t ❚r❛♥s♣♦rt❛t✐♦♥ ❙②st❡♠s✲✭■❚❙❈✮✱ ✷✵✶✸ ✶✻t❤ ■♥t❡r♥❛t✐♦♥❛❧ ■❊❊❊ ❈♦♥❢❡r❡♥❝❡
♦♥✳ ■❊❊❊✱ ♣♣✳ ✶✺✺✸✕✶✺✺✽✳

❍❡❣②✐✱ ❆✳✱ ❉❡ ❙❝❤✉tt❡r✱ ❇✳✱ ❍❡❧❧❡♥❞♦♦r♥✱ ❍✳✱ ✷✵✵✺✳ ▼♦❞❡❧ ♣r❡❞✐❝t✐✈❡ ❝♦♥tr♦❧ ❢♦r ♦♣t✐♠❛❧ ❝♦♦r❞✐♥❛t✐♦♥ ♦❢
r❛♠♣ ♠❡t❡r✐♥❣ ❛♥❞ ✈❛r✐❛❜❧❡ s♣❡❡❞ ❧✐♠✐ts✳ ❚r❛♥s♣♦rt❛t✐♦♥ ❘❡s❡❛r❝❤ P❛rt ❈✿ ❊♠❡r❣✐♥❣ ❚❡❝❤♥♦❧♦❣✐❡s ✶✸ ✭✸✮✱
✶✽✺✕✷✵✾✳

❍❡r♠❛♥✱ ❘✳✱ ▼♦♥tr♦❧❧✱ ❊✳ ❲✳✱ P♦tts✱ ❘✳ ❇✳✱ ❘♦t❤❡r②✱ ❘✳ ❲✳✱ ✶✾✺✽✳ ❚r❛✣❝ ❞②♥❛♠✐❝s✿ ❆♥❛❧②s✐s ♦❢ st❛❜✐❧✐t② ✐♥
❝❛r ❢♦❧❧♦✇✐♥❣✳ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤ ✼ ✭✶✮✱ ✽✻✕✶✵✻✳

❍♦✛♠❛♥♥✱ ❊✳ ❘✳✱ ▼♦rt✐♠❡r✱ ❘✳ ●✳✱ ✶✾✾✹✳ ❉r✐✈❡rs✬ ❡st✐♠❛t❡s ♦❢ t✐♠❡ t♦ ❝♦❧❧✐s✐♦♥✳ ❆❝❝✐❞❡♥t ❆♥❛❧②s✐s ✫ Pr❡✲
✈❡♥t✐♦♥ ✷✻ ✭✹✮✱ ✺✶✶✕✺✷✵✳

❍♦♦❦❡r✱ ❏✳✱ ✶✾✽✽✳ ❖♣t✐♠❛❧ ❞r✐✈✐♥❣ ❢♦r s✐♥❣❧❡✲✈❡❤✐❝❧❡ ❢✉❡❧ ❡❝♦♥♦♠②✳ ❚r❛♥s♣♦rt❛t✐♦♥ ❘❡s❡❛r❝❤ P❛rt ❆✿ ●❡♥❡r❛❧
✷✷ ✭✸✮✱ ✶✽✸✕✷✵✶✳

■❣❧❡s✐❛s✱ ■✳✱ ■s❛s✐✱ ▲✳✱ ▲❛r❜✉r✉✱ ▼✳✱ ▼❛rt✐♥❡③✱ ❱✳✱ ▼♦❧✐♥❡t❡✱ ❇✳✱ ✷✵✵✽✳ ■✷✈ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❞r✐✈✐♥❣ ❛ss✐st❛♥❝❡
s②st❡♠✿ ♦♥✲❜♦❛r❞ tr❛✣❝ ❧✐❣❤t ❛ss✐st❛♥t✳ ■♥✿ ❱❡❤✐❝✉❧❛r ❚❡❝❤♥♦❧♦❣② ❈♦♥❢❡r❡♥❝❡✱ ✷✵✵✽✳ ❱❚❈ ✷✵✵✽✲❋❛❧❧✳ ■❊❊❊
✻✽t❤✳ ■❊❊❊✱ ♣♣✳ ✶✕✺✳

■s❧❛♠✱ ▼✳✱ ❍❛❞✐✉③③❛♠❛♥✱ ▼✳✱ ❋❛♥❣✱ ❏✳✱ ◗✐✉✱ ❚✳✱ ❊❧✲❇❛s②♦✉♥②✱ ❑✳✱ ✷✵✶✸✳ ❆ss❡ss✐♥❣ ♠♦❜✐❧✐t② ❛♥❞ s❛❢❡t② ✐♠♣❛❝ts
♦❢ ❛ ✈❛r✐❛❜❧❡ s♣❡❡❞ ❧✐♠✐t ❝♦♥tr♦❧ str❛t❡❣②✳ ❚r❛♥s♣♦rt❛t✐♦♥ ❘❡s❡❛r❝❤ ❘❡❝♦r❞✿ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❚r❛♥s♣♦rt❛t✐♦♥
❘❡s❡❛r❝❤ ❇♦❛r❞ ✭✷✸✻✹✮✱ ✶✕✶✶✳

❑❛♠❛❧❛♥❛t❤s❤❛r♠❛✱ ❘✳ ❑✳✱ ❘❛❦❤❛✱ ❍✳✱ ❡t ❛❧✳✱ ✷✵✶✸✳ ▼✉❧t✐✲st❛❣❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r ❡❝♦✲
s♣❡❡❞ ❝♦♥tr♦❧ ❛t tr❛✣❝ s✐❣♥❛❧✐③❡❞ ✐♥t❡rs❡❝t✐♦♥s✳ ■♥✿ ■♥t❡❧❧✐❣❡♥t ❚r❛♥s♣♦rt❛t✐♦♥ ❙②st❡♠s✲✭■❚❙❈✮✱ ✷✵✶✸ ✶✻t❤
■♥t❡r♥❛t✐♦♥❛❧ ■❊❊❊ ❈♦♥❢❡r❡♥❝❡ ♦♥✳ ■❊❊❊✱ ♣♣✳ ✷✵✾✹✕✷✵✾✾✳

❑❡r♥❡r✱ ❇✳✱ ✶✾✾✽✳ ❊①♣❡r✐♠❡♥t❛❧ ❢❡❛t✉r❡s ♦❢ s❡❧❢✲♦r❣❛♥✐③❛t✐♦♥ ✐♥ tr❛✣❝ ✢♦✇✳ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ▲❡tt❡r ✽✶ ✭✶✼✮✱
✸✼✾✼✕✸✽✵✵✳

❑❡r♥❡r✱ ❇✳✱ ❘❡❤❜♦r♥✱ ❍✳✱ ✶✾✾✻✳ ❊①♣❡r✐♠❡♥t❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❝♦♠♣❧❡①✐t② ✐♥ tr❛✣❝ ✢♦✇✳ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ❊
✺✸ ✭✺✮✱ ❘✹✷✼✺✕❘✹✷✼✽✳

❑❡r♥❡r✱ ❇✳ ❙✳✱ ❘❡❤❜♦r♥✱ ❍✳✱ ✶✾✾✼✳ ❊①♣❡r✐♠❡♥t❛❧ ♣r♦♣❡rt✐❡s ♦❢ ♣❤❛s❡ tr❛♥s✐t✐♦♥s ✐♥ tr❛✣❝ ✢♦✇✳ P❤②s✐❝❛❧ ❘❡✈✐❡✇
▲❡tt❡rs ✼✾ ✭✷✵✮✱ ✹✵✸✵✕✹✵✸✸✳

❑✉❤♥❡✱ ❘✳ ❉✳✱ ✶✾✽✼✳ ❋r❡❡✇❛② s♣❡❡❞ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ❛❝❝❡❧❡r❛t✐♦♥ ♥♦✐s❡✳ ■♥✿ ●❛rt♥❡r✱ ◆✳ ❍✳✱ ❲✐❧s♦♥✱ ◆✳ ❍✳
✭❊❞s✳✮✱ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✶✵t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❙②♠♣♦s✐✉♠ ♦♥ ❚r❛♥s♣♦rt❛t✐♦♥ ❛♥❞ ❚r❛✣❝ ❚❤❡♦r②✳ ♣♣✳ ✶✶✾✕
✶✸✼✳

❑✉✐❥♣❡rs✱ ❇✳✱ ▼✐❧❧❡r✱ ❍✳ ❏✳✱ ❖t❤♠❛♥✱ ❲✳✱ ✷✵✶✶✳ ❑✐♥❡t✐❝ s♣❛❝❡✲t✐♠❡ ♣r✐s♠s✳ ■♥✿ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✶✾t❤ ❆❈▼
❙■●❙P❆❚■❆▲ ✐♥t❡r♥❛t✐♦♥❛❧ ❝♦♥❢❡r❡♥❝❡ ♦♥ ❛❞✈❛♥❝❡s ✐♥ ❣❡♦❣r❛♣❤✐❝ ✐♥❢♦r♠❛t✐♦♥ s②st❡♠s✳ ❆❈▼✱ ♣♣✳ ✶✻✷✕✶✼✵✳

▲❛✈❛❧✱ ❏✳ ❆✳✱ ✷✵✶✶❛✳ ❍②st❡r❡s✐s ✐♥ tr❛✣❝ ✢♦✇ r❡✈✐s✐t❡❞✿ ❆♥ ✐♠♣r♦✈❡❞ ♠❡❛s✉r❡♠❡♥t ♠❡t❤♦❞✳ ❚r❛♥s♣♦rt❛t✐♦♥
❘❡s❡❛r❝❤ P❛rt ❇ ✹✺ ✭✷✮✱ ✸✽✺ ✕ ✸✾✶✳

▲❛✈❛❧✱ ❏✳ ❆✳✱ ✷✵✶✶❜✳ ❍②st❡r❡s✐s ✐♥ tr❛✣❝ ✢♦✇ r❡✈✐s✐t❡❞✿ ❆♥ ✐♠♣r♦✈❡❞ ♠❡❛s✉r❡♠❡♥t ♠❡t❤♦❞✳ ❚r❛♥s♣♦rt❛t✐♦♥
❘❡s❡❛r❝❤ P❛rt ❇ ✹✺ ✭✷✮✱ ✸✽✺ ✕ ✸✾✶✳

✸✼



▲❡❡✱ ❏✳✱ P❛r❦✱ ❇✳✱ ✷✵✶✷❛✳ ❉❡✈❡❧♦♣♠❡♥t ❛♥❞ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❛ ❝♦♦♣❡r❛t✐✈❡ ✈❡❤✐❝❧❡ ✐♥t❡rs❡❝t✐♦♥ ❝♦♥tr♦❧ ❛❧❣♦r✐t❤♠
✉♥❞❡r t❤❡ ❝♦♥♥❡❝t❡❞ ✈❡❤✐❝❧❡s ❡♥✈✐r♦♥♠❡♥t✳ ■♥t❡❧❧✐❣❡♥t ❚r❛♥s♣♦rt❛t✐♦♥ ❙②st❡♠s✱ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥
✶✸ ✭✶✮✱ ✽✶✕✾✵✳

▲❡❡✱ ❏✳✱ P❛r❦✱ ❇✳✱ ✷✵✶✷❜✳ ❉❡✈❡❧♦♣♠❡♥t ❛♥❞ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❛ ❝♦♦♣❡r❛t✐✈❡ ✈❡❤✐❝❧❡ ✐♥t❡rs❡❝t✐♦♥ ❝♦♥tr♦❧ ❛❧❣♦r✐t❤♠
✉♥❞❡r t❤❡ ❝♦♥♥❡❝t❡❞ ✈❡❤✐❝❧❡s ❡♥✈✐r♦♥♠❡♥t✳ ■♥t❡❧❧✐❣❡♥t ❚r❛♥s♣♦rt❛t✐♦♥ ❙②st❡♠s✱ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥
✶✸ ✭✶✮✱ ✽✶✕✾✵✳

▲✐✱ ❳✳✱ ❈✉✐✱ ❏✳✱ ❆♥✱ ❙✳✱ P❛rs❛❢❛r❞✱ ▼✳✱ ✷✵✶✹✳ ❙t♦♣✲❛♥❞✲❣♦ tr❛✣❝ ❛♥❛❧②s✐s✿ ❚❤❡♦r❡t✐❝❛❧ ♣r♦♣❡rt✐❡s✱ ❡♥✈✐r♦♥✲
♠❡♥t❛❧ ✐♠♣❛❝ts ❛♥❞ ♦s❝✐❧❧❛t✐♦♥ ♠✐t✐❣❛t✐♦♥✳ ❚r❛♥s♣♦rt❛t✐♦♥ ❘❡s❡❛r❝❤ P❛rt ❇✿ ▼❡t❤♦❞♦❧♦❣✐❝❛❧ ✼✵✱ ✸✶✾✕✸✸✾✳
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