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✈❡❤✐❝❧❡ tr❛❥❡❝t♦r✐❡s ♥❡❡❞ t♦ ❜❡ ♥♦t ♦♥❧② ❝♦♥tr♦❧❧❡❞ ❛t t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❧❡✈❡❧ ❜✉t ❛❧s♦ ❝♦♦r❞✐♥❛t❡❞ ❝♦❧❧❡❝t✐✈❡❧②
❢♦r ❛ str❡❛♠ ♦❢ tr❛✣❝✳ ❆s ♦♥❡ ♦❢ t❤❡ ♣✐♦♥❡❡r✐♥❣ ❛tt❡♠♣ts t♦ ❤✐❣❤✇❛② tr❛✣❝ tr❛❥❡❝t♦r② ❝♦♥tr♦❧✱ P❛rt ■ ♦❢
t❤✐s st✉❞② ✭❩❤♦✉ ❡t ❛❧✳✱ ✷✵✶✺✮ ♣r♦♣♦s❡❞ ❛ ♣❛rs✐♠♦♥✐♦✉s s❤♦♦t✐♥❣ ❤❡✉r✐st✐❝ ✭❙❍✮ ❛❧❣♦r✐t❤♠ ❢♦r ❝♦♥str✉❝t✐♥❣
❢❡❛s✐❜❧❡ tr❛❥❡❝t♦r✐❡s ❢♦r ❛ str❡❛♠ ♦❢ ✈❡❤✐❝❧❡s ❝♦♥s✐❞❡r✐♥❣ r❡❛❧✐st✐❝ ❝♦♥str❛✐♥ts ✐♥❝❧✉❞✐♥❣ ✈❡❤✐❝❧❡ ❦✐♥❡♠❛t✐❝
❧✐♠✐ts✱ tr❛✣❝ ❛rr✐✈❛❧ ♣❛tt❡r♥s✱ ❝❛r✲❢♦❧❧♦✇✐♥❣ s❛❢❡t②✱ ❛♥❞ s✐❣♥❛❧ ♦♣❡r❛t✐♦♥s✳ ❇❛s❡❞ ♦♥ t❤❡ ❛❧❣♦r✐t❤♠✐❝ ❛♥❞
t❤❡♦r❡t✐❝❛❧ ❞❡✈❡❧♦♣♠❡♥ts ✐♥ t❤❡ ♣r❡❝❡❞✐♥❣ ♣❛♣❡r✱ t❤✐s ♣❛♣❡r ♣r♦♣♦s❡s ❛ ❤♦❧✐st✐❝ ♦♣t✐♠✐③❛t✐♦♥ ❢r❛♠❡✇♦r❦
❢♦r ✐❞❡♥t✐❢②✐♥❣ ❛ str❡❛♠ ♦❢ ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r✐❡s t❤❛t ②✐❡❧❞ t❤❡ ♦♣t✐♠✉♠ tr❛✣❝ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s ♦♥
♠♦❜✐❧✐t②✱ ❡♥✈✐r♦♥♠❡♥t ❛♥❞ s❛❢❡t②✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ❛♥❞ ♠♦❜✐❧✐t② ♦♣t✐♠❛❧✐t② ♦❢ ❙❍ ✐s t❤❡✲
♦r❡t✐❝❛❧❧② ❛♥❛❧②③❡❞✱ ❛♥❞ ✈❡r✐✜❡s s✉♣❡r✐♦r ❝♦♠♣✉t❛t✐♦♥❛❧ ♣❡r❢♦r♠❛♥❝❡ ❛♥❞ ❤✐❣❤ s♦❧✉t✐♦♥ q✉❛❧✐t② ♦❢ ❙❍✳ ❆
♥✉♠❡r✐❝❛❧ s✉❜✲❣r❛❞✐❡♥t✲❜❛s❡❞ ❛❧❣♦r✐t❤♠ ✇✐t❤ ❙❍ ❛s ❛ s✉❜r♦✉t✐♥❡ ✭◆●✲❙❍✮ ✐s ♣r♦♣♦s❡❞ t♦ s✐♠✉❧t❛♥❡♦✉s❧②
♦♣t✐♠✐③❡ tr❛✈❡❧ t✐♠❡✱ ❛ s✉rr♦❣❛t❡ s❛❢❡t② ♠❡❛s✉r❡✱ ❛♥❞ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ❢♦r ❛ str❡❛♠ ♦❢ ✈❡❤✐❝❧❡s ♦♥ ❛
s✐❣♥❛❧✐③❡❞ ❤✐❣❤✇❛② s❡❝t✐♦♥✳ ◆✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s ❛r❡ ❝♦♥❞✉❝t❡❞ t♦ ✐❧❧✉str❛t❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛♥❞ t❤❡♦r❡t✲
✐❝❛❧ ✜♥❞✐♥❣s✳ ❚❤❡② s❤♦✇ t❤❛t ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r✐❡s ❣❡♥❡r❛t❡❞ ❢r♦♠ ◆●✲❙❍ s✐❣♥✐✜❝❛♥t❧② ♦✉t♣❡r❢♦r♠ t❤❡
❜❡♥❝❤♠❛r❦ ❝❛s❡ ✇✐t❤ ❛❧❧ ❤✉♠❛♥ ❞r✐✈❡rs ❛t ❛❧❧ ♠❡❛s✉r❡s ❢♦r ❛❧❧ ❡①♣❡r✐♠❡♥t❛❧ s❝❡♥❛r✐♦s✳ ❚❤✐s st✉❞② r❡✈❡❛❧s
❛ ❣r❡❛t ♣♦t❡♥t✐❛❧ ♦❢ tr❛♥s❢♦r♠❛t✐✈❡ tr❛❥❡❝t♦r② ♦♣t✐♠✐③❛t✐♦♥ ❛♣♣r♦❛❝❤❡s ✐♥ tr❛♥s♣♦rt❛t✐♦♥ ❡♥❣✐♥❡❡r✐♥❣ ❛♣✲
♣❧✐❝❛t✐♦♥s✳ ■t ❧❛②s ❛ s♦❧✐❞ ❢♦✉♥❞❛t✐♦♥ ❢♦r ❞❡✈❡❧♦♣✐♥❣ ❤♦❧✐st✐❝ ❝♦♦♣❡r❛t✐✈❡ ❝♦♥tr♦❧ str❛t❡❣✐❡s ♦♥ ❛ ❣❡♥❡r❛❧
tr❛♥s♣♦rt❛t✐♦♥ ♥❡t✇♦r❦ ✇✐t❤ ❡♠❡r❣✐♥❣ t❡❝❤♥♦❧♦❣✐❡s✳
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❛rt❡r✐❛❧s ❞✉❡ t♦ ❛❧t❡r♥❛t✐♥❣ ❣r❡❡♥ ❛♥❞ r❡❞ ❧✐❣❤ts✳ ❱❡❤✐❝❧❡s ❡♥❣❛❣❡❞ ✐♥ r❡♣❡❛t❡❞ st♦♣✲❛♥❞✲❣♦ ♠♦✈❡♠❡♥ts ❛r❡
❡①♣♦s❡❞ t♦ ❤✐❣❤ ❝r❛s❤ r✐s❦s ✭❍♦✛♠❛♥♥ ❛♥❞ ▼♦rt✐♠❡r✱ ✶✾✾✹✮✱ ❡①tr❛ ❞r✐✈❡r ❞✐s❝♦♠❢♦rt ✭❇❡❛r❞ ❛♥❞ ●r✐✣♥✱
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■♥ r❡❝❡♥t ②❡❛rs✱ ✐♥❝r❡❛s✐♥❣ r❡s❡❛r❝❤ ❡✛♦rts ❤❛✈❡ ❜❡❡♥ ♦♥ ✈❡❤✐❝❧❡ s♠♦♦t❤✐♥❣ ✉s✐♥❣ ❛❞✈❛♥❝❡❞ ✈❡❤✐❝❧❡✲❜❛s❡❞
t❡❝❤♥♦❧♦❣✐❡s ♦♥ ❜♦t❤ ❢r❡❡✇❛②s ❛♥❞ ❛rt❡r✐❛❧s✳ ❙❡❡ t❤❡ P❛rt ■ ♦❢ t❤✐s st✉❞② ✭❩❤♦✉ ❡t ❛❧✳✱ ✷✵✶✺✮ ❢♦r ❛ t❤♦r♦✉❣❤
r❡✈✐❡✇ ♦♥ t❤✐s t♦♣✐❝✳ ❖♥❡ ❛♣♣r♦❛❝❤ t♦ s♠♦♦t❤ ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r✐❡s ✐s ✈❛r✐❛❜❧❡ s♣❡❡❞ ❧✐♠✐ts ✭❱❙▲✮ t♦ ❞②♥❛♠✐✲
❝❛❧❧② r❡❣✉❧❛t❡ tr❛✣❝ s♣❡❡❞ ❜❛s❡❞ ♦♥ r❡❛❧✲t✐♠❡ ✐♥❢♦r♠❛t✐♦♥ ♦❢ tr❛✣❝ st❛t❡s✳ ❖♥ ❢r❡❡✇❛②s✱ ❱❙▲ ✐s ❛♣♣❧✐❡❞ t♦
♠✐t✐❣❛t❡ s✉❞❞❡♥ ❜r❛❦❡s t❤❛t ♠❛② tr✐❣❣❡r st♦♣✲❛♥❞✲❣♦ tr❛✣❝✱ ❛♥❞ t❤✐s str❛t❡❣② ✐s ❛❧s♦ r❡❢❡rr❡❞ t♦ ❛s s♣❡❡❞
❤❛r♠♦♥✐③❛t✐♦♥ ✭s❡❡ ▲✉ ❛♥❞ ❙❤❧❛❞♦✈❡r ✭✷✵✶✹✮❀ ▼❛ ❡t ❛❧✳ ✭✷✵✶✻✮ ❢♦r r❡✈✐❡✇s ♦♥ t❤✐s t♦♣✐❝✮✳ ❖♥ s✐❣♥❛❧✐③❡❞
❛rt❡r✐❛❧s✱ ❱❙▲ ✐s ❛♣♣❧✐❡❞ t♦ ❣✉✐❞❡ ❛ ✈❡❤✐❝❧❡ t♦ ❛rr✐✈❡ ❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥ ❞✉r✐♥❣ ❛ ❣r❡❡♥ ♣❤❛s❡ t♦ ❛✈♦✐❞ ❛ ❢✉❧❧
st♦♣ ✭❡✳❣✳✱ ❚r❛②❢♦r❞ ❡t ❛❧✳ ✭✶✾✽✹❜✱❛✮❀ ❙❛♥❝❤❡③ ❡t ❛❧✳ ✭✷✵✵✻✮❀ ❲✉ ❡t ❛❧✳ ✭✷✵✶✺✮✮✳ ❚❤❡s❡ ❱❙▲✲❜❛s❡❞ ❛♣♣r♦❛❝❤❡s
❛r❡ r❡❧❛t✐✈❡❧② ❡❛s② t♦ ✐♠♣❧❡♠❡♥t ♦♥ t❤❡ ❡①✐st✐♥❣ ✐♥❢r❛str✉❝t✉r❡ ❛♥❞ ❤❛✈❡ ❜❡❡♥ ✇✐❞❡❧② ❞❡♣❧♦②❡❞ ❛r♦✉♥❞ t❤❡
✇♦r❧❞ ✭❘♦❜✐♥s♦♥✱ ✷✵✵✵✮✳ ❍♦✇❡✈❡r✱ ❱❙▲ ❝❛♥ ♦♥❧② r❡❣✉❧❛t❡ tr❛✣❝ ✐♥ ❛♥ ❛❣❣r❡❣❛t❡❞ ♠❛♥♥❡r ✇✐t❤♦✉t ♠✉❝❤
❝♦♥tr♦❧ ♦❢ ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ✈❡❤✐❝❧❡✬s ❛❝❝❡❧❡r❛t✐♦♥ ♣r♦✜❧❡✱ ❛♥❞ ✐ts ♣❡r❢♦r♠❛♥❝❡ ✐s ❧❛r❣❡❧② ❞❡♣❡♥❞❡♥t ♦♥ ❞r✐✈❡r
❝♦♠♣❧✐❛♥❝❡ ✭❇r✐♥❝❦❡r❤♦✛✱ ✷✵✶✵✮✳

❚❤❡ ♦t❤❡r tr❛✣❝ s♠♦♦t❤✐♥❣ ❛♣♣r♦❛❝❤✱ t❤❡ ❢♦❝✉s ♦❢ t❤✐s st✉❞②✱ ✐s ❜❛s❡❞ ♦♥ ❛❞✈❛♥❝❡❞ ❝♦♥♥❡❝t❡❞ ❛♥❞
❛✉t♦♠❛t❡❞ ✈❡❤✐❝❧❡ ✭❈❆❱✮ t❡❝❤♥♦❧♦❣✐❡s t❤❛t ❡♥❛❜❧❡ ♣r❡❝✐s❡ ❝♦♥tr♦❧ ♦❢ ✐♥❞✐✈✐❞✉❛❧ ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r✐❡s ✭❡✳❣✳✱ ❆❤♥
❡t ❛❧✳ ✭✷✵✶✸✮❀ ❲❛♥❣ ❡t ❛❧✳ ✭✷✵✶✹❜✱❛✮✮✳ ■♥ ❛❞❞✐t✐♦♥ t♦ ❢r❡❡✇❛② s♣❡❡❞ ❤❛r♠♦♥✐③❛t✐♦♥✱ ❈❆❱ ❜r✐♥❣s ♦♣♣♦rt✉♥✐t✐❡s
❢♦r ♥❡✇ ♣❛r❛❞✐❣♠s ♦❢ ❛rt❡r✐❛❧ ✐♥t❡rs❡❝t✐♦♥ tr❛✣❝ ❝♦♥tr♦❧✳ ❲✐t❤ ♣r❡❝✐s❡ tr❛❥❡❝t♦r② ❝♦♥tr♦❧✱ ✈❡❤✐❝❧❡s ❝❛♥ ❡✐t❤❡r
❛❞❥✉st t❤❡✐r ❞r✐✈✐♥❣ ❛❝❝♦r❞✐♥❣ t♦ ❡①✐st✐♥❣ tr❛✣❝ s✐❣♥❛❧ t✐♠✐♥❣ ♣❧❛♥s t♦ s♠♦♦t❤❧② ♣❛ss t❤❡ ✐♥t❡rs❡❝t✐♦♥ ❞✉r✐♥❣
❣r❡❡♥ ♣❤❛s❡s ✭❡✳❣✳✱ ❑❛♠❛❧❛♥❛t❤s❤❛r♠❛ ❡t ❛❧✳ ✭✷✵✶✸✮✮✱ ♦r ❝♦♦r❞✐♥❛t❡ ✇✐t❤ ❡❛❝❤ ♦t❤❡r s✉❝❤ t❤❛t t❤❡② ❝❛♥ ❝r♦ss
t❤❡ ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤♦✉t ❛♥ ❡①♣❧✐❝✐t tr❛✣❝ ❧✐❣❤t ❧✐❦❡ ❛ s❝❤♦♦❧ ♦❢ ✜s❤ ✭❡✳❣✳✱ ❉r❡s♥❡r ❛♥❞ ❙t♦♥❡ ✭✷✵✵✽✮❀ ▲❡❡ ❛♥❞
P❛r❦ ✭✷✵✶✷✮✮✳

❍♦✇❡✈❡r✱ ♠♦st ❡①✐st✐♥❣ st✉❞✐❡s ♠❛✐♥❧② ❛❞❞r❡ss ✐♥❞✐✈✐❞✉❛❧ tr❛❥❡❝t♦r② ❝♦♥tr♦❧ ✐♥st❡❛❞ ♦❢ ❝♦♦r❞✐♥❛t✐♥❣ ❛
str❡❛♠ ♦❢ ✈❡❤✐❝❧❡s t❤❛t ✐♥t❡r❛❝t ✇✐t❤ ❡❛❝❤ ♦t❤❡r✳ ▼♦st ❝♦♥tr♦❧ ♠❡t❤♦❞s ❞❡✈❡❧♦♣❡❞ s♦ ❢❛r ❡✐t❤❡r s❡❡❦ ❛❧❣♦r✐t❤♠
❡✣❝✐❡♥❝② ❜② ✐❣♥♦r✐♥❣ ❞❡t❛✐❧❡❞ ❛❝❝❡❧❡r❛t✐♦♥ t✉♥✐♥❣ ✭❡✳❣✳✱ ❛❧❧♦✇✐♥❣ s♣❡❡❞ ❥✉♠♣s✮ ♦r r❡❧② ♦♥ ❝♦♠♣❧❡① ❛❧❣♦r✐t❤♠s
t❤❛t ♠❛② ✐♠♣❡❞❡ r❡❛❧✲t✐♠❡ ❛♣♣❧✐❝❛t✐♦♥s✳ ❋✉rt❤❡r✱ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ tr❛✣❝ s✐❣♥❛❧ t✐♠✐♥❣ ❛♥❞ ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r②
❝♦♥tr♦❧ ✐s ②❡t t♦ ❜❡ ✐♥✈❡st✐❣❛t❡❞✳ ❚♦ ❛❞❞r❡ss t❤❡s❡ r❡s❡❛r❝❤ ❣❛♣s✱ P❛rt ■ ♦❢ t❤✐s st✉❞② ✭❩❤♦✉ ❡t ❛❧✳✱ ✷✵✶✺✮
♣r♦♣♦s❡❞ ❛ ♣❛rs✐♠♦♥✐♦✉s ❙❤♦♦t✐♥❣ ❍❡✉r✐st✐❝ ✭❙❍✮ ❛❧❣♦r✐t❤♠ t❤❛t ❝❛♥ ❡✣❝✐❡♥t❧② s♠♦♦t❤ tr❛❥❡❝t♦r✐❡s ♦❢ ❛
str❡❛♠ ♦❢ ✈❡❤✐❝❧❡s ❛♣♣r♦❛❝❤✐♥❣ ❛ s✐❣♥❛❧✐③❡❞ ✐♥t❡rs❡❝t✐♦♥ ❜② ❝♦♥tr♦❧✐♥❣ ❞❡t❛✐❧❡❞ ❛❝❝❡❧❡r❛t✐♦♥ ♣r♦✜❧❡s✳ ❚❤❡ ❙❍
❛❧❣♦r✐t❤♠ r❡♣r❡s❡♥t ❡❛❝❤ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r② ✇✐t❤ ❛ ❢❡✇ s❡❣♠❡♥ts ♦❢ ❛♥❛❧②t✐❝❛❧ q✉❛❞r❛t✐❝
❝✉r✈❡s✱ ❛♥❞ t❤❡r❡❢♦r❡ ❡✣❝✐❡♥t❧② ❝♦♥str✉❝t ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r✐❡s s✉❜❥❡❝t t♦ ♣❤②s✐❝❛❧ ❧✐♠✐ts✱
❝❛r✲❢♦❧❧♦✇✐♥❣ s❛❢❡t② ❛♥❞ tr❛✣❝ s✐❣♥❛❧ t✐♠✐♥❣✳ ❋✉rt❤❡r✱ t❤✐s ❛❧❣♦r✐t❤♠ ✉s❡s ♦♥❧② ❛ ❢❡✇ ♣❛r❛♠❡t❡rs ✭✐✳❡✳✱
❛❝❝❡❧❡r❛t✐♦♥ ❧❡✈❡❧s✮ t♦ ❝♦♥tr♦❧ ♦✈❡r❛❧❧ s♠♦♦t❤♥❡ss ♦❢ t❤❡ str❡❛♠ ♦❢ ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r✐❡s✱ ❛♥❞ t❤✉s ✐t ✐s s✉✐t❛❜❧❡
❢♦r r❡❛❧✲t✐♠❡ tr❛✣❝ s♠♦♦t❤✐♥❣ ♦♣t✐♠✐③❛t✐♦♥✳ ❚❤❡ P❛rt ■ ♣❛♣❡r ❞❡s❝r✐❜❡s t❤✐s ❙❍ ❛❧❣♦r✐t❤♠ ❛♥❞ r❡✈❡❛❧s ✐ts
❡❧❡❣❛♥t t❤❡♦r❡t✐❝❛❧ ♣r♦♣❡rt✐❡s✳ ❚♦ ❝♦♠♣❧❡t❡ t❤❡ ❡♥t✐r❡ st✉❞②✱ t❤✐s P❛rt ■■ ♣❛♣❡r ♣r♦♣♦s❡s t♦ ❡♠❜❡❞ ❙❍ ✐♥t♦
❛♥ ❡✣❝✐❡♥t ♦♣t✐♠✐③❛t✐♦♥ ❢r❛♠❡✇♦r❦ t❤❛t ❛✐♠s ❛t ✜♥❞✐♥❣ t❤❡ ♦♣t✐♠✉♠ ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r✐❡s ♦♥ ❛ s✐❣♥❛❧✐③❡❞
❤✐❣❤✇❛② s❡❣♠❡♥t ✐♥ ♦r❞❡r t♦ ♠✐♥✐♠✐③❡ ❛ ♥✉♠❜❡r ♦❢ tr❛✣❝ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s s✐♠✉❧t❛♥❡♦✉s❧②✱ ✐♥❝❧✉❞✐♥❣
tr❛✈❡❧ t✐♠❡✱ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥✱ ❛♥❞ s❛❢❡t② r✐s❦s✳ ❚❤✐s ♣❛♣❡r ❛❧s♦ ❞✐s❝✉ss❡s ♣r♦♣❡rt✐❡s ♦❢ ❙❍ ♦♥ ♦♣t✐♠❛❧✐t②
❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t②✳ ❖✈❡r❛❧❧✱ t❤✐s ♣❛♣❡r ♠❛❦❡s ❝♦♥tr✐❜✉t✐♦♥s t♦ t❤❡ ❧✐t❡r❛t✉r❡ ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣
t❤r❡❡ ♣❡rs♣❡❝t✐✈❡s✿ ✶✮ s✐♠♣❧✐❢②✐♥❣ t❤❡ ❝♦♠♣❧❡① ♠✉❧t✐✲tr❛❥❡❝t♦r② ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❛♥❞ ❝♦♥s✐❞❡r ♦♥❧② ❛ ❢❡✇
❝♦♥tr♦❧ ✈❛r✐❛❜❧❡s✱ ❞❡❛❧✐♥❣ ✇✐t❤ ❛ s♠❛❧❧ ♥✉♠❜❡r ♦❢ ❛♥❛❧②t✐❝❛❧ tr❛❥❡❝t♦r② s❡❣♠❡♥ts❀ ✷✮ t❤❡♦r❡t✐❝❛❧❧② s❤♦✇✐♥❣ t❤❡
❛♣♣❡❛❧✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❙❍ ❛❧❣♦r✐t❤♠ ♦♥ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ❛♥❞ ♦♣t✐♠❛❧✐t②❀ ❛♥❞ ✸✮ ❝♦♥❞✉❝t✐♥❣
♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts t♦ ✈❡r✐❢② ❡✣❝✐❡♥❝② ♦❢ t❤✐s ♣r♦♣♦s❡❞ ♦♣t✐♠✐③❛t✐♦♥ ❢r❛♠❡✇♦r❦ ❛♥❞ ❞r❛✇ ♠❛♥❛❣❡r✐❛❧
✐♥s✐❣❤ts✳ ◆♦t❡ t❤❛t ✐♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❛ss✉♠❡ ❛❧❧ ✈❡❤✐❝❧❡s ❛r❡ ❝♦♥♥❡❝t❡❞ ❛✉t♦♠❛t❡❞ ✈❡❤✐❝❧❡s t❤❛t ❛r❡ s✉❜❥❡❝t
t♦ ❝❡♥tr❛❧✐③❡❞ ❝♦♥tr♦❧✳ ❆❧t❤♦✉❣❤ t❤✐s ❛ss✉♠♣t✐♦♥ ✐s s♦♠❡✇❤❛t ✉t♦♣✐❛♥ ❛♥❞ ❝❛♥♥♦t ❡①❛❝t❧② ♠❛t❝❤ t❤❡ r❡❛❧✐t②
✐♥ t❤❡ ♥❡❛r ❢✉t✉r❡ ✇❤❡♥ ❤✐❣❤✇❛② tr❛✣❝ ✐s ❝♦♠♣♦s❡❞ ♦❢ ❜♦t❤ ❛✉t♦♠❛t❡❞ ❛♥❞ ♠❛♥✉❛❧ ✈❡❤✐❝❧❡s✱ t❤❡ r❡s✉❧ts ❢r♦♠
t❤✐s ✉t♦♣✐❛♥ s❝❡♥❛r✐♦ ♣r♦✈✐❞❡ ✐♥s✐❣❤ts ✐♥t♦ t❤❡ ❜❡st ❈❆❱ t❡❝❤♥♦❧♦❣✐❡s ❝❛♥ ❛❝❤✐❡✈❡ ❛♥❞ s❡t ❛♥ ✉❧t✐♠❛t❡ ❣♦❛❧
❢♦r ✉s✐♥❣ ❈❆❱ t❡❝❤♥♦❧♦❣✐❡s t♦ ✐♠♣r♦✈❡ ❡①✐st✐♥❣ tr❛✣❝ s②st❡♠s✳

❚❤✐s ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ st❛t❡s t❤❡ st✉❞✐❡❞ ❈❆❱ tr❛❥❡❝t♦r② ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱
✐♥❝❧✉❞✐♥❣ ♣r♦❜❧❡♠ s❡tt✐♥❣s✱ ❝♦♥str❛✐♥ts ❛♥❞ s②st❡♠ ♦❜❥❡❝t✐✈❡s✳ ❙❡❝t✐♦♥ ✸ ❜r✐❡✢② r❡✈✐❡✇s t❤❡ ❙❍ ❛❧❣♦r✐t❤♠
❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ P❛rt ■ ♣❛♣❡r ✭❩❤♦✉ ❡t ❛❧✳✱ ✷✵✶✺✮✱ ❛♥❞ ❛♥❛❧②③❡s ✐ts ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ❛♥❞ ♦♣t✐♠❛❧✐t②
♣r♦♣❡rt✐❡s✳ ❊✣❝✐❡♥t ♠❡t❤♦❞s ♦❢ ❡✈❛❧✉❛t✐♥❣ t❤❡ s②st❡♠ ♦❜❥❡❝t✐✈❡s ❛r❡ ❛❧s♦ ❞✐s❝✉ss❡❞✳ ❙❡❝t✐♦♥ ✹ ❞❡♠♦♥str❛t❡s
t❤❡ ♣r♦♣♦s❡❞ ♦♣t✐♠✐③❛t✐♦♥ ❢r❛♠❡✇♦r❦✱ ❛♥❞ t❡sts ✐ts s♦❧✉t✐♦♥ ❡✣❝✐❡♥❝② ❛♥❞ r❡❧❛t❡❞ ♣r♦♣❡rt✐❡s ✇✐t❤ ♥✉♠❡r✐❝❛❧

✷



Time

S
p
a
ce

L

0

(v−n , t
−
n )

≥ τ

≥
s

❋✐❣✉r❡ ✶✿ ✐❧❧✉str❛t✐♦♥ ♦❢ tr❛❥❡❝t♦r② ❝♦♥str✉❝t✐♦♥ ✭❢r♦♠ ❩❤♦✉ ❡t ❛❧✳ ✭✷✵✶✺✮✮✳

❡①❛♠♣❧❡s✳ ❙❡❝t✐♦♥ ✺ ❝♦♥❝❧✉❞❡s t❤✐s ♣❛♣❡r✳

✷ Pr♦❜❧❡♠ ❙t❛t❡♠❡♥t

✷✳✶ ❚r❛❥❡❝t♦r② ❈♦♥str✉❝t✐♦♥ Pr♦❜❧❡♠

❚❤✐s s❡❝t✐♦♥ ❜r✐❡✢② r❡✈✐❡✇s t❤❡ ♣r♦❜❧❡♠ ♦❢ ❝♦♥str✉❝t✐♥❣ ❛ str❡❛♠ ♦❢ ❢❡❛s✐❜❧❡ ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r✐❡s ♦♥ ❛ s✐❣♥❛❧✐③❡❞
♦♥❡✲❧❛♥❡ ❤✐❣❤✇❛② s❡❣♠❡♥t✱ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✶✳ ❚❤❡ ❞❡t❛✐❧s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ P❛rt ■ ♣❛♣❡r✳

❆s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✶✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❤✐❣❤✇❛② s❡❣♠❡♥t ♦❢ ❧❡♥❣t❤ L✳ ❚❤❡ s❡t ♦❢ ❧♦❝❛t✐♦♥s ♦❢ t❤✐s s❡❣♠❡♥t
✐s [0, L]✳ ❚❤❡r❡ ✐s ❛ tr❛✣❝ s✐❣♥❛❧ ❛t ▲♦❝❛t✐♦♥ L✳ ❚❤❡ s✐❣♥❛❧ t✐♠✐♥❣ ✐s ✜①❡❞ ✇✐t❤ ❛ ❣r❡❡♥ ♣❤❛s❡ t✐♠❡ ♦❢ G ❛♥❞
❛ r❡❞ ♣❤❛s❡ t✐♠❡ ♦❢ R✳ ❚❤❡ s✐❣♥❛❧ st❛rts ✇✐t❤ ❛ ❣r❡❡♥ ♣❤❛s❡ ❛t t✐♠❡ ✵✳ ❚❤❡ ❝②❝❧❡ ❧❡♥❣t❤ C := G + R✳ ❲❡
❞❡✜♥❡ ❢✉♥❝t✐♦♥

G(t) :=

{

t, ✐❢ mod (t, C ∈ [0, R));

⌈t/C⌉ · C, ♦t❤❡r✇✐s❡✱
, ∀t ∈ (−∞,+∞),

✇❤✐❝❤ ❡ss❡♥t✐❛❧❧② ✜♥❞s t❤❡ ♥❡①t rm✱ t❤❡ st❛rt ♦❢ ♥❡①t ❣r❡❡♥ t✐♠❡ t♦ t✳ ◆♦t❡ t❤❛t G(t) ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✳
❋✉rt❤❡r✱ G(t) = t ✐♥❞✐❝❛t❡s t✐♠❡ t ✐s ✐♥ ❛ ❣r❡❡♥ ♣❤❛s❡✱ ♦r ♦t❤❡r✇✐s❡ G(t) > t✳ ◆♦t❡ t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢
✜①❡❞ s✐❣♥❛❧ t✐♠✐♥❣ ✐s ♦♥❧② ❢♦r s✐♠♣❧✐❝✐t② ♦❢ ♣r❡s❡♥t❛t✐♦♥ ❛♥❞ ❝❛♥ ❜❡ r❡❧❛①❡❞ t♦ ❛♥② ♣r❡❞✐❝t❛❜❧❡ s✐❣♥❛❧ ♣❤❛s✐♥❣
s❝❡♥❛r✐♦s✳ ❯♥❞❡r ✉❜✐q✉✐t♦✉s ❝♦♠♠✉♥✐❝❛t✐♦♥ ❜❡t✇❡❡♥ ✈❡❤✐❝❧❡s ❛♥❞ ✐♥❢r❛str✉❝t✉r❡✱ ✇❡ ❛ss✉♠❡ t❤❛t ❛ ❝❡♥tr❛❧
❝♦♥tr♦❧❧❡r ❝❛♥ ❛❧✇❛②s ❛❝❝❡ss s✐❣♥❛❧ ♣❤❛s✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ♥❡①t ♣❧❛♥♥✐♥❣ ❤♦r✐③♦♥ ❢♦r ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r②
❞❡s✐❣♥ ✐♥ ❛❞✈❛♥❝❡✳ ❲❡ ❧❡❛✈❡ t❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ❝♦♠❜✐♥❡❞ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ tr❛❥❡❝t♦r② ❝♦♥tr♦❧ ❛♥❞ s✐❣♥❛❧
♣❤❛s✐♥❣ ❢♦r ❢✉t✉r❡ st✉❞✐❡s✳

❆ s❡t ♦❢ ❝♦♥s❡❝✉t✐✈❡ ✈❡❤✐❝❧❡s N := {1, 2, · · · , N} tr❛✈❡❧ ❢r♦♠ ❧♦❝❛t✐♦♥ 0 t♦ L✳ ❚❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡s❡
✈❡❤✐❝❧❡s ❢♦❧❧♦✇ ❛ ♥✉♠❜❡r ♦❢ ❝♦♥str❛✐♥ts s♣❡❝✐✜❡❞ ✇✐t❤ t❤❡ ♥♦t✐♦♥ ♦❢ tr❛❥❡❝t♦r✐❡s✳ ❆ ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r② ✐s ❞❡♥♦t❡❞
✇✐t❤ ❛ s❡❝♦♥❞✲♦r❞❡r s❡♠✐✲❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥ p(t), ∀t ∈ (−∞,∞)✶ s✉❝❤ t❤❛t ✐ts ✜rst ♦r❞❡r ❞✐✛❡r❡♥t✐❛❧
✭♦r ✈❡❧♦❝✐t②✮ ṗ(t) ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s✱ ❛♥❞ ✐ts s❡❝♦♥❞✲♦r❞❡r r✐❣❤t✲❞✐✛❡r❡♥t✐❛❧ p̈(t) ✭♦r ❛❝❝❡❧❡r❛t✐♦♥✮ ✐s
❘✐❡♠❛♥♥ ✐♥t❡❣r❛❜❧❡✳ ❲❡ ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❛❧❧ tr❛❥❡❝t♦r✐❡s ❛s T̄ ✳ ❋♦r ♥♦t❛t✐♦♥ ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ ❞❡♥♦t❡ t❤❡
✇❤♦❧❡ tr❛❥❡❝t♦r② ♦❢ ❢✉♥❝t✐♦♥ p(t) ✇✐t❤ p✱ ❛♥❞ t❤❡ s❡❝t✐♦♥ ♦❢ p ♦✈❡r t✐♠❡ ✐♥t❡r✈❛❧ [t−, t+] ❜② tr❛❥❡❝t♦r② s❡❝t✐♦♥
p (t− : t+) , ∀ − ∞ ≤ t− ≤ t+ ≤ ∞✳ ▲❡t pn ❞❡♥♦t❡ t❤❡ tr❛❥❡❝t♦r② ❢♦r ✈❡❤✐❝❧❡ n, ∀n ∈ N ✱ ❛♥❞ ✇❡ ❝❛❧❧

✶❲❤✐❧❡ ✇❡ ❛r❡ ❢✉❧❧② ❛✇❛r❡ t❤❛t ❛ r❡❛❧✐st✐❝ tr❛❥❡❝t♦r② ✐s ✜♥✐t❡✱ ✇❡ ✉s❡ t✐♠❡ s♣❛♥ (−∞,∞) ❜② ❡①t❡♥❞✐♥❣ t✇♦ ❡♥❞s ♦❢ ❛ tr❛❥❡❝t♦r②
✐♥ ❛ tr✐✈✐❛❧ ✇❛②✳ ❚❤✐s tr❡❛t♠❡♥t ❢❛❝✐❧✐t❛t❡s t❤❡ ♣r♦❜❧❡♠ ❛♥❛❧②s✐s ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✳

✸



P := [pn]n∈N ❛ tr❛❥❡❝t♦r② ✈❡❝t♦r t❤❛t ❝♦♥t❛✐♥s ❛❧❧ ❞②♥❛♠✐❝ ✐♥❢♦r♠❛t✐♦♥ ♦❢ t❤❡s❡ ✈❡❤✐❝❧❡s✳ ❚r❛❥❡❝t♦r② ✈❡❝t♦r
P s❤♦✉❧❞ s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥str❛✐♥ts t♦ ❜❡ ❢❡❛s✐❜❧❡✳

▲❡t v−n ❛♥❞ t−n ❞❡♥♦t❡ t❤❡ s♣❡❡❞ ❛♥❞ t✐♠❡ ✇❤❡♥ ✈❡❤✐❝❧❡ n ❡♥t❡rs ❧♦❝❛t✐♦♥ ✵✱ ∀n ∈ N ✱ ❛♥❞ ✇❡ ❝❛❧❧ ♣❛✐r
(v−n , t

−
n ) t❤❡ ❡♥tr② ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦❢ ✈❡❤✐❝❧❡ n✳ ❲❡ ❛ss✉♠❡ t❤❛t ❛❧❧ ✈❡❤✐❝❧❡s✬ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❝❛♥ ❜❡

❡①❛❝t❧② ♣r❡❞✐❝t❡❞ ✭❡✳❣✳✱ ✇✐t❤ t❤❡ ❛❞✈❛♥❝❡❞ s❡♥s✐♥❣ t❡❝❤♥♦❧♦❣② ✐♥ t❤❡ ❢✉t✉r❡ tr❛♥s♣♦rt❛t✐♦♥ ✐♥❢r❛str✉❝t✉r❡✮✳
❚❤❡♥ ❡❛❝❤ tr❛❥❡❝t♦r② pn s❤❛❧❧ s❛t✐s✜❡s t❤❡ ❡♥tr② ❜♦✉♥❞❛r② ❝♦♥str❛✐♥t pn(t

−
n ) = 0 ❛♥❞ ṗn(t

−
n ) = v−n ✳

❲❡ ❛ss✉♠❡ ❛❧❧ ✈❡❤✐❝❧❡s ❛r❡ ✐❞❡♥t✐❝❛❧✳ ❊✈❡r② ✈❡❤✐❝❧❡✬s ❛❝❝❡❧❡r❛t✐♦♥ ✐s ❧✐♠✐t❡❞ ✐♥ [a < 0, a > 0]✱ ❛♥❞ ✐ts
s♣❡❡❞ r❛♥❣❡ ✐s [0, v]✳ ❲❡ s❛② ❛ tr❛❥❡❝t♦r② s❡❝t✐♦♥ p ✐s ❦✐♥❡t✐❝❛❧❧② ❢❡❛s✐❜❧❡ ✐❢ ṗ(t) ∈ [0, v̄] ❛♥❞ p̈(t) ∈ [a, ā] , ∀t ∈
(−∞,∞)✳ ❲❡ ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❛❧❧ ❦✐♥❡t✐❝❛❧❧② ❢❡❛s✐❜❧❡ tr❛❥❡❝t♦r✐❡s ❛s

T :=
{

p ∈ T̄ |0 ≤ ṗ(t) ≤ v̄, a ≤ p̈(t) ≤ ā, ∀t ∈ (−∞,∞)
}

. ✭✶✮

❚❤❡r❡❢♦r❡✱ ❡✈❡r② tr❛❥❡❝t♦r② pn s❤❛❧❧ ❢❛❧❧ ✐♥ T ✱ ✇❤✐❝❤ ✇❡ ❝❛❧❧ t❤❡ ❦✐♥❡♠❛t✐❝ ❝♦♥str❛✐♥t✳ ◆♦t❡ t❤❛t tr❛❞✐t✐♦♥❛❧
❝❛r✲❢♦❧❧♦✇✐♥❣ ♠♦❞❡❧s ♠❛② r❡q✉✐r❡ t❤❛t ❛❝❝❡❧❡r❛t✐♦♥s ❛r❡ ❞❡♣❡♥❞❡♥t ♦♥ ✈❛r✐❛❜❧❡s s✉❝❤ ❛s ❞✐st❛♥❝❡ ❣❛♣ ❛♥❞
s♣❡❡❞ ❞✐✛❡r❡♥❝❡✳ ❚❤❡ ♣r♦❜❧❡♠ ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤✐s ♣❛♣❡r✱ ❤♦✇❡✈❡r✱ ✐s ❞✐✛❡r❡♥t✳ ❲❡ ❛ss✉♠❡ ✉❜✐q✉✐t♦✉s
❝♦♠♠✉♥✐❝❛t✐♦♥ ❛♥❞ ❡①✐st❡♥❝❡ ♦❢ ❛ ❝❡♥tr❛❧ ❝♦♥tr♦❧❧❡r ❢♦r tr❛❥❡❝t♦r② ❝♦♥str✉❝t✐♦♥ ❢♦r ❛❧❧ ✈❡❤✐❝❧❡s✳ ❚❤❡ ❝❡♥tr❛❧
❝♦♥tr♦❧❧❡r ♣r♦✈✐❞❡s ✐♥str✉❝t✐♦♥s ♦♥ ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r✐❡s t❤❛t ❝❛♥ ♦♣t✐♠✐③❡ t❤❡ s②st❡♠ ♣❡r❢♦r♠❛♥❝❡✱ ❛♥❞ t❤❡s❡
tr❛❥❡❝t♦r✐❡s ♠❛② ♥♦t str✐❝t❧② ❢♦❧❧♦✇ ❛ ♣r❡s❝r✐❜❡❞ ❝❛r✲❢♦❧❧♦✇✐♥❣ ♠♦❞❡❧✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ ❣❡♥❡r❛❧ ❝❛r✲❢♦❧❧♦✇✐♥❣
♠♦❞❡❧s✱ ❛❝❝❡❧❡r❛t✐♦♥ ✐s ❛ ♥♦♥✲✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ ❣❛♣✳ ❚❤✐s ✐s ♠❛✐♥❧② ❜❡❝❛✉s❡ ♦❢ ❣❡♥❡r❛❧ ❝❛r✲❢♦❧❧♦✇✐♥❣
❜❡❤❛✈✐♦r ♦❢ t❤❡ r❡❛r ✈❡❤✐❝❧❡ t♦ ❡♥s✉r❡ s❛❢❡t②✳ ■♥ ♦✉r ♣r♦❜❧❡♠✱ s✐♥❝❡ ✈❡❤✐❝❧❡s ❛r❡ ❝♦♥tr♦❧❧❡❞ ❛♥❞ ❝♦♦r❞✐♥❛t❡❞
❜② ❛ ❝❡♥tr❛❧ ❝♦♥tr♦❧❧❡r✱ ❛s ❧♦♥❣ ❛s t❤❡ s❛❢❡t② ❝♦♥str❛✐♥t ✐s ♠❡t ❛s ❞✐s❝✉ss❡❞ ❜❡❧♦✇✱ t❤❡ r❡❛r ✈❡❤✐❝❧❡ ❝❛♥ ❛♣♣❧②
❛♥② ❛❝❝❡❧❡r❛t✐♦♥ ❛s ✐♥str✉❝t❡❞ ❜② t❤❡ ❛❧❣♦r✐t❤♠✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❜❡❧✐❡✈❡ t❤❡ ❜♦✉♥❞❡❞ ❝♦♥str❛✐♥s ❢♦r s♣❡❡❞s
❛♥❞ ❛❝❝❡❧❡r❛t✐♦♥s ❛r❡ s✉✣❝✐❡♥t ❢♦r t❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s st✉❞②✳

❚♦ ❡♥s✉r❡ s❛❢❡t② ✐♥ ♥♦♠✐♥❛❧ ❝♦♥❞✐t✐♦♥s✱ ❛ ✈❡❤✐❝❧❡ n ∈ N\{1} s❤♦✉❧❞ ❛❧✇❛②s ❜❡ ❛t ❧❡❛st ❛ ♠✐♥✐♠✉♠
s♣❛❝❡ s❡♣❛r❛t✐♦♥ s ✭✇❤✐❝❤ ✐s ✉s✉❛❧❧② t❤❡ s✉♠♠❛t✐♦♥ ♦❢ t❤❡ ❧❡♥❣t❤ ♦❢ ❛ ✈❡❤✐❝❧❡ ❛♥❞ ❛ s❛❢❡t② ❜✉✛❡r✮ ❜❡❤✐♥❞ ✐ts
♣r❡❝❡❞✐♥❣ ✈❡❤✐❝❧❡ (n−1)✬s ❧♦❝❛t✐♦♥ ❛ r❡❛❝t✐♦♥ t✐♠❡ τ ✭♦r ❛ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❞❡❧❛②✮ ❛❣♦✳ ❲❡ ❝❛❧❧ t❤❡ tr❛❥❡❝t♦r②
♦❜t❛✐♥❡❞ ❜② tr❛♥s❧❛t✐♥❣ p ∈ T r✐❣❤t✇❛r❞s ❜② τ ❛♥❞ ❞♦✇♥✇❛r❞s ❜② s t❤❡ s❤❛❞♦✇ tr❛❥❡❝t♦r② ♦❢ p✳ ❚❤✐s s❤❛❞♦✇
tr❛❥❡❝t♦r② ✐s ❞❡♥♦t❡❞ ❜② ❛❞❞✐♥❣ ❛ s✉♣❡rs❝r✐♣t ✬s✬✱ ✐✳❡✳✱ ps✱ ❞❡♥♦t✐♥❣ t❤❡ s❤❛❞♦✇ tr❛❥❡❝t♦r② ♦❢ p✳ ❚❤❡♥ t❤✐s
s❛❢❡t② ❝♦♥str❛✐♥t ❝❛♥ ❜❡ st❛t❡❞ ❛s pn(t) ≤ psn−1(t), ∀t ∈ (−∞,∞) , ∀n ∈ N ✳

▲❡t p−1(l) ❞❡♥♦t❡s t❤❡ ✜rst t✐♠❡ ✇❤❡♥ tr❛❥❡❝t♦r② p(t) ❛rr✐✈❡s ❛t ❧♦❝❛t✐♦♥ l, ∀l ∈ (−∞,∞). ❚❤❡♥ p−1(L)
❞❡♥♦t❡s t❤❡ t✐♠❡ ✇❤❡♥ t❤✐s ✈❡❤✐❝❧❡ ❡①✐ts t❤❡ ❤✐❣❤✇❛② s❡❣♠❡♥t✱ ❛♥❞ ✐t ❤❛s t♦ ❜❡ ❞✉r✐♥❣ ❛ ❣r❡❡♥ t✐♠❡✱ ✐✳❡✳✱
G
(

p−1
n (L)

)

= p−1
n (L). ❲❡ ❝❛❧❧ t❤✐s t❤❡ ❣r❡❡♥ ❡①✐t t✐♠❡ ❝♦♥str❛✐♥t✳

❲✐t❤ t❤❡s❡ ❝♦♥str❛✐♥ts✱ t❤❡ tr❛❥❡❝t♦r② ❝♦♥str✉❝t✐♦♥ ♣r♦❜❧❡♠ ✐s t♦ ✐❞❡♥t✐❢② ❛ ✈❡❝t♦r ♦❢ tr❛❥❡❝t♦r✐❡s ❢♦r ❛❧❧
✈❡❤✐❝❧❡s ✐♥ N ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❡❛s✐❜❧❡ tr❛❥❡❝t♦r② ✈❡❝t♦r s❡t✿

P :=

{

[pn] n∈N

∣

∣

∣

∣

pn ∈ T , (p(t−n ), ṗ(t
−
n )) = (0, v−n ) , G

(

p−1
n (L)

)

= p−1
n (L)∀n ∈ N , t ∈ (−∞,∞),

pn−1(t− τ)− pn(t) ≥ s, ∀n ∈ N\{1}, t ∈ (−∞,∞)

}

. ✭✷✮

✷✳✷ ❚r❛❥❡❝t♦r② ❖♣t✐♠✐③❛t✐♦♥ Pr♦❜❧❡♠

❱❡❤✐❝❧❡ tr❛❥❡❝t♦r✐❡s ❛r❡ ❛r❣✉❛❜❧② t❤❡ ♠♦st ❞❡t❛✐❧❡❞ tr❛✣❝ ❞❛t❛ ❛♠♦♥❣ ❛❧❧ t❤❛t ❛r❡ ❛✈❛✐❧❛❜❧❡✳ ❈♦♠❜✐♥❡❞ ✇✐t❤
❝❡rt❛✐♥ ✈❡❤✐❝❧❡ s♣❡❝✐✜❝ ❞❛t❛✱ ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r✐❡s ♣r♦✈✐❞❡ ❝♦♠♣❧❡t❡ ✐♥❢♦r♠❛t✐♦♥ t♦ ❞❡t❡r♠✐♥❡ ♠♦st ❝♦♠♠♦♥❧②
✉s❡❞ tr❛✣❝ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s✱ ✐♥❝❧✉❞✐♥❣ tr❛✈❡❧ t✐♠❡✱ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥✱ ❡♠✐ss✐♦♥s✱ ❛♥❞ s❛❢❡t②✳ ❲❡ ❞❡♥♦t❡
t❤❡ tr❛✣❝ ♣❡r❢♦r♠❛♥❝❡ ❢♦r ❛ ❣✐✈❡♥ tr❛❥❡❝t♦r② ✈❡❝t♦r P ∈ P ❜② M (P )✱ ✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ❡✐t❤❡r ❛ s✐♥❣❧❡
♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡ ♦r ❛ ✇❡✐❣❤t❡❞ s✉♠♠❛t✐♦♥ ♦❢ s❡✈❡r❛❧ ♠❡❛s✉r❡s✳ ■t ❝❛♥ ❛❧s♦ ❜❡ ❛ ✈❡❝t♦r ✐❢ ♠✉❧t✐♣❧❡
♠❡❛s✉r❡s ❛r❡ ✐♥✈❡st✐❣❛t❡❞ s✐♠✉❧t❛♥❡♦✉s❧②✳ ❙❡✈❡r❛❧ ❝❛♥❞✐❞❛t❡ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s ❢♦r ❝♦♠♣♦s✐♥❣ M (P ) ❛r❡
❞❡s❝r✐❜❡❞ ❜❡❧♦✇✳

❲❤❡♥ tr❛❥❡❝t♦r② ✈❡❝t♦r P = [pn]n∈N ✐s ❣✐✈❡♥✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛✈❡r❛❣❡ tr❛✈❡❧ t✐♠❡ ✭♣❡r ✈❡❤✐❝❧❡✮ ❝❛♥ ❜❡
s✐♠♣❧② ❢♦r♠✉❧❛t❡❞ ❛s✿

T (P ) :=
1

N

∑

n∈N

(

t(pn) := p−1
n (L)− T−

n

)

, ✭✸✮

✹



✇❤❡r❡ t(pn) ✐s t❤❡ tr❛✈❡❧ t✐♠❡ ❢♦r ✈❡❤✐❝❧❡ n✳
❚❤❡ s②st❡♠ t❤r♦✉❣❤♣✉t ❝❛♥ ❜❡ ❡❛s✐❧② ❡✈❛❧✉❛t❡❞ ❛s✿

R(P ) :=
N

p−1
N (L)− t−1

, ✭✹✮

❚❤❡r❡ ❛r❡ ❛ ♥✉♠❜❡r ♦❢ ✐♥st❛♥t❛♥❡♦✉s ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ❡♠✐ss✐♦♥ ♠❡❛s✉r❡s ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡
✭❡✳❣✳✱ ❈▼❊▼ ✭❇❛rt❤ ❡t ❛❧✳✱ ✷✵✵✵✮✱ ▼❖❱❊❙ ✭❑♦✉♣❛❧ ❡t ❛❧✳✱ ✷✵✵✷✮✱ ❱❚✲▼✐❝r♦ ✭❆❤♥✱ ✶✾✾✽❀ ❆❤♥ ❛♥❞ ❱❛♥ ❆❡r❞❡✱
✷✵✵✷✮✱ P❍❊▼ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ q✉❛❞r❛t✐❝ t✐♠❡ ❣❡♦❣r❛♣❤② ✭❍❛✉s❜❡r❣❡r ❡t ❛❧✳✱ ✷✵✵✸✮✮✳ ❙✉❝❤ ❛♥ ✐♥st❛♥t❛♥❡♦✉s
♠❡❛s✉r❡ ✐s ✉s✉❛❧❧② ❛ ❢✉♥❝t✐♦♥ ♦❢ ✈❡❤✐❝❧❡✬s ❧♦❝❛t✐♦♥✱ ✈❡❧♦❝✐t② ❛♥❞ ❛❝❝❡❧❡r❛t✐♦♥ ❛t t❤❡ ♠❡❛s✉r❡❞ t✐♠❡ ♣♦✐♥t✱ ❛♥❞
t❤✉s ✇❡ ❞❡♥♦t❡ ✈❡❤✐❝❧❡ n✬s ✐♥st❛♥t❛♥❡♦✉s ♠❡❛s✉r❡ ❛t t✐♠❡ t ❜② ❢✉♥❝t✐♦♥ e (pn(t), ṗn(t), p̈n(t))✳ ❚❤❡♥ t❤❡
❛✈❡r❛❣❡ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ♦r ❡♠✐ss✐♦♥s ✐♥ ❣❡♥❡r❛❧ ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s✿

E(P ) :=
1

N

∑

n∈N

ˆ p−1

n
(L)

t
−

n

e (pn(t), ṗn(t), p̈n(t)) dt, ✭✺✮

❙✐♥❝❡ t❤❡ ❢♦❝✉s ♦❢ t❤✐s ♣❛♣❡r ✐s t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛ tr❛❥❡❝t♦r② ♦♣t✐♠✐③❛t✐♦♥ ❢r❛♠❡✇♦r❦ r❛t❤❡r t❤❛♥ t❡st✐♥❣
❢✉❡❧✲❝♦♥s✉♠♣t✐♦♥ ♠♦❞❡❧s✱ ❢♦r ✐❧❧✉str❛t✐♦♥ ♣✉r♣♦s❡s✱ ✇❡ ❥✉st ✉s❡ t❤❡ ❱❚✲▼✐❝r♦ ♠♦❞❡❧✳ ❚❤✐s ✐s r❡❛s♦♥❛❜❧❡
❜❡❝❛✉s❡ t❤❡ ❱❚✲▼✐❝r♦ ♠♦❞❡❧ ❤❛s ❜❡❡♥ ✇✐❞❡❧② ✉s❡❞ ✐♥ tr❛✣❝ ❡♥❣✐♥❡❡r✐♥❣ r❡s❡❛r❝❤ ❛s ❛ s✐♠♣❧❡ ②❡t r❡❧❛t✐✈❡❧②
❛❝❝✉r❛t❡ ♠❡❛s✉r❡ ♦❢ ✈❡❤✐❝❧❡ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ❡♠✐ss✐♦♥ ❧❡✈❡❧s✳ ❚❤❡♥ t❤❡ e ❢✉♥❝t✐♦♥ ✐s ❢♦r♠✉❧❛t❡❞ ✐♥
❊q✉❛t✐♦♥ ✭✻✮✳ ◆♦♥❡t❤❡❧❡ss✱ ✇❡ ❞♦ ❛❝❦♥♦✇❧❡❞❣❡ t❤❛t t❤❡ ❱❚✲▼✐❝r♦ ♠♦❞❡❧ ♠❛② ❤❛✈❡ ❧✐♠✐t❛t✐♦♥s ❢♦r ❝❡rt❛✐♥
❛♣♣❧✐❝❛t✐♦♥s ❝♦♠♣❛r❡❞ ✇✐t❤ ♦t❤❡r ❝♦♠♣❡t✐♥❣ ♠♦❞❡❧s✳ ❙❤♦✉❧❞ t❤✐s ❜❡ t❤❡ ❝❛s❡✱ ✇❡ ❝❛♥ ❥✉st ❢♦r♠✉❧❛t❡ t❤❡ e
❢✉♥❝t✐♦♥ ✇✐t❤ ♦t❤❡r ♣r♦♣❡r ✐♥st❛♥t❛♥❡♦✉s ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ❢✉♥❝t✐♦♥s✱ ✇❤✐❝❤ s❤❛❧❧ ♥♦t ❛✛❡❝t t❤❡ ♦♣t✐♠✐③❛t✐♦♥
♠❡t❤♦❞ ♣r♦♣♦s❡❞ ✐♥ t❤✐s ♣❛♣❡r✳

❆s s❤♦✇♥ ✐♥ ❊q✉❛t✐♦♥ ✭✻✮✱ ❞✉❡ t♦ t❤❡ r❡❣r❡ss✐♦♥ ♥❛t✉r❡ ♦❢ t❤❡ ❱❚✲▼✐❝r♦ ♠♦❞❡❧✱ t❤❡r❡ ❛r❡ ❜♦✉♥❞s ❢♦r ❞❡✲
♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s ✭✐✳❡✳✱ s♣❡❡❞s ❛♥❞ ❛❝❝❡❧❡r❛t✐♦♥s✮✳ ■❢ ✈❛r✐❛❜❧❡ ✈❛❧✉❡s ❡①❝❡❡❞ t❤❡s❡ ❜♦✉♥❞s✱ ✐t ✐s r❡❝♦♠♠❡♥❞❡❞
❜② ❆❤♥ ❛♥❞ ❱❛♥ ❆❡r❞❡ ✭✷✵✵✷✮ t❤❛t ✏t❤❡ ❜♦✉♥❞❛r② s♣❡❡❞ ❛♥❞ ❛❝❝❡❧❡r❛t✐♦♥ ❧❡✈❡❧s ❛r❡ ✉s❡❞ ✐♥st❡❛❞ t♦ ❡♥s✉r❡
r❡❛❧✐st✐❝ ❡st✐♠❛t❡s✳✑ ❍♦✇❡✈❡r✱ ✐t ✐s ♥♦t❡❞ t❤❛t tr✉♥❝❛t✐♦♥ ♦❢ s♣❡❡❞ ❛♥❞ ❛❝❝❡❧❡r❛t✐♦♥ r❛♥❣❡ ♦❢ t❤❡ ♠♦❞❡❧ ♠❛②
❝❛✉s❡ ✉♥❞❡r❡st✐♠❛t❡ ♦❢ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ❛♠♦✉♥ts ❛♥❞ ♠❛② ❧❡❛❞ t♦ s✉❜✲♦♣t✐♠❛❧ s♦❧✉t✐♦♥s t♦ t❤❡ ✜♥❛❧ tr❛❥❡❝✲
t♦r② ♣❧❛♥✳ ❈❛r❡❢✉❧ ♠♦❞❡❧ ❝❤♦✐❝❡s s❤♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❜❛❧❛♥❝✐♥❣ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✣❝✐❡♥❝② ❛♥❞ ❛❝❝✉r❛❝②
❢♦r ❡①tr❡♠❡ ❝❛s❡s ✇❤❡♥ ❛❝❝❡❧❡r❛t✐♦♥ r❛t❡s ♠❛② ❣♦ ❜❡②♦♥❞ t❤❡ ❜♦✉♥❞s✳ ❋♦rt✉♥❛t❡❧②✱ t❤❡ ♦♣t✐♠❛❧ r❡s✉❧ts ♦❢
♠♦st ♣r❛❝t✐❝❛❧ ❝❛s❡s ✐♥ t❤❡ st✉❞✐❡❞ ♣r♦❜❧❡♠ ❤❛✈❡ s♠♦♦t❤ tr❛❥❡❝t♦r✐❡s ✇✐t❤ r❡❧❛t✐✈❡❧② ♠✐❧❞ ❛❝❝❡❧❡r❛t✐♦♥ r❛t❡s✱
✇❤✐❝❤ ♥♦r♠❛❧❧② ❢❛❧❧ ✐♥ t❤❡ r❛♥❣❡ ♦❢ t❤❡ ❱❚✲▼✐❝r♦ ♠♦❞❡❧ ❛♥❞ s❤❛❧❧ ♥♦t ❝❛✉s❡ t❤❡ ❜♦✉♥❞❛r② tr✉♥❝❛t✐♦♥ ✐ss✉❡✳

e(ṗn(t), p̈n(t)) = exp







3
∑

i=0

3
∑

j=0

Kij(p̈n(t))

(

⌊ṗn (t)⌋
120 ❦♠✴❤
0

)i (

⌊p̈n(t)⌋
13 ❦♠✴❤✴s❡❝
−5 ❦♠✴❤✴s❡❝

)j







. ✭✻✮

✇❤❡r❡ ❝♦❡✣❝✐❡♥t Kij(p̈n(t)) ❞❡♣❡♥❞s ♦♥ t❤❡ s✐❣♥ ♦❢ p̈n(t)✱ t❤❡ ✈❡❤✐❝❧❡ t②♣❡ ❛♥❞ t❤❡ ♠❡❛s✉r❡✲♦❢ ❡✛❡❝t✐✈❡✲
♥❡ss ✭▼❖❊✮ t②♣❡ ✭❡✳❣✳✱ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥✱ ❡♠✐ss✐♦♥ ♦❢ ❛ ❝❡rt❛✐♥ ♣♦❧❧✉t❛♥t✮✳ ❚❤✐s st✉❞② ✉s❡s ✈❛❧✉❡s ♦❢
[Kij(p̈n(t))]i,j=0,1,2,3 ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ t❡st r❡s✉❧ts ✇✐t❤ ❡✐❣❤t ❧✐❣❤t ❞✉t② ✈❡❤✐❝❧❡s ❝♦❧❧❡❝t❡❞ ❜② t❤❡ ❖❛❦ ❘✐❞❣❡

◆❛t✐♦♥❛❧ ▲❛❜♦r❛t♦r②✱ ❛s s❤♦✇ ✐♥ ❚❛❜❧❡ ✷✷✳
❚r❛✣❝ s❛❢❡t② ✐s ♦❢t❡♥ ❧❡ss ✐♥t✉✐t✐✈❡ t♦ q✉❛♥t✐❢② ✇✐t❤ ❛ ❞❡t❡r♠✐♥✐st✐❝ ❛♥❞ ❡①❛❝t ♠❡❛s✉r❡✳ ◆♦♥❡t❤❡❧❡ss✱ ❛

♥✉♠❜❡r ♦❢ s✉rr♦❣❛t❡ ♠♦❞❡❧s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ ❛s q✉❛♥t✐t❛t✐✈❡ ♠❡❛s✉r❡s ♦❢ r✐s❦ ♦r ❝❧♦s❡♥❡ss t♦ ❛ ♣♦t❡♥t✐❛❧
❝♦❧❧✐s✐♦♥✳ ❙✉❝❤ ❛ s✉rr♦❣❛t❡ ♠❡❛s✉r❡ ❝❛♥ ❜❡ ❢✉❧❧② q✉❛♥t✐✜❡❞ ✇✐t❤ ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r② ✐♥❢♦r♠❛t✐♦♥ ❛♥❞ ❝❛♥ ❜❡
❡❛s✐❧② ✐♥t❡❣r❛t❡❞ ✐♥t♦ t❤❡ ♣r♦♣♦s❡❞ ♦♣t✐♠✐③❛t✐♦♥ ❢r❛♠❡✇♦r❦✳ ❋♦r ✐❧❧✉str❛t✐♦♥ ♣✉r♣♦s❡s✱ t❤✐s st✉❞② ✉s❡s ❛
s✉rr♦❣❛t❡ ♠❡❛s✉r❡ ❜❛s❡❞ ♦♥ ✐♥✈❡rs❡ t✐♠❡✲t♦✲❝♦❧❧✐s✐♦♥ ✭✐❚❚❈✮✳ ❆t t✐♠❡ t✱ t❤❡ ✐❚❚❈ ♦❢ ❛ ❢♦❧❧♦✇✐♥❣ ✈❡❤✐❝❧❡

n ∈ N\{1} ✐s ṗn(t)−ṗn−1(t)
pn−1(t)−pn(t)−gn−1

✱ ✇❤❡r❡ gn−1 ✐s t❤❡ ✈❡❤✐❝❧❡ ❧❡♥❣t❤ ♦❢ ✈❡❤✐❝❧❡ n − 1✳ ❚❤❡ st✉❞✐❡❞ s❛❢❡t②

s✉rr♦❣❛t❡ ♠❡❛s✉r❡ ✐s ❢♦r♠✉❧❛t❡❞ ❛s ❛♥ ✐♥t❡❣r❛❧ ♦❢ t❤❡ ♣♦s✐t✐✈❡ ♣♦rt✐♦♥ ♦❢ ✐❚❚❈ ♦✈❡r t❤❡ tr❛✈❡❧ t✐♠❡ ♦♥ t❤❡
r♦❛❞ s❡❣♠❡♥t ❢♦r ❛♥ ❛✈❡r❛❣❡ ✈❡❤✐❝❧❡ t❤❛t ❢♦❧❧♦✇s ♦t❤❡rs✿

✷❚❤❡s❡ ❞❛t❛ ✇❡r❡ ❡①tr❛❝t❡❞ ❢r♦♠ t❤❡ ❡♠✐ss✐♦♥ s♦❢t✇❛r❡ ❞❡✈❡❧♦♣❡❞ ❜② ❉r✳ ❍❡s❤❛♠ ❘❛❦❤❛
✭❤tt♣✿✴✴✜❧❡❜♦①✳✈t✳❡❞✉✴✉s❡rs✴❤r❛❦❤❛✴❙♦❢t✇❛r❡✳❤t♠✮✳

✺



Kij p̈n(t) ✐s ♣♦s✐t✐✈❡ p̈n(t) ✐s ♥❡❣❛t✐✈❡

j = 0 j = 1 j = 2 j = 3 j = 0 j = 1 j = 2 j = 3
i = 0 ✲✼✳✼✸✺ ✵✳✷✷✾✺ ✲✺✳✻✶❊✲✸ ✾✳✼✼✸❊✲✺ ✲✼✳✼✸t ✲✵✳✵✶✼✾✾ ✲✹✳✷✼❊✲✸ ✶✳✽✽✷✾❊✲✹
i = 1 ✵✳✵✷✼✾✾ ✵✳✵✵✻✽ ✲✼✳✼✷✷❊✲✹ ✽✳✸✽❊✲✻ ✵✳✵✷✽✵✹ ✼✳✼✷❊✲✸ ✽✳✸✼✺❊✲✹ ✸✳✸✽✼❊✲✺
i = 2 ✲✷✳✷✷✽❊✲✹ ✲✹✳✹✵✷❊✲✺ ✼✳✾✵❊✲✼ ✽✳✶✼❊✲✼ ✲✷✳✶✾✾❊✲✹ ✲✺✳✷✶✾❊✲✺ ✲✼✳✹✹❊✲✻ ✷✳✼✼❊✲✼
i = 3 ✶✳✵✾❊✲✻ ✹✳✽✵❊✲✽ ✸✳✷✼❊✲✽ ✲✼✳✼✾❊✲✾ ✶✳✵✽❊✲✻ ✷✳✹✼❊✲✼ ✹✳✽✼❊✲✽ ✸✳✼✾❊✲✶✵

❚❛❜❧❡ ✶✿ ❈♦❡✣❝✐❡♥ts ❢♦r t❤❡ ▼❖❊ ♦❢ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ✭t❤❡ ✉♥✐ts ♦❢ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥✱ s♣❡❡❞ ❛♥❞ ❛❝❝❡❧❡r❛t✐♦♥
❛r❡ ✐♥ ❧✐t❡rs✴s❡❝✱ ❦♣❤✱ ❛♥❞ ❦♣❤✴s❡❝✱ r❡s♣❡❝t✐✈❡❧②✮✳

S (P ) :=
1

N

∑

n∈N\{1}

ˆ p
−1

n−1
(L)

t
−

n

[

ṗn(t)− ṗn−1(t)

pn−1(t)− pn(t)− gn−1

]+

dt, ✭✼✮

✇❤❡r❡ ♦♣❡r❛t♦r [·]+ := max{0, ·}✳ ❲❡ ✉s❡ t❤❡ ❛❜♦✈❡ ❢♦r♠✉❧❛t✐♦♥ ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❛s♦♥s✳ ❋✐rst✱ ❝♦♠♣❛r❡❞
✇✐t❤ ♦t❤❡r s✉rr♦❣❛t❡ ♠❡❛s✉r❡s s✉❝❤ ❛s t✐♠❡✲t♦✲❝♦❧❧✐s✐♦♥ ✭❚❚❈✮ ✭❍♦✛♠❛♥♥ ❛♥❞ ▼♦rt✐♠❡r✱ ✶✾✾✹✮ ❛♥❞ ❞❡❝❡❧❡r❛✲
t✐♦♥ r❛t❡ ❞✐✛❡r❡♥❝❡ ✭❉❘❉✮ ✭P❛r❦ ❡t ❛❧✳✱ ✷✵✶✶✮✱ ✐❚❚❈✱ ❡✈❡♥ ✇✐t❤ ❛ ♥❡❣❛t✐✈❡ ✈❛❧✉❡✱ ✐s ♠♦r❡ ♣♦s✐t✐✈❡❧② r❡❧❛t❡❞ t♦
❝♦❧❧✐s✐♦♥ r✐s❦s ❇❛❧❛s ✭✷✵✵✻✮✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ✐♥t❡❣r❛❧ ♦❢ ✐❚❚❈ ✐s ❛ r❡❛s♦♥❛❜❧❡ ✐♥❞✐❝❛t♦r ♦❢ ❛ tr❛❥❡❝t♦r②✬s ♦✈❡r❛❧❧
❝♦❧❧✐s✐♦♥ r✐s❦✳ ❙❡❝♦♥❞❧②✱ ✐❚❚❈ ❝❛♥ ❛✈♦✐❞ ❝❡rt❛✐♥ s✐♥❣✉❧❛r✐t✐❡s t❤❛t ♠❛② ♦❝❝✉r ✐♥ ♦t❤❡r s✉rr♦❣❛t❡ ♠❡❛s✉r❡s✳
❋♦r ❡①❛♠♣❧❡✱ ❚❚❈ ❣♦❡s t♦ ✐♥✜♥✐t② ❛s ✈❡❤✐❝❧❡s n− 1 ❛♥❞ n ♦♣❡r❛t❡s ❛t t❤❡ s❛♠❡ s♣❡❡❞✳ ❚❤✐r❞❧②✱ s♦♠❡ ♦t❤❡r
s✉rr♦❣❛t❡ ♠❡❛s✉r❡s ✭❡✳❣✳✱ ❚❚❈ ❛♥❞ ❉❘❉✮ ❛r❡ ♦❢t❡♥ ✉s❡❞ ✐♥ ❝♦♥❥✉♥❝t✐♦♥ ✇✐t❤ ❛ ❜✐♥❛r② t❤r❡s❤♦❧❞✱ ✇❤✐❝❤ ✇♦✉❧❞
❜❡ ♠♦r❡ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❡①♣❡♥s✐✈❡ t♦ ♣r♦❝❡ss ✐♥ ❛♥ ✐♥t❡❣r❛❧ ✭❡✳❣✳✱ ❛ ❍❡❛✈✐s✐❞❡ st❡♣ ❢✉♥❝t✐♦♥ ♠❛② ❤❛✈❡ t♦
❜❡ ✉s❡❞ ❛♥❞ t❤❡♥ t❤❡ ✐♥t❡❣r❛❧ ❝❛♥ ❜❡ ♦♥❧② ❡✈❛❧✉❛t❡❞ ♥✉♠❡r✐❝❛❧❧②✮✱ ✇❤✐❧❡ t❤❡ ✐♥t❡❣r❛❧ ♦❢ ✐❚❚❈ ❝❛♥ ❜❡ s♦❧✈❡❞
❛♥❛❧②t✐❝❛❧❧② ✉s✐♥❣ ❛ ♣r♦♣♦s❡❞ ♠❡t❤♦❞ ✐♥ t❤✐s ♣❛♣❡r✳

❙②st❡♠ ♣❡r❢♦r♠❛♥❝❡M (P ) ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s ♦♥❡ ♦❢✱ ❛ ✇❡✐❣❤t❡❞ s✉♠♠❛t✐♦♥ ♦❢✱ ♦r ❛ ✈❡❝t♦r ♦❢ ♠❡❛s✉r❡s
✭✸✮✲✭✼✮✳ ❲✐t❤ t❤✐s✱ t❤❡ tr❛❥❡❝t♦r② ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s t♦ ✐❞❡♥t✐❢② ❛ s❡t ♦❢ ❢❡❛s✐❜❧❡ tr❛❥❡❝t♦r② ✈❡❝t♦rs t❤❛t
♦♣t✐♠✐③❡s ✭♦r ♠✐♥✐♠✐③❡s✮ t❤✐s s②st❡♠ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡✿

min
P∈P

M (P ) ✭✽✮

❘❡♠❛r❦ ✶✳ ❲❤✐❧❡ t❤✐s st✉❞② ❢♦❝✉s❡s ♦♥ ♠❡❛s✉r❡s ✭✸✮✲✭✼✮✱ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ❢r❛♠❡✇♦r❦ ❝❛♥ ❜❡ ❡❛s✐❧② ❡①t❡♥❞❡❞
t♦ ✐♥❝❧✉❞❡ ♦t❤❡r ♠❡❛s✉r❡s ✭❡✳❣✳✱ ❞r✐✈✐♥❣ ❝♦♠❢♦rt✮ ❛s ❧♦♥❣ ❛s t❤❡② ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ✇✐t❤ tr❛❥❡❝t♦r② ✈❡❝t♦rs✳

◆♦t❡ t❤❛t ❝♦♥tr♦❧❧❡❞ ✈❡❤✐❝❧❡ ❜❡❤❛✈✐♦r ♠❛② r❡s❡♠❜❧❡ s♦♠❡ tr❛✐ts ♦❢ ❤✉♠❛♥ ❞r✐✈✐♥❣ ❜❡❤❛✈✐♦r s✉❝❤ t❤❛t t❤❡
✉s❡r ❛❝❝❡♣t❛❜✐❧✐t② ❛♥❞ tr✉st ♦❢ ❛✉t♦♠❛t❡❞ ✈❡❤✐❝❧❡ t❡❝❤♥♦❧♦❣② ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞ ❛♠♦♥❣ t❤❡ ❞r✐✈✐♥❣ ♣✉❜❧✐❝✳
❚❤✐s ♣❛♣❡r ❝♦♥s✐❞❡rs t❤✐s t❤♦✉❣❤ t❤❡ ✉s❡ ♦❢ ❦✐♥❡t✐❝❛❧❧② ❢❡❛s✐❜❧❡ ❛❝❝❡❧❡r❛t✐♦♥s ❛♥❞ ❞r✐✈❡r ❜❡❤❛✈✐♦r t❤❛t ❛r❡
✐♥s♣✐r❡❞ ❜② ◆❡✇❡❧❧✬s ❝❛r✲❢♦❧❧♦✇✐♥❣ ♠♦❞❡❧✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❞❡s✐❣♥❡❞ tr❛❥❡❝t♦r② ❛r❡ s♠♦♦t❤❡r t❤❛♥ ◆❡✇❡❧❧✬s
s✐♠♣❧✐✜❡❞ tr❛❥❡❝t♦r② ❛♥❞ t❤✐s ❢✉rt❤❡r ✐♠♣r♦✈❡s ❞r✐✈❡r ❝♦♠❢♦rt ❛♥❞ ❛❝❝❡♣t❛❜✐❧✐t②✳ ❚❤❡ ✉s❡r ❛❝❝❡♣t❛❜✐❧✐t② ❛♥❞
tr✉st ♦❢ s✉❝❤ t❡❝❤♥♦❧♦❣② ✐ts❡❧❢ ✐s ❛♥ ✐♥t❡r❡st✐♥❣ ❜✉t ❝♦♠♣❧❡① ✐ss✉❡ ❛♥❞ ✇❡ ❧❡❢t t❤❡ ❝♦♠♣r❡❤❡♥s✐✈❡ ✐♥✈❡st✐❣❛t✐♦♥
❢♦r ❢✉t✉r❡ st✉❞✐❡s✳

✸ ❙❍✲❜❛s❡❞ ❖♣t✐♠✐③❛t✐♦♥ ❋r❛♠❡✇♦r❦

Pr♦❜❧❡♠ ✭✽✮ ✐s ❛♥ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✇✐t❤ ♥♦♥❧✐♥❡❛r ♦❜❥❡❝t✐✈❡ ❛♥❞ ❝♦♥str❛✐♥ts✳ ■t ✐s
❤❛r❞ t♦ s♦❧✈❡ ✐t t♦ ❛ ❡①❛❝t s♦❧✉t✐♦♥ ✐♥ ❛ s❤♦rt t✐♠❡ ❢♦r r❡❛❧✲t✐♠❡ ❛♣♣❧✐❝❛t✐♦♥s✳ ❚♦ ♦❜✈✐❛t❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧
✐ss✉❡ ❛♥❞ ❞r❛✇ ✐♥s✐❣❤ts ♦❢ t❤❡ ♣r♦❜❧❡♠ str✉❝t✉r❡✱ ✇❡ ♣r♦♣♦s❡ ❛ ❣❡♥❡r❛❧ ♦♣t✐♠✐③❛t✐♦♥ ❢r❛♠❡✇♦r❦ t❤❛t ❜✉✐❧❞s
✉♣♦♥ t❤❡ ❡✣❝✐❡♥t s❤♦♦t✐♥❣ ❤❡✉r✐st✐❝ ✭❙❍✮ ❛❧❣♦r✐t❤♠ ❞❡✈❡❧♦♣❡❞ ✐♥ P❛rt ■ ♣❛♣❡r ✭❩❤♦✉ ❡t ❛❧✳✱ ✷✵✶✺✮✳ ❋✐❣✉r❡ ✷
✐❧❧✉str❛t❡s ❤♦✇ t❤✐s ❢r❛♠❡✇♦r❦ ✇♦r❦s✳ ❇❛s✐❝❛❧❧②✱ ✇❡ ✜rst ✐♥✐t✐❛❧✐③❡ ❛ s♠❛❧❧ s❡t ♦❢ ❝♦♥tr♦❧ ♣❛r❛♠❡t❡rs ❛♥❞ ❢❡❡❞
t❤❡♠ t♦ t❤❡ ❙❍ ❛❧❣♦r✐t❤♠ t♦ ❣❡♥❡r❛t❡ ❛ ❢❡❛s✐❜❧❡ tr❛❥❡❝t♦r② ✈❡❝t♦r P ✳ ❚❤❡♥ s②st❡♠ ♣❡r❢♦r♠❛♥❝❡ M(P ) ❛r❡
❡✈❛❧✉❛t❡❞ ❜② ❡✣❝✐❡♥t ♠❡t❤♦❞s ❜❛s❡❞ ♦♥ t❤❡ ❛♥❛❧②t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❙❍ s♦❧✉t✐♦♥✳ ❚❤❡ ❡✈❛❧✉❛t✐♦♥ r❡s✉❧t
✐s ❢❡❞ t♦ t❤❡ ❝❡♥tr❛❧ ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ❝❤❡❝❦s ✇❤❡t❤❡r P ✐s ❛❧r❡❛❞② ♦♣t✐♠❛❧✳ ■❢ ②❡s✱

✻



❋✐❣✉r❡ ✷✿ ❖♣t✐♠✐③❛t✐♦♥ ❢r❛♠❡✇♦r❦✳

✐t r❡t✉r♥s P ❛s t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✳ ❖t❤❡r✇✐s❡✱ ✐t ✉♣❞❛t❡s t❤❡ ❝♦♥tr♦❧ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ❜❛s❡❞ ♦♥ ❝❡rt❛✐♥
r✉❧❡s ❛♥❞ ❣♦❡s t♦ t❤❡ ♥❡①t ✐t❡r❛t✐♦♥✳ ❚❤✐s s❡❝t✐♦♥ ❞❡s❝r✐❜❡s t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤✐s ♦♣t✐♠✐③❛t✐♦♥ ❢r❛♠❡✇♦r❦
❛♥❞ ❛♥❛❧②③❡s r❡❧❡✈❛♥t ♣r♦♣❡rt✐❡s✳ ❙❡❝t✐♦♥ ✸✳✶ r❡✈✐s✐ts t❤❡ ❙❍ ❛❧❣♦r✐t❤♠ ❛♥❞ ❛❧s♦ ✐♥✈❡st✐❣❛t❡s ✐ts ❛♥❛❧②t✐❝❛❧
♣r♦♣❡rt✐❡s ♦♥ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ❛♥❞ ♦♣t✐♠❛❧✐t② ♦♥ tr❛✈❡❧ t✐♠❡ ✭✸✮ ❛♥❞ t❤r♦✉❣❤♣✉t ✭✹✮✳ ❙❡❝t✐♦♥ ✸✳✷
♣r♦♣♦s❡s ❡✣❝✐❡♥t ♠❡t❤♦❞s t♦ ❡✈❛❧✉❛t❡ ♥♦♥❧✐♥❡❛r ✐♥t❡❣r❛❧ ♠❡❛s✉r❡s ♦❢ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ✭✺✮ ❛♥❞ s❛❢❡t② ✭✼✮✳
❙❡❝t✐♦♥ ✸✳✸✳✶ ❞❡s❝r✐❜❡s t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✐♥ ❞❡t❛✐❧✳

✸✳✶ ❙❤♦♦t✐♥❣ ❍❡✉r✐st✐❝s

✸✳✶✳✶ ❆❧❣♦r✐t❤♠ ❘❡✈✐s✐t

❚❤✐s s✉❜s❡❝t✐♦♥ ❜r✐❡✢② r❡✈✐❡✇s t❤❡ ❙❍ ❛❧❣♦r✐t❤♠ ❢r♦♠ ❩❤♦✉ ❡t ❛❧✳ ✭✷✵✶✺✮✱ ❛♥❞ ✐♥t❡r❡st❡❞ r❡❛❞❡rs ❝❛♥ r❡❢❡r t♦
✐t ❢♦r ❞❡t❛✐❧❡❞ ❛❧❣♦r✐t❤♠✐❝ ❞❡s❝r✐♣t✐♦♥s ❛♥❞ t❤❡♦r❡t✐❝❛❧ ♣r♦♣❡rt② ❛♥❛❧②s❡s✳ ❚♦ ❜❡tt❡r s❡r✈❡ t❤❡ ♦♣t✐♠✐③❛t✐♦♥
❢r❛♠❡✇♦r❦✱ t❤✐s ♣❛♣❡r s❧✐❣❤t❧② ❛❞❛♣ts t❤❡ ♦r✐❣✐♥❛❧ ❙❍ ❛❧❣♦r✐t❤♠ ❜② ❛❧❧♦✇✐♥❣ t❤❡ ♠❛①✐♠✉♠ ❝r✉✐s✐♥❣ s♣❡❡❞ t♦
❜❡ ❛❞❥✉st❛❜❧❡✳ ❚❤❡ ❙❍ ❛❧❣♦r✐t❤♠ ✈✐s✐ts ✈❡❤✐❝❧❡s ✶ t❤r♦✉❣❤ N s❡q✉❡♥t✐❛❧❧② ❛♥❞ ❝♦♥str✉❝ts ❛ ❢❡❛s✐❜❧❡ tr❛❥❡❝t♦r②
❛s ❛ ♣✐❡❝❡✇✐s❡ q✉❛❞r❛t✐❝ ❢✉♥❝t✐♦♥ ✇❤❡r❡ ❡✈❡r② t✇♦ ❝♦♥s❡❝✉t✐✈❡ q✉❛❞r❛t✐❝ s❡❣♠❡♥ts ❛r❡ t❛♥❣❡♥t ❢♦r t❤❡ ❝✉rr❡♥t
✈❡❤✐❝❧❡ ❞✉r✐♥❣ ❡❛❝❤ ✈✐s✐t✳ ❚❤✐s ✇❛②✱ ❡❛❝❤ ❝♦♥str✉❝t❡❞ tr❛❥❡❝t♦r② ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❡✈❡r②✇❤❡r❡ ❛♥❞ ❞♦❡s ♥♦t
❝♦♥t❛✐♥ ❛♥② s♣❡❡❞ ❥✉♠♣✳ ❋✐❣✉r❡ ✸ ✐❧❧✉str❛t❡s t❤❡ ❜❛s✐❝ ♣r♦❝❡ss❡s t♦ ❝♦♥str✉❝t ❛ tr❛❥❡❝t♦r② ❢♦r ❡❛❝❤ ✈❡❤✐❝❧❡
✐♥ t❤❡ ❛❧❣♦r✐t❤♠✳ ❋✐❣✉r❡s ✸✭❛✮ ❛♥❞ ✸✭❜✮ s❤♦✇s ❛ ❢♦r✇❛r❞ s❤♦♦t✐♥❣ ♣r♦❝❡ss✱ r❡s♣❡❝t✐✈❡❧② ✐♥ t✇♦ ❝❛s❡s✱ ✇❤✐❝❤
❝♦♥str✉❝ts ❛ ❦✐♥❡♠❛t✐❝❛❧❧② ❢❡❛s✐❜❧❡ tr❛❥❡❝t♦r② t❤❛t s❛t✐s✜❡s t❤❡ ❝✉rr❡♥t ✈❡❤✐❝❧❡✬s ❡♥tr② ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥
❛♥❞ s❛❢❡t② ❝♦♥str❛✐♥t ❛❣❛✐♥st t❤❡ ♣r❡❝❡❞✐♥❣ ✈❡❤✐❝❧❡✱ ✐❢ ❛♥②✳ ❋✐❣✉r❡ ✸✭❝✮ s❤♦✇s ❛ ❜❛❝❦✇❛r❞ s❤♦♦t✐♥❣ ♣r♦❝❡ss
✭❇❙P✮ t❤❛t ♠♦❞✐✜❡s t❤❡ tr❛❥❡❝t♦r② ❢r♦♠ ❋❙P t♦ t❤❡ ❡①✐t ♦❢ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ❞✉r✐♥❣ ❛ ❣r❡❡♥ ❧✐❣❤t✳

❆t ❡❛❝❤ ✈❡❤✐❝❧❡ n✱ ❋❙P ✜rst s❤♦♦ts t✇♦ s❡q✉❡♥t✐❛❧ q✉❛❞r❛t✐❝ s❡❣♠❡♥ts✱ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✸✭❛✮✳
❚❤❡ ✜rst s❡❣♠❡♥t st❛rts ♦✛ t❤❡ ❡♥tr② ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ (v−n , t

−
n ) ❛t ❧♦❝❛t✐♦♥ ✵ ✭♦r ✐ts ❡♥tr② st❛t❡ ♣♦✐♥t

(0, v−n , t
−
n ) ❞❡✜♥❡❞ ❛s ❛ ✸✲t✉♣❧❡ ♦❢ ❧♦❝❛t✐♦♥✱ s♣❡❡❞ ❛♥❞ t✐♠❡✮ t♦ r❡❛❝❤ ❛ t❛r❣❡t ❝r✉✐s✐♥❣ s♣❡❡❞ v ∈ (0, v̄] ❛t

❛ ❢♦r✇❛r❞ ❛❝❝❡❧❡r❛t✐♦♥ ā❢ ∈ (0, ā]✳ ❲❡ ❝❛♥ ❡❛s✐❧② ❝❛❧❝✉❧❛t❡ t❤❛t t❤✐s s❡❣♠❡♥t t❛❦❡s (v − v−n )/ā
❢ t✐♠❡✳ ❚❤❡

s❡❝♦♥❞ s❡❣♠❡♥t ✐s ❛ str❛✐❣❤t r❛② ❛t t❛r❣❡t ❝r✉✐s❡ s♣❡❡❞ v ❛❧❧ t❤❡ ✇❛② ❞♦✇♥✳ ◆♦t❡ t❤❛t t❤❡ s❡❝♦♥❞ s❡❣♠❡♥t
❡①✐ts ❧♦❝❛t✐♦♥ L ❛t ❛ t✐♠❡ ❢♦r♠✉❧❛t❡❞ ❛s✿

t̂+n

(

v, ā❢
)

:= t−n +
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−
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+
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✭❛✮ ✭❜✮ ✭❝✮

❋✐❣✉r❡ ✸✿ ✭❛✮ ❋♦r✇❛r❞ s❤♦♦t✐♥❣ ♣r♦❝❡ss ✇✐t❤♦✉t ❛❝t✐✈❛t✐♥❣ s❛❢❡t② ❝♦♥str❛✐♥t❀ ✭❜✮ ❢♦r✇❛r❞ s❤♦♦t✐♥❣ ♣r♦❝❡ss
✇✐t❤ ❛❝t✐✈❛t✐♥❣ s❛❢❡t② ❝♦♥str❛✐♥t❀ ❛♥❞ ✭❝✮ ❜❛❝❦✇❛r❞ s❤♦♦t✐♥❣ ♣r♦❝❡ss ✭❛❞❛♣t❡❞ ❢r♦♠ ❩❤♦✉ ❡t ❛❧✳ ✭✷✵✶✺✮✮✳

❚❤❡s❡ t✇♦ s❡❣♠❡♥ts ❢♦r♠ ❛ ❝❛♥❞✐❞❛t❡ s❤♦♦t✐♥❣ tr❛❥❡❝t♦r② t❤❛t ✇✐❧❧ ❜❡ t❡st❡❞ ❛❣❛✐♥st t❤❡ s❛❢❡t② ❝♦♥str❛✐♥t✳
❆s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✸✭❛✮✱ ✐❢ t❤✐s ❝❛♥❞✐❞❛t❡ s❤♦♦t✐♥❣ tr❛❥❡❝t♦r② ✭t❤❡ ❜❧✉❡ ❞❛s❤❡❞ ❝✉r✈❡✮ ✐s ❛❧✇❛② ❜❡❧♦✇ t❤❡
s❤❛❞♦✇ tr❛❥❡❝t♦r② ♦❢ t❤❡ ♣r❡❝❡❞✐♥❣ ✈❡❤✐❝❧❡ psn−1 ✭t❤❡ r❡❞ ❞♦tt❡❞ ❝✉r✈❡✮✱ t❤❡♥ t❤❡ s❛❢❡t② ❝♦♥str❛✐♥t ✐s ♥❡✈❡r
✈✐♦❧❛t❡❞ ❛♥❞ t❤✉s t❤✐s ❝❛♥❞✐❞❛t❡ s❤♦♦t✐♥❣ tr❛❥❡❝t♦r② ✐s r❡t✉r♥❡❞ ❛s t❤❡ ❢♦r✇❛r❞ s❤♦♦t✐♥❣ tr❛❥❡❝t♦r② ❢♦r ✈❡❤✐❝❧❡

n✳ ❞❡♥♦t❡❞ ❜② p❢n✳ ◆♦t❡ t❤❛t t❤✐s ✐s ❛❧✇❛②s t❤❡ ❝❛s❡ ❢♦r t❤❡ ❧❡❛❞ ✈❡❤✐❝❧❡✱ ❜❡❝❛✉s❡ t❤❡r❡ ✐s ♥♦ ✈❡❤✐❝❧❡ ❛❤❡❛❞
✭♦r ❛ ❞✉♠♠② ♣r❡❝❡❞✐♥❣ ✈❡❤✐❝❧❡ ❝❛♥ ❜❡ s❡t t♦ ❧♦❝❛t✐♦♥ ∞✮✱ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ s❛❢❡t② ❝♦♥str❛✐♥t ✇✐❧❧ ♥❡✈❡r
❜❡ ✈✐♦❧❛t❡❞✳ ❖t❤❡r✇✐s❡✱ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✸✭❜✮✱ ✐❢ t❤❡ ❝❛♥❞✐❞❛t❡ s❤♦♦t✐♥❣ tr❛❥❡❝t♦r② ♦✈❡r♣❛ss❡s psn−1✱

t❤❡♥ p❢n ✐s ❝♦♥str✉❝t❡❞ ❜② s♠♦♦t❤❧② ♠❡r❣✐♥❣ t❤❡ ❝❛♥❞✐❞❛t❡ tr❛❥❡❝t♦r② ✐♥t♦ psn−1 ✇✐t❤ ❛ ♠❡r❣✐♥❣ s❡❣♠❡♥t ❛t ❛

❢♦r✇❛r❞ ❞❡❝❡❧❡r❛t✐♦♥ a❢ ∈ [a, 0) ✳ ■❢ tr❛❥❡❝t♦r② p❢n ❢r♦♠ t❤❡ ❢♦r✇❛r❞ s❤♦♦t✐♥❣ ♣r♦❝❡ss ✐s ❢♦✉♥❞ t♦ r✉♥ ✐♥t♦ t❤❡

r❡❞ ❧✐❣❤t✱ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✸✭❝✮✱ ❛ ❜❛❝❦✇❛r❞ s❤♦♦t✐♥❣ ♣r♦❝❡ss ✐s ❛❝t✐✈❛t❡❞ t♦ r❡✈✐s❡ p❢n✳ ❚❤❡ ❜❛❝❦✇❛r❞

s❤♦♦t✐♥❣ ♣r♦❝❡ss ✜rst s❤✐❢ts t❤❡ s❡❝t✐♦♥ ♦❢ p❢n ❛❜♦✈❡ ❧♦❝❛t✐♦♥ L r✐❣❤t✇❛r❞s t♦ t❤❡ st❛rt ♦❢ t❤❡ ♥❡①t ❣r❡❡♥

♣❤❛s❡✳ ❚❤✐s s❤✐❢t❡❞ tr❛❥❡❝t♦r② s❡❝t✐♦♥ ❢♦r♠s t❤❡ ✐♥✐t✐❛❧ ♣❛rt ♦❢ ❛ ❜❛❝❦✇❛r❞ s❤♦♦t✐♥❣ tr❛❥❡❝t♦r② p❜n ✳ ❚❤❡♥ p❜n
❝♦♥t✐♥✉❡s t♦ s❤♦♦t ❜❛❝❦✇❛r❞s ❢r♦♠ t❤✐s st❛rt ♣♦✐♥t ❛t ❛ ❜❛❝❦✇❛r❞ ❛❝❝❡❧❡r❛t✐♦♥ ā❜ ∈ (0, ā] ✉♥t✐❧ ❣❡tt✐♥❣ ❝❧♦s❡

❡♥♦✉❣❤ t♦ p❢n ✭✇❤✐❝❤ ♠✐❣❤t r❡q✉✐r❡ p❜n t♦ st♦♣ ❢♦r s♦♠❡ t✐♠❡ ✐❢ t❤❡ s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❜❛❝❦✇❛r❞ s❤♦♦t✐♥❣

st❛rt ♣♦✐♥t ❛♥❞ p❢n ✐s ❧♦♥❣ ✐♥ r❡❧❛t✐♦♥ t♦ ā❜✮✳ ❚❤❡♥✱ p❜n s❤♦♦ts ❜❛❝❦✇❛r❞s ❛ ♠❡r❣✐♥❣ s❡❣♠❡♥t ❛t ❛ ❜❛❝❦✇❛r❞

❞❡❝❡❧❡r❛t✐♦♥ a❜ ∈ [a, 0) ✉♥t✐❧ ❣❡tt✐♥❣ t❛♥❣❡♥t t♦ p❢n✳ ❋✐♥❛❧❧②✱ ♠❡r❣✐♥❣ p❢n ❛♥❞ p❜n ②✐❡❧❞s ❛ ❢❡❛s✐❜❧❡ tr❛❥❡❝t♦r②
pn ❢♦r ✈❡❤✐❝❧❡ n ✳ ❙✉❝❤ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ s❤♦♦t✐♥❣ ♣r♦❝❡ss❡s ❛r❡ ❡①❡❝✉t❡❞ ❢r♦♠ ✈❡❤✐❝❧❡ ✶ t❤r♦✉❣❤ ✈❡❤✐❝❧❡
N ❝♦♥s❡❝✉t✐✈❡❧②✱ ❛♥❞ t❤❡♥ ❙❍ ❝♦♥❝❧✉❞❡s ✇✐t❤ ❛ ❢❡❛s✐❜❧❡ tr❛❥❡❝t♦r② ✈❡❝t♦r [pn]n∈N ∈ P✳ ◆♦t❡ t❤❛t ❙❍ ♦♥❧②
❞❡❛❧s ✇✐t❤ ❛ ❢❡✇ ♥✉♠❜❡r ♦❢ q✉❛❞r❛t✐❝ s❡❣♠❡♥ts✱ ❛♥❞ ❡❛❝❤ ♦❢ t❤❡♠ ✐s ❛♥❛❧②t✐❝❛❧❧② s♦❧✈❛❜❧❡✳ ❋✉rt❤❡r✱ ♦♥❧② ❛ ❢❡✇

✈❛r✐❛❜❧❡s✱ ✐♥❝❧✉❞✐♥❣ ❢♦✉r ❛❝❝❡❧❡r❛t✐♦♥ r❛t❡s
{

ā❢, a❢, ā❜, a❜
}

❛♥❞ t❤❡ t❛r❣❡t ❝r✉✐s✐♥❣ s♣❡❡❞ v✱ ❛r❡ ❛❜❧❡ t♦ ❝♦♥tr♦❧

t❤❡ ♦✈❡r❛❧❧ s♠♦♦t❤♥❡ss ♦❢ ❛❧❧ tr❛❥❡❝t♦r✐❡s t❤❛t ❞❡t❡r♠✐♥❡s ❛❧❧ st✉❞✐❡❞ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s✳ ❚❤❡r❡❢♦r❡✱ t❤❡
♣r♦♣♦s❡❞ ❙❍ ❛❧❣♦r✐t❤♠ ✐s ❡✣❝✐❡♥t✱ ♣❛rs✐♠♦♥✐♦✉s✱ s✐♠♣❧❡ t♦ ✐♠♣❧❡♠❡♥t✳ ■t ✐s ❛♣♣r♦♣r✐❛t❡ t♦ ❜❡ ✐♥❝❧✉❞❡❞ ❛s ❛
s✉❜✲r♦✉t✐♥❡ ✐♥ t❤❡ ♣r❡s❡♥t❡❞ ♦♣t✐♠✐③❛t✐♦♥ ❢r❛♠❡✇♦r❦✳ ❲❡ s✉♠♠❛r✐③❡ t❤❡s❡ ❙❍ st❡♣s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣s❡✉❞♦
❝♦❞❡✳

❙❍✲✶✿ ■♥✐t✐❛❧✐③❡ ❛❝❝❡❧❡r❛t✐♦♥ ♣❛r❛♠❡t❡rs ā❢✱ a❢✱ ā❜ ❛♥❞ a❜ ❛♥❞ t❛r❣❡t ❝r✉✐s✐♥❣ s♣❡❡❞ v✱ ❛♥❞ s❡t n = 1✳

❙❍✲✷✿ ❆♣♣❧② t❤❡ ❋❙P t♦ ♦❜t❛✐♥ p❢n✳

❙❍✲✸✿ ■❢ p❢−1
n (L) = G

(

p❢−1
n (L)

)

✱ ✇❤✐❝❤ ✐♥❞✐❝❛t❡s p❢n ❡①✐ts ❧♦❝❛t✐♦♥ L ❛t ❛ ❣r❡❡♥ t✐♠❡✱ t❤❡♥ s❡t pn = p❢n✱

❣♦ t♦ t❤❡ ♥❡①t st❡♣✳ ❖t❤❡r✇✐s❡✱ t❤❡ ❇❙P ✐s ❛❝t✐✈❛t❡❞ t♦ r❡✈✐s❡ p❢n ✐♥t♦ pn t❤❛t ❡①✐ts ❧♦❝❛t✐♦♥ L ❛t t❤❡
❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ♥❡①t ❣r❡❡♥ ♣❤❛s❡✳

❙❍✲✹✿ ■❢ ♥♦ ❢❡❛s✐❜❧❡ p❢n ✐s ❢♦✉♥❞ ❢r♦♠ st❡♣s ❙❍✲✷ ❛♥❞ ❙❍✲✸✱ t❤❡ ❛❧❣♦r✐t❤♠ r❡t✉r♥s ✇✐t❤ ♥♦ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥✳

✽



❖t❤❡r✇✐s❡✱ ✇❤❡♥ n < N ✱ s❡t n = n+1 ❛♥❞ ❣♦ ❜❛❝❦ t♦ ❙❍✲✷✳ ❲❤❡♥ n = N ✱ ❛ ❢❡❛s✐❜❧❡ tr❛❥❡❝t♦r② ✈❡❝t♦r

[pn]n∈N ✐s r❡t✉r♥❡❞✳ ❲❡ ❞❡♥♦t❡ [pn]n∈N ❜② ❢✉♥❝t✐♦♥❛❧ P❙❍
(

a❢, ā❢, a❜, ā❜, v
)

s✐♥❝❡ t❤✐s tr❛❥❡❝t♦r②

✈❡❝t♦r ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡s❡ ✜✈❡ ♣❛r❛♠❡t❡rs✳

✸✳✶✳✷ ❆♥❛❧②t✐❝❛❧ Pr♦♣❡rt✐❡s

◆♦t❡ t❤❛t t❤❡ ❛❢♦r♠❡♥t✐♦♥❡❞ ❙❍ ❛❧❣♦r✐t❤♠ ❡✈❡r② ♦♣❡r❛t✐♦♥ ❝❛♥ ❜❡ ❛♥❛❧②t✐❝❛❧❧② ❝❛❧❝✉❧❛t❡❞✱ ❛♥❞ t❤✉s t❤✐s
❤❡✉r✐st✐❝ ❝❛♥ ❜❡ s♦❧✈❡❞ ✈❡r② ❡✣❝✐❡♥t❧②✳ ❚❤❡ t❤❡♦r❡♠ ❜❡❧♦✇ s❤♦✇s t❤❛t t❤❡ ✉♣♣❡r ❜♦✉♥❞s ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧
t✐♠❡ ❛♥❞ s♣❛❝❡ ♥❡❡❞❡❞ ❛r❡ ❜♦t❤ o(N2)✱ ✇❤✐❝❤ ✐s ♦❢ ❧♦✇✲♦r❞❡r ♣♦❧②♥♦♠✐❛❧ ❝♦♠♣❧❡①✐t② ❛♥❞ t❤✐s ✈❡r✐✜❡s t❤❡
❡✣❝✐❡♥❝② ♦❢ t❤❡ ❙❍ ❛❧❣♦r✐t❤♠✳

❚❤❡♦r❡♠ ✶✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ s❤♦♦t✐♥❣ ❤❡✉r✐st✐❝ ❙❍✶✲✹ ✐s o(N2)✱ ❛♥❞ ✐ts ❝♦♠♣✉✲
t❛t✐♦♥❛❧ s♣❛❝❡ ❝♦♠♣❧❡①✐t② ✐s o

(

N2
)

❛s ✇❡❧❧✳

Pr♦♦❢✳ ❙✐♥❝❡ ❡❛❝❤ q✉❛❞r❛t✐❝ s❡❣♠❡♥t ✐s ❛♥❛❧②t✐❝❛❧❧② s♦❧✈❡❞✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ❢♦r ♣r♦❝❡ss✐♥❣ ❛ q✉❛❞r❛t✐❝
s❡❣♠❡♥t ✐s ❜♦✉♥❞❡❞ ❜② ❛ ❝♦♥st❛♥t✱ s♦ ✐s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ st♦r❛❣❡ s♣❛❝❡✳ ❚❤❡♥✱ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ t✐♠❡ ❛♥❞
s♣❛❝❡ ❝♦♠♣❧❡①✐t✐❡s✱ ✇❡ ❥✉st ♥❡❡❞ t♦ ❝♦✉♥t ❛t ♠♦st ❤♦✇ ♠❛♥② s❡❣♠❡♥ts ❛r❡ ♣r♦❝❡ss❡❞ ✐♥ t♦t❛❧✳ ▲❡t k̄n ❞❡♥♦t❡
t❤❡ ♥✉♠❜❡r ♦❢ q✉❛❞r❛t✐❝❛❧ s❡❣♠❡♥ts t❤❛t pn ❝♦♥t❛✐♥s✱ ∀n ∈ N ✳ ❋♦r ✈❡❤✐❝❧❡ ✶✱ t❤❡ ❋❙P ✐♥ ❙❍✲✷ ❝❛♥ ❛t ♠♦st

❣❡♥❡r❛t❡ ✷ q✉❛❞r❛t✐❝ s❡❣♠❡♥ts ✐♥ p❢1 ✭s❡❡ ❋✐❣✉r❡ ✸✭❛✮✮✳ ■♥ ❝❛s❡ t❤❛t t❤❡ ❇❙P ✐♥ ❙❍✲✸ ✐s ❛❝t✐✈❛t❡❞✱ ✐t ❣❡♥❡r❛t❡s

❛t ♠❛①✐♠✉♠ ✹ ♠♦r❡ q✉❛❞r❛t✐❝ s❡❣♠❡♥ts ♦♥ t♦♣ ♦❢ t❤♦s❡ ✐♥ p❢1 ✭s❡❡ ❋✐❣✉r❡ ✸✭❝✮✮✳ ❚❤✐s ✐♥❞✐❝❛t❡s k̄1 ≤ 6✳ ❋♦r
tr❛❥❡❝t♦r② n ≥ 2✱ t❤❡ ❋❙P ✐♥ ❙❍✲✷ ♠❛② ❝♦♣② q✉❛❞r❛t✐❝ s❡❣♠❡♥ts ❢r♦♠ psn−1 ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ t❤r❡❡ s❡❣♠❡♥ts

♣r✐♦r t♦ t❤❡ ♠❡r❣✐♥❣ ♣♦✐♥t ✭s❡❡ ❋✐❣✉r❡ ✸✭❜✮✮✱ ❛♥❞ t❤✉s p❢n ❝♦♥t❛✐♥s ❛t ♠♦st k̄n−1 + 3 q✉❛❞r❛t✐❝ s❡❣♠❡♥ts✳
❆❣❛✐♥✱ t❤❡ ❇❙P ✐♥ ❙❍✲✸✱ ✐❢ ❛❝t✐✈❛t❡❞✱ ❛t ♠♦st ❛❞❞s ✹ ♠♦r❡ q✉❛❞r❛t✐❝ s❡❣♠❡♥ts✳ ❚❤❡r❡❢♦r❡✱ k̄n ≤ k̄n−1 + 7✳
❚❤✐s ✐♥❞✐❝❛t❡s t❤❛t k̄n ≤ k̄n−1 + 7 ≤ · · · ≤ k̄1 + 7(n − 1) < 7n✳ ❚❤❡r❡❢♦r❡✱ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ q✉❛❞r❛t✐❝

s❡❣♠❡♥ts t❤❛t t❤❡ ❙❍ ❛❧❣♦r✐t❤♠ ♣r♦❝❡ss❡s ✐s
∑N

n=1 k̄n < 7N(N +1)✳ ❚❤✉s ❜♦t❤ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ❛♥❞

t❤❡ st♦r❛❣❡ s♣❛❝❡ ❛r❡ ♦♥ t❤❡ ♦r❞❡r ♦❢ o
(

∑N

n=1 k̄n

)

= o
(

N2
)

✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

❘❡♠❛r❦ ✷✳ ❋♦r ♠♦st r❡❛❧✐st✐❝ ✐♥st❛♥❝❡s ✇❤❡♥ tr❛✣❝ ✐s ♥♦t ❡①tr❡♠❡❧② ❝♦♥❣❡st❡❞✱ ✐♥ ❡✈❡r② ❢❡✇ ✈❡❤✐❝❧❡s✱ p❢n
♥❡❡❞s t♦ ❝♦♣② ♥♦ ♠♦r❡ t❤❛♥ ❛ ❝♦♥st❛♥t ♥✉♠❜❡r ♦❢ q✉❛❞r❛t✐❝ s❡❣♠❡♥ts ❢r♦♠ pn−1✳ ❚❤✐s ✇❛②✱ ❡✈❡r② k̄n s❤❛❧❧ ❜❡
❜♦✉♥❞❡❞ ❜② ❛ ❝♦♥st❛♥t✱ ❛♥❞ t❤✉s t❤❡ t✐♠❡ ❛♥❞ s♣❛❝❡ ❝♦♠♣❧❡①✐t✐❡s ♦❢ ❙❍ r❡❞✉❝❡ t♦ ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ O (N)✳

◆❡①t✱ ✇❡ ✇✐❧❧ ✐♥✈❡st✐❣❛t❡ t❤❡ ♦♣t✐♠❛❧✐t② ♦❢ t❤❡ ❙❍ s♦❧✉t✐♦♥ ❢♦r t❤❡ tr❛✈❡❧ t✐♠❡ ♠❡❛s✉r❡ ✭✸✮ ❛♥❞ t❤❡
t❤r♦✉❣❤♣✉t ♠❡❛s✉r❡ ✭✹✮✳ ❲❡ ✜rst ✐❞❡♥t✐❢② ❛ ❧♦✇❡r ❜♦✉♥❞ t♦ tr❛✈❡❧ t✐♠❡ ✭✸✮ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ❚r❛✈❡❧ t✐♠❡ ✭✸✮ s❤♦✉❧❞ ❤❛✈❡

min
P∈P

T (P ) ≥ T :=
1

N

∑

n∈N

(

t+n − t−n
)

✭✶✵✮

✇❤❡r❡ t+n ✐s t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❢♦r t❤❡ t✐♠❡ ✇❤❡♥ ✈❡❤✐❝❧❡ n ❡①✐ts ❧♦❝❛t✐♦♥ ▲ ❛s ❢♦r♠✉❧❛t❡❞ ❜❡❧♦✇✿

t+n10 :=

{

G
(

t̂+n (v̄, ā)
)

, ✐❢ n = 1;

G
(

max
{

t̂+n (v̄, ā), t
+
n−1 + s/v̄ + τ

})

∀n = 2, · · · , N,
✭✶✶✮

❛♥❞ ❡①✐t t✐♠❡ ❢✉♥❝t✐♦♥ t̂+n ✐s ❞❡✜♥❡❞ ✐♥ ❊q✉❛t✐♦♥ ✭✾✮✳

Pr♦♦❢✳ ❲❡ ✇✐❧❧ ✉s❡ ✐♥❞✉❝t✐♦♥ t♦ ♣r♦✈❡ t❤✐s ♣r♦♣♦s✐t✐♦♥✳ ▲❡t [pn]n∈N ∈ P ❞❡♥♦t❡ t❤❡ ♦♣t✐♠❛❧ tr❛❥❡❝t♦r②
♣❧❛t♦♦♥ t❤❛t ②✐❡❧❞s t❤❡ ♠✐♥✐♠✉♠ t♦t❛❧ tr❛✈❡❧ t✐♠❡✳ ❚❤❡ ✐♥❞✉❝t✐♦♥ ❛ss✉♠❡s t❤❛t ✈❡❤✐❝❧❡ n✬s ♠✐♥✐♠✉♠ ❡①✐t
t✐♠❡ ✭❛t ❧♦❝❛t✐♦♥ L✮ p−1

n (L) ✐s ♥♦ ❧❡ss t❤❛♥ t+n ❞❡✜♥❡❞ ✐♥ ✭✶✶✮✳ ❚❤❡ q✉❛❞r❛t✐❝ t✐♠❡ ❣❡♦❣r❛♣❤② t❤❡♦r② ✭◗❚●✮
♣r♦♣♦s❡❞ ✐♥ ❩❤♦✉ ❡t ❛❧✳ ✭✷✵✶✺✮ s❤♦✇s t❤❛t ♥♦ ❢❡❛s✐❜❧❡ tr❛❥❡❝t♦r② ✐♥ T t❤r♦✉❣❤ st❛t❡ ♣♦✐♥t (0, v−n , t

−
n ) ❝❛♥

♣❛ss ❧♦❝❛t✐♦♥ L ❜❡❢♦r❡ t̂+n (v̄, ā)✳ ❚❤❡r❡❢♦r❡✱ ✇❤❡♥ n = 1✱ p−1
n (L) ≥ t̂+1 (v̄, ā)✳ ❋✉rt❤❡r✱ t❤❡ ❣r❡❡♥ ❡①✐st t✐♠❡

❝♦♥str❛✐♥t ✐♥❞✐❝❛t❡s p−1
n (L) = G(p−1

n (L)) ≥ G
(

t̂+1 (v̄, ā)
)

= t+1 ✳ ❚❤✉s✱ t❤❡ ✐♥❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥ ❤♦❧❞s
✇❤❡♥ n = 1✳ ❚❤❡♥ ✇❡ ♥❡❡❞ t♦ ♣r♦✈❡ t❤❛t✱ ✇❤❡♥ t❤✐s ❛ss✉♠♣t✐♦♥ ❤♦❧❞s ❢♦r n = k − 1✱ t❤✐s ❛ss✉♠♣t✐♦♥

✾



s❤❛❧❧ ❛✉t♦♠❛t✐❝❛❧❧② ❤♦❧❞ ❢♦r n = k✱∀k ∈ N\{1}✳ ❆❣❛✐♥✱ ◗❚● ②✐❡❧❞s p−1
k (L) ≥ t̂+n (v̄, ā)✳ ❋✉rt❤❡r✱ ❞✉❡ t♦

s❛❢❡t② ❝♦♥str❛✐♥t✱ p−1
k (L) ≥ p−1

k−1(L + s) + τ ✳ ❚❤✐s ②✐❡❧❞s p−1
k (L) ≥ p−1

k−1(L) + s/v̄ + τ ❞✉❡ t♦ t❤❡ ✈❡❤✐❝❧❡

❦✐♥❡♠❛t✐❝ ❝♦♥str❛✐♥t✳ ❚❤❡♥ t❤❡ ✐♥❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥ ✐♥❞✐❝❛t❡s p−1
k (L) ≥ t+k−1 + s/v̄+ τ ✳ ❲✐t❤ t❤❡ ♣r❡✈✐♦✉s

◗❚● ✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥ t❤❛t p−1
k (L) ≥ max

{

t̂+n (v̄, ā), t
+
n−1 + s/v̄ + τ

}

✳ ❋✉rt❤❡r✱ t❤❡ ❣r❡❡♥ ❡①✐st t✐♠❡

❝♦♥str❛✐♥t ✐♥❞✐❝❛t❡s p−1
k (L) = G(p−1

k (L)) ≥ G
(

max
{

p̄−1

0v−

n t
−

n

(L) , t+n−1 + s/v̄ + τ
})

= t+n ✳ ❚❤✐s ❝♦♠♣❧❡t❡s

t❤❡ ♣r♦♦❢✳

❚❤✐s ♠✐♥✐♠✉♠ tr❛✈❡❧ t✐♠❡ ❜♦✉♥❞ ❢✉rt❤❡r ✐♠♣❧✐❡s t❤❡ ♠❛①✐♠✉♠ t❤r♦✉❣❤♣✉t ❜♦✉♥❞✱ ❛s st❛t❡❞ ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r②✳

❈♦r♦❧❧❛r② ✶✳ ❚❤r♦✉❣❤♣✉t ✭✹✮ s❤♦✉❧❞ ❤❛✈❡

max
P∈P

R(P ) ≤ R̄ :=
N

t+N − t−1
✭✶✷✮

❲✐t❤ t❤❡s❡ r❡s✉❧ts✱ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r② s❤♦✇s t❤❛t✱ ✉♥❞❡r ❝❡rt❛✐♥ ♠✐❧❞ ❝♦♥❞✐t✐♦♥s✱ t❤❡ ❙❍ s♦❧✉t✐♦♥ ❝❛♥
❛❝❤✐❡✈❡ tr❛✈❡❧ t✐♠❡ ❜♦✉♥❞ T ❛♥❞ t❤r♦✉❣❤♣✉t ❜♦✉♥❞ R̄✳

❚❤❡♦r❡♠ ✷✳ ❲❤❡♥ L ≥ v̄2/(2ā)✱ ✐❢ P = P❙❍
(

a❢, ā❢, a❜, ā❜, v̄
)

✭✐✳❡✳✱ t❤❡ ❙❍ s♦❧✉t✐♦♥ ✇✐t❤ ā❢ = āb = ā✱

a❢ = a❜ = a ❛♥❞ v = v̄✮ ✐s ❢❡❛s✐❜❧❡ ✱ t❤❡♥ T (P ) = T ❛♥❞ R(P ) = R̄✳ ❚❤✐s ❛❧s♦ ✐♥❞✐❝❛t❡s t❤❛t ✐♥ t❤✐s ❝❛s❡
minP∈P T (P ) = T̄ ❛♥❞ minP∈P R(P ) = R̄✳

Pr♦♦❢✳ ❲❡ ❛❣❛✐♥ ❛♣♣❧✐❡s ✐♥❞✉❝t✐♦♥ t♦ ♣r♦✈❡ ✐t✳ ❚❤❡ ✐♥❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥ ✐s t❤❛t p−1
n (L) = t+n ✳ ▲❡t [pn]n∈N

❜❡ t❤❡ tr❛❥❡❝t♦r✐❡s ✐♥ P❙❍
(

a❢, ā❢, a❜, ā❜, v̄
)

✳ ❇❛s❡❞ ♦♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❙❍✱ ✇❡ s❡❡ p−1
1 (L) = t+1

❛♣♣❛r❡♥t❧② ❤♦❧❞s✳ ❚❤❡♥✱ ✇❡ ❛ss✉♠❡ p−1
n (L) = t+n ❤♦❧❞s ❢♦r n = k−1✱ ❛♥❞ ✇❡ ✇✐❧❧ ✐♥✈❡st✐❣❛t❡ ✇❤❡t❤❡r ✐t ❤♦❧❞s

❢♦r n = k, ∀k ∈ N\{1}. ❙✐♥❝❡L ≥ v̄2/(2ā)✱ ṗk−1 (t) = v̄, ∀t ≥ p−1
k−1(L)✳ ❲❡ ♦❜t❛✐♥ ps−1

k−1(L) = p−1
k−1(L)+s/v̄+

τ ✳ ❚❤❡♥✱ t❤❡ ✐♥❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥ ✐♥❞✐❝❛t❡s t❤❛t ps−1
k−1(L) = t+k−1+s/v̄+τ ✳ ■❢ ❋❙P tr❛❥❡❝t♦r② p❢k ✐s ♥♦t ❜❧♦❝❦❡❞

❜② psk−1✱ ❛s ✐❧❧✉str❛t❡❞ ❜② ❋✐❣✉r❡ ✸✭❛✮✱ ✇❡ ♦❜t❛✐♥ p❢−1
k (L) = t̂+k (v̄, ā)✳ ❖t❤❡r✇✐s❡✱ p

❢
k ✇✐❧❧ ♠❡r❣❡ ✐♥t♦ psk−1❜❡❢♦r❡

r❡❛❝❤✐♥❣ ❧♦❝❛t✐♦♥ L✱ ❛♥❞ t❤✉s p❢−1
k (L) = ps−1

k−1(L)✳ ■♥ ❡✐t❤❡r ❝❛s❡✱ p❢−1
k (L) = max

{

t̂+k (v̄, ā), t
+
n−1 + s/v̄ + τ

}

✳

❚❤❡♥✱ t❤❡ ❇❙P ✇✐❧❧ ❥✉st r❡s✉❧t ✐♥ p−1
k (L) = G(p❢−1

k (L)) = t+n ✳ ❚❤✐s ♣r♦✈❡s t❤❡ ✐♥❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥ ❢♦r
n = k✱ ❛♥❞ t❤❡ ♣r♦♦❢ ❝♦♠♣❧❡t❡s✳

❆❧t❤♦✉❣❤ ❙❍ ❝❛♥ ❞✐r❡❝t❧② ❛❝❤✐❡✈❡ ♦♣t✐♠❛❧✐t② ♦♥ tr❛✈❡❧ t✐♠❡ ❛♥❞ t❤r♦✉❣❤♣✉t ✇✐t❤ ❛❧❧ ♣❛r❛♠❡t❡rs s❡t ❛t
t❤❡✐r ❡①tr❡♠❡ ✈❛❧✉❡s✱ ♦♣t✐♠✐③✐♥❣ ♦t❤❡r ♦❜❥❡❝t✐✈❡s s✉❝❤ ❛s ❢✉❡❧✴❡♠✐ss✐♦♥ ♠❡❛s✉r❡s ✭✺✮ ❛♥❞ s❛❢❡t② ♠❡❛s✉r❡
✭✼✮ ❛r❡ ♥♦t ❛s ✐♥t✉✐t✐✈❡✳ ❚❤❡r❡❢♦r❡✱ ❛ ❣❡♥❡r❛❧ ♦♣t✐♠✐③❛t✐♦♥ ❢r❛♠❡✇♦r❦ ✐s st✐❧❧ ♥❡❡❞❡❞ t♦ ♦♣t✐♠✐③❡ ❛❧❧ t❤❡s❡
♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s✳

✸✳✷ ❊①♣❡❞✐t❡❞ ❖❜❥❡❝t✐✈❡ ❊✈❛❧✉❛t✐♦♥

❚❤✐s st✉❞② ❝♦♥s✐❞❡rs ♦♣t✐♠✐③❛t✐♦♥ ♦❜❥❡❝t✐✈❡ ✭✽✮✱ ❝♦♠♣r✐s❡❞ ♦❢ tr❛✈❡❧ t✐♠❡ ✭✸✮✱ ❡♥❡r❣② ❝♦♥s✉♠♣t✐♦♥ ✭✺✮✱
❛♥❞ s❛❢❡t② ✭✼✮✳ ❚❤✐s s②st❡♠ ♣❡r❢♦r♠❛♥❝❡ ♦♠✐ts t❤❡ t❤r♦✉❣❤♣✉t ♠❡❛s✉r❡ ✭✹✮✱ ❜❡❝❛✉s❡ ✐t ❝♦♥t❛✐♥s r❡❞✉♥❞❛♥t
♠♦❜✐❧✐t② ✐♥❢♦r♠❛t✐♦♥ t❤❛t tr❛✈❡❧ t✐♠❡ ♠❡❛s✉r❡s✱ ❛♥❞ ✐t ✐s ❡❛s✐❡r t♦ q✉❛♥t✐❢② t❤❡ ❞♦❧❧❛r ✈❛❧✉❡ ♦❢ tr❛✈❡❧ t✐♠❡ t❤❛♥
❢♦r t❤r♦✉❣❤♣✉t✳ ❋♦r ❛ ❣✐✈❡♥ tr❛❥❡❝t♦r② ✈❡❝t♦r P ∈ P ❜② ✉s✐♥❣ ❙❍ ❛❧❣♦r✐t❤♠✱ ✐t ✐s ❡❛s② t♦ ❝❛❧❝✉❧❛t❡ ❛ ✈❡❤✐❝❧❡✬s
tr❛✈❡❧ t✐♠❡ ❛s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ✈❡❤✐❝❧❡✬s ❡♥tr② ❛♥❞ ❡①✐t t✐♠❡s✳ ❍♦✇❡✈❡r✱ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ✭✺✮ ❛♥❞
s❛❢❡t② ✭✼✮ ❛r❡ ❝♦♠♣❧❡① ♥♦♥❧✐♥❡❛r ✐♥t❡❣r❛❧s✳ ❆❧t❤♦✉❣❤ t❤❡② ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ❜② ❛ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛❧ ❛♣♣r♦❛❝❤
✭▲✐ ❡t ❛❧✳✱ ✷✵✶✹✮✱ t❤✐s ❛♣♣r♦❛❝❤ ♥❡❡❞s t♦ ❞✐s❝r❡t✐③❡ ❛ tr❛❥❡❝t♦r② ✐♥t♦ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❝❡❧❧s✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s
❝♦♠♣✉t❛t✐♦♥❛❧❧② ❡①♣❡♥s✐✈❡ ❛♥❞ ♠✐❣❤t ♥♦t ❜❡ s✉✐t❛❜❧❡ ❢♦r r❡❛❧✲t✐♠❡ ❛♣♣❧✐❝❛t✐♦♥s✳ ❋♦rt✉♥❛t❡❧②✱ ♦♥❡ ❛♣♣❡❛❧✐♥❣
❢❡❛t✉r❡ ♦❢ t❤❡ ❙❍ s♦❧✉t✐♦♥ ✐s t❤❛t t❤❡ ♦✉t♣✉t ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r✐❡s ❛r❡ ❝♦♠♣♦s❡❞ ♦❢ ❛ r❡❧❛t✐✈❡❧② s♠❛❧❧ ♥✉♠❜❡r ♦❢
❛♥❛❧②t✐❝❛❧ q✉❛❞r❛t✐❝ s❡❣♠❡♥ts✳ ❲✐t❤ t❤✐s ♣r♦♣❡rt②✱ ✇❡ ♣r♦♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣❡❞✐t❡❞ ♦❜❥❡❝t✐✈❡ ❡✈❛❧✉❛t✐♦♥
♠❡t❤♦❞s ❢♦r ❡❛❝❤ q✉❛❞r❛t✐❝ s❡❣♠❡♥t t♦ r❡❞✉❝❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❜✉r❞❡♥✳ ❚❤✐s ✐s ❛♥ ❛❞❞❡❞ ❝♦♠♣✉t❛t✐♦♥❛❧
❜❡♥❡✜ts ♦❢ ✉s✐♥❣ t❤❡ ❙❍ ❛❧❣♦r✐t❤♠✳

✶✵



✸✳✷✳✶ ❋✉❡❧ ❈♦♥s✉♠♣t✐♦♥

❆ ❝❧♦s❡r ♦❜s❡r✈❛t✐♦♥ ♦❢ ❱❚✲▼✐❝r♦ ♠♦❞❡❧ ✭✻✮ r❡✈❡❛❧s t❤❛t ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ✐s ❞❡t❡r♠✐♥❡❞ ❜② ❛❝❝❡❧❡r❛t✐♦♥ ❛♥❞
s♣❡❡❞ ✈❛❧✉❡s ❛t ❡❛❝❤ t✐♠❡✳ ■♥ t❤❡ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ❡✈❛❧✉❛t✐♦♥✱ ✇❡ ❞❡♥♦t❡ ❛ ❣❡♥❡r✐❝ q✉❛❞r❛t✐❝ s❡❣♠❡♥t ❜②
❛ t❤r❡❡✲❡❧❡♠❡♥t t✉♣❧❡ (ls, v, a)✱ ✇❤❡r❡ ls ✐s t❤❡ s❡❣♠❡♥t ❧❡♥❣t❤✱ v ✐s t❤❡ st❛rt s♣❡❡❞✱ ❛♥❞ a ✐s t❤❡ ❝♦♥st❛♥t
❛❝❝❡❧❡r❛t✐♦♥ r❛t❡✳ ◆♦t❡ t❤❛t ❛❧❧ tr❛❥❡❝t♦r② s❡❣♠❡♥ts ❝♦♥str✉❝t❡❞ ❜② ❙❍ ❤❛s ❝♦♥st❛♥t ❛❝❝❡❧❡r❛t✐♦♥s ❛♥❞ t❤❡
❝❤❛♥❣❡ ♦❢ st❛t❡ ✭❡✳❣✳✱ ❢r♦♠ ❛❝❝❡❧❡r❛t✐♥❣ t♦ t❤❡ ♠❛①✐♠✉♠ s♣❡❡❞ t♦ ❝r✉✐s✐♥❣ ❛t t❤❡ ♠❛①✐♠✉♠ s♣❡❡❞✮ ✇✐❧❧ r❡s✉❧t
✐♥ t❤❡ ❡♥❞ ♦❢ ♦♥❡ s❡❣♠❡♥t ❛♥❞ st❛rt ♦❢ ❛♥♦t❤❡r✳

❚❤❡r❡❢♦r❡✱ t❤❡ t♦t❛❧ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ❛❧♦♥❣ ❛ tr❛❥❡❝t♦r② s❡❣♠❡♥t (ls, v, a) ♦♥❧② ❞❡♣❡♥❞s ♦♥ ✐ts st❛rt s♣❡❡❞
v✱ ❛❝❝❡❧❡r❛t✐♦♥ a✱ ❛♥❞ t✐♠❡ ❞✉r❛t✐♦♥ △t✱ ✇❤✐❝❤ ✐s ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ ls✱ v✱ ❛♥❞ a ❢♦r ❡❛❝❤ q✉❛❞r❛t✐❝
s❡❣♠❡♥t✳ ❲❡ ❝❛❧❧ t❤✐s s❡❣♠❡♥t ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ❞❡♥♦t❡ ✐t ❜② Es(ls, v, a)✳ ❇❛s❡❞ ♦♥ t❤✐s ♦❜s❡r✈❛t✐♦♥✱ ✇❡
♣r♦♣♦s❡ ❛ ❧♦♦❦✉♣ t❛❜❧❡✲❜❛s❡❞ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ t♦ ❡st✐♠❛t❡ ❛ q✉❛❞r❛t✐❝ s❡❣♠❡♥t✬s ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ✇✐t❤
❛ s✐♠♣❧❡ ❧✐♥❡❛r ✐♥t❡r♣♦❧❛t✐♦♥✳ ❲❡ ✜rst ❝♦♥str✉❝t ❛ ❧♦♦❦✲✉♣ t❛❜❧❡ ♦❢ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ✇✐t❤ t❤r❡❡ ❞✐♠❡♥s✐♦♥s✱
r❡s♣❡❝t✐✈❡❧② ❢♦r ls✱ v✱ ❛♥❞ a✳ ❊❛❝❤ ❞✐♠❡♥s✐♦♥ ❤❛s ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❡✈❡♥❧② ❞✐str✐❜✉t❡❞ ❞✐s❝r❡t❡ ✈❛❧✉❡s ❢♦r
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛r❛♠❡t❡r ✇✐t❤✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❛♥❣❡✱ ✐✳❡✳✱ ls ∈ [0, L]✱ v ∈ [0, v̄]✱ a ∈ [a, ā]✳ ❊❛❝❤
❡♥tr② ♦❢ t❤✐s t❛❜❧❡ ✐s s❡❣♠❡♥t ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ✈❛❧✉❡ Es(ls, v, a) ♣r❡✲❝❛❧❝✉❧❛t❡❞ ✇✐t❤ t❤❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛❧
❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ls✱ v ❛♥❞ a ✈❛❧✉❡s✳ ❚❤❡♥✱ ✐♥ ❡❛❝❤ ✐t❡r❛t✐♦♥ ♦❢ t❤❡ ♦♥❧✐♥❡ tr❛❥❡❝t♦r② ♦♣t✐♠✐③❛t✐♦♥✱ ✇❡
tr❛✈❡rs❡ t❤r♦✉❣❤ ❛❧❧ t❤❡ q✉❛❞r❛t✐❝ s❡❣♠❡♥ts ✐♥ t❤❡ ❙❍ ♦✉t♣✉t tr❛❥❡❝t♦r② ✈❡❝t♦r✳ ❋♦r ❡❛❝❤ q✉❛❞r❛t✐❝ s❡❣♠❡♥t
(ls, v, a)✱ ✇❡ ✜♥❞ ❢r♦♠ t❤❡ ❧♦♦❦✉♣ t❛❜❧❡ t❤❡ ❝❧♦s❡st t✇♦ ❞✐s❝r❡t❡ ✈❛❧✉❡s ❢♦r ls✱ v✱ ❛♥❞ a✱ r❡s♣❡❝t✐✈❡❧②✱ ❞❡♥♦t❡❞
❜② (ls0, l

s
1)✱ (v0, v1)✱ (a0, a1)✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥✱ ❧✐♥❡❛r ✐♥t❡r♣♦❧❛t✐♦♥ ✐s ❛♣♣❧✐❡❞ t♦ ❛♣♣r♦①✐♠❛t❡ Es(ls, v, a)

✇✐t❤ ♣r❡✲❝❛❧❝✉❧❛t❡❞ ❧♦♦❦✉♣ ❡♥tr✐❡s Es(ls0, v0, a0)✱ Es(ls1, v0, a0)✱ Es(ls0, v1, a0)✱ Es(ls1, v1, a0)✱ Es(ls0, v0, a1)✱
Es(ls1, v0, a1)✱ E

s(ls0, v1, a1) ❛♥❞ Es(ls1, v1, a1) ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ st❡♣s✳

■P✶✿ ❈❛❧❝✉❧❛t❡ lsd = (ls − ls0)/(l
s
1 − ls0) vd := (v − v0)/(v1 − v0)✱ ❛♥❞ ad := (a− a0)/(a1 − a0)✱ ✳

■P✷✿ ■♥t❡r♣♦❧❛t❡ ❛❧♦♥❣ ls ❛t (v0, a0)✱ (v1, a0)✱ (v0, a1) ❛♥❞ (v1, a1)✿

c00 := Es(ls0, v0, a0) · (1− lsd) + Es(ls1, v0, a0) · l
s
d;

c10 = Es(ls0, v1, a0) · (1− lsd) + Es(ls1, v1, a0) · l
s
d;

c01 = Es(ls0, v0, a1) · (1− lsd) + Es(ls1, v0, a1) · l
s
d;

c11 = Es(ls0, v1, a1) · (1− lsd) + Es(ls1, v1, a1) · l
s
d.

■P✸✿ ❚❤❡♥ ✐♥t❡r♣♦❧❛t❡ ❛❧♦♥❣ v ❛t a0 ❛♥❞ a1✿

c0 = c00 · (1− vd) + c10 · vd;

c1 = c01 · (1− vd) + c11 · vd.

■P✹✿ ❋✐♥❛❧❧② ✐♥t❡r♣♦❧❛t❡ ❛❧♦♥❣ a✿
c = c0 · (1− ad) + c1 · ad.

❚❤❡♥ r❡t✉r♥ c ❛s t❤❡ ✜♥❛❧ ❡st✐♠❛t❡❞ ✈❛❧✉❡ ❢♦r Es(ls, v, a)✳

❆t t❤❡ ❡♥❞✱ ✇❡ ❛❞❞ t❤❡ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ✈❛❧✉❡s ❛❝r♦ss ❛❧❧ s❡❣♠❡♥ts ✐♥ t❤❡ tr❛❥❡❝t♦r② ✈❡❝t♦r ❛♥❞ ❞✐✈✐❞❡
t❤❡ s✉♠ ❜② N ✳ ❚❤✐s ❡✣❝✐❡♥t❧② ②✐❡❧❞s ❛♥ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❡♠✐ss✐♦♥ ♦❜❥❡❝t✐✈❡ ✭✺✮✳ ◆♦t❡ t❤❛t ❛s ✇❡
✐♥❝r❡❛s❡ t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ❞✐s❝r❡t❡ ✈❛❧✉❡s✱ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r ❛♣♣r♦❛❝❤❡s t♦ ③❡r♦✳ ❚❤❡r❡❢♦r❡✱ ✐❢ ✇❡ ❤❛✈❡
❡♥♦✉❣❤ ♦✤✐♥❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝❛♣❛❝✐t② ❛♥❞ ♣r❡✲❝❛❧❝✉❧❛t❡❞ Es(ls, v, a) ✈❛❧✉❡s ❢♦r ❡♥♦✉❣❤ ❞✐s❝r❡t❡ ✈❛❧✉❡s✱ t❤✐s
❡①♣❡❞✐t❡❞ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ❡✈❛❧✉❛t✐♦♥ ❛♣♣r♦❛❝❤ ✐s ❜♦t❤ ❡✣❝✐❡♥t ❛♥❞ ❛❝❝✉r❛t❡✳

❚❤❡ ❧♦♦❦✉♣ t❛❜❧❡ ❛♣♣r♦❛❝❤ ✐s ❞❡✈❡❧♦♣❡❞ ❢♦r ❛❝❝❡❧❡r❛t❡❞ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ❡✈❛❧✉❛t✐♦♥ ❞✉r✐♥❣ r❡❛❧✲t✐♠❡
❛♣♣❧✐❝❛t✐♦♥s ❛♥❞ t❤❡ t❛❜❧❡ ✐ts❡❧❢ ❝❛♥ ❛❧✇❛②s ❜❡ ❣❡♥❡r❛t❡❞ ♦✤✐♥❡✳ ❚❤❡ ❝❛s❡ st✉❞② r❡s✉❧ts ✐♥ ✐♥ ❙❡❝t✐♦♥ ✹
s❤♦✇ t❤❛t t❤✐s ❛♣♣r♦❛❝❤ ✐s ❛❝❝✉r❛t❡ ❢♦r t❤❡ ❱❚✲▼✐❝r♦ ♠♦❞❡❧✳ ❊✈❡♥ ✐❢ ♦t❤❡r ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ✭❡✳❣✳✱ ♣❤②s✐❝s✲
❜❛s❡❞✮ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ♠♦❞❡❧s ❛r❡ ✉s❡❞✱ t❤✐s ❧♦♦❦✉♣ t❛❜❧❡ ❛♣♣r♦❛❝❤ s❤❛❧❧ ❡✣❝✐❡♥t❧② ②✐❡❧❞ ❛❝❝✉r❛t❡ ▼❖❊
❡st✐♠❛t✐♦♥✳ ❋✐rst✱ t❤❡ ❧♦♦❦✉♣ t❛❜❧❡ ♥❡❡❞s t♦ ❜❡ ❡st✐♠❛t❡❞ ♦♥❧② ♦♥❝❡ ♦✤✐♥❡ ✇✐t❤ ♠✉❝❤ ❧❡ss ❝♦♠♣✉t❛t✐♦♥❛❧

✶✶



r❡s♦✉r❝❡ ❝♦♥str❛✐♥ts t❤❛♥ r❡❛❧✲t✐♠❡ ❝❛❧❝✉❧❛t✐♦♥s✱ ❛♥❞ t❤✉s t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ❡rr♦rs ❝❛♥ ❜❡ ❛❧✇❛②s r❡❞✉❝❡❞
t♦ ❛♥ ❛❝❝❡♣t❛❜❧❡ ❧❡✈❡❧ ✇✐t❤ s✉✣❝✐❡♥t ❝♦♠♣✉t❛t✐♦♥ r❡s♦✉r❝❡s✳ ❋✉rt❤❡r✱ ❛❣❣r❡❣❛t✐♥❣ t❤❡ ♠❡❛s✉r❡♠❡♥ts ♦♥ ❛
tr❛❥❡❝t♦r② s❡❝t✐♦♥ r❛t❤❡r t❤❛♥ ✐♥❞✐✈✐❞✉❛❧❧② q✉❛♥t✐❢②✐♥❣ t❤❡♠ ❛t ✐♥st❛♥t❛♥❡♦✉s t✐♠❡ ♣♦✐♥ts ❤❡❧♣s ♠✐♥✐♠✐③❡
t❤❡ ♦✈❡r❛❧❧ ❡rr♦r✱ ❜❡❝❛✉s❡ ❧♦❝❛❧ ❡rr♦rs ❧✐❦❡❧② ❝❛♥❝❡❧ ♦♥❡ ❛♥♦t❤❡r ❛❧♦♥❣ t❤❡ ❛❣❣r❡❣❛t✐♦♥✳ ❲❤✐❧❡ t❤❡ ❛♣♣r♦❛❝❤ ✐s
s❤♦✇♥ ❡✛❡❝t✐✈❡ ✐♥ t❤❡ ❝❛s❡ st✉❞✐❡s ✐♥ ❙❡❝t✐♦♥ ✹✱ ✐t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t t❤❡ ❡✣❝✐❡♥❝② ♠❛② ❜❡ ❝♦♠♣r♦♠✐s❡❞
✇❤❡♥ t❤❡r❡ ❛r❡ ♠❛♥② ❧♦♦❦✲✉♣ ♣❛r❛♠❡t❡rs✳ ■♥ t❤✐s ❝❛s❡✱ st♦r✐♥❣ ❛♥❞ ❡①tr❛❝t✐♥❣ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ t❛❜❧❡s ♠❛②
❜❡ ♥♦t ❛s ❡✣❝✐❡♥t ✐♥ r❡❛❧ t✐♠❡✳ ❋♦r s♣❡❝✐✜❝ ♦♥✲❧✐♥❡ ❛♣♣❧✐❝❛t✐♦♥s✱ ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥ ✐s ♥❡❡❞❡❞ t♦ ❡✈❛❧✉❛t❡
t❤❡ ❡✣❝✐❡♥❝② ❛♥❞ t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ t❤✐s ❧♦♦❦✉♣ t❛❜❧❡ ❛♣♣r♦❛❝❤✳

✸✳✷✳✷ ❙❛❢❡t②

❙❛❢❡t② ♦❜❥❡❝t✐✈❡ ✭✼✮ ✐s ❝♦♠♣r✐s❡❞ ♦❢ t❤❡ ✐♥t❡❣r❛❧s ♦❢ ♣♦s✐t✐✈❡ ✐❚❚❈ ❢♦r ❛❧❧ ❜✉t t❤❡ ❧❡❛❞ ✈❡❤✐❝❧❡s✳ ❉✉❡ t♦
♥♦♥❧✐♥❡❛r ♦♣❡r❛t♦r [·]+✱ ✐♥ ❣❡♥❡r❛❧ ❊q✉❛t✐♦♥ ✭✼✮ ❝❛♥ ♥♦t ❜❡ ❛♥❛❧②t✐❝❛❧❧② s♦❧✈❡❞✳ ❋♦rt✉♥❛t❡❧②✱ ✇❡ ✜♥❞ t❤❛t
t❤✐s ♦❜❥❡❝t✐✈❡ ❝❛♥ ❜❡ ❛♥❛❧②t✐❝❛❧❧② s♦❧✈❡❞ ❢♦r q✉❛❞r❛t✐❝ s❡❣♠❡♥ts✳ ❙✐♥❝❡ ❙❍ tr❛❥❡❝t♦r② ✈❡❝t♦r✱ ❞❡♥♦t❡❞ ❜②
P = [pn]n∈N ✱ ❝♦♥t❛✐♥s ♦♥❧② ❛♥❛❧②t✐❝❛❧ q✉❛❞r❛t✐❝ s❡❣♠❡♥ts✱ ✇❡ ❝❛♥ ❡①♣❡❞✐t❡ ❝❛❧❝✉❧❛t✐♥❣ s❛❢❡t② ♦❜❥❡❝t✐✈❡ ✭✼✮
❜② ❛♥❛❧②t✐❝❛❧❧② s♦❧✈✐♥❣ ✐t ❢♦r ❡❛❝❤ q✉❛❞r❛t✐❝ s❡❣♠❡♥t✳ ❚❤✐s s❡❝t✐♦♥ ❞❡s❝r✐❜❡s t❤✐s ❡①♣❡❞✐t❡❞ ❛♥❛❧②t✐❝❛❧ ♠❡t❤♦❞
❢♦r t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ s❛❢❡t② ♦❜❥❡❝t✐✈❡ ✭✼✮✳

❋♦r ❛♥② ✈❡❤✐❝❧❡ n ∈ N , s✐♥❝❡ ✐ts tr❛❥❡❝t♦r② pn ❛♥❞ t❤❡ ♣r❡❝❡❞✐♥❣ tr❛❥❡❝t♦r② pn−1 ✐♥ ❙❍ s♦❧✉t✐♦♥ P ❛r❡
❜♦t❤ ♣✐❡❝❡✇✐s❡ q✉❛❞r❛t✐❝ ❢✉♥❝t✐♦♥s✱ ✇❡ ❝❛♥ ✜♥❞ ❛ ✜♥✐t❡ ♥✉♠❜❡r ✭❞❡♥♦t❡❞ ❜② Kn✮ ♦❢ t✐♠❡ ♣♦✐♥ts tn1 := t−n <
tn2 < · · · < tnKn

< tKn+1 := p−1
n−1(L)✳ ❚❤❡s❡ t✐♠❡ ♣♦✐♥ts ❛r❡ s♦rt❡❞ ✐♥ ❛s❝❡♥❞✐♥❣ ♦r❞❡r✱ ❛♥❞ t❤❡② ❝♦✈❡r t❤❡

st❛rt ❛♥❞ ❡♥❞ ♦❢ ❛❧❧ tr❛❥❡❝t♦r② s❡❣♠❡♥ts ♦❢ pn ❛♥❞ pn−1✳ ■♥ t❤❡ s❛❢❡t② ♣❡r❢♦r♠❛♥❝❡ ❡✈❛❧✉❛t✐♦♥✱ ✇❡ ❞❡♥♦t❡
❛ q✉❛❞r❛t✐❝ s❡❣♠❡♥t ❜② ❛ ✜✈❡✲❡❧❡♠❡♥t t✉♣❧❡ (l, v, a, t′, t′′)✱ ✇❤❡r❡ l ✐s t❤❡ s❡❣♠❡♥t st❛rt ❧♦❝❛t✐♦♥✱ v ✐s t❤❡
st❛rt s♣❡❡❞✱ a ✐s t❤❡ ❝♦♥st❛♥t ❛❝❝❡❧❡r❛t✐♦♥ r❛t❡✱ t′ ✐s t❤❡ st❛rt t✐♠❡ ❛♥❞ t′′ ✐s t❤❡ ❡♥❞ t✐♠❡✳ ❉✉r✐♥❣ ❡❛❝❤

✐♥t❡r✈❛❧ [tnk, tnk+1], ∀k = 1, 2 · · · ,Kn✱ ✇❡ ❞❡♥♦t❡ t❤❡ q✉❛❞r❛t✐❝ s❡❣♠❡♥t ♦❢ pn−1 ❜②
(

l̂nk, v̂nk, ânk, t̂
′
nk, t̂

′′
nk

)

❛♥❞ t❤❡ q✉❛❞r❛t✐❝ s❡❣♠❡♥t ♦❢ pn ❜② (lnk, vnk, ank, t
′
nk, t

′′
nk)✳ ❚❤❡♥ pn−1 ❛♥❞ pn ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s ❢♦❧❧♦✇s✱

r❡s♣❡❝t✐✈❡❧②✿

pn−1(t) = 0.5ânk(t− t̂′nk)
2 + v̂nk(t− t̂′nk) + l̂nk, ∀t ∈ [tnk, tnk+1], k = 1, 2 · · · ,Kn, n ∈ N\{1},

pn(t) = 0.5ank(t− t′nk)
2 + vnk(t− t′nk) + lnk, ∀t ∈ [tnk, tnk+1], k = 1, 2 · · · ,Kn, n ∈ N\{1}.

❲✐t❤ t❤✐s✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ pn−1(t) ❛♥❞ pn(t)✱ ✇❤✐❝❤ ✐s ❛❧s♦ ❛ q✉❛❞r❛t✐❝ ❢✉♥❝t✐♦♥✿

pn−1(t)−pn(t) = Ankt
2+Bnkt+Cnk, ṗn(t)−ṗn−1(t) = −2Ankt−Bnk, ∀t ∈ [tnk, tnk+1], k = 1, 2 · · · ,Kn, n ∈ N\{1}.

✇❤❡r❡ Ank = 0.5(ânk − ank)✱ Bnk = v̂nk − ânk t̂
′
nk − vnk + ankt

′
nk✱ Cnk = l̂nk − v̂nk t̂

′
nk + 0.5ânk t̂

′2
nk − lnk +

vnkt
′
nk − 0.5ankt

′2
nk. ❚❤❡♥ t❤❡ ✐❚❚❈ ✐♥ t❤❡ ✐♥t❡❣r❛♥❞ ♦❢ s❛❢❡t② ♦❜❥❡❝t✐✈❡ ✭✼✮ ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s

ṗn(t)− ṗn−1(t)

pn−1(t)− pn(t)− gn−1
=

−2Ankt−Bnk

Ankt2 +Bnkt+ Cnk − gn−1
, ∀t ∈ [tnk, tnk+1], k = 1, 2, · · · ,Kn, n ∈ N\{1}.

❉✉❡ t♦ t❤❡ s❛❢❡t② ❝♦♥str❛✐♥t✱ pn−1(t)−pn(t)−gn−1 ✐s ❛❧✇❛②s ♣♦s✐t✐✈❡✱ ❛♥❞ t❤❡ s✐❣♥ ♦❢ t❤❡ t❤✐s ✐❚❚❈ ♠❡❛s✉r❡
✐s ❞❡t❡r♠✐♥❡❞ ❜② ṗn(t)− ṗn−1(t)✳ ❉✉r✐♥❣ ❛♥ ✐♥t❡r✈❛❧ [tnk, tnk+1]✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ✐♥t❡❣r❛t❡ t❤❡ ✐❚❚❈ ❛t t✐♠❡
♣♦✐♥ts ✇❤❡♥ ṗn(t)− ṗn−1(t) ✐s ♣♦s✐t✐✈❡ ✐♥ s❛❢❡t② ♦❜❥❡❝t✐✈❡ ✼✳ ❙✐♥❝❡ ṗn(t)− ṗn−1(t) = −2Ankt−Bnk ✐s ❧✐♥❡❛r✱
t❤❡ s❡t ♦❢ s✉❝❤ t✐♠❡ ♣♦✐♥ts ❛❝t✉❛❧❧② ❢♦r♠ ❛ ❝♦♥t✐♥✉♦✉s t✐♠❡ ✐♥t❡r✈❛❧✱ ✐✳❡✳✱ (tnk, t̄nk) ✇❤❡r❡

tnk =











min {max {tnk,−Bnk/2Ank} , tk+1} , ✐❢ Ank < 0;

tk+1, ✐❢ Ank = 0 ❛♥❞ Ank ≥ 0;

tk, ♦t❤❡r✇✐s❡✱

✶✷



❛♥❞

t̄nk =

{

min {max {tk,−Bnk/2Ank} , tk+1} , ✐❢ Ank > 0;

tk+1, ♦t❤❡r✇✐s❡.

❲✐t❤ t❤✐s✱ s❛❢❡t② ♦❜❥❡❝t✐✈❡ ✭✼✮ ❢♦r ❛ ❙❍ s♦❧✉t✐♦♥ ❝❛♥ ❜❡ s✐♠♣❧✐✜❡❞ ✐♥t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥❛❧②t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥

S(P ) =
1

N

∑

n∈N\{1}

Kn
∑

k=1

ˆ t̄nk

t
nk

−2Ankt−Bnk

Ankt2 +Bnkt+ Cnk − gn−1
dt =

1

N

∑

n∈N\{1}

Kn
∑

k=1

ln

(

Ankt
2
nk +Bnktnk + Cnk − gn−1

Ank t̄2nk +Bnk t̄nk + Cnk − gn−1

)

,

✇❤✐❝❤ ❛♣♣❛r❡♥t❧② ❝❛♥ ❜❡ ✈❡r② ❡✣❝✐❡♥t❧② s♦❧✈❡❞✳

✸✳✸ ❖♣t✐♠✐③❛t✐♦♥ ❆❧❣♦r✐t❤♠s

❚❤❡ ♦✈❡r❛❧❧ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❛ ❙❍ tr❛❥❡❝t♦r② ✈❡❝t♦r s♦❧✉t✐♦♥ ❞❡♣❡♥❞s ♦♥ ✈❛❧✉❡s ♦❢ t❤❡ ✜✈❡ ♣❛r❛♠❡t❡rs (ā❢1, a
❢
1, ā

❜
1 , a

❜
1 , v1)✱

✇❤✐❝❤ ♥❡❡❞ t♦ ❜❡ s♦❧✈❡❞ ❢♦r ✇✐t❤ ❛ ❝❡rt❛✐♥ ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠✳ ❆s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷✱ ✇❡ ❛✐♠ t♦
♦♣t✐♠✐③❡ ❛ s✐♠♣❧✐✜❡❞ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ t❤❛t ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s

max
ā❢
1
,a❢

1
,ā❜

1
,a❜

1
,v1

M
(

P❙❍(ā❢1, a
❢
1, ā

❜
1 , a

❜
1 , v1)

)

✭✶✸✮

s✉❜❥❡❝t t♦

0 < ā❢1ā
❜
1 ≤ ā,

a ≤ a❢1a
❜
1 < 0,

0 ≤ v1 < v̄,

P❙❍(ā❢1, a
❢
1, ā

❜
1 , a

❜
1 , v1) ∈ P.

❖♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✶✸✮ ✐s st✐❧❧ ♥♦♥❧✐♥❡❛r ❛♥❞ ❝❛♥♥♦t ❜❡ ❡①♣❧✐❝✐t❧② ❢♦r♠✉❧❛t❡❞ ❞✉❡ t♦ t❤❡ ❙❍ ❛❧❣♦r✐t❤♠✳
◆♦♥❡t❤❡❧❡ss✱ s✐♥❝❡ t❤❡ ♣r♦❜❧❡♠ ♦♥❧② ❤❛s ✺ ❝♦♥tr♦❧ ♣❛r❛♠❡t❡rs✱ ❛ ♥✉♠❜❡r ♦❢ ❣❡♥❡r❛❧ ❤❡✉r✐st✐❝ ❛❧❣♦r✐t❤♠s ✭❡✳❣✳✱
❣❡♥❡t✐❝ ❛❧❣♦r✐t❤♠s✱ ♣❛rt✐❝❧❡ s✇❛r♠✮ t❤❛t ♦♥❧② ♥❡❡❞ t♦ ❡✈❛❧✉❛t❡ t❤❡ ♦❜❥❡❝t✐✈❡ ❢♦r ❣✐✈❡♥ ✈❛r✐❛❜❧❡s ✇✐t❤♦✉t ❛♥②
❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ♣r♦❜❧❡♠ str✉❝t✉r❡ ❝❛♥ ❜❡ ♣♦t❡♥t✐❛❧❧② ✉s❡❞ t♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠✳ ❍♦✇❡✈❡r✱ t❤❡s❡ ❣❡♥❡r❛❧
❤❡✉r✐st✐❝s ♥❡❡❞ t♦ ❡①♣❧♦r❡ ❛ r❡❧❛t✐✈❡❧② ❧❛r❣❡ s♦❧✉t✐♦♥ s♣❛❝❡✱ ❛♥❞ t❤✉s t❤❡② ♠❛② ❜❡ t♦♦ s❧♦✇ ❢♦r r❡❛❧✲t✐♠❡
❛♣♣❧✐❝❛t✐♦♥s✳

❚♦ ❡♥s✉r❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✣❝✐❡♥❝②✱ ❙❡❝t✐♦♥ ✭✸✳✸✳✶✮ ♣r♦♣♦s❡s ❛ ❝✉st♦♠✐③❡❞ ♥✉♠❡r✐❝❛❧✲s✉❜✲❣r❛❞✐❡♥t ❤❡✉r✐s✲
t✐❝ ❛❧❣♦r✐t❤♠✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ✐s ❛♣♣❧✐❝❛❜❧❡ t♦ t❤❡ ❝❛s❡ ✇❤❡♥ M(P ) ✐♥ ❊q✉❛t✐♦♥ ✭✽✮ ✐s ❛ s✐♥❣❧❡✲✈❛❧✉❡❞
❢✉♥❝t✐♦♥✱ ✐✳❡✳✱ ❛ ✇❡✐❣❤t❡❞ s✉♠♠❛t✐♦♥ ♦❢ tr❛✈❡❧ t✐♠❡✱ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ s❛❢❡t② ♠❡❛s✉r❡s✳ ■♥ ❢❛❝t✱ ❜②
✈❛r②✐♥❣ t❤❡ ✇❡✐❣❤ts ♦❢ t❤❡ ❞✐✛❡r❡♥t ♦❜❥❡❝t✐✈❡ ❝♦♠♣♦♥❡♥ts✱ t❤✐s ❛♣♣r♦❛❝❤ ❝❛♥ ❛❧s♦ ②✐❡❧❞ ❡q✉✐✈❛❧❡♥t r❡s✉❧ts
❛s ♠✉❧t✐✲♦❜❥❡❝t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥✳ ❋✉rt❤❡r✱ ❙❡❝t✐♦♥ ✸✳✸✳✷ ❛❧s♦ ❜r✐❡✢② ❞❡s❝r✐❜❡s ❛♥ ♦✛✲t❤❡✲s❤❡❧❢ ♠✉❧t✐✲♦❜❥❡❝t✐✈❡
♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠ t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ st✉❞② t♦ ❛♥❛❧②③❡ t❤❡ tr❛❞❡✲♦✛s ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t
♦❜❥❡❝t✐✈❡ ❝♦♠♣♦♥❡♥ts✳

✸✳✸✳✶ ❈✉st♦♠✐③❡❞ ❙✐♥❣❧❡ ❖❜❥❡❝t✐✈❡ ❆❧❣♦r✐t❤♠

❚❤✐s s❡❝t✐♦♥ ❛✐♠s t♦ s♦❧✈❡ t❤❡ tr❛❥❡❝t♦r② ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✇❤❡♥ ♦✈❡r❛❧❧ ♣❡r❢♦r♠❛♥❝❡ ♦❜❥❡❝t✐✈❡ M(P ) ✐s
❛ ❛ ✇❡✐❣❤t❡❞ s✉♠♠❛t✐♦♥ ♦❢ T (P ) ✐♥ ❊q✉❛t✐♦♥ ✭✸✮✱ E(P ) ✐♥ ❊q✉❛t✐♦♥ ✭✺✮ ❛♥❞ S(P ) ✐♥ ❊q✉❛t✐♦♥ ✭✼✮✿

M(P ) = wTT (P ) + wEE(P ) + wSS(P ). ✭✶✹✮

✶✸



❲❡✐❣❤ts wT ❛♥❞ wE ❝❛♥ ❜❡ s✐♠♣❧② ♦❜t❛✐♥❡❞ ❛s t❤❡ ❞♦❧❧❛r ✈❛❧✉❡ ❢♦r ✉♥✐t tr❛✈❡❧ t✐♠❡ ❛♥❞ ✉♥✐t ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥✱
r❡s♣❡❝t✐✈❡❧②✳ ❍♦✇❡✈❡r✱ ✐t ✐s ❞✐✣❝✉❧t t♦ ❛ss✐❣♥ ❛♥ ❡①❛❝t ✈❛❧✉❡ t♦ wS ✱ s✐♥❝❡ s❛❢❡t② ✐s ❛ s♦♠❡❤♦✇ ❛ q✉❛❧✐t❛t✐✈❡
❝♦♥❝❡♣t✱ ❛♥❞ ✐t ✐s ❞✐✣❝✉❧t t♦ ❛ss✐❣♥ ❛ ♠♦♥❡t❛r② ❡q✉✐✈❛❧❡♥t t♦ ✐❚❚❈✳ ❍♦✇❡✈❡r✱ ✐❢ t❤❡r❡ ❡①✐sts ❛ r❡❛s♦♥❛❜❧❡
wS ✈❛❧✉❡ ✇❤♦s❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♦♣t✐♠❛❧ s②st❡♠ ♣❡r❢♦r♠❛♥❝❡ ✐s ♥♦t ✈❡r② s❡♥s✐t✐✈❡ t♦ s♠❛❧❧ ✈❛r✐❛t✐♦♥s ♦❢ ✐ts
✈❛❧✉❡✱ ✐t ✇✐❧❧ ❜❡ ❛ ❣♦♦❞ ❝❛♥❞✐❞❛t❡ ❢♦r ❊q✉❛t✐♦♥ ✭✶✹✮✳ ❲❡ ♣r♦♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❡t❤♦❞ t♦ ✐❞❡♥t✐❢② s✉❝❤ ❛
wS ✈❛❧✉❡✳ ❋✐rst✱ ✇❡ ❞❡t❡r♠✐♥❡ ❛ s❡t ♦❢ ❝❛♥❞✐❞❛t❡ wS ✈❛❧✉❡s ✭❡✳❣✳✱ ❜② ♦❜s❡r✈✐♥❣ t❤❡ ❡①♣❡r✐♠❡♥t✐♥❣ r❡s✉❧ts✮✱
❞❡♥♦t❡❞ ❜② W ✱ ❛♥❞ ✇❡ s❡❧❡❝t ❛ ♥✉♠❜❡r ♦❢ r❡♣r❡s❡♥t❛t✐✈❡ ♣r♦❜❧❡♠ s❝❡♥❛r✐♦s ✭❡✳❣✳✱ ❛rr✐✈✐♥❣ ✈♦❧✉♠❡s✮✱ ❞❡♥♦t❡❞
❜② I✳ ❆t ❛♥② s❝❡♥❛r✐♦ i ∈ I✱ ✇❡ ❞❡♥♦t❡ t❤❡ ♦♣t✐♠❛❧ ❙❍ s♦❧✉t✐♦♥ t❤❛t s♦❧✈❡s Pr♦❜❧❡♠ ✭✶✸✮ ✇✐t❤ wS = w ❜②
P ∗
i (w)✳ ❋✉rt❤❡r ✇❡ ❛❧s♦ ❞❡♥♦t❡ t❤❡ ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡ ✶✹ ✇✐t❤ wS = w ❛s M(P,w)✳ ❚❤❡♥ ✇❡ s❛② t❤❛t ❛ ✇❡✐❣❤t

w ✐s r♦❜✉st ❛t s❝❡♥❛r✐♦ i ∈ I ✐❢ ✐ts ♦♣t✐♠❛❧ tr❛❥❡❝t♦r② ✈❡❝t♦r s♦❧✉t✐♦♥ P ∗
i (w) ②✐❡❧❞s ❛♥ ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡ ✭✐✳❡✳✱

M (P ∗
i (w), w

′)✮ ♥♦t ❢❛r ❢r♦♠ t❤❡ ♦♣t✐♠❛❧ ♦❜❥❡❝t✐✈❡ ✭✐✳❡✳✱ M (P ∗
i (w

′), w′)✮ ❡✈❡♥ ✐❢ t❤❡ ❛❝t✉❛❧ wS ✈❛❧✉❡✱ ❞❡♥♦t❡❞
❜② w′✱ ✐s ❞✐✛❡r❡♥t ❢r♦♠ w✳ ❙✐♥❝❡✱ ✇❡ ❞♦♥ ♥♦t ❦♥♦✇ t❤❡ ❛❝t✉❛❧ wS ✈❛❧✉❡✱ ✇❡ ✇✐❧❧ ❥✉st s❡❧❡❝t ❛ w∗ ∈ W t❤❛t
✐s t❤❡ ♠♦st r♦❜✉st ❛❝r♦ss ❛❧❧ s❝❡♥❛r✐♦s ❣✐✈❡♥ wS ❤❛s ❛♥ ❡q✉❛❧ ♣r♦❜❛❜✐❧✐t② t♦ ❜❡ ❛♥② ✈❛❧✉❡ ✐♥ W ✳ ❚❤✐s ❝❛♥ ❜❡
❢♦r♠✉❧❛t❡❞ ✐♥t♦ ❛ ♣r♦❜❧❡♠ ♦❢ ♠✐♥✐♠✐③✐♥❣ t❤❡ ❛✈❡r❛❣❡ r❡❧❛t✐✈❡ ❞✐✛❡r❡♥❝❡ ❛❝r♦ss ❛❧❧ t❤❡s❡ s❝❡♥❛r✐♦s✱ ❛s ❢♦❧❧♦✇s✳

w∗ = arg min
w∈W

1

|I| · |W |

∑

i∈I

∑

w′∈W

M (P ∗
i (w), w

′)−M (P ∗
i (w

′), w′)

M (P ∗
i (w), w

′)
. ✭✶✺✮

❲✐t❤ ❛ s✐♥❣❧❡✲✈❛❧✉❡❞ ♦❜❥❡❝t✐✈❡ M(P ) ❢♦r♠✉❧❛t❡❞✱ ✇❡ t❤❡♥ ♣r♦♣♦s❡ ❛ ♥✉♠❡r✐❝❛❧✲s✉❜✲❣r❛❞✐❡♥t ✭◆●✮ s❡❛r❝❤
❛❧❣♦r✐t❤♠ t♦ s♦❧✈❡ ❛ ♥❡❛r✲♦♣t✐♠✉♠ s♦❧✉t✐♦♥ t♦ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✶✸✮✳ ❇❛s✐❝❛❧❧②✱ t❤✐s ❛❧❣♦r✐t❤♠ st❛rts
✇✐t❤ ❛ ✈❡❝t♦r ♦❢ ❝♦♥tr♦❧ ♣❛r❛♠❡t❡r ❢❡❛s✐❜❧❡ t♦ ❙❍✳ ❚❤❡♥✱ ✐t ❡✈❛❧✉❛t❡s t❤❡ ♥✉♠❡r✐❝❛❧ s✉❜✲❣r❛❞✐❡♥t ❜② s❧✐❣❤t❧②
♣❡rt✉r❜✐♥❣ ❡❛❝❤ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❝✉rr❡♥t ❝♦♥tr♦❧ ♣❛r❛♠❡t❡r s❡t✳ ◆❡①t✱ ✐t s❡❛r❝❤❡s ❛❧♦♥❣ t❤✐s s✉❜✲❣r❛❞✐❡♥t
❞✐r❡❝t✐♦♥ tr②✐♥❣ t♦ ✜♥❞ ❛ s♦❧✉t✐♦♥ ♣♦✐♥t t❤❛t ②✐❡❧❞s ❛ s✐❣♥✐✜❝❛♥t r❡❞✉❝t✐♦♥ ♦❢ ♦❜❥❡❝t✐✈❡ ✭✶✸✮✳ ■❢ s✉❝❤ ❛ ♣♦✐♥t
✐s ❢♦✉♥❞✱ t❤❡ ❝♦♥tr♦❧ ♣❛r❛♠❡t❡r ✈❡❝t♦r ♠♦✈❡s t♦ t❤✐s ♥❡✇ ♣♦✐♥t✳ ❖t❤❡r✇✐s❡✱ t❤❡ ❛❧❣♦r✐t❤♠ ♠❛② ❜❡ st✉❝❦ ❛t
❛ ❧♦❝❛❧ ♦♣t✐♠✉♠✱ ❛♥❞ t❤❡ ❝♦♥tr♦❧ ♣❛r❛♠❡t❡r ✈❡❝t♦r ❥✉st ♠♦✈❡s t♦ ❛ ♥❡❛r❜② ♣♦✐♥t✱ ❡✈❡♥ t❤♦✉❣❤ t❤❡ ♦❜❥❡❝t✐✈❡
✈❛❧✉❡ ❞♦❡s ♥♦t ❞❡❝r❡❛s❡✳ ❚❤❡ ♣✉r♣♦s❡ ✐s t♦ ❣❡t ♦✉t ♦❢ ❛♥② ❧♦❝❛❧ tr❛♣✳ ❚❤✐s ♥✉♠❡r✐❝❛❧ s✉❜✲❣r❛❞✐❡♥t s❡❛r❝❤
♣r♦❝❡ss ✐s r❡♣❡❛t❡❞ ✉♥t✐❧ ❝❡rt❛✐♥ t❡r♠✐♥❛❧ ❝r✐t❡r✐❛ ❛r❡ ♠❡t✳ ❉✉r✐♥❣ t❤✐s ♣r♦❝❡ss✱ ✇❤❡♥❡✈❡r t❤❡ ♦❜❥❡❝t✐✈❡ ♦❢
❛ ♥❡✇ ♣♦✐♥t ✐s ❡✈❛❧✉❛t❡❞ ✭❡✳❣✳✱ ❛t t❤❡ ♣❡rt✉r❜❡❞ ♣♦✐♥ts ❢♦r ♥✉♠❡r✐❝❛❧ s✉❜✲❣r❛❞✐❡♥t ❝❛❧❝✉❧❛t✐♦♥✮✱ t❤❡ ♦♣t✐♠❛❧
s♦❧✉t✐♦♥ ✐s ✉♣❞❛t❡❞ t♦ t❤✐s ♣♦✐♥t ✐❢ ✐t ②✐❡❧❞s ❛♥ ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡ s♠❛❧❧❡r t❤❛♥ ❛❧❧ ♣r❡✈✐♦✉s ❡✈❛❧✉❛t✐♦♥s✳ ◆♦t❡ t❤❛t
❛❧t❤♦✉❣❤ t❤❡ ❣❡♥❡r❛❧ ✐❞❡❛ ♦❢ t❤✐s ❛❧❣♦r✐t❤♠ ✐s s✐♠✐❧❛r t♦ ❝❧❛ss✐❝ ♥✉♠❡r✐❝❛❧ s✉❜✲❣r❛❞✐❡♥t s❡❛r❝❤ ❛❧❣♦r✐t❤♠ ❢♦r
❧♦❝❛❧ ♦♣t✐♠✐③❛t✐♦♥✱ ✐t ❤❛s ❝❡rt❛✐♥ ❝❛♣❛❜✐❧✐t② ♦❢ ❥✉♠♣✐♥❣ ♦✉t ♦❢ ❛ ❧♦❝❛❧ ♦♣t✐♠✉♠✳ ■t ❛❧s♦ ❤❛s ❛ ❣♦♦❞ ❡✣❝✐❡♥❝②
s✐♥❝❡ ❡✈❡r② ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ✐s ✉s❡❞ t♦ ✉♣❞❛t❡ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✳ ❚❤❡ ❞❡t❛✐❧❡❞ st❡♣s ♦❢ t❤✐s
❝✉st♦♠✐③❡❞ ◆● ❛❧❣♦r✐t❤♠ ✐s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣s❡✉❞♦ ❝♦❞❡✳

◆●✶✿ ■♥✐t✐❛❧✐③❡ ✐♥t❡❣❡r ❝♦✉♥t❡rs η1, η2, η3, η4✱ ❧✐♥❡❛r s❡❛r❝❤ st❡♣ s✐③❡ α✱ ❧♦❝❛❧ ♣❡rt✉r❜❛t✐♦♥ δ✱ ♣❡r❝❡♥t❛❣❡ t♦❧❡r✲

❛♥❝❡ ǫ%✱ ❛♥❞ ♣✐❝❦ ❛ ❢❡❛s✐❜❧❡ ❝♦♥tr♦❧ ♣❛r❛♠❡t❡r ✈❡❝t♦r
[

ā❢1, a
❢
1, ā

❜
1 , a

❜
1 , v1

]

t♦ st❛rt ✇✐t❤✳ ❙❡t P ∗ := P1 :=

P❙❍(ā❢1, a
❢
1, ā

❜
1 , a

❜
1 , v1) ❛♥❞ ❡✈❛❧✉❛t❡ M∗ := M1 := M(P1)✳ ❙❡t ✐t❡r❛t✐♦♥ ✐♥❞❡① i = 1✳ ❋♦r t❤❡ ❝♦♥✈❡✲

♥✐❡♥❝❡ ♦❢ t❤❡ ♣r❡s❡♥t❛t✐♦♥✱ ✇❡ ✐♥❞❡① t❤❡ ❝♦♥tr♦❧ ♣❛r❛♠❡t❡rs ❛s [ci1, ci2, ci3, ci4, ci5] :=
[

ā❢i, a
❢
i, ā

❜
i , a

❜
i , vi

]

✱

❛♥❞ ✇❡ ❞❡♥♦t❡ t❤❡ ❝♦♥tr♦❧ ♣❛r❛♠❡t❡r ✈❡❝t♦r ❜② ❝i := [cik]k=1,2,··· ,5✳

◆●✷✿ ❚❤✐s st❡♣ ❝❛❧❝✉❧❛t❡s t❤❡ ♥✉♠❡r✐❝❛❧ s✉❜✲❣r❛❞✐❡♥t ❛t ✐t❡r❛t✐♦♥ i t❤r♦✉❣❤ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜✲st❡♣s✳

◆●✷✲✶✿ ❙❡t t❤❡ ✐♥✐t✐❛❧ ♣❡rt✉r❜❛t✐♦♥ δ′ = δ ❛♥❞ ❞✐♠❡♥s✐♦♥ ✐♥❞❡① k = 1✳

◆●✷✲✷✿ ❲❡ ♣❡rt✉r❜ t❤❡kt❤ ❞✐♠❡♥s✐♦♥ ♦❢ ❝i ❜② δ′ t♦ ❣❡♥❡r❛t❡ ❝ik := [ci1, · · · , cik + δ′, · · · , ci5]✳ ❘✉♥ ❙❍

t♦ ❝❤❡❝❦ ✇❤❡t❤❡r Pik := P❙❍(❝ik) ✐s ❢❡❛s✐❜❧❡✳ ■❢ ♥♦t✱ s❡t δ′ = δ′/2✱ k = 1✱ ❛♥❞ r❡♣❡❛t t❤✐s st❡♣✳
❖t❤❡r✇✐s❡✱ ❡✈❛❧✉❛t❡ Mik := M (Pik)✳ ■❢ Mik < M∗✱ ✉♣❞❛t❡ t❤❡ ❜❡st s♦❧✉t✐♦♥ P ∗ = Pik ❛♥❞ M∗ = Mik✳
❙❡t k = k + 1 ❛♥❞ r❡♣❡❛t t❤✐s st❡♣ ✐❢ k < 5✱ ♦r ❣♦ t♦ t❤❡ ♥❡①t st❡♣ ✐❢ k = 5✳

◆●✷✲✸✿ ❈❛❧❝✉❧❛t❡ t❤❡ ♥✉♠❡r✐❝❛❧ s✉❜✲❣r❛❞✐❡♥t gi = [(Mik −Mi) /δ
′]k=1,··· ,5✳

◆●✸✿ ❚❤✐s st❡♣ ✐❞❡♥t✐✜❡s t❤❡ ❜❡st ❧✐♥❡❛r s❡❛r❝❤ st❡♣ s✐③❡ ❛t ✐t❡r❛t✐♦♥ i t❤r♦✉❣❤ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜✲st❡♣s✳

✶✹



◆●✸✲✶✿ ❙❡t t❤❡ ✐♥✐t✐❛❧ s❡❛r❝❤ st❡♣ α′ = α✳

◆●✸✲✷✿ ❙❡t ❝i+1 := ❝i + α′
gi✳ ❘✉♥ ❙❍ t♦ ❝❤❡❝❦ t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ Pi+1 := P❙❍(❝i+1)✳ ■❢ Pi+1 ✐s ♥♦t

❢❡❛s✐❜❧❡✱ s❡t α′ = α′/2 ❛♥❞ r❡♣❡❛t t❤✐s st❡♣✳ ❖t❤❡r✇✐s❡✱ ❡✈❛❧✉❛t❡ Mi+1 := M(Pi+1)✳ ■❢ t❤✐s r❡❧❛t✐✈❡
❝❤❛♥❣❡ ✐s ✐♥ [0, ǫ%)✱ ❣♦ t♦ ❙t❡♣ ◆●✲✸✲✺✳ ❖t❤❡r✇✐s❡✱ s❡t t❡♠♣♦r❛r② ❝♦✉♥t η′ = 1✳ ■❢ r❡❧❛t✐✈❡ ❝❤❛♥❣❡
(Mi −Mi+1) /Mi ≥ ǫ%, s❡t η′ = 1✱ ❛♥❞ ❣♦ t♦ ❙t❡♣ ◆●✸✲✸✳ ❖t❤❡r✇✐s❡✱ ✐❢ t❤✐s r❡❧❛t✐✈❡ ❝❤❛♥❣❡ ✐s ♥❡❣❛t✐✈❡✱
❣♦ t♦ ◆●✸✲✹✳

◆●✸✲✸✿ ❯♣❞❛t❡ α′ = α′+α✱ ❛♥❞ t❤❡♥ s❡t ❝i+1 := ❝i+α′
gi✳ ■❢ P

❙❍(❝i+1) ✐s ❢❡❛s✐❜❧❡✱ s❡t Pi+1 = P❙❍(❝i+1)
❛♥❞ ❡✈❛❧✉❛t❡ Mi+1 := M(Pi+1)✳ ■❢ r❡❧❛t✐✈❡ ❝❤❛♥❣❡ (Mi −Mi+1) /Mi ≥ ǫ% ❛♥❞ η′ < η1✱ s❡t η

′ = η′ + 1
❛♥❞ r❡♣❡❛t t❤✐s st❡♣✳ ■♥ ❛❧❧ ♦t❤❡r ❝❛s❡s✱ ❙t❡♣ ◆●✲✸✲✺✳

◆●✸✲✹✿ ❯♣❞❛t❡ α′ = α′/2 ✱ ❛♥❞ t❤❡♥ s❡t ❝i+1 := ❝i +α′
gi✳ ■❢ P

❙❍(❝i+1) ✐s ❢❡❛s✐❜❧❡✱ s❡t Pi+1 = P❙❍(❝i+1)
❛♥❞ ❡✈❛❧✉❛t❡ Mi+1 := M(Pi+1)✳ ■❢ r❡❧❛t✐✈❡ ❝❤❛♥❣❡ (Mi −Mi+1) /Mi < 0 ❛♥❞ η′ < η2✱ s❡t η

′ = η′ + 1
❛♥❞ r❡♣❡❛t t❤✐s st❡♣✳ ■♥ ❛❧❧ ♦t❤❡r ❝❛s❡s✱ st❡♣ ♦✉t ♦❢ t❤❡ ❧✐♥❡❛r s❡❛r❝❤ ❛♥❞ ❣♦ t♦ ❙t❡♣ ◆●✲✸✲✺✳

◆●✸✲✺✿ ■❢ Mi+1 < M∗, ✉♣❞❛t❡ P ∗ = Pi+1 ❛♥❞ M∗ = Mi+1✳

◆●✲✹✿ ❘❡t✉r♥ tr❛❥❡❝t♦r② ✈❡❝t♦r P ∗❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♦❜❥❡❝t✐✈❡M∗✇❤❡♥ i > η3 ♦rM
∗ ❤❛s ♥♦t ✐♠♣r♦✈❡❞

✐♥ t❤❡ ❧❛st η4 ❝♦♥s❡❝✉t✐✈❡ ✐t❡r❛t✐♦♥s✳ ❖t❤❡r✇✐s❡✱ s❡t i = i+ 1✱ ❣♦ t♦ ❙t❡♣ ◆●✲✷✳

✸✳✸✳✷ ▼✉❧t✐✲♦❜❥❡❝t✐✈❡ ❖♣t✐♠✐③❛t✐♦♥ ❆❧❣♦r✐t❤♠

❚♦ ✈✐s✉❛❧✐③❡ ❤♦✇ ❞✐✛❡r❡♥t ❝♦♠♣♦♥❡♥ts ✐♥ ♦❜❥❡❝t✐✈❡ M(P ) ✐♥t❡r❛❝t ✇✐t❤ ❡❛❝❤ ♦t❤❡r✱ ✇❡ ✇✐❧❧ ✐♥✈❡st✐❣❛t❡ t❤❡
❝❛s❡ ✇❤❡♥ M(P ) ❝♦♥t❛✐♥s ♠✉❧t✐♣❧❡ ♦❜❥❡❝t✐✈❡s ❛s ❛ ✈❡❝t♦r ♦❢ ✐♥❞❡♣❡♥❞❡♥t ❡❧❡♠❡♥ts✱ ✐✳❡✳✱[T (P ), E(P ), S(P )]✳
■♥ t❤✐s ❝❛s❡✱ ✇❡ ✇✐❧❧ ❛♣♣❧② t❤❡ ❡①✐st✐♥❣ ◆♦♥✲❞♦♠✐♥❛t❡❞ ❙♦rt✐♥❣ ●❡♥❡t✐❝ ❆❧❣♦r✐t❤♠✲■■ ✭◆❙●❆✲■■✮ t♦ s♦❧✈❡
♠✉❧t✐✲♦❜❥❡❝t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✶✸✮✳ ❚❤✐s ❛❧❣♦r✐t❤♠ st❛rts ❢r♦♠ ❛♥ ✐♥✐t✐❛❧ ♣♦♣✉❧❛t✐♦♥ ♦❢ ❢❡❛s✐❜❧❡
s♦❧✉t✐♦♥s✳ ❚❤❡♥✱ ✐t ✉♣❞❛t❡s t❤❡ ✐♥✐t✐❛❧ ♣♦♣✉❧❛t✐♦♥ ❜② ✭✐✮ ❣❡♥❡r❛t✐♥❣ ♥❡✇ s♦❧✉t✐♦♥s ✇✐t❤ ❝r♦ss♦✈❡r ❛♥❞ ♠✉t❛t✐♦♥
♦♣❡r❛t✐♦♥s ❛♥❞ ✭✐✐✮ ❡❧✐♠✐♥❛t✐♥❣ ✐♥❢❡r✐♦r ♦♥❡s ✐♥ t❤❡ ❝✉rr❡♥t ♣♦♣✉❧❛t✐♦♥ ❜② ❛ s♣❡❝✐✜❝ s♦rt✐♥❣ ♠❡❝❤❛♥✐s♠✳ ❚❤✐s
❝❛♥ ❜❡ r❡♣❡❛t❡❞ t❤r♦✉❣❤ ✐t❡r❛t✐♦♥s ✉♥t✐❧ s❛t✐s❢②✐♥❣ s♦❧✉t✐♦♥s ❛r❡ ❢♦✉♥❞ ♦r ❝❡rt❛✐♥ t❡r♠✐♥❛❧ ❝r✐t❡r✐❛ ❛r❡ ♠❡t✳
❚❤❡ ❝r♦ss♦✈❡r ❛♥❞ ♠✉t❛t✐♦♥ ♦♣❡r❛t✐♦♥s ❛r❡ st❛♥❞❛r❞ st❡♣s ✐♥ ●❆ ✭❉❡❜ ❛♥❞ ❆❣r❛✇❛❧✱ ✶✾✾✹❀ ❘❛❣❤✉✇❛♥s❤✐
❛♥❞ ❑❛❦❞❡✱ ✷✵✵✹✮✳ ❚❤❡ r❛♥❦✐♥❣ ♠❡❝❤❛♥✐s♠ ✐s ✐♠♣❧❡♠❡♥t❡❞ ❛t t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❧❡✈❡❧s✳ ❇❛s❡❞ ♦♥ t❤❡
❡✈❛❧✉❛t✐♦♥ r❡s✉❧ts✱ ✐t ✜rst s♦rts t❤❡s❡ s♦❧✉t✐♦♥s ❜❛s❡❞ ♦♥ t❤❡✐r ❞♦♠✐♥❛t✐♥❣ r❡❧❛t✐♦♥s❤✐♣s✿ ❲❡ ❝❛❧❧ s♦❧✉t✐♦♥ c ✭♦r

❛ ❝♦♥tr♦❧ ♣❛r❛♠❡t❡r ✈❡❝t♦r✮ ✐s ❞♦♠✐♥❛t❡❞ ❜② ❛♥♦t❤❡r s♦❧✉t✐♦♥ c
′ ✐❢ T (P❙❍(c)) ≥ T (P❙❍(c′))✱ E(P❙❍(c)) ≥

E(P❙❍(c′)) ❛♥❞ S(P❙❍(c)) ≥ S(P❙❍(c′)) ✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐❢ ❛ s♦❧✉t✐♦♥ c ✐s ❞♦♠✐♥❛t❡❞ ❜② ❛♥♦t❤❡r s♦❧✉t✐♦♥
c
′✱ ♥♦ ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡ ♦❢ t❤❡ tr❛❥❡❝t♦r② ✈❡❝t♦r ♣r♦❞✉❝❡❞ ✇✐t❤ c ✐s ❜❡tt❡r t❤❛t ♦❢ c′✱ ❛♥❞ ✇❡ ✇♦✉❧❞ r❛t❤❡r ♣r❡❢❡r

c
′ ❛♥❞ ❞✐s❝❛r❞ c✳ ❚❤✐s ✜rst ❧❡✈❡❧ ♦❢ s♦rt✐♥❣ ❜❛s✐❝❛❧❧② r❛♥❦s t❤❡ s♦❧✉t✐♦♥s ✐♥t♦ ❛ ♥✉♠❜❡r ♦❢ ❢r♦♥ts✱ ❛♥❞ ❡❛❝❤
❢r♦♥t ❝♦♥t❛✐♥s ❛❧❧ s♦❧✉t✐♦♥s t❤❛t ❛r❡ ♥♦t ❞♦♠✐♥❛t❡❞ ❜② ❛♥② ♦t❤❡r s♦❧✉t✐♦♥ ❡①❝❧✉❞✐♥❣ t❤♦s❡ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡
❢r♦♥ts ♦❢ ❧♦✇❡r r❛♥❦s✳ ◆❡①t✱ ◆❙●❆✲■■ s♦rts t❤❡ s♦❧✉t✐♦♥s ✐♥ t❤❡ s❛♠❡ ❢r♦♥t ❜❛s❡❞ ♦♥ t❤❡✐r t❤❡✐r ❝r♦✇✐♥❣
❞✐st❛♥❝❡s✱ ✐✳❡✳✱ ❤♦✇ ❢❛r ❛ s♦❧✉t✐♦♥ ✐s ❢r♦♠ ✐ts ♥❡✐❣❤❜♦rs ❜❛s❡❞ ♦♥ t❤❡✐r ♦❜❥❡❝t✐✈❡s ✐♥ t❤❡ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧
❤②♣❡r s♣❛❝❡✳ ❆ s♦❧✉t✐♦♥ ✇✐t❤ ❛ ❧❛r❣❡r ❝r♦✇❞✐♥❣ ❞✐st❛♥❝❡ ❤❛s ❛ ❧♦✇❡r r❛♥❦✐♥❣✳ ❲✐t❤ t❤❡s❡ t✇♦ ❧❡✈❡❧s ♦❢ s♦rt✐♥❣✱
❡❛❝❤ s♦❧✉t✐♦♥ ✐♥ t❤❡ ❝✉rr❡♥t ♣♦♣✉❧❛t✐♦♥ ❤❛s ❛ ✉♥✐q✉❡ r❛♥❦✐♥❣✱ ❛♥❞ ♦♥❧② ❛ ❝❡rt❛✐♥ ♥✉♠❜❡r ♦❢ s♦❧✉t✐♦♥s ✇✐t❤
t❤❡ ❧♦✇❡st r❛♥❦✐♥❣s ✇✐❧❧ ❜❡ ❦❡♣t ✐♥ t❤❡ ♥❡①t ✐t❡r❛t✐♦♥✳ ❘❡❛❞❡rs ❝❛♥ r❡❢❡r t♦ ❉❡❜ ❡t ❛❧✳ ✭✷✵✵✷✮ ❢♦r ❞❡t❛✐❧s ♦❢
◆❙●❆✲■■✳

✹ ◆✉♠❡r✐❝❛❧ ❙t✉❞✐❡s

❚❤✐s s❡❝t✐♦♥ ✐❧❧✉str❛t❡s t❤❡ ♣r♦♣♦s❡❞ ♦♣t✐♠✐③❛t✐♦♥ ❢r❛♠❡✇♦r❦ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ s②♥t❤❡t✐❝ ♥✉♠❡r✐❝❛❧ ❡①❛♠✲
♣❧❡s✳ ❚❤❡ ❞❡❢❛✉❧t ✈❛❧✉❡s ❢♦r t❤❡ ✐♥♣✉t ♣❛r❛♠❡t❡rs ✭❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✶✮ ❛r❡ s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✷✳ ❲❡ ♠❛②
✈❛r② ♦♥❡ ♦r ♠✉❧t✐♣❧❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s t♦ ❝♦♥str✉❝t ❞✐✛❡r❡♥t ♣r♦❜❧❡♠ ✐♥st❛♥❝❡s✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ st✉❞✐❡s ❛r❡
❝♦♥❞✉❝t❡❞ ✉s✐♥❣ ▼❛t❧❛❜ ♦♥ ❛ P❈ ✇✐t❤ ✷✳✾ ●❍③ ❈P❯✱ ✽ ●❇ ❘❆▼✳

■♥ ❚❛❜❧❡ ✷✱ ♣❛r❛♠❡t❡r fs ∈ (0, C/G] ✐s ❛ tr❛✣❝ s❛t✉r❛t✐♦♥ r❛t❡ t❤❛t ✐s ✉s❡❞ t♦ ❣❡♥❡r❛t❡ t❤❡ ❡♥✲
tr② ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❇❛s✐❝❛❧❧②✱ ✇❡ s❡t t−1 = 0 ❛♥❞ ❣❡♥❡r❛t❡ t❤❡ ❡♥tr② t✐♠❡s ❛s t−n = t−n−1 + (τ +

✶✺



❚❛❜❧❡ ✷✿ ❉❡❢❛✉❧t ■♥♣✉t P❛r❛♠❡t❡r ❱❛❧✉❡s✳
P❛r❛♠❡t❡r L✭♠✮ G✭s✮ R✭s✮ N a✭♠✴s2✮ ā✭♠✴s2✮ v̄✭♠✴s✮ s✭♠✮ τ✭s✮ fs

❱❛❧✉❡ ✶✵✵✵ ✷✺ ✷✺ ✺✵ ✲✶✵ ✷ ✸✻ ✼ ✶ ✵✳✻

❋✐❣✉r❡ ✹✿ ❙♦❧✉t✐♦♥ t✐♠❡ ✈✳s✳ N ✳

s/v̄)
(

1 + ξn

(

C

fsG − 1
))

, ∀n ∈ N\1 ✇❤❡r❡ ξn ✐s ❛♥ ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ r❛♥❞♦♠ ♥✉♠❜❡r ♦✈❡r [0, 2]✱ ❛♥❞ ξn

✈❛❧✉❡s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❛❝r♦ss ❞✐✛❡r❡♥t n ✈❛❧✉❡s✳ ❚❤❡♥ ✇❡ ❣❡♥❡r❛t❡ v−n r❛♥❞♦♠❧② ❜❛❝❦✇❛r❞s ❢r♦♠ n = N t♦
n = 1✳ ❊❛❝❤ t✐♠❡✱ ✇❡ ❛ss✐❣♥ ❛ r❛♥❞♦♠ ✈❛❧✉❡ ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ♦✈❡r [0, v̄] t♦ v−n ✳ ❲❤❡♥ n < N ✱ ✐❢ v−n
❧❡❛❞s t♦ ❛ ✈✐♦❧❛t✐♦♥ t♦ t❤❡ s❛❢❡t② ❝♦♥str❛✐♥t ✇✐t❤ ❛❝❝❡❧❡r❛t✐♦♥ ā❢ = ā/2 ❛♥❞ ❞❡❝❡❧❡r❛t✐♦♥ a❢ = a/10✱ ✇❡ ✇✐❧❧
❝❤❛♥❣❡ ✐t t♦ t❤❡ ♠✐♥✐♠✉♠ ✈❛❧✉❡ t❤❛t ❞♦❡s ♥♦t ✈✐♦❧❛t❡ ✐t✳

❚♦ ❡✈❛❧✉❛t❡ t❤❡ ❜❡♥❡✜t ♦❢ ❛✉t♦♠❛t❡❞ tr❛❥❡❝t♦r② ❝♦♥tr♦❧✱ ✇❡ ❝♦♥str✉❝t ❛ ❜❡♥❝❤♠❛r❦ ✐♥st❛♥❝❡ t❤❛t r❡♣r❡✲
s❡♥ts t❤❡ ♠❛♥✉❛❧❧②✲❞r✐✈❡♥ tr❛✣❝ ❝♦✉♥t❡r♣❛rt✳ ❲❡ ❛❞❛♣t ●✐♣♣s✬ ♠♦❞❡❧ ✭●✐♣♣s✱ ✶✾✽✶✮ ❛s t❤❡ ♠❛♥✉❛❧✲❞r✐✈✐♥❣
r✉❧❡ ❢♦r ❡✈❡r② ✈❡❤✐❝❧❡✳ P❧❡❛s❡ r❡❢❡r t♦ P❛rt ■ ♦❢ t❤✐s st✉❞② ✭❩❤♦✉ ❡t ❛❧✳✱ ✷✵✶✺✮ ❢♦r t❤✐s ❝❛r✲❢♦❧❧♦✇✐♥❣ ♠♦❞❡❧
❢♦r♠✉❧❛t✐♦♥ ❢♦r ❣❡♥❡r❛t✐♥❣ t❤❡ ❜❡♥❝❤♠❛r❦ tr❛❥❡❝t♦r✐❡s✳

✹✳✶ ❱❡r✐✜❝❛t✐♦♥ ♦❢ ❚❤❡♦r❡t✐❝❛❧ Pr♦♣❡rt✐❡s

❚❤✐s s✉❜s❡❝t✐♦♥ ✈❡r✐✜❡s t❤❡ t❤❡♦r❡t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❙❍ ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✶✳✷✳ ❲❡ ✜rst ✐♥✈❡st✐❣❛t❡ ✐ts
❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t②✳ ❋✐❣✉r❡ ✹ ♣❧♦ts t❤❡ s♦❧✉t✐♦♥ t✐♠❡s ❢♦r ❛ s❡r✐❡s ♦❢ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ❛s N ✈❛r✐❡s

❢r♦♠ ✶✵ t♦ ✶✵✵✱ ✇❤❡r❡ t❤❡ ❙❍ ❝♦♥tr♦❧ ♣❛r❛♠❡t❡rs ❛r❡ s❡t t♦ t❤❡✐r ❡①tr❡♠❡ ✈❛❧✉❡s✱ ✐✳❡✳✱
(

a❢, ā❢, a❜, ā❜, v
)

=

(a, ā, a, ā, v̄)✳ ❲❡ s❡❡ t❤❛t t❤❡ s♦❧✉t✐♦♥ t✐♠❡ ✐♥❝r❡❛s❡s ❛❧♠♦st ♦♥❧② ❧✐♥❡❛r❧② ❛s N ✐♥❝r❡❛s❡s✳ ❚❤✐s ✐♥❝r❡❛s✐♥❣
tr❡♥❞ ✐s ❡✈❡♥ ❧❡ss t❤❛♥ t❤❡ ✇♦rst✲❝❛s❡ q✉❛❞r❛t✐❝ t✐♠❡ ❝♦♠♣❧❡①✐t② ❜♦✉♥❞ ♣r❡❞✐❝t❡❞ ❜② ❚❤❡♦r❡♠ ✶✱ ❛♥❞ ✐t ✐s
❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❧✐♥❡❛r ❝♦♠♣❧❡①✐t② ❞✐s❝✉ss❡❞ ✐♥ ❘❡♠❛r❦ ✷✳ ◆♦t❡ t❤❛t ✐t ♦♥❧② t❛❦❡s ❧❡ss t❤❛♥ ✵✳✵✻ s❡❝♦♥❞ t♦
s♦❧✈❡ t❤❡ ✐♥st❛♥❝❡ ✇✐t❤ N = 100✳ ❚❤✐s ✐♥❞✐❝❛t❡s t❤❛t t❤❡ ❙❍ ❛❧❣♦r✐t❤♠ ✐s ❡✣❝✐❡♥t ❛♥❞ s✉✐t❛❜❧❡ ❢♦r r❡❛❧✲t✐♠❡
❛♣♣❧✐❝❛t✐♦♥s ❡✈❡♥ ✐❢ t❤❡ ♥✉♠❜❡r ♦❢ ✈❡❤✐❝❧❡s ✐s r❡❧❛t✐✈❡❧② ❧❛r❣❡✳

◆❡①t✱ ✇❡ ✇✐❧❧ ❡①❛♠✐♥❡ t❤❡ r❡❧❡✈❛♥t ♦♣t✐♠❛❧✐t② ♣r♦♣❡rt✐❡s✳ ❲❡ ❝♦♥str✉❝t ❛ ♥✉♠❜❡r ♦❢ ✐♥st❛♥❝❡s t❤❛t
♠❡❡t t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✷ ❜② ✈❛r②✐♥❣ N ❢r♦♠ ✺✵ t♦ ✶✵✵✱ fs ❢r♦♠ ✵✳✷ t♦ ✶✳✽✱ ❛♥❞ L ❢r♦♠ ✶✵✵ ♠
t♦ ✶✵✵✵ ♠✳ ❲❡ r✉♥ ❡❛❝❤ ✐♥st❛♥❝❡ ✇✐t❤ t❤❡ ❝♦♥tr♦❧ ♣❛r❛♠❡t❡rs ❛❣❛✐♥ s❡t t♦ t❤❡✐r ❡①tr❡♠❡ ✈❛❧✉❡s✱ ✐✳❡✳✱
(

a❢, ā❢, a❜, ā❜, v
)

= (a, ā, a, ā, v̄) ❛♥❞ ♦❜t❛✐♥ t❤❡ ♦✉t♣✉t tr❛❥❡❝t♦r② ✈❡❝t♦r P := P❙❍ (a, ā, a, ā, v̄)✳ ❚❤❡♥✱ ✇❡

♠❡❛s✉r❡ tr❛✈❡❧ t✐♠❡ T (P ) ✇✐t❤ ❊q✉❛t✐♦♥ ✭✸✮ ❛♥❞ t❤r♦✉❣❤♣✉t ✇✐t❤ ❊q✉❛t✐♦♥ ✭✹✮ ❢♦r ❡❛❝❤ ✐♥st❛♥❝❡✱ ❛♥❞ ✇❡
✉s❡ ❊q✉❛t✐♦♥s ✭✸✮ ❛♥❞ ✭✶✷✮ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ t❤❡♦r❡t✐❝❛❧ ❜♦✉♥❞s✳ ❋✐❣✉r❡ ✺ ❝♦♠♣❛r❡s t❤❡ ❙❍
s♦❧✉t✐♦♥ ♠❡❛s✉r❡s ✇✐t❤ t❤❡✐r t❤❡♦r❡t✐❝❛❧ ❜♦✉♥❞s ❢♦r ❛❧❧ ✐♥st❛♥❝❡s✳ ❲❡ s❡❡ t❤❛t ❢♦r ❡✈❡r② ✐♥st❛♥❝❡✱ t❤❡ ❙❍
s♦❧✉t✐♦♥s ❛r❡ ❡①❛❝t❧② ✐❞❡♥t✐❝❛❧ t♦ t❤❡✐r t❤❡♦r❡t✐❝❛❧ ❜♦✉♥❞s✳ ❚❤✐s ✈❡r✐✜❡s ❚❤❡♦r❡♠ ✸✳✶✳✷✳

✶✻



0 20 40
0

10

20

30

40

50

(a) Travel time comparison

T (s)

S
H

so
lu
ti
o
n
T

(s
)

0 500 1000
0

500

1000

(b) Throughput comparison

R̄ (veh/s)

S
H

so
lu
ti
o
n
R

(v
eh
/
s)

❋✐❣✉r❡ ✺✿ ❖♣t✐♠❛❧✐t② ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ❙❍ s♦❧✉t✐♦♥s ❛♥❞ t❤❡♦r❡t✐❝❛❧ ❜♦✉♥❞s✳

✹✳✷ ❋✉❡❧ ❈♦♥s✉♠♣t✐♦♥ ❊✈❛❧✉❛t✐♦♥ ❆❝❝✉r❛❝②

❚❤✐s s✉❜s❡❝t✐♦♥ t❡sts t❤❡ ❛❝❝✉r❛❝② ♦❢ ✉s✐♥❣ t❤❡ ❧♦♦❦✉♣ t❛❜❧❡ ❛♣♣r♦❛❝❤ ♣r♦♣♦s❡❞ ✐♥ ❙✉❜s❡❝t✐♦♥ ✸✳✷ t♦ ❛♣♣r♦①✲
✐♠❛t❡ t❤❡ ✐♥t❡❣r❛❧ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ♠❡❛s✉r❡ ✐♥ ♦❜❥❡❝t✐✈❡ ✭✺✮✳ ❚❤❡ ❧♦♦❦✉♣ t❛❜❧❡ ❝r❡❛t❡❞ ✐♥ t❤✐s st✉❞② ❤❛s
✷✾✺✸ ❝❡❧❧s ✐♥ t♦t❛❧✱ ✇✐t❤ ✶✾ ❧❡✈❡❧s ♦❢ s♣❡❡❞ v ✭❜❡t✇❡❡♥ ✵ ❛♥❞ ✸✻ ♠✴❤♦✉rs ❧❡✈❡❧s ✇✐t❤ ❛♥ ✐♥t❡r✈❛❧ ♦❢ ✷ ♠✴s✮✱
✷✶ ❧❡✈❡❧s ♦❢ ❧❡♥❣t❤ ls ✭❜❡t✇❡❡♥ ✵ ❛♥❞ ✷✵✵✵ ♠ ✇✐t❤ ❛♥ ✐♥t❡r✈❛❧ ♦❢ ✶✵✵ ♠✮✱ ❛♥❞ ✶✸ ❧❡✈❡❧s ♦❢ ❛❝❝❡❧❡r❛t✐♦♥ a
✭❜❡t✇❡❡♥ ✲✶✵ ❛♥❞ ✷ ♠✴s✷ ✇✐t❤ ❛♥ ✐♥t❡r✈❛❧ ♦❢ ✶ ♠✴s✷✮✳ ❲❡ ❣❡♥❡r❛t❡ t❤r❡❡ s❡ts ♦❢ ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r✐❡s ✇✐t❤

N = 50 ❜② ✈❛r②✐♥❣ ♣❛r❛♠❡t❡rs ✐♥ ❚❛❜❧❡ ✷✳ ❙♣❡❝✐✜❝❛❧❧②✱ t❤❡s❡ ♣❛r❛♠❡t❡r s❡ts ❛r❡✿ ✶✮ ā = ā❢ = ā❜ = 2 m/s2✱

a = a❢ = a❜ = −10 m/s2 ❛♥❞ v = 30 m/s❀ ✷✮ ā = ā❢ = ā❜ = 1 m/s2✱ a = a❢ = a❜ = −5 m/s2 ❛♥❞

v = 30 m/s❀ ❛♥❞ ✸✮ ā = ā❢ = ā❜ = 1 m/s2✱ a = a❢ = a❜ = −2 m/s2 ❛♥❞ v = 30 m/s✳ ❚❤❡ ❢✉❡❧ ❝♦♥s✉♠♣✲
t✐♦♥ ❛♠♦✉♥t ❢♦r ❡❛❝❤ ♦❢ t❤❡ ✶✺✵ tr❛❥❡❝t♦r✐❡s ✐♥ t❤❡ t❤r❡❡ t❡st s❡ts ✐s ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ ❜♦t❤ t❤❡ ❧♦♦❦✉♣ t❛❜❧❡
❛♣♣r♦❛❝❤ ❛♥❞ t❤❡ ♦r✐❣✐♥❛❧ ✐♥t❡❣r❛❧ ✭✇✐t❤ ❛ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛❧ ♠❡t❤♦❞✮✳ ❚❤❡ ❝♦♠♣❛r✐s♦♥ r❡s✉❧ts ❛r❡ ♣❧♦tt❡❞
✐♥ ❋✐❣✉r❡ ✻✳ ■t ✐s s❤♦✇♥ t❤❛t t❤❡ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ❛♠♦✉♥ts ❣❡♥❡r❛t❡❞ ❜② ❜♦t❤ ❛♣♣r♦❛❝❤❡s ❛r❡ ✈❡r② ❝❧♦s❡✳
❲❡ ✜♥❞ t❤❡✐r ❛✈❡r❛❣❡ ❡rr♦r ✐s ✵✳✹✸✪✱ ❛♥❞ t❤❡ ♠❛①✐♠✉♠ ❡rr♦r ✐s ✵✳✾✽✪✳ ❖❜✈✐♦✉s❧②✱ ✐♥❝r❡❛s✐♥❣ t❤❡ ♣❛r❛♠❡t❡r
❧❡✈❡❧s ✭♦r ❞❡❝r❡❛s✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥t❡r✈❛❧s✮ ✇✐❧❧ ❢✉rt❤❡r r❡❞✉❝❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r✳ ❈♦♥s✐❞❡r✐♥❣
t❤❛t t❤❡ ❡rr♦rs ♦❢ t❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ♠♦❞❡❧s ❛r❡ ✐♥ ❣❡♥❡r❛❧ ♠✉❝❤ ❧❛r❣❡r t❤❛♥ ✵✳✾✽✪✱ ✇❡
❞❡❡♠ t❤❛t t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥ ❛❝❝✉r❛❝② ♦❢ ✐s ❛❝❝❡♣t❛❜❧❡ ❛♥❞ s✉✣❝✐❡♥t✳ ❋♦r ❡✣❝✐❡♥❝②✱ t❤❡ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥
r❡s✉❧ts ✐♥ t❤❡ s✉❜s❡q✉❡♥t r❡s✉❧ts ❛r❡ ❛❧❧ ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ t❤❡ ❧♦♦❦✉♣ t❛❜❧❡ ❛♣♣r♦❛❝❤✳

✹✳✸ ❙✐♥❣❧❡ ❖❜❥❡❝t✐✈❡ ❖♣t✐♠✐③❛t✐♦♥

❚❤✐s s❡❝t✐♦♥ ❞❡♠♦♥str❛t❡s t❤❡ ♣r♦♣♦s❡❞ s✐♥❣❧❡ ♦❜❥❡❝t✐✈❡ ❛❧❣♦r✐t❤♠ ◆●✶✲✹✳ ❲❡✐❣❤ts wT ❛♥❞ wE ❝❛♥ ❜❡
❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❡q✉✐✈❛❧❡♥t ♠♦♥❡t❛r② ✈❛❧✉❡s ♦❢ tr❛✈❡❧ t✐♠❡ ❛♥❞ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥✱ ❛♥❞ ✇❡ s❡t wT = $20/hour
❛♥❞ wE = $1/liter✳ ❆❧s♦✱ ❊q✉❛t✐♦♥ ✭✶✺✮ ✐s ✉s❡❞ t♦ ✜♥❞ ❛ r♦❜✉st s❛❢❡t② ✇❡✐❣❤t wS ❢♦r t❤❡ s✐♥❣❧❡ ♦❜❥❡❝t✐✈❡
♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✶✸✮ ✉♥❞❡r ❛ s❡t ♦❢ ♣r♦❜❧❡♠ s❝❡♥❛r✐♦s I ✇✐t❤ ✻✹ ❢❛❝t♦r✐❛❧ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ✈❛r②✐♥❣
♣❛r❛♠❡t❡rs✿ ❢♦✉r ❧❡✈❡❧s ❢♦r ❝♦♥❣❡st✐♦♥ ✭s❛t✉r❛t✐♦♥ r❛t❡ fs❂✵✳✻✱ ✵✳✾✱ ✶✳✷✱ ❛♥❞ ✶✳✺✮✱ ❢♦✉r ❧❡✈❡❧s ❢♦r s❡❣♠❡♥t
❧❡♥❣t❤ L ✭✶✵✵✵✱ ✶✺✵✵✱ ✷✵✵✵✱ ✷✺✵✵ ♠❡t❡rs✮✱ ❛♥❞ ❢♦✉r ❧❡✈❡❧s ❢♦r s✐❣♥❛❧ ❝②❝❧❡ ❧❡♥❣t❤s C ✭✷✵✱ ✹✵✱ ✻✵ ❛♥❞ ✽✵
s❡❝♦♥❞s✳ ❲❡ s❡t G = R = C/2 ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣❡r✐♠❡♥ts✮✳ ❲❡ ❛❧s♦ ❧✐♠✐t wS ∈ [0, 0.6] ✇✐t❤ ❛ ✐♥❝r❡♠❡♥t❛❧
✐♥t❡r✈❛❧ ♦❢ ✵✳✵✺✳ ❚❤✐s r❛♥❣❡ ❧✐♠✐ts s❛❢❡t② t❡r♠ wSS(P ) ❢r♦♠ ❜❡✐♥❣ ♦✉t ♦❢ ♣r♦♣♦rt✐♦♥ t♦ t❤❡ ♦t❤❡r t✇♦ t❡r♠s
wTT (P ) ❛♥❞ wEE(P ) ✐♥ ♦❜❥❡❝t✐✈❡ ✭✶✹✮✳ ❚❤❡ r❡s✉❧ts ♦❢ ❛✈❡r❛❣❡ r❡❧❛t✐✈❡ ❞✐✛❡r❡♥❝❡ ✭✶✺✮ ❛❝r♦ss ❛❧❧ wS ✈❛❧✉❡s
❛r❡ ♣❧♦tt❡❞ ✐♥ ❋✐❣✉r❡ ✼✳ ❲❡ ♥♦t✐❝❡ t❤❛t ✇❤❡♥ wS❁0.1✱ t❤❡ ❛✈❡r❛❣❡ r❡❧❛t✐✈❡ ❞✐✛❡r❡♥❝❡s ❛r❡ ♠✉❝❤ ❧❛r❣❡r t❤❛♥
♦t❤❡r ❝❛s❡s✳ ❲❤❡♥ wS ≥ 0.1✱ t❤❡ ❛✈❡r❛❣❡ r❡❧❛t✐✈❡ ❞✐✛❡r❡♥❝❡s ♠❛✐♥t❛✐♥ ❛t s✐♠✐❧❛r s♠❛❧❧ ❧❡✈❡❧s✱ ✐♠♣❧②✐♥❣ t❤❛t
❛♥② wS ∈ [0.1, 0.6] ❝❛♥ ❜❡ ❛ r♦❜✉st s❛❢❡t② ✇❡✐❣❤t ❢♦r s✐♥❣❧❡ ♦❜❥❡❝t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✶✸✮✳ ❚❤❡r❡❢♦r❡
✇❡ s❡t wS = 0.1 ✐♥ t❤✐s st✉❞②✳

❲✐t❤ ❛❧❧ ✇❡✐❣❤ts ❞❡t❡r♠✐♥❡❞✱ ✇❡ ❛r❡ r❡❛❞② t♦ t❡st ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠ ◆●✶✲✹✳ ❚❤❡ ❛❝❝❡❧❡r❛t✐♦♥
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C✭s❡❝✮ L✭♠✮ fs TNG ✭s❡❝✮ M I✭✩✮ M∗✭✩✮ MGA✭✩✮
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❆✈❡r❛❣❡ ✶✹✳✶✻✪ ✲✵✳✹✽✪

❚❛❜❧❡ ✸✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ r❡s✉❧ts ✇✐t❤ ◆● ❛♥❞ ●❆✳ ◆♦t❡s✿ M I ✐s t❤❡ ❜❡st ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡ ❢r♦♠
t❤❡ t❤r❡❡ ✐♥✐t✐❛❧ s♦❧✉t✐♦♥s❀ M∗ ❛♥❞ MGA ❛r❡ t❤❡ ♦♣t✐♠❛❧ ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡s ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ◆● ❛❧❣♦r✐t❤♠
❛♥❞ t❤❡ ●❆ ❛❧❣♦r✐t❤♠✱ r❡s♣❡❝t✐✈❡❧②❀ TNG ✐s t❤❡ s♦❧✉t✐♦♥ t✐♠❡ ❢r♦♠ t❤❡ ◆● ❛❧❣♦r✐t❤♠✳

♣❛r❛♠❡t❡rs ā❢1, ā
❜
1 ✐s ❜♦✉♥❞❡❞ ❜② [0, ā = 2] ♠✴s✷✱ ❞❡❝❡❧❡r❛t✐♦♥ a❢1, a

❜
1 ❜② [a = −10, 0] ♠✴s✷ ❛♥❞ ❝r✉✐s✐♥❣

s♣❡❡❞ v1 ❜② [9, v̄ = 36] ♠✴s ✭[20, 80] ♠♣❤✮✳ ❚♦ ❡①♣❡❞✐t❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ ✐♠♣r♦✈❡ t❤❡ ✜♥❛❧ s♦❧✉t✐♦♥
q✉❛❧✐t②✱ ❢♦r ❡❛❝❤ ✐♥st❛♥❝❡✱ t❤❡ ◆● ❛❧❣♦r✐t❤♠ st❛rts ❛t t❤r❡❡ s❡❧❡❝t❡❞ ✐♥✐t✐❛❧ s♦❧✉t✐♦♥s ✐♥ ♣❛r❛❧❧❡❧✳ ❚❤❡s❡ t❤r❡❡

✐♥✐t✐❛❧ s♦❧✉t✐♦♥s ❛r❡ ✶✮ ā❢ = ā❜ = 1 m/s2✱ a❢ = a❜ = −2 m/s2✱ v = 30 m/s❀ ✷✮ ā❢ = ā❜ = 1 m/s2✱

a❢ = a❜ = −5 m/s2✱ v = 30 m/s ❛♥❞ ✸✮ ā❢ = ā❜ = 1.5 m/s2✱ a❢ = a❜ = −7 m/s2✱ v = 30 m/s✳ ❚❤❡ ❜❡st
s♦❧✉t✐♦♥ ❛♠♦♥❣ t❤❡s❡ t❤r❡❡ t❤r❡❛❞s ✇✐❧❧ ❜❡ s❡❧❡❝t❡❞ ❛s t❤❡ ♥❡❛r✲♦♣t✐♠✉♠ ✜♥❛❧ s♦❧✉t✐♦♥ ❢♦r t❤✐s ✐♥st❛♥❝❡✳

❋✐❣✉r❡ ✽ s❤♦✇s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ◆● ❛❧❣♦r✐t❤♠ ♦♥ ❢♦✉r ❡①❛♠♣❧❡s ✇✐t❤ ❞✐✛❡r❡♥t fs✱ L✱
❛♥❞ C ✈❛❧✉❡s✳ ■♥ ❛❧❧ ❢♦✉r ❡①❛♠♣❧❡s✱ ✇❡ s❡❡ t❤❛t s②st❡♠ ♦❜❥❡❝t✐✈❡ M(P ) ❞r♦♣s s✐❣♥✐✜❝❛♥t❧② ✇✐t❤✐♥ t❤❡ ✜rst ✻
t♦ ✽ ✐t❡r❛t✐♦♥s ❛♥❞ t❤❡♥ st❛②s r❡❧❛t✐✈❡❧② st❛❜❧❡ ❛❢t❡r✇❛r❞s✳ ❇❛s❡❞ ♦♥ t❤✐s ♦❜s❡r✈❛t✐♦♥✱ t❤❡ ❛❧❣♦r✐t❤♠ ✐t❡r❛t✐♦♥
♥✉♠❜❡r ❝❛♥ ❜❡ ❧✐♠✐t❡❞ t♦ ❛ s♠❛❧❧ ✈❛❧✉❡ ✭❡✳❣✳✱ ✶✵✮ t♦ s✉✣❝❡ t❤❡ r❡q✉✐r❡♠❡♥t ✐♥ t❤❡ r❡❛❧✲t✐♠❡ ❛♣♣❧✐❝❛t✐♦♥s ✇❤✐❧❡
♠❛✐♥t❛✐♥✐♥❣ t❤❡ s♦❧✉t✐♦♥ q✉❛❧✐t②✳ ❚❛❜❧❡ ✸ s✉♠♠❛r✐③❡s t❤❡ ◆● ❛❧❣♦r✐t❤♠✬s s♦❧✉t✐♦♥ ❡✣❝✐❡♥❝② ❛♥❞ q✉❛❧✐t② ✇✐t❤
t❤❡ ✐t❡r❛t✐♦♥ ❧✐♠✐t ♦❢ ✶✵✳ ❲❡ s❡❡ t❤❛t t❤❡ s♦❧✉t✐♦♥s t✐♠❡s ♦❢ t❤❡ ◆● ❛❧❣♦r✐t❤♠ ❢♦r ❛❧❧ ❡✐❣❤t t❡st ✐♥st❛♥❝❡s ❛r❡
❜❡❧♦✇ ✶✸ s❡❝♦♥❞s ❛♥❞ t❤❡ ❛✈❡r❛❣❡ ✐s ❛✈❡r❛❣❡❧②■t ✐s ❡❛s② t♦ ✉♥❞❡rst❛♥❞ s✐♥❝❡ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ r❛t❡s ❛r❡ ❤✐❣❤❡r
✇❤❡♥ ✈❡❤✐❝❧❡ s♣❡❡❞s ❛r❡ ❤✐❣❤❡r ♦♥ t❤❡ ❜❛s✐s ♦❢ t❤❡ ❱❚✲▼✐❝r♦ ♠♦❞❡❧ ❛s s❤♦✇♥ ✐♥ ❊q✉❛t✐♦♥ ✭✻✮✳ ❧❡ss ✶✵ s❡❝♦♥❞s✳
◆♦t❡ t❤❛t t❤✐s t✐♠❡ ✐s ♦♥❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❧♦✇❡r t❤❛♥ t❤❡ ♣❧❛♥♥✐♥❣ ♣❡r✐♦❞ ❢♦r ❛❧❧ ✺✵ ✈❡❤✐❝❧❡s ✭❛r♦✉♥❞ ✶✵✵
s❡❝♦♥❞s✮✳ ❚❤✐s ❡✣❝✐❡♥❝② ❝❛♥ ❜❡ ❢✉rt❤❡r ✐♠♣r♦✈❡❞ ✐❢ ❤✐❣❤✲♣❡r❢♦r♠❛♥❝❡ ❝♦♠♣✉t❡rs ✇✐t❤ ♠✉❧t✐♣❧❡ ❈P❯s ❛r❡
✉s❡❞✳ ❚❤✐s ♣r♦✈❡s t❤❛t t❤❡ ◆● ❛❧❣♦r✐t❤♠ ✐s ❢❛st ❡♥♦✉❣❤ ❢♦r r❡❛❧✲t✐♠❡ ❛♣♣❧✐❝❛t✐♦♥s✳ ❚❛❜❧❡ ✸ ❛❧s♦ s❤♦✇s t❤❡
◆● ❛❧❣♦r✐t❤♠ s✐❣♥✐✜❝❛♥t❧② ✐♠♣r♦✈❡s t❤❡ ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡ ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ s♦❧✉t✐♦♥s✱ ✇✐t❤ ❛♥ ❛✈❡r❛❣❡ ♦❢ ✶✹✳✶✻✪
✐♠♣r♦✈❡♠❡♥t✳ ❲❡ ❛❧s♦ ❝♦♠♣❛r❡ t❤❡ ◆● ❛❧❣♦r✐t❤♠✬s ♣❡r❢♦r♠❛♥❝❡ ✇✐t❤ t❤❛t ♦❢ t❤❡ tr❛❞✐t✐♦♥❛❧ ●❆ ❛❧❣♦r✐t❤♠✳
●❆ t❛❦❡s ♦✈❡r ✶✵ ♠✐♥✉t❡s t♦ s♦❧✈❡ ❛ s✐♥❣❧❡ ✐♥st❛♥❝❡ ✇✐t❤ ❛ ♣♦♣✉❧❛t✐♦♥ ♦❢ ✺✵ ❛♥❞ ❛ ♣r❡✲s❡t ✐♥t❡r❛t✐♦♥ ♥✉♠❜❡r
♦❢ ✸✵✵✱ ❛♥❞ ❛♣♣❛r❡♥t❧② ✐t ✐s ♥♦t s✉✐t❛❜❧❡ ❢♦r r❡❛❧✲t✐♠❡ ❛♣♣❧✐❝❛t✐♦♥s✳ ❲❡ s❡❡ t❤❛t ❛t t❤❡ ♦❜❥❡❝t✐✈❡s ❢r♦♠ t❤❡s❡
t✇♦ ❛❧❣♦r✐t❤♠s ❛r❡ ♥♦t st❛t✐st✐❝❛❧❧② ❞✐✛❡r❡♥t✳ ❚❤✐s ✐♥❞✐❝❛t❡s t❤❛t ♦♥ ❛✈❡r❛❣❡✱ t❤❡ ◆● ❛❧❣♦r✐t❤♠ ❝❛♥ ♦❜t❛✐♥
s♦❧✉t✐♦♥s ❛s ❣♦♦❞ ❛s t❤♦s❡ ❢r♦♠ t❤❡ tr❛❞✐t✐♦♥❛❧ ●❆ ❛❧❣♦r✐t❤♠ ✱ ❛♥❞ t❤❡ ◆● s♦❧✉t✐♦♥ ♦♣t✐♠❛❧✐t② ✐s r❡❧❛t✐✈❡❧②
r♦❜✉st✳

❋✐❣✉r❡ ✾ ✐❧❧✉str❛t❡s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡s ♦❢ ❢♦✉r ❛❝❝❡❧❡r❛t✐♦♥ ✈❛r✐❛❜❧❡s ā❢, a❢, ā❜, a❜ ❛❝r♦ss
❛❧❧ ✻✹ t❡st ✐♥st❛♥❝❡s✳ ❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡s ❢♦r ❡❛❝❤ ❛❝❝❡❧❡r❛t✐♦♥ ✈❛r✐❛❜❧❡ ❛r❡ ❝❧✉st❡r❡❞ ✇✐t❤✐♥
❛ r❡❧❛t✐✈❡❧② ♥❛rr♦✇ r❛♥❣❡✳ ❚❤❡ ♣r❛❝t✐❝❛❧ ✐♠♣❧✐❝❛t✐♦♥ ♦❢ t❤✐s ♦❜s❡r✈❛t✐♦♥ ✐s t❤❛t ✇✐t❤ ❧❡ss str✐♥❣❡♥t r❡q✉✐r❡✲
♠❡♥ts ♦❢ ❛❜s♦❧✉t❡ ♠❛t❤❡♠❛t✐❝❛❧ ♦♣t✐♠❛❧✐t② ♦r ❧✐♠✐t❡❞ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡s ✐♥ ❡♥❣✐♥❡❡r✐♥❣ ♣r❛❝t✐❝❡s✱ t❤❡
❛❝❝❡❧❡r❛t✐♦♥ ✈❛❧✉❡s ♠❛② ❜❡ ❞✐r❡❝t❧② s❡❧❡❝t❡❞ ❢r♦♠ t❤❡s❡ r❛♥❣❡s ✭❡✳❣✳✱ ❜❛s❡❞ ♦♥ tr❛✣❝ st❛t❡s ❛♥❞ ✐♥❢r❛str✉❝✲
t✉r❡ ❢❡❛t✉r❡s✮✳ ❚❤✐s ✇♦✉❧❞ ♦❜✈✐❛t❡ t❤❡ ♥❡❡❞ ❢♦r ✐t❡r❛t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ t❤✉s ❢✉rt❤❡r ✐♠♣r♦✈❡ r❡❛❧✲t✐♠❡
✐♠♣❧❡♠❡♥t❛t✐♦♥ ❡✣❝✐❡♥❝②✳ ◆♦♥❡t❤❡❧❡ss✱ ❛ ❝❧♦s❡r ❧♦♦❦ ❞♦❡s r❡✈❡❛❧ ✈✐s✐❜❧❡ ❞✐s♣❡rs✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡s ❢♦r

❡❛❝❤ ❛❝❝❡❧❡r❛t✐♦♥ ✇✐t❤✐♥ ✐ts r❛♥❣❡✳ ❋♦r ❡①❛♠♣❧❡✱ ✇❤✐❧❡ t❤❡ ♠♦st ❢r❡q✉❡♥t ♦♣t✐♠❛❧ ā❢ ✈❛❧✉❡ ✐s ❛r♦✉♥❞ ✶ ♠✴s2✱

t❤❡r❡ ❛r❡ st✐❧❧ ♠♦r❡ t❤❛♥ ✷✵ ✐♥st❛♥❝❡s ✐♥ ✇❤✐❝❤ t❤❡ ♦♣t✐♠❛❧ ā❢ ✈❛❧✉❡s ❛r❡ ❜❡t✇❡❡♥ ✶✳✺ ❛♥❞ ✷ ♠✴s2✳ ■♥ t❤✐s
r❡❣❛r❞✱ ✇❤❡♥ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡s ❛r❡ ❛❜✉♥❞❛♥t✱ ✐t❡r❛t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥ s❤❛❧❧ ❢✉rt❤❡r ✐♠♣r♦✈❡ t❤❡ s♦❧✉t✐♦♥
♦♣t✐♠❛❧✐t② ❛♥❞ ❜r✐♥❣ ♠♦r❡ s❛✈✐♥❣s✳

■t ✐s ❛❧s♦ ❢♦✉♥❞ t❤❛t t❤❡ ♦♣t✐♠❛❧ v ✈❛❧✉❡ ✐s q✉✐t❡ ❝♦♥s❇② ✐♥t❡❣r❛t✐♥❣ ❤✉♠❛♥ ❞r✐✈❡r ❝❛r✲❢♦❧❧♦✇✐♥❣ ❛♥❞ ❧❛♥❡✲
❝❤❛♥❣✐♥❣ ❜❡❤❛✈✐♦r✱ t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ❛❧s♦ ✉s❡❞ t♦ ✐♥✈❡st✐❣❛t❡ ♠✐①❡❞ tr❛✣❝ ✇✐t❤ ❞✐✛❡r❡♥t ❈❆❱

✶✾



✭❛✮ C = 20s✱ L = 1500m✱ fs = 1.5 ✭❜✮ C = 40s✱ L = 2500m✱ fs = 1.2

✭❝✮ C = 60s✱ L = 2000m✱ fs = 1.0 ✭❞✮ C = 80s✱ L = 1500m✱ fs = 1.0

❋✐❣✉r❡ ✽✿ ❆❧❣♦r✐t❤♠ ❡✣❝✐❡♥❝② ✇✐t❤ ❢♦✉r s❡ts ♦❢ s②st❡♠ ♣❛r❛♠❡t❡rs✳

✷✵



❋✐❣✉r❡ ✾✿ ❉✐str✐❜✉t✐♦♥ ♦❢ ❢♦✉r ❛❝❝❡❧❡r❛t✐♦♥ ✈❛❧✉❡s✳

♠❛r❦❡t ♣❡♥❡tr❛t✐♦♥ r❛t❡s✳ ✐st❡♥t ❛❝r♦ss ❞✐✛❡r❡♥t s❝❡♥❛r✐♦s✱ ✇✐t❤ ❛ ♠❡❛♥ ♦❢ ✷✽ ♠✴s ❛♥❞ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥
♦❢ ✷✳✻✺ ♠✴s✳ ❚❤✐s ✐s ♣r♦❜❛❜❧② ❜❡❝❛✉s❡ ❧❛r❣❡r v ✈❛❧✉❡s ♠❛② ❝❛✉s❡ ❧❛r❣❡r s♣❡❡❞ ♦s❝✐❧❧❛t✐♦♥✱ t❤❡r❡❜② ♠♦r❡ ❢✉❡❧
❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ❧❛r❣❡r ✐❚❚❈✳ ❙♠❛❧❧❡r v ✈❛❧✉❡s ♠❛② ❝❛✉s❡ r❡❧❛t✐✈❡❧② s❧♦✇ ✈❡❤✐❝❧❡s ♠♦✈❡♠❡♥ts ❛♥❞ ✐♥❝r❡❛s❡
t❤❡ t♦t❛❧ tr❛✈❡❧ t✐♠❡✳ ■♥ r❡❛❧ ✇♦r❧❞ ❛♣♣❧✐❝❛t✐♦♥s✱ t❤❡ v ✈❛❧✉❡s ❝❛♥ ❜❡ ❛❝t✉❛❧❧② ✜①❡❞ t♦ ❛ ❝❡rt❛✐♥ ✈❛❧✉❡ ✭❡✳❣✳✱
✷✽ ♠✴s✮ t♦ ❢✉rt❤❡r ✐♠♣r♦✈❡ t❤❡ ❛❧❣♦r✐t❤♠ ❡✣❝✐❡♥❝② ✇✐t❤♦✉t ♠✉❝❤ ❛✛❡❝t✐♥❣ t❤❡ ♦♣t✐♠❛❧✐t② r❡s✉❧ts✳

❋✐❣✉r❡ ✶✵ ❝♦♠♣❛r❡s t❤❡ t❤❡♦r❡t✐❝❛❧❧② ❧♦✇❡r✲❜♦✉♥❞ tr❛✈❡❧ t✐♠❡ ✈❛❧✉❡s T ✭❊q✉❛t✐♦♥ ✭✶✮✮ ✇✐t❤ t❤❡ tr❛✈❡❧
t✐♠❡ ✈❛❧✉❡s T ✐♥ t❤❡ ♦♣t✐♠✐③❡❞ r❡s✉❧ts ❛❝r♦ss ❛❧❧ ■t ✐s ❡❛s② t♦ ✉♥❞❡rst❛♥❞ s✐♥❝❡ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ r❛t❡s ❛r❡
❤✐❣❤❡r ✇❤❡♥ ✈❡❤✐❝❧❡ s♣❡❡❞s ❛r❡ ❤✐❣❤❡r ♦♥ t❤❡ ❜❛s✐s ♦❢ t❤❡ ❱❚✲▼✐❝r♦ ♠♦❞❡❧ ❛s s❤♦✇♥ ✐♥ ❊q✉❛t✐♦♥ ✭✻✮✳✻✹
✐♥st❛♥❝❡s✳ ■t s❤♦✇s t❤❛t t❤❡ ♦♣t✐♠❛❧ tr❛✈❡❧ t✐♠❡ T ✈❛❧✉❡s✱ ❞❡s♣✐t❡ ❝♦♥✢✐❝t✐♥❣ ✇✐t❤ t❤❡ ♦t❤❡r t✇♦ ♦❜❥❡❝t✐✈❡s
✭❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ E ❛♥❞ s❛❢❡t② S✮✱ ❛r❡ st✐❧❧ ✈❡r② ❝❧♦s❡ t♦ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ ❜♦✉♥❞s T ✳ ❚❤✐s ✐♥❞✐❝❛t❡s t❤❛t
t❤❡ tr❛❥❡❝t♦r✐❡s ❝♦♥str✉❝t❡❞ ❜② t❤❡ ❙❍✲❜❛s❡❞ ♦♣t✐♠✐③❛t✐♦♥ ❢r❛♠❡✇♦r❦ ❛❧✇❛②s ②✐❡❧❞ ♥❡❛r✲♦♣t✐♠✉♠ tr❛✈❡❧ t✐♠❡
♦❜❥❡❝t✐✈❡ ✈❛❧✉❡s ✭❛♥❞ t❤✉s ♥❡❛r✲♦♣t✐♠✉♠ t❤r♦✉❣❤♣✉t ✈❛❧✉❡s✱ t♦♦✮✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ✇❡ ♠❛② s✐♠♣❧② ✜① ❡❛❝❤
✈❡❤✐❝❧❡✬s ❡①✐t t✐♠❡ ❛❝❝♦r❞✐♥❣ t♦ ✐ts ♠✐♥✐♠✉♠ tr❛✈❡❧ t✐♠❡ T ✱ ❛♥❞ ❢♦❝✉s tr❛❥❡❝t♦r② ♦♣t✐♠✐③❛t✐♦♥ ♦♥ ♦♥❧② ❢✉❡❧
❝♦♥s✉♠♣t✐♦♥ ❛♥❞ s❛❢❡t② ♦❜❥❡❝t✐✈❡s✳

❚❛❜❧❡ ✹ s❤♦✇s t❤❡ ✐♠♣r♦✈❡♠❡♥ts ♦❢ t❤❡ ♦♣t✐♠❛❧ ◆● s♦❧✉t✐♦♥s ♦✈❡r t❤❡ ❜❡♥❝❤♠❛r❦ ♠❛♥✉❛❧ ❞r✐✈✐♥❣✳ ❲❡
s❡❡ t❤❛t t❤❡ t♦t❛❧ s②st❡♠ ♣❡r❢♦r♠❛♥❝❡ ❝❛♥ ✐♠♣r♦✈❡ ❜② ✸✼✳✺✶✪ ♦♥ ❛✈❡r❛❣❡ t❤r♦✉❣❤ ❈❆❱ ❝♦♥tr♦❧✱ ✇✐t❤ tr❛✈❡❧
t✐♠❡ ✐♠♣r♦✈❡❞ ❜② ✷✷✳✺✾✪✱ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ❜② ✷✽✳✵✾✪✱ ❛♥❞ s❛❢❡t② ❜② ✻✼✳✹✸✪✳ ◆♦t❡ t❤❛t t❤❡s❡ r❡s✉❧ts ♦♥❧②
❢❛❝t♦r ✐♥ t❤❡ ❡✛❡❝t ♦❢ tr❛❥❡❝t♦r② s♠♦♦t❤✐♥❣✳ ■❢ ❢✉rt❤❡r ❡♥❤❛♥❝❡♠❡♥ts ❢r♦♠ ♦t❤❡r ❛❞✈❛♥t❛❣❡♦✉s ❈❆❱ ❢❡❛t✉r❡s
✭❡✳❣✳✱ r❡❞✉❝❡❞ ❤❡❛❞✇❛②✮ ❛r❡ ❝♦♥s✐❞❡r❡❞✱ t❤❡ ❜❡♥❡✜ts ❝❛♥ ❜❡ ♠✉❝❤ ♠♦r❡ t❤❛♥ t❤♦s❡ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s t❛❜❧❡✳
❚❤✐s ❞❡♠♦♥str❛t❡s t❤❡ ❈❆❱ t❡❝❤♥♦❧♦❣✐❡s✱ ✐❢ ♣r♦♣❡r❧② ✉t✐❧✐③❡❞✱ ❝❛♥ s✐❣♥✐✜❝❛♥t❧② ✐♠♣r♦✈❡ tr❛✣❝ ♣❡r❢♦r♠❛♥❝❡
✐♥ ❛❧❧ ♠❡❛s✉r❡s✳

✷✶



❋✐❣✉r❡ ✶✵✿ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ♦♣t✐♠❛❧ tr❛✈❡❧ t✐♠❡ ❛♥❞ ♠✐♠✐♠✉♠ tr❛✈❡❧ t✐♠❡✳

C✭s✮ L✭♠✮ fs MB✭✩✮ TB✭❤r✮ EB✭❧✐t❡r✮ SB M∗✭✩✮ T ∗✭❤r✮ E∗✭❧✐t❡r✮ S∗ ∆M ∆T ∆E ∆S
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❆✈❡r❛❣❡ ✸✼✳✺✶✪ ✷✷✳✺✾✪ ✷✽✳✵✾✪ ✻✼✳✹✸✪

❚❛❜❧❡ ✹✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❈❆❱ tr❛✣❝ ♣❡r❢♦r♠❛♥❝❡ ✇✐t❤ t❤❡ ❜❡♥❝❤♠❛r❦ ♠❛♥✉❛❧ tr❛✣❝ ✭❜② ❛♣♣❧②✐♥❣ ■❉▼✮
♣❡r❢♦r♠❛♥❝❡✳ ◆♦t❡s✿ MB ✐s t❤❡ ❜❡♥❝❤♠❛r❦ t♦t❛❧ s②st❡♠ ♣❡r❢♦r♠❛♥❝❡❀ TB ✐s ❜❡♥❝❤♠❛r❦ s②st❡♠ tr❛✈❡❧ t✐♠❡❀
EB ✐s ❜❡♥❝❤♠❛r❦ s②st❡♠ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥❀ SB ✐s ❜❡♥❝❤♠❛r❦ s②st❡♠ s❛❢❡t② ♣❡r❢♦r♠❛♥❝❡❀ M∗✐s t❤❡ ♦♣t✐♠❛❧
t♦t❛❧ s②st❡♠ ♣❡r❢♦r♠❛♥❝❡❀ T ∗✐s ♦♣t✐♠❛❧ s②st❡♠ tr❛✈❡❧ t✐♠❡❀ E∗✐s ♦♣t✐♠❛❧ s②st❡♠ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥❀ S∗✐s
♦♣t✐♠❛❧ s②st❡♠ s❛❢❡t② ♣❡r❢♦r♠❛♥❝❡❀ ∆M ✐s ♣❡r❝❡♥t ✐♠♣r♦✈❡♠❡♥t ♦❢ t♦t❛❧ s②st❡♠ ♣❡r❢♦r♠❛♥❝❡❀ ∆T ✐s ♣❡r❝❡♥t
✐♠♣r♦✈❡♠❡♥t ♦❢ s②st❡♠ tr❛✈❡❧ t✐♠❡❀ ∆E ✐s ♣❡r❝❡♥t ✐♠♣r♦✈❡♠❡♥t ♦❢ s②st❡♠ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥❀ ∆S ✐s ♣❡r❝❡♥t
✐♠♣r♦✈❡♠❡♥t ♦❢ s②st❡♠ s❛❢❡t② ♣❡r❢♦r♠❛♥❝❡✳

✷✷



❋✐❣✉r❡ ✶✶ ♣r❡s❡♥ts t❤❡ st❛t✐st✐❝❛❧ r❡s✉❧ts ✭✐✳❡✳✱ t❤❡ ❜♦① ♣❧♦ts✮ ♦♥ t❤❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ✐♠✲
♣r♦✈❡♠❡♥t ✭❈❆❱ tr❛✣❝ ✈✳s✳ ♠❛♥✉❛❧ tr❛✣❝✮ t♦ L✱ C✱ ❛♥❞ fs ✈❛❧✉❡s ✇✐t❤ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ r❡s✉❧ts ❢r♦♠ ❛❧❧
✻✹ s❝❡♥❛r✐♦s I✳ ❚❤❡ ①✲❛①✐s ✐♥❞✐❝❛t❡s t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t✇♦ ❞✐✛❡r❡♥t s②st❡♠ ♣❛r❛♠❡t❡rs ❛♠♦♥❣ L✱ C✱ ❛♥❞
fs✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ✏✸✳✶✑ ✐♥ ❋✐❣✉r❡ ✶✶✭❛✮ ♠❡❛♥s t❤❡ s❝❡♥❛r✐♦ ♦❢ s❡❣♠❡♥t ❧❡♥❣t❤ ❧❡✈❡❧ ✏✸✑ ✭L ❂ ✶✺✵✵ ♠✮
❛♥❞ ❝②❝❧❡ ❧❡♥❣t❤ ❧❡✈❡❧ ✏✶✑ ✭C = 20 s❡❝✮✳ ❋✐❣✉r❡s ✶✶✭❛✮ ❛♥❞ ✶✶✭❝✮ s❤♦✇ t❤❛t t❤❡ ♣❡r❢♦r♠❛♥❝❡ ✐♠♣r♦✈❡♠❡♥t
✐♥❝r❡❛s❡s s✐❣♥✐✜❝❛♥t❧② ❛s t❤❡ ❝②❝❧❡ ❧❡♥❣t❤ ❣♦❡s ❞♦✇♥✳ ❚❤✐s ✐s ♣r♦❜❛❜❧② ❜❡❝❛✉s❡ s♠❛❧❧❡r ❝②❝❧❡ ❧❡♥❣t❤s ♠❛②
r❡s✉❧t ✐♥ ♠♦r❡ st♦♣✲❛♥❞✲❣♦ ♣❛tt❡r♥s ❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥ ✐♥ t❤❡ ♠❛♥✉❛❧ tr❛✣❝✱ ❛♥❞ t❤❡ ♦♣t✐♠✐③❡❞ tr❛❥❡❝t♦✲
r✐❡s ❤❛✈❡ ♠♦r❡ r♦♦♠ t♦ ✐♠♣r♦✈❡ ❜② s♠♦♦t❤✐♥❣ ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r✐❡s ❛♥❞ ♠✐t✐❣❛t✐♥❣ t❤❡ st♦♣✲❛♥❞✲❣♦ ♣❛tt❡r♥s✳
❇❛s❡❞ ♦♥ ❋✐❣✉r❡s ✶✶✭❜✮ ❛♥❞ ✶✶✭❝✮✱ ✇❡ ✜♥❞ t❤❛t t❤❡ ♣❡r❝❡♥t ✐♠♣r♦✈❡♠❡♥ts ❛t t❤❡ ♠❡❞✐✉♠ s❛t✉r❛t✐♦♥ ❧❡✈❡❧s
✭fs❂ ✵✳✾ ♦r ✶✳✷✮ ❛r❡ ❧❛r❣❡r t❤❛♥ t❤♦s❡ ❛t t❤❡ ❧♦✇ s❛t✉r❛t✐♦♥ ❧❡✈❡❧ ✭fs ❂ ✵✳✻✮ ❛♥❞ ❤✐❣❤ s❛t✉r❛t✐♦♥ ❧❡✈❡❧ ✭fs ❂
✶✳✺✮✳ ❚❤✐s ✐s ♣r♦❜❛❜❧② ❜❡❝❛✉s❡ ✇❤❡♥ t❤❡ s❛t✉r❛t✐♦♥ r❛t❡ ✐s ❧♦✇✱ t❤❡r❡ ❛r❡ ♣♦t❡♥t✐❛❧❧② ❧❡ss st♦♣✲❛♥❞✲❣♦ tr❛✣❝
❛♥❞ t❤✉s t❤❡ ✐♠♣r♦✈❡♠❡♥t ✐s s♠❛❧❧❡r❀ ❛♥❞ ✇❤❡♥ t❤❡ s❛t✉r❛t✐♦♥ r❛t❡ ✐s ❤✐❣❤✱ t❤❡r❡ ❛r❡ ❧❡ss r♦♦♠ ❢♦r ❈❆❱ t♦
♠❛♥✐♣✉❧❛t❡ t❤❡ tr❛❥❡❝t♦r✐❡s ❛♥❞ ♠❛❦❡ ❢✉rt❤❡r ✐♠♣r♦✈❡♠❡♥t✳ ❋✐❣✉r❡ ✶✶✭❛✮ ❛❧s♦ s❤♦✇s t❤❛t t❤❡r❡ ✐s ♥♦ ❝❧❡❛r
tr❡♥❞ ♦❢ t❤❡ ❡✛❡❝t ♦❢ s❡❣♠❡♥t ❧❡♥❣t❤ L ♦♥ t❤❡ ♣❡r❝❡♥t ✐♠♣r♦✈❡♠❡♥t✳ ❚❤✐s ♠❡❛♥s t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠ ❝❛♥
❜❡ ♣♦t❡♥t✐❛❧❧② ❛♣♣❧✐❡❞ t♦ ❛ ❧❛r❣❡ r❛♥❣❡ ♦❢ r♦❛❞✇❛② s❡❣♠❡♥ts ✇✐t❤ s✐♠✐❧❛r ❡✛❡❝ts✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✇❡ ♥♦t✐❝❡ t❤❛t✱
✉♥❞❡r ❞✐✛❡r❡♥t s❡❣♠❡♥t ❧❡♥❣t❤s L ✭❋✐❣✉r❡ ✶✶✭❛✮✮ ❛♥❞ s❛t✉r❛t✐♦♥ r❛t❡s fs ✭❋✐❣✉r❡ ✶✶✭❛✮✮✱ t❤❡r❡ ❛r❡ s✐♠✐❧❛r
❞❡❝r❡❛s✐♥❣ ♣❛tt❡r♥s ♦❢ s②st❡♠ ♣❡r❢♦r♠❛♥❝❡ ❛s ❝②❝❧❡ ❧❡♥❣t❤ L ✐♥❝r❡❛s❡s✳ ❚❤✐s ✐♠♣❧✐❡s ♥♦ ♦❜✈✐♦✉s ✐♥t❡r❛❝t✐♦♥
❡✛❡❝ts ❜❡t✇❡❡♥ C ❛♥❞ ❡✐t❤❡r ♦❢ L ♦r fs✳

❋✐♥❛❧❧②✱ t♦ ❣✐✈❡ ❛♥ ✐♠♣r❡ss✐♦♥ ♦❢ t❤❡ tr❛❥❡❝t♦r② ♣❛tt❡r♥s ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r t❤❡ ♦♣t✐♠✐③❛t✐♦♥✱ ❋✐❣✉r❡ ✶✷
♣❧♦ts t❤❡ t✐♠❡✲s♣❛❝❡ ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r✐❡s ✐♥ t❤❡ ♠❛♥✉❛❧ ❜❡♥❝❤♠❛r❦✱ t❤❡ ❈❆❱ ❜❛s❡ s♦❧✉t✐♦♥ ✭♦❜t❛✐♥❡❞ ❜② ❙❍
❛❧❣♦r✐t❤♠ ✉s✐♥❣ ❡①tr❡♠❡ ❝♦♥tr♦❧ ♣❛r❛♠❡t❡rs ✭✷✱ ✲✶✵✱ ✷✱ ✲✶✵✳ ✸✻✮✮✱ ❛♥❞ t❤❡ ❈❆❱ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢r♦♠ t❤❡
◆● ❛❧❣♦r✐t❤♠ ✭✇✐t❤ ❝♦♥tr♦❧ ♣❛r❛♠❡t❡rs ✭ ✵✳✾✽✱ ✲✶✳✺✶✱ ✵✳✸✸✱ ✲✶✳✽✽✱ ✷✾✳✶✮✮ ❢♦r t❤❡ ✐♥st❛♥❝❡ ✇✐t❤ C ❂ ✻✵ s❡❝✱
L ❂ ✶✺✵✵ ♠✱ ❛♥❞ fs ❂ ✶✳✺✳ ❲❡ s❡❡ t❤❛t ❜♦t❤ t❤❡ ❜❛s❡ s♦❧✉t✐♦♥ ❛♥❞ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❤❛✈❡ ♠✉❝❤ ❜❡tt❡r
t❤r♦✉❣❤♣✉t r❛t❡s ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ♠❛♥✉❛❧ ❜❡♥❝❤♠❛r❦ ❞✉❡ t♦ t❤❡ ❤✐❣❤ ✐♥t❡rs❡❝t✐♦♥ ♣❛ss✐♥❣ s♣❡❡❞✳ ❚❤❡
♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❝❛♥ ❢✉rt❤❡r s♠♦♦t❤ t❤❡ ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r✐❡s ❛♥❞ ❡❧✐♠✐♥❛t❡ ❢✉❧❧ st♦♣s t♦ ❣❛✐♥ ❜❡♥❡✜ts ❢r♦♠
❢✉❡❧ s❛✈✐♥❣ ❛♥❞ s❛❢❡t② r✐s❦ r❡❞✉❝t✐♦♥✳ ❚❤✐s q✉❛❧✐t❛t✐✈❡❧② ❡①♣❧❛✐♥s t✇♦ ❦❡② ❜❡♥❡✜ts ❢r♦♠ ❈❆❱ ❝♦♥tr♦❧ t❤❛t ✇❡
✐♥✈❡st✐❣❛t❡✿ r❡t❛✐♥✐♥❣ tr❛✣❝ t❤r♦✉❣❤♣✉t ❛♥❞ ♠✐t✐❣❛t✐♥❣ st♦♣✲❛♥❞✲❣♦ tr❛✣❝✳

✹✳✹ ▼✉❧t✐✲❖❜❥❡❝t✐✈❡ ❖♣t✐♠✐③❛t✐♦♥

❋✐❣✉r❡ ✶✸ ♣❧♦ts t❤❡ ✸✲❉ P❛r❡t♦ ❢r♦♥t ♦❢ t❤❡ ♠✉❧t✐✲♦❜❥❡❝t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✇✐t❤ ❞❡❢❛✉❧t ♣❛r❛♠❡t❡rs
✐♥ ❚❛❜❧❡ ✷✳ ❚❤✐s s♦❧✉t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❜② r✉♥♥✐♥❣ t❤❡ ◆❙●❆✲■■ ❛❧❣♦r✐t❤♠ ✇✐t❤ ✺✵✵ ♣♦♣✉❧❛t✐♦♥s ✇✐t❤ ✶✵✵
❣❡♥❡r❛t✐♦♥s✳ ❲✐t❤ ❛♥ ✐rr❡❣✉❧❛r P❛r❡t♦ ❢r♦♥t s✉r❢❛❝❡ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✸✭❛✮✱ ✇❡ ❢✉rt❤❡r ♣r♦❥❡❝t t❤❡ s♦❧✉t✐♦♥s
t♦ ❛❧❧ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ s✉r❢❛❝❡s t♦ ❞❡r✐✈❡ ♠♦r❡ ✐♥s✐❣❤ts✳ ❆ ❢❡✇ ♦❜s❡r✈❛t✐♦♥s ❛r❡ ♦❜t❛✐♥❡❞ ❢♦r t❤✐s ❝❛s❡ st✉❞②✳ ■♥
❋✐❣✉r❡ ✶✸✭❜✮✱ t❤❡ tr❛✈❡❧ t✐♠❡ ❛♥❞ t❤❡ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ❛r❡ ❣❡♥❡r❛❧❧② ♥❡❣❛t✐✈❡❧② ❝♦rr❡❧❛t❡❞ t♦ ❡❛❝❤ ♦t❤❡r✳ ❚❤✐s
✐s ❜❡❝❛✉s❡ ❛ s❧✐❣❤t❧② ❧♦♥❣❡r tr❛✈❡❧ t✐♠❡ ❣✐✈❡s ♠♦r❡ ✢❡①✐❜✐❧✐t② ❢♦r s♠♦♦t❤✐♥❣ tr❛❥❡❝t♦r✐❡s ❛♥❞ r❡❞✉❝✐♥❣ st♦♣✲❛♥❞✲
❣♦ ♣❛tt❡r♥s ❛s ♦♣♣♦s❡❞ t♦ t❤❡ ♠✐♥✐♠✉♠ tr❛✈❡❧ t✐♠❡ t❤❛t ✐s ❤♦✇❡✈❡r ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡①tr❡♠❡ ❛❝❝❡❧❡r❛t✐♦♥s ✭❛s
❚❤❡♦r❡♠ ✷ ✐♥❞✐❝❛t❡s✮✳ ❚❤❡ s❛♠❡ tr❡♥❞ ✐s ♦❜s❡r✈❡❞ ❜❡t✇❡❡♥ t❤❡ tr❛✈❡❧ t✐♠❡ ❛♥❞ t❤❡ s❛❢❡t② ♣❡r❢♦r♠❛♥❝❡✱ ❛s
s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✸✭❝✮✳ ❚❤✐s ✐s ✐♥t✉✐t✐✈❡ s✐♥❝❡ s❧♦✇❡r tr❛✣❝ ❝❛♥ ❜❡ ✉s✉❛❧❧② s❛❢❡r t❤❛♥ ❢❛st❡r tr❛✣❝✳ ❆❧s♦✱ ❜❛s❡❞
♦♥ ❊q✉❛t✐♦♥ ✭✼✮✱ s♠❛❧❧❡r s♣❡❡❞s ❛r❡ ♠♦r❡ ❧✐❦❡❧② t♦ ②✐❡❧❞ s♠❛❧❧❡r s♣❡❡❞ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t✇♦ ❝♦♥s❡❝✉t✐✈❡
✈❡❤✐❝❧❡s ❛♥❞ t❤✉s s♠❛❧❧❡r ✐❚❚❈ ✈❛❧✉❡s✳ ❋✐❣✉r❡ ✶✸✭❞✮ ✐♠♣❧✐❡s t❤❡ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ t❤❡ s❛❢❡t② ♣❡r❢♦r♠❛♥❝❡
❛r❡ ♣♦s✐t✐✈❡❧② ❝♦rr❡❧❛t❡❞✱ ❛♥❞ t❤✐s ✐s ❛❧s♦ ✐♥t✉✐t✐✈❡ s✐♥❝❡ ❜♦t❤ ♦❢ t❤❡♠ ❛r❡ ❞❡♣❡♥❞❡♥t ♦♥ ✐♥st❛♥t s♣❡❡❞s ❛♥❞
❛❝❝❡❧❡r❛t✐♦♥s✳ ❆s ❛ ❝♦♥❝❧✉s✐♦♥✱ t❤❡ tr❛✈❡❧ t✐♠❡ ✐s ❛ ❝♦♥✢✐❝t✐♥❣ ♦❜❥❡❝t✐✈❡ ❛❣❛✐♥st ❜♦t❤ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥
❛♥❞ s❛❢❡t② ♣❡r❢♦r♠❛♥❝❡✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥ ❢✉rt❤❡r ❡♠♣❤❛s✐③❡s t❤❡ ♥❡❡❞ ❢♦r ❧❡✈❡r❛❣✐♥❣ t❤❡ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥
t❤r❡❡ ♦❜❥❡❝t✐✈❡s✳ ❚❤✐s tr❛❞❡✲♦✛ ❝❛♥ ❜❡ ❛❧s♦ t✉♥❡❞ ❜② ✈❛r②✐♥❣ wT ✱ wE ❛♥❞ wS ✈❛❧✉❡s ✐♥ t❤❡ s✐♥❣❧❡ ♦❜❥❡❝t✐✈❡
♦♣t✐♠✐③❛t✐♦♥ ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸✳✶✳

✺ ❈♦♥❝❧✉s✐♦♥

❆❞✈❛♥❝❡❞ ❝♦♥♥❡❝t❡❞ ❛♥❞ ❛✉t♦♠❛t❡❞ ✈❡❤✐❝❧❡ ✭❈❆❱✮ t❡❝❤♥♦❧♦❣✐❡s ♦✛❡r ♥❡✇ ♦♣♣♦rt✉♥✐t✐❡s ❢♦r ❤✐❣❤✇❛② tr❛✣❝
s♠♦♦t❤✐♥❣ ❜② ♦♣t✐♠✐③✐♥❣ ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r✐❡s✳ ❆❧t❤♦✉❣❤ ❝♦♥tr♦❧❧✐♥❣ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ♦r ✐s♦❧❛t❡❞ ♦❜❥❡❝t tr❛❥❡❝✲
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✭❛✮ ❈②❝❧❡ ❧❡♥❣t❤ C ✈✳s✳ s❡❣♠❡♥t ❧❡♥❣t❤ L

✭❜✮ ❙❛t✉r❛t✐♦♥ r❛t❡ fs ✈✳s✳ s❡❣♠❡♥t ❧❡♥❣t❤ L

✭❝✮ ❈②❝❧❡ ❧❡♥❣t❤ C ✈✳s✳ s❛t✉r❛t✐♦♥ r❛t❡ fs

❋✐❣✉r❡ ✶✶✿ ❙❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s ♦❢ ♦♣t✐♠✐③❛t✐♦♥ r❡s✉❧ts✳ ◆♦t❡s✿ ❢♦✉r ❧❡✈❡❧s ♦❢ ❝②❝❧❡ ❧❡♥❣t❤ C ✿ ✏✶✑ ✲ ✷✵ s❡❝✱ ✏✷✑
✲ ✹✵ s❡❝✱ ✏✸✑ ✲ ✻✵ s❡❝✱ ✏✹✑ ✲ ✽✵ s❡❝❀ ❢♦✉r ❧❡✈❡❧s ♦❢ s❡❣♠❡♥t ❧❡♥❣t❤ L✿ ✏✶✑ ✲ ✶✵✵✵ ♠✱ ✏✷✑ ✲ ✶✺✵✵ ♠✱ ✏✸✑ ✲ ✷✵✵✵ ♠✱
✏✹✑ ✲ ✷✺✵✵ ♠❀ ❛♥❞ ❢♦✉r ❧❡✈❡❧s ♦❢ s❛t✉r❛t✐♦♥ r❛t❡ fs✿ ✏✶✑ ✲ ✵✳✻✱ ✏✷✑ ✲ ✵✳✾✱ ✏✸✑ ✲ ✶✳✷✱ ✏✹✑ ✲ ✶✳✺✳
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✭❝✮ ❖♣t✐♠❛❧ s♦❧✉t✐♦♥

❋✐❣✉r❡ ✶✷✿ ❈♦♠♣❛r✐s♦♥s ♦❢ tr❛❥❡❝t♦r✐❡s ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r ♦♣t✐♠✐③❛t✐♦♥✳
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(b) Pareto front 2-D projection time-fuel
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(c) Pareto front 2-D projection time-safety
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(d) Pareto front 2-D Projection fuel-safety

❋✐❣✉r❡ ✶✸✿ ✸✲❉ P❛r❡t♦ ❢r♦♥ts✳
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t♦r② ✐s ❛ ❝♦♠♠♦♥❧②✲❡♥❝♦✉♥t❡r❡❞ ♣r♦❜❧❡♠ ✐♥ ❝❡rt❛✐♥ ✜❡❧❞s✱ ♦♣t✐♠✐③✐♥❣ tr❛❥❡❝t♦r✐❡s ♦❢ ❛ str❡❛♠ ♦❢ ❤✐❣❤✇❛②
✈❡❤✐❝❧❡s t❤❛t ✐♥t❡r❛❝t ✇✐t❤ ❡❛❝❤ ♦t❤❡r ❤❛s ❜❡❡♥ s❡❧❞♦♠ st✉❞✐❡❞ ✐♥ tr❛♥s♣♦rt❛t✐♦♥ ❡♥❣✐♥❡❡r✐♥❣✳ ❇② ❛❞❛♣t✐♥❣
❛ ♣❛rs✐♠♦♥✐♦✉s s❤♦♦t✐♥❣ ❤❡✉r✐st✐❝ ✭❙❍✮ ♣r♦♣♦s❡❞ ✐♥ P❛rt ■ ♦❢ t❤✐s st✉❞② ✭❩❤♦✉ ❡t ❛❧✳✱ ✷✵✶✺✮ ❛s ❛ ❜✉✐❧❞✐♥❣
❜❧♦❝❦✱ t❤✐s ♣❛♣❡r ♣r♦♣♦s❡s ♥✉♠❡r✐❝❛❧ s✉❜✲❣r❛❞✐❡♥t✲❜❛s❡❞ ♦♣t✐♠✐③❛t✐♦♥ ❢r❛♠❡✇♦r❦ ✇✐t❤ ❙❍ ❛s ❛ s✉❜r♦✉t✐♥❡
✭◆●✲❙❍✮ t❤❛t ❝❛♥ s✐♠✉❧t❛♥❡♦✉s❧② ♦♣t✐♠✐③❡ ❛ r❛♥❣❡ ♦❢ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s ❢♦r ❛ ♣❧❛t♦♦♥ ♦❢ ✈❡❤✐❝❧❡s ♦♥ ❛
s✐❣♥❛❧✐③❡❞ ❤✐❣❤✇❛② s❡❝t✐♦♥✳ ■t ✐s ❢♦✉♥❞ t❤❛t ❙❍ ♣♦ss❡ss❡s ❛♣♣❡❛❧✐♥❣ t❤❡♦r❡t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦♥ ❝♦♠♣✉t❛t✐♦♥
❝♦♠♣❧❡①✐t② ❛♥❞ s♦❧✉t✐♦♥ ♦♣t✐♠❛❧✐t②✳ ❚❤✐s ❡♥❛❜❧❡s t❤❡ ◆● ♦♣t✐♠✐③❛t✐♦♥ t♦ ❡✣❝✐❡♥t❧② ②✐❡❧❞ ♥❡❛r✲♦♣t✐♠✉♠ s♦✲
❧✉t✐♦♥s✳ ◆✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s ❛r❡ ❝♦♥❞✉❝t❡❞ t♦ ✐❧❧✉str❛t❡ t❤❡s❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛♥❞ t❤❡♦r❡t✐❝❛❧ ✜♥❞✐♥❣s✳ ❚❤❡②
s❤♦✇❡❞ t❤❛t✱ ❢♦r ❡①♣❡r✐♠❡♥t❛❧ s❝❡♥❛r✐♦s ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤✐s st✉❞②✱ ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r✐❡s ♣r♦❞✉❝❡❞ ❢r♦♠ t❤❡
♣r♦♣♦s❡❞ ♦♣t✐♠✐③❛t✐♦♥ ♠❡t❤♦❞ s✐❣♥✐✜❝❛♥t❧② ♦✉t♣❡r❢♦r♠s t❤❡ ❜❡♥❝❤♠❛r❦ ❝❛s❡ ✭✇✐t❤ ❛❧❧ ❤✉♠❛♥ ❞r✐✈❡rs✮ ❛t
❛❧❧ ♠❡❛s✉r❡s✱ ♦♥❧② ❜② tr❛❥❡❝t♦r② s♠♦♦t❤✐♥❣✳ ❲✐t❤ t❤❡ ❞❡❢❛✉❧t ♣❛r❛♠❡t❡rs✱ t❤❡ ♦♣t✐♠✐③❡❞ ❈❆❱ tr❛❥❡❝t♦r✐❡s
♦✉t♣❡r❢♦r♠ t❤❡ ❝♦✉♥t❡r♣❛rt ♠❛♥✉❛❧ tr❛❥❡❝t♦r✐❡s ❜② ✹✸✳✽✪ ♦♥ ❛✈❡r❛❣❡ ❛❝r♦ss ❛❧❧ ♠❡❛s✉r❡s✱ ✐♥❝❧✉❞✐♥❣ tr❛✈❡❧
t✐♠❡ r❡❞✉❝t✐♦♥ ❜② ✸✻✳✼✪✱ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ s❛✈✐♥❣ ❜② ✸✾✳✼✪✱ ❛♥❞ s❛❢❡t② r✐s❦ ♠✐t✐❣❛t✐♦♥ ❜② ✻✼✳✶✪✳ ❚❤✐s
♦♣t✐♠✐③❛t✐♦♥ ❛♣♣r♦❛❝❤ ❝❛♥ ❜❡ ❡❛s✐❧② ❛❞❛♣t❡❞ ✐♥t♦ ❛ ♠✉❧t✐✲♦❜❥❡❝t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ ✇✐t❤ ✇❤✐❝❤ ✇❡
❛♥❛❧②③❡❞ t❤❡ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ♦❜❥❡❝t✐✈❡s✳ ❲❡ ✜♥❞ t❤❡ tr❛✈❡❧ t✐♠❡ ♦❜❥❡❝t✐✈❡ ❝♦♥✢✐❝ts ✇✐t❤ t❤❡ ❢✉❡❧
❝♦♥s✉♠♣t✐♦♥ ❛♥❞ t❤❡ s❛❢❡t② ♣❡r❢♦r♠❛♥❝❡✱ ✇❤✐❧❡ t❤❡ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ t❤❡ s❛❢❡t② ♦❜❥❡❝t✐✈❡s ❛r❡ ❝♦♥s✐st❡♥t✳
❖✈❡r❛❧❧✱ t❤✐s ♦♣t✐♠✐③❛t✐♦♥ ❢r❛♠❡✇♦r❦ ❡♥❛❜❧❡s t❤❡ ♦r✐❣✐♥❛❧ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ tr❛❥❡❝t♦r② ♦♣t✐♠✐③❛t✐♦♥ ✇✐t❤
✐♥t✐♠✐❞❛t✐♥❣ ❝♦♠♣❧❡①✐t② t♦ ❜❡ s♦❧✈❡❞ ✈❡r② ❡✣❝✐❡♥t❧②✱ ❛♥❞ t❤✉s ✐s s✉✐t❛❜❧❡ ❢♦r r❡❛❧✲t✐♠❡ ❛♣♣❧✐❝❛t✐♦♥s ✇❤❡♥
r❡❧❡✈❛♥t t❡❝❤♥♦❧♦❣✐❡s ❛r❡ ✐♥ ♣❧❛❝❡ ✐♥ t❤❡ ♥❡❛r ❢✉t✉r❡✳

❚❤✐s st✉❞② r❡✈❡❛❧s ❛ ❣r❡❛t ♣♦t❡♥t✐❛❧ ♦❢ tr❛♥s❢♦r♠❛t✐✈❡ tr❛❥❡❝t♦r② ♦♣t✐♠✐③❛t✐♦♥ ✐♥ tr❛♥s♣♦rt❛t✐♦♥ ❡♥❣✐♥❡❡r✲
✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s✳ ■t ❧❛②s ❛ s♦❧✐❞ ❢♦✉♥❞❛t✐♦♥ ❢♦r ❞❡✈✐s✐♥❣ ❤♦❧✐st✐❝ ❝♦♦♣❡r❛t✐✈❡ ❝♦♥tr♦❧ str❛t❡❣✐❡s ♦♥ ❛ ❣❡♥❡r❛❧
tr❛♥s♣♦rt❛t✐♦♥ ♥❡t✇♦r❦ ✇✐t❤ ❡♠❡r❣✐♥❣ t❡❝❤♥♦❧♦❣✐❡s✳ ❚❤❡ st✉❞② ❝❛♥ ❜❡ ❢✉rt❤❡r ❡①t❡♥❞❡❞ ✐♥ ♠✉❧t✐♣❧❡ ❛r❡❛s✱
s✉❝❤ ❛s ❝❛❧✐❜r❛t✐♦♥ ✇✐t❤ ✜❡❧❞ ❡①♣❡r✐♠❡♥ts✱ ♠♦r❡ ❝♦♠♣❧❡① ❣❡♦♠❡tr✐❡s ❛♥❞ ❤❡t❡r♦❣❡♥❡♦✉s ✈❡❤✐❝❧❡s✳ ■♥ ♣❛r✲
t✐❝✉❧❛r✱ ❛♥ ✐♥t❡r❡st✐♥❣ ❡①t❡♥s✐♦♥ ♦❢ t❤✐s r❡s❡❛r❝❤ ✐s t♦ ❝♦♥s✐❞❡r ♠✐①❡❞ tr❛✣❝ t❤❛t ✐♥❝❧✉❞❡s ❜♦t❤ ❈❆❱ ❛♥❞
❤✉♠❛♥✲❞r✐✈❡♥ ✈❡❤✐❝❧❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ ♠✐①❡❞ tr❛✣❝✱ ✇❡ ❝❛♥ ✉s❡ ❙❍ t♦ ❝♦♥tr♦❧ t❤❡ tr❛❥❡❝t♦r✐❡s ❢♦r t❤❡ s✉❜✲
s❡t ♦❢ ❝♦♠♣❧✐❛♥t ❈❆❱ ✈❡❤✐❝❧❡s ❛♥❞ t❤❡♥ ✇❡ ❡st✐♠❛t❡ t❤❡ tr❛❥❡❝t♦r✐❡s ♦❢ t❤❡ r❡♠❛✐♥✐♥❣ ❤✉♠❛♥✲❞r✐✈❡♥ ✈❡❤✐❝❧❡s
✇✐t❤ ❝❧❛ss✐❝ ❝❛r ❢♦❧❧♦✇✐♥❣ ❧❛✇s s✉❝❤ ❛s ◆❡✇❡❧❧✬s ♠♦❞❡❧✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❤✉♠❛♥✲❞r✐✈❡♥ ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r✐❡s
❛r❡ ❛✛❡❝t❡❞ ♦r ✐♥❞✐r❡❝t❧② ❝♦♥tr♦❧❧❡❞ ❜② t❤❡✐r ♥❡❛r❜② ❈❆❱ ✈❡❤✐❝❧❡s✳ ■t ✐s ❛♥ ✐♥t❡r❡st✐♥❣ r❡s❡❛r❝❤ ❡①t❡♥s✐♦♥
t♦ ❡①❛♠✐♥❡ t❤❡ ♣♦t❡♥t✐❛❧ ♦❢ ✐♠♣r♦✈✐♥❣ ♠✐①❡❞ tr❛✣❝ ♣❡r❢♦r♠❛♥❝❡ ❜② ❝♦♥tr♦❧❧✐♥❣ t❤❡ s✉❜s❡t ♦❢ ❈❆❱ ✈❡❤✐❝❧❡s✳
❆❧s♦✱ t❤❡s❡ s✐♥❣❧❡✲❧❛♥❡ s✐♥❣❧❡✲s❡❣♠❡♥t r❡s✉❧ts ❝❛♥ ❜❡ ✉s❡❞ ❛s ❜✉✐❧❞✐♥❣ ❜❧♦❝❦s t♦ ✐♥✈❡st✐❣❛t❡ ♠♦r❡ ❝♦♠♣❧❡①
❣❡♦♠❡tr✐❡s✱ ❡✳❣✳✱ ♠✉❧t✐✲s❡❣♠❡♥t ❝♦rr✐❞♦rs✱ ✐♥t❡rs❡❝t✐♦♥s✱ ♠✉❧t✐✲❧❛♥❡ ❤✐❣❤✇❛②s✱ ❛♥❞ ❡✈❡♥ ❛ ❝♦♠♣❧❡t❡ ♥❡t✇♦r❦✳
❇② ✐♥t❡❣r❛t✐♥❣ ❤✉♠❛♥ ❞r✐✈❡r ❝❛r✲❢♦❧❧♦✇✐♥❣ ❛♥❞ ❧❛♥❡✲❝❤❛♥❣✐♥❣ ❜❡❤❛✈✐♦r✱ t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ❛❧s♦
✉s❡❞ t♦ ✐♥✈❡st✐❣❛t❡ ♠✐①❡❞ tr❛✣❝ ✇✐t❤ ❞✐✛❡r❡♥t ❈❆❱ ♠❛r❦❡t ♣❡♥❡tr❛t✐♦♥ r❛t❡s✳ ❚❤❡ ❝✉rr❡♥t ♦♣t✐♠✐③❛t✐♦♥
❢r❛♠❡✇♦r❦ ✐s ❡ss❡♥t✐❛❧❧② ❜❛s❡❞ ♦♥ ❛ ❝♦♥str✉❝t✐✈❡ ❤❡✉r✐st✐❝ ❛❧❣♦r✐t❤♠ ❛♥❞ ♠❛② ♥♦t ②✐❡❧❞ ❡①❛❝t ♦♣t✐♠❛❧ s♦✲
❧✉t✐♦♥s✳ ■t ✐s ✇♦rt❤ ❡①♣❧♦r✐♥❣ ❡①❛❝t ❛❧❣♦r✐t❤♠s t❤❛t ❝❛♥ s♦❧✈❡ ❡①❛❝t ♦♣t✐♠❛ ♦r ♣r♦✈✐❞❡ ♦♣t✐♠❛❧✐t② ❜♦✉♥❞s✳
❋✉rt❤❡r✱ ✇❤❡♥ ❞❡t❛✐❧❡❞ tr❛❥❡❝t♦r② ❞❛t❛ ❛❧♦♥❣ s✐❣♥❛❧✐③❡❞ s❡❣♠❡♥ts ❛r❡ ❛✈❛✐❧❛❜❧❡✱ ✐t ✐s ❞❡s✐r❛❜❧❡ t♦ ✐♥✈❡st✐❣❛t❡
t❤❡ ❜❡♥❝❤♠❛r❦ ♠❛♥✉❛❧ ❞r✐✈✐♥❣ ❝❛s❡ ❛♥❞ ♠❛❦❡ r❡❧❡✈❛♥t ❝♦♠♣❛r✐s♦♥s ✇✐t❤ ❝❛❧✐❜r❛t❡❞ ❝❛r✲❢♦❧❧♦✇✐♥❣ ♠♦❞❡❧s✳
▲❛st✱ ✐♥ r❡❛❧✲t✐♠❡ ❛♣♣❧✐❝❛t✐♦♥s✱ s❡♣❛r❛t❡ ❝♦♥tr♦❧ ❛❧❣♦r✐t❤♠s✱ ❡✳❣✳✱ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧✱ ♥❡❡❞ t♦ ❜❡ ❞❡✈❡❧♦♣❡❞ t♦ ❧❡t
t❤❡ ✈❡❤✐❝❧❡ ❢♦❧❧♦✇ ❞❡s✐❣♥❡❞ tr❛❥❡❝t♦r✐❡s✳ ❚❤❡ ❡✣❝✐❡♥❝② ♦❢ s✉❝❤ ❝♦♥tr♦❧ ❛❧❣♦r✐t❤♠s ✇✐❧❧ ❜❡ ❝r✐t✐❝❛❧ t♦ r❡❞✉❝✐♥❣
t❤❡ ❣❛♣ ❜❡t✇❡❡♥ ❛❝t✉❛❧ ❜❡♥❡✜ts ♦❢ ✈❡❤✐❝❧❡ ❝♦♥tr♦❧ ❛♥❞ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ❜❡♥❡✜ts ❢r♦♠ ❞❡s✐❣♥❡❞ tr❛❥❡❝t♦r✐❡s✳

❆❝❦♥♦✇❧❡❞❣♠❡♥ts

❚❤✐s r❡s❡❛r❝❤ ✐s s✉♣♣♦rt❡❞ ✐♥ ♣❛rt ❜② t❤❡ ❯✳❙✳ ◆❛t✐♦♥❛❧ ❙❝✐❡♥❝❡ ❋♦✉♥❞❛t✐♦♥ t❤r♦✉❣❤ ●r❛♥ts ❈▼▼■ ❈❆❘❊❊❘
★✶✺✺✽✽✽✼✱ ❈▼▼■ ★✶✺✺✽✽✽✾ ❛♥❞ ❈▼▼■ ★✶✺✹✶✶✸✵✱ ❛♥❞ ❜② t❤❡ ❯✳❙✳ ❉❡♣❛rt♠❡♥t ♦❢ ❚r❛♥s♣♦rt❛t✐♦♥ ❋❡❞❡r❛❧
❍✐❣❤✇❛② ❆❞♠✐♥✐str❛t✐♦♥ t❤r♦✉❣❤ ●r❛♥t ❉❚❋❍✻✶✲✶✷✲❉✲✵✵✵✷✵✳ ❚❤❡ ✇♦r❦ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛♣❡r r❡♠❛✐♥s
t❤❡ s♦❧❡ r❡s♣♦♥s✐❜✐❧✐t② ♦❢ t❤❡ ❛✉t❤♦rs✳

✷✼



❘❡❢❡r❡♥❝❡s

❆❤♥✱ ❑✳✱ ✶✾✾✽✳ ▼✐❝r♦s❝♦♣✐❝ ❋✉❡❧ ❈♦♥s✉♠♣t✐♦♥ ❛♥❞ ❊♠✐ss✐♦♥ ▼♦❞❡❧✐♥❣✳ ▼❛st❡r✬s t❤❡s✐s✱ ❱✐r❣✐♥✐❛ P♦❧②t❡❝❤♥✐❝
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