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ABSTRACT This paper investigates the partial anti-synchronization in a class of chaotic and hyper-chaotic
systems. Firstly, the existence of the partial anti-synchronization for the chaotic system is proved. By a
systematic method including two algorithms, all solutions of the partial anti-synchronization for a given
chaotic system are then derived, and physical controllers are designed. Finally, some illustrative examples

with numerical simulations are used to verify the validity and effectiveness of the theoretical results.

INDEX TERMS Partial, anti-synchronization, dynamic feedback control, existence, algorithm.

I. INTRODUCTION

It was well known that anti-synchronization in chaotic
oscillators was found to be interesting. Anti-synchronization
is essentially the same type of synchronism first investigated
by Pecora and Carroll [1]. The difference is that anti-
synchronization allows for the coexistence of chaotic attrac-
tors which are symmetric to each other. Anti-synchronization
is a phenomenon whereby the state vectors of the slaved
systems have the same amplitude but opposite signs as those
of the master system. Therefore, the sum of two signals
are expected to converge to zero when anti-synchronization
appears. Anti-synchronization has been found distinctive
applications in some fields. For example, in communica-
tion system, system’s security and secrecy can be deeply
strengthened by transforming from complete synchronization
and anti-synchronization periodically in the process of digital
signal transmission [2]. Hence, further research about anti-
synchronization should be concerned in both theory and prac-
tice. It has been reported that anti-phase synchronization can
theoretically occur in a subsystem of hyper-chaotic systems
with symmetry, we firstly introduce the main results in [3] in
next.

Consider an N-dimensional continuous flow

:=Fp) ey

with the decomposition of the system into a driving subsys-
tem x (dimension N,) and a subsystem y to be synchronized
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(dimension Ny, where Ny + Ny = N), i.e.,

x = f(x), 2)
y = h(x, p)G(y), 3

where f(x) is a continuous vector function that generates
a chaotic attractor, h(x, p) is a scalar driving function, and
G(y) is a vector function that possesses symmetry. For sim-
plicity, the reflecting symmetry in G(y) is considered, i.e.,
G(=y) = -G().

The replica of the subsystem to be synchronized is

' = hx, p)G(). “

where y' € N, is the state. By choosing initial conditions of
the System (3) and System (4), the result: y(r) — —y'(¢),
ast — oo is ensued.

From then on, a variety of results have been obtained
to realize the anti-synchronization in the chaotic and
hyper-chaotic systems, such as, anti-synchronization between
two identical systems, even anti-synchronization between
two different systems, see Refs. [4]-[26] and the references
therein. However, there is an important fundamental problem
that has not been fully considered, i.e., the existence of the
anti-synchronization for a given chaotic system was not put
forward. In [22], we firstly gave a necessary and sufficient
condition for the existence of the anti-synchronization for a
given chaotic system. That is, for a given chaotic system:
gm = H(qm), gn € R" is the state variable, its existence
of the anti-synchronization occurs if and only if H(—g,,) =
—H(qn). If this condition is satisfied, the corresponding slave

46303


https://orcid.org/0000-0002-2393-0767
https://orcid.org/0000-0002-6314-2626
https://orcid.org/0000-0003-2297-7050

IEEE Access

R. Guo, Y. Qi: Partial Anti-Synchronization in Class of Chaotic and Hyper-Chaotic Systems

system is: g, = H(qy) + Bquy, where B, € R, u; € R',
r > 1, is the designed controller with u; = uy(x,e),
ug(x,0) = 0 and e = g, + g,. That is to say, e = 0 should
be the equilibrium point of the uncontrolled sum system:
e = H(qs) + H(qm), which ensures the feasibility of design
physical controller u; = uy(gn, e). Without this condition,
although the anti-synchronization between two identical sys-
tems or different systems has been realized, the obtained con-
trollers were not both simple and physical, and the condition
ug(gm, 0) = 0 was not satisfied inevitably.

Let’s take the results in [8] for example. Consider the
following Chen chaotic system

X1 = a(y; — x1),
y1 = (¢ —a)x1 — x121 + oy, ®)]
21 = x1y1 — bzy,
where a = 35, b =32, c = 28.
The slave Chen system is given as

X = aly2 — x2) + Uy,

y2 = (¢ —a)xa — x220 + cy2 + Us, (6)

22 = Xxoy2 — bzo + Us,

and the controller U = (Uy, Ua, U3)T is designed as

Ui = —ey,
Uy = x20 +x121 — ey, )
Us = —x1y1 —x2y2 — e3,

where e = x + y.
Since, xp = e; — x1, 720 = e3 — 71, and then

Us = xpz0 +x121 —e1 = e1e3 —x1e3 — z1e1 + 2x121. (8)
Obviously,
Ux(x1, y1,21,0) = 2x121 # 0. 9)

In addition, U = (Uy, U,, U3)T is a three input controller,
which is not a physical controller since the single input
controller is usually designed in applications. In other words,
there is only one control channel for a given system whose
dimension is not greater than three.

As a matter of fact, only few chaotic and hyper-chaotic
systems satisfy the condition of existence of anti-
synchronization. Such as, the modified Chua system, see
Ref. [22]. But, the famous Lorenz system does not satisfy this
condition. For a given chaotic or hyper-chaotic system, it is
natural to find a subsystem which can satisfies the condition
of existence of anti-synchronization for a given chaotic and
hyper-chaotic system. This question is not only essential in
theory but also significant in applications, which push us
to investigate this question. Furthermore, if this condition is
satisfied, how many solutions of this question can be derived.
Therefore, for a given chaotic or hyper-chaotic system, it is
critical to have a systematic method that can be used for
proving the existence of the partial anti-phase synchroniza-
tion, deriving all solutions for this type of synchronization
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phenomenon and then designing the corresponding physical
controller. To address this critical problem, this study is to
develop such a systematic method that can be applied to a
class of chaotic and hyper-chaotic systems. What’s more,
how to design the simple and physical controllers is also
important. Note that the dynamic feedback control method
has some advantages over other methods, it is also used
preferentially in this paper. And notice that the subsystem
of a given chaotic or hyper-chaotic system is usually simple,
thus the linear feedback control method is also considered in
some cases.

Motivated by the above conclusions, we study the existence
of partial anti-synchronization problem in a class of chaotic
and hyper-chaotic systems by the dynamic control method
and linear feedback control method. The main contributions
of this paper are listed as follows:

1) The existence of the partial anti-synchronization prob-

lem in such system is firstly proved.

2) Two algorithms are proposed to obtain the solutions of

the partial anti-synchronization for this chaotic system.

3) Physical controllers are designed to realize the exis-

tence of anti-synchronization in such system.

The rest of this paper is organized as follows. Section 2
introduces the preliminary knowledge, and Section 3 presents
the problem formation. Section 4 presents the main results of
this paper, Section 5 provides the illustrative examples with
numerical simulation, and Section 6 gives the conclusions.

IIl. PRELIMINARY
Consider the following chaotic system:

x =f(), (10)

where x € R" is the state, f(x) € R" is a continuous vector
function, i.e.,

x:(é),ﬂ@=<gi§§o, (11)
X €R", Z € R m > 1,G\(X,Z) € R", G(-X, Z) =

—G1(X,Z)and Gr(X,Z) e R" ™.
The system (10) is rewritten as follows

X =Gi(X,2), (12)
7 =GX,2). (13)

Let the system (10) be the master system, then the slave
system is described as

y=f()+ Bu, (14)

where y € R" is the state, f(y) € R" is a continuous vector
function, B € R"*" is a constant matrix, r > 1, u € R” is the
controller to be designed, i.e.,

(Y _(Gi1(Y,2)
B
B = <B2), (16)
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where Y ¢ R", Z ¢ R"" m > 1, Gi(Y,Z) € R™,
Gi(=Y,Z)=—-G{(Y,Z)and Go(Y,Z) € R"™, By € R™*",
B, € R(n—m)><r.

The system (14) is rewritten as follows

Y = G|(Y,Z)+ Byu, (17)
Z = Go(X,Z) + Bou. (18)

Let E = X+, then the sum system is described as follows
E=Gi(Y.Z)+ Gi(X.Z) + Biu, (19)

where e € R™ is the state, By is given in (16), u is the designed
controller.

Next, a definition is presented as follows.

Definition I ~ [4]: Consider the sum system (19).
If tl_l)rgo lE@®)|] = 0, then the master system (12)
and the slave system (17) are called to be achieved
the anti-synchronization, which implies the partial anti-
synchronization of the master system (10) and the slave
system (14) is realized.

Remark 1: For the subsystem (12),if G1(X, Z) = M(Z)X,
where M(Z) € R™™ is a matrix about Z, then projective
synchronization between the master system (10) and the salve
system (14) can be realized. according to our previous results
in [27]. Moreover, considering system (10), if the projective
synchronization exists, then the partial anti-synchronization
of such a system can be realized. However, the reverse is not
necessarily true.

For the development of this paper, the dynamic feedback
control method is introduced at first.

Lemma 1 [27]: Consider the following system:

X = h(x) + bu, (20)

where x € R" is the state, h(x) € R" is a vector function with
h(0) =0, b € R"*" is a constant matrix, » > 1, u € R” is the
controller to be designed. If (h(x), b) can be stabilized, then
a dynamic feedback controller u is designed as:

u = Kx, 21
where K = k(¢)bT, and the feedback gain k(t) is updated by
the following law:

k(@) ==y Il x() |I%, (22)

where y > 0.

lll. PROBLEM FORMULATION
Consider the following chaotic system:

z=F(2), (23)

where z € R", F(z) € R" is a vector function.

The main goal of this paper is to investigate the partial
anti-synchronization for the given chaotic system (23) in the
following three aspects:

1) The existence of the partial anti-synchronization.

2) The solutions of the partial anti-synchronization for this

chaotic system.
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3) The implementation of the partial anti-synchronization,
i.e., a simple and physically implementable controller
is designed for such a problem.

IV. MAIN RESULT

A. THE EXISTENCE OF THE PARTIAL

ANTI-SYNCHRONIZATION

In this subsection, the existence of the partial anti-

synchronization for a given chaotic system is presented.
Theorem 1: Consider the chaotic System (23). If there

exists a non-singular transformation matrix 7 by which the

System (23) can be transferred into the System (10), i.e.,

v=(5) =m0 = (G2 ) =m0 av

then, the System (23) achieves partial anti-synchronization by
the controllers u in the following form:

u=uX,Z,E), uX,Z,0)=0. 25)

Proof: If the condition of this theorem is satisfied, then
E = 0 is the equilibrium point of the following system:

E=G\(Y,Z2)+Gi(X,Z)=G|(E —X,Z)+ G\(X, Z).
(26)

Thus, the controller u# given in Equation (25) can sta-
bilize the sum System (19). It means that the partial
anti-synchronization in the System (23) is realized.

B. THE SOLUTIONS OF THE PARTIAL
ANTI-SYNCHRONIZATION
How to find the non-singular matrix 7' to transfer the Sys-
tem (23) into the System (10) naturally arises. Then, if this
matrix T exists, how many matrices like 7' can be obtained?
There are two cases are discussed in this paper.
Case 1: the following whole Equation (29) has solutions.
For the System (23), if the following algebraic equation
about o

F(az) = aF(2), 27

where « is given as follows

a; 0 0 0
0 a O 0

o = 0 0 o3 te 0 , (28)
0 0 O oy

il =1, i€ A=(1,2,-- ,n},ie,

Fi(az) = a1F(2),

Fr(az) = axF(2),
(29)

Fp(az) = a,F(2),
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has a solution in the following form:

o, —1

: _1

(o7 .
B =1 a;, |=]|-1]<«s (30)

ais+1 1

o, 1
where s > 1 is the position of the last o = —1,i; € A,
j=1,2,.--, nthen, the matrix T can be determined by the

following algorithm:
Algorithm I: Letk = 1, s is the number of j, where o =
—1, je A,
min {jloj = —1, j € A} =i, (31)

where ““:="" stands for definition.
while k£ < s do

k=k+1, (32)
: .=_]” ',"...,'_ jz., 33
521/1\1{0(] j#E i =1} =i, (33
Thus, let
X1 Zi
X2 Ziz
xX=|.1=1| .1 (34)
X Zig
Next, letk =s+1,
min{jlajzl,jeA} =g, (35)
while k < n do
k=k+1, (36)
min {aj =1, j #is41, 0542, - , k=1, j € A} =i, (37)
Thus, let
ZS+1 Zl‘s-%—l
Zsy2 Zig
z=|"7 =" (38)
Zn Ziy,

By Algorithm 1, the transform 7 is obtained as follows

s
T=|ss|, (39)
Sim
1=(0 - 0 1 0 0) eR",
! (40)
A
whereij € A,j=1,2,--- ,n
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For example, for the chaotic system: z = F(z), z € R3,
F(z) e RR.Ifa; = —l,ap = 1,3 = —1,thens = 2,
i1 =1, ip = 3, i3 = 2. By Algorithm 1, we obtain

83 53 1 0 0
T=|s|=|8&]|=|0 0 1]. @D
50 52 0 1 0

By T, the system z = F(z) is transferred into the following
systems:

X = Gi(X,2), (42)
7 = GyX,2), (43)
and
X 21
()Z(>= X | =Tz= 3 |, 44)
Z 22
Fi(2)
Gi1(X,2Z),
f(x)=< )=TF(z)= F3(2) |. (49)
2 )

Case 2: the whole Equation (29) has no solution.

In this case, we should find the possible solutions of the
part of the Equation (29) by the following algorithm:

Algorithm 2: Letl = 1, where [ is the number of o; = 1,
k is the position of the first; = 1,j € A, 1 < k < n,
we should check

Fllc,l -1
E
Tk -1
ri=| i, |=| 1 [<x (46)
1 —
T kst 1
Cien -
is the solution of the following equation:
Fi(az) = a1F(2),
Fr_ = o1 F
1(az) = ax—1F(2), @7

Fry1(az) = agp1F(2),

or not. If yes, the matrix 7 is obtained as follows

5 5!
s | e
T=| s [=] & |. (48)
8:1k+l 5£+]
o 5

It is noted that there are C! = n cases.
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Next, I = 2, where [ is also the number of oj = 1, k is
also the position of the first ; = 1, k + 1 is the position of
the secondoj = 1,j € A, 1 <k < n— 1, we should check

!
1_‘1;,1 -1
Fk,z -1
;
L k=1 —1
ri = I;,l(’k =| 1| <« (49)
Fllc,k-i-l 11
Ui k42 -
! —1
Fk,n

is the solution of the following equation:

Fi(az) = a1F(2),

Fr_1(az) = ax—1F(2),

(50)
Fiio(az) = ak42F (2),
Fp(az) = anF(2),
or not. If yes, the matrix 7 is obtained as follows
821 8n1
8! sk-1
8;{‘ 5n—1
T = 8::{”’1 = gg . (5 1)
ir;—l Sk;]
5”1 5
8 n

It is noted that there are C? = @ cases.

while/ <n—1do

The similar procedure in Case: [ = 1 and Case: [ = 2
should be done to find the matrix 7.

In summarizing, by Algorithm 1 and Algorithm 2,
the matrix 7T is obtained if the whole Equation (29) or the
parts of the Equation (29) has solutions.

C. IMPLEMENTATION OF THE PARTIAL
ANTI-SYNCHRONIZATION
In this subsection, both simple and physically implementable
controllers are designed for such problem.

According to the results in [27], [28], we propose the
following conclusion.

Theorem 2: Consider the sum System (19). If (G{(Y, Z)+
G1(X,Z),B)) can be stabilized, then the controller u is
designed as follows

u=KE, (52)
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where K = k()B;T, and k(¢) is updated by the following
update law:

k=—yIE|? (53)

where y > 0, it means that the master System (10) and the
slave System (14) reach the partial anti-phase synchroniza-
tion.

Proof: Since (G1(Y,Z)+ Gi(X, Z), By) can be stabi-
lized, according to Lemma 1, the controller u is designed in
Equation (52).

Especially, if G1(X,Z) = M(Z)X, the following results
are obtained.

Theorem 3: Consider the sum System (19). If (M (Z), By)
can be stabilized, then the controller u is designed as follows

u=KE, 54

where K = k()B;7, and k(¢) is updated by the following
update law

k=—yIE|? (55)

where y > 0, which implies that the master Sys-
tem (10) and the slave System (14) achieve the partial anti-
synchronization.
Proof: Since (M(Z), B1) can be stabilized, according to
Lemma 1, the controller u is designed in Equation (54).
Theorem 4: Consider the sum System (19). If (M (Z), By)
can be stabilized, then the controller u is designed as follows

u=—K(2)E, (56)

where K (Z) such that (M (Z) — B1K (Z)) is Hurwitz whatever
Z is, i.e., the master System (10) and the slave System (14)
achieve the partial anti-synchronization.

V. ILLUSTRATIVE EXAMPLES WITH
NUMERICAL SIMULATIONS
In this section, three examples with numerical simulations
are used to demonstrate the effectiveness and validity of the
proposed results.

Example 1: The Lorenz system [28]

R\ (e
i=F@)=| R0 [=| 2798 [0 67
F3(2) —§Z3 + 2122

where z € R? is the state.
According to the algebraic Equation (29), i.e.,
Fi(az) — a1F1(z) = 10(a2 — a1)z2 =0,
Fy(az) — a2F2(2) = 28(a1 — a2)z1

(58)
—(a103 —a2)z123 =0,
F3(az) — a3F3(2) = (@102 — @3)z122 = 0,
it results in
ay = o,
o3 = Ay, 59)
oy = o3,
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Solving the Equation (59), we only obtain one solution:

o] -1 o
BP=la |=|-1]=|a,]|. (60)
(6%} 1 (042

By Algorithm 1, we obtain

i 1
531 83

_ 1 0 0
T=|s|=]|8]|=[0 1 0 (61)
55 83 0 0 1

By T, the system Lorenz System (57) is divided into the
following systems:

X = M2)X, (62)
Z = GyX,2), (63)
where
—10 10
MZ) = (28_2 _1), (64)
8

then the slave Lorenz system is given as
Y = M(Z)Y + Bu, (66)
Z = Go(X,Z) + Bou, (67)

where M(Z) is given in Equation (64), G2(X, Z) is given
in Equation (65),

Blz<(1)>, B, = 0. (68)

Let E = X + Y, then the sum system is given as
E =M(Z) + Biu, (69)

where B is given in Equation (68), u is the controller to be
designed.

We can obtain that (M(Z), B;) is controllable, which
implies (M (Z), B1) can be stabilized, and according to The-
orem 3, the controller is designed as

u=KE =k(nBTE=k(t)(0 1)E=k@®)E, (70)

where k(1) = —y||E||* and y > 0.
According to Theorem 4, the controller is designed as

u=KZE=(Z-28 0)E=(Z-28E;. (71)

Numerical simulation is done initial conditions: X{(0) =
1,X2(0) = -2, Z3(0) = 3, Y1(0) = 5,Y2(0) = —6, and
k(0) = —1. Figure 1 shows that the sum system is asymptot-
ically stable, Figure 2 shows the states X, X, and the states
Y1, Y2, respectively. Figure 3 shows that the feedback gain
k(t) tends to constant.

Remark 2: In order to get a good performance of simula-
tion, y is often chosen a big positive number. In this paper, y
is set 1.

46308

time/t

FIGURE 1. The sum system is asymptotically stable.
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time/t

FIGURE 2. The states X;, X, and the states Y;, Y,.

time/t

FIGURE 3. k(t) tends to a constant.

Example 2: The Chen-Lee system [29]:

Fi(z) —2223 + 521
=F@Q=|F0@|=| uz—-102 |, (72
F3(z) %lez —3.823

where z € R? is the state.
According to the algebraic Equation (29), it results in

o3 = o,
Qo3 = oy, (73)
opoy = o3,
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We obtain that three solutions of for the Equation (73), i.e.,

) o, o -1
B =l ap|=(as]|=|-1]. (74)

oy o] 1

) o a1 —1
B2 =|an|=(as]=|-1]. (75)

o, o 1

) o) o] —1
BY = |=[ea|=|-1] (76)

aj o3 1

For the Case 1: a1 = 1,22 = a3 = —1. By Algorithm 1,
we obtain

i 2
83 83

: 0 1 0
T=|s|=|&]|=(0 0 1]. (77)
50 5] 1 0 0

By T, the Chen-Lee System (72) is divided into the following
systems:

X = M2)X, (78)
7 = GyX,2), (79)
where
-10  Z
Mz) = ( %z —3.8)’ (80)
Gr(X,Z) = 5Z — X1 X». (81)

Next, the slave Chen-Lee system is given as

Y = M(Z)Y + Biu, (82)
Z = Gy(X,Z) + Bou, (83)

where M (Z) is given in Equation (80) and G»(X, Z) is given
in Equation (81), and

Blz((1)>, B, =0. (84)

We can obtain that (M(Z), B;) is controllable, which
implies (M(Z), B1) can be stabilized, and according to
Theorem 3, the controller is designed as

u=KE =kt)BE =k(t)(0 1)E =k(DE>. (85)

According to Theorem 4, the controller is designed as

1
—K@ZE=|(-=
u (2) ( 3

O)E:—%El. (86)

Numerical simulation is done initial conditions: X;(0) =
1L, X0) = -2,730) = 3, 1(0) = —4,1»2(0) = 5,
and k(0) = —1. Figure 4 shows that the sum system is
asymptotically stable, Figure 5 shows the states X, X, and
the states Y1, Y», respectively. Figure 6 shows the feedback
gain k(t) tends to a constant.

For the Case 2 and Case 3, we can obtain the corresponding
results by similar procedure, thus, we omit them here.

VOLUME 9, 2021

time/t

FIGURE 4. The sum system is asymptotically stable.

-40

time/t

FIGURE 5. The states X;, X, and the states Y;, Y,.

time/t

FIGURE 6. k(t) tends to a constant.

Example 3: The hyper-Chen system [31]:

Fi1(2) —37z1 + 372

P = F(g) = F(z) =921 — 2123 + 2622
F3(z) Buntuantuan—u |’
Fu(2) —824 + 2023 — 2123

(87)

where z € R* is the state.
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According to the algebraic Equation (29), it results in

o] = a2,

Q103 = o,

a3 = 04,

ajop = a3, (88)
o =1,

03 = 04,

0103 = 04.
We get

o 1
o 1
o3 1
o4 1

(89)

is the solo solution of the Equation (88). Thus, the
Equation (88) has no solution given in Equation (30).
By Algorithm 2, we obtain

o] —1
o -1

r?= O; =1 (90)
o4 1

is the solo solution of the following equation:
{al = o2, 1)
o1o3 = a3,

thens = 2,i1 = 1,ip = 2,i3 = 3,14 = 4. By Algorithm 2,
we get

1 0 0 o0
0 1 0 0

=10 0 1 o ©2)
0 0 0 1

By 7, the hyper-Chen System (87) is divided into the
following systems:

X = M2)X, (93)
Z =GyX,2), (94)
where
—37 27
MZ) = (_9 o, 26) , 95)
3+ XX+ X123 — 2y
62X, 2) = ( —38Z4 + X2Z3 — X173 ) - 09
Next, the slave hyper-Chen system is given as
Y = M(Z)Y + Bju, 97)
7Z = G>(X,Z) + Bou, (98)

where M (Z) is given in Equation (95) and G»(X, Z) is given
in Equation (96), and

B = (?) , Bp=0. (99)

46310

We can obtain that (M(Z), B;) is controllable, which
implies (M (Z), B1) can be stabilized, and according to The-
orem 3, the controller is designed as

u=KE=k()BIE =k(t)(0 1)E =k(t)E>. (100)

According to Theorem 4, the controller is designed as
u=K@ZE =(Z3+9 —27)E =(Z3+9)E| — E,.

Numerical simulation is done initial conditions: X(0) =
1,X>(0) = =2, Z3(0) = 3, Z4(0) = 3, Y1(0) = —4, Y»(0) =
5, and k(0) = —1. Figure 7 shows that the sum system is
asymptotically stable, Figure 8 shows the states X, X, and
the states Y1, Y2, respectively. Figure 9 shows the feedback
gain k(¢) tends to a constant.

10

5T 2|

E,E,

20 f

25 . . . . . . . . .
0 1 2 3 4 5 6 7 8 9 10
time/t

FIGURE 7. The sum system is asymptotically stable.

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

time/t

FIGURE 8. The states X;, X, and the states Y;, Y,.

Example 4: The parametrically excited pendulum [32]:

. . X2
F=/= (—O.sz — (1 +2cos(21)) sin(x1)> + aoh

where x € R? is the state.

It is easy to obtain that f(—x) =

synchronization of the system (101) exists.
The slave system is given as

—f(x), the anti-

- »
y= (—0.5z2 — (1 + 2cos(21)) sin(yl)) +Bu, (102)
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-20
-25

-30 T

-35

time/t

FIGURE 9. k(t) tends to a constant.

where u € R is the controller to be designed, and

k(®)(x1 +y1)
0 ,

= (103)
and k(t) = —(x1 + y1)%.

Numerical simulation is done initial conditions: x;(0) = 1,
x0) = =2, y1(0) = =3,y2(0) = 4, and k(0) = —1.
Figure 10 shows that the sum system is asymptotically sta-
ble, Figure 11 shows the states x1, xp and the states yp, y2,
respectively. Figure 12 shows the feedback gain k(¢) tends to
a constant.

151 \ -—E,

0 2 4 6 8 10 12 14 16 18 20
time/t

FIGURE 10. The sum system is asymptotically stable.

time/t

FIGURE 11. The states x;, x, and the states y;, y,.
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2] \

241
261 \

-2.8

. . . . . . . . .
0 2 4 6 8 10 12 14 16 18 20
timef/t

FIGURE 12. k(t) converges to a negative constant.

Remark 3: From the four examples, it can be seen that the
obtained controllers u are single input controllers, i.e., u €
R. Comparing with the existing results in [14], [17], these
controllers are simple. In addition, the shortcoming for the
proposed control strategy presented in Theorem 4 is that it
has no universal equation, that is it is designed according to
the matrices M (Z) and Bj.

Remark 4: The differences among the four examples are
summaries as follows

1) For Example 1, Example 2 and Example 4, the inves-
tigated systems are chaotic, whereas the system in
Example 3 is hyper-chaotic.

2) For Example 1, Example 2 and Example 3, the partial
anti-synchronization problem of these studied systems
exists, whereas anti-synchronization problem exists for
the system given in Example 3.

VI. CONCLUSION
The partial anti-synchronization in a class of chaotic
and hyper-chaotic systems has been investigated exten-
sively in this paper. Firstly, the existence of partial
anti-synchronization for the chaotic system has been proved.
Then, by a systematic method including two algorithms,
all solutions of the partial anti-synchronization for a given
chaotic system have been derived, and physical controllers
have been designed. In the end, some illustrative examples
with numerical simulations have been used to verify the
soundness and effectiveness of the theoretical results.
Inspired by the ideas in [33], in the future, more studies
will be conducted on the application of the results of this
study about anti-synchronization to nonlinear digital commu-
nication, and the design of chaotic and hyper-chaotic systems
with system constraints that is referred to as fixed-time SOSM
controller design with output constraints.

REFERENCES

[1] L. M. Pecora and T. L. Carroll, “Synchronization in chaotic systems,”
Phys. Rev. Lett., vol. 64, no. 8, pp. 821-824, 1990.

[2] L. Wang and T. Chen, “Finite-time anti-synchronization of neu-
ral networks with time-varying delays,” Neurocomputing, vol. 275,
pp. 1595-1600, Jan. 2018.

46311



IEEE Access

R. Guo, Y. Qi: Partial Anti-Synchronization in Class of Chaotic and Hyper-Chaotic Systems

[3]

[4]

[5]

[6]

[71

[8]

[91

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

L.-Y. Cao and Y.-C. Lai, “Antiphase synchronism in chaotic systems,”
Phys. Rev. E, Stat. Phys. Plasmas Fluids Relat. Interdiscip. Top., vol. 58,
no. 1, pp. 382-386, Jul. 1998.

J. Hu, S. Chen, and L. Chen, “Adaptive control for anti-synchronization
of Chua’s chaotic system,” Phys. Lett. A, vol. 339, no. 6, pp. 455-460,
May 2005.

Z. Wang, “‘Anti-synchronization in two non-identical hyperchaotic systems
with known or unknown parameters,” Commun. Nonlinear Sci. Numer.
Simul., vol. 14, no. 5, pp. 2366-2372, May 2009.

L. Pan, W. Zhou, J. Fang, and D. Li, “Synchronization and anti-
synchronization of new uncertain fractional-order modified unified chaotic
systems via novel active pinning control,” Commun. Nonlinear Sci. Numer.
Simul., vol. 15, no. 12, pp. 3754-3762, Dec. 2010.

Q. Zhang, J. Lii, and S. Chen, “Coexistence of anti-phase and complete
synchronization in the generalized lorenz system,” Commun. Nonlinear
Sci. Numer. Simul., vol. 15, no. 10, pp. 3067-3072, Oct. 2010.

M. M. Al-sawalha, M. S. M. Noorani, and M. M. Al-dlalah, “Adaptive
anti-synchronization of chaotic systems with fully unknown parameters,”
Comput. Math. Appl., vol. 59, no. 10, pp. 3234-3244, May 2010.

G. Fu and Z. Li, “Robust adaptive anti-synchronization of two different
hyperchaotic systems with external uncertainties,” Commun. Nonlinear
Sci. Numer. Simul., vol. 16, no. 1, pp. 395-401, Jan. 2011.

S. Hammam, M. Benrejeb, M. Feki, and P. Borne, “Feedback control
design for Rossler and Chen chaotic systems anti-synchronization,” Phys.
Lett. A, vol. 374, no. 28, pp. 2835-2840, 2010.

C. Huang and J. Cao, “Active control strategy for synchronization and anti-
synchronization of a fractional chaotic financial system,” Phys. A, Stat.
Mech. Appl., vol. 473, pp. 262-275, May 2017.

D. Liu, S. Zhu, and K. Sun, “Anti-synchronization of complex-valued
memristor-based delayed neural networks,” Neural Netw., vol. 105,
pp. 1-13, Sep. 2018.

E. E. Mahmoud and S. M. Abo-Dahab, “Dynamical properties and com-
plex anti synchronization with applications to secure communications
for a novel chaotic complex nonlinear model,” Chaos, Solitons Fractals,
vol. 106, pp. 273-284, Jan. 2018.

B. Jia, Y. Wu, D. He, B. Guo, and L. Xue, “Dynamics of transitions
from anti-phase to multiple in-phase synchronizations in inhibitory cou-
pled bursting neurons,” Nonlinear Dyn., vol. 93, no. 3, pp. 1599-1618,
Aug. 2018.

X. Zhang, P. Niu, X. Hu, Y. Ma, and G. Li, ““Global quasi-synchronization
and global anti-synchronization of delayed neural networks with dis-
continuous activations via non-fragile control strategy,” Neurocomputing,
vol. 361, pp. 1-9, Oct. 2019.

Y. Huang, J. Hou, and E. Yang, “General decay lag anti-synchronization of
multi-weighted delayed coupled neural networks with reaction—diffusion
terms,” Inf. Sci., vol. 511, pp. 36-57, Feb. 2020.

T. Hou, Y. Liu, and F. Deng, “Finite horizon Hy/ Hy control for SDEs
with infinite Markovian jumps,” Nonlinear Anal., Hybrid Syst., vol. 34,
pp. 108-120, Nov. 2019.

S. Mobayen, “Design of LMI-based sliding mode controller with an expo-
nential policy for a class of underactuated systems,” Complexity, vol. 21,
no. 5, pp. 117-124, May 2016.

D. A. Haghighi and S. Mobayen, “Design of an adaptive super-twisting
decoupled terminal sliding mode control scheme for a class of fourth-order
systems,” ISA Trans., vol. 75, pp. 216-225, Apr. 2018.

S. Mobayen, “Chaos synchronization of uncertain chaotic systems using
composite nonlinear feedback based integral sliding mode control,” ISA
Trans., vol. 77, pp. 100-111, Jun. 2018.

S. Mobayen, “A novel global sliding mode control based on exponen-
tial reaching law for a class of underactuated systems with external
disturbances,” J. Comput. Nonlinear Dyn., vol. 11, no. 2, Mar. 2016,
Art. no. 021011.

46312

(22]

(23]

(24]

[25]

[26]

(27]

(28]

(29]

(30]

(31]

(32]

(33]

L. Ren and R. W. Guo, “A necessary and sufficient condition of anti-
synchronization for chaotic systems and its applications,” Math. Problems
Eng., vol. 2015, no. 434651, pp. 1-7, 2015.

X. Yi, R. Guo, and Y. Qi, “Stabilization of chaotic systems with both
uncertainty and disturbance by the UDE-based control method,” IEEE
Access, vol. 8, pp. 62471-62477, 2020.

L. Liu, B. Li, and R. Guo, “Consensus control for networked manipu-
lators with switched parameters and topologies,” IEEE Access, vol. 9,
pp. 9209-9217, 2021.

R. Peng, C. Jiang, and R. Guo, “Stabilization of a class of fractional
order systems with both uncertainty and disturbance,” IEEE Access, vol. 9,
pp. 42697-42706, 2021, doi: 10.1109/ACCESS.2021.3060093.

R. Guo, “A simple adaptive controller for chaos and hyperchaos synchro-
nization,” Phys. Lett. A, vol. 372, no. 34, pp. 5593-5597, Aug. 2008.

R. Guo, “Projective synchronization of a class of chaotic systems by
dynamic feedback control method,” Nonlinear Dyn., vol. 90, no. 1,
pp. 53-64, Oct. 2017.

E. N. Lorenz, “Deterministic nonperiodic flow,” J. Afmos. Sci., vol. 20,
no. 2, pp. 130-141, Mar. 1963.

J.-H. Chen, “Controlling chaos and chaotification in the Chen-Lee sys-
tem by multiple time delays,” Chaos, Solitons Fractals, vol. 36, no. 4,
pp. 843-852, May 2008.

Z. Li, J. B. Park, Y. H. Joo, B. Zhang, and G. Chen, ‘“‘Bifurcations and
chaos in a permanent-magnet synchronous motor,” IEEE Trans. Circuits
Syst. I, Fundam. Theory Appl., vol. 49, no. 3, pp. 383-387, Mar. 2002.

Z. Yan and P. Yu, “Hyperchaos synchronization and control on a
new hyperchaotic attractor,” Chaos, Solitons Fractals, vol. 35, no. 2,
pp. 333-345, Jan. 2008.

S. R. Bishop and M. J. Clifford, “Zones of chaotic behaviour in the
parametrically excited pendulum,” J. Sound Vibrat., vol. 189, no. 1,
pp. 142-147, Jan. 1996.

X.-H. Chang, Y. Liu, and M. Shen, “Resilient control design for lateral
motion regulation of intelligent vehicle,” IEEE/ASME Trans. Mechatron-
ics, vol. 24, no. 6, pp. 2488-2497, Dec. 2019.

RONGWEI GUO received the B.S. degree from
the University of Jinan, in 2001, the M.S. degree
from Shanghai University, China, in 2004, and the
Ph.D. degree from Shandong University, China,
in 2011. He is currently a Professor with the
School of Mathematics and Statistics, Qilu Univer-
sity of Technology. His research interests include
nonlinear systems control and switched systems.

YI QI received the B.S. and M.S. degrees from
East China Normal University, in 1996 and 1999,
respectively, and the Ph.D. degree in transporta-
tion planning and engineering from Polytechnic
University, New York, in 2002. She is currently
a Professor with Texas Southern University. Her
research interests include transportation system
performance assessment, traffic engineering, intel-
ligent transportation systems, and transportation
safety analysis.

VOLUME 9, 2021


http://dx.doi.org/10.1109/ACCESS.2021.3060093

