Partial-core transformer design using reverse modelling

techniques
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Abstract: Equivalent circuit components are developed for a partial-core transformer using a new
technique called reverse transformer design. Components requiring special consideration include the
core-loss resistance, magnetising reactance and the winding leakage reactance. Three sample
transformers were built and tested in order to verify and determine the equivalent circuit parameters.
A fourth transformer was also designed, built and tested. The measured performance of the
transformer confirmed the validity and accuracy of the model.

1 Introduction

Equivalent circuit modelling has been widely used in
designing modern transformers in industry [1-5] and
research institutions [6-13]. Tt has been presented in detail
in standard textbooks [14, 15]. A model is very useful in
predicting the performance of a designed transformer. Con-
tinuing efforts have been made to improve the accuracy of
transformer models [16-21]. Recently, a reverse-design
transformer model has been introduced [22]. The specifica-
tions are the physical characteristics and dimensions of the
windings and core. By manipulating the amount and type
of material actually to be used in the construction of the
transformer, its performance can be determined. Such an
approach lends itself to designing transformers using what
is available from suppliers. This is essentially the opposite

_of the conventional design approach. It offers much flexi-
bility in design and accuracy in predicting performance,
compared to the conventional transformer modelling
approach [23].

In this paper, the reverse-design method is applied to
partial-core transformers. As depicted in Fig. 1, the lami-
nated core occupies the central space only. The windings
are wrapped around the core, with the primary winding
inside the secondary winding. The yokes and limbs, which
usually form the rest of the core in full-core transformers,
Fig. 2, are not present. Partial-core transformers are being
studied because of their potential use with superconducting
windings, where the size of the core can be dramatically
reduced, albeit by an increase in winding turns. The combi-
nation gives a better magnetisation than a coreless trans-
former and maintains the leakage flux at an acceptably low
level. The combination also means that the overall weight
of the partial-core units is significantly reduced, and they
are easier to manufacture.

Conventional transformer equivalent circuit components,
which are commonly derived, do not readily represent

©IEE, 2001

1EE Proceedings online no. 20010587
DO 10.1049ip-epa:20010587

Paper received Sth April 2001

The authors are with the Department of Electrical and Electronic Engineering,
University of Canterbury; Private Bag 4800, Christchurch, New Zealand

IEE Proc.-Electr. Power Appl., Vol. 148, No. 6, November 2001

partial-core transformers [24]. As a result, modifications are
made to these equivalent circuit components to model
partial-core transformers. It is thus a goal of this paper to
present the partial-core transformer concept for mains
frequency and associated modelling, which is sufficiently
accurate for practical performance assessment.
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Fig.2 Cross-sectional view of full-core ransformer

.,

.,

513

Authorized licensed use limited to: University of Canterbury. Downloaded on November 30, 2009 at 15:32 from IEEE Xplore. Restrictions apply.



2 Equivalent circuit components formulation

The equivalent circuit shown in Fig. 3 is often used for
supply frequencies [25], where the capacitive effects of insu-
lation do not have a significant impact on the transformer
performance. The winding resistances R, and R,, which
were derived as recorded in [22], are maintained as they are
not influenced by the partial-core configuration. However,
modifications to the calculation of X,,, X, (combination of
X, and X,) and R, are required, as the core is no longer a
closed loop. A profile of the partial-core transformer,
showing material characteristics and dimensions, is depicted
in Fig. 4.

Ry X1

R, X,  ideal transformer

Fig.3  Transformer equivalent circuit, referred to primary winding
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Fig.4  Axial view of transformer showing component dimensions and material
properties

2.1 Magnetising reactance component
The magnetising current reactance of a full core trans-
former is calculated as [26]:

WNE popireAc

3 1)

where N is the number of primary turns, A, is the cross-
sectional area of the core, /, is the length of the core, y is
the permeability of free space = 4w x 107 Hm™!, y,, is the
relative permeability of the core, w = 2af and fis the input
supply frequency.

For a partial-core transformer, the magnetic flux gener-
ated by the energised primary winding flows through the
core and returns via the air, back to the core. This is
depicted in Fig. 5. Therefore a new overall relative permea-

X =
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bility, which takes into account the magnetic-flux path in
the air, has to be determined.

P im0

Fig.5  Axial view of transformer showing magnetic-flux flow

With respect to Fig. 5, if the flux lines are uniform within
the core, then the reluctance of the core is [25]:

L
= — 2
HoftrcAc ( )

To calculate the reluctance of the air path, it is assumed
that the flux density in the air (B, = ¢,;/4,;,) is only signif-
icant near both ends of the core. It is considered negligible
elsewhere. Thus, only the air reluctances at both ends of the
core are considered.

It is assumed that, at both ends of the core, the flux lines
flow into the air and expand as an exponential function,
which reaches an asymptotic value of /. This is an
approximation to reality, which allows a simple or naive
calculation of the reluctance of the air path of the magnetic
circuit. Whereas field analysis using 2D and 3D packages
may yield more accurate results, the added complexity in
achieving this is over-ridden by the simplicity of the expo-
nential function used, and ultimately the accuracy of the
overall performance results. The reluctance is used in the
calculation of the magnetising reactance, which has less
effect on results than the leakage reactance. The exponen-
tial function has the form:

Lo — lair (1 — €Xp (/19(;0«. )) (3)

where x, is the vertical distance where the flux travels in the
air, 1, is the effective air path length, a, is the horizontal
distance from the edge of the core where the flux travels in
the air and ¢ is the partial-core saturation factor.

& is defined as
lc (=2V)
¥ =ky (Z) (4)

where r, is the effective radius of the core = V(4/n), kg is
the partial-core saturation constant and g is the partial-
core saturation power constant. Therefore, ¢ is a dimen-
sionless quantity. It determines the rate at which x, reaches
its asymptotic value.

Rearranging eqn. 3 gives:

lai’r
aq = Wgir In ("_T:> (5)

lair -

c

The flux cross sectional area expands as:
2
Aair = TQyp (6>
where
Qair = Te + Qg

=Tc + ﬁlair hl <—i“T—_>
lair — Za
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The reluctance of the air can be calculated by integrating
over the entire air path length the integral

lair—oo
Rair = / &_ (7)
0

Holbra Aair

where u,, = relative permeability of air (=1).

There is no definite solution for the integral in eqn..7, so
numerical integration has to be performed in order to cal-
culate the air reluctance. The equivalent magnetic circuit of
the transformer is given in Fig. 6. The overall reluctance of
the transformer is

Rr = Reore + 2Rair (8)
The overall relative permeability of the transformer can
thus be calculated from:

Ir
= 9
T /J‘O,U'TTAT ( )

where /7 is the overall flux path length, [, + 2/, = [, (since
l. >> 2l,;) and A is the overall cross sectional area of the
transformer = A,.

air

mmf Reore

R air
Fig.6 Magnetic circuit of transformer

Rearranging eqn. 9:

l
T = R A 10
The magnetising reactance is thus
N? ~T A
X = w_%'“_T__ (11)

2.2 lLeakage reactance component
The total leakage reactance of a full-core transformer is cal-
culated from [26]:
oIN24T)56"

Xy = ﬂ‘i_ll_ﬂi_
where 1), is the winding thickness factor = d; + Ad + d,
(see Fig. 4) and § = (d;, + d»)/3 + Ad. A Rogowski factor
has been introduced to improve the calculation of the total
leakage reactance [27]. The Rogowski factor (I) is defined
as:

(12)

T'=~1when 8, >1 (13)
I'<1when g, ~1 (14)

However, no further specific information has been given on
what the exact Rogowski factor should be, given a trans-
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former with a certain aspect ratio (8,), where

ﬂa = lc
T12
The conventional equivalent circuit and the concept of
leakage reactance for a full-core transformer stem from the
difficulty in analysing the behaviour of very tightly coupled
coils in terms of self and mutual inductances. The leakage-
based approach is well suited to conventional transformers,
where the closed magnetic circuit leads to coupling coeffi-
cients very close to 1. This conventional approach is main-
tained, but modified, for the partial-core transformer,
because the closely packed multilayered windings .act as
guides, which channel the flux up the middle and around
the outside such that, in open circuit tests, almost perfect
coupling between windings still exists. A similar approach
can be used to model induction heaters [28], and has been
the basis of computer modelling of a successful commercial
line of fluid heaters [29], which uses combined induction
and transformer heating and which yielded the conceptual
ideas behind the partial-core transformer. Consequently, it
is necessary to derive a new expression that governs the
Rogowski factor.
The total leakage reactance becomes

X12 == FX{Q (16)

where X|, is the total leakage reactance originally derived
in eqn. 12. The Rogowski factor must be redefined. From
eqns. 13 and 14, it is evident that the maximum value of I
is 1:

(15)

r<i (17)

This makes the assumption that for large aspect ratios, i.e.
long thin cores, there will be very little leakage. However,
the smaller the aspect ratio, the greater the leakage. It has
been empirically observed that this is not linearly related.
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Fig.7  Exponential leakage function
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It is assumed that " has an exponential distribution func-
tion with respect to f8,, which saturates at I' = 1, signifying
a perfect coupling between windings. This is depicted as the
solid line in Fig. 7. The new function, termed the leakage
function, thus has the following form:

T(8.) =1 - exp (—%) (18)

where § determines the rate of saturation of the function.
The expression given in eqn. 18 is a curve fitted approxima-
tion to the empirical observations.

2.3 Core-loss component
When calculating the total-core-loss resistance of the
partial-core transformer, both the eddy current loss and the
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hysteresis loss components are taken into account [30].
However, it is experimentally observed that the existing
Steinmetz’s hysteresis loss model [31], which estimates the
hysteresis loss component for any full core transformer, is
not accurate when applied to partial-core transformers. As
a result, modifications have to be made to provide accurate
values of these components in the partial-core model.

The hysteresis and eddy current loss components can be
represented independently, each by an equivalent resistance
[26]. This is shown in Fig. 8. From [30], the hysteresis loss
component accounts for 70-80% of the total transformer
core loss.

X tranformer core
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Fig.8 Hysteresis loss and eddy current loss components equivalent circuit

Steinmetz formulated the hysteresis loss formula for a
full iron core transformer as [32]:

Py, =V kyfB?

i

R, (19)
where V, is the volume of the core, B, is the core maximum
flux density, k, is a constant dependent on the core mate-
rial, x is Steinmetz’s factor, whose value ranges between 1.8
to 2.5 [25], e, is the emf across the core components (refer
to Fig. 8) and R, is the hysteresis resistance.

For the partial-core transformer, a similar expression can
be derived. This ignores any effects that the flux remote
from the core ends may have in inducing losses in conduct-
ing materials in close proximity to the transformer. This is
a common problem in induction heating, where judicial
design and shielding minimise any significance of this effect.
A similar approach has been used for the fluid heating
apparatus of [29]. In the end, the numerical value of the
core-loss component is dominated by the magnetising reac-

tance, so any error due to proximity effects is not signifi--

cant.
For the partial-core transformer, k), is defined as:

kh = (Vckhpc)ah"c (20)

where oy, is the partial-core factor and %, is the partial-
core hysteresis loss constant. Both &, and o, are con-
stants dependent on the core material. The hysteresis loss
for a partial-core transformer thus becomes:

Pape = Ve e kgine fBY (21)
e, is obtained by subtracting the voltage across the primary
winding components (R, + jX;) from the primary input
voltage V).

Eqn. 21 is the general hysteresis loss formula for all
partial-core transformers. By substituting Py, as P, in
eqn. 19, R, can be calculated. The eddy current resistance
R, is expressed as [26):

NZA, 12p,

R, =
ec lc a

(22)
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where p, is the operating resistivity of the core and ¢, is the
lamination thickness. The hysteresis resistance R, and the
eddy current resistance R,. are in parallel, thus forming the
total-core resistance R,.

Rc = th//Rec
RhRec

=" 23
Ry + Rec (23)

3 Determination of the parameters

To validate the new derivations of the equivalent circuit
components for partial-core transformers, three transform-
ers were designed using the reverse approach. Their nomi-
nal ratings, physical dimensions and material characteristics
are listed in Table 1.

Table 1: Transformer design data

Transformer

#1 #2 #3
Ratings
Primary voltage, V 120 230 20
Secondary voltage, V 30 24 20
VA rating, VA 5400 4800 30
Operating frequency, Hz 50 50 50
Core
Length, mm 400 150 133
Width 1, mm 31 39 38
Width 2, mm 38 38 44
Primary winding
Number of layers 3 1" 4
Wire diameter, mm 25 19 0.8
Secondary winding
Number of layers 2 5 4
Wire diameter, mm 4.5 45 0.8

Table 2: Experimental results for sample transformers

ofc and s/c Transformers

test results #1 #2 #3
Vioe V 120 230 20
hoo A 8.2 8.0 1.0
Pioes W 80 183 6
Phoc 0.08 0.1 0.3
R, Q 180.9 289.0 67.3
X Q@ 14.7 29.1 20.8
Vise V 20 143 20
heer A 25.2 19.0 23
Pises W 470 1010 46
Phise 0.95 0.37 1.0
Ruvings @ 074 277 85
Kioake Q 0.25 6.96 1.6

Transformers #1 and #2 were designed for high load
current applications (= 100A), each operated at a different
supply voltage. Transformer #3 was a model for a 1:]
isolating transformer. Open circuit and short-circuit tests
were carried out on the transformers. For transformers #1
and #2 the open circuit tests were carried out at the rated
primary input voltages. The short-circuit tests were then
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carried out at current levels lower than the rated currents,
owing to the limitations of the test instruments. For trans-
former #3, both the open and short-circuit tests were
carried out at its rated primary input voltage. The test
details are shown in Table 2.

3.1 Core loss component
The values of x, ay,. and k,, in eqns. 19 and 20 were
determined experimentally for the same core material used
in all three partial-core transformers. Firstly, R, was esti-
mated by rearranging eqn. 23:
R..R
R — €C C 2
h Rec - Rc ( 4)

With the emfs (e;) measured in the open circuit tests, the
hysteresis loss was calculated using eqn. 19. P, was found
for each transformer for various input voltage levels.
Therefore, the values of &, and x were calculated by solving
the following simultaneous equations:

Pyiy = Vekn f B (25)

c(z
Prjy = Vekn f By (26)

where the subscripts i and j denote different input voltage
levels. Similarly, the values of ¢y, and &, in eqn. 20 were
calculated by solving, pair by pair, the simultaneous equa-
tions of the following three equations:

khl = (Vcl kih_pc)a’”’c (27)
khQ = (chk‘hpc)a’”’c (28)
kns = (Vesknpe) e (29)

where the subscripts 1, 2 and 3 denote transformers #1, #2
and #3, respectively. ’
The solutions are

_ log(kn(ny/Ekn(n+1))

Appe — (30)
r IOg(Vc(n)/Vc(n—i—l_))
1/ap,
k/' pe
h
k‘hpc = (n) (31)
Ve(n)
where n = 1, 2, 3 denotes the transformer number.
Table 3: Computing « and k;,,.
Transformer
#1 #2 #3
X 1.84 1.87 1.82
Solving between #1and #2 #2 and #3 #1 and#3
transformers
ap -2.46 -2.62 -2.47
Knpe 35x 108 36x 10° 35x 10°

Eqns. 30 and 31 were computed for each pair of
eqns. 27-29. The results are shown in Table 3. The com-
puted values of x in eqns. 25 and 26 are also shown. The
values obtained were very consistent. The average values
used in the component modelling are:

z =184 (32)
Ohpe = —2.5 . (33)
kppe = 3.5 x 103 (34)
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3.2 Magnetising reactance component
In a similar manner, the values of oy and ky were deter-
mined for the three transformers. Rearranging eqn. 11, tr
of each transformer was calculated from the corresponding
measured X,,. Each respective air reluctance R, could
then be determined, from which the partial-core saturation
factor ¢ (eqn. 4) was estimated.

The values of ay and kg were found by solving, pair by
pair, the following three equations:

Y1 = ky (—l—l) - (3;)

Tel

s = ks <Q> - (36)

Te2

Ds = kg (lC3> (37)
'

The solutions are
1080/ Pnr)
log ( Legny/len+1) )

To(n)/Te(n+1)

ko = 9., (——”‘"’) (39)
lc(n)

(38)

The values obtained are listed in Table 4. The values
obtained were again very consistent. The average values of
ag and kg used are:

ag = 0.31 (40)
ko = 2.21 (41)

Table 4: Estimating ay and k;

Transformers

#1 #2 #3
Og 0.31 029 032
kg 227 219 218

3.3 Leakage reactance component

Eqn. 18, with the curve of Fig. 7, was supported by actual
values from the three sample partial-core transformers.
This has subsequently been reinforced from an additional
three units not reported on in detail here, but shown in
Fig. 7. & was found to have a linear relationship with the
aspect ratio 8

(=048, +1.59 (42)
Thus, from eqn. 18, the leakage function is:
P(f)=1-exp(——L2 ) @3
0.48, +1.59

4  Verification of the parameters

Having developed the equivalent circuit parameters and
determined the components within the parameters, the
effectiveness of the reverse approach to designing partial-
core transformers can be examined. Another transformer,
transformer #4, was designed and built. It also was
designed for high-load current applications. Its physical
and electrical specifications are listed in Table 5.

The equivalent circuit parameters, referred to the
primary winding, and calculated using the new derivations,
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are presented in Table 6. The measured values, as deter-
mined by standard open circuit and short circuit tests, are
also shown.

Table 5: Transformer design data

Transformer #4
Ratings
Primary voltage, V 230
Secondary voltage, V 25
VA rating, VA 5000
Operating frequency, Hz 50
Core
Length, mm 195
Width 1, mm 39
Width 2, mm 43
Primary winding
Number of layers 9.5
Wire diameter, mm 19
Secondary winding
Number of layers 35
Wire diameter, mm 4.0

Table 6: Calculated and measured equivalent circuit param-
eters for sample transformer

Equivalent circuit  1ransformer #4

parameters

calculated  measured
R, Q 556 551
Xm Q 45 43
Ruying 38 35
Xieaks © 4.8 438

It can be seen that the core resistances obtained from
both the model and the test agree well with each other.
Therefore the use of eqn. 21, which calculates the hysteresis
loss for partial-core transformers, is confirmed. The use of
earlier derivations of R; and R, from previous work [22],
which combine to give R, are also validated.

Comparing the values for X,,, it can be seen that the
calculated value is very close to that obtained from the test.
Thus the use of 4 (eqn. 4), kg (eqn. 40) and ay (eqn. 41) in
eqn. 3, to find the air reluctance, leading to the computa-
tion of w7 and X, is justified.

From Table 6, it can also be seen that there is virtually
no difference between the test and calculated values of the
total leakage reactance Xj,,. Thus the validity of the deri-
vation of the new leakage function is corroborated for
partial-core transformers.

Table 7: Calculated and measured rated load performance

Transformer #4

Performance

parameters calculated  measured
ViV 234 234

hA 21 23

Vo,V 22 25

b, A 102 109

Py, kW 44 42
Efficiency, % 59 60
Regulation, % 51 51
518

Transformer #4 was operated at rated conditions to
compare calculated and measured values. The results are
given in Table 7. The closeness of the calculated and meas-
ured results for the transformer in Table 7 further empha-
sises the formulations derived in the paper.

5 Conclusions

Current methods of determining equivalent circuit
components for full-core transformers have had notable
limitations when applied to partial-core transformers.
Consequently, improvements in some of these components
are derived and presented using the reverse transformer
design method. The dimensions of the core and winding
materials are entered, based on what is available. The over-
all size, ratings and performance of the transformer can
then be predicted. The modified components include the
core loss resistance, magnetising reactance and the winding
leakage reactance.

Three sample transformers have been designed, built and
tested to determine the equivalent circuit parameters
derived. Components within the parameters have also been
determined. A fourth transformer has been designed, built
and tested to verify the component models. Significant
agreement has been achieved between the values of the
transformer equivalent circuit components, as determined
through calculation and test. In addition, calculated and
measured operational performances of the transformer
show good agreement. This opens the way for innovative
new designs of transformers with partial-cores, such as
welders and superconducting units.
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