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Abstract

We study a controlled stochastic system whose state X (¢) at time ¢ is described by
a stochastic differential equation driven by Lévy processes with filtration {ft}te[o,T}-
The system is anticipating, in the sense that the coefficients are assumed to be adapted
to a filtration {G; }+>0, where F; C G; for all t € [0, T]. The corresponding anticipating
stochastic differential equation is interpreted in the sense of forward integrals, which
are the natural generalization of the semimartingale integrals.

The admissible controls are assumed to be adapted to a filtration {&;}cjo,7), such
that & C F; for all t € [0, T]. The general problem is to maximize a given performance
functional of this system over all admissible controls. This is a partial observation
stochastic control problem in an anticipating environment. Examples of applications
include stochastic volatity models in finance, insider influenced financial markets and
stochastic control of systems with delayed noise effects.

Some specific cases from finance, involving optimal portfolio with logarithmic utility,
are solved explicitly.
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1 Introduction

Let B(t) = (By(t),...,Bn(t)) and n(t) = (7:(t),...,ne(t)) be (independent) m-dimensional
Brownian motion and /-dimensional Lévy process, respectively, on a filtered probability space
(Q, F,{F:}i>0, P). Assume that E[n*(t)] < co (where E denotes expectation with respect to
P) and let N(dt,dz) = (Ny(dt,dz), ..., Ny(dt,dz)), z = (z,...,2), be the corresponding
compensated Poisson random measure.

Let {&:}i>0 and {G:}i>0 be two filtrations such that

We consider a controlled stochastic system whose state X @ (t) = X (¢) = (X1(t), ..., Xa(t))
at time t € [0, 7] is described by a stochastic differential equation of the form

dX(t) = b(t, X (t),u(t),w)dt + o(t, X(t),u(t),w)d” B(t)
+ /G(t,X(t),u(t),z,w)N(d_t,dz); X(0) =z € R",

R?
i.e.
t

X(t) = X(0) +/b(s,X(s),u(s),w)ds + [ o(s, X(s),u(s),w)d” B(s)

o\“

(1.2) —I—//0(3,X(s_),u(s_),Z,w)N(d_s,dz),

where b: [0,T] X R"x K xQ —-R", 0:[0,7] x R" x K x Q@ — R™™ and 6 : [0,T] x R x

K x R x Q — R™ are given functions, K C R¥ is a given set of admissible control values

and our control process u(t) = u(t,w) € K is assumed to be adapted to the filtration {&:}i>o.
We assume that for each given z € R", v € K and z € R’ the random variables

(1.3) b(t,z,v,-), o(t,v,v,-) and 6(t,x,v,z,-) are Gi-measurable.

In other words, b, o and 6 are assumed to be adapted to the filtration {G;}+>o. Since B(t) and
n(t) need not be semimartingales with respect to {G; }+>0, the last two integrals in (1.2) are
anticipating stochastic integrals. We choose to interpret these integrals as forward integrals
(denoted by d~B(t) and N(d~t,dz), respectively), because this is what the integrals would
be identical to if we happen to be in a semimartingale context. (See Lemma 2.8b) and
Lemma 3.8.)

Let f:[0,7] x R" x K — R and g : R” — R be given functions and let Ag be a given
set of admissible controls contained in the set of &-adapted processes u(t) such that (1.2)
has a strong G-adaped solution X (¢) = X (¢) and such that

(1.4) T a) = B / F(t, X (1), u(t))dt + g(X(T))
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converges. We consider the following problem of partial observation control in an anticipating
environment:

Problem 1.1 Find ®(z) and u* € Ag¢ such that

(1.5) ®(z) = sup JW(z) = J“)(z).

ucAg

This type of problem appears in many situations. We give 3 examples from mathematical
finance:

Example 1.2 (Stochastic volatility models)
Suppose we have a market with one risky investment possibility (e.g. a stock), whose price
S1(t) at time ¢ is described by a stochastic differential equation of the form

(1.6) dSi () :Sl(t*)[u(t)dtjta(t)d*B(t)+ / o(t, 2)N(d~t,dz)|,

R

where B and N are 1-dimensional (for simplicity). In general stochastic volatility models the
coefficient o(t) = o(t,w) need not be Fi-adapted, but can possibly be influenced by other
noises as well. So the o-algebra G, generated by {o(s,-); s <t} may be bigger than F;. The
same may apply to 0(t, z) = (¢, z,w) and to u(t) = p(t,w).

Suppose the market also has a risk free investment possibility, where the price Sy(t) at
time ¢ is described by

(L.7) aSo(t) = p(t)So()dt;  Sol(0) = 1

where p(t) = p(t,w) is another G;-adapted process. A portfolio m(t) = 7(t,w) in this market
is an &-adapted process giving the fraction of the total wealth X (t) an agent invested in
the risky asset at time ¢. The dynamics of the wealth process X (t) = X (™ (t) corresponding
to the portfolio 7 is then found as follows:

dX(t) = X(t7) [(p(t) + (u(t) — p))m(t))dt + 7 (t)o(t)d” B(t)
(1.8) + 7(t) /H(t, z)]\Nf(d’t,dz]; X(0)=xz>0.

The requirement that 7(t) be &-adapted models the situation that the agent only has partial
information (less than F;) to her disposal when making the portfolio decisions. The optimal
portfolio problem of the agent is to find ®(x) and 7* € Ag¢ such that

(1.9) ®(z) = sup E[U(X"(T))],

TEAg

where U : R — [—00, 00) is a given utility function.



Example 1.3 (Insider influenced markets)

Consider again the market (1.6)—(1.7). If there are large investors in the market and these
investors have inside information, this means that they have access to a larger filtration
G: O F; when making their decisions. This leads to a price dynamics where the coefficients
p(t), u(t),o(t) and O(t, z) are Gi-measurable and not necessarily F;-measurable. A partially
informed investor in this market will again face a problem of the form (1.8)—(1.9).

Example 1.4 (Markets with delayed effects from the noise)
Suppose we have a market with no jumps (6 = 0) and with stock prices Si(t),...,Sn(?)
given by

As before B(t) = (Bi(t),...,By(t)) is an N-dimensional Brownian motion with filtration
Fi. We asume that p;(t) and o;;(t) are Fi-adapted. However, in this model we allow for a
delay 6; > 0 in the effect on S;(-) of the noise coming from B(-). Moreover, for some of the
stocks the effect of the same underlying noise may come later than for others, so the ¢;’s
need not be the same.

Integrating (1.10) we get

Si(t) = Si(0) + / Si(s)ps(s)ds + Z / Si(s)a3;(s)d= By (s — 61)

Nt d;
(1.11) = /Sr+5)ul(r+5 dr+2/5r—|—5)aw(r+5)d B (r).
-6 J= 175
Define
(1.12) Si(t) = Si(t+6;);  —6;<t; 1<i<N.

Then (1.11) can be written
Si(t) = Si(0) + | Si(r)pi(r +6;) dr+z Si(r)oy(r + 6;)d” B;(r)
y >

Or, equivalently,

(1.14) déi(t):@()[ dt+z% dB()] S.(0) = Sy(6); 1<i<N



where fi;(t) = pi(t +6;), 6i5(t) = 035(t + 6;); 4 <4, j < N.
Note that this is a price equation of the same type as in (1.6) (Example 1.2), where the
coefficients fi;(t), 6;;(t) are adapted to the filtration

gt = ]:t+57

where

0 = max(dy,...,0n).

Again we may now consider an optimal portfolio problem of the form (1.9), where the
information available to the agent is modelled by some given filtration & C F;.

The purpose of this paper is to give an explicit solution of the problem type described in
Example 1.2 in the logarithmic utility case, i.e. when

(1.15) U(z) = logz; x> 0.
For simplicity we will split the discussion into two cases:

(i) The continuous case (o # 0,6 = 0)
(ii) The pure jump case (o = 0,60 # 0)

2 The continuous case (§ = 0)

Referring to Examples 1.2 and 1.3 we now study the market M(E,G) given by

(2.1) (bond price) dSo(t) = p(t)So(t)dt; So(0) =1
(2.2) (stock price) dS(t) = Si1(6)[u(t)dt + o(t)d” B(t)]; S51(0) >0

where we assume that p(t), u(t) and o(t) satisfy the following conditions:

(2.3) p(t), u(t),o(t) are Giadapted (see (1.3))

@) E[ [0l + )]+ o)) < o0

0
(2.5) o(t) is Malliavin differentiable and Dy+o(t) = lim Dgo(t) exists

s—tt
for a.a. ¢t € [0, 7] where Dy denotes the Malliavin derivative at s

(see Definition 2.5 below).
(2.6) Equation (2.2) has a unique G;-adapted solution S (t); ¢t € [0, 7]

As before {&; }ieor) and {Gt}iejo,r) are given filtrations such that

(2.7) ECFCGCF foraltel0T).



Definition 2.1 The set Ag of admissible portfolios consists of all processes w(t) satisfying
the following conditions:

(2.8) 7(t) is E-adapted
(2.9) m(t)o(t) s Skorohod integrable and caglad (i.e. left continuous with
existing right hand side limit)

(2.10) E[ / |w(t)Dt+a(t)|dt} < 0

T

@) B[ [ lute) - )] m()dt] < o

0

Referring to Example 1.2 we study the following partial observation optimal portfolio
problem:

Problem 2.2 Find ®(x) and 7* € Ag¢ such that

(2.12) B(z) = sup E¥log(X'7(1))] = E*llog (X" (1)
where X (™ () = X (t) is given by X (0) = 2 > 0 and
(2.13) dX(t) = X(@)[(p(t) + (u(t) — p(t))w(t))dt + m(t)o(t)d” B(t)].

The function & < oo is called the value function and 7* (if it exists) is called an optimal
portfolio for Problem 2.2.

Before solving Problem 2.2 we review for the convenience of the reader some basic math-
ematical background. We refer to [NP], [N] and [@] for more details.

Let X denote Lebesgue measure on [0, 7] and let L?*(\™) be the space of all deterministic
functions f : [0, T]" — R such that

| flle2amy = / fA(x)d\(z /f (x1,...,2n)dzy ... dx, < 0O.

[0,7]" [0,7]"

If f is a real function on [0,T]" we define its symmetrization f by

flti,. .ty n‘Zf ars- s lan)

where the sum is taken over all permutations « of {1,2,...,n}. We say that f is symmetric
if f= f and we let L?(\") denote the set of all symmetric functions in L*(\"). Put

Sp={(t1,...,t,) €0, T)0<t; <--- <t, <T}.
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If f e L*S,) we define its n-fold iterated integral with respect to B(-) by

// /f t1,...,ty)dB(t)...dB(t,)

and if f € L?(A\") we define
/ f(te, ... t)dB®™(t) :==nlJ.(f).
[0,7]"
We can now formulate the Wiener-Ito chaos expansion theorem:
Theorem 2.3  Every Fr-measurable random variable F € L*(P) can be written

+Z[ fn -:Z (fn>

n=0

for a unique sequence of deterministic functions f, € LQ()\”). Moreover, we have the isometry
(2.14) E[F?] = (E[F])* + > nlll fallf20m)-
n=1

This expansion is useful for the definition of Skorohod integrals and Malliavin derivatives:
Let ¢(t,w) : [0,T] x © — R be a measurable process such that

E[¢*(t, )] < o0

and
o(t,-) is Fr-measurable for all ¢t € [0,T].

=3 L(ful 1)

be the chaos expansion of ¢(¢,-) and let f(tl, .oy tny tas1) be the symmetrization of f(tq, ...,
tn,t) with respect to the n + 1 variables ¢y, ..., t,,t,01 =t

Let

Definition 2.4  Suppose that

o0

(2.15) > (4 D[ fallF2pme < 0.

n=0

Then we define the Skorohod integral of ¢ with respect to B(-) by

/¢tw53 an+1



Note that by (2.14) we have

T
(2.16) /¢ (L )SBW) | = S0+ D Fulagrersy < oo,
0 n=0

—~

so the Skorohod integral belongs to L?(P) when defined. Moreover,

(2.17) E[ d)(t,w)éB(t)] —0.

St~

One can show that the Skorohod integral is an extension of the It6 integral, in the sense that
if ¢(t,w) is Fr-adapted and Skorohod integrable then

T T
/¢tw(53 /¢tde
0 0

Definition 2.5 Let F € L*(P) be Fr-measurable, with the expansion
FoSL: S BP0
n=0
We say that F' is Malliavin differentiable and write ' € D, 5 if
215) IFI,. = (ELFD? + 3 matl ol < o0
=1
If F € Dy 5 we define the Malliavin derivative of F' at t € [0,T] by
DF = 0Ly (1),
n=1

where L,_1(fn(-,1)) is the n—1 iterated integral of f(t1,...,tn_1,t) as a function of the n—1
first variables ty, ... t, 1.

Since

T
(2.19) / Zn”'ﬂfn”m o
0

we see that if (2.18) holds then D, F' exists for a.a. t € [0,T].
The Malliavin derivative D; satisfies the usual chain rule. For example, we have:
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Lemma 2.6 Let f € C'(R) with bounded derivatives and let F' € Dy 5. Then f(F) € Dy
and

(2.20) Dy(f(F)) = ['(F) - D,F.

Next we recall the definition of forward integrals with respect to B(-). We refer to [NP],
[RV1] and [RV2] for more information about these integrals.

Definition 2.7 Let ¢ : [0,7] x Q — R be a measurable process, not necessarily F;-adapted.
Then we define the forward integral of ¢ with respect to B(-) by

(2.21) [ ot B =iy [0 ZEI=E0,

if the limit exists in probability.

By using a stochastic Fubini theorem we obtain the following more suggestive description
of the forward integral:

Lemma 2.8 a) Let ¢:[0,7] x Q — R be forward integrable and caglad. Then

(2.22) [ ot B - Agmozas (t1) — B(t;))
0
(limit in probability), where 0 to < t; < --- <ty = T is a partition of [0,T] and

At =tj1 —t; forallj=0,...,N—1.

b) Suppose in addition that B(t) is a semimartingale with respect to G, and that ¢(t) is
Gi-measurable for all t € [0,T]. Then

/ o(t)dB(t) = / o()dB(1)

where the integral on the right is the usual (semimartingale) Ito integral.
PROOF. This well-known result follows by the same argument as in [BQ, (2.2) and Corollary
2.5]. 0

A proof of the following basic relation between the forward integral and the Skorohod
integral can be found in [BQ, Lemma 2.2]:



Lemma 2.9  Suppose ¢ : [0,T] x Q@ — R is Skorohod integrable and caglad. Moreover,
assume that

D+ ¢(t) := lim Dso(t)

s—tt

ezists for a.a. t € [0,T] and
T
/|Dt+¢(t)ldt < .
0

Then the forward integral of ¢ exists and

(2.23) / é(t)d"B(t) = / $()3B(t) + / Dy b(t)dt.

Since Skorohod integrals have expectation 0 (see (2.17)) we deduce from Lemma 2.9 the
following

Corollary 2.10 Let ¢ be as in Lemma 2.9. Then

(2.24) E[ / ¢(t)d*B(t)} - E[ / Dt+¢(t)dt},

provided that the expectations exist.
We also need the following 1to6 formula for forward integrals:

Theorem 2.11 ([RV2]) Let X(t) be a stochastic process of the form

t t

X(t) = X(0)+ /oz(s)ds+/7(s)d_B(s).

Let f € CY*(R?) and define

Then

Y(t) =Y(0) —1—/gf(s,X(s))ds—i-/%(s,X(s))d‘X(s)
(2.25) —|—% %(S,X(s))f(s)ds,
where



We now proceed to solve Problem 2.2:
Applying Theorem 2.11 to the forward equation (2.13) we get the (unique) solution

T

XOT) = wexp {[(6(0) + (ut) - ()t

(2.26) - %WQ(t)U2(t))dt+/W(t)a(t)d_B(t)}.

Hence, using (2.24),

(2.27) - E[

Since 7(t) is &-measurable and & C F; we have
(2.28) Dyr(t) =0 for all s > t.
Therefore, by the chain rule for the Malliavin derivative
Dy (m(t)o(t)) = o(t)Dyrm(t) + 7(t)Dyro(t) = n(t) Dy o(2),
which substituted into (2.27) gives

T

(2200 E[log X7(1)] ~loga = B / {pls) + Bls)m(s) — ho(s)*(s)}ds].

where

(2.30) B(s) = u(s) — p(s) + Dysa(s).

Equation (2.31) can also be written

(231)  E[log X™(T)] —logz = E[ / {5(s) + B(s)m(s) — %52@)7#(5)}@],

where



and similarly for &, B , 2. We can now maximise poinwise for each s with respect to = under
the integral sign. We obtain:

m* (s)0%(s) = B(s)-

Summarizing the above we get the following result:

Theorem 2.12 a) Suppose that o(t) # 0 for a.a. (t,w) and

(2.32) f z :

where B(s) is defined in (2.29). Then the value function ® of Problem 2.2 is

Q>

o) =tog + 5] [ {10+ ) _ 0 (B0

It is also equal to

Q>
v w
——
QL
Va)
—_

T
(2.33) O(z) =logx + E /
J 202

b) Suppose that o(t) # 0 for a.a. (t,w) and that

(2.34) i(s) = € Ag.

a*(s)
Then *(s) := 7(s) is an optimal control for Problem 2.2.

c) Suppose there exists an optimal portfolio 7 € Ag for Problem 2.2. Then

(2.35) 7*(s)02(s) = B(s).
Corollary 2.13  a) Suppose

(2.36) o(s) is Fs-measurable for all s € [0,T].
Then

(2.37) Dgio(s)=0  forallse|[0,T]
and hence

(2.38) B(s) = pls) — p(s).



This gives, under the conditions of Theorem 2.12,

(2.39) T*(s) = %(S’;(S)

b) In particular, if we assume that

(2.40) E=F=G for allt € 0,77

then we get the well-known result

(2.41) m*(s) = %@’;(3)

and

(2.42) ®(z) = logz + E[/ {p(s) + %(M<82;(_<9)'0(8)>2}d8} ,
provided that

(2.43) E[/ (%)iﬁg] < .

Example 2.14 (Delayed noise effect)
Suppose & = F; and G, = Fyys for some 6 > 0. Let pu(s) and p(s) be bounded F, -
measurable and choose

o(s) = exp(B(s+9)); s €10,T7.

(See Example 1.4). Then D,+o(s) = o(s) and hence the corresponding optimal portfolio is,
by Theorem 2.12,

Elu(s) — p(s) + o(s)|F]

f )
Elo?(s)| 7 ord >0

(2.44) m5(s) =

On the other hand, if & = F; = G; (corresponding to 6 = 0) then D,+0(s) = 0 and we know
by Corollary 2.13 that the optimal portfolio is

p(s) — p(s)

(2.45) mo(s) = 2(5)

Comparing (2.44) and (2.45) we see that, perhaps surprisingly,

(2.46) lim 7} (s) # mg(s).

6—0t
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Similarly, if the corresponding value functions are denoted by ®4(s) and ®q(x), respectively,
we get

11(s) = p(s)

o) 1)2}ds} # Po(z).

6—0t

T
(2.47) lim ®5(z) =logz + E /
0

We conclude that any positive delay ¢ in the information, no matter how small, has a
substantial effect on the optimal control and the value function.

3 The pure jump case (o = 0)

Referring to Example 1.2 we now consider the market AV (€,G) given by

(3.1)  (bond price)  dSy(t) = p(£)So(t)dt; —1

(3.2) (stock price) dSi(t) = t)dt + /9 (t,2)N(d"t,dz)); S1(0) >0

where we assume that p(t), u(t) and 6(t, z) satisfy the following conditions:

(3.3)  p(t),u(t) and 0(t, z) are G; - measurable, for all t € [0,7], z € R
(3.4)  0(t,2) is bounded and Malliavin differentiable and D+ ,0(t, z) := lim D, .o (t, 2)

s—tt

exists for a.a. t,z and is bounded, where D; . denotes the Malliavin derivative

at s, z (see Definition 3.5)

(3.5) E[bf{]p( )+ n(s)| + f 0(s, 2)| 4+ | Ds+ .0(s, 2)|)v(dz) }ds] < oo, where v is

the Lévy measure of 77( ), so that N(dt,dz) = N(dt,dz) — v(dz)dt
(3.6)  The equation (3.2) has a unique G;-adapted solution S;(t);t € [0, 7]

As before {E }iejo,r and {G: }iejo,r) are given filtrations such that
(37) gt Q ft Q Qt Q F for all ¢ € [O,T]

Definition 3.1 The set Ag of admissible portfolios consists of all processes (t) satisfying
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the following conditions:
(3.8) 7(t) is E-adapted

(3.9) m(t)0(t, 2) is Skorohod integrable with respect to N(-,-)
(see Definition 3.4) and caglad.
(3.10) w(t)0(t,z) > =1+ € for a.a. t,z (where € > 0 may depend on ), and

E[//|1og(1 + 7(5)0(s, 2))|v(d=)dt] < oo

(3.11) m(t)(0(t, z) + D+ .0(t, 2)) > —14+€ for a.a. t,z (where e > 0 may depend

on ), and
] / / [log(L+ m(£)(6(1,2) + Dye 6(t, 2))Iw(d=)d] < oo

Problem 3.2 Find ®(x) and 7* € Ag¢ such that
(3.12) ®(z) = sup E%[log X(T)] = E*[log(X "™ (T))]

TeAg

where X (™ (t) = X(t) is given by X (0) =z > 0 and

(313)  dX(8) = X() [(p(t) + (ult) — p(t))m(8))dt + (¢ /9 Ndt.d2)].

The function ® < oo is called the value function and 7* (if it exists) is called an optimal
portfolio for Problem 3.2.

Before studying Problem 3.2 more closely we review some mathematical background
about Malliavin calculus and anticipating calculus for jump diffusions. For proof and details
we refer to [DMOP1]. See also [DM@P2] for other, related applications.

First we recall the chaos expansion in terms of iterated integrals with respect to the
compensated Poisson random measure N(dt, dz), originally due to [I]. (See also [L].)

Let A denote Lebesgue measure on [0, 7] and let L*((A x v)") be the space of all deter-
ministic functions f : ([0,7] x R)” — R such that

HfH%Q((AXV)n) = / At 21 oty 20)dbiv(d2) . . dt,v(dz,) < oo .
([0,TTxR)™

If f is a real function on ([0,7] x R)"® we define its symmetrization f with respect to the
variables (t1,21),..., (tn, z,) by

f(tlazla" tnvzn - 'Zf o1 R0y - Unazan)
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where the sum is taken over all permutations o of {1,...,n}. We say that f is symmetric if
f = fand we let L?((\ x v)") denote the set of all symmetric functions in L*((A x v)*). Put

Gn=A{(t1,21, tn,2,);0<t;3 <--- <t, <T and z €R,i=1,...,n}
and let L*(G,,) be the set of functions g : G,, — R such that
91122 == /92(t1, 2150y bny 2p)dtiv(dzy) .. dt,v(dz,) < oo .
Gn

Note that ~
172y = 21206y fe L} ((Axv)").

If f € L*(G,) we define its n-fold iterated integral with respect to N (-, -) by

T to

Jn(f)://m//f(tl,zl,...,tn,zn)]\?(dtl,dzl)...N(dtn,dzn)

0

and if f € L2(\ x v)") we define

L(f) = / Fltn 21, b 2 ) N (dt, dz) = o (f).

([0,TTxR)™

Then we have the following chaos expansion theorem:

Theorem 3.3 ([I], [L]) Every Fr-measurable random variable F € L*(P) can be written

(3.14) F=E[F|+) L(f) =Y I(f)

for a unique sequence of deterministic functions f, € ZNLQ(()\ X v)"). Moreover, we have the
sometry

(3.15) E[F?] = (E[F])2+Zn!||fn||%2((xw)n)-
n=1

Using this expansion theorem we can now define Skorohod integration and Malliavin
differentiation as follows:

Definition 3.4 Let ¢(t,z,w) : [0,T] x R x Q@ — R be a random field such that

E[¢*(t, )] < o0
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and
o(t, z,-) is Fr-measurable, for all (t,z) € [0,T] x R.

Let

= Z]n(fn(’taz»

be the chaos expasion of ¢(t, z,-), as given by Theorem 3.3. Let fu(t1, 21, tns Zny tnsts Znst)
be the symmetrization of fu(t1, 21, ..., tn, 2n,t, 2) as a function of the n+ 1 variables (t1, z1),
(to, 22), .. (tn, 2n) and (tpy1, 2ni1) = (L, 2). Suppose that

[eo]

(3.16) S0+ DUl < 0

n=0

Then the Skorohod integral of ¢ with respect to N is defined by

(3.17) //¢> (t, )N (6t,dz) i[n+1(f
n=0

Note that

(3.18) E[(//m )N (6t dz)) | :i(n+1)1|yfn\|§2((m)n)

so the Skorohod integral of ¢ belongs to L*(P) if it exists. Moreover,

(3.19) //gbt 2)N (6t dz)] —0.

The Skorohod integral with respect to a Poisson random measure was first constructed
by Y. Kabanov [K1], [K2|. It is is an extension of the It0 integral in the sense that if ¢(t, z)
is assumed to be F;-measurable for all (¢, z) € [0, 7] x R, then the two integrals coincide:

(3.20) //¢tz (0t d=z) //d)tz (dt,dz).

(See also [DOP, Prop. 3.2].)

Definition 3.5 Let F € L*(P) be Fr-measurable, with the expansion
F=>"L(f);  f.eL(Axv)).
n=0

17



Suppose F' € D o, i.e.

(3.21) 1FIB,, == (BIF])* + D nalll fall 2oy < 00
n=1

Then we define the Malliavin derivative (or stochastic derivative) of F' at (¢,z) € [0,T] x R
by

(322) Dt,zF = Zn[nfl(fn<'>ta Z))7

n=1
where I, 1(fn(-, 1, 2)) means that we perform the n — 1 iterated integral with respect to the
first n — 1 wvariable pairs (t1,z1), ..., (tn_1, 2n—1) and put (t,, z,) = (t, z).

Using the isometry

T

(3.23) E[// (D, F)*v(dz) dt] Znn'”fn”Lz Ay < 09,
R

0

we see that if (3.22) holds, then D, . F exists for a.a. (t,z) € [0,7] x R with respect to A x v.
In the pure jump case the Malliavin derivative D = D, , is a difference operator, in the
sense that it satisfies the following product rule

(3.24) D(F-G)=F-DG+G-DF + DF - DG,

if both F' and G are Malliavin differentiable random variables. (See [DOP, Lemma 3.9] and
[L].)

From this we get the following result:

Lemma 3.6 Let f: R — R be continuous and let F' be a Malliavin differentiable random
variable. Then, with D = D, ,,

(3.25) D(f(F)) = f(F + DF) = f(F).
PrROOF. By (3.24) we get that
D(F?*)=2F-DF + DF - DF = (F + DF)* — F*?

and by induction
D(F") = (F+ DF)" — F".

Hence (3.25) holds for all polynomials f and hence for all continuous functions f with
compact support, by the Weierstrass approximation theorem. The result then follows by a
limit argument, using the closedness of D, .. 0

We now turn to the definition of a forward integral with respect to N(-,-). (Compare
with Definition 2.7.)
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Definition 3.7 ([DM@P1]) The forward integral of a random field ¢(t,z) = ¢(t, 2, w)
with respect to N(-,-) is defined by

T

(3.26) //qbtzw (d7t,dz) Til_l&//(btz (dt, dz)

0 0 Km

if the limit exists in probability. Here {K,,}°°_, is an increasing sequence of compact sets in

R\ {0} such that
(3.27) R\ {0} = G K., and v(K,)<oo for all m.
=1

Just as in the continuous case (Lemma 2.8) we have

Lemma 3.8 Suppose that t — ¢(t, z,w) is caglad for a.a. z,w with respect to v X P and
that ¢(t,z,-) is Gi-measurable for all t € [0,T] and a.a. z with respect to v. Moreover,
assume that n(t) is a semimartingale with respect to G,. Then if ¢ is forward integrable with
respect to N we have

T T

(3.28) //ﬁtzw (d~t,dz) .//¢tzw (dt, dz),

0 0

where the integral on the right is the usual semimartingale integral.

Here is a relation between forward integrals and Skorohod integrals (compare with Lemma
2.9):

Lemma 3.9 ([DMOP1, Lemma 4.3])
If the forward integral of ¢ ewists in L*(P) then

//¢tz (d~t,dz)

T T
(3.29) = //Dt+ L0(t, 2)v(dz) dt+// O(t, 2) + Dyr . 0(t, 2))N(0t, dz),
0 R 0
provided that
Dt+,z¢(t7 Z) = hni Ds,z¢(t7 Z)
s—t

exists and is integrable with respect to A X v.
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Lemma 3.10 Let ¢ be as in Lemma 3.9. Then

(3.30) //(bt 2)N(dt, dz = /T/Dt+ L0(t, 2)v(dz)dt|,
0 R

provided the integrals exist.

Finally we state an It6 formula for forward integrals with respect to N(-,-) (compare
with Theorem 2.11):

Theorem 3.11 ([DMO@P1]) Let X(t) be a process of the form

(3.31) X(t):x—l—/ ds—l—// s,2)N(d" s, dz)

and let f € C*(R). Then

X)) = fo) + / F1(X(s))a(s)ds

) +6(s,2)) = f(X(s7)) = ['(X(s7))b(s, 2) v (dz)dt

%\

{f(X(s7) +0(s,2)) = F(X(s7))}N(d"s,dz).

/
(3.32) +/

%\

provided that at least one of the integrals converges.

We now have the necessary mathematical machinery for solving Problem 3.2. First note
that if we apply the It6 formula for forward integrals (Theorem 3.11), we get that the solution
of equation (3.13) is given by

exp | / {(s) + (u(s) — p(s))(s)

+ /[log(l + 7(s)0(s,2)) — w(s)0(s, 2)|v(dz)}ds

(3.33) +//10g(1+W(s)9(s,z))N(d_s,dz)].
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(See e.g. Example 1.2.2 in [(@S].) Hence, using Lemma 3.10 we get

[1os 2] - / ()

+ [ log(1 + 7(s)0(s, 2)) = 7(s)0(s, 2)]w(d=) }ds

(3.34) + / log(1 + 7(s)0(s, 2))N(d"s dz)]

S F—

—B| / {ps) + (ls) = p(s))m(s) + / [log(L + m(s)6(s, 2)) — m(s)8(s, 2)

(3.35) + Dg+ , log(1 + 7(s)0(s, z))]y(dz)}ds] =: F(n).
By Lemma 3.6 we get
Dy 2 Tog(1 + m(s)0(s, 2)
= log(1 4+ 7(s)0(s, 2) + Ds+ .(m(5)0(s, 2))) — log(1 + 7(s)0(s, 2))
= log(1 + 7(s)(0(s, 2) + Ds+ .0(s,2)) — log(1 + 7(s)0(s, 2))

7(8)Dg+ .0(s, 2)
= log (1 1 +l/:(s)9(87 z) >

(3.36)

Substituted into (3.35) this gives

= 5[ [ {o(s) + (ls) = pts)m(s)

(3.37) + / log(1 + 7(s)(6(s, 2) + Dys .0(s, 2))) — m(s)8(s, z)]y(ds)}ds] .

R

We want to maximize the function
T — F(rm); T e Ag.

Suppose that an optimal 7 € A¢ exists. Then for all bounded n € A¢ there exists 6 > 0
such that 7 +rn € Ag for r € (—6,0) and the function

f(r) = F(m* +rn); r € (—0,0)
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is maximal for » = 0. Therefore

(3.38) + / [(1+ 7 (s)0(s, 2)) " 0(s, 2)n(s) — O(s, z)n(s)]y@zz)}ds}

where we have put

(3.39) (s, z) = 0(s,2) + Ds+ ,0(s, 2).

Hence
/E [{u(s) —p(s) + /[(1 7 (5)A(s, 2)) " 0(s, 2) — 6(s, z)]y(dz)}n(s)} ds = 0,

Since for each s the random variables 7n(s); n € Ag, generate the whole o-algebra &, we
conclude that, for all s € [0, T,

(3.40) E[{u(s) — p(s) + / (1 + 7(s)0(s, 2)) " 0(s, 2) — O(s, z)]y(dz)}|58] —0.

R

This proves part a) of the following result:

Theorem 3.12 a) Suppose there exists an optimal portfolio 7* € Ag for Problem 3.2. Then
y = m"(s) satisfies the equation

(s, z) + D+ ,0(s, 2)
E[/ 1+ y(0(s,2) + Dg+ .0(s, Z))l/(dz)‘fs}

(3.41) = E[{p(s) — () + /9(5, z)u(dz)}‘gs}; s €10,T7.
b) Suppose
(3.42) (s, z) + Ds+ .0(s,2) >0 for a.a. s,z

and that for all s there exists a solution
y =:7(s)

of equation (3.41). Suppose
7(s) € Ae.

Then 7 is an optimal portfolio for Problem 3.2.
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Proof of b): If (3.42) holds, then the function F(7) given by (3.37) is concave. O

Example 3.13 (The Poisson process) Suppose 7(t) is a compensated Poisson process.
Then the Lévy meassure v(dz) is the point mass at z = 1 and (3.41) gets the form

(3.43) B [%}es] — Elpls) — pls) + 0(s, 1)IE,]
where
(3.44) 0(s) = 0(s,1) + Dy 10(s,1).

Assume in addition that

(3.45) f(s) is E-measurable.

Then (3.43) has the solution

(3.46) y=1(s) =m(s) = Elp(s) — pls) +0(s, 1)[E] 7 = (6(s))
provided that

(3.47) Elp(s) — u(s) +0(s,1)[E] #0  and  0(s) #0; s€[0,7T].
Corollary 3.14 (Complete information case) Supppose

E=F =G for allt € [0,T]

and that there exists an optimal portfolio m* € Ag for Problem 3.2. Then y = 7*(s) solves
the equation

(3.48) /%V(dz) = p(s) — u(s)+ /9(3, 2)v(dz).

In the special case of Markovian coefficients this result could have been obtained by

dynamic programming.
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