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Partial Regularity of Minimizers
of Quasiconvex Integrals with Subquadratic Growth (*).

MENITA CAROZZA - NicoLA Fusco - GIUSEPPE MINGIONE

Abstract. — We prove partial regularity for minimizers of quasiconvex integrals of the form
jF(Du(x))dx where the integrand F(&) has subquadratic growth, i.e. |F(E)| < L(1+ |&|?),

e
with 1 <p<2,

1. - Introduction.
In this paper we study the partial regularity of minimizers of the functional

I(u) = j F(Du(z)) dz ,
0

where Q is a bounded open subset of R”, % is a W' ?(; R") funetion , with p > 1, and
F(&): R —R is a C? uniformly strict quasiconvex function i.e.

(L1 jF(g + Do()) da = j[F(g) +v(1+ |E|2+ | Dop(m) |2)®~ 22 | Dp() |21 d
2 Q

for any £e R™ and ¢ € C3(Q; RY).
This condition was introduced in case p = 2 in a paper by Evans (see [7]). He proved
that if F' satisfies (1.1) and

(1.2) |DEF(8)| < L(1+|&|)P-2/2

(*) Entrata in Redazione il 3 febbraio 1997.
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then a minimizer of I(x) is C*® on an open subset 2,¢ 2 such that meas(Q—Q,)=0.

This result was later generalized in [3] where condition (1.2) is dropped (see also
[12]). At the time these papers were written no examples of genuine quasiconvex func-
tions with subquadratic growth at infinity were known. However recently V. Sverak
(see [16]) gave an example of a quasiconvex ( and not convex neither polyconvex) func-
tion depending on 2 x 2 matrices and having polynomial growth with exponent
l<p<2.

In this paper we extend Evans’ result to the case where F satisfies (1.1) and p is any
exponent between 1 and 2.

We notice that a first regularity result in this direction was obtained in [5] under
the more restrictive assumption 2n/(n +2) <p <2.

The proof of the regularity of « is based, as usual, on a blow-up argument aimed to
establish a decay estimate for the excess function

Blwo, B) =~ { |V(Du@) - V(Du)y, r)|* ds,

Bp(wp)

where
V(E) = (1+ &) 2rg.

Comparing to the case p = 2 and the case studied in {5], we have to face a few technical
difficulties.

A point where one needs the assumption p > 2n/(n + 2) is in proving the following
Sobolev-Poinecaré type inequality

)

provided u e W' P(Q; RY).

It is not clear to us if (1.8) holds when p e (1, 2). Indeed we can prove that an in-
equality of this kind is still true if one adds a constant ¢ = ¢(n, p) on the right hand side
of (1.8), but unfortunately this extra term would give serious troubles when one blows
up the solution.

However, we have been able ( see Theorem 2.4) to prove that if pe (1, 2) an in-
equality of the type (1.8) holds if one increases the radius of the ball on the right hand
side.

Another technical point to overcome is to prove that if ue W 1(2; RV) is a weak
solution of a linear elliptic system with constant coefficients, satisfying the strong Leg-
endre-Hadamard condition, then « is locally W2 hence C *: a fact that does not seem
to be known in the literature.

1.3) f

2n/(n - 2) |\ = 2)/2n 172
<c[f|vDw |2de)”
Bg

Bp
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2. — Preliminary results.

In the following 2 will denote a bounded open set of R”, Bg(x,) the ball {xe
eR" | —u,| <R}, and if & is an integrable function we define

b= T @) dy= [ i@ de,

w
Bp(x) " Bg(xg)

where w, is the Lebesgue measure of the n-dimensional unit ball. When no eonfusion
may arise we write simply &y, in place of , g or Bz in place of Bg(2). Throughout the
paper p will be a number between 1 and 2 and for £eR* we shall denote

2.1) V(E) =1+ |g|2)r-DNg,

The following statement contains some useful properties of the function V.

LEMMA 2.1. - Let 1 <p <2, and V: RE*—>R* the function defined by (2.1), then for
any E,neRF, t>0

@ 20724 min{|£], ||} <|V&)|<min{|£], [£]7*},
@ [V(t8) | <max{t, P2} V&),
@ V& +m | <cp[VE)]+[Vap ],

o V©) - Vi |
(1V) 2 |§ 77|$ (1+|§|2+|77|2)(p—2)/4

—t

$C(k,10)|§—77|,

W) V& -Vip|sck,p)|VE-m],
V) |VE—m)|<clp, M)|V(E) -V | if |n|<M and EeRE.
PrOOF. — Properties (i)-(ii) are easy to check.
To prove (iii) let us assume |7|<|&|. If |&] <1 by () we get
[VE+m|s|E+n|s2|E<cp) V)],
and if || =1 by (i) again we get
[VE+m) | S |E+n|PP<c) [P <cp) V()]
Inequality (iv) is proved in Lemma 2.2 in [4], while (v) can be immediately derived

from (iv).
To prove (vi) notice that if |7|<M

3 3
£ 0P 2 €+ Inl* =2 |E] In > T |81 =8 |n|*= S |£[*~3M*.
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From this inequality and from the inequality on the left in (iv) we then get
[VEE-—m =1+ |- P E—y| <

S(1+4M2)2-PAA+4AM? + |E— )PP E—p| <
3 (p—2)/4
< (1+4M2)y2-PH 1+M2+Z|§|2 |E—n|<

<op, M)(L+ |E]% + |7|DP~ 24 |E—p| <clp, M) |VE) - V(p)|.

Let k: R*—R* be a locally integrable function. The Hardy-Littlewood maximal
function M(h) is defined for any xeR” as

M) =sup | |h(y) | dy -
" Bew

It is well known that M is a continuous operator from L9 to LY, if ¢ > 1. The follow-
ing result, which is a slightly modified version of Proposition 1.2 in [10], shows that the
continuity properties of the maximal operator M hold in more general situations.

ProPOSITION 2.2. — Let A:[0, + o[—[0, + o[ be a continuous function such
that

(i) A(2t) < KA(t) for any t>0,
(i) there exists r>1 such that t—>A(t)/t" is increasing.

Then there exists a constant ¢ = c(n, K, v) such that if f is o nonnegative, measur-
able function in R", then

jA(M(f))dech(f)dx.
"

N R"

We now apply this proposition to a particular case, which will be useful in the
sequel.

PROPOSITION 2.8. — Let 1 <p <2 and a >2 /p, then there exists ¢ = c(a, p, n) such
that if h: R*—R* is measurable, then

j [VM(W)|* de<e [ (Vi) |* do .

R* R®

ProOOF. — Set for t >0

A(t) = [(1 + 2P~ DA
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and notice that, by (ii) of Lemma 2.1, we have for any ¢ >0
A(2t) <2°A(t)
and that, if »=ap/2 > 1, the function
A(b) £ (@(2-p)/2
v [ (1 +t2)1/2]

is inereasing in [0, + o[. The result then follows from Proposition 2.2. =

We are now in position to prove the following Sobolev-Poincaré type inequality.

THEOREM 24. — If 1 <p <2, there exist 2/p<a <2 and o>0 such that if ue
e WhP(Byg(xp), RY), then

v U — Uy, R
R

where ¢ =c(n, p, N) is independent on R and u.

1/((1+ o))
1l/a
dx <cf { |V(Du)|adx)/,

Bgg (o)

2(1+0)
2.2 ](

BR(ivo)

PROOF. — Setting u(y) = (1 /R)[u(xo + Ry) — 4y, g], we may always assume &, =0,
R =1 and %y, =0. Then for any x e B, we have

D
|u<x)|sc(n,N)f—'—u(y—)|_ldy=
B, Ix_yl%

=c¢(n, N)

I Du@)| [ | Du(y) | dy},

By N B.(x) Ix yln By \Be(x) Ix yl"

with 0 < e <1 to be chosen. Denoting by Du the zero extension of Du outside B;, we
have

=0 ) ) 871,—1
{27 " 1g |z —y| <27} By(2)

© 21' n—1 1
|u(x)|$c[2 (?) [ | Duy) | dy + | |Du(y)|dy]s

izo 2
B, oi(x) By ()

2 1
sc[z £ 1 | D) | dy + —— | |Du(y)|dy]s

sc

.e(M(M))(oc)wL;n—l_—1 f |Du(y)|dy].

By(x)

Noticing that the function ¢— (1 + ¢2)?~2/2¢2 is increasing in [0, + [ and using
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(i) and (iii) of Lemma 2.1, from the inequality above we deduce, since 0 <e <1,

1
"(Sn_I f |lhdy)‘dy)

By ()

2
<

~

23)  [Vu@)|*<cn, p, N)| | V(eMDu)(@))|* +

&P . 2
scl — |[VMWD e
e |VIMDuw)(x))|* + Sn—1)eE D

By(x)

V( { 1Du| dy)

The quantity in square brackets attains its minimum when

"( f ll7u(y)ldy)

Ba ()

2/@r-1)+p)

|V(M(Du)())|

Since

} 1Duty) | dy < MDw)@),
Bo(x)
the value of ¢ given above is less than or equal to 1. Inserting this value in (2.3) we ob-
tain easily

2p/@n—1)+p)

24) | Vu@))|? < c|VIMDu)(x))| 4o -1/ eEn-D+p)

V[ { [Duw)
Ba ()

Let us choose now a such that

{2 4n—1)
max

2 l<a<2.
P ﬂn—n+p]

Raising both sides of (2.4) to a((2(n —1) + p)/4(n— 1)), integrating on B;, and
using (i) of Lemma 2.1 and Proposition 2.3 we have

f | Viu(ap)) |42 — D+ 2120 =1 g <

By
ap/2(n —1) L
<c|V(f|Duty) | dy [ 1V @uya)|* dw <
Bg B
o |P/2 1)
¢ V(J[Imeldy) [ 1VDu@))| da.
Bs B
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Finally, notice that from (i) of Lemma 2.1 it is clear that there exists ¢, such
that

e 0u(|E)) S VIO |* < cagal|E]),  for any €,
where
te if0<si<i,
()=
g() Etap/z_l_l_z, IftEI
p p

Since a>2 /p, g, is convex, hence we have, using Jensen’s inequality

J |V(u(x))|’1[2<"—1>+p]/2<n-1) die <

By
sc [ga(jt | Dulz) | dx)

Bs

p/2(n—1)
j | V(Du(x)) |* dae <
Bs

Sc(](ga(|Du(x)])dx 7 [ vou)) dec( [ VDuey)| do

1+ (p/2(n—1))
By Bs Bs

Setting 1+ 0= a[2(n — 1) + p] /4(n — 1) and noticing that from the definition of a
it is clear that o > 0, from the inequality above we then get

[ 1vutay) 2+ dxsc( J |V(Du(y))|“dy)2(1+a)/a,
B 5

which proves the result. =

REMARK 2.5. — The Sobolev-Poincaré inequality we have just proved uses some ideas
from [14]. This inequality is an essential tool in order to get the regularity result Theo-
rem 3.2. It is also one point where our case most differs from the case p =2, when
|V(£) ] is equivalent to |£|® + |€|”. Under the extra assumption p > 2n/(n + 2) one can
show that the inequality proved in Theorem 2.4 holds with the same ball (see [5]). It is
not clear to us if one can still get in our situation the same sort of estimate without hav-
ing to pass from the ball B to Bsg.

The following simple lemma is proved in [11] (see Lemma 3.1, Chap. 5).

LeMMA 2.6, — Let f:[7/2, r]1—[0, + [ be a bounded function such that for all
r/2<t<s<r

fO<o6)+

where A, o, 8 are nonnegative constants such that 0 <1. Then there exists ¢ = c(0)
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such that
T A
— | =c(@) —.
f ( 5 ) (6) pr
This result can be easily extended, using condition (ii) in place of homogenity.

LEMMA 2.7, — Let f:[7/2, r]—[0, + [ be a bounded function such that for all
rl2<t<s<r
)
s—1t

where he LP(B,), A>0, and 0 <0 <1. Then there exists ¢ = c(0) such that

r_ h(x)
5o 5

We are now in position to prove the following higher integrability result (see [3], for
the case p = 2).

2

dx ,

fit) <6f(s) + A |
B,

2

dx .

LEMMA 2.8. — Let g: RY —R be a continuous function such that

|g(&) | SL|V(A8) |7,
[9Dp@))dw=v [ | VDY (@))|* da
2 Q
for any ¢eCi (R, RY) and suitable constants L, v, 1 >0. Let ue WH?(Q, RY)
satisfy

j g(Du(x)) do < j g(Du(x) + Dp(x)) dac
Q Q

for all ¢ e CL(R2, RY), where 1 <p <2. Then there exist c, 8, depending only on p, n,
N, L, v but not on A and u such that for any Bg(x,)C Q2

@5) f (vaDw) 2+ dxsc(]f

Bp

\V(ADw) |? dac)”‘5 .

Bg2

Proor. — Fix B, such that B;,c 9, r/2<t<s<r, and take a cut-off function
teCJ(B,) such that 0<¢<1,{=1 on B, and |DZ| <2/(s—t). If we set

¢1:[u_u'r]§7 ¢2=[’M—u¢](1—é),
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then D¢ + D¢, = Du, and we have, by the minimality of «

v [ |ViDg,) [*de < [g(Dg,) do = [ g(Du— D) du =
B, B, B,

= [9(Du) dw+ [1g(Du — Dg) — g(Dw)) dav <
B, B,

< [ 9Dgz)de+ [ [g(Du—Dpy) - g(Dw)] de <
Bs\B, Bs\B;

<L [ [|[ViDgy) |*+ |V((Du - D )|*+ |ViDu) |1 de

Bs\Bt
From this inequality, using (iii) of Lemma 2.1 we then get
V(/l Lo ) 2
s—t

~

[1VDw) 2 de < [ |V(ADg,) |2 da < [ [VoDw|*dz+é |
B, B,

By \Bt Bs \Bt

Adding to both sides of the previous inequality the quantity
é [ |VaDu) |* dw,
B,

we obtain that for any r/2 <t <s<7:

B,

[ IVaDu) 12 de< —— [|VDw)|? de+ —— |
1+cBs 1+cBT

VQ“*W)

s—1t
— 2

V(z“ “)
"

21 +0) 1/(1+0)

Now, Lemma 2.7 implies that

[ 1vaDw |2de<c |

B’I‘/Z B,

and so, by (2.2) we get
V(,l %t )
r

with 2 /p <a <2. From this inequality the result follows immediately just applying

the Gehring’s Lemma version due to Giaquinta and Modica (see[11] Theorem 1.1,
Chap. 5). m

dx

f vabw P<el{

Byyo B,

B3r

<c[f|vapuw |a)2/“,

The following lemma is a slightly modified version of the approximation result
proved in [2].
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LEMMA 2.9. — Let ue WY I(R™, RY), with q=1. For every K> 0, if we set
Hg={xeR": M(Du) <K},
then there exists a lipschitz function w: R"—RY such that
IDw|.<cK, w=v on Hg,

ol Dull;
K7

meas (R"\Hg) <

’

where ¢ depends only on n, N, q.

Next result is a simple consequence of the a priori estimates for solutions of linear
elliptic systems with constant coefficients.

PrOPOSITION 2.10. — Let ue Wh (R, RY) such that
2.6) [A&D.u' D¢ dm=0
Q

for any ¢ e CH(L, R]‘V )., where (A,?g) is a constant matrix satisfying the strong Legen-
dre-Hadamard condition:

ABA N waup>v|A|® |u|?  for any AeRY, ueR".

Then u is C~ and for any Bg(xy)Cc 2 and 0 <o <R

@.1 sup |Du| < -—07 f | Du|de ,
' Bpp R By

where ¢ depends only on n, N, p, v and max|A%|.

PROOF. — Step 1. Let ve Wk,2(Q, RY) be a weak solution of (2.6). It is well known
that v is C* in Q. We want to show that if Bp(x,) cc 2 then

¢
(2.8) sup | Dv| s — I | Dv| da .
Brp R B
By a rescaling argument it is clear that to prove this inequality we may assume
2o =0 and R = 1. From Caccioppoli inequality for solutions of linear elliptic systems we
get that for any 1/2 <t<s<1

[1DvPdos —— [|v]*da.
B s

(s =ty

Since also higher order derivatives of v are solutions of (2.6), iterating the inequality
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above on suitably nested balls we get that for any =1, 2, ...
ka2 2

[ 1D < - t)zh“ |2 de

B;
Therefore, since 1/2 <t<1, we may estimate

¢ 1/2 1/2
sup |v| dz < e(n) |||y 2, < v|%da v|dx|" (sup|v|}'/°.
up [o]do < o)l (S_t)n(Bfll ) t)n(fll ) (sue o)

Using Young inequality we obtain

sup |v] +
B,

sup |v| < =
B,p \2

Finally, from Lemma 2.6 we conclude that

sup |v| <cf |v| da .

By
Applying this estimate to the derivatives D;v of v we then get (2.8).

Step 2. Let ue W 1(2, RY) be a solution of (2.6). If o(x) is a simmetric mollifier
we set for any ze Q.= {re Q: d(x, 92) <&}

u () = f 0(2) u(x + 2) dz .

|z <1

Then u, is smooth and one readily checks that for any ¢ e Cj(R,, RY)

IA(Z;DaufDﬂW dr=0.
Q
From (2.8) it follows that if Bpc 2,

sup |Du, | < o f[Du£|dx.

Brp R" By
Since Du,—Du locally in L' it follows that w satisfies (2.7), and so it is
smooth. ™

We conclude this section recalling a selection lemma due to Eisen (see [6]).

LEMMA 2.11. — Let G be a measurable subset of Rt, with meas(G) < + . Assume
(M) is a sequence of measurable subets of G such that, for some & > 0, the following
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estimate holds:
meas (M) =¢ for all heN .

Then o subsequence (M,,) can be selected such that N, M, #@.

3. — Proof of the main result.
In this section we will prove the partial regularity of minimizers of the functional

I(w) = j F(Dv(x)) dex
Q2

where ve Wh2(2, RY), 1 <p<2, and F: RV —R is a C? function satisfying the fol-
lowing assumptions

(Hy) |[F(§) ] < LA +[&7),

(Hy [F(E+Dg@)da= [[FE) +v(1+|&[* +|Dg(@) )P~ 27 | Dg(w) |*] dw
2 Q

for any £ R™ and any ¢ € C¢ (2, RY), with v > 0.

REMARK 3.1. - Condition (H,), introduced in [7] in the case p =2, is called uniform
strict quasiconvexity and implies that for any EeR™, 1eRY, ueR”

*F
B, 8E%
with ¢ independent on &, A, u.
Notice that we do not assume any control on second derivatives. However, if a fune-

tion F is quasiconvez, i.e. verifies (H,) with v = 0, and has the growth control (H,), then
it is well known (see[15]) that

3.1) |DF(&)| <e(n, N, p) L1+ |E|”"1).

(&) A W pappz vl + |E)P 22102 uf?,

We also recall that a function ue W ?(Q, RY) is a minimizer of I(v) if for any
function ¢ e W P(2, RY)

I(w) < I(u+ ).

We can now state the main result of this section.

THEOREM 3.2. — Let F be a C? function satisfying (H)) and (Hy) and ue
eWhP(Q2, RY) be a minimizer of functional I(v). Then there exists an open subset Q
of Q such that meas(2\R,) =0 and u is CV7 (2, RY) for any y <1.

A standard technique in order to prove such kind of results is to look at the decay in
small balls around a point x, of the so called excess of the gradient of the solution .
Roughly speaking the excess E(xy, R) measures how far is the gradient from being
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constant in the ball Bg(x,). In our case it is convenient to define
B, R)=  |VDu@)) — V(Du), )2 de,
Bpr(ag)
where V is the function given by (2.1). Notice that if p =2 this quantity is equivalent to
} 1Du@ - Dweyr 2+ f |Du@) — Du),, & |7 de,
Bp(xp) Bp(xg)

but it is not so in our case.

We shall prove our decay estimate, Proposition 3.4 below, by a more or less stan-
dard argument consisting in blowing up the solution in small balls and reducing the
problem to the study of convergence in the unit ball of solutions of suitably rescaled
functionals. To this aim we need the following simple technical result which is a modi-
fied version of Lemma 2.4 in[4] and is proved exactly in the same way.

LEMMA 3.3. — Let f: R*—>R be a function of class C? éatisfying for any E<RY
|DF(E) | < LQ + &)~ V2,

with 1 <p < 2. Then for any M > 0 there exists a constant ¢ depending only on M, p,
L, such that if we set for any >0 and AeR* with |A|<M

fa,1(85) =A T2 f(A + A8) — f(A) — ADf(A)E],
then
1fa,28) | Selp, L, M)A+ |AE|2)P 22 |E)2.

We can now establish the decay estimate of E(x,, R). The proof we give is based on
an idea contained in [8], later modified in [4] in order to deal with functionals with no
control on the second derivatives (see also [5]). We will follow closely the various steps
of the proof as presented in[4]. '

PROPOSITION 3.4 [Decay estimate]. — Fix M > 0; there exists a constant Cy such
that for every 0 <t <1 /4 there is an & = &(r, M) such that if

[(Du),, | SM and E(xy, R) <e
then
E(xo, TR) = CMZ'ZE(xo, R) .

ProoF. -~ Fix M and t. We shall determine Cj, at the end of the proof.

Step 1: blow-up. We argue by contradiction, assuming that there is a sequence
Bp,(x;,) of balls contained in £ such that

[(Du)y,, r, | <M, ]i}{n E(wy, Ry,) =0
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and
3.2) E(xy, tR,) > Cy 12 E(xy, Ry).
We introduce the following notations:
= Uy p, s Ap=(Du)y g, Ai=E@, R,);

and rescale the function u in each ball Bg, (x,) to obtain a sequence of functions on
B, (0):

1
v, (y) = 7 [ulx, + Ryy) — oy, — By A yl.

h+tbh

Clearly, we have

1
Dv,(y) = l_ [Dulxy, + Byy) — A, (’Uh)o, 1=0, (D’Uh)o, 1=0.
h

Moreover from (ii) and (vi) of Lemma 2.1 we have

2

Du(x) — (Du),
f Ivou@)Pay- V( () (u)h,Rh) o<
By(0) Bry ) Ap
(M) )
<=5 | IVOu@) - V@Dw,, 5, do=¢.
f Bpy, (az)

Hence from (i) of Lemma 2.1 we may conclude that the sequence (Dv,) is bounded in
L?(By, R™):

(3.3) |Dv,|l,<¢, for any h,
and assume, without loss of generality, that
v,—v, weakly in W' ?(B;, RY)
and, since |4, | <M,
A,—A.

Step 2: v solves a linear system. From the Euler system for u, rescaled in each
Bg, (%), we deduce for every ¢ € C¢(B;, RY)

(Ah +z‘hD,vh) Da¢i dy =0 ’

oF
J
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and also

9 1
a a

oF oF .

[| = A+ 2.Dw) — — ) | Do’ dy=0.

4| o R
If we split B, as

Eh+ UEh_ = {y631: ;l'h |D'l)h(y) | = 1} U {y631: lh |Dvh(?/) | < 1},
we get by (3.3) '
(3.4) meas (B;") < f A2 | D, |P dy < cA%.
By
Therefore, using (3.1) and (3.3), we deduce that

1
- f |[DF(A,, + A, Dv,) — DF(A;)] D¢ | dy <
h

By

< ai [a+257 Do P~ Hdy <

bt

By _ - -
SC'AA +eil 2( f|Dvh|de)” Vg s
h

Ey

which implies

1
(3.5) - lim [ [IDF(4,+ 2,Dv,) — DF(4,)1 Dg | dy = 0.
h
E

Now we observe that (3.4) implies that y g —1 in L9(B,) for all ¢ < « and that by
(8.83) we have 4,Dv,(y)—0 a.e. in B;. Then on K, we may write

1
j [DF(A, + 4,Dv,) — DF(A,)] D¢ dy = j dijZF(Ah + 84, Dv,) Dv, Do ds =
By B 0

1
= Idyj[DzF(Ah-i—s/lhDvh)—DZF(Ah)]Dth¢ds+ jDzF(Ah)Dthq)dy.
Ey 0 E,

letting 2—> « and using the uniform continuity of D2F on bounded sets we
obtain

1
lim —— j [DF(A, + A, Dv,) — DF(A;)] Dp dy = j D*F(A) DvDé¢ dy
hEh_

By
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which together with (3.5) implies
J' FPF
5 080
By Remark 3.1 the coefficients of this linear system satisfy the inequality
*F
3", 8
hence from Lemma 2.10 we deduce that v is C ® in B;. Moreover from the theory of lin-

ear systems (see [11], Theorem 2.1, Chap. 3) and by (2.7) and (3.3) we get that if
0<7<1/2

(4) DyviDsgp’ dy =0.

o(v, M) |A|? |ul?< (A) AT AT gty < (M) | A)2 ||,

36 {|Dv— (Do), |* dy < M) 72 f 1Dv— Doy |? dy <
B

r Bipe

< (M) t%sup | Dv|? < (M) ©° ]IID’Ulp % C*(M)72.
Byj2 B,
Step 3: higher integrability of v,. If we set
Fy(8) 1= AP [F(Ay + A, ) — F(A,) — A, DF(4,)&],
by (3.1) we may apply Lemma 3.3 and deduce
c(M)
23

3.7 [Fn(@) | < V(4,8 2.

On the other hand (Hj) implies that
(38) Bf F, (Do) dy > I%J VG4 Do) dy
for any ¢ e C3(B;, RNl). Set for any 0 < 'rsll
I}Mw) = [ F,(Dw(y)) dy ;
B,

it is then easily verified that v, is a minimizer of I,*. Therefore, applying Lemma 2.8 to
the functions g,(&) = A2 F,(E), we get by (2.5) and (vi) of Lemma 2.1

3.9) ][]V(lhDvh)|2(”‘”dySc(][IV(AhDvh)lzdy)Hé:

By By

=c( f IvDu@ - 412 dx)HéS

Bﬁh(xh)

g‘*’UV-’)( f IV(Du@c))~V(Ah>|2dx)”scz%,<l+é>,

Bpy, ()
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and this gives immediately by (i) of Lemma 2.1 that the sequence (Dv,) is bounded in
L +6)(B1/2, R™Y).

Step 4: upper bound. Fix r<1/3. Passing to a (not relabelled) subsequence, we
may always assume that
lim 17 (v) - I} (v))
exists. We claim that
lim 1} (vy) = IF)] <0.

Choose s <r and take {eCy*(B,) such that 0<{<1, {=1 on B, and |DZ| <
<2 /(r—s). Ifweset ¢, = (v — ;) ¢ by (iii) and (ii) of Lemma 2.1, (3.7) and the minimali-
ty of v, it follows

) -} <L+ o) — 1) = j [Fi(Dv, + D¢ ) — Fr(Dv)] dy <

B \B;
sfz— | [IV@aDo) |+ | V(a4 =0) DL+ 2, EDv + 5(1 = £) Duy) |*}dy <
" BB,
c 1
<= [ |IV@Do) |+ V@ Do) |2 + = [VOa —v)|? | dy .
ih’Br\Bs (7‘—8)

Now from (3.9) we have

[ Va.Dv |2 dy <
B’I‘\BS

1/(1+0)
s( j |V(AhDvh)|2(1+a)dy)/ + |B\B, |/3+9 < A (r — s)P/1+ D)
B \B,

and by (2.2), taking 6 such that 1/2 =60 + (1~ 6) /(2(1 + 0)), we obtain, using (iii) and
(ii) of Lemma 2.1,

20
I |Vu~h(’0—’l}h))|2d’yS I IV(/lh('U_'Uh))ldy .
By\Bs B,\B;,
(1-6)/(1+0) 26
' I VOaw o))+ g\ " <y J|v—vh|dy :
B-\B, 5
-0)/(1+a
( f|V(}”"(v_”h)“lh(v""h)o,1/3)|2(l+") dy+|V(lh(v—vh)0,1/3)|2(1+u))(1 O+
B

1/3

By

< Cﬂ,%e( j [v—v | dy)z‘9
By

( le(/lhDvh)lZ dy)lme_*_/l%(l“g)jl SC).%( Il’l)—vh|dy)2e,
By
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where we used the estimate (see (3.9))

(3.10) FIva, Do) |2 dy < ca}.

By

Finally from the estimates above we conclude that

o) - Irw) <c

1
(sup]Dv|2)(r—s)+(r—s)‘s/(1+‘5)+ — flv—vhldy “1.
B, (r—s) ™
Since v,—v in LP(B;, RY), letting first A— © and then s—7r we prove the
claim.

Step 5: lower bound. We claim that if { <r<1/4

1
lim sup — j V(D ~ Duy))|? dy < e Bm U w) ~ @)
h s B,

Let ¢ € Cg (B, ;3) such that 0< ¢ <1, ¢ =1 on By and |Dg|<c. Set

=00, V=v¢.

We may always assume that the exponent d given by the higher integrability esti-
mate (3.9) is less than or equal to the exponent ¢ provided by the Sobolev-Poincaré in-
equality (2.2). Therefore we get by (3.9) and (3.10)

[ 1voaDs) 0P dy <e | [V Do) |22 dy +c [ Vo) |20 dy <

R™ Bijs Bijs

s¢ J ‘V(AhDvh)‘2(1+6)dy+c J— ‘V(lhvh_A-h(’l)h)o,1/3)|2(1+5)dy'

B1/3 Bl/3

-¢| V(A5 (v, 1/3)|2(1+6) <A P+ ¢

j|V(AhDvh)[Zdy)HaScl%(“‘”.

By
From this estimate and Proposition 2.3 it then follows that
(3.11) A IV, DO |2 s o gy + VA MIDB))p20+0@m ] < €

for all k. Fix € > 0, from the estimate above it is clear that there exists > 0 such that if
GcR” is a measurable set, with meas(G) <7z

3.12) %[ JIV(MD@L)IZ dy+j|V(ﬂ.hM(Dﬁh))|2 dyl<e.
ke G

Notice that (3.11) implies also that (%) is bounded in W1 P4+ (R" R¥) therefore
by the continuity of the maximal function in L¢ spaces we deduce that there exists
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K >1 such that, setting S, = {y e R": M(Dv,)(y) > K},
3.13) meas (S,) <y for all &.

Having chosen K, we now apply Lemma 2.9 to find a sequence of functions w,e
eW?b *(R", RY) such that

3.14) w, =17, on R*\S,, [[Dw,|.<cK.
Therefore, passing to a (not relabelled) subsequence we may also suppose that
w,—w  weakly* in Wb *(R"*, RY),
Notice that by (8.12), (8.13) and the definition of S, we have the estimate
1 .
meas (S;)(1+ A K*)P-22K2 < ' J V@A, MD3)|2dy<e
hg,

which gives

(L+A3K%)@-PL _ 2

(3.15) meas(S,) S ¢ 3 =

for & large enough. We turn now to estimate the difference
8.16)  IM(w) — I} (w) =
= [I}®,) = LMwy)] + (1} (wy) = I w)] + [T} (w) = I} ()] = R} + Ry + R} .

By 3.7, (3.12), (3.13) and (3.14) we get

@17 R[S [ |FuDH) - Fi(Dwy) | dy <

Sy N B,

< Aiz [V, Di) [+ V3, MD5,)) |2 1dy < ce .
ks,

Now choose {<s<r and take a cut-off function ¢ as in Step 4. Setting v, =
(w, — w) we split R} as follows:

(3.18) R =1[IM(w,) —IMw+vy,)]+

+[Lw + ) — LN w) = L )1+ I (yp,) = Rf + RE + RE .
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Again by (8.7), (3.14) and (iii), (ii) of Lemma 2.1 we have

RE< [ |Fi(Dw) = FuDw+Dyy) | dy <

B;\B,
¢ 1
S°3 f |V, D) |2+ | VA&, Dw) |2+ —— |V, (wy — w))|? | dy <
Mg ia, (r—s)
c 3
<=+ s [ lm-ultds.
(T”S)ZB,-\B

Since wj,— w uniformly we conclude that

(3.19) lim sup |R{ | < o(K)(r —s).
1

To bound R we observe that for any A, Be R"%¥

11
F.(A+ B) - F,(A) - F,,(B) = j jDth(sAﬂB) ds dt
00

and therefore
11
Rl= jdxj jDzF(Ah+3/lthh+t/lth/)h)DwD1phdsdt.
B, 00

Since D%F(A,, + s\, Dw, + tA,Dy,) converges to D>F(A) uniformly, and wj,—w
weakly* in W' ® we easily get

(8.20) li’xbn Rr=0.
Moreover (3.8) implies that
h v 2 v 2
Rl = [FuDydy> = [|V,Dy ) |*dy = — [ [V (Dw, ~ Dw)|? dy .
A A
B, kg, h B,
Passing possibly to a subsequence we may suppose that
: R
h}rbn R;
exists too. Therefore by (3.18), (3.19), (3.20) we deduce

8.21) li{n R} = lim sup 11—}2— J’ | VA, (Dw;, — Dw))|? dy — c«(K)(r — s).
k "B



M. Carozza - N. Fusco - G. MINGIONE: Partial reqularity etc. 161

To deal with R} we use a technique introduced in [1]. First we prove that

3
3.22) meas {y e B,: v(y) Z2u(y)} < ?2 .

Set 8= {yeB,: v(y) #w(y)} and
S=8n{yeB,: v(y) = lim ,(y)} -
Then meas (S) = meas (S). We argue by contradiction. If

3¢

meas (S) > P ,

then by (3.15)
meas (S\S,) > % ,
for h large enough and by Lemma 2.11 there exists ¥ € B, such that
7e€8\S, for infinitely many & .
Passing to this subsequence, we have
u() = lim v, () = lim w,,(7) =w(@);

hence % ¢ S, which is a contradiction. This proves (8.22). Now, since Dv=Dw a.e. in
B.\S, by (8.7) and (8.22) we get

(3.23) |R3’” |< [ | Fr(Dw) — F),(Dv) | dy <
B,NS
< % J [|V(A,,Dv) |2 +|V(A,Dw) |21dy < c(1+ K?) meas(S) <
A% B.NS
since K >1. By this inequality, (3.16),(3.17) and (3.21) we conclude that

@24  lim (L} (vy) = I} v)] =

«(1+K?%) e

<ce,
KZ

> lim sup %2 [ 1VG(Dw, — D)) 2 dy - eE)r = 5) - ce .
3 i g,
By (iii) of Lemma 2.1 we then have
1
625 -3 [1vG v Do) Py < /1% [1VG wDw— D) |2y +
: h‘Bt th

L
a2
Ai g

| |V(/1h(th—Dvh))|2dy+/liz [ VawDo - Dwy)|?dy .
s NSy,

h‘BsﬂSh
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With the same argument used to prove (3.23) we get also

(3.26) | V@D - D)) y<7 [ UV, D)+ (V2 Dw) [l dy < ce
B,nN8§

c
72

Lhp hB.As
and as in (3.17) we get

c

,12 J’ |V(lh(D’Uh th))l dy< — J[|V(/'LhDvh)|2+|V(/1 M(D’I)h))l ]dy<(38
[

B.NnS, hSh

Therefore, from this estimate, (3.24), (3.25), (3.26) we finally conclude that

lim sup /%2 J |V(X,(Dv - Dv,))|2dy s¢ li;{n (v, = IM)] + ce + c(K)r—s).
h s

The proof of the claim then follows by letting first s—# and then e —0%.

Step 6: conclusion of the proof. From the two previous steps we have that for any
0<r<1/4

1
lim — [|V(u(Dv = Dvy) |2 dy =0.
h A%B

Now from this inequality, (v), (iii) of Lemma 2.1 and (3.6) we get

. E(xy, 1R;)
lim sup e

. 1
; ; = hmhsup B ][ |V(Du) = V(DU)y,, wg,)|* dow <

By, (x3)

) c
< hmhsup FE) ]( |V(Du — (Du)y, x,) |2 de =

Bogy, (%)

= lim sup ](|V(;t (D, — (Dvh)r N|Zdy <

< hmhsup ][[ | V(. (D, — Dv))|* +

+| V(24 (Dv = (D)) | + | V4, (Dv), = (Dvy)))|* 1dy <

<[C*(M)7* +lim |(Dv), — (Dwp): |°1,
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and since Dv,— Dv weakly in L?(B,, R™) we deduce that

m ——E(x"/l’;R”) <C*(M)7?,

i
k h

which contradicts (3.2) if we choose Cp; =2C*(M). =

Proor oF THE THEOREM 3.2, — Following the argument used in section 6 of [9], from
the Decay estimate just proved, one can easily obtain that for any M > 0 there exist 0 <
<7<1/4 and >0 such that if

3.27) (D) x| <M and  E(z, R) <7
then for any k=1, 2, ...
E(w, ™" R) S c(M)T* E(x, R),  |(DW)y, 1z | <2M.

From this estimate one then gets that if (3.27) holds for any 0 <gp <R we
have

|(Du)ay, o | Se(M)  and  Elzg, 0) < c(M)(% B, ).
Therefore from Lemma 2.1 we get that
@28  f [Du-(Du),,|dy< f |Du - (Dw),, , | dy +
By () By(wo) N {x: | Du— (D, o | <1}
+ ]f |Du— (Du),,,, | dy <

Bg(wo) n {9&': |Du - (Du)mo,g | > 1}

B, (%) B, (ap)

<c ]( !V(Du—(Du)xo,Q)|dy+c( f |V(Du_(D%)x0,9)|2dy)1/ps

< c(M)

<

By(ay) By (o)

1 vow —viww, )| dy + ( f 1V - V((Du)xo,g)ﬁdy)”’”

< o(M)E*(xy, @) + EVP(x9, 0)] <c(M,R) 0.

From this estimate it is then clear that if we set

Qy= {er: sup |{(Du)y,, »| < ® and 1111}) E(wx,y, 7) = 0}
7>0 r—>

Q, is an open set such that meas (2 — Q) =0 and by (8.28) ueC!*(R,) for any
0<a<l. m
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