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PARTI AL SPATI AL EQUI LI BRI A WI TH FUZZY CONSTRAI NTS

0 - I nt r oduc t i on

0. 1.  I t  i s  i mpl i c i t l y  a c c e pt e d by s pa t i a l  e c onomi c  a na l ys i s  

t ha t  t he e c onomi c  be ha vi our  of  a ge nt s  l oc a t e d i n gi ve n s pa c e s  

( mar ke t  a r ea s ,  r e gi ons ,  e t c . )  i s  pr e c i s e ,  t ha t  i s  t o s ay,  

t he i r  be ha vi our  i s  s uc h t ha t  a pos s i bl e  a c t i on ( c ons umpt i on,  

pr oduc t i on)  i s ,  or  i s  not ,  pr e f e r a bl e  t o a not he r .  I n ot he r  

wor ds ,  e c onomi c  a ge nt s  a r e  a s s ume d t o ma ke  a c c ur a t e  e c onomi c  

c a l c ul a t i ons  a nd opt i mi s e  t he  obj e c t i ve  f unc t i ons  unde r  s t r i c t  

c ons t r a i nt s  of  r e s our c e  l i mi t a t i on.  The s e  obj e c t i ve  f unc t i ons  

have  c l e a r l y de f i ne d a r gume nt s  and we l l - c ont r ol l e d pa r a me t e r s .

0. 2.  Ge ne r a l l y,  howe ve r ,  t he  e c onomi c  s paces  i n whi c h  a ge nt s  

l i ve  ar e  not  t r a ns pa r e nt  a nd t he  i nf or ma t i on a va i l a bl e  t o 

a ge nt s  i s  i nc ompl e t e ,  i mpe r f e c t  and mor e  or  l e s s  a c c ur a t e .

Thi s  i nf or ma t i on ha s  va r yi ng de gr e e s  of  c r e di bi l i t y,  t hus  i t s  

i nt e r pr e t a t i on c a l l s  f or  c a ut i on.  The  mor e  c ompl e x a s pa c e  

( f or  i ns t a nc e  an ur ba n s pace)  t he  l es s  we l l  i t  i s  known.

Se ve nt h Pa c i f i c  Re gi ona l  Sc i e nc e  Conf e r e nc e ,  Sur f e r s * Pa r a di s e ,  

Aus t r a l i a ,  Augus t  16- 20,  1981.

%  The aut hor  wi shes  t o t hank hi s  col l eagues  and f r i ends  at  t he I ns t i t ut e of  
Economi c ' Mat hemat i cs wi t h whon he has  had a nur ber  of  f r ui t f ul  di scuss i ons ,  
mor e par t i cul ar l y Mi ss  M. Cl ause and Mr . M. Pr evot .  Too t hanks  go t o Mr s.  
Mar gar et  Chevai l l i er  f or  t r ans l at i ng t hi s  paper  i nt o Engl i sh.  Of  cour se,  
t he aut hor  al one i s r espons i bl e f or  t he t ext .
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Mor e ove r ,  e ve n t hough an e c onomi c  a ge nt  i s  r e l a t i ve l y  

we l l - i nf or me d a bout  hi s  s pa t i a l  e nvi r onme nt , he  i s  ne ve r t he l e s s  

a huma n be i ng,  not  a r obot .  He pur s ue s  obj e c t i ve s  whi c h a r e  

not  a l wa ys  r i gor ous l y f or mul a t e d and whi c h s ome t i me s  pr ove  t o 

be  i nc ompa t i bl e  or  c ont r a di c t or y.  Si mi l a r l y,  he  a ppr a i s e s  

i mpe r f e c t l y t he c ons t r a i nt s  whi c h l i mi t  hi s  r e s our c e s  a nd he  

does  not  a l wa ys  s a t ur a t e  t he m s t r i c t l y.

0. 3.  Whi l e  a dmi t t i ng t ha t  t he  be ha vi our  of  e c onomi c  a ge nt s  

l i vi ng i n mor e  or  l e s s  opa que  s paces  i s  i mpr e c i s e  ( f uzzy)  t he  

a na l ys t  mus t  s t i l l  a ns we r  t he  f ol l owi ng que s t i ons .  Ca n t he  d e s 

c r i pt i on of  f uz z y s pa t i a l  be ha vi our s  r e l y on a s ui t a bl e  a nd 

c ohe r e nt  mode l  of  e c onomi c  c a l c ul a t i on?  Has  t hi s  de s c r i p t i on  at  

i t s  di s pos a l  s pe c i f i c ,  nove l  and s uf f i c i e nt l y a ppr opr i a t e  

ma t he ma t i c a l  i ns t r ument s- . ? Exi s t i ng s t udi e s  us i ng t he  t he or y of  

f uz z y s ubs e t s  ( 1)  ha ve  t o s ome  e xt e nt  a ns we r e d t he s e  que s t i ons .  

Ha vi ng f or mul a t e d a t he or y of  i mpr e c i s e  pr e f e r e nc e s  a nd c ons t r uc t e d 

a f uz z y ut i l i t y  f unc t i on [ 7 ] f i r s t  t he  c ons ume r ' s  s pa t i a l  

e qui l i br i um [ 9 ] t he n t he  pr oduc e r ' s  [ 10]  we r e  de s c r i be d i n an 

i mpr e c i s e  c ont ext .  At  t he  s ame  t i me t hes e  t he or i e s  of  f uz z y 

s pa t i a l  be ha vi our  of  t he  c ons ume r  a nd pr oduc e r  we r e  s hown t o be  

pa r t i c ul a r  s pe c i f i c a t i ons of  a ge ne r a l  be ha vi our  mode l  i n whi c h 

t he  obj e c t i ve  a nd t he  c ons t r a i nt  ar e  bot h f uz z y [ 8 ] .

The s e  a ppr oa c he s  have us e d a F. M. P.  ( Fuzzy Ma t he ma t i c a l  

Pr ogr a mmi ng) ,  whos e  t he  t he or y was  f i r s t  e l a bor a t e d by H. Ta na ka ,  

T. Okuda  a nd K. As a i  [ 14]

(1) A f uzzy subset  A of  a r ef er ent i al  E = [ x  ̂ i s f or med by t he i mages of  t he 
el ement s  x whi ch t ake t hei r  val ues  i n a pr eor der ed set  M,  wi t h Car d M >  2,  
by an appl i cat i on /'. def i ned on E and wi t h val ues  i n M.  ~
The appl i cat i on , " (̂x) expr esses  t he degr ee of  member shi p of  t he el ement  x 
t o t he f uzzy subset  A of  E.  I t  i s of t en assumed t hat  M = [ 0, 1]  .
The t heor y of  f uzzy subset s  was  f i r s t  pr esent ed by L. A. Zadeh [ 16 ] .
Any r eader  wi shi ng t o go i nt o t he subj ect  f ur t her  mi ght  consul t  t he f ol l o
wi ng wor ks  gi ven i n t he bi bl i ogr aphy [2] [3] [4] [6] [11]  [17]  as wel l  
as t he i nt er nat i onal  j our nal  under  r ef er ence number  [15]
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0. 4.  I n c e r t a i n ca s e s ,  onl y t he  c ons t r a i nt  i s  f uzzy,  whe r e a s  

t he  obj e c t i ve  i s  pr e c i s e .  The  c ons ume r  ma xi mi s e s  a t r a di t i ona l  

ut i l i t y  f unc t i on unde r  a f uz z y budge t  c ons t r a i nt  . The  pr oduc e r  

ma xi mi s e s  a pr of i t  f unc t i on unde r  an e l a s t i c  t e c hnol ogi c a l  

c ons t r a i n t .

The  a i m of  t he  pr e s e nt  pa pe r  i s  t o pr ovi de  a s ol ut i on t o 

t hi s  pa r t i c ul a r  t ype  of  f uz z y e c onomi c  c a l c ul a t i on by a ppl yi ng 

a - s pe c i f i c  met hod - t o i t . I ndeed,  D. Ra l e s c u has  e s t a bl i s he d t ha t  

a F. M. P.  c oul d be  r e duc e d t o t he  s ol ut i on of  a f uz z y i nt e gr a l ,  

c a l l e d a Suge no' s  i nt e gr a l ,  on t he a s s umpt i on t ha t  t he  ob j e c 

t i ve  f unc t i on i s  not  f uz z y [ 12 ] . Thi s  pr oof  s uppl i e s  an 

i nt e r e s t i ng r e s ul t  not  onl y f or  pur e  ma t he ma t i c s  but  a l s o f or  

nume r i c a l  c a l c ul us .  I t  f ol l ows  t ha t  t hi s  a ppr oa c h pr ovi de s  

s pa t i a l  a na l ys i s  wi t h an e f f i c i e nt  i ns t r ume nt  f or  t he  mode l i -  

z a t i on of  huma n be ha vi our  a nd t he a na l ys i s  of  pa r t i a l  s pa t i a l  

e qui l i br i a  i n a c ont e xt  whe r e  onl y c ons t r a i nt s  a r e  f uzzy.

0. 5.  Re mar k.  To a voi d a ny a mbi gui t y i n t he  not a t i on  of  ma t he ma t i c a l  

t e r ms ,  or di na r y ( non f uzzy)  c onc e pt s  ar e  unde r l i ne d,  whe r e a s  

f uz z y c onc e pt s  a r e  not .  For  e xampl e ,  A C E i s  r ead:  A i s  a f uz z y 

s ubs e t  of  t he  r e f e r e nt i a l  E.

1.  A Ge ne r a l  Mode l  of  Spa t i a l  Be ha vi our  Wi t h a Fuz z y Cons t r a i nt

1. 1.  Le t  us  a s s ume  an e c onomi c  agent ,  a c ons ume r  or  a pr oduc e r ,  

who pur s ue s  hi s  own pa r t i c ul a r  obj e c t i ve s  i n t he  s pa c e  whe r e  he  

i s  l oca t ed.

A s e t  of  a c t i ons  ( or  a l t e r na t i ve s )  i n t hi s  s pa c e  i s  de not e d 

by E = whe r e  i  e  I ,  _l f i ni t e  or  not ,  de s i gna t e s  t he  na t ur e

of  t he  a c t i ons  a nd whe r e  j e  J ,  J  f i ni t e  or  not ,  s t a nds  f or  t he  

pl a c e s  whe r e  t he s e  a c t i ons  can be c a r r i e d out .

I n t he  de s c r i pt i on of  t he  ge ne r a l  mode l  t ha t  f ol l ows ,  t he  

not a t i on c a n be s i mpl i f i ed wi t hout  c a us i ng a ny a mbi gui t y  by a s s umi ng:
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The  e c onomi c  a ge nt  f or mul a t e s  a pr e c i s e  obj e c t i ve  on t he  

e l e me nt s  of  E a nd mus t  t ake  i nt o a c c ount  a f uz z y c ons t r a i nt ,  i e,  

a c ons t r a i nt  whi c h i s  " mor e  or  l es s "  s t r i c t ,  on t he  e l e me nt s  

of  t he  s ame  s e t  E ( 1) .

An obj e c t i ve  i s  a s ubs e t  of  E,  de not e d by F,  de f i ne d by a 

f unc t i on f  on E s uc h t hat :

f :  E |- - - - - - - - - - - - - - - - - - - 0,  + [

Vx  €■ E , x |___________^ f  (x)  € [ 0,  + 00 [

whe r e  f ( x)  me a s ur e s  t he  obj e c t i ve  unde r  c ons i de r a t i on.

A f uz z y c ons t r a i nt  i s a f uzzy s ubs e t  of  E, de not e d by C,  

de f i ne d by i t s  me mbe r s hi p  f unc t i on s uch t hat :

/tc : E ,- - - - - - - - - - - - - - - - > [ 0, 1 ]

Vx  e  E,  x | ^  /' c (x)  e  [ 0, 1 ]

whe r e  ^ ( x )  e xpr e s s e s  t he  de gr e e  of  s a t i s f a c t i on wi t h  t he  f uz z y 

c ons t r a i nt .

1. 2.  The  pr obl e m c ons i s t s  i n ma xi mi s i ng t he f unc t i on f  on t he  

f uz z y s ubs e t  C,  t ha t  i s  t o de t e r mi ne :

s up f  ( x)  = s up [ f  ( x)  A Mr (x)  ] 
x e  C x E E ^

Thi s  r e l a t i on me a ns  t ha t  t he  bes t  pos s i bl e  a l t e r na t i ve  i s

t he  ma xi ma l  e l e me nt  of  t he  i nt e r s e c t i on of  t he s ubs e t  F a nd

t he  f uz z y s ubs e t  C ( 2) .

We  pr ove  t ha t  t hi s  pr obl e m can be  put  i n t he  f ol l owi ng f or m ( 3) :

s up f ( x)  = s up [ a  A s up f ( x)  ] 
x £ C c:G[ 0, 1]  x S

whe r e  Ĉ ,  wi t h a G [ 0, 1]  , de s i gna t e s  t he  a - cut  of  t he  f uz z y 

s ubs e t  C,  t ha t  i s  t o s a y t he  ( non f uzzy)  s e t  s uc h t ha t :

(1) We pr ove t hat  t her e i s no l oss  of  gener al i t y by handl i ng t hi s  s i mpl e case 
i n whi ch t her e i s onl y one const r ai nt .  When t her e ar e sever al  cons t r ai nt s ,  
al l  one has  t o do i s t o cons i der  t hei r  i nt er sect i ons  [ 6 ] .

(2) I n f uzzy al gebr a t he i nt er sect i on oper at or  (n ) i s t he mi n ( denot ed by A)  
and t hat  of  t he uni on (U) i s t he masc ( denot ed by V) .

(3) Cf . Appendi x 5. 1. and 5. 2.
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Ca = | x ;  x e  E : Mc (x)  > a j  .

The  s ol ut i on t o t hi s  pr obl e m can be  r e duc e d t o t he  s ol ut i on 

of  a Suge no' s  f uz z y i nt e gr a l  [ 1]  [ 12]  [ 13]  .

For  t ha t  pur pos e ,  we  f i r s t  ne e d a de f i ni t i on of  a f uz z y 

me a s ur e  ( or  v a l u a t i o n ) .

Le t  f  be  a monot one  f a mi l y of  ( non- f uzzy)  s ubs e t s  of  E wi t h 

t he  f ol l owi ng pr ope r t i e s :

( P.  1 . ) 0 €  £  ; E e  ?

( P. 2. )  I f  Fi  e  ^  and [_—i"i  mo n ° t one,  t he n

l i m F.  e  &
i - >oo 1 —

A f uz z y me a s ur e  i n  Suge no me a ni ng,  de not e d by v,  i s  a f unc t i on 

de f i ne d on &  and  wi t h va l ue s  i n t he  i nt e r va l  [ 0, + °° [

v : f  c  q  ( E)  |_________ ^ [ 0 , + °° [ s uc h t ha t  ( 1) :

( P. 3. )  v( 0)  = 0 ; v( E)  = 1

( P. 4. )  ( F. e  i  , Fk G £  , F.  C Fk ) =*> vf Fj )  <  v( Fk )

( P. 5. )  ( I f  Fi  e  3;  , F.  C F ) s »  v(  i f F ^  = l i m v( F. )
i =o i —>»

We  now de f i ne  t he  f unc t i on M£ on t he  monot one  f a mi l y 

s uc h t ha t :

Kf : J ( E)  j ^  [ 0, + oo[

V F G 2  , F |--------------> Mf (F) = sup f(x)
x S F

wi t h s up f ( x)  = 0 a nd s up f ( x)  = 1
0 x e  E

I t  c a n be  ve r i f i e d  t ha t  t he  f unc t i on i s  a f uz z y me a s ur e

i n Suge no' s  s e ns e  of  t he  wor d ( 2) .

(1) We not e t hat  i s not  a a- al gebr a on E.  I ndeed does  not  have t he pr oper t y 
of  compl ement at i on,  but  onl y t hat  of  monot oni ci t y ( P. 2. ) * Mor eover , v i s 
not  a meas ur e i n t he t r adi t i onal  sense of  t he wor d.  The val uat i on v does  
not  pos ses s  t he pr oper t y of  addi t i vi t y,  onl y t hat  of  monot oni ci t y i n t he 
i ncl us i on (P. 4J.  A measur e i s a par t i cul ar  ci se of  a f uzzy measur e.

(2) Cf .  Appendi x 5. 3.
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1. 3.  £ i s  a Suge no' s  f uz z y me a s ur e ,  t he  f uz z y i nt e gr a l  of  a 

me a s ur a bl e  f unc t i on f  c an be  de f i ned:

f  : E |- - - - - - - - - - - - - - - - - - > [ 0,  + oo [

f f  d M f  = s up [ a A m f  f f  >  a jf 1
J  E 1 aE[ 0 , 1]

wi t h = x E E  /  f  (x)  >  a ^ .

Thi s  i s  Suge no' s  de f i ni t i on of  a f uzzy i nt e gr a l  [ 5]  [ 13]

1. 3. 1.  We  t he r e f or e  e s t a bl i s h t he f ol l owi ng pr opos i t i on:

The or e m: I f  t he  f unc t i on F(<*) = / ¿£ ^ f  5* ^ i s  c ont i nuous ,  

be i ng a f uz z y me a s ur e ,  t he n a. >  0 exi s t s  s uc h t hat :

f  d ^ f > “ }

/ .' E

I ndeed l et  F be  a f unc t i on s uch t hat :

F : [ 0, + oo [ |- - - - - - - - ^ [ 0, + oo [

Fi r s t  we  s how t ha t  we  c a nnot  ha ve  F( a)  >  a t a G [ 0, 1]

I ndeed,  l e t  a  ̂ ^ >  0.  Then:

£ x;  x e E /  f  (x)  >  a 2J  3  ^ x;  x e E /  f ( x)  >  a ^

and

M f  £ f  >  a £ ^ ^ p { f  ^  “ 1 i  » be c a us e  t he  f unc t i on M i s  

i nc r e a s i ng ( 1) .  Le t  F (a: 2) >  F ( «-j ) •

I t  i s  t he r e f or e  not  pos s i bl e  t o ha ve  at  once ,

\ f « €  [ 0, 1 ] :

F( g£2) >  a 2

F (« 1) >  a 1

a 1 >  a  2 

F (a 2) > F(a -|)

(1) The f unct i on ju i s i ncr eas i ng s i nce i t  i s a f uzzy measur e [ Pr oper t y ( P. 4. )  
of  a f uzzy measur e ] .
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whi c h pr ove s  t ha t  F( a)  > a  , a E [ 0 , H i s i mpos s i bl e .  

Cons e que nt l y,  a Q E [ 0, 1]  /  F( «0) <  <xQ exi s t s .

Le t  us  now a s s ume  t ha t  I fK")  = F (a ) “ a • Thi s  f unc t i on 

i s  c ont i nuous  s i nc e  F i s  by a s s umpt i on c ont i nuous .  We  have :

<p( 0)  = F( 0)  > 0

<f i (a0 ) = F ( a0 ) - a Q <  0

Fr om t he  t he or e m of  i nt e r me di a t e  va l ue s  a ppl i e d t o <p , 

t he r e  e xi s t s  "a > 0 s uc h t ha t  <¿>(«0 = 0,  l e t  F( &)  = a . Thus  

a i s  a f i xe d poi nt .

I t  r e ma i ns  t o pr ove  t hat :  

f  d j i £ = cT

I ,'E

Two c a s e s  ma y occur :

- Let  a < a and a >  0.

Then:  F( a)  >  F( aT) . But  , F( a)  = a and 7x >  a 

Hence :  F( a)  >  a a nd a A F( a)  = a

a A F ( a)  < oT

- Le t  a >  cT

Then:  F( a)  <  F( a)  . But , F( a )  = a and a <  a 

Hence :  F(ct )  <  a. a nd a A F( a)  = F( a)

a A F( a)  < a.

Th u s , i n bot h c a s e s  : a A F (a)  <  c? , G [ 0, 1]

Con s e que n t l y :

s up [ a A /x r f  f  >  at ]  <  a 
CfG[ 0, 1]

Si nc e  we  have:

a = a A F( a)  a nd a A F( a)  <  s up [ a  A fi r f f  >  «
a G [  0 , 1 ]  1  C  J

i t  c a n be  ve r i f i e d t ha t  t he  on l y pos s i bl e  c a s e  i s :

s up [ a A ju-c ( f  >  «1]  = & 
aG[ 0 , 1 ]  1 1  J

[ Q. E. D. ]
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1. 5. 2.  I t  onl y r e ma i ns  t o a ppl y t hi s  f unda me nt a l  t he or e m 

t o t he  f unc t i on f  omde. r  c ons i de r a t i on,  i . e. :

f  : JE. j > [ 0, + ~  [

and t o t he  f unc t i on /*£•

We  de r i ve  t he  f o l l owi ng pr opos i t i on:

Cor r o l a r y : I f  t he  f unc t i on F ( a)  = s up f ( x)  i s  c ont i nuous ,  t he n 

t he r e  e xi s t s  a €  [ 0, 1]  x e  —a

s uc h t ha t  s up f ( x)  = s up f ( x)
x £ C x e  C-

—a

I ndeed,  f r om t he  pr e vi ous  t heor em,  ôc G [ 0, 1]  e xi s t s

s uch t ha t  :

f E f  d " f  * " f  [ f

or  by de f i ni t i on of  a Suge no' s  i nt egr a l :

s up [ a A jUr { f  > a \ ]  = p f  f f  >  â > = s up f  ( x)  
a €[ 0, 1]  * ^  1 L ^ x é ç -

Now,  we  have:

s up [ a A / f  >  a 1 ] = s up [ f  ( x)  A ¡xp ( x)  ] = s up f  (x)
ae[  0, 1 ] 1 v  > x G E L x £  Ç -

He nc e  t he  s ol ut i on:

s up f ( x)  = s up f ( x)
x G C x G C~—a

[ Q. E. D. ]

1 . 5 . 5 . The  que s t i on of  whi c h c ondi t i ons  a r e  ne c e s s a r y  f or  

a f unc t i on F t o be  c ont i nuous  has  be e n e xa mi ne d t hor oughl y  i n 

t he  f r a me wor k of  t he  mode l s  us i ng F. M. P.  [ 9]  [ 10]  [ 14]

The  s a me  c ondi t i ons  ar e ,  of  cour s e ,  va l i d i n t he  pr e s e nt  s t udy.
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1. 4.  I l l us t r a t i on

Let  us  t a ke  a s i mpl e  exampl e .  Le t  us  adopt :

- a s e t  of  a l t e r na t i ve s  : E = [ 0, 3]
— ̂

- an obj e c t i ve  f unc t i on : f ( x)  = e , 0 <  x <  3 , 

whi c h i s  monot one  a nd de c r e a s i ng.
2

- a f uz z y c ons t r a i nt  : Mr ( x)  = —  whi c h i s  monot one  a nd
L 10

i nc r e a s i ng.

We  wa nt  t o f i nd t he  va l ue  of  Su g e n o ' s f uz z y i nt e gr a l :

f  f  d = s up [ OL A { f  > <*\]
J E «£[  0, 1]

Fi r s t  we ne e d t o know t he s e t s  } f  >  a } f or

0II

We  have
*

/ f ( x) \v o = [ 0 , 3.0 ]

f x
/ f ( x) > 0 . 1 } = [ 0 , - i n 0. 1 ] = [ 0 , 2. 30259

/ f ( x) > 0 . 2 ) = [ 0 , - i n 0. 2] = [ 0 , 1 . 60943

/ f ( x) > 0 . 3] = [ 0 , - I n 0. 3] = [ 0 , 1. 20397

i * / f  (x) > 0 . 4 } = [ 0 , - u 0. 4] = [ 0 , 0 . 91629

t * / f ( x) >  0. 5^ = [ 0 , - ( n 0. 5] = [ 0 , 0 . 69314

i * / f ( x) >  0. 6] = [ 0 , - i n 0. 6] = [ 0, 0.  51082

t * / f  (x) > 0. 7] = [ 0 , - i n 0. 7] = [ 0, 0 . 35667

i * / f ( x) >  0. 8} = [ 0 , - i n 0. 8] = [ 0, 0 . 22314

/ f ( x) >  0. 93 = [ 0 , - t n 0. 9] = [ 0, 0. 10536

f * / f ( x) >  i . oj = 0

Ne xt  we  <c a l c u l a t e : a A
/;-f i f

I t  f ol l ows :

0. 0 A = 0. 0 A 0. 9 = 0. 0
10

0. 1 A C2. 50259)  2 = 0 . 1 A 0. 53019 2 = 0. 1 
10
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0. 2 A H r 609 4 3)  = 0<2 a  0. 2590264 = 0. 2 
10

0. 3 A .Q * 20597) 2s  0. 3 A 0.  1449543 = 0. 1449543  
10

The r e  i s  no ne e d t o go on t o a = 0. 4,  s i nc e  t he  

va l ue  r e qui r e d l i e s  be t we e n 0. 2 and 0. 1449543.

Let  us  ma ke  an i nt e r pol a t i on be t we e n a = 0. 2 a nd 

a = 0. 3.  Thi s  ope r a t i on i s  j us t i f i e d s i nce  f ( x)  a nd Mq( x)  

ar e  monot one  a nd ha ve  va r i a t i ons  i n oppos i t e  di r e c t i ons .

We  obt a i n:

[ x /  f ( x)  >  0. 21 j  = [ 0,  - f n 0. 21 ] = [ 0,  1. 56065 ] 

( x /  f ( x)  > 0 . 2 2 ]  = [ 0,  - f n 0. 22 ] = [ 0,  1. 51413 ] 

{x /  f ( x)  > 0 . 2 3 j  = [ 0,  - f n 0. 23 ] = [ 0,  1. 46968 ]

And s o on.

We obt a i n:
2

0. 21 A ( 1 - 56065)  = Q>21 A 0 . 243562 = 0. 21 
10

(1 51 41 3") 2
0. 22 A = o. 22 A 0. 229258 = 0. 22

10

2
0. 23 A i l v 46968) = 0. 23 A 0. 215995 = 0. 215995 

10

ma ke  a not he r i nt e r pol a t i on be t we e n a = 0 . 22 a nd « = 0. 23.

o b t a i n :

(x /  f ( x)  > 0. 221] = [ o, - f n 0. 221 ] = [ o, 1 , 509 59 ]

[x /  f ( x)  > 0. 222) = [ o, - f n 0. 222 ] = [ o, 1, 50508 ]

( x /  f ( x)  > 0. 223} = [ 0, - f n 0. 223, ] = [ o, 1. 50058 ]

[ x /  f ( x)  > 0. 224} = [ 0, - f n 0. 224 ] = t 0, 1. 49610 ]

And s on on,  

We obt a i n:
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0. 221 A ( 1 • 50959.) = 0. 221 A O.  227887 = 0.  221 
10

0. 222 a  t 1 • 50508) = 0. 222 A 0. 226526 = 0. 222 
10

0. 223 A O - 50058)  = Q. 223 A 0. 225175 = 0. 223 
10

2

0. 224 A t 1>4961° ) = 0. 224 A 0. 223834 = 0. 223834 
10

2

We  r e i t e r a t e  f or  <x i nc l ude d be t we e n 0. 223 a nd 0. 224.

We  h a v e :

j x  /  f ( x)  >  0. 2231]  = [ 0,  - i n 0. 2231 ] =  ■[ 0,  1 . 50014 ]

•  •  •

( x /  f ( x)  >  0 . 2239^  = [ 0,  - I n 0. 2239 ] = [ 0,  1. 49666 ] 

We  obt a i n 2

0. 2231 A 0 • 500111  = 0. 2231 A 0. 225041 = 0. 2231 
10

0. 2239 A ( 1 - 49666) = 0. 2239 A 0. 223967 = 0. 2239 
10

Thus  t he  va l ue  of  t he  f uz z y i nt e gr a l  i s  e qua l  t o 

0. 22395 wi t h  an e r r or  of  10- 4 .

2.  Appl i c a t i on t o t he  a na l ys i s  of  t he  c ons ume r ' s  f uz z y s pa t i a l  

e qui l i br i um

2. 1.  The  a na l ys i s  of  t he  c ons ume r ' s  s pa t i a l  e qui l i br i um wi t h  a 

f uz z y budge t  c ons t r a i nt  i s  a pa r t i c ul a r  s pe c i f i c a t i on of  t he  

ge ne r a l  mode l  de ve l ope d i n Se c t i on 1.

2. 1. 1.  The  c ons ume r ' s  s pa c e  i s  c ha r a c t e r i z e d by a f i ni t e  

s et  of  l oc a l i t i e s  whe r e  c ons ume r  goods  ar e  s&ppl i ed.  One  of  t he s e  

l oc a l i t i e s  whe r e  t he  c ons ume r  i s  i mpl a nt e d i s  c a l l e d t he  de ma nd 

s pot .  I f  t he  c ons ume r  i s  mobi l e  or  i f  t he  goods  a r e  t r a ns por t a bl e  

he c an c ons ume ,  a c c or di ng t o hi s  pr e f e r e nc e s ,  e i t he r  whe r e  he  

l i ves ,  or  at  a s uppl y poi nt ,  or  at  a ny l oc a l i t y of  hi s  choi ce .

I n t he  l a t t e r  c a s e  we  c ons i de r  t ha t  at  l ea s t  one  pr oduc t  i s



s uppl i e d at  t hi s  l oc a l i t y,  at  a pr i c e  whi c h mi ght  be  zer o,  

and e nt e r s  i nt o c ons umpt i on ( a t our i s t  s i t e ,  f or  i ns t a nc e ,  

whi c h s uppl i e s  one  or  mor e  ma r ke t  or  non- ma r ke t  goods ,  s uc h as  

a na t ur e  r e s e r ve ,  a pi c t ur e s que  l a nds c a pe , e t c . ) . I f  a pr oduc t  

i s  not  t r a ns por t a bl e ,  t he  l oc a l i t y of  c ons umpt i on i s  ne c e s s a 

r i l y de t e r mi ne d at  i t s  s uppl y poi nt .

The  s e t  of  a l l  t he  l oc a t e d c ons ume r  goods  i s  de not e d 

by X = | x |  ^ whe r e  t he  i nde x i  s t ands  f or  t he  na t ur e  of  t he  good,  

wi t h i  = 1 , . . . , n ; and whe r e  t he  i ndex j de s i gna t e s  i t s  s uppl y 

poi nt ,  wi t h  j = 1 , . . . , m.  The  qua nt i t i e s  of  goods  X̂  a r e  e xpr e s s e d 

by pos i t i ve  r ea l  numbe r s ,  or  zer o,  de not e d by x^.  We  ha ve  _X_ = | Rmn 

and a c ons umpt i on,  at  a poi nt  i n t he c ons ume r ' s  s pa c e ,  i s  an 

e l e me nt  of  | Rmn .

2. 1. 2.  Fr om t he  s e t  X,  we  de f i ne  t he  s et  of  a l l  t he  pos s i bl

l oc a t e d c ons umpt i ons ,  de not e d by K, a nd a s s ume d t o be  c ount a bl e .

A ve c t or  of  K de s c r i be s  a c ompl e x of  l oc a t e d goods .  I t  i s  de not e d 

by k,  wi t h h 1, . ««, g, .

Thus  h k = [ hx{ ] a nd K C | Rmn .

Us i ng t he s e  not a t i ons ,  i t  i s  pos s i bl e  t o c he c k t ha t  

K i s a s pe c i f i c a t i on of  t he  s e t  of  a l l  pos s i bl e  a c t i ons  de s c r i be d 

i n pa r a gr a ph 1. 1.

Le t  J i be  a monot one  f a mi l y of  s ubs e t s  of  K.  Le t  us  

a s s ume  t ha t  i t  has  t he  pr ope r t i e s  ( P. 1. )  and ( P. 2. )  de s c r i be d i n 

pa r a gr a ph 1. 2.  I nde e d K i s  t he s et  on whi c h t he  c ons ume r  mus t  

ma ke  hi s  choi ce .  Pr ope r t y ( P. 1. )  i mpl i e s  t ha t  a monot one  f a mi l y 

of  s ubs e t s  of  K ne c e s s a r i l y  has  as  e l e me nt s  t he  e mpt y s e t  ( t he 

c ons ume r  i nt e nds  not  t o c ons ume  at  a gi ve n mome nt )  a nd t he  f ul l  

s et ,  t ha t  i s ,  K i t s e l f  ( t he c ons ume r  e f f e c t s  a t r a de - of f  be t we e n 

a l l  t he  pos s i bl e  l oc a t e d c ons umpt i ons ) .  Pr ope r t y  ( P. 2. )  i mpl i e s  

t ha t  i f  a s e que nc e  of  s ubs e t s  of  pos s i bl e  l oc a t e d c ons umpt i on 

goods  whi c h i s  monot one  i s  an e l e me nt  of  , t he n t he  r e uni on a nd 

i nt e r s e c t i on of  i t s  c ompone nt s  ar e  t he  e l e me nt s  of  X  a nd t he  l i mi t  

of  t hi s  s e que nc e  be l ongs  t o .
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2. 1. 3.  The  c o n s u me r ’ s s pa c e  i s  be s t owe d wi t h  a gi ve n pr i c e  

s ys t e m whi c h i s  pe c ul i a r  t o t he  c ons ume r  s i nce  i t  i s  a C. I . F.  

pr i c e  s ys t em.

The  c ons ume r ' s  l oc a t i on ( l oc a t i on of  hi s  r e s i de nc e )  

s e r ve s  as  a poi nt  of  r e f e r e nc e ,  whe r e ve r  t he  c ons umpt i on i s  

a c t ua l l y phys i c a l l y  c a r r i e d out .  I f  t he c ons ume r  t  l oc a t e d at  

a poi nt  de not e d by j *,  c ons ume s  at  t ha t  poi nt ,  t he  t r a ns por t  

cos t s  e qua l  t he  c os t s  of  br i ngi ng t he  goods  f r om t he i r  r e s pe c t i ve  

s uppl y poi nt s  t o poi nt  j * . I f  t he  c ons ume r  pr e f e r s  t o go t o 

a s uppl y poi nt  t o c ons ume  a c ompl e x of  goods ,  t he  t r a ns por t  c os t s  

e qua l  t he  s um of  t he  c os t s  of  movi ng t he  a ge nt  a nd t he  c os t s  of  

br i ngi ng t he  goods  t o t ha t  pl ac e .  Some  of  t he s e  c os t s  ma y be  

z e r o .

For  a ny goods  i ,  wi t h i =1 , . . . , n, and f or  a ny pl a c e  j ,  

wi t h j =1, . . . , m,  we  de not e  by t |  t he t r a ns por t  c os t s  a s s oc i a t e d 

wi t h t he  c ons umpt i on of  a uni t  of  t he  good i  ma de  i n pl a c e  j 

whi c h i s  e f f e c t e d e i t he r  at  t he  pl a c e  j * or  at  t he  pl a c e  j , wi t h

3 t  J •
f   ̂ •

Let  p^ be  t he  F. O. B.  pr i c e  of  a uni t  of  t he  good X̂ .

The  C. I . F.  uni t  pr i c e  of  t hi s  good at  t he  c ons umpt i on 

pl a c e ,  de not e d by cp^ , i s  e qua l  t o:

Cp{ = + > wi t h  i =1, . . . , n,  a nd j =1, . . . , m.

A C. I . F.  pr i c e  s ys t e m i n t he c ons ume r ' s  s pa c e , de not e d 

by cp,  i s  t he r e f or e  a poi nt  of  lRmn s uch t hat ,  f or  a ny good i  

and a ny pl a c e  j ,  t he  r ea l  numbe r  cp|  i s  t he C. I . F.  pr i c e  of  t he  

good at  i t s  pl a c e  of  c ons umpt i on.  For  a c ompl e x of  goods  hk e  K 

a nd f or  t he  s pa t i a l  C. I . F.  pr i c e  s ys t e m cp,  t he  va l ue  of  t hi s  

c ons umpt i on i s  by de f i ni t i on equa l  t o:

n m . . .  
c /l i y» y» c j 2p.  k = 2 2 p^ . x-< .

i =1 j =1 1 1

2. 2.  The  c ons ume r ' s  a i m i s  t he  bes t  pos s i bl e  s a t i s f a c t i on of  hi s  

n e e d s .

2. 2. 1.  The  c ons ume r  c ompa r e s  t he  c ompl e xe s  of  l oc a t e d goods  

and e va l ua t e s  t he m wi t h r e s pe c t  t o hi s  pr e f e r e nc e  s ys t e m.  Hi s
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pr e f e r e nc e s  a r e  a s s ume d t o be e xpr e s s e d nume r i c a l l y .  Mor e  

pr ec i s e l y,  i t  i s  a s s ume d t ha t  t he  c ondi t i ons  of  e xi s t e nc e  a nd 

of  c ont i nui t y of  a ut i l i t y  f unc t i on ar e  s a t i s f i e d.

We ha ve  an obj e c t i ve  f unc t i on de not e d by f ,  s uc h t ha t :

f  : K |- - - - - - - - - - - - - - - - - ^ [ 0,  + oo [

V h k G K,  hk \- - - - - - - - > f  (hk)  G [ 0,  + oo [

wi t h t he  us ua l  pr ope r t i e s :

V( mk, n k)  G K 2 , mk >- n k <£r =- ~- .> f ( mk)  >  f  (n k)  

mk ' v n k <£ =— *  f ( mk)  = f ( n k)  .

2. 2. 2.  I n a s t a t i c  a na l ys i s ,  a c ons ume r  ha s  a gi ve n budge t

whi c h c or r e s ponds  t o t he  va l ue  of  al l  t he  goods  i n hi s  pos s e s s i on,  

wha t e ve r  t he i r  r e s pe c t i ve  l oca t i ons .  Thi s  we a l t h  i s  r e pr e s e nt e d  

by t he r ea l  numbe r  w G| R.

For  a s e t  of  pos s i bl e  l oc a t e d c ons umpt i ons  K C| Rmn , 

f or  a C. I . F.  pr i c e  s ys t e m cp G | Rmn a nd a we a l t h  w G| R,  we  de f i ne  

a budge t  s et ,  de not e d by B,  B C K,  by:

B = £ hk;  V h k G K : cp . h k <  w j

whe r e  cp. ^k <  w de s i gna t e s  t he budge t  c ons t r a i nt  a nd i mpl i e s  

t ha t  t he  va l ue  of  a c ons umpt i on cannot  e xc e e d t he  c ons ume r ' s  

wea l t h.

I n c l a s s i c a l  t heor y,  t he opt i ma l  c ons umpt i on ma xi mi s e s  

t he  c ons ume r ' s  u t i l i t y  on t hi s  budge t  s et .  The  s e t  of  a l l  t he  

pos s i bl e  c ons umpt i ons  i s  pa r t i t i one d i nt o t wo c l a s s e s :  t ha t  of  

t he c ons umpt i ons  s a i d t o be e f f i c i e nt  a nd t ha t  of  t he  non- e f f i c i e nt  

c ons umpt i ons .  For  a gi ve n budge t  c ons t r a i nt ,  t he  c l a s s  of  t he  

e f f i c i e nt  c ons umpt i ons  i s  t he  s et  of  t he c ons ume r ' s  t e c hni c a l  

opt i ma  ( or  e f f i c i e nc y bounda r y)  and t he  c ons ume r ' s  c hoi c e  i s  

di r e c t e d t owa r ds  t he  e l e me nt s of  t hi s  s et .

Howe ve r  t hi s  t he or y onl y hol ds  t r ue  i n t he  pa r t i c ul a r  

cas e  of  a pr e c i s e  be ha vi our .  I n gene r a l ,  t he  budge t  c ons t r a i nt  

i s  " mor e  or  l e s s "  l i mi t i ng.
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I ndeed,  t he  c ons ume r  does  not  ne c e s s a r i l y  ha ve  a c c ur a t e  

i nf or ma t i on a bout  hi s  we a l t h.  He  c a nnot  dr a w up an i nve nt or y of  

hi s  we a l t h  e ve r y t i me  he  c hoos e s  a c ons umpt i on.  He  doe s  not  ha ve  

al l  t he  da t a  ne c e s s a r y f or  s uc h a c a l c ul a t i on a nd wha t  i s  mor e ,  

he  d o e s n ’ t  e ve n e f f e c t  s uch a pr e c i s e  e s t i ma t i on.  Si mi l a r l y,  hi s  

knowl e dge  a bout  hi s  C. I . F.  pr i c e  s ys t e m i s  i nc ompl e t e  a nd 

i mpe r f e c t .  The  e c onomi c  s pa c e  i n whi c h he l i ve s  l a c ks  t r a ns pa 

r ence .

Mor e ove r ,  a c ons ume r  who ba r e l y e a r ns  a l i vi ng wa ge  

i s  f or c e d t o ma t c h hi s  c ons umpt i on wi t h hi s  we a l t h.  Howe ve r ,  ove r  

and a bove  t hi s  l i vi ng wa ge ,  he  can e f f e c t  a t r a de - of f  be t we e n 

s a vi ng a nd c ons umpt i on.  The  gr e a t e r  hi s  we a l t h,  t he  mor e  e l a s t i c  

t he c ons t r a i nt .

I f  we  a dmi t  t ha t  t he r e  exi s t s  an i mpr e c i s e  f r ont i e r  

be t we e n " a l i t t l e  mor e "  c ons umpt i on a nd " a l i t t l e  l e s s "  s a vi ng,  

or  t he  c ont r a r y,  a c c or di ng t o t he  c ons ume r ' s  pr e f e r e nc e s  a nd hi s  

a s s oc i a t e d ut i l i t y  f unc t i on,  t he n we  admi t  t ha t  t he  s e t  of  

e f f i c i e nt  l oc a t e d c ons umpt i ons  i s  not  r e duc e d t o t he  c l a s s i c a l  

e f f i c i e nc y f r ont i e r ,  but  t ha t  i t  i s  a f uz z y s ubs e t  of  t he  s e t  of  

al l  t he  pos s i bl e  l oc a t e d c ons umpt i ons .  I ndeed,  a ny c ompl e x of  

l oc a t e d goods  be l ongs  " mor e  or  l e s s "  t o t he  s e t  of  c ons umpt i ons  

c ompa t i bl e  wi t h  t he  budge t  c ons t r a i nt .

Thi s  i dea  i s  t r a ns l a t e d f or ma l l y by de f i ni ng a me mb e r 

s hi p f unc t i on on t he  e l e me nt s  of  K whi c h t akes  i t s  va l ue s  i n t he  

i nt e r va l  [ 0, 1]  . Thi s  f unc t i on,  de not e d by M̂ yi s  s uc h t ha t :

Mc : K ,___________ >[ 0, 1]

Vh k G K,  h k ,- - - - - ^ juc (h k)  G [ 0, 1]

and

=  1 i f  cp. ^ k =  w 

Mc (h k)  = 0  i f  cp. h k >  w 

Mc (h k)  G J O, 1C i f  cp . h k < w .

The  f unc t i on de pe nds  on w.  I t  i s  monot one  a nd

de c r e a s i ng f or  t he  i nc r e a s i ng va l ue s  of  w:
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( w'  >  w)  ^r > [ ( W - Cp . hk)  >  ( w - cp.  h k) ]

^  / . ¿(h k)  <  Mc (h k)

I t  e na bl e s  us  t o c ons t r uc t  a f uz z y s ubs e t  of  K,  

de not e d by C,  s uc h t hat :

C = {  h k;  H hk e  K,  Mc (h k)  e  [ 0, 1]  ]  .

The  f uz z y s ubs e t  C of  K pl a ys  t he  r ol e  of  a f uz z y 

c ons t r a i nt  ( or  e l a s t i c  c ons t r a i nt )  i n t he c ons ume r ' s  e c onomi c  

c a l c ul a t i on.

2 . 2 . 3 . Le t  us  de f i ne  t he  f unc t i on on t he  monot one  f a mi l y tfC

de f i ne d i n pa r a gr a ph 2. 1. 2.  s uch t hat :

M. f  : l i  c t f  ( K)  ,- - - - - ^  [ 0,  + «> [

\ / K.  e X  , K.  |- - - - - - Mf ( K. ) = s up f ( x)
_1 — ” 1 r 1 x G Ki

wi t h s up f ( x)  = 0 a nd s up f ( x)  = 1
0 x e  K

We ha ve  ve r i f i e d t ha t  t he f unc t i on n £ i s  a Su g e n o ' s

f uz z y me a s ur e  on $C (1) .

2. 2. 4. - Fi na l l y t he  c ons ume r ' s  c hoi c e  c r i t e r i on i s  t o ma xi mi s e  - - - - - - - -

t he  ut i l i t y  f (  k)  by s a t i s f yi ng as  we l l  as  pos s i b l e  t he  f uz z y
h. h 

budge t  c ons t r a i nt  k)  f or  a ny k of  K.

Fi ndi ng t he  opt i ma l  de ma nd t he r e f or e  c ome s  down t o

de t e r mi n i ng :

s up f  ( ^k)  = s up [ f ( ^k)  A j û , (^k)  ]

h k G C h k G K

I t  s uf f i c e s  t o a ppl y t he s ol ut i on de ve l ope d i n p a r a 

gr a phs  1. 2.  a nd 1. 3.

(1) Cf . Appendi x 5. 3.



At  e qui l i br i um,  t he  opt i ma l  de ma nd i s  de t e r mi ne d

and,  i n t he  c ons ume r ' s  s pace ,  t he  pl a c e s  t o whi c h t he  c ons ume r

di r e c t s  hi s  pa r t i c ul a r  de ma nds  f or  l oc a t e d goods  a r e  known
h. ^

s i nce  t he  opt i ma l  c ompl e x k i s  equa l  t o t he  opt i ma l  ve c t or  

[ ^x^ ] * whe r e  j i s  t he  i nde x of  t he  s uppl y poi nt s  of  t he  goods  

i nde xe d i  e nt e r i ng t he  c ompl e x i nde xe d h.  Fi na l l y,  t he  c ons ume r ' s  

gl oba l  vol ume  of  s a vi ng i s  de t e r mi ne d s i nce  he doe s  not  s a t ur a t e  

hi s  we a l t h  c ons t r a i nt ,  a pa r t  f r om i n pa r t i c ul a r  c a s e s  ( ba r e  

l i vi ng wa ge  or  vol unt a r y ze r o s a v i ng) .

3.  Appl i c a t i on t o t he  a na l ys i s  of  t he pr oduc e r ' s  f uz z y s pa t i a l  

e qui l i br i um

3. 1.  Si mi l a r l y,  t he  a na l ys i s  of  t he pr oduc e r ' s  s pa t i a l  e qui l i br i um 

wi t h a f uz z y t e c hnol ogi c a l  c ons t r a i nt  i s  a pa r t i c ul a r  s pe c i f i c a 

t i on of  t he  ge ne r a l  mode l  of  i mpr e c i s e  be ha vi our .

3. 1. 1.  The  pr oduc e r ' s  s pace  i s  c ha r a c t e r i z e d by t he  l oc a t i on

of  hi s  pr oduc t i on uni t ,  by t he  i nput s  s uppl y s pa c e  a nd t he  

out put s  de ma nd s pace .

The  l oc a t i on and t e c hni c a l  di me ns i on of  t he  pr oduc t i on 

uni t  a r e  gi ve n i n one  pl a c e  i nde xe d j whi c h i s  t he  poi nt  of  

r e f e r e nc e  f r om whi c h t he  s pa t i a l  pr i c e  s ys t e m i s  de t e r mi ne d.

The  pr oduc t i on pr oc e s s  r e qui r e s  a s e t  of  i nput s ,  

de not e d by , whe r e  t he  i nde x i  de s i gna t e s  t he i r  na t ur e ,  wi t h

i  = 1, . . . , n,  and t he  i nde x j s t a nds  f or  t he  pl a c e s  whe r e  t he y a r e  

s uppl i e d, wi t h j = 1, . . . , p.  Thi s  pr oc e s s  ge ne r a t e s  a s e t  of  out put s ,  

de not e d by wi t h i =n+1, . . . , m,  whi c h i s  t he i nde x de s i gna t i ng 

t he na t ur e  of  t he  goods  pr oduc e d,  a nd wi t h j =p+1, . . . , q,  whi c h  i s  

t he i nde x s t a ndi ng f or  t he  pl a c e s  whe r e  t he y a r e  de ma nde d . Us i ng 

t he s e  not a t i ons ,  t hi s  s e t  Y-? has  as  e l e me nt s  ( m- n)  out put s  de ma nde d 

at  ( q- p)  pl a c e s .

1 7
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The  s et  of  l oc a t e d goods  pe c ul i a r  t o t he  pr oduc e r  

( i nput s  and out put s )  i s  de not e d by Y,  wi t h Y = ^  , i =1, . . . , m 

and j =1, . . . , q.  He nc e  t he  goods  s pace  pe c ul i a r  t o t he  pr oduc e r  

has :  np + ( m- n) ( q- p)  = n( 2p- q)  + m( q- p)  = k c oor di na t e s ;  by 

c onve nt i on l e t  us  a s s ume  t ha t  a s i ngl e  pl a c e  s uppl yi ng ( r e s pe c 

t i ve l y de ma ndi ng)  mor e  t ha n one  i nput  ( r e s p. mor e  t ha n one  

out put )  i s  r e pr e s e nt e d by t he  s ame numbe r  of  poi nt s  as  di s t i nc t  

goods  be i ng s uppl i e d ( de ma nde d) . We  have  Y = IR .

As  i s  c us t oma r y,  i nput  qua nt i t i e s  a r e  r e pr e s e nt e d 

by ne ga t i ve  r ea l  numbe r s  and out put  qua nt i t i e s  by pos i t i ve  

r eal  numbe r s .  Thus  a pr oduc t i on,  de not e d by y,  wi t h  y = ( y^)  ,

i  = 1 , . . . , m a nd j = 1, . . . , q,  i s  r e pr e s e nt e d by a poi nt  of

3. 1. 2.  The  s e t  Y i s  pa r t i t i one d i nt o a s ubs e t  of  a l l  t he  

t e c hni c a l l y pos s i bl e  pr oduc t i ons ,  de not e d by Z,  a nd i t s  c om

pl e me nt  i n Y.  An e l e me nt  y of  Z i s  c a l l e d a pr oduc e r ' s  s uppl y.

Thi s  s e t  Z i s  a s pe c i f i c a t i on of  t he  s et  of  a l l  

pos s i bl e  a c t i ons  de s c r i be d i n pa r a gr a ph 1. 1.

Le t  oj ^be a monot one  f a mi l y of  s ubs e t s  of  Z.  I t  has  

pr ope r t i e s  ( P. 1. )  and ( P. 2. )  de s c r i be d i n pa r a gr a ph 1. 2.

Pr ope r t y ( P. 1. )  i mpl i e s  f i r s t l y t he  pos s i bi l i t y  of  i na c t i on 

(0 e £ )  a nd s e c ondl y t he  e xi s t e nc e  of  a t r a de  of f  be t we e n a l l  

t he  pos s i bl e  pr oduc t i ons  ( Z e  ^ ) . Pr ope r t y ( P. 2. )  i mpl i e s  

t hat  i f  a monot one  s e que nc e  of  t he  s ubs e t s  of  a l l  t he  pos s i bl e  

pr oduc t i ons  i s  an e l e me nt  of  t hen t he l i mi t  of  t hi s  

s e que nc e  be l ongs  t ooj ^.

3. 1. 3.  The  s pa t i a l  pr i c e  s ys t e m pe c ul i a r  t o t he  pr oduc e r  

i s  gi ven.  I t  de pe nds  on t he  l oc a t i on of  t he  pr oduc t i on uni t  

and t he  di s t a nc e s  s e pa r a t i ng i t  f r om t he  i nput  s uppl y pl a c e s  

and t he  out put  de ma nd pl a c e s .
r  •

Let  p-? , wi t h i =1 , . . . , n,  and j = 1 , . . . , p,  be  t he  F. O. B.  

uni t  pr i c e s  of  t he  i nput s  y^ s uppl i e d at  t he  pl a c e s  i nde xe d j . 

The  uni t  t r a ns por t  pr i c e s  of  t he s e  i nput s  t o t he  pr oduc t i on
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pl a c e  j * ar e  de not e d by t ^ — The C. I . F.  uni t  pr i c e s  of
★  c i

i nput s  s ent  ba c k t o t he  poi nt  j , de not e d by p^ , wi t h

i =1, . . . , n,  and j =1, . . . , p,  a r e  t he r e f or e  equa l  t o:

V  - V  * t j  -» j * .*i  1
jP» ^

Now l et ,  p^ , wi t h i =n+1 , . . . , m,  a nd j = j , 

be  t he  F. O. B.  uni t  pr i c e s  of  t he  out put s  at  t he  pl a c e  of  

pr oduc t i on.  The  uni t  t r a ns por t  pr i c e s  of  t a ki ng t he s e  out put s  

f r om t he  pl a c e  i nde xe d j * t o t he de ma nd pl a c e s  i nde xe d j 

ar e  de not e d by t | * . The  C. I . F.  uni t  pr i c e s  of  t he  out put s

de l i ve r e d t o poi nt s  j ,  de not e d by ° p̂ ,  a r e  e qua l  t o:

c  ̂ = p ”? + t-? ** wi t h  i =n+1 , . . . , m,  
px *1 i  ’ ’ ’

a nd j =p +1 , . . . , q.

A r ea l  numbe r  r e pr e s e nt i ng i t s  pr i c e  t o t he  pr oduc e r  

i s  a s s oc i a t e d wi t h e a ch e l ement  of  t he  s et  of  l oc a t e d goods  

pe c ul i a r  t o t he  pr oduc e r .  cp denot e s  a C. I . F.  pr i c e  s ys t em 

i n t he  pr oduc e r ' s  s pace .

5. 2.  The  pr oduc e r ' s  a i m i s  t o ma ke  t he  ma xi mum pr of i t .

5. 2. 1.  Gi ve n a pr oduc t i on y i n Z and a s pa t i a l  pr i c e
r

s ys t em p pe c ul i a r  t o t he  pr oduc e r ,  t he n hi s  pr of i t ,  de not e d

by P,  i s  by de f i ni t i on t he  i nt e r na l  pr oduc t  py s uc h t ha t :

c m q f  i i n p c i i
P = cpy = 2 2 V d ~ 2 2 V  y]

i =n+1 j =p+1 i =1 j =1

The  pr oduc e r  mus t  choos e  a di s t r i but i on of  hi s  

l oc a t ed i nput s  and out put s  whi c h maxi mi s e s  P unde r  a f uz z y 

t e c hnol ogi c a l  c ons t r a i nt .  Thi s  pr oduc t i on,  c a l l e d e qui l i b r i um 

pr oduc t i on,  i s  t he  pr oduc e r ' s  opt i ma l  s uppl y wi t h  r e s pe c t  t o

t he s pa t i a l  pr i c e  s ys t em.
c ^

Si nc e  p i s  gi ve n and c ons t a nt  ( f or  gi ve n j ) t he

pr of i t  P onl y de pe nds  on y.

We  ha ve  an obj e c t i ve  f unc t i on,  de not e d by f ,  s uc h

t ha t :
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f  : Z ,,- - - - - - - - - - - » [ 0,  + °o [

t yy G Z,  y |- - - - - - ^  £ (y) e  [ 0,  + °° [

whi c h i s  monot one  and i nc r e a s i ng f or  t he i nc r e a s i ng va l ue s  of  y.

3. 2. 2.  The  c l a s s i c a l  t he or y of  t he pr oduc e r  pa r t i t i ons  

t he  s e t  of  al l  pos s i bl e  pr oduc t i ons  1 i nt o t wo c l a s s e s  ( f or  a 

gi ve n t e c hnol ogi c a l  c ons t r a i n t ) : ( a)  pr oduc t i on s a i d t o be  

e f f i c i e nt  and (b)  pr oduc t i on s a i d t o be i ne f f i c i e nt .  Howe ve r  

t hi s  t he or y onl y hol ds  i n t he  s pec i a l  cas e  whe r e  a l l  i nput s  

di s pl a y ma xi ma l  t e chni c a l  e f f i c i e nc y and a l one  de t e r mi ne  t he  

qua nt i t i e s  of  out put s  obt a i ne d.

Ge ne r a l l y howe ve r ,  t he  e f f i c i e nc y of  an i nput  i s  

r e l a t i ve  and de pe nds  on s e ve r a l  f ac t or s  whi c h a r e  l i nke d t o 

i t s  s t a t e  a nd t he  condi t i ons  of  i t s  us e.  The s e  f a c t or s  a r e  

not  a l wa ys  me a s ur a bl e .  He nc e  e ach i nput ' s  c ont r i but i on t o a 

pr oduc t  onl y c or r e s ponds  t o ma xi ma l  t e chni c a l  nor ms  i n ve r y 

e xc e pt i ona l  c i r cums t a nc e s .

Mor e ove r ,  f r ee  ( non- economi c )  f a c t or s ,  unc on t r o l l a 

bl e  a nd f i xe d f ac t or s  a l s o i nf l ue nce  pr oduc t i on s o t ha t  we l l -  

c ont r ol l e d i nput s  do not  a l one  de t e r mi ne  t he qua nt i t y  of  

o u t pu t s .

I t  f ol l ows  t ha t  a ny t e c hni c a l l y pos s i bl e  p r oduc t i on 

i s  mor e  or  l es s  e f f i c i e nt .  I ns t e ad of  pa r t i t i oni ng t he  s e t  

of  a l l  pos s i bl e  pr oduc t i ons ,  we  de f i ne  t he  s et  of  " mor e  or  

l e s s "  e f f i c i e nt  pr oduc t i ons  as  a f uz zy s ubs e t  of  Z,  de not e d 

by C.  I t s  e l ement s  have  a membe r s hi p f unc t i on,  de not e d by 

s uch t ha t  :

M c : Z |- - - - - - - - - - - - - - - - ^ [ 0, 1]

V y e  Z,  y j----------------^ Mc (y) G [ 0, 1]

and M̂ ( y)  = 0 i n t he  a s s umpt i on of  t he  pr oduc t i on of  wa s t e

M̂ i y)  = 1 i f  t he  e f f i c i e nc y of  i nput s  i s  ma xi ma l  and i f  

a l l  i nput s  a r e  we l l - c ont r ol l e d.

Mc (y) e ] 0, 1 [ i n al l  ot he r  cas es .
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Thi s  f unc t i on e nabl e s  us  t o c ons t r uc t  a f uz z y 

s ubs e t  C of  Z whi c h i s  s uch t hat :

C = £ y; V y e z, Mc (y) e [ 0 , 1] ^

Thi s  f uz z y s ubs e t  C of  Z pl a ys  t he r ol e  of  a f uz z y c ons t r a i nt  

i n t he  p r o d u c e r ’ s e c onomi c  c a l cul a t i on.

3. 2. 3.  We  de f i ne  t he  f unc t i on on t he  monot one  f ami l y 

de f i ne d i n pa r a gr a ph 3. 1. 2.  s uch t hat :

M£ • & C 2  (Z )  I------------»  [ 0 ,  + °° [

e  ^  > l i  I- - - - - - - = s up f  (y)
y  £  l i

wi t h s up f  ( y)  = 0 and s up f ( y)  = 1.
0 x e  z

Thi s  f unc t i on i s  a Sugeno' s  f uz zy me a s u r e  on ( 1) .

3. 2. 4.  Fi na l l y,  de t e r mi ni ng t he  p r o d uc e r ’ s opt i ma l  s uppl y

cons i s t s  i n f i ndi ng:

s up f ( y)  = s up [ f ( y)  A Mr ( y)  ] 
y e  c y e  z ^

The  s ol ut i on de ve l ope d i n pa r a gr a phs  1. 2.  a nd 1. 3.

hol ds  t i ui e.

At  e qui l i br i um,  t he  opt i ma l  s uppl y i s  de t e r mi ne d 

and,  i n t he  pr oduc e r ' s  s pace ,  t he  s e l l i ng pl a c e s  of  t he  out put s  

and t he  qua nt i t i e s  s uppl i e d a r e  known,  as  we l l  as  t he  pl a c e s  

whe r e  i nput s  a r e  pur c ha s e d a nd t he qua nt i t i e s  de ma nde d.  I nde e d 

an e qui l i br i um s uppl y i s  an e l e me nt  ( y^) * of  t he  s e t  Y,  wi t h 

i =1, . . . , m,  a nd j =1, . . . , q,  whe r e  i =1, . . . , n,  de s i gna t e s  t he  

i nput s  a nd j =1, . . . , p,  t he i r  s uppl y poi nt s ,  a nd whe r e  i =n+1, . . . , m,  

s t a nds  f or  t he  out put s  a nd j =p+1, . . . , q,  t he i r  de ma nd poi nt s .

(1) Cf . Appendi x 5. 3.
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4. 1.  A s t r i c t  c ons t r a i n t  i s  t he  l i mi t i ng  c a s e  of  a n e l a s t i c  

c ons t r a i n t ;  i t  i s  not  i t s  a nt i t he s i s .  Cons e que n t l y ,  t he  t he o r y  

of  pa r t i a l  s pa t i a l  e qu i l i b r i a  wi t h  f uz z y c ons t r a i n t s  s hou l d  

not  be  c on t r a s t e d  wi t h  t he  c l a s s i c a l  t he or y.  The  f o r me r  

e mbodi e s  t he  l a t t e r  as  a pa r t i c u l a r  ca s e .

4. 2.  Howe ve r ,  i n t e r e s t i ng  t hough  i t  ma y  be ,  t h i s  a p t i t ude  f or  

g e ne r a l i t y  i s  not  t he  p r i nc i pa l  qua l i t y  of  t hi s  a ppr oa c h .  I t  

s houl d  be  e mpha s i z e d  t ha t  t hi s  t he or y c on t r i bu t e s  n e w r e s u l t s  i n 

t ha t  i t  mod i f i e s  t he  d e s c r i p t i on  of  be ha v i our s  a nd pa r t i a l  

s pa t i a l  e qui l i br i a .  I n pa r t i c u l a r ,  t he  f a c t  t ha t  t he s e  e q u i l i 

b r i a  r e s u l t  f r om s a t i s f a c t o r y  t r a de - of f s  b e t we e n  wha t  i s  

de s i r a b l e  a nd wha t  i s  " mor e  or  l e s s ” pos s i b l e ,  me a ns  t ha t  t he  

p r ope r t i e s  of  t he i r  o p t i ma l i t y  a r e  put  i nt o pe r s pe c t i ve .

I n a ddi t i on ,  t he  t he or e t i c a l  a na l ys i s  ga i ns  i n 

r e a l i s m wi t hou t  a ny l os s  of  r i gour .  I t s  ope r a t i ona l  c h a r a c t e r  

i s  obvi ous .

4. 3.  Re s e a r c h  s houl d  now t ur n t o t he  e l a bo r a t i on  of  a  t h e o r y  

of  ge ne r a l  s pa t i a l  e q u i l i b r i u m i n a f uz z y c ont e xt .  Suc h  a t a s k  

s e e ms  di f f i c u l t .  Not  on l y  mus t  t he  c onve ni e n t  a s s u mpt i ons  of  

pe r f e c t  c o mp e t i t i o n  be  d i s c a r d e d  as  s oon as  t he  s pa t i a l  f a c t or  

i s  i n t r oduc e d ,  but  a l s o t he  i n t r oduc t i on  of  f uz z i ne s s  i mpl i e s  

pr i or  c r e a t i on  of  ne w ma t he ma t i c a l  t ool s  wh i c h  ha ve  p r o v e d  s o 

n e c e s s a r y  t o t he  e l a bo r a t i o n  of  t hi s  t he or y.

4.  CONCLUSI ON
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5. 1.  a - c u t s  of  a f uz z y  s ubs e t  of  a r e f e r e nt i a l .

5. 1. 1.  De f i n i t i on .  Le t  a r e f e r e n t i a l  E = £  x }  , a nd  l e t  

C be  a f uz z y  s ubs e t  of  E.  We  c a l l  a - c ut  of  C,  d e no t e d  by 

wi t h  a  G [ 0, 1]  t he  non  f uz z y  s e t  s uc h t ha t :

= | x ;  \ | x  6  E : M̂ t x)  >  a ^

whe r e  (̂-¡(x) i s  t he  c ha r a c t e r i s t i c  me mbe r s h i p  f u n c t i o n  of  t he  

e l e me nt  x t o t he  f uz z y  s ubs e t  C whi c h  t a ke s  i t s  va l ue s  i n t he  

i nt e r va l  [ 0, 1]

5. 1. 2.  Pr ope r t y .  The  s e t  of  a - c ut s ,  d e no t e d  by  ^ o , 1 ]

i s  a de c r e a s i n g  s e que nc e  s uc h t ha t :

\ ( a 1,a 2) e [0,1 }2 : a ^ < a 2 =$  £a 2  Ca and £0 = E
1 2

( i mme di a t e )

5. 1. 3.  De c o mp o s i t i o n  The or e m.  Le t  C e i ( E ) , (j  ( E)  b e i ng  

t he  f uz z y  powe r  s e t  of  E,  a nd ^ ^ a 3 a e [ 0  1] * t s  a _ c u t s.

He nc e :  C = U a . C 
a e [0 ,1]

I nde e d,  we  ha ve  ¡xr  ( x)  = 1 i f  / v ( x ) >  a -!
_ a,  

l

Mc . ( x)  = 0  i f  Mc ( x)  <  a i

— i

He nc e  t he  membe r s h i p  f unc t i on  of  C i s  wr i t t e n:

jti ( x)  = V [ a ± . ] = V [ t t i ] = /xc ( x)

v  t a i *^a  1 a i  1 >  a i
a.  x

1 [ Q. E. D. ]

5. 2.  The o r e m.  The  f o l l owi ng  r e l a t i on  hol ds  t r ue :

s up f ( x)  = s up [ a  A s up f ( x) ]  
x G C aG[  0, 1]  x  G C

5.  APPENDI X
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I nde e d,  f r om t he  t he or e m 5. 1. 3. ,  we  have :

V [ 

«€[ 0, 1]

[(X A  Hc  ( x)  ]

By de f i n i t i on ,  we  ha ve :

s up f  ( x)  = s up [ f  ( x)  A Mr ( x) ]  
x e  C x g  E u

Whe nc e  i t  f ol l ows :

s up f  ( x)  = s up f f  ( x)  A C V ( a A Mr (x)]j j |
X G C x G E a€[ 0, 1]  - a

= s up [ V ( a A mc ( x)  A f ( x) ) ]  

x G E aG[  0,  1] ~ a

( d i s t r i bu t i v i t y  of  V wi t h  r e s pe c t  t o A)  

The r e f o r e  we  c a n wr i t e :

s up f  ( x)  = V V ( a A /ij, ( x)  A f  ( x) )

= V V ( a A juc ( x)  A f ( x) )  

a E[  0 , 1 ] x  G E a

( pr ope r t i e s  of  a s s oc i a t i v i t y  a nd c ommut a t i v i t y )

= V [ a  A  V (/i ( x)  A f ( x) ) ]  
a e [ 0, 1]  XGE  - a

( s i nc e  o: i s  i nde pe nde nt  of  x)

By pa r t i t i o n i n g  , we  obt a i n:

V [ h q  ( x)  A f ( x) ]  = V [ mc ( x)  A f ( x) ]  V V [ f i Q ( x)  A f ( x) ]

X G E UG[  0, 1]

x G E

V [ 1 A f ( x) ]  V V [ 0 A f ( x) ]

x G C x £  C 
—a.

V f ( x)  = s up f ( x)
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We  c a n t he r e f o r e  wr i t e :

s up f ( x)  = s up [ a  A s up f ( x) ]  

x G C a €[ 0, 1]  x e  c a

[ Q. E. D. ]

5. 3.  The o r e m.  Le t  m£ de no t e  t he  f unc t i on  de f i ne d  i n p a r a g r a p h

1. 2.  Thi s  f unc t i on  i s  a Suge no ' s  f uz z y me a s u r e .

I n d e e d :

( 1)  M£ (0)  = 0 ; M£ (E)  = 1 by c ons t r uc t i on

( 2)  Le t  Fj  c  Fk ; \ j  x  G F . , t he r e f or e  x e  Fk

The r e f or e :  s up f ( x)  mus t  be  s uc h  t ha t  t he  e l e me nt  x b e l ongs  t o

n *e F.
£ k  • “ •>
Fr om wh e n c e  i t  f ol l ows :  s up f ( x)  >  s up f ( x)

x e  F,  x e  F.
—k —j

l e t  : M f > P £ ( £j ) -

( 3)  Le t  us  a s s ume  t ha t  F = U F.
i =1 _1

Fr om ( 2)  : M£ (F. , ) <  Mf ( F2 ) < • • •  <  *l£ ( F)  •

The  s e que nc e  m£ ( F^)  i s  a mono t one  i nc r e a s i ng  a nd uppe r  l y

bo unde d  s e que nc e .  I t  i s  t he r e f or e  c onve r g i ng  t o t he  l i mi t

s up F. )  a nd s up M- r ( Fi )  <  M- r ( F)  f r om t he  p r o p e r t i e s  of  l i mi t s  
i X)  £ _ 1  i >0 x ~
a nd of  s up.

We  us e  a r e duc t i o  a d a bs ur bum pr oof .

Le t  us  a s s ume  s t r i c t  i ne qua l i t y:  s up <  ^ £ CF)
i  >  0

By de f i n i t i on :  F)  = s up f  ( x)
x  x €  F

The r e f or e ,  3 x e  F s uc h  t ha t  = f ( x ) ,
» o — x — o

or  t ha t :  s up Mr ( F. )  <  f ( x )
i  >  0 * ~ X 0

Now F = ?f F^ . The r e f or e ,  3 j e  I s uc h t ha t  x Q £  F^ .
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Cons e que n t l y  3 j e  J  s uc h t ha t  M£( Fj )  >  f ( xQ)

Now s up ( i , ( F. )  <  f  ( x ) . Whe nc e  t he  c on t r a d i c t i on ,  
i  >  0 * - 1  0

Thus  we  have :  l i m Mj t ( F- )  = s up ju _( F. ) = M. p( F) .
i-*° °  1 - 1  i  >  0 t _

t Q. E. D. ]
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