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SUMMARY 

This report describes the mathematical d$velopment of a 
computer model, the Partially-Saturated Transient Flow Model 
(PST), used to test the formulation for simulating isothermal, 
unsaturated, liquid flow in heterogeneous porous media. The 
fundamental equations and assumptions applying to the model 
are discussed. Problems encountered in modeling the flow in 
soils with water contents less than saturation are also 
delineated. 

Because of the nonlinearities of the descriptive equations, 
finite difference approximation and an iterative technique 
were used to obtain solutions. The model, when tested, was 
computationally slow and impractical as a management tool 
but did demonstrate that the equation could be solved for 
flow entering relatively dry soils. 

Several methods of dealing with the sediment hydraulic 
characteristics were tested. 
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PARTIALLY-SATURATED TRANSIENT GROUNDWATER FLOW MODEL 
THEORY AND NUMERICAL IMPLEMENTATION 

INTRODUCTION 

At the Hanford Reservation, radioactive wastes are presently 
stored in the ground in unsaturated (or partially-saturated) 
sediments lying between 45 and 60 meters above the regional 
water table. Since many of the long-lived radiocontaminants 
are readily adsorbed on the sediments and since water move- 
ment at the moisture content found in the Hanford sediments 
is slow, this zone has been theoretically relied upon, in 
the event of a storage tank leak, as a safety factor to 
minimize possibility of radiocontaminants entering the water 
table. Thus, the ability to quantitatively calculate radio- 
contaminant movement in this zone is extremely important to 
waste management activities at Hanford. 

An effort was initiated to quantitatively describe radiocon- 
taminant movement in the vadose zone (the zone between the 
ground surface and the water table). To quantitatively 
describe radiocontaminant movement in the vadose zone, it is 
necessary to solve the equations for water movement and 
solute transport. If it is assumed that flow of water is 
independent of the water's chemical constituents (i.e., that 
the important forces governing fluid movement are physical), 
then the equations for fluid and mass flow can be solved 
sequentially rather than simultaneously, thus greatly reduc- 
ing the problem of obtaining numerical solutions. 

The PST Model was designed to predict the moisture movement 
in sediments as a function of time and space for the initial 
and boundary conditions, which are specified. Once a solu- 
tion to the flow problem is obtained, a transport model can 
be used to combine the moisture movement rates with soil- 
waste reaction mechanisms to predict the time and spatial 
movement of important radiocontaminants. This report 
describes the theory and numerical implementation of the PST 
Model. 



REVIEW OF LITERATURE 

The i n f i l t r a t i o n  o f  w a t e r  t h r o u g h  s e d i m e n t s  i s  c h a r a c t e r -  

i s t i c a l l y  a  two-phase f l o w  p rob lem,  t h e  w a t e r  e i t h e r  r e p l a c -  
i n g  o r  b e i n g  r e p l a c e d  by a i r .  S i n c e  t h e r e  i s  s m a l l  r e s i s t a n c e  
t o  f l o w  o f  a i r ,  i t  i s  assumed t h a t  f o r  i s o t h e r m a l  c o n d i t i o n s  
t h e  p rob lem c a n  b e  r e d u c e d  t o  t h e  f l o w  o f  t h e  l i q u i d  p h a s e ;  
i . e . ,  t h a t  o f  t h e  w a t e r .  Corey (1) s u g g e s t e d  t h a t  a i r  
p r e s s u r e  i n  s u c h  a  c a s e  i s  u s u a l l y  a t m o s p h e r i c .  

These  a s s u m p t i o n s  w e r e  used  by R i c h a r d s  ( 2 )  i n  combining  t h e  
e q u a t i o n  o f  c o n t i n u i t y  and  D a r c y ' s  Law t o  d e v e l o p  t h e  g e n e r a l l y  
a c c e p t e d  e q u a t i o n  d e s c r i b i n g  f low i n  a  p o r o u s  medium. T h i s  
i s  a  n o n l i n e a r  p a r a b o l i c  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  i n  
which t h e  c o e f f i c i e n t s  a r e  a  f u n c t i o n  o f  t h e  d e p e n d e n t  
v a r i a b l e .  Such e q u a t i o n s  a r e  d i f f i c u l t  t o  s o l v e  w i t h  t h e  
u s u a l  n u m e r i c a l  t e c h n i q u e s .  One-dimensional  n u m e r i c a l  

f o r m u l a t i o n s  o f  R i c h a r d s '  e q u a t i o n  were r ev iewed  by F r e e z e . ( 3 )  
R e c e n t l y ,  two-dimens iona l  a p p l i c a t i o n s  w e r e  p u b l i s h e d  by 
R u b i n , ( 4 )  H o r n b e r g e r ,  e t  a l . ,  ( 5 )  T a y l o r  and L u t h i n , ( 6 )  
C o o l e y ,  ( 7 )  Verma and B r u t s a e r t ,  ( 8 )  and  B r u t s a e r t .  ( 9 )  Green 
and  Weinaug ( 1 0 )  p u b l i s h e d  a  two-phase ,  two-d imens iona l  
s o l u t i o n  b u t  a l s o  e n c o u n t e r e d  e B c e s s i v e  c o m p u t a t i o n a l  t i m e s .  
F r e e z e ( l 1 )  p u b l i s h e d  a  t h r e e - d i m e n s i o n a l  model t h a t  t r e a t e d  t h e  
e n t i r e  ( s a t u r a t e d - u n s a t u r a t e d  t r a n s i e n t )  f l o w  of  a  s m a l l  
g e o l o g i c  b a s i n .  With t h e  e x c e p t i o n  o f  F r e e z e  and  B r u t s a e r t ,  
a l l  o f  t h e s e  a u t h o r s  u s e d  homogeneous s o i l s .  The s h a r p  
d i s c o n t i n u i t i e s  a r i s i n g  from sudden  a p p l i c a t i o n  of w a t e r  t o  
r e l a t i v e l y  d r y  s o i l s  have  n o t  been  t r e a t e d .  

RATIONALE OF MODEL DEVELOPMENT 

The mos t  g e n e r a l  e q u a t i o n s  t h a t  d e s c r i b e  l i q u i d ,  v a p o r ,  h e a t  
and  s o l u t e  f l o w  t h r o u g h  u n s a t u r a t e d  s e d i m e n t s  a r e  v e r y  
complex.  The e q u a t i o n s  f o r  l i q u i d  and vapor  movement ( t r e a t e d  
by T a y l o r  and  C a r y ,  ( 1 2 )  P h i l i p  and  D e V r i e s ,  ( 1 3 )  and  L e t e y  
( 1 4 )  have  n o t  y e t  b e e n  s o l v e d  f o r  t h e  g e n e r a l  c a s e .  

I n  making s i m p l i f y i n g  a s s u m p t i o n s ,  c o n s i d e r a t i o n  s h o u l d  b e  
g i v e n  t o  t h e  economic f e a s i b i l i t y  o f  s o l v i n g  t h e  r e s u l t a n t  

e q u a t i o n s ,  t h e  c o s t  o f  o b t a i n i n g  t h e  n e c e s s a r y  i n p u t  d a t a ,  
and  t h e  s t a t u s  o f  t h e  t h e o r y  d e s c r i b i n g  t h e  e f f e c t .  F o r  ' 

i n s t a n c e ,  it i s  known t h a t  h i g h l y  s a l i n e  w a s t e s  c a n  r e a c t  
w i t h  t h e  s e d i m e n t s  t o  change  t h e i r  h y d r a u l i c  c h a r a c t e r -  
i s t i c s ;  however ,  t h e  t h e o r y  h a s  n o t  been  d e v e l o p e d  t o  
d e s c r i b e  t h i s  r e a c t i o n ,  a s  i t  must  b e  b e f o r e  t h i s  e f f e c t  i s  
p r o p e r l y  i n c l u d e d  i n  a  model .  



Because of the above mentioned considerations and the nonlin- 
earities associated with solving even the simplified isother- 
mal equations for waste storage tank leaks or pipeline 
ruptures in relatively dry heterogeneous sediments, it was 
decided that the first step in the development of the PST 
Model would be to solve the isothermal equations for the 
hydrogeologic and climatic conditions which prevail at the 
Hanford Reservation. The experience gained in solving these 
equations could contribute to better decisions about the 
feasibility and desirability of modeling other effects. 

MODEL ASSUMPTIONS AND LIMITATIONS 

The following assumptions, which are discussed below, were 
made for model development: 

1) Darcy's law is generally accepted as valid for types 
of sediments and gradients that occur in the vadose 
zone of the Hanford Reservation. This is a generally 
accepted assumption used in development of equation 
of flow through porous media. In partially saturated 
flow the hydraulic conductivity is dependent upon the 
moisture content. 

2) The pressure head is a unique function of the volu- 
metric moisture content. This is to say that hys- 
teresis is ignored. Richards (16) found that drain- 
age was faster than wetting as the capillary pressure 
varied between the same values, which could be 
accounted for by hysteresis. For the same pressure 
variations, the difference in moisture contents were 
largest (up to 10 percent) for heavy clay soils, 
smallest for coarse sands (1 to 2 percent). Defin- 
ing the hysteresis loops adequately presents an order 
of magnitude more difficult measurement problems 
and probably represent less error than that of using 
disturbed sediment samples for measuring hydraulic 
characteristics. 

3) In addition, more recent work by Dane,(l7) indicates 
that hysteresis is a second order effect when con- 
sideration is given to the accuracy with which the 
hydraulic conductivity can be established. The soil 
may be homogeneous or homogeneously layered. In the 
case of a two-dimensional problem the sediment layers 
can be either horizontal or tilted. In an axisymmetric 
problem the layers must be horizontal or they will 
appear conical in the three-dimensional view. 



4 )  The p r e s s u r e  o f  t h e  a i r  i s  c o n s t a n t  and u n i f o r m  
t h r o u g h o u t  t h e  s y s t e m  and i s  used  a s  t h e  da tum f o r  
m e a s u r i n g  t h e  p r e s s u r e  i n  t h e  w e t t i n g  p h a s e .  I t  i s  
assumed t h e r e  i s  no r e s i s t a n c e  t o  t h e  f l o w  o f  a i r  
i n  t h e  s y s t e m ,  t h e r e f o r e ,  o n l y  t h e  w e t t i n g  f l u i d  
n e e d s  t o  b e  modeled.  

5 )  The s o i l  medium i s  i s o t r o p i c  w i t h i n  t h e  u n i t  c e l l .  
G e n e r a l l y  t h e  Hanford s e d i m e n t s  a r e  i s o t r o p i c ;  how- 
e v e r ,  l a y e r i n g  c a u s e s  a n  a p p a r e n t  a n i s o t r o p y .  

6 )  The f l o w  i s  i s o t h e r m a l .  M o i s t u r e  movement f rom w a s t e  
d i s c h a r g e s  a r e  n o t  s i g n i f i c a n t l y  a f f e c t e d  by t h e  normal  
e a r t h  t h e r m a l  g r a d i e n t s .  T h e r e f o r e ,  t h e  i s o t h e r m a l  
a s s u m p t i o n  w i l l  be v a l i d  f o r  mos t  a p p l i c a t i o n s .  
The rma l ly - induced  l i q u i d  f l o w  and  v a p o r  p h a s e  f l o w  c a n  
a r i s e  f rom t h r e e  s o u r c e s :  a )  h e a t  c o n t e n t  o f  t h e  w a s t e :  
b )  c o n c e n t r a t i o n  o f  r a d i o c o n t a m i n a n t s  on t h e  s e d i m e n t s  
t h r o u g h  s o r p t i o n  r e a c t i o n s  and  s u b s e q u e n t  r a d i a n t  h e a t i n g  
o f  t h e  l i q u i d ;  a n d  c) n a t - u r a l  t h e r m a l  g r a d i e n t s .  

Some i n s i g h t  i n t o  t h e  i m p o r t a n c e  o f  t h e  n o n i s o t h e r m a l  f l o w  
a t  low m o i s t u r e  c o n t e n t  i n d u c e d  by n a t u r a l  g e o t h e r m a l  
g r a d i e n t s  c a n  b e  o b t a i n e d  by u s i n g  t e c h n i q u e s  d e s c r i b e d  
i n  Appendix A. The e q u a t i o n s  t h e r e i n  a r e  b a s e d  on c l a s s i -  
cal  n o n i s o t h e r m a l  t r a n s p o r t  t h e o r y .  

7 )  The h y d r a u l i c  c o n d u c t i v i t y  i s  a  u n i q u e  f u n c t i o n  o f  
t h e  m o i s t u r e  c o n t e n t .  

8 )  N e g l e c t i n g  o v e r b u r d e n  i s  o f t e n  c o n s i d e r e d  a n  assump- 
t i o n  i n  t h e  b a s i c  e q u a t i o n s ;  however ,  t h e  e f f e c t  o f  
o v e r b u r d e n  i s  t o  modi fy  t h e  s e d i m e n t  m a t r i x  by i n c r e a s -  
i n g  t h e  b u l k  d e n s i t y  which i n  t u r n  c h a n g e s  t h e  h y d r a u l i c  
c h a r a c t e r i s t i c s  o f  t h e  s e d i m e n t s .  Thus ,  o v e r b u r d e n  
a f f e c t s  t h e  i n p u t  s ~ i l  c h a r a c t e r i s t i c s  r a t h e r  t h a n  t h e  
b a s i c  e q u a t i o n s  and  c a n  be  a p p r o x i m a t e l y  a c c o u n t e d  f o r  
i n  measurement  o f  t h e  p r o p e r t i e s  a t  t h e  same b u l k  
d e n s i t y  a s  o c c u r s  i n  t h e  f i e l d .  

9 )  B a r o m e t r i c  p r e s s u r e  c h a n g e s  a r e  n o t  a c c o u n t e d  f o r .  
I t  i s  u n l i k e l y  t h a t  l i q u i d  u n d e r  l e a k  c o n d i t i o n s  i s  
moved by b a r o m e t r i c  c h a n g e s .  

1 0 )  The h y d r a u l i c  c h a r a c t e r i s t i c s  o f  t h e  s e d i m e n t s  a r e  n o t  
a l t e r e d  by t h e  c h e m i c a l  c o m p o s i t i o n  o f  t h e  w a s t e .  I t  
h a s  b e e n  o b s e r v e d  t h a t  c h e m i c a l  w a s t e s  c a n  r e a c t  w i t h  
t h e  s e d i m e n t s  and change  t h e i r  h y d r a u l i c  c h a r a c t e r -  
i s t i c s , ( l 5 )  b u t  t h e  s p e c i f i c  r e a c t i o n s  which o c c u r  and  



their significance with respect to liquid and radio- 
contaminant movement are not known. The assumption 
that the hydraulic characteristics of the soil are 
not changed by chemicals in the waste allows the 
equations for fluid and mass flow to be solved sequen- 
tially, rather than simultaneously, which reduces the 
difficulty of obtaining numerical solutions. A 
significant development effort would be necessary 
to incorporate the effects of chemically-caused 
changes in hydraulic characteristics. 

THEORETICAL ANALYSIS 

A set of equations describing nonisothermal liquid, vapor, 
heat and solute flow in unsaturated sediments is presented 
in Appendix A. These equations incorporate the important 
effects which have been suggested in the literature and are 
presented to show the complexity of the general equations 
which would have to be solved if no simplifying assumptions 
were made. It is obvious that solving these equations for a 
realistically sized problem would be an impractical effort for 
the present state-of-the-art in numerical analysis and digital 
computers. The assumptions presented in the previous section 
were used to reduce these equations to those used in the PST 
Model. This development is also described in Appendix A. 

The generalized equation describing isothermal, incompress- 
ible flow in porous media in two dimensions is: 

where 

@ = - P + z = hydraulic potentials 

O = moisture content 

K = hydraulic conductivity 

x,z = spatial coordinates 

t = time 

q = source or sink term 



When saturated flow exists or O = O then 
s ' 

p = P/pg 
where- 

P = pressure 

p = density of water 

g = gravitational acceleration 

8 

In this case 4 and K are functions only of the spatial coor- 
dinates, x and z .  

When bnsaturated flow exists or @ < 
s ' 

where F& = capillary pressure. 

In' this case 4 ,  K and O are all functions of the spatial 
coordinates and the capillary pressure or: 

It is these relationships which make Equation 1 nonlinear 
and extremely difficult to solve for large problems with 
sizable variations in hydraulic conductivities and moisture 
contents. 

The capillary pressure is defined as: 

or the difference in pressure in the nonwetting fluid, PnwI 
and the pressure in the wetting fluid, 

Pw 
. If the air 

pressure is taken as a datum for measuring the pressure of 
the wetting fluid (i.e., Pnw = O), then: 



Rewriting the right side of Equation 1 using the chain rule 
gives : 

which is more easily used for the basic differential equation 
of the model. 

AXISYMMETRIC EOUATIONS 

The axisymmetric partial differential equation form of 
Equation 2 is: 

1 a - -  a +  a 
(Kr -) + - a 0  a +  

r ar a r a z K = q - m -  q 

where r is the radial distance from the axis of symmetry. 
Multiplying by r and defining: 

- a 8  A 

K = Kr, U = r- and q = qr 
a + ( 4  1 

transforms Lquation 3 into a form similar to Equation 2. 
Hence the same computer routine may be used for both prob- 
lems with slight revision to take care of the redefinition. 

FUNCTIONAL DESCRIPTION OF SOIL CHARACTERISTICS 

iiumerical solutions depend entirely on the functional rela- 
tionships of 1: and 0 to ca~illary pressure. "bese func- 
tional relationships are the hydraulic characteristics of 
the soil. 

The dependence of the hydraulic conductivity on capillary 
pressure is usually determined in a dynamic flow system or 
calculated from steady-state rneasurements.(18,19120121122) 

Many empirical expressions have been used to describe 
hydraulic conductivity as a function of capillary pressure. 
Several have been used in this model and their limitations 
are discussed. One equation which relates relative hydrau- 
lic conductivity to capillary pressure, known as Gardner's 
equation, as modified by King, (22) has the form: 



where 

Kr 
i s  t h e  r e l a t i v e  h y d r a u l i c  c o n d u c t i v i t y  

i s  t h e  c a p i l l a r y  p r e s s u r e  

Pl ,  
T ,  and b  a r e  p a r a m e t e r s  of  t h e  e q u a t i o n  d e t e r m i n e d  

by c u r v e  f i t t i n g  t e c h n i q u e s  

Data and f i t t e d  c u r v e s  f o r  t h r e e  s o i l s  a r e  shown i n  F i g u r e  
1. 

I n  o r d e r  t o  s o l v e  t h e  b a s i c  E q u a t i o n  2 one  o t h e r  f u n c t i o n a l  
r e l a t i o n  i s  r e q u i r e d .  An e q u a t i o n  f o r  t h e  m o i s t u r e  c o n t e n t  
a s  a  f u n c t i o n  o f  t h e  c a p i l l a r y  p r e s s u r e ,  proposed  by King 
(21)  i s :  

where 

Po, A ,  I , y ,  I( arc p s r a m c t e r s  

O i s  t h e  m o i s t u r e  c o n t e n t  

f  i s  t h e  p o r o s i t y  o f  t h e  s o i l  

Data  p o i n t s  and f i t t e d  m o i s t u r e  c o n t e n t  c u r v e s  by King ( 2 2 )  
a r e  shown i n  F i g u r e  2 .  

The E q u a t i o n s  5 and 6 w e r e  used  i n  t es t  s i m u l a t i o n s .  However, 
d u r i n g  t h e  t es t s  two l i m i t a t i o n s  of  t h i s  approach  were n o t e d .  
F i r s t ,  s o l v i n g  E q u a t i o n s  5 and 6 and e v a l u a t i n g  t h e i r  complex 
d e r i v a t i v e s  i s  c o m p u ~ a t i o n a l l y  s low.  Second and more impor- 
t a n t l y ,  E q u a t i o n  6 h a s  t h e  p r o p e r t y  t h a t  a s  PC -+ S  
a p p r o a c h e s  t h e  l i m i t  

6 (Cosh E l i m ~  =+ 
PC -+ 00 

Cosh E: + y 



C A P I L L A R Y  P R E S S U R E ,  p,(mb) 

FIGURE 1. Relative Permeability Versus 

Capillary Pressure Curve and 
the Functional Fitting Equation 
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F u n c t i o n a l  F i t t i n g  E q u a t i o n  



Thus t h e  s a t u r a t i o n  h a s  a  l i m i t i n g  v a l u e  which depends  on 
t h e  c u r v e  f i t  used  and may b e  l a r g e r  t h a n  t h e  background 
m o i s t u r e  c o n t e n t s  obse rved  i n  t h e  f i e l d .  I n  a d d i t i o n ,  a s  
t h e  c a l c u l a t e d  m o i s t u r e  c o n t e n t  approaches  t h i s  l i m i t ,  numer ica l  
i n s t a b i l i t y  can  o c c u r  s i n c e  s l i g h t  changes  i n  m o i s t u r e  con- 

t e n t  r e s u l t  i n  l a r g e  changes  i n  c a p i l l a r y  p r e s s u r e .  Thus 
i n i t i a l  m o i s t u r e  c o n t e n t s  have t o  be  se t  a t  a  l e v e l  g r e a t e r  
t h a n  t h e  l i m i t  of  S and t h e  boundary c o n d i t i o n s  a l s o  must be 
s e t  t o  m a i n t a i n  t h i s  minimum l e v e l  o f  s a t u r a t i o n  i n  o r d e r  t o  
avoid t h e s e  n u m e r i c a l  i n s t a b i l i t y  problems.  

I n  an  a t t e m p t  t o  c i r cumven t  t h e s e  problems,  two o t h e r  f i t -  
t i n g  methods were t r i e d .  A computer  program was w r i t t e n  t o  
s o l v e  t h e  modi f i ed  M i l l i n g t o n  and Q u i r k  e q u a t i o n  f o r  comput- 
i n g  t h e  h y d r a u l i c  c o n d u c t i v i t y  c u r v e  f o r  p a r t i a l l y  s a t u r a t e d  
s o i l  from t h e  m o i s t u r e  r e t e n t i o n  v e r s u s  s u c t i o n  measurements 
and t h e  s a t u r a t e d  h y d r a u l i c  c o n d u c t i v i t y . ( l 9 , 2 1 )  However, 
s e v e r a l  problems a r o s e  d u r i n g  a p p l i c a t i o n  o f  t h i s  method. 
The l i m i t e d  s u c t i o n  d a t a  t h a t  a r e  normal ly  c o l l e c t e d  a r e  

i n a d e q u a t e  t o  a c c u r a t e l y  d e s c r i b e  t h e  m o i s t u r e  r e t e n t i o n  
c u r v e .  Thus, i n t e r p o l a t i o n  t e c h n i q u e s  w e r e  employed w i t h  
which t o  g e n e r a t e  a  un i fo rmly  spaced  s e t  o f  d a t a  from t h e  
s p a r s e ,  randomly spaced s u c t i c n  d a t a .  I n  g e n e r a t i n g  t h e  
h y d r a u l i c  c o n d u c t i v i t y  c u r v e s  from t h e s e  d a t a ,  two t y p e s  o f  
e r r o r s  w e r e  i n t r o d u c e d ,  measurement and i n t e r p o l a t i o n ,  which 
caused  s m a l l  u n d u l a t i o n s  t o  o c c u r  i n  t h e  h y d r a u l i c  con- 
d u c t i v i t y  c u r v e s .  F i g u r e  3 snows t h e  m o i s t u r e  c o n t e n t  
c u r v e ;  n o t e  t h e  u n d u l a t i o n  from t h e  c u r v e  f i t t i n g .  F i g u r e  4 
shows t h e  r e s u l t i n g  h y d r a u l i c  c o n d u c t i v i t y  c u r v e .  I n  t h e  

PST Model t h e  minor r e v e r s a l  o f  s l o p e s  a l o n g  t h e  c u r v e  o f  
s a t u r a t i o n  v e r s u s  c a p i l l a r y  p r e s s u r e  c u r v e s  caused  d i f f i -  
c u l t i e s  w i t h  t i m e  p l a n e  convergence .  T h i s  problem was 
s o l v e d  by drawing a  smooth c u r v e  t h r o u g h  t h e  g e n e r a t e d  
m o i s t u r e  r e t e n t i o n  d a t a  and u s i n g  v e r y  c l o s e l y  spaced d a t a  
p o i n t s .  

A t h i r d  method developed by Campbell (23)  was adopted  which 
bypasses  t h e s e  problems and r e q u i r e s  less s u c t i o n  d a t a  t h a n  

t h e  M i l l i n g t o n  and Quirk method and a l s o  a v o i d s  t h e  i n t e r -  
p o l a t i o n  problems.  The e m p i r i c a l  e x p r e s s i o n  sugges ted  by 
Campbell ( 2 3 )  which r e l a t e s  w a t e r  c o n t e n t  t o  c a p i l l a r y  
p r e s s u r e  i s :  
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FIGURE 3 .  Water Conten t  Versus  Suc t i on  Head for 
t h e  "A" Tank Farm S o i l  



FIGURE 4 -  Hydraulic Conductivity ~ersusf~uction 

Head for the "A" Tank Farm Soil 
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where Pe i s  t h e  a i r  e n t r y  w a t e r  p r e s s u r e  and  O i s  t h e  
S 

s a t u r a t e d  m o i s t u r e  c o n t e n t  and d  i s  a n  e m p i r i c a l l y  d e t e r -  
mined c o n s t a n t .  The h y d r a u l i c  c o n d u c t i v i t y  f u n c t i o n  i s  a l s o  
a n  e m p i r i c a l  e x p r e s s i o n  ( 2 3 )  

where K i s  t h e  s a t u r a t e d  h y d r a u l i c  c o n d u c t i v i t y .  These  
S 

e q u a t i o n s  d o  n o t  have  a r t i f i c i a l l y  h i g h  a s y m p t o t e s  a s  o c c u r  
when u s i n g  K i n g ' s  e q u a t i o n s  and  a r e  c o m p u t a t i o n a l l y  more 
e f f i c i e n t .  T h i s  method o f  h a n d l i n g  t h e s e  f u n c t i o n a l  r e l a t i o n -  
s h i p s  i s  by f a r  t h e  b e s t  o f  t h e  methods  t e s t e d .  

FINITE DIFFERENCE EQUATIONS 

S e v e r a l  d i f f e r e n t  methods f o r  w r i t i n g  f i n i t e  d i f f e r e n c e  
e q u a t i o n s  e x i s t .  The Crank-Nicolson  method was s e l e c t e d  
b e c a u s e  it i s  u n c o n d i t i o n a l l y  s t a b l e  and e x p e r i m e n t a l  tes ts  
u s i n g  o t h e r  t e c h n i q u e s  gave  u n s a t i s f a c t o r y  r e s u l t s .  
A l though  Crank-Nicolson  g u a r a n t e e s  u n c o n d i t i o n a l  s t a b i l i t y ,  
it d o e s  n o t  p r e v e n t  i n s t a b i l i t i e s  f rom o c c u r r i n g .  However, 
any  i n s t a b i l i t i e s  t h a t  o c c u r  a r e  bounded and  w i l l  d e c a y ,  
r a t h e r  t h a n  grow, w i t h  t i m c .  The method b a s i c a l l y  i ~ l v o l v c s  
w r i t i n g  t h e  e q u a t i o n s  a t  t h e  m i d - p o i n t  o f  t h e  t i m c  s t e p ;  
i . e . ,  t o  a p p r o x i m a t e  t h e  d e r i v a t i v e s  t h r e e  p o i n t s  i n  t h e  o l d  

t i m e  p l a n e  and  t h r e e  p o i n t s  i n  t h e  new time p l a n e  a r e  u s e d ,  
a s  shown i n  F i q u r c  5 .  

FIGURE 5. P o i n t s  Used i n  Time and  Space  f o r  Crank-Nico l son  

F i n i t e  D i f f e r e n c e  E x p r e s s i o n  



Development of the finite difference form of Equation 2 
using the Crank-Nicolson method is described in Appendix B. 

The resultant difference equation is 

where 

Az,Ax = vertical and horizontal grid spacing 

At = time increment 

i,j = grid point indices 

n = time plane index 



An algorithm similar to the Gauss-Seidel numerical solution 
method was used to solve Equation 9. Minimal effort was applied 
to optimizing the solution technique since the main objecti\re 
was to achieve operational status of the model to determine if 
solutions for the types of problems and hydrogeologic conditio~.~ 
that prevail at the Hanford Reservation could be generated. 

BOUNDARY CONDITIONS 

The myriad of practical flow problems which may be modeled 
present three basic types of boundary conditions: 

1) boundaries along which the potential, 
specified 

> 
4 = constant, t - 0 

2) boundaries across which no flow occurs 

3) boundaries across which a known amount of flow 
='CSU,'C 

> 
q = constant, t - 0 

Types 1 and 2 are the most common boundary conditions. 
Type 3, a typical example of which is the evaporation of 
water from a soil surface or a constant rainfall, may be 
modeled using a known flow rate or by a type 1 boundary if a 
proper potential can be determined. The type 2 boundary is 
normally used for describing impermeable boundaries. 

GENERAL PROGRAM DESCRIPTION 

The PST Model as developed handled a matrix of 6000 nodes, 
limited by computer storage. This capacity was increased 
by the computer capability to utilize partial computer 
words to conserve storage. Three pieces of information 
are packed into one memory location for each node in the 
problem: 1) an index for identifying the specific soil 
type for each node; 2) calculation type identification for 
the equation (internal or boundary) to be used at each 
node for calculating the potential; and 3) an index identify- 
ing the flux or input flow for each node. 



Even t h e n  t h e  problem s i z e  had t o  b e  r e s t r i c t e d  b e c a u s e  
g r i d  s p a c i n g  beyond a few c e n t i m e t e r s  a t  t h e  w e t t i n g  f r o n t  
i n  t h e  s e d i m e n t s  c a u s e d  more r a p i d  advancement .  

E q u a t i o n  9 fo rms  t h e  b a s i s  f o r  t h e  PST f l o w  program. Equa- 
t i o n  9 r e p r e s e n t s  o n l y  t h e  g e n e r a l  form o f  t h e  b a s i c  e q u a t i o n ;  
2 4  no-f low bounda ry  e q u a t i o n s  d e v e l o p e d  from v a r i o u s  s h a p e s  
o f  nodes  ( F i g u r e  6 )  are a v a i l a b l e  i n  t h e  program. 

S i n c e  a  G a u s s - S e i d e l  t y p e  i t e r a t i v e  scheme i s  used  f o r  s o l v -  
i n g  t h e  r e s u l t a n t  m a t r i x ,  t h e  h y d r a u l i c  p o t e n t i a l  i s  s o l v e d  
f o r  i n  a  p o i n t - b y - p o i n t  f a s h i o n ,  u p d a t i n g  a l l  o f  t h e  s t o r e d  
d a t a  t o  i t s  l a t e s t  v a l u e  i m m e d i a t e l y .  I n  t h e  computer  p r o -  
gram t h e  i n f o r m a t i o n  s t o r e d  a t  e a c h  node  i n c l u d e s  t h e  t y p e  
o f  s o i l ,  t h e  t y p e  of  c a l c u l a t i o n ,  a n  i n d e x  t o  a  f l u x  v a l u e  
t a b l e ,  t h e  p o t e n t i a l s  from t h e  p r e s e n t  and  p a s t  t i m e  p l a n e s ,  
t h e  h y d r a u l i c  c o n d u c t i v i t y ,  and  Crank-Nicolson  t e r m .  

FIGURE 6. S c h e m a t i c  Showing Shapes  and  R o t a t i o n  o f  A v a i l a b l e  
Boundary Nodes 



Examina t ion  o f  F ~ u a t i o n  9 shows t h a t  a  g r e a t  d e a l  o f  i n fo rma-  
t i o n  f rom t h e  n  o r  p r e v i o u s  t i m e  p l a n e  is  n e c e s s a r y  t o  
s o l v e  t h e  problem.  To a v o i d  u s i n g  l a r g e  volumes o f  computer  
s t o r a g e ,  a l l  terms i n v o l v i n g  i n f o r m a t i o n  from t h e  p a s t  t i m e  
p l a n e  a r e  accumula t ed  and s t o r e d  a s  a  s i n g l e  v a l u e  c a l l e d  
( f o r  r e f e r e n c e )  t h e  Crank-Nicolson  t e r m .  T h i s  t e r m  i s  
u p d a t e d  a t  t h e  end  o f  e v e r y  t i m e  s t e p  f o r  e v e r y  n o d a l  
p o s i t i o n .  

The Crank-Nicolson  (CN)  t e r m  i s  z e r o  f o r  s t e a d y  s y s t e m s  and  
a l s o  z e r o  when a l l  t h e  nodes  i n  a  r e g i o n  a r e  s a t u r a t e d  and  
o f  t h e  same s o i l  t y p e .  

U s e  i s  made o f  t h e  computer  c a p a b i l i t y  t o  u t i l i z e  p a r t i a l  
computer  words t o  c o n s e r v e  s t o r a g e .  Three  p i e c e s  o f  i n f o r m a t i o n  
a r e  packed  i n t o  one  memory l o c a t i o n  f o r  e a c h  node  i n  t h e  
problem:  1) a n  i n d e x  f o r  i d e n t i f y i n g  t h e  s p e c i f i c  s o i l  t y p e  
f o r  e a c h  node  ( p r o v i s i o n s  a r e  made f o r  t e n  d i f f e r e n t  t y p e s  
o f  s o i l s ) ;  2 )  c a l c u l a t i o n  t y p e  i d e n t i f i c a t i o n  f o r  t h e  equa-  
t i o n  ( i n t e r n a l  o r  boundary )  t o  b e  used  a t  e a c h  node  f o r  
c a l c u l a t i n g  t h e  p o t e n t i a l ;  and 3 )  a n  i n d e x  i d e n t i f y i n g  t h e  
f l u x  o r  i n p u t  f l o w  f o r  e a c h  node.  
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APPENDIX A 

DERIVATION OF MOISTURE FLUX EQUATIONS FOR UNSATURATED SOIL 

Conservation of mass requires that for a given volume of soil: 

where 0 is mass concentration of water, t is time, Jw is mass flux 
of water, and G is the rate of water production (or negative con- 
sumption per unit volume of soil). 

Water flux may result from gradients in matric potential, gravi- 
tational potential, osmotic potential, and temperature. One needs 
to consider fluxes in both the liquid and the vapor phase. Let us 
consider the flux in the z direction. Fluxes in other directions 
would be written in similar fashion but without the gravitational 
component. The theory of irreversible thermodynamics provides a 
general approach which is useful for this type of pr~blem.~ 

The liquid-phase flux, denoted by superscript R, can be written as: 

and the vapor phase flux, denoted by superscript v ,  as: 

where the L's are transport coefficients, X's are driving forces, 
and w, q, and s denote water, heat, and salt. The total flux is 
the sum of the liquid and vapor phase fluxes. 

~f we write 6 = L,~/L,, and o = L,~/L where lj is the heat of 
transport and o is the reflection coe8icient. Equations 2 and 3 
become : 

The coefficients and forces must now be chosen to be dimensionally 
consistent. The liquid transport coefficient, L L ,  is just the 
hydraulic conductivity, k ( 8 ) ,  and the driving force for water flow 
is the sum of the gravitational and matric potential gradients: 



Since the matric potential, Ymt may vary with temperature it is 
necessary to specify that the gradient be taken at constant tem- 
perature. 

The other driving forces are: 

Where T is the Kelvin temperature and Yo is the osmotic potential. 
With this choice of driving forces: 

The reflection coefficient, uL, is just a fraction giving the 
effectiveness of osmotic potential gradients in causing flow com- 
pared to the effectiveness of matric gradients. 

If we define the vapor phase driving forces the same as those for 
liquid-phase flux, then the coefficients must take up the con- 
version from vapor concentration to potential since the driving 
force for vapor movement is a gradient in vapor concentration. 

To find L;, we can write for isothermal vapor diffusion: 

where Dv is the vapor diffusivity in soil, p v  is the vapor density, 
and Y is the sum of the matric, osmotic, and gravitational potentials. 
The osmotic component can be included with the others because 
u V  = 1. From equation 5 the transport coefficient for vapor is: 

The relationship between water potential and vapor density is: 

0 
where p v  is the saturation vapor density and R is the specific gas 
constant for water. In the normal range of water potentials en- 
countered in soil water flow problems, Y/RT<<l and Equation 7 be- 
comes : 

exp (Y/RT) 5 



and from Equation 6: 

The vapor flux resulting from temperature gradients can be ex- 
pressed as: 

1 aT - -  
The driving force for thermally induced flow is T az so from 
Equation 4 and Equation 8: 

Equating 9 and 10 and solving for B gives: 

- 
The Claussius-Clapeyron equation can be used to find aT . It gives: 

Where X is the latent heat of vaporization, combining this with 
Equation 11 gives: 

a result confirmed experimentally by Taylor and Cary (1964).~ 

Equation 4 can now be rewritten incorporating the explicit forms 
of the coefficients and forces giving: 

When temperature and salt concentration gradients are absent, the 
second and third terms in Equation 12 are zero. When significant 
transport does occur from these driving forces, the simultaneous 
transport of water, heat, and salt must be accounted for. The 
flux equations are: 



These would be  used w i th  mass and energy conse rva t i on  e q u a t i o n s  t o  
d e s c r i b e  t empe ra tu r e ,  s a l t  c o n c e n t r a t i o n ,  and wa te r  c o n t e n t  a s  
f u n c t i o n  o f  p o s i t i o n  and t i m e  i n  t h e  s o i l .  I f  t h e  s a l t s  a r e  i o n i c ,  
a  f o u r t h  e q u a t i o n  must be added t o  d e s c r i b e  f low of  elec- 
t r i c i t y .  One sees q u i c k l y  t h a t  a  complete s o l u t i o n  t o  t h i s  prob- 
lem would be imposs ib ly  d i f f i c u l t .  F o r t u n a t e l y ,  c o n s i d e r a b l e  
s i m p l i f i c a t i o n  can be ach ieved  by c o n s i d e r i n g  t h e  s i z e s  o f  v a r i o u s  
t e rms .  ~ 0 t h  k ( 8 )  and Dvp: a r e  f u n c t i o n s  o f  wa t e r  c o n t e n t ,  s i n c e  D~ 

-RT 
depends on a i r - f i l l e d  p o r o s i t y  o f  t h e  s o i l .  P h i l i p  and Devries4 
g i v e  : 

D~ = D~ vaa (15)  

where Do i s  t h e  c l i f fu s ion  c o e f f i c i e n t  f o r  wa te r  vapor i n  a i r ,  v i s  
an "enhancement f a c t o r "  t o  account  f o r  d i f f u s i o n  i n  e x c e s s  o f  t h a t  
p r e d i c t e d  by s imnle  t h e o r y ,  a  i s  a  t o r t u o s i t y  f a c t o r  t o  account  
f o r  t h e  t o r t u o u s  d i f f u s i o n  p a t h  and a  i s  a i r  f i l l e d  p o r o s i t y .  W e  
w i l l  t a k e  a  = 0.66 and v  = 4 a s  t y p i c a l  o f  u n s a t u r a t e d  s o i l .  The 
a i r  f i l l e d  p o r o s i t y ;  a ,  is :  

where pb = bu lk  d e n s i t y ,  p = p a r t i c l e  d e n s i t y ,  and pw i s  t h e  
d e n s i t y  o f  l i q u i d  w a t e r .  Faking pb /pp  = 0.5 and pb/& = 1 . 3  
g ive s :  

and 

0 

~t ~ O C ,  D, = 0.24 c m 2  sec-' ,  p v  = 17 .3  x  1 0 - = ~ c m  

R = 4.6 Bar  and T  = 293oK. 

Hydrau l ic  c o n d u c t i v i t y  a s  a  f u n c t i o n  o f  wa t e r  c o n t e n t ,  can be 
w r i t t e n  a s  (Campkell,  1974) : 

where ks and 8  a r e  h y d r a u l i c  c o n d u c t i v i t y  and wa te r  c o n t e n t  a t  
s a t u r a t = o n ,  an8 d  i s  an  e m p i r i c a l  c o n s t a n t .  Values  o f  k  , O s  , and 
d  w i l l  v a r y  o f  cou r se  from s o i l  t o  s o i l ,  b u t  f o r  t h e  moment w e  
w i l l  assume t y p i c a l  v a l u e s  o f  B S  = 0.38.  k  = 1 .0  g Bar sec -1 cm -1  

S 
and d  = 10 .  The l i q u i d  and vapor c o n d u c t i v i t y  a r e  compared i n  
t h e  fo l l owing  t a b l e :  



TABLE 1. Liquid  and Vapor Conduc t iv i t y  a t  
R e l a t i v e  Mois tu re  Conten t s  f o r  
Typica l  Sandy S o i l  

Obviously ,  vapor  t r a n s p o r t  i s  of  l i t t l e  concern  i n  i so the rma l  
f low problems. 

The r e f l e c t i o n  c o e f f i c i e n t ,  a ,  ha s  been measured under c o n d i t i o n s  
which t end  t o  maximize i t s  va lue  (sodium s a t u r a t e d ,  f i n e  t e x t u r e d  
s o i l )  by Le tey ,  e t . a l .  (1969) They found a  < 0.04 f o r  ' s o i l s  
w e t t e r  t h a n  0 .5  Bar. Values might  be expec ted  t o  be even s m a l l e r  
f o r  c o a r s e  t e x t u r e d ,  low s a l t  s o i l s .  S ince  i s  probab ly  n o t  - 

a Y a Y a z 
g r e a t e r  t han  2 + 3 o s m o t i c a l l y  induced f low would normally 

az a z P  
b e ,  a t  most ,  a  few p e r c e n t  o f  t h e  t o t a l .  Th i s  i s  n e g l i g i b l e  
compared t o  o t h e r  u n c e r t a i n t i e s ,  s o  t h e  e n t i r e  second t e r m  of  
Equation 1 2  can g e n e r a l l y  be n e g l e c t e d .  

Tay lor  and S t ewar t  (1960) g i v e  d a t a  which can be used t o  f i n d  

3 
aT ' 

From t h e i r  d a t a  we o b t a i n  approximate ly:  

T y p i c a l l y ,  Ym i s  a  few t e n t h s  of a  b a r  i n  f low problems,  t h e r e f o r e :  

i s  a  commonly accep ted  va lue .  Using numbers from Table  1, a t  
0 

and, w i th  h/T = 24330/293 = 83 Bar/k, 



Thermally induced l i q u i d  flow i s  obv ious ly  un impor tan t  a t  t h i s  
wa t e r  c o n t e n t ,  b u t  t h e  vapor t e r m  would have a  s i g n i f i c a n t  con- 

aT a Ym a uf 
t r i b u t i o n  anytime - became of  s i m i l a r  magnitude t o  - 

a z 
The 

a z  + - a z 
g r a v i t a t i o n a l  g r a d i e n t  i s  Bar/cm, s o  t empe ra tu r e  g r a d i e n t s  
a s  l a r g e  a s  1 o m 3 ~ / c m  might  c ause  s i g n i f i c a n t  f low i n  s o i l s  w i t h  
0/8 = 0.2  o r  d r i e r .  I n  wetter s o i l  k (8) becomes much l a r g e r  
whi?e t1.e t he rma l  t e r m  becomes s m a l l e r ,  and t h e  t he rma l ly  induced 
f low can g e n e r a l l y  be n e g l e c t e d .  

With t h e s e  s i m p l i f i c a t i o n s ,  Equat ion 12 f i n a l l y  r educes  t o  t h e  
f low e q u a t i o n  which i s  normal ly  used .  

where @ = Y + Y m .  I n  t h r e e  d imensions:  
g  

The t r a n s i e n t  e q u a t i o n  (Equat ion 1) becomes: 

Except  where r o o t  e x t r a c t i o n  o f  w a t e r  by p l a n t s  o c c u r s ,  G ( x , y , z )  = 0. 
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APPENDIX B 

The development o f  t h e  f  i n i t e - d i f  f  e r e n c e  approximat ion t o  t h e  
p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  i s  of  some i n t e r e s t  because  
t h i s  t echn ique  can be used s y s t e m a t i c a l l y  t o  deve lop  e q u a t i o n s  
f o r  no-flow boundary nodes f o r  a  g r e a t  v a r i e t y  of  shapes  by 
i n t e g r a t i o n  of t h e  f low around t h e  e l emen ta l  b lock .  

Equat ion 1 i n  t h e  t e x t  may be w r i t t e n  a s  

where q ha s  been added t o  d e f i n e  a source  o r  s i n k  t e r m  wi th  a node. 

Now c o n s i d e r  Equat ion 1 i n  a  r e g i o n  R and a t  each node p o i n t  
( i , j ) ,  c o n s t r u c t  a  r e g i o n  r . w i t h i n  R such t h a t  

i t 1  

) dxdz o = / /  (1. (""1 -at 

Using Green ' s  theorem t o  c o n v e r t  t h e  f i r s t  p a r t  of  Equat ion 2 t o  
a  l i n e  i n t e g r a l  

A 

2 wher? n i s  t h e  outward p o i n t i n g  normal v e c t o r  and dc  = dx 2 
+ dz r i , j  i s  t h e  boundary o f . r i I j  and a r c  l e n g t h  s i n c r e a s e s  
i n  t h e  counte rc lockwise  direction. 

Equat ion 2 t hen  becomes 

a e  
( 1  dxdz = 0 

- 

Consider  t h e  r e g i o n  r . a s  shown i n  F i g u r e  B-1.  
i t 1  



FIGURE B-1. Basic Node Net for Development 

of Difference Equations 

The corner points of the node area are at (i-1/2, j-1/2), ' 

' ( i + 2  - 1 2 )  , (i+1/2, j+1/2) , and (i-1/2, j+1/2) . We can 
then write 

a = dxdz = AxAz 
i , j 

Integrating the equation for the region, r gives 
i,j 

n 

z) dz = AZK i-112, j (@"if jim i-1, j 
Z 
j+1/2 

u 

i+1/2 

K(x,zj-l/2)@z (x1zj-l/2 ) dx = AxK i+1/2, j ( n i + l  i, j 

i-1/2 ( 8 )  



n  // (2) dxdz = 

r r  
. - 

qdxdz = qAxAz 

From t h e  above, t h e  b a s i c  f i n i t e - d i f f e r e n c e  equa t i on  i s  w r i t t e n  
a s :  

where L~ ( K , @ )  = K 
i + l / 2 ,  j 'it1 

' 
+ K i - 1 / 2 ,  j 1-1 

- 
M ( 0 )  = AxAz 

'i, j 'it j 
A t  

I f  w e  assume t h e  boundary o f  t h e  r e g i o n  t o  p a s s  th rough  t h e  
e l emen ta l  node, a s  i n  F igu re  B-2 wi th  t h e  shaded a r e a  i n t e r n a l  
t o  t h e  f low regime,  w e  can perform t h e  fo r ego ing  i n t e g r a t i o n  
and de te rmine  t h e  boundary equa t i on .  The r e s u l t  i s  s i m i l a r  
t o  Equat ion 1 2 :  



FIGURE B-2. Boundary Node f o r  No-flow 

between B o t t o m  and Top o f  Node 

N o t e  t h a t  t h e  j + l  t e r m s  a r e  n o t  i nc luded .  Th i s  r e s u l t s  i n  a 

boundary node th rough  which no f low may p a s s  i n  t h e  y d i r e c t i o n  

or t h e  f low i s  p a r a l l e l  t o  t h e  boundary. 

Through t h e  same p r o c e s s ,  a series of  boundary node e q u a t i o n s  

d e s c r i b i n g  no-flow boundar ies  w e r e  developed f o r  t h e  shapes  of 
t h e  p a r t i a l  nodes t h a t  f i t  t h e  pe r ime te r  of  an octagon.  F igu re  
A-3 shows t h e  shapes  and t h e i r  v a r i o u s  r o t a t i o n s  where t h e  heavy 
l i n e  r e p r e s e n t s  t h e  no f low s i d e  o f  each  nodal  a r e a .  

r - - r - - - -  I -I 

FIGURE B-3. Schematic Showing Shapes and 
Ro ta t i on  of Ava i l ab l e  Boundary Nodes 

The u t i l i z a t i o n  of  t h e s e  nodes p r even t  sma l l  r i g h t  a n g l e  c o r n e r  
s t a g n a t i o n  a r e a s  which h inde r  convergence i n  t h e  a n a l y s e s .  
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