ESAIM: PROCEEDINGS, January 2014, Vol. 44, p. 1-46
SMAI Groupe MAS — Journées MAS 2012 — Exposé plénier

PARTICLE METHODS: AN INTRODUCTION WITH APPLICATIONS

PIERE DEL MORAL' AND ARNAUD DOUCET?

Abstract. Interacting particle methods are increasingly used to sample from complex high-dimensional
distributions. They have found a wide range of applications in applied probability, Bayesian statistics
and information engineering. Understanding rigorously these new Monte Carlo simulation tools leads
to fascinating mathematics related to Feynman-Kac path integral theory and their interacting particle
interpretations. In these lecture notes, we provide a pedagogical introduction to the stochastic modeling
and the theoretical analysis of these particle algorithms. We also illustrate these methods through sev-
eral applications including random walk confinements, particle absorption models, nonlinear filtering,
stochastic optimization, combinatorial counting and directed polymer models.

Résumé. Les méthodes particulaires en interaction sont de plus en plus utilisées pour simuler des
mesures de probabilités complexes dans des espaces de grandes dimensions. Leurs domaines d’applica-
tions sont diverses et variés en probabilités appliquées, en statistique bayesienne et dans les sciences
de l'ingénieur. L’analyse rigoureuse de ces nouvelles techniques de simulation de type Monte Carlo
conduit & des techniques mathématiques fascinantes liées & la théorie des intégrales de Feynman et
leurs interprétations particulaires. Nous présentons dans ces notes une introduction pédagogique a la
modélisation stochastique et I'analyse théorique de ces algorithmes particulaires. Nous illustrons ces
modeles avec différentes applications, telles le confinement de marches aléatoires, des modeéles d’évo-
lutions de particules dans des milieux absorbants, des modeéles de filtrage non linéaire, des problémes
d’optimisation stochastique, des questions de comptage combinatoire et des modeles de polymeres
dirigés.

INTRODUCTION

Interacting particle methods are a class of Monte Carlo methods to sample from complex high-dimensional
probability distributions and to estimate their normalizing constants. This class of algorithms approximate the
target probability distributions by a large cloud of random samples termed particles. Practically, the particles
evolve randomly around the space independently and to each particle is associated a non negative potential
function. Periodically we duplicate particles with high potentials at the expense of particles with low potentials
which die. This intuitive genetic mutation-selection type mechanism has appeared in numerous applications
ranging from nonlinear filtering [3}/9}101/19-21})23\28|/34], Bayesian statistics [7}{11}/22,35], combinatorial counting
[1], molecular and polymer simulation [29], rare events simulation [5}/6,26], quantum Monte Carlo methods
[2,31,137] and genetic algorithms [27,[32] among others.

From a mathematical point of view, these methods can be interpreted as stochastic numerical approximations
of Feynman-Kac measures. Feynman-Kac measures represent the distribution of the paths of a reference Markov
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process, weighted by a collection of potential functions. These functional models are natural mathematical
extensions of the traditional change of probability measures, commonly used in importance sampling. The
particle interpretation consists in evolving a population of particles mimicking natural evolution mechanisms.
During the mutation stage, the particles evolve independently of one another, according to the same probability
transitions as the ones of the reference Markov chain. During the selection stage, each particle evaluates the
potential value of its location. The ones with small relative values are killed, while the ones with high relative
values are multiplied. The corresponding genealogical tree occupation measure converges, as the population
size tends to infinity, to the complete Feynman-Kac distribution on path space.

The two authors and their collaborators started working on the design and the mathematical analysis of
these algorithms in the mid 90’s (see for instance [9,|10,/19], and references therein). Over the past few years,
the popularity of these computationally intensive methods has dramatically increased thanks to the availability
of cheap powerful computers. In particular in signal processing and machine learning, these algorithms are
now widely used to solve nonlinear filtering problems. In this context, they are known as particle filters. The
mathematical analysis of these algorithms offers a rigorous and unifying framework to analyze the convergence
of numerous heuristic-like algorithms currently used in physics, statistics and engineering. It applies to any
problem which can be translated in terms of functional Feynman-Kac type measures.

In this set of lecture notes, we provide a pedagogical introduction to the stochastic modeling and the theoret-
ical analysis of these interacting particle algorithms. In a first section, section [1| we present several application
areas and provide a detailed description of the corresponding interacting particle algorithms. Section [2] provides
a brief treatise on Feynman-Kac modeling techniques. The last section, section [3 gives an overview of some
convergence results, including variance and L,-mean error estimates, fluctuations and concentration properties.
We have tried to give a brief "exposé" of the modern mathematical theory that is useful for the analysis of
the asymptotic behavior of Feynman-Kac and particle models. To simplify the presentation and to clarify the
main ideas behind these stochastic models, we have chosen to restrict these lectures notes to finite or count-
able state space models, avoiding any measure theory irrelevancies. In this simplified framework, we develop
a rigorous mathematical analysis only involving vector and matrix operations. We emphasize that all of these
particle models and the associated convergence results can be extended to general state-space models, including
path-space models and excursion spaces on measurable state spaces.

We undertook this project for two main reasons:

First, we felt that there was no accessible and pedagogical treatment on stochastic particle models and their
application areas. One objective in writing these lecture notes is to throw some new light on some interesting
links between physical, engineering, statistical and mathematical domains which appear disconnected at first
glance.

Second, the mathematical concepts and models are now at a point where they provide a very natural and
unifying mathematical basis for a large class of Monte Carlo algorithms. We hope that this unifying point of
view will help to develop fruitfully this field further.

1. EXAMPLES

The list of applications discussed here is by no means exhaustive and it just reflects the scientific interests of
the authors.

1.1. Random walks confined in a set

We consider a symmetric random walk X,, on the integers Z starting at the origin Xy = 0. More formally,
we take independent random variables U,,, where P (U, =1) = P(U, = —1) = 1/2 and we set X,, = Xy +
di<p<n Upe Wefix A={-a+1,-a+2,..,a—1}, witha € N. We want to compute the conditional target
distributions

Law ((Xo,...,Xp) |V0O<p<n, X, € A) (1.1)
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as well as the quantities

Z, =PM0<p<mn, X,€A
A naive Monte Carlo rejection type method consists with sampling N independent copies (X,’;)lgig ~ of the
chain X,,. Rejecting the samples that exit the set A, we will have the estimates

ery:Nf/NﬁNToo Z, with Ni:= Z Livo<p<n, xicA} = Z H 1A(X;)
1<i<N 1<i<N 0<p<n

and

noaSien U
Notice that the Lh.s. of the above display is well defined as soon as the number of samples N/ remaining in A
during n time step is not null. The main drawback of this rejection type Monte Carlo method comes from the
fact that N,ﬁ? = 0, after some very sort time period, in the sense that

P(N}>0)=P@E1<i<N :V0<p<n, X,cA)=1-(1-2Z,)VN=1-e N

for small values of Z,,. In addition, we have

e((5-1) ) - 5k -2

These observations show that the number of samples N needs to be much larger that Z,, to have a well behaved
approximation. For small valued of a, the probability Z,, for a random walk to remains confined in A for is
exponentially small w.r.t. the time parameter. This shows that the naive rejection Monte Carlo method cannot
be used to approximate these quantities.

One way to solve this problem is to introduce correlations between the samples. The following mean field
interacting type particle algorithm can be interpreted as a rejection type Monte Carlo scheme incorporating
interacting recycling mechanisms.

We start with N particles at the origin denoted by ¢} = 0, with i = 1,..., N. Each of them evolve & ~ ¢!
according to one transition of the random walk; more formally, we sample N independent copies (U?);<;<n of
the random variables Uy, and we set & = &€& + Ui. We denote

1 ) 1 )
N _ AN . . )
m (1A)——1<Ei<N1A(£1)——NCard{1§2§N : fleA}

the proportion of points ¢! in the set A. We define from the sample population (fi) a new population

1<i<N

of N individuals (§A§>1<‘<N as follows. For each i = 1,..., N, we perform the following operation: If ¢ € A,

we set 5{ =& I & ¢ A, we pick randomly an individual 5; among those 5{ in the set A and we set E} = é}
In other words, individuals within A do not move, while the individuals outside A are replaced by a randomly
chosen individual among those in the set A. It may happen that all individuals ¢! are outside of the set A.
In this case, the algorithm stops and we set 7% = 1 to report the time of this event. If the algorithm has not

stopped, we have a new configuration (2}) of N individuals in the set A. We evolve E} ~ &€& according to
1<i<N

one transition of the random walk; that is we sample N independent copies (U3)1<;<n of the random variables
Us, we set & = & + U4 and we define

1 1 ,
ngv(u):ﬁ > 1A(§§):NCard{1§i§N e A}

1<i<N
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As before, we define from the sample population (fé) a new population of N individuals (E;)

1<i<N 1<i<N :
individuals within A do not move, while the individuals outside the desired set are replaced by a randomly
chosen individual among those in the set A. If all individuals & fall are outside of the set A, we set 77V = 2.
Iterating this stochastic process, for every time n (< 7%V), we define a sequence of genetic type populations

selection  ~ mutation

&n = (5;)1§i§N ezt ——— En = (€;)1<1<N ez —— nt1 € a (1.2)

This stochastic algorithm can be interpreted as a genetic type model with mutation transitions given by
the one of a symmetric random walk and an acceptance-rejection selection type transition associated with
the potential indicator type function 14. Several estimates can be extracted from this interacting sampling
algorithm.

First, we mention that the stopping time 7V tends to infinity as the size of the population N — co. More
precisely, the probability that the algorithm stops at a given time n tends to zero exponentially fast, as NV tends
to infinity. More interestingly, the product of the proportions of surviving particles at each time step

H ny (1a)

0<p<n
is asymptotically a consistent estimate of the quantity P, (A) and it is unbiased; that is we have

lim 2 =2, and E(Z))=2, (1.3)

N—o0

The convergence on the Lh.s. is an almost sure asymptotic convergence. It can be made precise by non
asymptotic estimates including non asymptotic variance estimates and more refined exponential type deviations.
If we interpret the selection transition as a birth and death process, then the important notion of the ancestral
line of a current individual arises. More precisely, when a particle E;_l — & evolves to a new location &,
we can interpret E;_l as the parent of &/ . Looking backwards in time and recalling that the particle E;‘L_l has
selected a site 53;71 in the configuration at time (n — 1), we can interpret this site {f‘hl as the parent of 5;,1
and therefore as the ancestor &, . at level (n — 1) of £!. Running back in time we can construct the whole
ancestral line 7

o ¢ Elp ¢ o = i G = &, (1.4)
of each current individual. The occupation measures of the corresponding N-genealogical tree model converge
as N — oo to the conditional distribution . In a sense to be given, for any function f on the set Z"t!, we
have the convergence, as N — o0,

n—1,n

lim fogOn,glm €l Linsy =E(f(Xo,..., X,) [VO<p<n, X,€A) (1.5)

This convergence result can be refined in various directions. For instance, we can prove that the ancestral
lines are “almost” independent with a common distribution given by the limiting conditional distribution. This
property is often called the propagation of chaos property in applied probability. It refers to the fact that the
initial population consists of independent and identically distributed random variables and that this property
“propagates” approximately despite the introduction of interactions. Many other results can be derived including
the fluctuations and the exponential concentration of the occupation measures of the genealogical tree around
the limiting conditional distribution.

Besides the fact that the particle model approximate the (rare event) probabilities and the conditional
distributions in path spaces, it also contains some information about the top of the spectrum of the matrix
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Q defined below
V(l’, y) S {—CL7 —a + 1> ey @ — 170’} Q(LL', y) = G(.’L’) M($7y)
with

Gla) = 1a(e) and M(2,9) = 5 L (®) + 5 Lona(0)

Indeed, if we let \ the top eigenvalue of @) and we denote by h the corresponding eigenvector s.t. > h(z) =1,
then we have

. .1 N

A}gnoo nILIr;O - Z logn, (14) = log A
0<p<n

In addition, the value h(z) coincides with the long time proportion of visits of the algorithm to the state z. In

other words, h(x) can be interpreted as the limiting distribution of the individuals within the set A; that is

1 1 ~ 1 ~
N}riLILlooﬁ Z N Z 196(5;) Linsy = h(l’) = N}ribrilooﬁ Z ]-m(g?lz) Linsy
0<p<n = 1<i<N 1<i<N

The particle approximation model discussed above is far from unique. Many other interacting sampling
strategies can be introduced by a simple change of probability measure. For instance, we can replace the
mutation or the free evolution of the individuals in the previous algorithm by local moves restricted to the
desired set A. These mutation type transitions Z,H ~ &, can also be seen as transitions of a simple random
walk on Z reflected at the boundaries of the set A. By construction all the individuals £ at any time horizon
n and for any index ¢ = 1,..., N are in the desired set A.

The corresponding selection transition &, ~~ §n is now defined as follows: Each individual & = z on the
boundary x € 9A = {—a+ 1, (a — 1)} of the set A has a probability G(x) := 1/2 to stay in A, while the other
individuals & (which are in the set A) have a probability G(z) = 1 to stay in A. The population En is now
defined as follows. For every index i, with a probability G(&!), we set E; = &! | otherwise we replace &, be
a new individual E; = & randomly chosen in the whole population with a probability proportional to G(&7).
If we now write 72 (G) = & Y1 <;<n G(£), all the previous particle approximation results (corresponding to

G(z) = 14(z)) we have presented remain valid for this new particle algorithm.

1.2. Particle absorption models

The sampling techniques described in section [1.1] are far from being restricted to random walks models
confined to a set. These strategies apply to a variety of application areas including computational physics,
nonlinear filtering, biology, as well as in rare event analysis. From the pure mathematical point of view, they
correspond to interacting particle approximation models of Feynman-Kac measures in path spaces.

To introduce these models, we recall that the conditional distributions discussed in can be represented
in terms of the distributions of the free path evolutions

P, (zo,...,z,) = Proba ((Xo,...,X,) = (zo,...,zx))
= lo(zo) My (zo,21) ... My (Tp_1,2n) (1.6)
of the simple random walk starting at the origin with elementary transitions given by the matrix M, :=

(M (z,Y))2,yez with entries given by

1 1
Mn (I’,y) = 5 1m—1(y) + = 1x+1(y)

2

More formally, if we set

Qn(zo,...,2y) == Proba ((Xo,...,Xn) = (x0,...,2,) |VO<p<n, X,€A)
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then we have

Qu(@o,-yan) = o &[] Golap) p Pulzo,... 7n) (1.7)
0<p<n
with the indicator potential functions G, (z) = 1a(x) and P, (xo,...,x,) being the distribution of a free path
of length n of the symmetric random walk. In (1.7]), Z,, is the normalizing constant given by

Z,=P(M0<p<n, X,eA)=E| [] Gu(X,)

0<p<n

These path integration type models are called Feynman-Kac measures in reference to Feynman path integral
formulation of quantum mechanics where the classical notion of a single deterministic trajectory for a system is
replaced by a sum over all possible trajectories weighted by the contributions of all the histories in configuration
space. The Feynman-Kac measures presented in can be regarded as the distribution of the paths of a
Markov particle evolving using the Markov transitions M,, in an environment with absorbing obstacles related
to potential functions G,,, and starting with some initial distribution Law(Xo) = 1o with 7o (z¢) = 1lo(zo) in
(1.6). To be more precise, we consider an auxiliary coffin or cemetery state ¢ and we set E. = E U {c}. We
define an E.-valued Markov chain X¢ with two separate killing/exploration transitions:

killing »}:expkmaﬁon

X! X, X (1.8)

This killing/exploration mechanism are defined as follows:

e Killing: If X: = ¢, we set )?fl = c. Otherwise the particle X is still alive. In this case, with a
probability G,,(X%), it remains in the same site so that X¢ = X¢, and with a probability 1 — G,,(X)
it is killed and we set )A(ﬁ =c.

e Exploration: Once a particle has been killed, it cannot being brought back to life so if )A(fL = ¢ then
we set )?; = X, = cfor any p > n. Otherwise, the particle )?fl € E evolves to a new location X, = x
in E randomly chosen according to the distribution M, 1 (X¢, ).

n?
In this physical interpretation, the measure Q,, represent the conditional distributions of the paths of a non
absorbed Markov particle. To see this claim, we denote by T the time at which the particle has been killed
T =inf{n>0; Xt =c}

By construction, we have

Proba(T' >n —1)

= Proba(X{ € E,...,X¢ | € E)
= /( . no(dxo) Go(xo) Mi(xo,dx1) ... My_1(Tn—2,dxn—1)Gr_1(Tn-1)
E n

n—1
& (H Gp<xp>)
p=0

This also shows that the normalizing constants Z,, represent respectively the probability for the particle to be
alive at time n — 1. In other words, we have that

Z, =Proba(T >n—1)
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Similar arguments yield that is the distribution of a particle conditional upon being alive at time n — 1
Qun(zo,...,zn) =Proba((X§,..., X)) = (z0,...,2n) | T>n—1)

The particle sampling technique of any distribution @Q, associated with some Markov transition M, and
some sequence of [0, 1]-valued potential function G,, on some (countable) state space F is defined as before
in terms of a genetic type algorithm with M,-mutations and G,,-selection type transitions. More precisely, at
every time step n, we sample the mutation-selection transitions as follows: During the mutation step, every
individual performs a local random move according to the Markov transition M,,. During the selection step,
every individual evaluates its potential value G, (¢%), with 1 < i < N. For every index 4, with a probability
Gn(€l), we set & = ¢! otherwise we replace & be a fresh new individual £ = & randomly chosen in the whole
population with a probability proportional to G,,(&). Notice that the number of individual remains constant.

More precisely, for any time horizon n and any function f on the set E”t!, we have

N
) 1 i g i
A}gnooNZ;f(é-O,n?El,nv"'?é-n,n) lTN>n = Z f(an---aIn) Qn(an-”aiEn) (19)
1= Oy yTn
Furthermore, the N-particle approximation of the normalizing constants Z, are given by
. 1 i
zY =[] »'(Gp) with VneN p)(G,):= v Z Gn(€) (1.10)
0<p<n 1<i<N

For time homogeneous models (G,,, M,,) = (G, M) associated with a reversible matrix M w.r.t. to some
measure A on E, i.e. A(x) M (z,y) = X(y) M (y, z), the corresponding particle model also contains information
about the top of the spectrum of the matrix @ defined through

V(z,y) € B Q(x,y) = G(x) M(x,y)

More precisely, if we let A the top eigenvalue of @ in Lo(\) and we denote by h the corresponding eigenvector
s.t. >, A@)h(x) = 1, then we have

. o1 Nieny
i, Jim, 5 2 logry (6) =g
0<p<n

as well as

. 1 1 5 . s 1 i
N,l'rlzriloo E Z N Z 11’(571) Linsy = A(x)h(x) - N,lrlLrLloo N Z 12(571) Linsy
0<p<n 1<i<N 1<i<N

For further details on this subject, we refer the reader to [9,/10,/16,/17] and references therein.

1.3. Nonlinear filtering problems

We discuss here the application of these particle model to filtering problems. Suppose that at every time
step the state of the Markov chain X, is partially observed according to the following schematic picture

XO — X1 — X2 —

{ { {
Yo Y, Yo
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with some random variables Y,, whose values only depend on the current state of the chain
Proba (Y, =y, | Xn =xn) = G(zn, yn)

We consider the following pair of events

An(@) == {(Xov -, Xn) = (@0, s@)} and  Boia(y) = {(Yore o Yr1) = (oo os91)}

The filtering problem consists of computing the conditional distributions of the state variables A, (x) given
the observations B, (y). By construction, given A, (z), the random variables are independent and identically
distributed with a distribution given by

Proba (B,—1(y) |An(x)) = H G(zp,yp)
0<p<n

By direct application of Bayes’ rule we have the following formula

Proba (A, (z) N Br-1(y)) = Proba (B,,_1(y) |An(z)) x Proba (A, (x))

1T G@pwp) p Pulwo, ... an) (1.11)

0<p<n

from which we conclude that

Proba (A, (z) | Bn-1(y)) =

H G(x]myp) Pn(x()a"',xn)
0<p<n

Z,(y)

with the normalizing constants

Z,(y) := Proba(Bp_1(y)) = Z H G(xp,Yp) ¢ Pul(zos...,20)

20z, | 0<p<n

These Feynman-Kac formulae express the conditional distributions of the path sequence (Xj,...,X,) as the
distribution of the signal paths (X, ..., X,) = (zq, ..., 2z,) weighted by the product of the likelihood functions
G(xp,yp) from the origin p = 0 up to time p = n. If we fix the observation sequence Y;, = y,, and set G, (z,,) :=
G(y, yn), these measures have exactly the same form as the one presented in . The corresponding particle
approximations are often referred as particle filters in signal processing and statistics (see for instance |19], and
references therein). These particle algorithms can also be used to approximate the log-likelihood functions using
; that is the log-likelihood

Ln(y) :=log Zn(y)
is approximated using

LY (y) :=log ZN(y) = > logn) (Gy).
0<p<n

1.4. Stochastic optimization algorithms

Suppose we want to compute the global minima of a given non negative cost function V' on some finite

state space E equipped with the counting measure A\(z) := m. From the probabilistic point of view, this
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problem amounts of sampling random states according to the Boltzmann-Gibbs distributions associated with a
large inverse temperature parameter 8 and given below

1
pup(x) = z e V@ \(z) with Z5:= Ze*ﬁv(m) Az) (1.12)

There is no loss of generality to assume that inf, V(x) = 0 and for any state z ¢ Vp := V~=1({0}), V(x) > § for
some 0 > 0. It follows that we have

Card(Vp) < Z5 < Card(Vp) 4 Card(Vy) e #° — g100 Card(Vp)

and therefore
Jim pa(2) = i () i= Ty () /Card (V)

This simple observation shows that sampling according to g is roughly equivalent to that of sampling randomly
an unknown state variable with minimal cost. For very large state spaces, it is typically impossible to sample
from pg directly.

The celebrated simulated annealing algorithm to sample from p, consists of sampling approximately from
a sequence of distributions ug, where 3, is a non-decreasing sequence going to co. The rationale is that it is
“easier” to sample from p1g when 3 is small; if 3 = 0 then ug is the uniform counting measure on £ from which it
is trivial to sample. For 3,, > 0, we sample approximately from each intermediate distribution pg, using Markov
chain Monte Carlo (MCMC) sampling techniques; that is we select a transition matrix Mg, = (Mg, (z,y))
with left eigenvector ug, associated with the eigenvalue 1, that is

z,yeE

> s, (@) Mg, (2,y) = ps, (y)

The probabilistic interpretation of the above equation is as follows: pick randomly a state x with distribution
wa, (x) and take a random transition z ~» y from the distribution Mg, (z,y), then the probability of being
at state y is again pg, (y). The literature on MCMC methods discusses numerous choices of transitions Mg,
satisfying this property. The most famous is the Metropolis-Hastings transition associated to a symmetric
transition matrix K(x,y) = K(y,x) and defined by

Mg, (x,y)
= K(z,y) min (1, e_ﬂ"(v(y)_v(m))) + (1 — >, K(z,2) min (1, e_ﬂn(v(z)_v(m)))) 1.(y)

Using the fundamental ergodic theorem for regular Markov chains, starting from any initial state xg, the n-th
step of a run of the Markov chain with transitions Mg, has a probability very close to ug, (y) of being at the
site y, for a large n. Practically, we select 51 and we run the chain starting at Xy = x( for a large enough
number of runs n; such that the law of the state X,,, is close to pg,

M M M,
Xo =0 Bt X, S W X, with n; large enough s.t. Law(X,,,) =~ ug,

Notice that the choice of ny depends on 3i: the larger 3; is, the “peakier” ug, is and the larger n; is. When the
chain is stabilized, we choose a 82 > 1 and we run the chain starting at X,,, for a new large enough number
of time steps no such that the law of the state X,,, yn, is close to g,

M, M M,
Xn, - Xni+1 M S — X, 4n, With ng large enough s.t. Law (X, 4n,) = lg,
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The theoretical “optimal” inverse temperature parameter ensuring convergence in some sense of the Markov
chain to pio is logarithmic [30]. This amounts to say that we change by one unit the parameter 8 on every time
interval with exponential length. This is unrealistic from a practical point of view.

We present now an alternative particle strategy for sampling random states according to the sequence of
measures fig, associated with a given non decreasing sequence of inverse temperature parameters 5,. We
suppose that By = 0 so that pg, coincides with the uniform counting measure on the set E. We start with

N independent individuals &y := (58)1 <;<y randomly chosen in E according to pg,. We perform a selection

transition &y ~~ on = (Eé) using the potential functions Gg defined by
1<i<N

Go(z) = exp (—(B1 — Bo)V(z))

In other words, _every individual evaluates its potential value Go(&). For every index ¢, with a probability
Go(&)), we set 50 = &}, otherwise we replace & be a new individual {0 = 50 randomly chosen in the whole
population with a probability proportional to Gg (50) During the mutation step 50 €y = (51)1<z<N’ every
selected individual §0 performs a local random move §0 ~ £l (mdependently of one another) according to the
Markov transition Mpg,. Then, we perform another selection transition &; ~» §1 = (51) using the fitness

1<i<N
functions G defined below:

Gi(x) = exp (=(B2 — A1)V (2))
After this selection stage we mutate each selected individual using the Markov transition Mpg,, and so on.

Iterating these transitions, we define a simple genetic model with mutations transitions Mg, and selection
fitness functions G,,:

selection mutation

En 1= (fi)lSiSN ept —— gn = (E;>1<¢<N Bt —— Eny1 € EN (1'13)

This algorithm was first proposed in |11]. A variety of convergence results can be established for this algorithm.
For instance, for any function f on F and any time horizon, we have

J\}gnw% Z f(&) Zuﬁn

In addition, if we set 2 (G,) := + doi<i<n G, (&), the unbiased N-particle approximation Zé\i of the normal-
izing constants Zg, is given by
zi = [ w'(G) —nom 2,
0<p<n

The particle model described above can be extended in various ways. For instance, an adaptive version
based on tuning temperature schedules with the number of Markov Chain Monte Carlo iterations can be easily
developed replacing Mg, by some m,,-iterated transitions M g’ Another strategy is to choose at every time

step the next inverse temperature S3,,41(> S3,) s.t. n (e=(F=+1=82)V) is helow some given threshold e, [12,25].
This class of interacting simulated annealing algorithm clearly differs from the Metropoplis type low and
higher temperature exchanges used in Parallel tempering (a.k.a. replica exchange MCMC sampling) [8}24,38].

1.5. Combinatorial counting and sampling

Suppose we want to compute the cardinality of a given subset A of some finite state space E equipped
with the counting measure \(z) := Car & Once again, from a probabilistic point of view, this problem is
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equivalent to computing the normalizing constant of the following Boltzmann-Gibbs distribution

pala) = zi La(z) Mz) with Z4:=  1a(z) A(z) (1.14)
A xr
To sample from p 4 and compute Z4, the idea consists of selecting a judicious sequence of decreasing subsets
A, in such a way that it is easy to sample states in A,, starting from the set A,,_1. We suppose that Ag = E so
that pa, coincide with the uniform counting measure on the set E. The algorithm is thus very similar to the
one described above for optimization.
For any set A, we introduce an MCMC transition matrix Ma, = (Ma,(2,y)), ,cp With left eigenvector
14, associated with the eigenvalue 1, that is

Z pa, z,y) = pa, (v)

A simple Metropolis-Hasting type transition associated with a symmetric transition matrix K(x,y) = K(y,x)
is given by

Ma, (z,y) = K(z,y) 1a,(y <1 - ZK z,2) 1a,( )) 1. (y)

The N-particle stochastic algorithm is defined as follows. We start with N independent random individuals

& = (56)1<.<N randomly chosen in E with p4,. We perform a selection transition & ~ EAO = (E(g) v
1<i<
usmg the fitness functions Go = 14,. In other words, every individual in the set A; stays in the same place

§0 = &}, otherwise we replace & be a fresh new individual §0 = fo randomly chosen among the individuals
&) € Ar. When no individuals ‘fo are in the set A;, the algorithm stops and we set 7% = 0. Assuming that

N> 0, during the mutation step a) ~ €= (f{) every selected individual Eg) performs a local random

1<i<N?
move & ~ &€& (independently of one another) in the set A; according to the Markov transition M,,. Then,

we perform another selection transition &; ~~ 21 = (SA{) using the fitness functions G; = 14,. When no
1<i<N

individuals f{ are in the set A, the algorithm stops and we set 7%V = 1. After this selection stage we mutate
each selected individual using the Markov transition M4,, and so on. For any function f on F and any time
horizon n, we have

ngnwﬁ > fEIwen = ZMA ()

1<i<N

In addition, if we set 7} (Gy) = % > <icn Gn(&)), the proportion of individuals in A, after the n-th
mutation, the unbiased N-particle approximation Zﬁ' of the normalizing constants Z4, is given by

= I #Y(Gy) — n-so0 Za, = Card(A,)/Card(E)
0<p<n

Replacing (e~ (Fr+1=8)V Mg ) by (1,4n+1 , M4, ) we observe that the particle model described above has the
same form as the one discussed in section[I.4] Rephrasing the remarks given at the end of section[I.4] it can also
be extended in various ways. For mbtance, an adaptive version based on tuning temperature schedules with the
number of Markov Chain Monte Carlo iterations can be easily developed replacing M4, by some m,,-iterated
transitions M'". Another strategy is to choose at every time step the next subset A, 11(C Ay,) s.t. nN (1An+1)
is below some given threshold e,, [12}25].
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1.6. Genetic search algorithms

We consider an energy function or a cost criteria V' : x € E — (z) on some finite state space E where we
assume inf, V(z) = 0 without loss of generality. The objective is to find the global minima points z* € E s.t.
V(z*) = inf,ep V(z). Let V* denote the set of these points. We described in Section [L.4]an interacting particle
algorithm to solve this problem which relies on interacting simulated annealing type chains. We present here
the more standard genetic algorithm with mutation and proportional selection.

To construct this algorithm, we introduce a collection of Markov transitions M, (z,y) from E into itself. This
collection of transition matrices represents the probability M, (z,y) that a individual at site 2 evolves to a new
state x during the n-th mutation transition.

The genetic algorithm with N individuals is defined as follows. We start with N independent random
individuals & := (50)1 <i<N randomly chosen in E with some distribution, say 79. We perform a proportional

type selection transition £y ~~ Eo = (Eg)) using the potential functions G (56) =exp (—BV (56) ), where
1<i<N

Bo > 0 is an inverse temperature parameter. In other words, with probablhty Go(fo) every individual stays
in the same place {0 = &}; otherwise, we replace &) by a new individual fo = & randomly chosen among the
individuals fo with a probability proportional to its weight Go(&}). Formally, we set

& =¢o &+ (1—€) &
where € stands for a sequence of independent {0, 1}-valued Bernoulli random variables with distributions
Go(&) == Proba (e, =1 | &) =1 — Proba () =0 | &)

and a) = (50)1<1 . are independent, identically distributed and {fé, 1<j<N }—valued random variables

with common distributions given for any index 1 <i < N by

VI<GEN  Proba (8 =g &) =Go(&)/ Y. Gol&)

1<G<N

During the mutation step 20 ~ €y = (5{)1 <icn Gvery selected individual fAé performs a local random
move & ~ & (independently of one another) according to the Markov transition M;. Then, we perform
another proportional type selection transition & ~» & := (E}) . using the potential functions Gy (&%) =

1<i<
exp (=51 V (fi) ), where §; > 0 is another inverse temperature parameter, and so on. We define in this way
a sequence of genetic type populations &,,&,, as in 1D and the corresponding genealogical tree model 1D

associated with the ancestral lines ( ;n) 0<p<n of every i-th individuals after the n-th mutation. In the same

way, running back in time we have the whole ancestral line

EO n S 51 ,n A € — g;,n = g:v (115)

n—1n

of every i-th individual after the n-th selection.
For any function f on E(*1) and any time horizon n, we can prove that

(fn(Xo, .oy Xyp) exp (— > o<p<n Pp V(Xp)))
E (exp (7 ZOSPSTL fBP V(Xp)))

N—oco N

N
hm Z gon,glna"'agnn)*
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In other words, the proportion of paths (fA(’57,L7 E{W .. ,@m) taking some value (zg,...,z,) is given by

~ 1
lim —Zl(xm mn)(ﬁon,fln,..wﬁ;’n): exp | — Z Bp V(zp) | Pu(zo,-..,2n)

Noeo N Zn+1 0<p<n

with the probability of a free evolution path involving only mutation transitions
P, (xo, ... xn) = no(xo)Mi(xo, 1) ... Mp(Tp—1,2n)

and Z, 4 is a normalizing constant.
Suppose that every free evolution path has the same chance to be sampled, in the sense that

P.(zo, .- xn) = Pulyo, -, Yn)

for any paths admissible pair of paths (zo,...,z,) and (yo,...,yn). This condition is satisfied if 7y is the
uniform counting measure on E and the mutation transitions M, (z,y) correspond to local random choices of

the same number of neighbors, starting from any state z. In this case, for any admissible path (zo,...,z,) we
have that

Jim Z Lz, ) @ €+ -2 Ehn) = g ep— Y BV (1.16)

0<p<n
for some normalizing constant Z],. When the inverse temperature parameter 3, increases the r.h.s. probability
mass quantity only charges admissible paths (zo,. .., ;) that minimize the path potential function
Vo(zo,...,xn) = inf Z V(yp)
(0s-ym) ) 2
<p<n

In other words at low temperature, the ancestral lines of the simple genetic model described above converge
to the uniform measure on all the paths (zg,...,z,) of length n that minimize the energy function V,. For
time homogenous mutation transitions associated with stochastic matrices M, (z,y) = M (z,y) satisfying the
following condition for some integer m > 1 and any pair (z,y) € E?

M(z,z) >0 and M™(z,y) > eM™(z,z)
we also have the convergence result

lim lim —ZIV* §n =

n—oo0 N—oo [N

as soon as (3, = C log(n+ 1) for some constant C that dependb on m and on the oscillations of the function
V. This convergence result is also true for 8, = C' (n + 1)%, with any « €]0, 1, as soon as the above condition
is met for m = 1. Further details on these concentration properties can be found in [14]. Related convergence
results for fixed population sizes can be found in [4]. To give a flavor of these results, let us suppose that the
mutation transitions M, (x,y) also depend on the inverse temperature parameter and

M, (2,y) =nsoo 1u(y) as fn T oo

Intuitively speaking, the genetic mutations become rare transitions at low temperature. In this situation, we
can prove that there exists a “critical population size” N* that depends on the energy function as well as on
the free evolution model such that

YN >N*  lim Proba(wgigN E;ev*):1

n— oo
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The particle algorithm described above is more general than the interacting simulated annealing models dis-
cussed in section If we replace the temperature parameters (3, by temperature increments (8, — Bn—1),
and if we choose the MCMC type mutation transitions Mg, discussed in section then this model coincides
with the one presented in In more general situations, the limiting Feynman-Kac type measures differ

from the Boltzmann-Gibbs measures (|1.12)) and (1.14)) presented in section and section

1.7. Directed polymers and self avoiding walks

In biology and chemistry, flexible polymers describe the kinetic structure of macromolecules in a given
chemical solvent. The polymer chain at time n is regarded as a sequence of random variables

X,=(X},....X.YeEE,=Ex...xE
—_———

(n+1) times

taking values in some finite or countable state space E. Of course, in concrete situations the state space is
not a finite set but some Euclidian state space E = R?, for some d > 1. This countable state space condition
is only made to avoid unnecessary technicalities in the presentation of these stochastic models in path spaces.
The following discussion is mainly taken from section 12.5 in the book [9).

The elementary states le7 represent the different directed monomers of the macromolecules X,,. The length
parameter n represents the degree of polymerization. The monomers are connected by chemical bonds and
interact with one another as well as with the chemicals in the solvent. The energy of a polymerization sequence

Xo =X, — X1 = (X, X]) — Xo = (X, X1, X3) — ... — X, = (X{,..., X))
is defined in terms of a Boltzmann potential
exp (—BiVAXé,...,X;)) (1.17)
p=0
The parameter S € R, represents the inverse temperature of the solvent, and each potential function
Vi i (oy ..oy ) € B = Vi(xo, ..., 2n) € Ry

reflects the local intermolecular energy between the monomer X/ = z,, in the polymer chain X,,_; = (zo,...,Zp_1)
during the nth polymerization

anl = (xO) LY 7xn71) — X’I’L = ((.’L‘O,. . ';xn71)7x’n)

The potential functions V,, depend on the nature of the solvent and the physico-chemical structure of the
polymer. At low temperature, 5 T oo, the interaction between monomers may be strongly repulsive at short
distances and attractive or repulsive at larger ones. For instance, the monomers may tend to avoid being closed
on each other. These excluded volume effects and repulsive interactions can be modeled by choosing a potential
function satisfying the following condition:

Vilzo, ..., xn) =0 <=z, € {z0,...,Tn_1} (1.18)

In this situation, every self-interaction is penalized by a factor e #¥» so that the energy of an elementary
polymerization is minimal if and only if the new monomer differs from the previous ones. In this context, the
inverse temperature parameter [ is sometimes called the strength of repulsion.

In the opposite case, at high temperature, 8 — 0, the interaction forces disappear. In this situation,
it is commonly assumed that X, is an E-valued Markov chain with elementary transitions M and initial
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distribution 7n}. By the definition of the chain X, = (X{,..., X},), this Markovian hypothesis implies that the
Markov transitions M,, have the form

My (o, -+ Tn=1)s (Y05 - -+ Un—1:Yn)) = Liag,zn_1)Hos s Yn—1) M} (Yn—1,dyn)

for any paths (zg,...,2n—1) € En—1 and (yo,...,yn) € Ey, and for some Markov transition M/, from E into E.
The Boltzmann-Gibbs measures associated with these directed polymer models are the measures in the
product spaces F,, defined below

Qn(zo, ..., xn) :*— exp( BZV Loy T )) P.(xo, ..., xn)

with the distribution of the free paths of the monomer chain

P (zo, ..., xn) = ny(x0) M] (z0,21) . .. M} (211, Tp)

These measures can alternatively be rewritten in the following form

n—1
1
Qn(l'o,...,l'n) = Z {HGP(x0>---axp)} Pn<x07---7xn)
n p=0

with the exponential weight functions
Vn >0 Gn(xo,...,2pn) :=exp (— BV, (zo, ..., x4))

To illustrate these models, let us suppose that X! is a simple random walk on the d-dimensional lattice Z¢
starting at the origin and set

Gn(x07 ce 7x7l) = 1Zd7{zo,.‘.7wn,1}(xn)

In this situation, we have that
Qn =Law (X{,..., X, [VO<p<qg<n X, # X))

and
Z, =Proba (V0 <p<q<n X, #X,) = Card (S,—1) /(2d)" "

where S,,_1 is the set of self-avoiding walks of length n — 1 starting at the origin.
The N particle approximation of these quantities is nothing but a simple genetic type evolution model with
N path-valued particles

€= (Gl )
= (BBl i) €B

T
:N»>

Durlng the selection stage, with a probability G, (&) every path-valued individual stays in the same place
51 = &U; otherwise, we replace ¢! be a new individual f’ = & randomly chosen among the individuals 50
with a probability proportional to its weight G,,(¢). This mechanism is intended to favor minimal energy
polymerizations. For instance, in the case of repulsive interaction , a given polymer with degree n, say
(&5ms -+ &hn), has more chance of being selected if the last monomer &}, ,, added during the nth sampled
polymerization differs from the previous ones; that is, if &, ,, & {& .,-..,&: 1, }. Bach selected polymer is
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a path-valued individual E; During the mutation transition, Z;L evolves randomly according to the transition
M, 41 of the path-valued Markov chain X,.

:H—l = ((g(i),n-&-lv e 7531,77,—}-1)7 E:L+1,n+1)
= (( 6,717 """ 75:1,n)7§7zl’t+1,n+1) € E’ﬂJrl = (E’ﬂ X E) (119)

where £}, ., is a random variable with distribution M}, (E:L, .). Various asymptotic estimates can be derived.
For instance, for any function f on E, = E(™*1) and any time horizon n, we have

N
1 i i iy =
ngnoo N Zl f(fo,n»§1,n7 s 7§n,n) - i Zx Qn(l'07 s 7$n)f(x07 s 7$n)
1= 055 bm

and unbiased estimates of the normalizing constants

zN .= H nZJ,V(Gp) —Nosoo Zn
0<p<n

where 77]1)\7 (Gp) is the empirical mean value of the potential functions after the mutation stage
1 _ . .
Vn >0 nij(Gn) = N Z Gn (f(z),nagi,ww s 7£;,n)
1<i<N
2. A BRIEF TREATISE ON FEYNMAN-KAC MODELING

2.1. Stochastic matrices and Markov semigroups

We let E be a finite set. A Markov chain X = (X,,)n>0 is defined by a matrix M with positive entries
M(zy,22) > 0 st. >, M(v1,72) = 1 for each state z;. Such matrices are called transition matrices or
stochastic matrices in the literature on Markov chains. For instance, for finite state spaces E = {1,...,d}, with
cardinality d > 1, we can identify a Markov transition M (z,y) from F into itself with a d X d matrix

M(1,1) - M(1,d)

M(d,1) - My(d,d)

Starting from 7 we sample the chain transition by choosing randomly a state xo with distribution M (z1, z2).
The outcomes Xy = zg, X1 = z1, Xo = x9, ... are referred as a realization of the chain X starting from
Xy = x¢. By construction, we have

]P(Xn =Ty | anl - xnfl) - M(xnflvxn)
and more generally
]P)(Xl :leyXQ :an---7Xn :-Tn| XO :JZ‘()) :M($07$1)M(£1,$2)...M(J?n_l,xn)

These simple observations already show that the law of the random state X,, at time n starting from X, = xg
is given by the n-th power of the matrix M; that is we have

P(X,=m,| Xo=m0) = Z M(zo,z1)M (21, 22) ... M(2p—_1,2n) = M"™ (0, )

L1ye-3Tn—1
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Identifying functions f : z € E — f(z) € R with column type vector f = (f(x))zer, the conditional
expectations of he random variable f(X,,) given Xy = z( are also given by a matrix operation

E(f(Xa) |Xo =20) = Y M"(wo,x0)f(2n) = M"(f)(0)

where M™(f) stands for the function given by the column vector M"(f) = (M"™(f)(xo))
finite state spaces E = {1,...,d}, functions

soep- FOr instance, for

fla)y =" f(i) Li(x)

i=1
are identify with the column vector
f()
f=0Q),....f(d) = : : (2.1)
f(d)
In this situation, the function M (f) defined by
M(f)(z) :=E(f(Xn) | Xp-1 =)
is given by the finite sum

d
Vi<i<d M(f)() = Z M(i,j) f(5)-

Using the vector notation we find that the function M (f) can alternatively be defined by the following matrix

operation:
M(f)(1) M(1,1) .-+ M(1,d) f()
M(f) = z o | =my
M(f)(d) M(d,1) -+ M(d,d) f(d)
In the same way, identifying probability measures 79 on E with row type vectors n9 = (10(20))z,cE S-t- Mo(zo) >

0 and ZEO no(zo) = 1, the distribution 7,, of the state X, of the chain starting randomly from X, with
distribution ng is given by

nn(xn) = P(Xn = xn) = ZUO(xO)Mn(x(L xn) = UOM"(%)

where 79 M™ stands for the probability on E given by the row vector noM"™ = (noM"(z1)), cp- Furthermore,
we have

In matrix notation, we simply have that

M =noM"™ and 0. (f) = (noM")(f) = no([M"(£)])

For instance, for instance, for finite state spaces E = {1,...,d}, the sum 7,(f) can be rewritten as
f() d
M (f) = tnf = (1 (1), ... 10 (d)) : = 1) ma().
i=1

f(d)
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and we have

(noM) :=[(noM)(1),..., (noM)(d)]

M(1,1) -+ M(,d)
= [n0(1), ..., m0(d)] : : : = noM.
M(d,1) --- M(d,d)
In much the same way, we find that
Mn = nn—lM = (nn—QM)M = 77n—2M2 = ... = nOMn

By construction, the law of the random states X, and X,,, with 0 < p < n are given by the following matrix
operation
TIn = an(nip)
The collection of matrices M™, with n > 0, is called the Markov semigroup associated with the transition
probabilities M. For n = 0, we use the convention M" = Id the identity matrix with zero off-diagonal elements
and unit diagonal elements.
For instance, if E = {1,2} then the Markov transition M is given by the 2 x 2-matrix

o (ML) M2
—\ M2,1) M(@2,2)
We further assume that the entries M (i,j) € [0,1] are chosen s.t. ¢ := M(1,2) + M(2,1) > 0. Using an
elementary induction on the time parameter n, we prove

L1 (M2 ML2)\ (1-o" [ M1,2) —M(1,2)
M= (M(2,1) M(1,2))+ c (—M(Q,l) M(2,1) )

Except in some very particular cases, the matrix semigroup M"™ has no explicit expression.
Time nonhomogenous models can be studied in the same line of arguments. For non homogeneous Markov
transitions M,,, we have
P (Xn = Tn | Xno1= xn—l) = Mn(xn—lvxn)

The law of the chain X,, is now given by the following matrix composition
Nn = oMM, ... M,
The semigroup M, ,, associated with this sequence of measures is now given by the following formulae
Mn = NpM, »  with the matrix My, , := My 1 Myqo... M,

2.2. The Bayes-Boltzmann-Gibbs transformation

We consider a non negative potential function G and a probability measure 7 on a finite or countable state
space E. We recall that n(G) is the quantity defined by the sum

(@) =) n(x)G(x)

For indicator potential functions G = I4, sometimes we slightly abuse notation and we set

n(la) =Y n@)la(z) =D n(x) :=n(A)

z€A
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Definition 2.1. We let U (n) be the probability measure on E defined by

Note that this probability measure Vg (n) is well-defined if and only if n(G) > 0. The transformation Vg is
called the Bayes-Boltzmann-Gibbs transformation (abbreviate BBG-transformation) associated to the potential
function G.

When G = 14, we notice that Ug(n) is the restriction of the measure 1 to the set A;

U1, (n) () :==naz) = ——= La(z) n().
In this case, we have

ACB=V1,(Y1,(0) =Y15(¥Y1,.() =nanB = Yi,,s(n) = V1,(n)

In nonlinear filtering problems discussed in section the measure 7 represents the conditional law of
a Markov chain X,, given a series of observations (Yp,...,Y,_1) and G is the likelihood function G(z,) =
In(Yn, Tn) associated with an observation Y;, = y,, delivered by some sensor. In this context the BBG transfor-
mation describes the way a new observation is incorporated into the filtering distribution

n=Law(X, | (Yo, Ya 1)) = Wy () = Law(X, | (Yo, ..., Yn 1, Yy)

We shall return more precisely to this BBG transformation in the further developments of the article. In matrix
notation, if the state space is given by E = {1,...,d} we can also identify the multiplicative potential function
G with the following diagonal matrix

G(1) 0 0 0
0 G@2) 0 0 0
G )
0 0 Gd—-1) 0
0 0 0 G(d)

nGg = n(),...,n(d) G = n1)G1),...,n(d)G(d))

with the normalizing constant given by the LL;-norm of the vector nG

1
d d
(@) =Gl =Y (mG)(H) =nG(1) =nG | : | = nl@:) Gla).
i=1 1 i=1
In this matrix notation, the BBG transformation takes the following form

1

v =——nG.

We end this section with a nonlinear Markov interpretation of the BBG-transformation.
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Proposition 2.2. For any collection of non negative parameters e(n, G) that may depend on G and on n, and
such that
e, G) G(z) <1 forevery z€FE st. n(x)>0

we have the following decomposition

VyeE  Waln)(y) = Sy)(y) =Y _n(x) Sylz,y) (2.2)

with the collection of selection type Markov transitions on E defined by

Sy(z,y) =€, G) G(z) 1.(y) + (1 —€e(n,G) G(x)) Ya(n)(y).

Before getting into the details of the proof of this proposition, for finite state spaces E = {1,...,d}, the
BBG-transformation takes the following matrix form

(nSy) = [(nSy)(1); ..., (nSy)(d)]

Sﬁ(lvl) Sﬁ(Ld)
: : ; =15y =Yg (n).
Sy(d,1) -+ Sy(d,d)

Proof:
To check this assertion, we choose a function f on E and observe that

Sy(f)(@) =D Sy(x,y) f(y)
= (n G) G(x) f(x) + (1 —€(n,G) G(x)) Ya(n)(f)
from which we find that
0 (Sy(f) ==Y n(@)Sy(f)(x)
= 1,G) n(GF) + (1 - e(n, G) 0(G)) Talm)(f)

=¢(n,G) n(Gf) +¥an)(f) — e, G) n(GQ) =Va(n)(f)-

This ends the proof of the proposition. [

2.3. Positive matrices and Feynman-Kac measures

Let E be a finite set. We consider a collection of matrices @, := (Qn(z, y))ryeE with non negative entries
Qn(z,y) > 0. To simplify the presentation, we further assume that the entries are strictly positive. Given a
probability measure 79 on E, we denote by I',, the measure on E(™*+1) defined for any path (p)o<p<n € E(+1)
of length n by the following formula:

(o, ..oy 2n) = no(z0) Q1(wo, 1) Qa2(w1,72) ... Qn(Tn_1,Tn)
Notice that I';, can alternatively be defined by the following recursive formula

vn Z 1 Fn(.'lfo, DR xn) = anl(an cee 7xn71) X Qn(xnfla xn)



ESAIM: PROCEEDINGS 21

with T'g(zo) = no(zo). We choose a function f,, on path space E®+D and we set

Tn(fa) = Y Tul@o,.-,2n) falwo, .. Tn) (2.3)

TOyeees T,

Feynman-Kac models provide a precise meaning of these sums. To be more precise, we set

Qn(x y)

Ma(rw) =70 0 )

and G, ( ZQnH z,2) = Qn(1)(7)

The r.h.s. term in the above display expresses the sum in terms of a matrix type operation with the unit
function 1, defined by 1(x) = 1 for any = € E. By construction, it is readily checked that

To(@o, .o va) =no(o) { [[ @W@p)p x{ I W

1<p<n 1<p<n P

= H Gp(zp) p x { nolxo) H My(xp—1,xp)

0<p<n 1<p<n
We conclude that

To(zo,.. . zn) =< [] Golap) p X Pulzo,... 70)

0<p<n

with the law of the path (z,)o<p<n Of a non homogeneous Markov chain X,, with initial distribution ny =
Law(X() and local Markov transitions M,

P.(zo,...,xn) = no(xo) H Mpy(zp—1,zp)

1<p<n
In this interpretation, the quantities (2.3]) can alternatively be rewritten in terms of a Feynman-Kac formula
Fn(fn) =E fn(XOw"vXn) H GP(X
0<p<n
It is also important to observe that
= Y Du(xo,....,z)=E| [] G(X
T0,--+yTn 0<p<n
The above constructions clearly works for any decomposition of @Q,, in the following form
Qn('xa y) = GN—l(z) Mn(xa y)

for some Markov transition M, and some potential function G, _;. Note that in this case we have
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Definition 2.3. We let X,, be a Markov chain with Markov transitions M, on some finite or countable state
space E, and we consider a sequence of [0,1]-valued potential functions G,, on the set E. The Feynman-Kac
path measure associated to the pairs (M,,G,,) is the measure Q, defined for any f, on E+V) by the following
formulae

L Fn(fn)

Qu(fn) =T ) with To(fa) =E | fu(Xo,.... Xn) ] Gp(Xp) (2.4)
n 0<p<n
Notice that Q,, can alternatively be defined by the following formulation:
1
Qu(wo, o Tn) = o [T Goap) p Pulao,...,2n)
n 0<p<n
with the normalizing constant Z, := I', (1), and the distribution of the free path evolution of the reference

Markov chain X,, given by:

Pn(l‘o, s ,.I‘n) = 770(330) H Mp(xll—l’ pr)

1<p<n

We also consider the measure @n on EHY) defined as Q,, by taking a product of potential functions from the
origin p = 0, up to the final time horizon p =n

@n(xo, ce ) =

H Gp(zp) ¢ Pp(z0,...,20)

n | o<p<n

N)‘ —

with the normalizing constant Z/,’\n =Znt1-

Another important quantities are the n-th marginals n,, and 7,, of the measure Q,, and @n defined by

nn(mn) = Z Qn(xOv vy Tn—1, xn) and ﬁn(xn) = Z @n(l‘(); ey Tn—1, xn) (25)

ZTOyer3 T —1 Z0s--yTn—1

It is important to observe that this pair of measures can be alternatively defined for any function f on E by
the following formulae

Mn(f) = m(f)/ (1) with 7. (f)=E | f(Xn) ] Gp(Xp) (2.6)
0<p<n
and
in(f) =3(£)/An(1) with F.(f)=E | f(X.) J[ Gp(X) (2.7)
0<p<n

For n = 0, we use the convention [[, = 1, so that 7y = Law(X(). The above assertions can be proved directly

from the definitions of the measures Q,, and @n In reference to filtering, the measure 7, is often called the
prediction measure at time n, while 7, is referred as the updated measure at time n.
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We end this section with the following elementary observation connecting the pair of measures Q,, and @n

H Gp(zp) ¢ Pulzo,...,2n) = no(zo) Go(zo) H My(zp—1,2p) Gp(xp)

0<p<n 1<p<n

=m(Go) { [ Golp) ¢ Pulzo,.... o)

with the probability measure @n defined below

@n(mo,...,xn) = No(xo) H Z\/Zp(acp,l,a:p)

and the pair (CA}’p, ]/\/[\p) of potential and transitions given by

iV _ My(zp—1,2p)Gp(z)p) A _
My(zp-1,p) = Mp(ép)(xp—l) and  Gp(zp) = Mp11(Gpt1)(zp)

These formulae imply that

Qn(@os- .., Tn) = — H ap(xp) Pu(zo, ..., 2n)

n 0<p<n

with some normalizing constant 2,’1 In other words @n coincides with the measure defined as Q,, by replacing
the pair (G, M,,) by the pair of updated type quantities (G,,, M,,). From the pure mathematical point of view,
this rather elementary observation shows that the two models Q,, and Q,, are equivalent.

2.4. Examples as Feynman-Kac models

We illustrate the rather abstract models presented in section [2.3|in the examples discussed in section

(1) Random walks confined to a set
We let M, (z,y) be the transitions of a symmetric random walk X,, on the integers Z starting at the
origin Xy = 0. we also fix a interval A = {—a+1,—a+2,...,a — 1}, with a > 0, and we set G,, := 14.
In this situation, we have

Q,, = Law ((Xo,...,X,) |V0O<p<mn, X,€A)

and
Q, =Law ((Xo,...,X,) [Y0<p<mn, X, €A)
(2) Particle absorption models
For any [0, 1]-valued potential functions G,, and any Markov transitions M,,, the measures Q,, have
the following interpretations

Q, = Law ((X§,...,X5) | T >n)
and R
Q, =Law ((X§,...,X5) | T >n)

where X¢ is the particle absorption model defined in (1.8)), and 7" the random absorption time of the
particle with M,,-free evolution and absorption rates G,,.
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Nonlinear filtering problems
A given Markov chain X,, with transitions M, is partially observed at every time step n by some
noisy sensor that delivers a random observation Y;, = y,, with distribution

Proba (}/n =Yn ‘ X, = In) = G(xnvyn)

For every fixed sequence of observations Y,, = y,, we set G, () = G(z,y,). In this situation, the
measures Q,, and their normalizing constants Z,, have the following interpretations

Qn :LaW((Xo,...,Xn) ‘V0§p<n’ Yp:yp)

and
Z?L = ]P)((}/O? R Yn—l) = (y07 cey yn—l))
In the same way, we have

Q, = Law (Xo,...,X,) [Y0O<p<n, Y, =y,)

Stochastic optimization algorithms

We consider a collection of MCMC transitions Mg(z,y), indexed by some inverse temperature pa-
rameter 5 > 0, on some finite state space E equipped with the counting measure A(z) := 1/Card(E).
We assume that Mg(z,y) is a Markov transition with an invariant Boltzmann-Gibbs distribution pg
associated with a non negative cost function V on FE

pup(x) == z e V@ \(x) with Zg:= Zefﬁv(x) Az) (2.8)

x

The genealogical tree model associated with the genetic search model defined in (1.13]), section is
defined by the line of ancestors of each individual £}, in the current population:

V1<i<N Gp— & — ...+ ¢ — & =& (2.9)

n—1n

We recall that this stochastic algorithm is defined in terms of a genetic type model with mutations
transitions Mg, and selection fitness functions G,, = e~(#n+1=5»)V For a more precise description of
these ancestral lines we refer the reader to . In this situation, we can prove that Q,, coincide with
the limiting distribution of the ancestral lines of the genetic search algorithm, in the sense that

VI<i<N Q= lim Law (&m & Con) (2.10)

In addition, Q,, can also be interpreted as the limiting occupation measure of the genealogical tree, in
the sense that:

N
Q) = Jm 3 o€l (211)

Much more is true, we can prove that the ancestral lines are “almost” independent and identically
distributed random paths with common distribution Q,,. In much the same way, the measures @n are
approximated using the ancestral lines of the selected individuals Z;l at time n.

In the end of section we shall prove that the n-th marginal measures 7,, defined in also
coincide with the Boltzmann-Gibbs measures associated with an inverse temperature parameter
[Bn; that is, we have that

1 - x
M (@n) = pg, () = Z, ¢ PV Ny and Zg, = [[ m0(Gp) =7 (1) (212)
n 0<p<n
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Combinatorial counting and sampling

Our next objective is to provide an interpretation of the measures Q,, in terms of the genetic particle
models presented in section These models are defined as above by replacing in the exponential
Boltzmann-Gibbs measures by the measure A restricted to a given non increasing sequence of subsets
A, C A,_1 C Ej; that is, by the measures 4, defined below

fia, () = % La, (z) Mz) with Z4, = ; 1a, () A(z)
We recall that the corresponding stochastic algorithm is defined in terms of a genetic type model with
mutations transitions M4, and selection potential functions G, = 14,.,, where My, stands for a
sequence of MCMC transitions with invariant measures p4,. The genealogical tree model associated
with this genetic model is defined as in and the pair of convergence results and are
satisfied for the measures Q,, associated with the Markov transitions M4, and the potential functions
Grn = 14,,,. Furthermore, the n-th time marginals measures 7, defined as in are given by

Ma(f) =)/ m1) with 3 (f) =E | f(Xa) [] 14, (Xp)

0<p<n
In the end of section [2.5] we shall also prove that
1
Nn(Tn) = pa, (v) := E7 1a,(z) Mz) and Z4, = H Np(La,,,) = n(1) (2.13)
n 0<p<n

Genetic search algorithms

The interpretation of the measures @Q,, in terms of simple genetic models has already been developed
in section [I.6] In this example, we recall that Q, can be seen as the asymptotic distribution of the
ancestral lines of a simple genetic model with mutation transitions M, and selection potential functions
G,,. The n-th time marginal 7,, of the measures Q,, defined in or in can be regarded as the
asymptotic distribution of an individual as the size of the population N tends to infinity. We can also
interpret 7, as the limiting occupation measure of the genetic population at time n. These measures
are often called the infinite population model in the literature on theoretical aspects of genetic models.
Directed polymers and self avoiding walks

The interpretation of the measures Q,, in terms of directed polymer models has already been devel-
oped in Section We simply notice that the probability measures 7,, defined in can be extended
to path-valued Markov chains

Xn:(Xé)---aX,/J ckbk, =Ex...xFE
—
(n+1) times
where X/, stands for an auxiliary E-valued Markov chain. In this situation, we observe that the potential

functions G,, are defined on the path space E,. Whenever X, is the simple random walk on the d-
dimensional lattice E = Z?, for the choice of potential functions

Vn Z O Gn(Xn) = GH(X(I), e ,X:L) = 1Zd_{X(/)7"'7X;L71}(X7/L)

we have that
Qn =Law ((X{),.... X)) |[V0<p<qg<n X,+#X])
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and
Q= Law ((X),...,X,)|[VO<p<qg<n X,#X])

In this situation, we recall that
V(1) = Proba (V0 < p < ¢ <n X, # X/) = Card (S,—1) /(2d)" "
where S,,_1 is the set of self-avoiding walks of length (n — 1) starting at the origin.

2.5. Nonlinear recursive equations

This section is concerned with the analysis of the flow of probability measures n,, and 7,, defined respectively
in (2.6) and (2.7)). First, using the Markov property of the signal, we readily prove that

() =E(E|f(X) ] Go(Xp)|Xo,. ., Xn s

0<p<n

=E E(f(Xn) |X07"'7Xn—1) H GP(XP)

0<p<n
from which we conclude that
() =E|E(f(Xn) | Xo1) [] Go(Xp)
0<p<n

Recalling that E (f(X,,) | Xn-1) = M, (f)(Xn-1), we conclude that v,(f) = J,—1M,(f). In matrix notation,
we conclude that

On the other hand, we have
0<p<n

with the multiplicative function (fG,)(x,) = f(zn)Gn(zn). Our next objective is to derive the nonlinear
recursions of the sequence of measures 7,, and 7,,. From previous formulae, we find that

0(Caf) _ (G} 1n() _ 1a(Gu)
’Yn(Gn) 'Yn(Gn)/'Yn(l) nn(Gn)

This shows that 7, is deduced from 7, using the following formula

M (f) =

M= Ya, (1)

with the BBG transformation:

1
)\ W )(Zn) 1= Gn(zn) Mn(Tn
60 (1)) = s G) ()
On the other hand, we have
an—an(f)

nn(f) = = -1 M, (f)

:Y\nfl(l)
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from which we conclude that
Tn = ﬁnfan
From these expressions, it is not difficult to establish the following proposition.

Proposition 2.4. The measures 0, and 7,, satisfy the following equations:
o =VYa, ,(Mn-1)M, and 7, := Vg, (p-1M,)

Another important observation is that the unnormalized distributions -, can be expressed in terms of the
sequence of normalized measures from the origin up to the current time horizon. To be more precise, we have

_ n(Gn)
Yn (1)

This multiplicative recursion yields the following integration exchange formula.

'7n+1(1) = 'Vn(Gn)

Yn(1) = 10 (Gn) Yn(1)

Tnt1(1) =E H Gp(Xp) | = H 1p (Gp) (2.16)

0<p<n 0<p<n

More generally, we have the following proposition which can be easily checked.

Proposition 2.5. For any function f, and any time n > 1, we have

Y (f) =1 (f) 1a(1)  with . (f) = na(f) H My (Gp)

0<p<n

We end this section with a two-line proof of the pair of formulae (2.12)) and (2.12)). In the first situation,
combining the fixed point equation with the BGG transformation given below

M =NnMp, and 1, =Vq,  (Nu—1) with G,_1 =exp[—(Bn — Bn-1)V]

we find that
M =nmMgp, =V, ,(Mn-1)Mpg,
Also observe that
Zg, = A (eiﬁnv) =Nn—1(Gn-1) Zp, , = Zo X H Tlp (Gp)
0<p<n
In much the same way, in the second situation, combining the fixed point equation with the BGG transformation
given below
Mo =nnMa, and 0, =V¥q,  (ga-1) with G,_1 =14,
we find that
M = MmMa,, =Vaq, _, (nn—l)MAn

2.6. Nonlinear Markov chain models

In this section we design a nonlinear Markov interpretation of the flow of Feynman-Kac probability measures
N, associated with a pair of potential functions and Markov transitions (G, M,,). To simplify the presentation,
we further assume that the potential functions G,, take values in [0,1]. More general models can be handled
using the developments of section 2.2 dedicated to the transformations V¢, associated with more general

potential functions G,,.
Combining proposition with (2.2)), we readily find that

Yn >0 M1 = Ya, (nn)Mn+1 and Vg, (nn) = nnSn,nn
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with the Markov transitions

S, (#,y) = Gn(7) 1a(y) + (1 = Gn(2)) Ve, (02)(y)-

This implies that

77n+1 Z (Z 77n Shn M 1' y)) Mn+1(y,Z)
= Znn <an N \ L y n+1(y7 ))

from which we conclude that
77n+1 Z "7n n-‘rlﬂ?n (l‘, Z)

with the Markov transitions K11, defined as the matrix composition of the selection type transition S,
with the free exploration Markov transition M, given by

sTn

Knt1m, (2, 2) ZS i (T Y) M1 (Y, 2)

We let (X,,)n>0 be a Markov chain on E, with initial distribution 7y = Law(X) and elementary Markov
transitions given by

P(Xnt1=y|Xn=21)=Kpp1,(x,dy) with Law(X,)=rn,

By a simple induction on the time parameter, we can easily check that 7,, coincides with the distribution of the
random states X,,.

Definition 2.6. The law of the paths of this non linear Markov chain
]P ((YQ,YL e ,Yn) = (330, L1y ,$n>) = no(xo)Kl)no (.’L‘Q, ZCl) . Kn’n,,kl (l’n,l, In)
is called the Mc-Kean measure associated with the Markov transitions Kyi1 ., .

2.7. Feynman-Kac semigroup models

In section we have seen that the distribution of a Markov chain on some finite space can be computed
by simple matrix operations. In this case, if we denote the law of the chain 1, = Law(X,) at time p then we
obtain the law at any time n > p by an elementary composition of (n — p) transition matrices

Mn = NpM, , with the matrix My, , := Mp 1 Mpio... M,

For the flow of Feynman-Kac measures 7,, defined in ([2.6)) the situation is more involved. By proposition
the measure 7, is connected to 7,_1 by some transformation given by

N = Pn(Mn—1) == VYa,_, (Mm-1)M,

Definition 2.7. The semigroup of the flow of Feynman-Kac measures 1y, is given by the composition of the one
step mappings ®,,; that is, we have

VO<p<n Sppn=0,00, 10...09,4
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with the convention ®,, , = Id the identity mapping. By construction, for any pair of indexes 0 < p < n, the
measure 1, and 10, are connected with the following formula

TNin = (I)p,n (77[))

Our next objective is to make more precise the definition given above.

First, using (2.14)) and (2.15)) we find that

V>0 yn(y) = (n-1My) Zvn 1(@)My(z,y)  and () = Ya(2)Gn(2)

from which we conclude that

YY) = (Yn—1Qn)( Z'Yn 1(2)Qn(z,y) with  Qn(x,y) = Gn1(x)Mp(z,y)

In other words, we have proved that

Yn = Yn—1Qn = Yn—2Qn-10Qn = ...
= v,Qpn With the matrix Qp ., = Qpt1Qpt2...@n

and therefore, for any function f on the set E, we have

’Yn(f) _ ’Ypr.,n(f) _ 'Ypr,n(f)/’Vp(l) _ anp,n(f)
Yn(1) Tp@p,n(1) Yp@p,n(1)/1p(1) MpQpn(1)

In summary, we have proved the following proposition.

nn(f) =

Proposition 2.8. For any function f on E we have

anp,n(f)
MpQp,n (1)

3. INTERACTING PARTICLE ALGORITHMS

VO<p<n D, () (f):=

3.1. Mean field particle interpretation models

In section we provide a nonlinear Markov interpretation of the flow of Feynman-kac measures 7,,. In this
interpretation, n, can be seen as the distribution of the random states X,, of a Markov chain (X,,),>0 on E,
with initial distribution ny = Law(Xj) and elementary Markov transitions given by

P(Xny1=y|Xn=2)=Kpi1,(r,dy) with Law(X,) =1,

At a first level of analysis, let us suppose that the elementary transitions X,_; ~ X,, are easy to sample. In
this situation,we can approximate the flow of measures by sampling a series of NV independent copies (y;)lgig N

of the chain X,,. By the well-known law of large numbers, in some sense we have for any time horizon n and
any function f

N .
W)= 5 SR vt ) = E (F(K0)

In the above displayed formula we have used the notation

N .
Ve ol NZl L AUED ADIGEED Siee

s
I
-
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More generally, for any function f,, on the path space E™t!, we have

T3 oK) v E (Ko X))

The schematic picture of this elementary Monte Carlo algorithm is given below

—1 Kni1,n,

YN Knt1,mp N
_—
X

Unfortunately, for most realistic models we can rarely compute explicitly the law 7, of random states of the
chain X,,. We can use the occupation measure of the IV samples at every time step n to approximate the law
M-

Under some appropriate regularity conditions on the Markov transitions K11, (z,,) We have

((Vf:EI—HR) Uﬁ(f) =Ntoo nn(f)) = Kn-&-l,nf)’(xvy) =Ntoo Kn-i-l,nn(xvy)

We illustrate this rather abstract discussion with the Markov transitions K11, (, z) discussed in section
We recall that in this case, Ky41,,, (2, 2) is given by the following matrix composition

Kni1m, (2,2) 3= Spn, (2,9) M i1 (y, 2) (3.1)

Y

with the Markov transitions

S (,y) = Go () 1:(y) + (1 = Gu(2)) Y, (1.)(Y).

and the BBG transformation
1

Replacing 7, by the occupation measure 72 (z) = + El 1 ( ), we find that

Kpi1y = Sppy Mat1 with S, x (2,9) = Ga(2) Lao(y) + (1 = Ga(@)) Ve, (1))

and the weighted BBG occupation measures

G (X))

e, (V) (y) = X
a, () () 1;N SN lg ()

We use this mean field approximation strategy inductively to define a Markov chain

(5711?5721,5 s ag’rjy)nzo
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on the product state spaces EYV. The initial state (£},&2,...,&)) consists of N independent and identically
distributed random variables with common distribution 7y termed particles. The elementary transitions are
defined by the following synthetic diagram

K N
n+1l,n 1
g — "5 Snnl

. n+1,nl
& — i
" n+1
Kn+1,n£¥ N

gN [N n+1
The mean field particle interpretation of this nonlinear measure valued model is an E~-valued Markov chain
= (& a0 &) € BY

with elementary transitions defined as

N N
o ) 1
P (£n+1 = (xlv v ,xN) ‘ gn) = H Kn+1,n£’( ;L’xl) with 777]:[ = N Z 15'3; (32)
i=1 j=1
In other words, given the population of IV particles &, = ( Le2 . eN ) at time n, the population of particles
bnv1 = (E041. 8241, ---, &8, ) at time (n + 1) are independent random variables with respective distributions
N _N
Kn-i—l,n,fy( 7115 xl) ) Kn-{-l,nﬁ’( 1%? $2) y e Kn—i—l,n,f)’ (gn y L )

The rationale behind this approximation is that 7%’ " 1 is the empirical measure associated with /N independent
variables with distributions K, 4 (¢! ), so as soon as nY is a good approximation of 7, then, in view of
, n,JyH should be a good approximation of 7,,41.

In the situation where K, 11 ,, is given by the , the flow of Feynman-Kac measures evolves according to
the two-step updating/prediction transitions,

Sn,nn -~ Mn+1 -~
M ——— Nn = nnSn,nn =Yg, (nn) —— M1 = MnMpia (33)

In the N-mean field particle interpretation model, this pair of recursions has been replaced by a two-step
selection/mutation transition in product spaces

selection  ~ mutation

&neEBN —— ¢, e BN —— ¢, € EY (3.4)

The genetic type evolution of the system is summarized by the following synthetic picture:

r M,

1 = n+l 1
&n &g — G
.i S’nmﬁf A i.
gn S ;L —_— 5n+1
N N N
gn N _ n+1
L Sn
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with the selection Markov transition :

Sy (€05 2) 7= Gu(&) Le (2) + (1= Gal(€))) D Gn(&h)

1<j<N ZlékSN G

@y

Using the Feynman-Kac modeling techniques presented in section [2:4] it is now easy to check that the
corresponding mean field particle interpretations discussed above coincide with the algorithms discussed in
section [Il

3.2. Some particle estimates

In section [3.1] we have designed a mean field particle interpretation of the flow of Feynman-Kac measures

M (f) = (f)/ (1) with v (f) =E | f(X5) H Gp(Xp)

0<p<n

We also recall from ([2.16]) that the normalizing constants «, (1) are expressed in terms of the flow of measures
(Mp)o<p<n With the following multiplicative formula

(1) =E H Gp(Xp) | = H My (Gp)

0<p<n 0<p<n

This also implies that the unnormalized Feynman-Kac measures can be rewritten in the following form:

Y (f) =nn(f) (1) with %,(f) = nn(f) H My (Gp)

0<p<n

The mean field particle interpretation of these measures presented in section [3.1] can be seen as genetic type
algorithms with M,,-mutation transitions and G,-potential functions, where M,, represents the Markov transi-
tion of the reference Markov chain X,,. Inversely, any genetic type model of that forms converge, in some sense,
as the size of the population N tends to infinity to the above Feynman-Kac measures.

More formally, for any function f,, on the product space E("t1) we have that

N
=1

::E:wow_ﬁmlUO(IO)}(LnO($OaI1)~~-l(nmn_1(xn—1axn) fn(an"'axn)

and for any function f on E

N
1 .
: N _ : N _ %
Jim g (f) = na(f) with 9 (f) =+ ; Iu (&) (3.5)
The normalizing constants v, (1) = limx o 7Y (1) can be computed using the unbiased particle estimates 7. (1)
defined below .
@)= TI B (Gp) with ¥n>0 3 (Gn) = Gn(€)
0<p<n

To give a flavor of some non asymptotic variance estimates that can be obtained for such particle estimates, we
present a recent result for time homogeneous models (G,,, M) = (G, M).
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Theorem 3.1 ( [5]). Suppose that the pair of potential-transitions (G, M) are chosen so that
V(w,2',y) € B* G(z) <0 G(2') and M™(z,y) < M™(a',y) (3.6)

for some m > 1 and some parameters (8, 3) € [1,00[?. In this situation, any n > 0, and any N > (n + 1)36™
we have

[0 @) =2 0)] <2 0? (5 (4 1) 557 (3.7

More general results can be found in [9,[10], under weaker regularity conditions. In this connection, we
mention that the N-particle approximation of the unnormalized measures 7, is given by the unbiased estimates

AN =N () x AN (1) — oo W) = 10 (f) X (1)

At the end of this section, we discuss some path space particle estimates associated to these genetic algorithms.
First, it is important to observe that the above constructions can be extended to Feynman-Kac models with
reference Markov chains and potential functions on path spaces

X, = (X}, X)) e By = (BN and G.(X,) =G, (X},.... X)) (3.8)

This observation is essential for the analysis of the directed polymers and the self avoiding walks discussed
in section [I.7} In this situation, every particle at time n is a path-valued particle of length n. The selection
transition consists of selecting the path-particle with high potential value, while the mutation transition simply
consists of a path extension with an elementary move according to the auxiliary process X/, with Markov
transitions M/, on the state space E’.

When the potential functions only depend on the terminal value of the paths

Gn<Xn) = Gln(Xr/L>

for some fitness function GJ,, we can check that the path-valued particle model represents the time evolution of
the genealogical tree model associated with the time evolution of the individuals £, evolving with M) -mutations
and G/, -selections. In this situation, if

5; = (gé,nv fi,na s ad:,,n)
stands for the i-th ancestral line of the current individual &}, ,, after the n-th mutation, then for any function
frn on E,, we have that

E (fu(Xo- 2 X0) Tlopen GolX7))
E (ospen Gp(X5))

1 o '
hl'Il *Z ,fn (géﬂwfi,n""’g:l,n) =
i=1

N—oo N —

(3.9)

Note that the n-th time marginals converge to the Feynman-Kac measures associated to the pair (G, M));
that is, for any function f on the state space E’ we have

. 1 Y T\ ! _’Y;z(f) . / L / / /
ngnooﬁizzl (&) =mh) =Ty with () =E| f(X) OQ.ILGP(X”) (3.10)

Another quantity of interest is the complete ancestral tree defined by the whole population of individuals from
the origin up to the current time horizon

V1 <i< N (56,&5{,1’ s angl}nfl’gz,n)
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The occupation measures of this complete ancestral converge to the Mc-Kean distributions of the nonlinear

Markov chain with initial distribution 79 = 7y and elementary transitions K, ; ./ (z,y) on E’ defined as the

transitions K, 1,y, by replacing the triplet (1, Gy, M,) by the triplet (n,,, G}, M},). In other words, we have
| N
th%oo N Z fn (f(z)’()v 61,17 N 76711,77,)
i=1

— Zx(}pngn n{)(xo)Kim(,) (zo,21) ... K;Wilfl (Tn—1,%n) fn(To, ..., xn)

3.3. An elementary proof

In this section, we provide a simple proof of the convergence result using a rather elementary induction
w.r.t. the time parameter n. To simplify the analysis we assume that the potential functions G,, are chosen so
that §(Gr,) = sup, ,(Gn(z)/Gn(y)) < oo and E is a finite set. The main result of this section is the following
elementary variance estimates.

Proposition 3.2. For any function f on E, any time horizon n > 0, and any population size N, we have the
variance estimate
c(n)

2
E([nY (/) = ma()]*) < S ose(f)? (3.11)
for some finite constant c(n) < oo, whose values do not depend on the parameter N.
3.3.1. The initial particle approximation

We observe that the initial population & = (fé, ...,y ) consists of IV independent and identically dis-
tributed random variables with common distribution 7y. For any function f on FE, we have

1

Uév(f):no(f)+ﬁ Vo¥ (f)

with the random quantities

Nepyo L i _ N ()
Vo' = Py [£(&) = mo(f)] = Z Vo (@) (@)
and the random occupation measures
VON(x) = i ‘ [15(1) (9:) — 7]0(1’):|

Using the decomposition

W= @ w3 1)~ w)] [76) - )]

1<i<N 1<i#j<N

it is now a simple exercise to check that

E([Vi¥(]7) = molf = mo(F)1) = mo(f2) = mo(f)* < ose(f)*
where osc(f) stands for the oscillation of the function f

osc(f) = b;lflf(x) = f(y)]
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This shows that the initial distribution 7y is approximated using the initial occupation measure 7}, and we
have the variance estimates

& ([ () - m(1)]*) = 3 wllf —ml(HP) < 5 ose(f)

3.3.2. The local sampling errors

We recall that the population of particle at time (n+ 1) is the sequence of conditionally independent random
variables

1 2 N
§n+1 = (fn+17 §n+1a s 7fn+1)

with respective distributions

Kn+1,77£’( 7113 xl) ) Kn-{—l,nﬁy( 72“]:2) ) cee Kn—i—l,nfl\’ ({ivva)
We observe that for any y € E and any n > 0, we have

Eale) =5 3 E(EDE) =5 O Kanay(E)

1<z<N 1<i<N

with the function
K1y (f)(z) = Z K1y (z, ) f(y)
Y

This implies that
E (777]2[+1(f) | fn) = niVKnHmiv(f) =®pp1 (777]:[) (f)
with the probability measures

D41 (777]:[) (y) = (ijyKn+1,n Zﬁn X K1 nN N (z,y)

On the other hand, for any function f on E, we have the decomposition

M1 (F) = @t () (F) =)0 () — nﬁVKnH,ngy (f)

— % N [f( ’7;7.+1) Kn+1,n£)’(f)(§f1)] = % Vn]YH(f)

In the above displayed formulae, V,\| (f) stands for the random variable defined below

VL0 = g 3 )~ K (6] = X e

1 [ .
—— 1. (x) - K N( v 1’)}

N 139 n+41,m,7 \Sns

ngigN i

Rewritten in a different way, we have

"771;\/+1 =P, (7771 ) \/N Vn+1



36 ESAIM: PROCEEDINGS
while the limiting measures satisfy the following equation

Mnt1 = Prg1 (n)

These decompositions show that the random measures V¥ can be interpreted as the local sampling errors
induced by the mean field particle transitions. The above formulae also show that the N-particle model can
also be interpreted as a stochastic perturbation of the limiting system.

Using the fact that

[Vn+1 N Z n+1 n+1,n5y (f) (f%)] ’
1<i<N
> () = Ky (DE] % [£(€hi1) = Knsrny (F(ED)]
1<i#j<N

It is rather elementary to check that

E (VY (f)] &) = (3.12)

and
E(VNOP &) =5 X E([FE) ~ Karry (DEN[6:) < oself)?

1<i<N

From these calculations, we readily prove the following local error estimates.

Proposition 3.3. For any function f on E, any time horizon n > 0, and any population size N, we have the
almost sure estimates

N

E ([ () = @uir ) ()] &) <

3.3.3. The proof by induction

The main object of this section is to complete the proof of proposition
By definition of the one step mappings, for any function f on E, any time horizon n > 0, and any population
size N, we have

1
< 75 o)

@1 () (f) = 0h (GnMuir () /03 (Gn)
and therefore ~
Pptq (777];[) (f) = @1 (m) (f) = Uﬁ(fn)/??ﬁ’(ﬁn)
with the functions
N Gn()

fu(@) := gn (@) X My iy [f = s () (/)] (2)  and  gn(z) := (G (3.13)

Notice that the function f, is such that
nn(fn) =0 n(gn) =1 and ”.fn” ‘= sup |an(1')| < 6(Gp) osc(f)

From the above observations, we prove the following decomposition

1 _ _

Pt (1) (F) = Pugr (1) (f) = NG [ (fa) = M ()] (3.14)

This implies that

‘q)n+1 (77112/) (f) = Png1 (1) (f)‘ <4(Gn ’nn n) — nn(fn)‘
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and therefore
2 5 512
E ([@ns1 () () = @us (1) (1)]7) < 6(Ga)? E ([nY (o) = ma(F)]”)
We end the proof of proposition [3.2] using the following decomposition

M1 (F) = M1 (F) = [1352(F) = @ () (O] + [Pns (1) (F) = Prir (1) ()]

Using the conditional unbiased property and the local estimates stated in proposition we prove that
E ([ () = msa (D))
—E ([0 () = Past (1) (D)) +E ([@asr (1) () = s (1) (N]7)

< % OSC(f)2 + 5(Gn)2 E ([Uﬁ(fn) - nn(fn)] 2)

The end of the proof of the variance estimates stated in proposition [3.2]is now clear. In section [3.3.1] we have
seen that is true at rank n = 0. Assuming that is true at rank n, the above inequality implies
that the result is also satisfied at rank (n 4+ 1). This ends the proof of the variance estimates stated in the
proposition.

3.4. L,-mean error and bias estimates

We extend in this section the variance estimates stated in proposition @ to any L,-mean errors bounds.
The forthcoming analysis is developed under the regularity conditions stated in the beginning of section [3.3]

Proposition 3.4. For any function f on E with osc(f) < 1, any time horizon n > 0, any population size N,
we have

E (1 (f)) = ma(f)] < e(n)/N (3.15)

for some finite constant ¢(n) < co. In addition, for any integer ¢ > 1, we have the variance estimate

1
VN E (| (5) = m(H)]")" < bla) e(n)
for some finite constant ¢(n) < oo, and the collection of constants b(q) defined below for any p > 0:
b(2p)?F := (2p), 277

2+ 1
b(2p + 1) F! ;:M 2702 with (g +p)p = (¢+p)!/p! (3.16)

Vp+1/2

In the further development of this section, we provide a rather elementary proof of the above proposition
based on a simple induction on the time parameter combined with Kintchine’s type inequalities. The resulting
estimates of the upper bound constants ¢(n) are far from being “sharp”. Next, we present without proofs some
more precise extensions of these results. Detailed proofs of these results can be found in [9}10].

(1) When the flow of measures is stable, in the sense that it forgets exponentially fast its initial conditions,
we can prove uniform estimates w.r.t. the time horizon. For instance, under the regularity condition
for some parameters (m,d, ), we can prove that the L,-mean error estimates (3.11) holds with
some constants c¢(n) such that

sup ¢(n) < 2mo*m1p3
n>0
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Similar L,-mean error estimates can be derived for the convergence of the occupation measures
associated with genealogical tree models. Up to a state space enlargement the convergence analysis
of models associated with path-valued Markov chains follows exactly the same line of arguments.
In addition, when the flow of marginal measures 7, introduced in is stable, we can prove LL,-mean
errors bounds for the occupation measures of genealogical tree models with some constant that
grows linearly w.r.t. the time parameter; that is, such that ¢(n) = ¢ n, form some finite constant ¢ < oo.
The extensions of the L,;-mean errors bounds to general state space models and Zolotarev’s type
seminorms

N _ — Nipy
|7 = | 7 : §2§|’7n(f) n(f)]

associated with some collection F of functions can also be found in [9].
Note that the mean value of the occupation measures coincides with the law of a given particle; that is,

we have that 1

E(n (N) =5 > E((E)=E(f(&)

1<i<N
For finite state space models, the bias estimates (3.15) states that

[Law (&) = mn |, =D [P(& = ) = nu(2)] < ¢(n)/N

One again, the constant ¢(n) can be uniformly bounded w.r.t. the time parameter under appropriate
regularity conditions. Furthermore, similar estimates holds true for the ancestral line of the correspond-
ing genealogical tree models. Notice that in this situation 7, is replaced by the Mc-Kean measure
introduced in definition [2.6]

All of these estimates can be extended to general state space models and to the law of the first ¢
particles in the population

HLaw(g,ll, € — Law(XL, . XY

|, < cln) /N

where Y; is a sequence of independent and identically distributed random variables with common
distribution 7,,. This property is called the propagation of chaos property in applied probability.

We end this section with a pair of Bernstein’s type exponential concentration estimates recently obtained

in [13].

and

For any N > 1, any n > 0, and any A > 0, we have
. r \ Vary® o\
—— locP N > s A o 9
~ logP ([ = mal(f) 2 - +2) = 5 ((O+W) . A(H 3 ))

-1

= TogP ([ —ml(f) > % + ) > % ((“f*;)tw)

with some parameters (r,7, ) such that

r < 4motm=1p8 72 <16mé® ™ 15% 62 and &% < 4ms>m1ipt

with the uniform local variance parameters:

0 = sup (Ko [~ Ko ulf)) (1)
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In the above displayed formula the supremum is taken over all integers n > 1, any probability measures and all
functions f on E with osc(f) < 1.

To see how these parameters enter into the local fluctuation variance, we notice that for any probability
measure we have

12 [Kn,u ((f - Kn,u(f))Q)} =, (n) [(f - ‘I)n(,u)(f))Q] —H {[Gn—l(ld - \I’n(U))(Mn(f))]2]
We also have the following formula

M [Kn,ﬂ ((f - Kﬂ,u(f>)2>] = MFLn,# (f7 f) iy [Ln7u(f)2]

in terms of the operators

Ln,u(f) - anl (Mn - Id)(f)

+ (1= Gno1) [(Vr1(p) = Id) + Wy 1 () (M, — Id)] (f)

and their “carré du champ” function I'z,, , (f, f) defined for any x € E by

Ph (2 @) = Lo (If = Las @) () = Loy (@) = 20(@) Lol ()

3.4.1. Kintchine’s type inequalities
The LL,,-mean errors analysis developed in this section is based on the following Kintchine type inequality
for martingales with symmetric and independent increments.

Lemma 3.5. Let M, := Zo<p<n A, be a real valued martingale with symmetric and independent increments
(Ap)n>0. For any integer m > 1, and any n > 0, we have

E (1M, ") < b(m) B ([p];7%) ™ (3.17)

n

with the smallest even integer m’ > m, the bracket process [M], := Y., Ab, and the collection of constants
b(m) defined in (3.16).
Proof:

We prove the lemma by induction on the parameter n. The result is clearly satisfied for n = 0. Suppose the
estimate (3.17) is true at rank (n — 1). To prove the result at rank n, we use the binomial decomposition

2m
(o 8,7 =50 (B ) arze @,
p=0

Using the symmetry condition, all the odd moments of A,, are null. Consequently, we find that
omY\ - 2m 2(m—p) 2
E ((M,H +A) ) - Z( o ) E (Mn_1 ) E (A2)
p=0
Using the induction hypothesis, we prove that the above expression is upper bounded by the quantity

o (5 ) 2 @lm = oo E (M) B(27)
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To take the final step, we use the fact that

27™ (2m),,

( 2m > 27" (2(m = p))m—p) = 27 (2p),

m P
% < » ) and (2p), > 2

to conclude that

For odd integers we use twice the Cauchy-Schwarz inequality to deduce that
E(|M,[*" ) <E(M;™) B(Ma" D)

< 2—(27n+1) (2m)m (2(m + 1))(m+1) E ([M]m+1) o

n

Since we also have o 0 ( :
2(m+1))! 2m + 1)!
(Q(m + 1))(m+1) = (m n 1)! =2 oy =2 (2m + 1)(m+1)

and '
1 2 1! 1
(2m)m = @m+ 1! _
2m +1 m)! 2m +1

(Qm —+ 1)(m+1)

we conclude that 1
2 1 JRR
E(|M,[>" ) < 2= (m+1/2) @m 4 Dni1) E ([M];”“) D)
m+1/2
This ends the proof of the lemma. .

3.4.2. Initial and local sampling estimates

By construction, for any function f on the set F and any n > 0 we have

N
V() = AN with AN () = [£(6) ~ Ko
=1

T v (HE )

For n = 0, we use the convention K, ,~ (f)( ¢ 1) =mno(f), so that

n—1

VN (f) = VN [0 (f) = no(f)]

Given &,_1, we let (C)1<;<n be an independent copy of (£!)1<;<n. We readily check that

AN (f) :]E<\/1N £ — ()] |sn1)

For n = 0, the above conditional expectation is a simple expectation w.r.t. the initial random variables &, and
its independent copy (. This yields the formula

V() =E (M) | 60n)
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with the terminal value Mfl]\]f\? (f) of the martingale sequence defined below

ie{l,.. N oMY= %N [7(€) — £(cD)]
j=1

By a direct application of Kintchine’s inequality, we prove the following proposition

Proposition 3.6. For any N > 1, m > 1, n > 0 and any test function f we have the almost sure estimate

E (V2" €n1)™ < bm) ose(f) (3.18)

The proof of the L,,-mean errors stated in proposition [3.4] follows the same line of arguments as those
developed in section [3.3:3] Once again, we use the decomposition

77711\]+1(f) - nn+1(f) = [777]1\]+1(f) - (I)nJrl (777]:[) (f)] + [(I)n+1 (777]1\]) (f) - (I)nJrl (nn) (f)]

1

= 75 V() + [@nss (1) (£) = o (1) (1)

and the fact that
‘(I)n+1 (mﬂv) (f) = @nt1 (nn) (f)| < (Gy) X ’ng(fn) - Un(fn)‘
with the function fn defined in (3.13)), to prove that

‘777]:]+1(f) - 77n+1(f)’ < —= |V7f\-]§-1(f)’ +6(Gn) X ’nfzv( ~n) - nn(fn)‘

This implies

E (‘nrlz\f+1(f) —77n+1(f)’m)# < 1 g (‘Vnz\jrl(f”m)#

The end of the proof can be conducted using a simple induction on the time parameter.

3.4.3. Proof of the bias estimates

The proof of the bias stated in proposition needs a little bit more work. Using decomposition (3.14), we
have

Dpp1 (0D) (f) = Pogr () (f) = m [Wg(fn) - Un(fn)]
Using the fact that
1 2
T ottt
we obtain )
S Ny L= @]
o) I S Dl ey
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Now we have

E ([0 1 (f) = nnea(£)])

=E (@1 (1)) (f) = @1 (1) (f)

=E ([ng(‘fn) - nn(fn)}) +E ([Ufy(fn) - nn(fn)} X [1 - ﬁﬁ(ﬁn)})
+E <[775LV(fn) =M (fa)] x W)
Using proposition @7 we have

IE ([0 (fu) = 00 (Fa)] % [1 =22 (3)])]

" 1/2

<E([Y () —m)?) < E(L - @) < ey

and in much the same way

nh (Gn)

(1) = (7] x sl )| < ctmysvvm)
for some finite constant ¢(n) < co. This implies

|IE ([nr]y+1(f) - 77n+1(f)])‘ < ’E ([nrlzv(fn) - nn(fnﬂ)’ + C(n)/N

The end of the proof of the bias estimates stated in proposition is now clear.

3.5. Central limit theorems

Let us come back to the interpretation of the mean field particle model as a stochastic perturbation of the
limiting system. This perturbation model is summarized by the pair of formulae

1
nii = @ui1 (0)) + N V.
N1 = Prg1 (M)
with the centered random measures VnN defined below
1 .
V@) = —= 3 [l @) = Ky (6o 0)]
VN 1<i<N n

These quantities can be thought as a stochastic perturbation of the limiting system, while the quantity \/% is
the usual precision of Monte Carlo approximation models.

Our next objective is to analyze the local sampling mean error variance associated with the particle model.
To clarify the presentation, we slightly abuse the notation, and we set

re FE— Kn+17mll\7 ([f - Kn+1,nfl\’ (f)] 2) (I)
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the function on F defined for any x by
Knsimy ([F = Knerg (0)7) @) = 3 Kosrny (@0,9) [F@) = Koy gy (1) (@)
Lemma 3.7. For any N > 1, any n > 0 and any functions f,g on E we have
E (V.Y (f)[én-1) =0
B (V02 1) =Koy, ([£ = Ky, (0)])

Proof:
The first assertion is immediate. Using the fact that

E ([£(€h41) = Knirmy (NE)] 160 )

= 5 Kty (€0 2) [(2) = Koir gy (DEN] = Koirny ([f = Kngray (D)) (60)
we find that

B (VY () )
= & Trcien E ([fEh) = Knprnp (HE] 1)

% ElgiSN Kn+1,17£)’ ([f - Kn+1,17f:’ (f)] 2) (5:1) = nr]LVKn-‘rl,nf)’ ([f - Kn+1,17£)’ (f)] 2)

This ends the proof of the lemma. [

The next theorem indicates that these random perturbations behave asymptotically as Gaussian random
perturbations. The details of the proof of this functional central limit theorem can be found in [9].

Theorem 3.8. For any fized time horizon n > 0, the sequence of random fields VN converges in law, as the
number of particles N tends to infinity, to a sequence of independent, Gaussian and centered random fields V,,
; with, for any f, and n > 0,

E(Va(£)?*) = 1Ko (If = K (N]) - (3.19)

This fluctuation theorem can be used to analyze the fluctuations of the occupation measures 1Y around their
limiting value 7, (cf. for instance [9/10], and the references therein). The extension of these results to general
mean field models can be found in [13].

Theorem 3.9. For any n > 0 and any function f, on E s.t. n,(fn) = 0, we have the following convergence in
law

lim VN Y (f2) =D Ve (@
q=0

N—oc0

Proof:
We consider the following matrices:

W<p<n  Q.(ey) = ff”é((; st 1,Qpnl1) = 3 1(e)Qprn (o1
pYp,n
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By construction, we have that

nPQp,n =T (320)
We also observe that Qun(l)
Y N
1pQpn(1) = - p(l) = H 1q(G
Tp p<q<n

from which we prove that @p,n is a well defined semigroup of matrices, in the sense that

@p,n(x)y> Qpn(z,Y) H nq(G

p<g<n

= [ H nq(Gq)

<g<r

H nq(Gyq)

r<g<n

(Qp,rQr,n) (z,y) = Qp,r@'r‘,n (7,y)

The following easily checked decomposition is pivotal

NE

n;j;vép,n(f) = névao,n(f) + [névéq,n(f) - nzjzvfléqfl,n(f)]

1

q

=00 Qo (1) + D [0 Qun(f) = Bg (151) Qyn ()]

q

Il
-

+ Z [(I)q (77(?21) @q;n(f) - 7731\11@,;71,71(]0)]
Choosing f = f, s.t. 7,(fn) =0, we find that
VN 0 Q0 (fa) = DV (Qunlfn) + R (fn)
q=0

with the remainder term

RN = \/N Z nq 1 (fn) ntjzv—laq—l,n(fn)]

qg=1
Using the fact that - - -
né\iqufl,n(fn) = né\iqufl,qu,n(fn)

né\[—1Qq—1,q@q,n(fn) _ 77(]1\[—1@q—1,q@q,n(fn)
n(];\iqufl-,q(l) 77(?[—1@(1—1,(1(1)

and

4 (7731\]—1) @q,n(fn) =

we prove that

[(I)‘I (77(?]—1) @q,n(fn) - 7751\’—1©q—1,n(fn)] = q)q (77(11\[—1) (@q,n(‘fn)) [1 - 77(?]—1@(1—1,11(1)]
By , we conclude that

(I)q (77(]1\11) (Qq,n(fﬂ)) [1 - ntjzvflaqfl,q(l)]
= [(I)q (Wé\]—1) (@q,n(fn)) - (I)q (nq—l) (@q,n(f))] [nq—laq—l,q(l) - 77111\’—1@(1—14(1)}
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and therefore R;’,\fn( fn) @ Nooo 0, almost surely. The end of the proof is a now a direct consequence of theo-

rem 0.3 ]
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