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Abstract

The understandingof fluid turbulencehasconsiderablyprogressedin recentyears. The

applicationof themethodsof statisticalmechanicsto thedescriptionof themotionof fluid

particles,i.e. to the Lagrangiandynamics,hasled to a new quantitative theoryof inter-

mittency in turbulenttransport.Thefirst analyticaldescriptionof anomalousscalinglaws

in turbulencehasbeenobtained.The underlyingphysicalmechanismrevealsthe role of

statisticalintegralsof motionin non-equilibriumsystems.For turbulenttransport,thesta-

tistical conservationlaws arehiddenin theevolution of groupsof fluid particlesandarise

from thecompetitionbetweentheexpansionof agroupandthechangeof its geometry. By

breakingthe scale-invariancesymmetry, the statisticallyconserved quantitiesleadto the

observedanomalousscalingof transportedfields.Lagrangianmethodsalsoshednew light

on somepracticalissues,suchasmixing andturbulentmagneticdynamo.
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”Well,” saidPooh,” wekeeplooking for Homeandnotfinding it, soI thought

thatif we lookedfor thisPit, we’d besurenot to find it, whichwouldbeaGood

Thing,becausethenwemightfind somethingthatweweren’t looking for, which

might bejustwhatwewere looking for, really”. A. Milne, Tiggeris unbounced.
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I. INTRODUCTION

Turbulenceis the lastgreatunsolvedproblemof classicalphysicswhich hasevadedphysical

understandingandsystematicdescriptionfor many decades.Turbulenceis a stateof a physical

systemwith many degreesof freedomstrongly deviating from equilibrium. The first obstacle

to its understandingstemsfrom the largenumberof degreesof freedomactively involved in the

problem. The scaleof injection, whereturbulenceis excited, usuallydiffers dramaticallyfrom

the scaleof damping,wheredissipationtakesplace. Nonlinearinteractionsstronglycouplethe

degreesof freedomby transferringexcitationsfrom theinjectionto thedampingscalethroughout

theso-calledinertial rangeof scales.Theensuingcomplicatedandirregulardynamicscalls for a

statisticaldescription.Themainphysicalproblemis to understandto whatextentthestatisticsin

theinertial interval is universal,i.e. independentof theconditionsof excitationanddissipation.In

suchgeneralformulation,theissuegoesfarbeyondfluid mechanics,eventhoughthemainexam-

plesandexperimentaldataareprovidedby turbulencein continuousmedia.Fromthestandpointof

theoreticalphysics,turbulenceis a non-equilibriumfield-theoreticalproblemwith many strongly

interactingdegreesof freedom.Theseconddeeplyrootedobstacleto its understandingis thatfar

from equilibriumwe do not possessany generalguidingrule, like theGibbsprinciplein equilib-

rium statisticalphysics.Indeed,to describethesingle-timestatisticsof equilibriumsystems,the

only thing weneedis theknowledgeof dynamicintegralsof motion.Then,our probabilitydistri-

bution in phasespaceis uniform over thesurfacesof constantintegralsof motion. Dynamically

conservedquantitiesplayanimportantrole in turbulencedescription,too,asthey flow throughout

theinertial rangein acascade-likeprocess.However, theconservedquantityalonedoesnotallow

oneto describethewholestatisticsbut only a singlecorrelationfunctionwhich correspondsto its

flux. Themajorproblemis to obtaintherestof thestatistics.

In every case,thestartingpoint is to identify thedynamicalintegral of motion that cascades

throughtheinertial interval. Let usconsidertheforced3d Navier-Stokesequation

∂tv x r y t z6{ v x r y t zF| ∇v x r y t zF} ν∇2v x r y t zT~�} ∇p x r y t z6{ f x r y t z@y (1)

supplementedby the incompressibilitycondition∇ | v ~ 0. An exampleof injection mechanism
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is a randomlarge-scaleforcing f x r y t z with correlationlengthL. Therelevant integral of motion,

conservedin theabsenceof injectionanddissipation,is kinetic energy � v2dr � 2 andthequantity

whichcascadesthroughouttheinertial interval is energy densityin wavenumberspace.Theenergy

flux-constancy relationwasderivedin Kolmogorov (1941)andit involvesthethird-ordermoment

of thelongitudinalvelocity increments:�*� x v x r y t zl} v x 0 y t ziz�| r � r � 3 ��� � x ∆rvz 3 � ~�} 4
5

ε̄v r � (2)

The separationr is supposedto lie in the inertial interval, rangingfrom the injection scaleL

down to the viscousdissipationscale. The major physicalassumptionmadeto derive the so-

called4� 5 law is that the meanenergy dissipationrate ε̄v ~ ν ��x ∇vz 2 � hasa nonzerolimit asthe

viscosity ν tendsto zero. This clearly points to the non-equilibriumflux natureof turbulence.

Theassumptionof finite dissipationgivesprobablythefirst exampleof whatis called“anomaly”

in modernfield-theoreticallanguage:A symmetryof the inviscid equation(here,time-reversal

invariance)is brokenby thepresenceof theviscousterm,eventhoughthelattermight have been

expectedto becomenegligible in thelimit of vanishingviscosity. Notethatthe4� 5 law (2) implies

thatthethird-ordermomentis universal,thatis, it dependsontheinjectionandthedissipationonly

via the meanenergy injection rate,coincidingwith ε̄v in the stationarystate. To obtainthe rest

of thestatistics,a naturalfirst stepmadeby Kolmogorov himselfwasto assumethestatisticsin

theinertial rangebescaleinvariant.Thescaleinvarianceamountsto assumingthattheprobability

distributionfunction(PDF)of therescaledvelocitydifferencesr � h∆rv canbemader-independent

for an appropriateh. The n-th order momentof the longitudinal velocity increments��x ∆rvz n �
(structurefunctions)would thendependon the separationasa power law rσn with the “normal

scaling”behavior σn ~ hn. Therescalingexponentmaybedeterminedby theflux law, e.g.h ~ 1� 3
for 3d Navier-Stokesturbulence.In theoriginal Kolmogorov theory, thescaleinvariancewasin

factfollowing from thepostulateof completeuniversality:thedependenceontheinjectionandthe

dissipationis carriedentirelyby ε̄v notonly for thethird-ordermomentbut for thewholestatistics

of thevelocity increments.ThevelocitydifferencePDFcouldtheninvolveonly thedimensionless

combination x ε̄vr z � 1� 3∆rv andwould be scaleinvariant. Therearecases,like weakly nonlinear
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wave turbulence(Zakharov et al., 1992),whereboth scale-invarianceandcompleteuniversality

are assuredby the fact that the statisticsin the inertial rangeis closeto Gaussian.That does

not hold for stronglynonlinearsystems.Already in 1942,L. D. Landaupointedout that all the

velocity structurefunctions(exceptthethird one)areaveragesof nonlinearfunctionsof theflux.

They arethereforesensitiveto its fluctuations,whichdependonthespecificinjectionmechanisms.

Consequently, thevelocitystatisticsin theinertial rangemayhavenonuniversalfeatures.

Experimentsdonotsupportscaleinvarianceeither. Thestructurefunctionsarein factfoundex-

perimentallyto haveapower-law dependenceontheseparationr. However, thePDFof theveloc-

ity differencesatvariousseparationscannotbecollapsedoneontoanotherby simplerescalingand

thescalingexponentσn of thestructurefunctionsis anonlinearconcavefunctionof theordern. As

theseparationdecreasesin theinertialrange,thePDFbecomesmoreandmorenon-Gaussian,with

a sharpeningcentralpeakanda tail thatbecomeslongerandlonger. In otherwords,thesmaller

theseparationsconsidered,thehighertheprobabilityof very weakandstrongfluctuations.This

manifestsitself asa sequenceof strongfluctuationsalternatingwith quiescentperiods,which is

indeedobservedin turbulencesignalsandis known asthephenomenonof intermittency. Thevio-

lationof thedimensionalpredictionsfor thescalinglaws is referredto as“anomalousscaling”for

it reflects,again,a symmetrybreaking.TheEulerequationis scale-invariantandthescalesof in-

jectionanddissipationaresupposedto bevery largeandsmall(formally, thelimits to infinity and

zeroshouldbetaken).However, thedynamicsof turbulenceis suchthatthelimits aresingularand

scaleinvarianceis broken.Thepresenceof afinite injectionscaleL, irrespectiveof its largevalue,

is felt throughouttheinertial rangepreciselyvia theanomalies�ix ∆rvz n � ∝ x ε̄vr z n� 3 x L � r z n� 3 � σn.

Thenon-Gaussianityof thestatistics,theanomalousscalingandtheintermittency of thefield

occurasaruleratherthanexceptionin thecontext of fluid dynamics.Thesamephenomenologyis

observedin many otherphysicalsystems.An incompletelist includescompressibleNavier-Stokes

turbulence,Burgers’turbulence,scalarandmagneticfields.Examplesof scalarfieldsareprovided

by the temperatureof a fluid, the humidity in the atmosphere,the concentrationof chemicalor

biological species. The advection-diffusion equationgoverning the transportof a nonreacting

scalarfield by anincompressiblevelocity is:

5



∂tθ x r y t z�{ v x r y t zl| ∇θ x r y t zF} κ∇2θ x r y t zW~ ϕ x r y t z/y (3)

whereϕ describesthe sources.For scalardynamics,the spaceintegral of any function of θ is

conserved in the absenceof sourcesanddiffusion. In their presence,the correspondingrelation

for theflux of θ2 wasderivedin Yaglom(1949):��� x v x r y t zl} v x 0 y t ziz6| r � r � � θ x r y t zF} θ x 0y t z�� 2 � ~�} 4
3

ε̄ r � (4)

Themajorphysicalassumptionis againthatthemeanscalardissipationrateε̄ ~ κ ��x ∇θ z 2 � remains

finite even in the limit wherethe moleculardiffusivity κ vanishes.Considerthe particularcase

when the advecting velocity v satisfiesthe 3d Navier-Stokesequation. Assumingagainscale-

invariance,theflux relations(2) and(4) would imply thatthescalingexponentof boththevelocity

and the scalarfield is 1� 3. As it was expectedfor the velocity, the scalarstructurefunctions

Sn x r zG~�� � θ x r y t zl} θ x 0 y t z$� n � wouldthendependontheseparationaspowerlaws rζn with ζn ~ n� 3.

Experimentsindicatethat scaleinvarianceis violatedfor a scalarfield aswell, that is ζn �~ n� 3.

More importantly, the intermittency of the scalaris muchstrongerthan that of the velocity, in

particular, n� 3 } ζn is substantiallylargerthann� 3 } σn. It wasamajorintuition of R.H.Kraichnan

to realizethatthepassivescalarcouldthenbeintermittentevenin theabsenceof any intermittency

of theadvectingvelocity.

Themainambitionof themoderntheoryof turbulenceis to explain thephysicalmechanisms

of intermittency andanomalousscalingin differentphysicalsystems,andto understandwhat is

really universalin the inertial-interval statistics. It is quite clear that strongly non-equilibrium

systemsgenerallydo not enjoy the samedegreeof universalityas thosein equilibrium. In the

absenceof aunifiedapproachto non-equilibriumsituations,onetriesto solveproblemsonacase-

by-casebasis,with thehopeto learnif any universalguidingprinciple may berecognized.It is

in solving theparticularproblemsof passive scalarandmagneticfields thatan importantstepin

generalunderstandingof turbulencehasbeenrecentlymade.The languagemostsuitablefor the

descriptionof thesystemsturnedoutto betheLagrangianstatisticalformalism,i.e. thedescription

of themotionof fluid particles.This line of analysis,pioneeredby L.F. RichardsonandG.I. Taylor

in thetwentiesandlaterdevelopedby R.H. Kraichnanandothers,hasbeenparticularlyeffective
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here. The resultsdiffer from caseto case.Somefields arenon-Gaussianbut scaleinvarianceis

not broken, while othershave turnedout to be amenableto the first ever analyticaldescription

of anomalousscalinglaws. The anomalousexponentshave beenfound to be universal,but not

the constantsappearingin the prefactorsof genericcorrelationfunctions. This hasprovided a

quantitativeclarificationof Landau’spreviouslymentionedremarkandof theaspectsof turbulence

statisticsthatmaystill beexpectedto beuniversal.More importantly, theanomalousscalinghas

beentracedto the existenceof statisticalintegrals of motion. The mechanismis quite robust

and relevant for transportby genericturbulent flows. The natureof thoseintegrals of motion

stronglydiffers from thatof thedynamicconservation laws thatdetermineequilibriumstatistics.

For any finite numberof fluid particles,theconservedquantitiesarefunctionsof theinterparticle

separationsthatarestatisticallypreservedastheparticlesaretransportedby therandomflow. For

example,at scaleswherethe velocity field is spatiallysmooth,the averagedistanceR between

two particlesgenerallygrows exponentially, while theensembleaverage� R� d � is asymptotically

time-independentin a statisticallyisotropicd-dimensionalrandomflow. The integralsof motion

changewith the numberof particlesandgenerallydependnontrivially on the geometryof their

configurations.In the connectionbetweenthe advectedfields andthe particles,the orderof the

correlationfunctionsis equalto thenumberof particlesandtheanomalousscalingissuemaybe

recastasa problemin statisticalgeometry. Thenonlinearbehavior of thescalingexponentswith

theorderis thendueto thedependenceof theintegralsof motionon thenumberof particles.The

existenceof statisticalconservationlaws signalsthat theLagrangiandynamicskeepstraceof the

particleinitial configurationthroughouttheevolution. Thismemoryis whatmakesthecorrelation

functionsatany smallscalesensitiveto thepresenceof afinite injectionlengthL. Webelievethat,

moregenerally, the notion of statisticalintegralsof motion is a key to understandthe universal

partof thesteady-statestatisticsfor systemsfar from equilibrium.

The aim of this review is a descriptionof fluid turbulencefrom the Lagrangianviewpoint.

Classicalliteratureon Lagrangiandynamicsmostly concentratedon turbulentdiffusionandpair

dispersion,i.e. the distancetraveledby oneparticleor the separationbetweentwo particlesas

a function of time. By contrast,in that generalpicturethat hasemergedrecently, the evolution
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of themultiparticle-configurationgeometrytakescenterstage.Themainbodyof thereview will

presentthesenovelaspectsof Lagrangiandynamicsandtheirconsequencesfor theadvectedfields.

We shall adhereto the following plan. The knowledgeaccumulatedon one and two particle

dynamicshasbeenextensively coveredin literature(Pope,1994;MajdaandKramer, 1999).The

objective of the first threeSectionsin ChapterII is to point out a few fundamentalissues,with

particularattentionto thebasicdifferencesbetweenthecasesof spatiallysmoothandnonsmooth

velocityfields.Wethenproceedto themultiparticlestatisticsandtheanalysisof hiddenstatistical

conservationlawsthatcausethebreakdownof scale-invariance.Mostof thisanalysisis carriedout

undertheassumptionof aprescribedstatisticsof thevelocityfield. In ChapterIII weshallanalyze

passivescalarandvectorfieldstransportedby turbulentflow andwhatcanbeinferredabouttheir

statisticsfrom the motion of fluid particles. In ChapterIV, we briefly discussthe Lagrangian

dynamicsin theBurgersandtheNavier-Stokesequations.Thestatisticsof theadvectingvelocity

is notprescribedanymore,but it resultsfrom nonlineardynamics.Conclusionsfocusontheimpact

of theresultspresentedin this review on majordirectionsof futureresearch.Readersfrom other

fieldsof physicsinterestedmainlyin thebreakdownof scaleinvarianceandstatisticalconservation

lawsmayrestrictthemselvesto Sects.II.C, II.E, III.C, V.

Thepicturepresentedin this review is, to a largeextent,anoutcomeof joint work andnumer-

ousdiscussionswith ourcolleagues,E. Balkovsky, D. Bernard,A. Celani,M. Chertkov, G. Eyink,

A. Fouxon,U. Frisch,I. Kolokolov, A. Kupiainen,V. Lebedev, A. MazzinoandA. Noullez. We

thankK. Khanin,P. Muratore-Ginanneschi,A. Shafarenko, B. Shraimanandtherefereefor valu-

able commentsabout the manuscript. We are indebtedto R. H. Kraichnanwhoseworks and

personalityhavebeenapermanentsourceof inspiration.

II. PARTICLES IN FLUID TURBULENCE

As explainedin the Introduction,understandingthe propertiesof transportedfields involves

the analysisof the behavior of fluid particles. We have thereforedecidedto first presentresults

on thetime-dependentstatisticsof theLagrangiantrajectoriesRn x t z andto devotethesubsequent
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ChapterIII to thedescriptionof transportedfields. In thepresentChapterwesequentiallyincrease

thenumberof particlesinvolvedin theproblem.Westartfrom asingletrajectorywhoseeffective

motion is a simplediffusionat timeslongerthanthevelocity correlationtime in theLagrangian

frame(Sect.II.A). We thenmove to two particles. The separationlaw of two closetrajectories

dependson the scalingpropertiesof the velocity field v x r y t z . If the velocity is smooth,that is�
v x Rn zG} v x Rm z � ∝ �

Rn } Rm
�
, thenthe initial separationgrows exponentiallyin time (Sect.II.B).

The smoothcasecanbe analyzedin muchdetail usingthe large deviation argumentspresented

in Sect.II.B.1. The readermainly interestedin applicationsto transportedfields might wish to

take the final results(21) and(27) for granted,skippingtheir derivation andthe analysisof the

few solvablecaseswherethe large deviationsmay be calculatedexactly. If the velocity is non-

smooth,that is
�
v x Rn zG} v x Rm z � ∝ �

Rn } Rm
� α with α � 1, thenthe separationdistancebetween

two trajectoriesgrowsasa powerof time (Sect.II.C), asfirst observedby Richardson(1926).We

discussimportantimplicationsof sucha behavior on thenatureof theLagrangiandynamics.The

differencebetweenthe incompressibleflows, wherethetrajectoriesgenerallyseparate,andcom-

pressibleones,wherethey maycluster, is discussedin Sect.II.D. Finally, in theconsiderationof

threeor moretrajectories,thenew issueof geometryappears.Statisticalconservationlaws come

to light in two-particleproblemandthenfeatureprominentlyin the considerationof multiparti-

cle configurations.Geometryandstatisticalconservation laws arethemainsubjectof Sect.II.E.

Although we try to keepthe discussionasgeneralaspossible,muchof the insight into the tra-

jectorydynamicsis obtainedby studyingsimplerandomensemblesof syntheticvelocitieswhere

exact calculationsarepossible. The latter serve to illustrate the generalfeaturesof the particle

dynamics.

A. Single-par tic le diffusion

The LagrangiantrajectoryRx t z of a fluid particle advectedby a prescribedincompressible

velocity field v x r y t z in d spacedimensionsandundergoingmoleculardiffusionwith diffusivity κ

is governedby thestochasticequation(Taylor, 1921),customarilywritten for differentials:
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dR ~ v x Ry t z dt {�� 2κdβ x t z�� (5)

Here,β x t z is thed-dimensionalstandardBrownianmotionwith zeroaverageandcovariancefunc-

tion � βi x t z β j x t �[z � ~ δi j min x t y t �.z . Thesolutionof (5) is fixedby prescribingtheparticleposition

at afixedtime,e.g.theinitial positionRx 0z .
The simplest instance of (5) is the Brownian motion, where the advection is ab-

sent. The probability density �ux ∆R; t z of the displacement∆Rx t zu~ Rx t z&} Rx 0z satisfies

the heat equation x ∂t } κ∇2 z���~ 0 whose solution is the Gaussiandistribution �ux ∆R; t z�~x 4πκt z � d � 2 exp
� }-x ∆Rz 2 ��x 4κt z3� . The other limiting caseis pure advection without noise. The

propertiesof the displacementdependthen on the specifictrajectoryunderconsideration.We

shall always work in the frame of referencewith no meanflow. We assumestatisticalhomo-

geneityof theEulerianvelocitieswhich implies that theLagrangianvelocityV x t zA~ v x Rx t z@y t z is

statisticallyindependentof theinitial position.If, additionally, theEulerianvelocity is statistically

stationary, thensois theLagrangianone1. Thesingle-timeexpectationsof theLagrangianvelocity

coincidein particularwith thoseof theEulerianone,e.g. � V x t z � ~�� v� ~ 0. Therelationbetween

themulti-timestatisticsof theEulerianandtheLagrangianvelocitiesis howeverquiteinvolvedin

thegeneralcase.

For κ ~ 0, themeansquaredisplacementsatisfiesthedifferentialequation:

d
dt � x ∆Rx t z�z 2 � ~ 2 � t

0

� V x t zl| V x sz � ds ~ 2 � t

0

� V x 0zF| V x sz � ds y (6)

wherethesecondequalityusesthestationarityof V x t z . Thebehavior of thedisplacementis cru-

cially dependenton the rangeof temporalcorrelationsof theLagrangianvelocity. Let usdefine

theLagrangiancorrelationtimeas

τ ~ � ∞
0 � V x 0zl| V x sz � ds� V2 � � (7)

1This follows by averagingthe expectationsinvolving V   t ¡ τ ¢ over the initial positionR  0¢ (on which

they do notdepend)andby thechangeof variablesR  0¢l£¤ R  τ ¢ underthevelocity ensembleaverage.The

argumentrequirestheincompressibilityof thevelocity, seeSect.II.D.
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Thevalueof τ providesa measureof theLagrangianvelocity memory. Divergenceof τ is symp-

tomaticof persistentcorrelations.As we shalldiscussin thesequel,no generalrelationbetween

the Eulerianand the Lagrangiancorrelationtimescanbe establishedbut for the caseof short-

correlatedvelocities. For timest ¥ τ, the2-point function in (6) is approximatelyequalto � v2 �
andthe particletransportis ballistic: ��x ∆Rz 2 �K¦ � v2 � t2. Whenthe Lagrangiancorrelationtime

is finite, a genericsituation in a turbulent flow, an effective diffusive regime arisesfor t § τ

with ��x ∆Rz 2 � ~ 2 � v2 � τt (Taylor, 1921). The particledisplacementsover time segmentsspaced

by distancesmuchlarger thanτ areindeedalmostindependent.At long times,thedisplacement

∆R behaves thenasa sumof many independentvariablesand falls into the classof stationary

processesgovernedby the CentralLimit Theorem. In otherwords, the displacementfor t § τ

becomesa Brownianmotionin d dimensionswith�
∆Ri x t z ∆Rj x t z � ¦ 2Di j

e t y (8)

where

Di j
e ~ 1

2

∞�
0

� V i x 0z V j x sz6{ V j x 0z V i x sz � ds � (9)

Thesameargumentscarryover to thecaseof anon-vanishingmoleculardiffusivity. Thesymmet-

ric secondordertensorDi j
e describesthe effective diffusivity (alsocallededdydiffusivity). The

traceof Di j
e is equalto thelong-timevalue � v2 � τ of theintegral in (6), while its tensorialproperties

reflect the rotationalsymmetriesof the velocity field. If it is isotropic, the tensorreducesto a

diagonalform characterizedby asinglescalarvalue.Themainproblemof turbulentdiffusionis to

obtaintheeffective diffusivity tensor, giventhevelocity field v andthevalueof thediffusivity κ.

Exhaustive reviews of theproblemareavailablein the literature(Bensoussanet al., 1978;Pope,

1994;FannjiangandPapanicolaou,1996;MajdaandKramer, 1999).

The other generalissuein turbulent diffusion is about the conditionson the velocity field

ensuringtheLagrangiancorrelationtime τ be finite andan effective diffusion regime take place

for large enoughtimes. A sufficient condition(Kraichnan,1970; AvellanedaandMajda, 1989;

AvellanedaandVergassola,1995) is that the vectorpotentialvariance � A2 � is finite, wherethe
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3d incompressiblevelocity v ~ ∇ ¨ A. Similar conditionsare valid for any spacedimension.

The conditionκ �~ 0 is essentialto the validity of the previous result,asshown by the counter-

exampleof Rayleigh-B́enardconvective cells, seee.g. (Normandet al., 1977). In the absence

of molecularnoise,the particlecirculatesforever in the sameconvective cell, with no diffusion

taking placeat any time. This providesan exampleof subdiffusion: the integral in (6) goesto

zeroast © ∞ andthe growth of the meansquaredisplacementis slower thanlinear. Note that

any finite moleculardiffusivity, however small, createsthin diffusive layersat the boundariesof

thecells;particlescanthenjumpfrom onecell to anotheranddiffuse.Subdiffusionis particularly

relevantfor static2d flows,wheretoolsborrowedfrompercolation/statisticaltopographyfind most

fruitful applications(Isichenko, 1992). Trappingeffectsrequiredfor subdiffusionare,generally

speaking,favoredby thecompressibilityof thevelocityfield,e.g.,in randompotentials(Bouchaud

andGeorges,1990). Subdiffusive effectsareexpectedto be overwhelmedby chaoticmixing in

flows leadingto Lagrangianchaos,i.e., to particletrajectoriesthat arechaoticin the absenceof

moleculardiffusion(Ottino, 1989;Bohr et al., 1998). This is thegenericsituationfor 3d and2d

time-dependentincompressibleflows.

Physicalsituationshaving an infinite Lagrangiancorrelationtime τ correspondto superdif-

fusive transport: divergencesof the integral in (6) as t © ∞ signal that the particle transportis

fasterthandiffusive. A classicalexampleof suchbehavior is theclassof parallelflows presented

by Matheronandde Marsily (1980). If the large-scalecomponentsof thevelocity field aresuf-

ficiently strongto make the particlemove in the samedirection for arbitrarily long periodsthe

resultingmeansquaredisplacementgrows more rapidly than t. Other simple examplesof su-

perdiffusivemotionareLévy-typemodels(Geiseletal., 1985;Shlesingeretal., 1987).A detailed

review of superdiffusive processesin Hamiltoniansystemsandsymplecticmapscanbefound in

Shlesingeretal. (1993).

Having listeddifferentsubdiffusive andsuperdiffusive cases,from now on we shall be inter-

estedin randomturbulentflowswith finite Lagrangiancorrelationtimes,whichareexperimentally

known to occurfor sufficiently high Reynoldsnumbers(Pope,1994). For the long-timedescrip-

tion of thediffusionin suchflows,it is usefulto considertheextremecaseof randomhomogeneous
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andstationaryEulerianvelocitieswith a shortcorrelationtime. Theformal way to get thesepro-

cessesis to changethe time scaleby taking thescalinglimit lim
µª ∞

µ
1
2 v x r y µt z , i.e. consideringthe

processasviewedin a sped-upfilm. We assumethat theconnectedcorrelationfunctions2 decay

fastenoughwhentime differencesincrease.Theelementaryconsequencesof thoseassumptions

aretheexistenceof the long-timeasymptoticlimit andthe fact that it is governedby theCentral

Limit Theorem.Whenµ © ∞, we recover a velocity field which is Gaussianandwhite in time,

characterizedby the2-pointfunction

� vi x r y t z v j x r � y t � z � ~ 2δ x t } t � z Di j x r } r � z6� (10)

Theadvectionby suchvelocity fieldswasfirst consideredby Kraichnan(1968)andit is common

to call theGaussianensembleof velocitieswith 2-pointfunction(10)theKraichnanensemble.For

theKraichnanensemble,theLagrangianvelocityV x t z hasthesamewhitenoisetemporalstatistics

astheEulerianonev x r y t z for fixed r andthedisplacementalonga Lagrangiantrajectory∆Rx t z is

a Brownianmotion for all times. Theeddydiffusivity tensoris Di j
e ~ Di j x 0z , which is a special

caseof relation(9). In thepresenceof moleculardiffusion,theoveralldiffusivity is thesumof the

eddycontributionandthemolecularvalueκδi j .

In realisticturbulentflows, theLagrangiancorrelationtime τ is comparableto thecharacteris-

tic time scaleof largeeddies.Progressin numericalsimulations(Yeung,1997)andexperimental

technique(Voth et al., 1998;La Portaet al., 2001;Mordantet al. 2001)hasprovidedinformation

onthesingleparticlestatisticsin theregimeintermediatebetweenballisticanddiffusive. Suchbe-

havior is capturedby thethesubtractedLagrangianautocorrelationfunction � V x 0z�x V x 0z5} V x t z�z �
or its secondtime derivative that is the autocorrelationfunction of the Lagrangianacceleration.

This informationhasprovidedstringenttestson simplestochasticmodels(thateliminatevelocity

fields), often usedin the pastto describethe one-particleandtwo-particlestatisticsin turbulent

flows (Pope,1994). The Kraichnanensemblethat modelsstochasticvelocity fields, certainly

2The connectedcorrelation functions, also called cumulants,are recursively definedby the relation«
v1 ¬¬¬ vn ®�¯ ∑°

πα ± ∏α «« vπα ² 1³3´ ¬¬¬ ´ vπα ² nα ³ ®® with thesumover thepartitionsof µ 1 ´ ¬¬¬ ´ n ¶ .
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missrepresentsthesingleparticlestatisticsby suppressingtheregime of timessmallerthanτ. It

constitutes,however, asweshallseein thesequel,animportanttheoreticallaboratoryfor studying

themultiparticlestatisticsin fluid turbulence.

B. Two-par tic le disper sion in a spatiall y smooth velocity

The separationR12 ~ R1 } R2 betweentwo fluid particleswith trajectoriesRn x t z�~ Rx t; rn z
passingat t ~ 0 throughthepoints rn satisfies(in theabsenceof Brownianmotion)theequation

Ṙ12 ~ v x R1 y t zl} v x R2 y t z6� (11)

We considerfirst an incompressibleflow wherethe particlesgenerallyseparate.In this Section,

we startfrom the smallestdistanceswherethe velocity field canbe consideredspatiallysmooth

dueto viscouseffects. In next Section,we treat the dispersionproblemfor larger distances(in

the inertial interval of turbulence)wherethe velocity field hasa nontrivial scaling. Finally, we

describeacompressibleflow andshow how theseparationamongtheparticlesis replacedby their

clusteringasthedegreeof compressibilitygrows.

1. General considerations

In smoothvelocities,for separationsR12 muchsmallerthanthe viscousscaleof turbulence,

i.e. in theso-calledBatchelorregime(Batchelor, 1959),wemayapproximatev x R1 y t z5} v x R2 y t z�·
σ x t z R12 x t z with theLagrangianstrainmatrix σi j x t z5~ ∇ jvi x R2 x t z/y t z . In thisregime,theseparation

obeys theordinarydifferentialequation

Ṙ12 x t zW~ σ x t z R12 x t z6y (12)

leadingto thelinearpropagation

R12 x t z¸~ W x t z R12 x 0z/y (13)
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wheretheevolution matrix is definedasWi j x t zT~ ∂Ri x r; t zi� ∂r j with r ~ r2. We shallalsousethe

notationW x t; r z whenwe wish to keeptrackof theinitial point or W x t; r y sz if theinitial time s is

differentfrom zero.

Theequation(12), with thestraintreatedasgiven,maybeexplicitly solvedfor arbitraryσ x t z
only in the1d caseby expressingW x t z astheexponentialof thetime-integratedstrain:

ln
�
Rx t z�� Rx 0z$�_~ lnW x t zT~ � t

0
σ x sz ds � X � (14)

We have omittedsubscriptsreplacingR12 by R. Whent is muchlarger thanthecorrelationtime

τ of thestrain,thevariableX behavesasa sumof many independentequallydistributedrandom

numbersX ~ ∑N
1 yi with N ∝ t � τ. Itsmeanvalue � X � ~ N � y� growslinearlyin time. Its fluctuations

X }¹� X � on the scale ºjx t1� 2 z aregovernedby the CentralLimit Theoremthat statesthat x X }� X � z�� N1� 2 becomesfor largeN aGaussianrandomvariablewith variance� y2 � }»� y� 2 � ∆. Finally,

its fluctuationson the largerscale ºjx t z aregovernedby theLargeDeviation Theoremthatstates

thatthePDFof X hasasymptoticallytheform�ux X z ∝ e� NH ¼ X � N �W½ y¾À¿ � (15)

This is aneasyconsequenceof theexponentialdependenceon N of thegeneratingfunction � ezX �
of the momentsof X. Indeed, � ezX � ~ eNS¼ z¿ , wherewe have denoted� ezy� � eS¼ z¿ (assuming

thattheexpectationexistsfor all complex z). ThePDF �ux X z is thengivenby theinverseLaplace

transform 1
2πi � e� zX Á NS¼ z¿ dz with theintegraloverany axisparallelto theimaginaryone.ForX ∝

N, theintegral is dominatedby thesaddlepoint z0 suchthatS� x z0 z9~ X � N andthelargedeviation

relation(15) follows with H ~�} Sx z0 zF{ z0S� x z0 z . The function H of the variable X � N }Â� y� is

calledentropy functionasit appearsalsoin the thermodynamiclimit in statisticalphysics(Ellis,

1985).A few importantpropertiesof H (alsocalledrateor Craḿer function)maybeestablished

independentlyof thedistribution �ux yz . It is a convex functionwhich takesits minimumat zero,

i.e. for X taking its meanvalue � X � ~ NS� x 0z . Theminimal valueof H vanishessinceSx 0z9~ 0.

Theentropy is quadraticaroundits minimumwith H �Ã�0x 0z9~ ∆ � 1, where∆ ~ S�Ã�"x 0z is thevariance

of y. Thepossiblenon-Gaussianityof the y’s leadsto a non-quadraticbehavior of H for (large)

deviationsof X � N from themeanof theorderof ∆ � S�Ã�Ã�"x 0z .
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Comingbackto thelogarithmlnW x t z of theinterparticledistanceratio in (14), its growth (or

decay)rate λ ~�� X � � t is calledtheLyapunov exponent.Themoments� �Rx t z$� n � behave exponen-

tially asexp
�
γ x nz t � with γ x nz aconvex functionof n vanishingat theorigin. Evenif λ ~ γ �Äx 0z�� 0,

high-ordermomentsof R maygrow exponentiallyin time, see,for instance,thebehavior of the

interparticledistancediscussedin SectionII.D. In this case,theremustbe onemorezeron1 of

γ x nz andastatisticalintegralof motion, � Rn1 � , thatdoesnotdependon timeat largetimes.

In themultidimensionalcase,thesolution(13) for Rx t z is determinedby productsof random

matricesratherthanjust randomnumbers.Theevolutionmatrix W x t z maybewrittenas

W x t zÅ~ Æ exp
� t�

0

σ x sz ds�Â~ ∞

∑
nÇ 0

t�
0

σ x sn z dsn ����� s3�
0

σ x s2 z ds2

s2�
0

σ x s1 z ds1 � (16)

This time-orderedexponentialform is, of course,not very useful for direct calculationsexcept

for the particularcaseof a short-correlatedstrain,seebelow. The main statisticalpropertiesof

theseparationvectorR neededfor mostphysicalapplicationsmight still beestablishedfor quite

arbitrarystrainswith finite temporalcorrelations.The basicideagoesbackto Lyapunov (1907)

andFurstenberg andKesten(1960)andit foundfurtherdevelopmentin theMultiplicativeErgodic

Theoremof Oseledec(1968). ThemodulusR of theseparationvectormaybeexpressedvia the

positive symmetricmatrix WTW. The main result statesthat in almostevery realizationof the

strain, the matrix 1
t lnWTW stabilizesas t © ∞. In particular, its eigenvectorstend to d fixed

orthonormaleigenvectors f i . To understandthat intuitively, considersomefluid volume,saya

sphere,whichevolvesinto anelongatedellipsoidat latertimes.As time increases,theellipsoidis

moreandmoreelongatedandit is lessandlesslikely that thehierarchyof theellipsoidaxeswill

change.Thelimiting eigenvalues

λi ~ lim
t ª ∞

t � 1 ln
�
W f i

�
(17)

definetheso-calledLyapunov exponents.Themajorpropertyof theLyapunov exponentsis that

they arerealization-independentif the strain is ergodic. The usualconventionis to arrangethe

exponentsin non-increasingorder.
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Therelation(17)tells thattwo fluid particlesseparatedinitially by Rx 0z pointinginto thedirec-

tion f i will separate(or converge) asymptoticallyasexp x λit z . The incompressibilityconstraints

detx W zW~ 1 and∑λi ~ 0 imply thatapositiveLyapunov exponentwill exist wheneverat leastone

of theexponentsis nonzero.Considerindeed

E x nz9~ lim
t ª ∞

t � 1 ln � �Rx t zi� Rx 0z$� n� y (18)

whoseslopeat the origin gives the largestLyapunov exponentλ1. The function E x nz obvi-

ouslyvanishesat theorigin. Furthermore,E x7} d zK~ 0, i.e. incompressibilityandisotropy make

that � R� d � is time-independentas t © ∞ (Furstenberg, 1963; Zeldovich et al., 1984). Nega-

tive momentsof ordersn ��} 1 areindeeddominatedby the contribution of directionsRx 0z al-

mostalignedto the eigendirectionsf 2 yi����� f d. At n � 1 } d themain contribution comesfrom a

small subsetof directionsin a solid angle∝ exp x dλdt z around f d. It follows immediatelythat� Rn � ∝ exp
�
λd x d { nz t � andthat � R� d � is a statisticalintegral of motion. SinceE x nz is a convex

function, it cannothave otherzeroesexcept } d and0 if it doesnot vanishidentically between

thosevalues. It follows that the slopeat the origin, andthusλ1, is positive. The simplestway

to appreciateintuitively the existenceof a positive Lyapunov exponentis to consider, following

Zel’dovich et al. (1984),thesaddle-point2d flow vx ~ λx y vy ~È} λy. A vectorinitially forming

an angleφ with the x-axis will be stretchedafter time T if cosφ É �
1 { exp x 2λT z�� � 1� 2, i.e. the

fractionof stretcheddirectionsis largerthan1� 2.

A major consequenceof the existenceof a positive Lyapunov exponentfor any randomin-

compressibleflow is anexponentialgrowth of theinterparticledistanceRx t z . In a smoothflow, it

is alsopossibleto analyzethe statisticsof thesetof vectorsRx t z andto establisha multidimen-

sionalanalogof (15) for thegeneralcaseof a nondegenerateLyapunov exponentspectrum.The

final resultswill be the Large Deviation expressions(21) and(27) below. The ideais to reduce

the d-dimensionalproblemto a setof d scalarproblemsexcluding the angulardegreesof free-

dom. We describethis procedurefollowing Balkovsky andFouxon(1999). Considerthematrix

I x t z�~ W x t z WT x t z , representingthetensorof inertiaof afluid elementliketheabovementionedel-

lipsoid. Thematrix is obtainedby averagingRi x t z Rj x t zi��Ê 2d over theinitial vectorsof length Ê . In
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contrasttoWT W thatstabilizesat largetimes,thematrix I rotatesin everyrealization.To account

for thatrotation,we representthematrix asOTΛO with theorthogonalO composedof theeigen-

vectorsof I and the diagonalΛ having the eigenvaluese2ρ1 y������ e2ρd arrangedin non-increasing

order. Theevolutionequation∂t I ~ σI { IσT takesthentheform

∂tρi ~ σ̃ii y σ̃ ~ OσOT y (19)

∂tO ~ ΩO y Ωi j ~ e2ρi σ̃ j i { e2ρ j σ̃i j

e2ρi } e2ρ j
y (20)

with no summationover repeatedindices. We assumeisotropy so that at large timesthe SO x d z
rotationmatrix O is distributeduniformly over the sphere.Our task is to describethe statistics

of the stretchingandthe contraction,governedby the eigenvaluesρi . We seefrom (19,20)that

theevolution of theeigenvaluesis generallyentangledto thatof theangulardegreesof freedom.

As time increases,however, the eigenvalueswill becomewidely separated(ρ1 § �����Ë§ ρd) for

a majority of the realizationsand Ωi j © σ̃ j i for i � j (the uppertriangularpart of the matrix

follows from antisymmetry). The dynamicsof the angulardegreesof freedombecomesthen

independentof theeigenvaluesandthesetof equations(19)reducesto ascalarform. Thesolution

ρi ~ � t
0 σ̃ii x sz ds allows theapplicationof thelargedeviation theory, giving theasymptoticPDF:

�ux ρ1 yi�����iy ρd; t z ∝ exp
� } t H x ρ1 � t } λ1 y��i���iy ρd � 1 � t } λd � 1 z$�¨ θ x ρ1 } ρ2 z6����� θ x ρd � 1 } ρd z δ x ρ1 {Ì�i���7{ ρd zY� (21)

The Lyapunov exponentsλi arerelatedto the strainstatisticsas λi ~Í� σ̃ii
� wherethe averageis

temporal.Theexpression(21) is notvalid neartheboundariesρi ~ ρi Á 1 in aregionof orderunity,

negligible with respectto λit at timest § x λi } λi Á 1 z!� 1.

Theentropy functionH dependson thedetailsof thestrainstatisticsandhasthesamegeneral

propertiesasabove: it is non-negative,convex andit vanishesatzero.Neartheminimum, H x xzW·
1
2 x C � 1 z i jxix j with the coefficientsof the quadraticform given by the integralsof the connected

correlationfunctionsof σ̃ definedin (19):

Ci j ~ � ��� σ̃ii x t z/y σ̃ j j x t � z ��� dt � y i y j ~ 1 y��i���7y d } 1 � (22)
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In the δ-correlatedcase,the entropy is everywherequadratic.For a genericinitial vectorr, the

long-timeasymptoticsof ln x R� r z coincideswith �ux ρ1 zA~��w�ux ρ1 y��i���iy ρd z dρ2 ���i� dρd which also

takesthelarge-deviation form at largetimes,asfollowsfrom (21). Thequadraticexpansionof the

entropy nearits minimumcorrespondsto thelognormaldistribution for thedistancebetweentwo

particles

�ux r;R; t z ∝ exp ÎA}ÐÏ ln x R� r zF} λ̄t Ñ 2 ��x 2∆t z�ÒÓy (23)

with r ~ Rx 0z , λ̄ ~ λ1 and∆ ~ C11.

It is interestingto notethatunderthesameassumptionof nondegenerateLyapunov spectrum

onecananalyzetheeigenvectorsei of theevolution matrixW (Goldhirschet al., 1987).Notethe

distinctionbetweenthe eigenvectorsei of W and f i of WTW. Let us order the eigenvectorsei

accordingto theireigenvalues.Thosearerealdueto theassumednondegeneracy andthey behave

asymptoticallyasexp x λ1t z@y������$y exp x λdt z . The ed eigenvectorconvergesexponentiallyto a fixed

vectorandany subspacespannedby Ô ed � k y������$y ed Õ for 0 Ö k Ö d tendsasymptoticallyto a fixed

subspacefor every realization. Remarkthat the subspaceis fixed in time but changeswith the

realization.

Moleculardiffusionis incorporatedinto theabovepictureby replacingthedifferentialequation

(12)by its noisyversion

dRx t zW~ σ x t z Rx t z dt { 2 � κdβ x t z6� (24)

Theseparationvectoris subjectto theindependentnoisesof two particles,hencethefactor2 with

respectto (5). Thesolutionto theinhomogeneouslinearstochasticequation(24) is easyto express

via thematrixW x t z in (16). Thetensorof inertiaof a fluid elementI i j x t zT~ 1× 2d
Ri x t z Rj x t z is now

averagedboth over the initial vectorsof length Ê andthe noise,thusobtaining(Balkovsky and

Fouxon,1999):

I x t zØ~ W x t z W x t z T { 4κ× 2d

t�
0

W x t z �W x sz TW x sz$� � 1W x t z T ds � (25)
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Thematrix I x t z evolvesaccordingto ∂t I ~ σI { Iσ { 4κ× 2d
andtheeliminationof theangulardegrees

of freedomproceedsaspreviously. An additionaldiffusiveterm2κ exp x7} 2ρi z appearsin (19)and

theasymptoticsolutionbecomes

ρi x t z4~ � t

0
σ̃ii x sz ds { 1

2
ln Ù 1 { 4κ× 2d

� t

0
exp

� } 2 � s

0
σ̃ii x s� z ds� � ds Úg� (26)

The last term in (26) is essentialfor the directionscorrespondingto negative λi . The molecular

noisewill indeedstartto affect themotionof themarkedfluid volumewhentherespectivedimen-

siongetssufficiently small. If Ê is theinitial size,therequiredconditionρi
�Û } ρ Üi ~Ð} ln x"Ê 2 � λi

� � κ z
is typically metfor times t ¦ ρ Üi � �λi

�
. For longertimes,therespectiveρi is preventedby diffusion

to decreasemuchbelow } ρ Üi , while thenegative λi preventsit from increasing.As a result,the

correspondingρi becomesa stationaryrandomprocesswith a meanof the order } ρ Üi . The re-

laxationtimesto thestationarydistribution aredeterminedby σ̃, which is diffusion independent,

andthey arethusmuchsmallerthant. On the otherhand,the componentsρ j correspondingto

non-negativeLyapunov exponentsaretheintegralsover thewholeevolution time t. Their values

at time t arenot sensitive to the latestperiodof evolution lastingover therelaxationtime for the

contractingρi . Fixing the valuesof ρ j at times t § ρ Üi � � λi
�

will not affect the distribution of

thecontractingρi andthewholePDFis factorized(ShraimanandSiggia, 1994;Chertkov et al.,

1997;Balkovsky andFouxon,1999). For Lagrangiandynamicsin 3d developedNavier-Stokes

turbulencethereare, for instance,two positive andonenegative Lyapunov exponents(Girimaji

andPope,1990).For times t § ρ Ü3 � � λ3
�
wehave then� ∝ exp

� } t H x ρ1 � t } λ1 y ρ2 � t } λ2 z��K� st x ρ3 z6y (27)

with thesamefunctionH asin (21) sinceρ3 is independentof ρ1 andρ2. Note that theaccount

of the molecularnoiseviolatesthe condition ∑ρi ~ 0 as fluid elementsat scalessmaller thanÝ
κ � �λ3

�
cannotbedistinguished.To avoid misunderstanding,notethat (27) doesnot meanthat

the fluid is gettingcompressible:the simplestatementis that if onetries to follow any marked

volume,themoleculardiffusionmakesthis volumestatisticallygrowing.

Notethatwehave implicitly assumedÊ to besmallerthantheviscouslengthη ~ Ý
ν � �λ3

�
but

larger thanthediffusionscale
Ý

κ � � λ3
�
. Eventhoughν andκ arebothdueto molecularmotion,
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their ratiowidely variesdependingonthetypeof material.Thetheoryof thissectionis applicable

for materialshaving largeSchmidt(or Prandtl)numbersν � κ.

Theuniversalforms(21) and(27) for thetwo-particledispersionarebasicallyeverythingwe

needfor physicalapplications.We will show in thenext ChapterthatthehighestLyapunov expo-

nentdeterminesthesmall-scalestatisticsof apassivelyadvectedscalarin asmoothincompressible

flow. For otherproblems,thewholespectrumof exponentsandeventheform of theentropy func-

tion arerelevant.

2. Solvable cases

TheLyapunov spectrumandtheentropy functioncanbederivedexactly from thegivenstatis-

ticsof σ for few limiting casesonly. Thecaseof ashort-correlatedstrainallowsfor acompleteso-

lution. For afinite-correlatedstrain,onecanexpressanalytically λ̄ and∆ for a2d long-correlated

strainandat largespacedimensionality.

i) Short-correlatedstrain. Considerthecasewherethestrain σ x t z is astationarywhite-in-time

Gaussianprocesswith zeromeanandthe2-pointfunction

� σi j x t z σk
× x t � z � ~ 2δ x t } t � z Ci jk

× � (28)

Thiscasemaybeconsideredasthelong-timescalinglimit lim
µª ∞

µ
1
2 σ x µt z of ageneralstrainalonga

Lagrangiantrajectory, providedits temporalcorrelationsdecayfastenough.It maybealsoviewed

asdescribingthestrainin theKraichnanensembleof velocitiesdecorrelatedin time andsmooth

in space.In the latter case,thematrix Ci jk
× ~È} ∇ j∇ × Dik x 0z5y whereDi j x r z is thespatialpart in

the 2-point velocity correlation(10). We assumeDi j x r z to be smoothin r (or at leasttwice dif-

ferentiable),a propertyassuredby a fastdecayof its FouriertransformD̂i j x k z . Incompressibility,

isotropy andparity invarianceimposetheform Di j x r z9~ D0δi j } 1
2 di j x r z with

di j x r zÞ~ D1

� x d { 1z δi j r2 } 2r ir j �{ o x r2 z/� (29)

Thecorrespondingexpressionfor the2-pointfunctionof σ reads
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Ci jk
× ~ D1

� x d { 1z δikδ j
× } δi jδk

× } δi
× δ jk ��y (30)

with theconstantD1 having thedimensionof theinverseof time.

Thesolutionof thestochasticdifferentialequation(12) is givenby (16) with thematrixW x t z
involving stochasticintegralsover time. For a white-correlatedstrain,suchintegralsarenot de-

fined unambiguouslybut requirea regularizationthat reflectsfiner detailsof the straincorrela-

tionswipedout in thescalinglimit. An elementarydiscussionof this issuemaybe found in the

Appendix. For an incompressiblestrain,however, the ambiguity in the integralsdefiningW x t z
disappearsso that we do not needto careaboutsuchsubtleties. The randomevolution matri-

cesW x t z form a diffusion processon the group SL x d z of real matriceswith unit determinant.

Its generatoris a second-orderdifferentialoperatoridentifiedby ShraimanandSiggia(1995)as

M ~ D1

�
dH2 }Âx d { 1z J2 � , whereH2 andJ2 are the quadraticCasimirof SL x d z and its SO x d z

subgroup.In otherwords,thePDFof W x t z satisfiestheevolution equation x ∂t } M z��ux W; t zT~ 0.

ThematrixW x t z maybeviewedasa continuousproductof independentrandommatrices.Such

productsin continuousor discreteversionshavebeenextensivelystudied(Furstenberg andKesten,

1960;Furstenberg, 1963;Le Page,1982)andoccurin many physicalproblems,e.g. in 1d local-

ization(Lifshitz et al., 1988;Crisantiet al., 1993).

If we are interestedin the statisticsof stretching-contractionvariablesonly, thenW x t z may

beprojectedontothediagonalmatrix Λ with positivenon-increasingentriese2ρ1 y������7y e2ρd by the

decompositionW ~ OΛ
1
2 O�/y wherethematricesOandO� belongto thegroupSO x d z . Asobserved

in (Bernardet al., 1998;Balkovsky andFouxon,1999),thegeneratorof theresultingdiffusionof

ρi is thed-dimensionalintegrableCalogero-SutherlandHamiltonian. The ρi obey the stochastic

Langevin equation

∂tρi ~ D1d∑
j ßÇ i

coth x ρi } ρ j zK{ ηi y (31)

whereη is a white noisewith 2-point function � ηi x t z η j x t �[z � ~ 2D1 x dδi j } 1z δ x t } t �àz . At long

timestheseparationbetweentheρi ’s becomeslargeandwe mayapproximatecothx ρi j z by á 1. It

is theneasyto solve (31)andfind theexplicit expressionof thePDF(21):
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H x xzj~ 1
4D1d

d

∑
i Ç 1

x2
i y λi ~ D1d x d } 2i { 1z6� (32)

Notethequadraticform of theentropy, implying thatthedistributionof Rx t z takesthelognormal

form (23) with λ̄ ~ λ1 and∆ ~ 2D1 x d } 1z . The calculationof the long-timedistribution of the

leadingstretchingrateρ1 goesbackto Kraichnan(1974).Thewholesetof d Lyapunov exponents

wasfirst computedin (Le Jan,1985),seealso(Baxendale,1986). GambaandKolokolov (1996)

obtainedthelong-timeasymptoticsof ρi byapathintegralcalculation.Thespectraldecomposition

of theCalogero-SutherlandHamiltonian,see(Olshanetsky etal., 1983),permitsto write explicitly

thePDFof ρi for all times.

ii) 2d slow strain. In 2d, onecanreducethevectorequation(12) to a second-orderscalarform.

Let us indeedconsiderthecaseof a slow strainsatisfyingσ̇ ¥ σ2 anddifferentiatetheequation

Ṙ ~ σR with respectto time. Thetermwith σ̇ is negligible with respectto σ2 anda little miracle

happenshere:becauseof incompressibility, thematrix σ is tracelessandσ2 is proportionalto the

unit matrix in 2d. We thuscometo ascalarequationfor thewave functionΨ ~ Rx { iRy:

∂2
t Ψ ~�x σ2

11 { σ12σ21 z Ψ � (33)

This is the stationarySchr̈odingerequationfor a particle in the randompotentialU ~ S2 } Ω2,

whereS2 ~ σ2
11 {âx σ12 { σ21z 2 � 4 andΩ2 ~Íx σ12 } σ21 z 2 � 4 is the vorticity. Time playsherethe

role of thecoordinate.Our problemis thusequivalentto localizationin thequasi-classicallimit

(Lifshitz etal., 1988)andfindingthebehavior of (33)with giveninitial conditionsis similar to the

computationof a1d sampleresistivity, seee.g. (Abrikosov andRyzhkin,1978;Kolokolov, 1993).

Basedon theseresultswe canassertthat themodulus
�
Ψ
� ~ R in randompotentialsgrows expo-

nentiallyin time,with thesameexponentthatcontrolsthedecayof thelocalizedwave function.

The problemcanbe solved usingsemi-classicalmethods.The flow is partitionedin elliptic

(Ω ã S) andhyperbolic(S ã Ω) regions(Weiss,1991),correspondingto classicalallowed(U � 0)

andforbidden(U ã 0) regions. Thewave functionΨ is givenby two oscillatingexponentialsor

onedecreasingandoneincreasing,respectively. Furthermore,the typical lengthof the regions

is the correlationtime τ, muchlarger thanthe inverseof the meanstrainandvorticity S� 1
rms and
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Ω � 1
rms. It follows that the increasingexponentialsin the forbiddenregionsarelargeanddominate

thegrowth of Rx t z . With exponentialaccuracy wehave:

λ x t zW~ ln ä Rx t z
Rx 0z:å ~ 1

t
Re� t

0

Ý
U x sz ds y (34)

wheretherealpart restrictsthe integrationto thehyperbolicregions. Theparameters̄λ and∆ in

thelognormalexpression(23)areimmediatelyreadfrom (34):

λ̄ ~ �
Re� U � y ∆ ~Ð� �9�

Re
Ý

U x 0z!y Re
Ý

U x t � z �A� dt � � (35)

Notethat thevorticity gave no contribution in theδ-correlatedcase.For a finite correlationtime,

it suppressesthestretchingby rotatingfluid elementswith respectto theaxesof expansion.The

real part in (35) is indeedfiltering out the elliptic regions. Note that the Lyapunov exponentis

givenby asingle-timeaverage,while in theδ-correlatedcaseit wasexpressedby thetime-integral

of a correlationfunction. It follows that λ̄ doesnot dependon the correlationtime τ andit can

be estimatedasSrms for Ωrms
�Û Srms. Thecorrespondingestimateof the varianceis ∆ Û � S2 � τ .

As thevorticity increases,therotationtakesover, thestretchingis suppressedandλ̄ reduces.One

mayshow that thecorrelationtime τs of thestretchingrateis theminimumbetween1� Ωrms and

τ (Chertkov et al., 1995a).For Ωrmsτ § 1 we arebackto a δ-correlatedcaseandλ̄ Û � S2 � � Ωrms.

All thoseestimatescanbemadesystematicfor aGaussianstrain(Chertkov etal., 1995a).

iii) Lar ge spacedimensionality. The key remark for this caseis that scalarproductslike

Ri x t1 z Ri x t2 z are sumsof a large numberof randomterms. The fluctuationsof suchsumsare

vanishingin the large-d limit andthey obey closedequationsthat canbe effectively studiedfor

arbitrary strain statistics. This approach,developedin (Falkovich et al., 1998), is inspiredby

the large-N methodsin quantumfield theory(’t Hooft, 1974)andstatisticalmechanics(Stanley,

1968).Here,weshallrelatethebehavior of theinterparticledistanceto thestrainstatisticsandfind

explicitly λ̄ and∆ in (23). Thestrainis takenGaussianwith zeromeanandcorrelationfunction� σi j x t z σk
× x 0z � ~Èx 2D � τd z δikδ j

× g x ζ z wherehigher-ordertermsin 1� d areneglected.Theintegral

of g is normalizedto unity andζ � t � τ. At large d, the correlationfunction F ~æ� Ri x t1 z Ri x t2 z �
satisfiestheequation
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∂2

∂ζ1∂ζ2
F x ζ1 y ζ2 zT~ τ2 � σi j x t1 z σik x t2 z Rj x t1 z Rk x t2 z � ~ βg x ζ1 } ζ2 z F x ζ1 y ζ2 z6y (36)

with theinitial condition∂ζF x ζ y 0z9~ 0. Thelimit of larged is crucial for thefactorizationof the

averageleadingto thesecondequalityin (36). Thedimensionlessparameterβ ~ 2Dτ measures

whetherthestrainis long or short-correlated.Since(36) is linearandthecoefficient on theright-

handsidedependsonly on thetimedifference,thesolutionmaybewrittenasasumof harmonics

Fλ x ζ1 y ζ2 z�~ exp
�
λτ x ζ1 { ζ2 z� Ψ x ζ1 } ζ2 z . Insertingit into (36), we get theSchr̈odingerequation

for theevenfunctionΨ x t z :
∂2

ζΨ x ζ z6{ � }Ox λτ z 2 { βg x ζ z$� Ψ x ζ zT~ 0 � (37)

At largetimes,thedominantcontributioncomesfrom thelargestexponent̄λ correspondingto the

groundstatein thepotential } βg x ζ z . Note that the “energy” is proportionalto } λ2 andλ̄ is the

Lyapunov exponentsince � R2 � ~ F x ζ y ζ z . Fromquantummechanicstextbooksit is known thatthe

groundstateenergy in deepandshallow potentialsis proportionalto their depthandits square,

respectively. We concludethat λ̄ ∝ D for a faststrain(small β) andλ̄ ∝
Ý

D � τ in theslow case

(largeβ). At largetime differences,thepotentialtermin (37) is negligible andλ̄ determinesboth

thegrowth of � R2 � andthedecayof different-timecorrelationfunctionat ζ1 { ζ2 fixed. Thatalso

shows thatthecorrelationfunctionbecomesindependentof thelargerof thetimest1 andt2 when

their differenceexceedsτ.

For thefaststraincase,onecanput g x ζ zA~ δ x ζ z andthesolutionof (37) is amazinglysimple:

F x ζ1 y ζ2 zG~ R2 x 0z exp
�
βmin x ζ1 y ζ2 z$� . TheLyapunov exponent̄λ ~ D, in agreementwith theresult

λ1 ~ D1d2 {�º*x d z obtainedfor the Kraichnanensemble.For the slow case,the stretchingrate

is independentof τ at a given valueof D � τ (determiningthe simultaneouscorrelationfunction

of the strain). The analysisof the Schr̈odingerequation(37) with a deeppotentialalso gives

the correlationtime τs of the stretchingrate,which doesnot generallycoincidewith the strain

correlationtime τ (Falkovich et al., 1998).
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C. Two-par tic le disper sion in a nonsmooth incompressib le flo w

In this Sectionwe studytheseparationbetweentwo trajectoriesin theinertial rangeof scales

η ¥ r ¥ L. Thescalesη andL standin a3d turbulentflow for theviscousandtheinjectionscales

(the latter is alsocalled integral scalein that case).For a 2d inverseenergy cascadeflow, they

would standfor the scalesof injection andfriction dampingrespectively. We shall seethat the

behavior of thetrajectoriesis quitedifferentfrom thatin smoothflowsanalyzedpreviously.

1. Richardson law

As discussedin the Introduction,velocity differencesin the inertial interval exhibit an ap-

proximatescalingexpressedby thepower law behavior of thestructurefunctions �ix ∆rvz n � ∝ rσn.

Low-orderexponentsarecloseto the Kolmogorov prediction σn ~ αn with α ~ 1� 3. A linear

dependenceof σn on n would signalthe scaling∆rv ∝ rα with a sharpvalueof α. A nonlinear

dependenceof σn indicatesthe presenceof a whole spectrumof exponents,dependingon the

space-timepositionin theflow (theso-calledphenomenonof multiscaling). The2d inverseand

the 3d direct energy cascadesin Navier-Stokesequationprovide concreteexamplesof the two

possiblesituations.Rewriting (11) for thefluid particleseparationas Ṙ ~ ∆v x Ry t z , we infer that

dR2 � dt ~ 2R | ∆v ∝ R1Á α. If thevalueof α is fixedandsmallerthanunity, this is solved(ignoring

thespace-timedependencein theproportionalityconstant)by

R1 � α x t zl} R1 � α x 0z ∝ t y (38)

implying that the dependenceon the initial separationis quickly wiped out andthat R grows as

t1��¼ 1 � α ¿ . For therandomprocessRx t z , therelation(38) is, of course,of themeanfield typeand

shouldpertainto thelong-timebehavior of theaverages

� Rζ x t z � ∝ tζ �!¼ 1 � α ¿ � (39)

Thatimpliestheir superdiffusivegrowth, fasterthanthediffusiveone∝ tζ � 2. Thescalinglaw (39)

mightbeamplifiedto therescalingproperty
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�ux R; t zÅ~ λ �ux λR;λ1 � αt z (40)

of the interparticledistancePDF. Possibledeviationsfrom a linearbehavior in theorderζ of the

exponentsin (39) shouldbe interpretedas a signal of multiscalingof the Lagrangianvelocity

∆v x Rx t z/y t z � ∆V x t z .
Thepower-law growth (39) for ζ ~ 2 andα ~ 1� 3, i.e. � Rx t z 2 � ∝ t3, is a directconsequence

of thecelebratedRichardsondispersionlaw (Richardson,1926),thefirst quantitativephenomeno-

logicalobservationin developedturbulence.It statesthat

d
dt
� R2 � ∝ � R2 � 2� 3 � (41)

The law (41) seemsto be confirmedalsoby later experimentaldata,seeChapter24 of Monin

andYaglom(1979) and (Jullien et al., 1999),andby the numericalsimulations(Zovari et al.,

1994;Elliott Jr. andMajda,1996;FungandVassilicos,1998;Boffetta et al., 1998). The more

generalpropertyof self-similarity(40) (with α ~ 1� 3) hasbeenobservedin theinversecascadeof

two-dimensionalturbulence(Jullienetal., 1999;BoffettaandSokolov, 2000;BoffettaandCelani,

2000).It is likely that(41) is exactin thatsituation,while it maybeonly approximatelycorrectin

3d, althoughtheexperimentaldatado notallow yet to testit with sufficientconfidence.

It is importantto remarkthat, even assumingthe validity of the Richardsonlaw (41), it is

impossibleto establishgeneralpropertiesof thePDF �ux R; t z suchasthosein Sect.II.B.1 for the

singleparticlePDF. Thephysicalreasonis easyto understandif onewrites

d � R2 �
dt

~ 2τt ��x ∆V z 2 � y (42)

similarly to (6) and(7). Here τt ~ � t
0 � ∆V x t z�| ∆V x sz � ds ����x ∆V z 2 � is the correlationtime of the

Lagrangianvelocity differences. If d � R2 � � dt is proportionalto � R2 � 2� 3 and ��x ∆V z 2 � behaves

like � R2 � 1� 3 then τt grows as � R2 � 1� 3 ∝ t, i.e. the randomprocess∆V x t z is correlatedacrossits

wholespan.Theabsenceof decorrelationexplainswhy theCentralLimit TheoremandtheLarge

Deviation Theorycannotbe applied. In general,thereis no a priori reasonto expect ��x R; t z to

beGaussianwith respectto apowerof R either, although,asweshallsee,this is whatessentially

happensin theKraichnanensemble.
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2. Breakdown of the Lagrangian flow

It is instructiveto contrasttheexponentialgrowth (18)of thedistancebetweenthetrajectories

within theviscousrangewith thepowerlaw growth (39)in theinertialrange.In theviscousregime

theclosertwo trajectoriesareinitially, the longertime is neededto reacha givenseparation.As

a result, infinitesimally closetrajectoriesnever separateandtrajectoriesin a fixed realizationof

the velocity field arecontinuouslylabeledby the initial conditions. Small deviationsof the ini-

tial point aremagnifiedexponentially, though. This sensitive dependenceis usuallyconsidered

asthedefiningfeatureof thechaoticbehavior. Conversely, in the inertial interval thetrajectories

separatein a finite time independentlyof their initial distanceRx 0z , providedthe latterwasalso

in the inertial interval. The speedof this separationmaydependon thedetailedstructureof the

turbulentvelocities,includingtheirfinegeometry(FungandVassilicos,1998),but theveryfactof

theexplosiveseparationis relatedto thescalingbehavior ∆rv ∝ rα with α � 1. For highReynolds

numbersthe viscousscale η is negligibly small, a fraction of a millimeter in the turbulent at-

mosphere.Settingit to zero(or equivalently the Reynoldsnumberto infinity) is an appropriate

abstractionif we want to concentrateon the behavior of the trajectoriesin the inertial range. In

sucha limit, thepower law separationbetweenthe trajectoriesextendsdown to arbitrarily small

distances:infinitesimally closetrajectoriesstill separatein a finite time. This makesa marked

differencein comparisonto thesmoothchaoticregime,clearlyshowing thatdevelopedturbulence

andchaosarefundamentallydifferentphenomena.As stressedin (Bernardetal., 1998),theexplo-

sive separationof the trajectoriesresultsin a breakdown of thedeterministicLagrangianflow in

thelimit Re © ∞, seealso(Frischet al., 1998;Gawȩdzki, 1998and1999).Theeffect is dramatic

sincethetrajectoriescannotbelabeledanymoreby theinitial conditions.Notethatthesheerexis-

tenceof theLagrangiantrajectoriesRx t; r z dependingcontinuouslyon theinitial positionr would

imply that lim
r1 ª r2

� �Rx t; r1 zW} Rx t; r2 z � ζ � ~ 0 . That would contradictthe persistenceof a power

law separationof theRichardsontypefor infinitesimallyclosetrajectories.Remarkalsothat the

breakdown of thedeterministicLagrangianflow doesnotviolatethetheoremabouttheuniqueness

of solutionsof theordinarydifferentialequationṘ ~ v x Ry t z . Indeed,thetheoremrequirestheve-
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locity to beLipschitzin r , i.e. that∆rv Öçºjx r z . As first noticedby Onsager(1949),thevelocities

for Re ~ ∞ areactuallyonly Höldercontinuous:∆rv ¦ ºjx rα z with theexponentα � 1 (in Kol-

mogorov’sphenomenologyα ~ 1� 3). Thesimpleequationẋ ~ �
x
� α providesaclassicalexample

with two solutionsx ~ � x 1 } α z t � 1�!¼ 1 � α ¿ andx ~ 0 y bothstartingfrom zero,for thenon-Lipschitz

caseα � 1. It is thennaturalto expecttheexistenceof multipleLagrangiantrajectoriesstartingor

endingat thesamepoint. Suchapossibilitywasfirst noticedandexploitedin asomewhatdifferent

context in thestudyof weaksolutionsof theEulerequations(Brenier, 1989;Shnirelman,1999).

DoesthentheLagrangiandescriptionof thefluid breakdown completelyat Re ~ ∞?

EventhoughthedeterministicLagrangiandescriptionis inapplicable,thestatisticaldescription

of thetrajectoriesis still possible.As wehaveseenabove,probabilisticquestionslike thoseabout

theaveragedpowersof thedistancebetweeninitially closetrajectoriesstill have well definedan-

swers.Weexpectthatfor atypicalvelocityrealization,onemaymaintainatRe ~ ∞ aprobabilistic

descriptionof theLagrangiantrajectories.In particular, objectssuchasthePDF p x r y s;Ry t � vz of

the time t particlepositionR, given its time s positionr, shouldcontinueto make sense.For a

regularvelocitywith deterministictrajectories,

p x r y s;Ry t � vzÞ~ δ x R } Rx t; r y sziz6y (43)

whereRx t; r y sz denotestheuniqueLagrangiantrajectorypassingat time s throughr. In thepres-

enceof a small moleculardiffusion, equation(5) for the Lagrangiantrajectorieshasalways a

Markov processsolutionin eachfixedvelocityrealization,irrespectiveof whetherthelatterbeLip-

schitzor Höldercontinuous(StroockandVaradhan,1979).TheresultingMarkov processis char-

acterizedby thetransitionprobabilitiesp x r y s;Ry t � vz satisfyingtheadvection-diffusionequation3x ∂t } ∇R | v x Ry t zl} κ∇2
R
z p x r y s;Ry t � vz¸~ 0 y (44)

for t ã s. The mathematicaldifferencebetweensmoothandroughvelocitiesis that in the latter

casethe transitionprobabilitiesareweakratherthanstrongsolutions. What happensif we turn

3For κ è 0 andsmoothvelocities,theequationresultsfrom the Itô formulageneralizing(A5) appliedto

(43)andaveragedover thenoise.
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off themoleculardiffusion? If thevelocity is Lipschitz in r, thentheMarkov processdescribing

thenoisy trajectoriesconcentrateson thedeterministicLagrangiantrajectoriesandthe transition

probabilitiesconverge to (43). It hasbeenconjecturedin (Gawȩdzki, 1999) that, for a generic

Re ~ ∞ turbulent flow, theMarkov processdescribingthe noisy trajectoriesstill tendsto a limit

when κ © 0, but the limit staysdiffused,seeFig. 1. In otherwords, the transitionprobability

convergesto aweaksolutionof theadvectionequation

x ∂t } ∇R | v x Ry t z�z p x r y s;Ry t � vz¸~ 0 y (45)

which doesnot concentrateon a singletrajectory, as it wasthe casein (43). We shall thensay

that the limiting Markov processdefinesa stochasticLagrangianflow. This way the roughness

of the velocity would result in the stochasticityof the particletrajectoriespersistingeven in the

limit κ © 0. To avoid misunderstanding,let us stressagainthat, accordingto this claim, the

Lagrangiantrajectoriesbehavestochasticallyalreadyin afixedrealizationof thevelocityfield and

for negligible moleculardiffusivities, i.e. theeffect is notdueto themolecularnoiseor to random

fluctuationsof thevelocities.This spontaneousstochasticityof fluid particlesseemsto constitute

animportantaspectof developedturbulence.It is anunescapableconsequenceof theRichardson

dispersionlaw andof theKolmogorov-likescalingof velocitydifferencesin thelimit Re © ∞ and

it providesfor a naturalmechanismassuringthe persistenceof dissipationin the inviscid limit:

lim
ν ª 0

ν � �∇v
� 2 � �~ 0.

3. The example of the Kraichnan ensemble

Thegeneralconjectureabouttheexistenceof stochasticLagrangianflowsfor genericturbulent

velocities,e.g. for weaksolutionsof theincompressibleEulerequationslocally dissipatingenergy,

asdiscussedby DuchonandRobert(2000),hasnot beenmathematicallyproven. Theconjecture

is known, however, to betruefor theKraichnanensemble(10),aswe aregoingto discussin this

Section.

We shouldmodelthespatialpartDi j of the2-pointfunction(10)sothatit hasproperscalings

in the viscousand inertial intervals. This can be conveniently achieved by taking its Fourier
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transform

D̂i j x k z ∝ ä δi j } kik j

k2 å e� ¼ ηk¿ 2x k2 { L � 2 z ¼ d Á ξ ¿À� 2 y (46)

with 0 Ö ξ Ö 2. In physicalspace,

Di j x r zÞ~ D0 δi j } 1
2 di j x r z6y (47)

where di j x r z scalesas rξ in the inertial interval η ¥ r ¥ L, as r2 in the viscousranger ¥ η

and tendsto 2D0δi j at very large scalesr § L. As we discussedin Sect.II.A, D0 gives the

single-particleeffective diffusivity. Notice that D0 ~éºjx Lξ z indicating that turbulent diffusion

is controlledby the velocity fluctuationsat large scalesof order L. On the other hand, di j x r z
describesthestatisticsof thevelocitydifferencesandit picksup contributionsof all scales.In the

limits η © 0 andL © ∞, it takesthescalingform:

lim
η ê 0
L ê ∞

di j x r zm~ D1 rξ
� x d } 1 { ξ z δi j } ξ

r ir j

r2 ��y (48)

wherethenormalizationconstantD1 hasthedimensionalityof length2 � ξ time� 1.

For 0 � ξ � 2 andη ã 0, thetypicalvelocitiesaresmoothin spacewith thescalingbehavior rξ

visible only for scalesmuchlargerthantheviscouscutoff η. Whenthecutoff is setto zero,how-

ever, thevelocity becomesnonsmooth.TheKraichnanensembleis thensupportedon velocities

thatareHölder-continuouswith theexponentξ � 2 } 0. Thatmimicsthemajorpropertyof turbulent

velocitiesat theinfinite Reynoldsnumber. Thelimiting caseξ ~ 2 describestheBatchelorregime

of theKraichnanmodel:thevelocitygradientsareconstantandthevelocitydifferencesarelinear

in space.This is the regime that the analysisof Sect.II.B.2(i) pertainsto. In the other limiting

caseξ ~ 0, thetypicalvelocitiesareveryroughin space(distributional).For any ξ, theKraichnan

velocitieshave evenrougherbehavior in time. We mayexpectthat the temporalroughnessdoes

not modify largely thequalitativepictureof thetrajectorybehavior asit is theregularityof veloc-

ities in space,andnot in time, that is crucial for theuniquenessof thetrajectories(see,however,

below).

For time-decorrelatedvelocities,bothtermson theright handsideof theLagrangianequation

(5) shouldbe treatedaccordingto the rulesof stochasticdifferentialcalculus.Thechoiceof the
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regularizationis irrelevanthereevenfor compressiblevelocities,seeAppendix.Theexistenceand

thepropertiesof solutionsof suchstochasticdifferentialequationswereextensively studiedin the

mathematicalliteraturefor velocitiessmoothin space,seee.g. (Kunita,1990).Thoseresultsapply

to our caseas long asη ã 0 both for positive or vanishingdiffusivity. The advection-diffusion

equation(44) for thetransitionprobabilitiesalsobecomesa stochasticequationfor white-in-time

velocities. The choiceof the convention, however, is importanthereeven for incompressible

velocities: the equationshouldbe interpretedwith the Stratonovich convention,seeAppendix.

The equivalent Itô form containsan extra second-orderterm that amountsto the replacement

of the moleculardiffusivity by the effective diffusivity x D0 { κ z in (44). The Itô form of the

equationexplicitly exhibits thecontribution of theeddydiffusivity, hiddenin theconventionfor

theStratonovich form. As pointedout by Le JanandRaimond(1998and1999),theregularizing

effect of D0 permitsto solve theequationby iterationalsofor thenonsmoothcasegiving rise to

transitionprobabilitiesp x r y s;Ry t � vz definedfor almostall velocitiesof theKraichnanensemble.

Moreover, thevanishingdiffusivity limit of thetransitionprobabilitiesexist, defininga stochastic

Lagrangianflow.

ThevelocityaveragesovertheKraichnanensembleof thetransitionprobabilitiesp x r y s;Ry t � vz
are exactly calculable. We shall use a formal functional integral approach(Chertkov, 1997;

Bernardet al., 1998).In thephasespacepathintegral representationof thesolutionof (44),

p x r y s;Ry t � vzÞ~ �
r ë sì1í r
r ë t ì1í R

e î tï
s ð i p ¼ τ ¿0ñ�¼ ṙ ¼ τ ¿ � v ¼ r ¼ τ ¿0ò τ ¿À¿$Á κ p2 ¼ τ ¿àó dτ ô

p
ô

r y (49)

for s õö t, the Gaussianaverageover thevelocitiesis easyto perform. It replacesthe exponentin

(49)by ÷ t�
s

�
i p x τ z�| ṙ x τ z_{øx D0 { κ z p2 x τ z$� dτ andresultsin thepathintegralrepresentionof theheat

kernelof theLaplacianfor which we shallusetheoperatornotatione ù t � s ù ¼ D0 Á κ ¿ ∇2 x r;Rz . In other

words,theaverageof (49) is thesolutionof theheatequation(with diffusivity D0 { κ) equalto

δ x R } r z at times. Theabovecalculationconfirmsthentheresultdiscussedat theendof Sect.II.A

abouttheall-time diffusivebehavior of asinglefluid particlein theKraichnanensemble.

In orderto studythe two-particledispersion,oneshouldexaminethe joint PDFof theequal-
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timevaluesof two fluid particlesaveragedover thevelocities�
p x r1 y s;R1 y t � vz p x r2 y s;R2 y t � vz ��� � 2 x r1 y r2; R1 y R2; t } sz6� (50)

The latter is given for the Kraichnanensembleby the heatkernel e ù t � s ù�ú 2 x r1 y r2; R1 y R2 z of the

elliptic second-orderdifferentialoperatorû
2 ~ 2

∑
n ò nü�Ç 1

Di j x rn } rnü z ∇r i
n
∇r j

nü { κ
2

∑
nÇ 1

∇2
rn
� (51)

In otherwords,thePDF � 2 satisfiestheequation x ∂t } û 2 z�� 2 ~ δ x t } sz δ x R1 } r1 z δ x R2 } r2 z , a

resultwhichgoesbackto theoriginalwork of Kraichnan(1968).Indeed,theGaussianexpectation

(50) is againeasilycomputablein view of thefactthatthevelocityentersthroughtheexponential

functionin (49). Theresultis thepathintegralexpression

�
rn ë sì
í rn
rn ë t ì1í Rn

e î tï
s ý 2

∑
ní 1 ð i pn ¼ τ ¿0ñ ṙn ¼ τ ¿7Á κ p2

n ¼ τ ¿àó0Á 2
∑

n þ nü í 1
Di j ¼ rn ¼ τ ¿ � rnü ¼ τ ¿À¿ pni ¼ τ ¿ pnü j ¼ τ ¿Àÿ dτ

∏
n

ô
pn

ô
rn (52)

for theheatkernelof
û

2.

Let usconcentrateon therelativeseparationR ~ R1 } R2 of two fluid particlesat time t, given

their separationr at time zero. The relevant PDF ��ux r;R; t z is obtainedby averagingover the

simultaneoustranslationsof the final (or initial) positionsof the particles.Explicitly, it is given

by theheatkernelof theoperator
�û ~æx di j x r z5{ 2κδi j z ∇r i ∇r j equalto therestrictionof

û
2 to

the translationallyinvariantsector. Note that theeddydiffusivity D0, dominatedby the integral

scale,dropsout from
�û

. Theabove resultshows that the relative motionof two fluid particles

is aneffectivediffusionwith a distance-dependentdiffusivity tensorscalinglike rξ in theinertial

range. This is a preciserealizationof the scenariofor turbulent diffusion put up by Richardson

(1926).

Similarly, the PDF of the distanceR betweentwo particles is given by the heat kernel

e ù t ù M x r;Rz/y whereM is therestrictionof
û

2 to thehomogeneousandisotropicsector. Explicitly,

M ~ 1
rd � 1 ∂r

� x d } 1z D1 rd � 1Á ξ { 2κ rd � 1 � ∂r (53)
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in thescalingregimeanditsheatkernelmaybereadilyanalyzed.In theBatchelorregimeξ ~ 2and

for κ © 0, theheatkernelof M reproducesthelognormaldistribution (23) with ∆ ~ 2D1 x d } 1z
andλ̄ ~ D1d x d } 1z , seeSect.II.B.2(i).

Thesimplecriterionallowing to decidewhethertheMarkov processstaysdiffusedas κ © 0

is to controlthelimit r © 0 of thePDF ��x r;R; t z (Bernardetal., 1998).For smoothvelocities,it

follows from (23) that

lim
r ê 0
κ ê 0

��x r;R; t zØ~ δ x Rz/� (54)

In simplewords,whentheinitial pointsconverge,sodo theendpointsof theprocess.Conversely,

for 0 Ö ξ � 2 wehave

lim
r ê 0
κ ê 0

��x r;R; t z ∝
Rd � 1�

t
�
d ��¼ 2 � ξ ¿ exp

� } const� R2 � ξ�
t
��� y (55)

in thescalinglimit η ~ 0, L ~ ∞. Thatconfirmsthediffusedcharacterof thelimiting processde-

scribingtheLagrangiantrajectoriesin fixednon-Lipschitzvelocities:theendpointsof theprocess

stayat finite distanceevenif theinitial pointsconverge. If we settheviscouscutoff to zerokeep-

ing L finite, thebehavior (55) crossesover for R § L to a simplediffusionwith diffusivity 2D0 :

at suchlarge distancesthe particlevelocitiesareessentiallyindependentandthe singleparticle

behavior is recovered.

Thestretched-exponentialPDF(55) hasthescalingform (40) for α ~ ξ } 1 andimplies the

power law growth (39) of the averagedpowersof the distancebetweentrajectories. The PDF

is Gaussianin the roughcaseξ ~ 0. Note that the Richardsonlaw � R2 x t z � ∝ t3 is reproduced

for ξ ~ 4� 3 andnot for ξ ~ 2� 3 (wherethevelocity hasthespatialHölderexponent1� 3). The

reasonis that the velocity temporaldecorrelationcannotbe ignoredandthe mean-fieldrelation

(38) shouldbe replacedby R1 � ξ � 2 x t zG} R1 � ξ � 2 x 0z ∝ β x t z with theBrownianmotionβ x t z . Since

β x t z behavesas t1� 2, the replacementchangesthe power and indeedreproducesthe large-time

PDF(55)up to ageometricpower-law prefactor. In general,thetimedependenceof thevelocities

playsa role in determiningwhetherthe breakdown of deterministicLagrangianflow occursor

not. Indeed,the relation(42) implies that thescale-dependenceof thecorrelationtime τt of the
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Lagrangianvelocity differencesmaychangethetime behavior of � R2 � . In particular, � R2 � ceases

to grow in time if τt ∝ � R2 � β and ��x ∆V z 2 � ∝ � R2 � α with β É 1 } α. It hasbeenrecentlyshown in

(Fannjianget al., 2000)that theLagrangiantrajectoriesaredeterministicin a Gaussianensemble

of velocitieswith Höldercontinuityin spaceandsuchfasttimedecorrelationonshortscales.The

Kolmogorov valuesof theexponentsα ~ β ~ 1� 3 satisfy, however, β � 1 } α.

Notethespecialcaseof theaverage� R2 � ξ � d � in theKraichnanvelocities.SinceM r2 � ξ � d is

a contactterm∝ δ x r z for κ ~ 0, onehas∂t � R2 � ξ � d � ∝ �ux r;0;t z . Thelatter is zeroin thesmooth

casesothat � R� d � is a trueintegral of motion. In thenonsmoothcase,� R2 � ξ � d � ∝ t1 � d ��¼ 2 � ξ ¿ and

is not conserveddueto a nonzeroprobabilitydensityto find two particlesat thesameplaceeven

whenthey startedapart.

As stated,the result (55) holdswhen the moleculardiffusivity is turnedoff in the velocity

ensemblewith no viscouscutoff, i.e. for vanishingSchmidtnumberSc ~ ν � κ, whereν is the

viscositydefinedin theKraichnanmodelasD1ηξ. Thesameresultholdsalsowhenν andκ are

turnedoff at the sametime with Sc ~ º*x 1z , provided the initial distancer is taken to zeroonly

afterwards(E andVandenEijnden,2000b). This confirmsthat theexplosive separationof close

trajectoriespersistsfor finite Reynoldsnumbersaslongastheir initial distanceis not toosmall,as

anticipatedby Bernardet al. (1998).

D. Two-par tic le disper sion in a compressib le flo w

Discussingtheparticledispersionin incompressiblefluids andexposingthedifferentmecha-

nismsof particleseparation,wepaidlittle attentionto thedetailedgeometryof theflows,severely

restrictedby theincompressibility. Thepresenceof compressibilityallows for moreflexible flow

geometrieswith regionsof ongoingcompressioneffectively trappingparticlesfor long timesand

counteractingtheir tendency to separate.To exposethis effect andgaugeits relative importance

for smoothandnonsmoothflows, we startfrom thesimplestcaseof a time-independent1d flow

ẋ ~ v x xz . In 1d, any velocity is potential: v x xz&~�} ∂xφ x xz , andthe flow is the steepestdescent

in the landscapedefinedby the potentialφ. The particlesaretrappedin the intervals wherethe
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velocity hasa constantsign and they converge to the fixed pointswith lower valueof φ at the

endsof thoseintervals. In the regionswhere∂xv is negative, nearbytrajectoriesarecompressed

together. If theflow is smooththetrajectoriestakeaninfinite time to arriveat thefixedpoints(the

particlesmight alsoescapeto infinity in a finite time). Let usconsidernow a nonsmoothversion

of thevelocity, e.g.aBrownianpathwith Hölderexponent1� 2. At variancewith thesmoothcase,

thesolutionswill take a finite time to reachthefixedpointsat theendsof the trappingintervals

andwill stick to themat subsequenttimes,asin theexampleof theequationẋ ~ �
x } x0

� 1� 2. The

nonsmoothnessof thevelocity clearlyamplifiesthetrappingeffectsleadingto theconvergenceof

the trajectories.A time-dependenceof thevelocity changessomewhat thepicture. The trapping

regions,asdefinedfor thestaticcase,startwanderingandthey donotenslave thesolutionswhich

may crosstheir boundaries.Still, the regionsof ongoingcompressioneffectively trap the fluid

particlesfor long time intervals. Whetherthetendency of theparticlesto separateor thetrapping

effectswin is amatterof detailedcharacteristicsof theflow.

In higherdimensions,thebehavior of potentialflows is very similar to the1d case,with trap-

ping totally dominatingin the time-independentcase,its effects being magnifiedby the nons-

moothnessof thevelocity andblurredby thetime-dependence.Thetrapsmight of coursehave a

morecomplicatedgeometry. Moreover, we might have bothsolenoidalandpotentialcomponents

in thevelocity. Thedominanttendency for the incompressiblecomponentis to separatethe tra-

jectories,aswe discussedin the previous Sections.On the otherhand,the potentialcomponent

enhancestrappingin the compressedregions. The net result of the interplay betweenthe two

componentsdependson their relativestrength,spatialsmoothnessandtemporalrateof change.

Let us considerfirst a smoothcompressibleflow with a homogeneousand stationaryer-

godic statistics. Similarly to the incompressiblecasediscussedin Sect.II.B.1, the stretching-

contractionvariablesρi , i ~ 1 y����i�iy d, behave asymptoticallyas tλi with the PDF of large devi-

ationsxi ~ ρi � t } λi determinedby an entropy function H x x1 y����i�iy xd z . The asymptoticgrowth

rateof the fluid volume is given by the sumof the Lyapunov exponentss ~ d
∑

i Ç 1
λi . Note that

densityfluctuationsdo not grow in a statisticallysteadycompressibleflow becausethepressure

providesfeedbackfrom thedensityto thevelocity field. Thatmeansthats vanisheseventhough
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theρi variablesfluctuate.However, to modelthegrowth of densityfluctuationsin theintermedi-

ateregime,onecanconsideran idealizedmodelwith a steadyvelocity statisticshaving nonzero

s. This quantityhasthe interpretationof the oppositeof the entropy productionrate,seeSec-

tion III.A.4 below, andit is necessarilyÖ 0 (Ruelle,1997). Let usgive heretheargumentdueto

Balkovsky et al. (1999a)which goesasfollows. In any statisticallyhomogeneousflow, incom-

pressibleor compressible,thedistribution of particledisplacementsis independentof their initial

positionandsois thedistributionof theevolutionmatrix Wi j x t; r zT~ ∂Ri x t; r zi� ∂r j . Sincethetotal

volumeV (assumedfinite in thisargument)is conserved,theaverage � detW � is equalto unity for

all timesandinitial positionsalthoughthe determinantfluctuatesin the compressiblecase.The

averageof detW ~ e∑ρi is dominatedat long timesby thesaddle-pointxÜ giving themaximum

of ∑ x λi { xi z�} H x xz , which hasto vanishto conformwith thetotal volumeconservation. Since

∑xi } H x xz is concave andvanishesat x ~ 0, its maximumvaluehasto be non-negative. We

concludethat thesumof theLyapunov exponentsis non-positive. Thephysicsbehindthis result

is transparent:therearemoreLagrangianparticlesin thecontractingregions,leadingto negative

averagegradientsin theLagrangianframe.Indeed,thevolumegrowth ratetendsat largetimesto

theLagrangianaverageof thetraceof thestrain σ ~ ∇v:

1
t

�
lndet x W x r; t z�z � }�© � trσ x Rx t; r z/y t z dr

V ~ � trσ x Ry t z dR
V det ¼W ¼ r;t ¿À¿ � (56)

The Lagrangianaveragegenerallycoincideswith the Eulerianone � dr trσ x t y r z�� V, only in the

incompressiblecase(whereit is zero). For compressibleflow, the integralsin (56) vanishat the

initial time (whenwe settheinitial conditionsfor theLagrangiantrajectoriessothat themeasure

wasuniform backthen). The regionsof ongoingcompressionwith negative trσ acquirehigher

weightin theaveragein (56) thantheexpandingones.Negativevaluesof trσ suppressstretching

andenhancetrappingand that is the simple reasonfor the volumegrowth rate to be generally

negative. Note that, were the trajectoryRx r; t z definedby its final (ratherthan initial) position,

thesignof theaveragestraintracewould bepositive. Let usstressagaintheessentialdifference

betweentheEulerianandtheLagrangianaveragesin thecompressiblecase:anEulerianaverage

is uniform over space,while in a Lagrangianaverageevery trajectorycomeswith its own weight
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determinedby thelocalrateof volumechange.For thecorrespondingeffectsonthesingle-particle

transport,theinterestedreaderis referredto (VergassolaandAvellaneda,1997).

In the particularcaseof a short-correlatedstrainonecan take t in (56) larger than the cor-

relation time τ of the strain, yet small enoughto allow for the expansion det x W x r; t z�z � 1 ·
1 } � t

0 trσ x r y t �àz dt � so that (56) becomesequalto } t�
0
� trσ x r y t z trσ x r y t �àz � dt � . More formally, let

us introducethe compressiblegeneralizationof the Kraichnanensemblefor smoothvelocities.

Their (non-constantpartof the)pair correlationfunctionis definedas

di j x r zj~ D1 Ï x d { 1 } 2℘z δi j r2 { 2 x℘d } 1z r ir j Ñ { o x r2 z6y (57)

compareto (29). Thedegreeof compressibility℘ � ��x ∇ivi z 2 � ���ix ∇iv j z 2 � is between0 and1 for

the isotropiccaseat hand,with thethetwo extremacorrespondingto the incompressibleandthe

potentialcases.Thecorrespondingstrainmatrix σ ~ ∇v hastheEulerianmeanequalto zeroand

2-pointfunction

� σi j x t z σk
× x t � z � ~ 2δ x t } t � z D1 ÏÄx d { 1 } 2℘z δikδ j

× {Âx℘d } 1z\x δi jδk
× { δi

× δ jk z$Ñ� (58)

Thevolumegrowth rate } t�
0
� σii x t z σ j j x t �[z � dt � is thusstrictly negative,in agreementwith thegen-

eraldiscussion,andequalto } ℘D1d x d } 1z�x d { 2z if we set � ∞

0
δ x t z dt ~ 1� 2. Thesameresult

is obtainedmoresystematicallyby consideringthe Itô stochasticequationdW ~ σdtW for the

evolution matrix andapplyingtheItô formulato lndetx W z , seeAppendix. Onemay identify the

generatorof the processW x t z and proceedas for the incompressiblecasecalculatingthe PDF�ux ρ1 yi�����iy ρd; t z . It takesagainthe large deviation form (21), with the entropy function andthe

Lyapunov exponentsgivenby

H x xzj~ 1
4D1 ¼ d Á ℘¼ d � 2¿À¿ � d

∑
i Ç 1

x2
i { 1 � ℘d

℘¼ d � 1¿Ä¼ d Á 2¿ ý d

∑
i Ç 1

xi ÿ 2 � y (59)

λi ~ D1

�
d x d } 2i { 1zl} 2℘ x d {Âx d } 2z i z$��y (60)

to be comparedto (32). Note how the form (59) of the entropy imposesthe condition ∑xi ~ 0

in the incompressiblelimit. The interparticledistanceRx t z hasthe lognormaldistribution (23)

with λ̄ ~ λ1 ~ D1 x d } 1z�x d } 4℘z and ∆ ~ 2D1 x d } 1z\x 1 { 2℘z . Explicitly, t � 1 ln � Rn � ∝ n
�
n {
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d { 2℘x n } 2z$� (Chertkov etal., 1998).ThequantityR¼ 4℘� d ¿À�!¼ 1Á 2℘¿ is thusstatisticallyconserved.

ThehighestLyapunov exponentλ̄ becomesnegativewhenthedegreeof compressibilityis larger

thand � 4 (Le Jan,1985;Chertkov etal., 1998).Low-ordermomentsof R, includingits logarithm,

would thendecreasewhile high-ordermomentswouldgrow with time.

It is instructive to decomposethe strain into its “incompressibleand compressibleparts”

σi j } 1
d δi j trσ and1

d δi j trσ . Fromtheequalityλi ~�� σ̃ii
� , see(21), it followsthattheLyapunov ex-

ponentsof theincompressiblepart (having λ̄ ã 0) getuniformly shifteddown by theLagrangian

averageof trσ � d . In 1d, wherethe compressibilityis maximal4, λ̄ � 0. The lowering of the

Lyapunov exponentswhen℘ grows clearly signalsthe increaseof trapping. The regime with

℘ ã d � 4, with all theLyapunov exponentsbecomingnegative, is theonewheretrappingeffects

dominate.Thedramaticconsequencesfor thescalarfieldsadvectedby suchflow will bediscussed

in Sect.III.B.1.

As it wasclearfrom the1d example,weshouldexpectevenstrongereffectsof compressibility

in nonsmoothvelocityfields,with anincreasedtendency for thefluid particlesto aggregatein finite

time. This has,indeed,beenshown to occurwhenthe velocity hasa shortcorrelationtime, i.e.

for the nonsmoothversionof the compressibleKraichnanensemble(Gawȩdzki andVergassola,

2000). Theexpression(46) for theFourier transformof the2-pointcorrelationfunction is easily

modified. The functionaldependenceon k2 remainsthesame,thesolenoidalprojectoris simply

multipliedby 1 } ℘andoneaddsto it thecompressiblelongitudinalcomponent℘x d } 1z kik j � k2.

Thisgivesfor thenon-constantpartof the2-pointfunction

di j x r zÞ~ D1

� x d } 1 { ξ } ℘ξ z δi j rξ { ξ x℘d } 1z r ir j rξ � 2 ��� (61)

For ξ ~ 2, (61) reproduces(57) without the o x r2 z corrections.Most of the resultsdiscussedin

Sect.II.Cfor the incompressibleversionof themodelstill go through,including theconstruction

of theMarkov processdescribingthenoisytrajectoriesandtheheat-kernelform of thejoint PDF

of two particlepositions.TherestrictionM of
û

2 to thehomogeneousandisotropicsector, whose

4One-dimensionalresultsarerecoveredfrom our formulaeby taking℘ ¯ 1 andD1 ∝ 1�Ë  d � 1¢ .
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heatkernelgivesthePDF �ux r;R; t z of thedistancebetweentwo particles,takesnow theform

M ~ � D1 x d } 1z�x 1 { ℘ξ z
rd � 1 � γ ∂r rd � 1Á ξ � γ { 2κ

rd � 1 ∂r rd � 1 � ∂r y (62)

whereγ ~ ℘ξ x d { ξ z���x 1 { ℘ξ z . As foundin (Gawȩdzki andVergassola,2000),seealso(Le Jan

andRaimond,1999;E andVandenEijnden,2000b),dependingonthesmoothnessexponentξ and

thedegreeof compressibility℘, two differentregimesarisein thelimit κ © 0.

For weakcompressibility℘ � ℘c
� d

ξ2 , thesituationis very muchthesameasfor theincom-

pressiblecaseand

lim
r ê 0
κ ê 0

��x r;R; t z ∝
Rd � γ � 1�

t
� ¼ d � γ ¿À�!¼ 2 � ξ ¿ exp

� } const� R2 � ξ�
t
� �K� (63)

We still have an explosive separationof trajectoriesbut, in comparisonto the incompressible

situation,the power prefactorR� γ with γ ∝ ℘ suppresseslarge separationsandenhancessmall

ones.When℘crosses℘̃c ~ d Á ξ � 2
2ξ y theparticle-touchingeventR ~ 0 becomesrecurrentfor the

Markov processdescribingthe distancebetweenthe two particles(Le JanandRaimond,1999).

In otherwords,for ℘̃c Ö ℘ Ö ℘c apairof Lagrangiantrajectoriesreturnsinfinitely oftento anear

touch,aclearsignof increasedtrapping.

When ℘ crosses℘c, the singularityat R ~ 0 of the right handsideof (63) becomesnon-

integrableandadifferentlimit is realized.Indeed,in this regime,

lim
κ ª 0

�ux r;R; t z¸~ � reg x r;R; t z { p x r; t z δ x Rz/y (64)

with theregularpart � reg tendingto zeroand p approachingunity when r © 0. This reproduces

for η ~ 0 the result (54), alwaysholding whenthe viscouscutoff η ã 0 smoothesthe velocity

realizations.In otherwords,eventhoughthevelocity is nonsmooth,theLagrangiantrajectoriesin

a fixedvelocity field aredeterminedby their initial positions.Moreover, thecontacttermin (64)

signalsthat trajectoriesstartingat a finite distancer collapseto zerodistanceandstaytogether

with a positive probabilitygrowing with time (to unity if the integral scaleL ~ ∞). Thestrongly

compressibleregime℘ ã ℘c is clearlydominatedby trappingeffectsleadingto theaggregation

of fluid particles,seeFig. 2. Thesameresultshold if weturnoff thediffusivity κ andtheviscosity
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ν at thesametime, with the notableexceptionof the intermediateregime℘̃c Ö ℘ � ℘c. In this

interval, if theSchmidtnumberSc divergesfastenoughduringthelimiting process,theresulting

PDF of the distancetakesthe form (64) ratherthan that of (55) arisingfor boundedSc (E and

VandenEijnden,2000b).Sufficiently high Schmidtnumbersthusleadto theparticleaggregation

in this case.Notethatin thelimit of smoothvelocitiesξ © 2, theintermediateinterval shrinksto

thepoint ℘ ~ d � 4 wherethehighestLyapunov exponentcrosseszero.

As wasmentioned,theaggregationof fluid particlescantakeplaceonly asatransientprocess.

The backreactionof the densityon the flow eventuallystopsthe growth of the densityfluctua-

tions.Thetransienttrappingshould,however, playa role in thecreationof theshockletstructures

observed in high Mach numbercompressibleflows (Zeman,1990). Thereis anotherimportant

physicalsituationthat may be modeledby a smoothcompressiblerandomflow with a nonzero

sumof theLyapunov exponents.Let usconsidera small inertial particleof densityρ andradius

a in a fluid of densityρ0. Its movementmay be approximatedby that of a Lagrangianparticle

in an effective velocity field provided that a2 � ν is muchsmallerthanthe velocity time scalein

theLagrangianframe. Theinertial differencebetweentheeffective velocity v of theparticleand

thefluid velocity u x r y t z is proportionalto the local acceleration:v ~ u {¹x β } 1z τsdu� dt, where

β ~ 3ρ ��x ρ { 2ρ0 z andτs ~ a2 � 3νβ is theStokestime. Consideringsuchparticlesdistributedin the

volume,onemaydefinethevelocity field v x r y t z , whosedivergence∝ ∇
� x u | ∇ z u� doesnot vanish

evenif thefluid flow is incompressible.As discussedabove,thisleadsto anegativevolumegrowth

rateandtheclusteringof theparticles(Balkovsky et al., 2001).

E. Multipar tic le dynamics, statistical conser vation laws and breakdo wn of scale invariance

This subsectionis a highlight of the review. We describeherethe time-dependentstatistics

of multiparticleconfigurationswith theemphasison conservationlaws of turbulenttransport.As

we have seenin the previoussubsections,the two-particlestatisticsis characterizedby a simple

behavior of thesingleseparationvector. In nonsmoothvelocities,the lengthof thevectorgrows

by apower law, while theinitial separationis forgottenandtherearenostatisticalintegralsof mo-
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tion. In contrast,themany-particleevolution exhibits non-trivial statisticalconservationlaws that

involve geometryandareproportionalto positive powersof the distances.The distancegrowth

is balancedby the decreaseof the shapefluctuationsin thoseintegrals. The existenceof multi-

particleconservationlaws indicatesthepresenceof a long-timememoryandis a reflectionof the

couplingamongthe particlesdueto the simple fact that they all are in the samevelocity field.

Theconservedquantitiesmaybeeasilybuilt for the limiting cases.For very irregularvelocities,

thefluid particlesundergo independentBrownianmotionsandtheinterparticledistancesgrow as� R2
nm x t z � ~ R2

nm x 0z�{ Dt. Here,examplesof statisticalintegralsof motion are � R2
nm } R2

pr
� and� 2 x d { 2z R2

nmR2
pr } d x R4

nm { R4
pr z � , andaninfinity of similarly built harmonicpolynomialswhere

all thepowersof t cancelout. Anotherexampleis the infinite-dimensionalcase,wherethe inter-

particledistancesdonotfluctuate.Thetwo-particlelaw (38),R1 � α
nm x t z5} R1 � α

nm x 0z ∝ t, impliesthen

that the expectationof any function of R1 � α
nm } R1 � α

pr doesnot changewith time. A final exam-

ple is providedby smoothvelocities,wheretheparticleseparationsat long timesbecomealigned

with the eigendirectionsof the largestLyapunov exponentof the evolution matrix W x t z defined

in (16). All the interparticledistancesRnm will thengrow exponentiallyandtheir ratiosRnm� Rkl

do not change. Away from the degeneratelimiting cases,the conserved quantitiescontinueto

exist, yet they cannotbe constructedso easilyandthey dependon the numberof particlesand

their configurationgeometry. Theveryexistenceof conservedquantitiesis natural;whatis gener-

ally nontrivial is their preciseform andtheir scaling.Theintricatestatisticalconservationlawsof

multiparticledynamicswerefirst discoveredfor theKraichnanvelocities.Thatcameasasurprise

sincetheKraichnanvelocity ensembleis Gaussianandtime-decorrelated,with no structurebuilt

in, exceptfor thespatialscalingin the inertial range.Thediscovery hasled to a new qualitative

andquantitativeunderstandingof intermittency, asweshalldiscussin detailin Sect.III.C.1. Even

moreimportantly, it haspointedto aspectsof the multiparticleevolution that seemboth present

andrelevant in genericturbulent flows. Note that thoseaspectsaremissedby simplestochastic

processescommonlyusedin numericalLagrangianmodels.Thereis, for example,a longtradition

to take for eachtrajectorythetime integral of a d-dimensionalBrownianmotion(whosevariance

is ∝ t3 asin theRichardsonlaw) or anOrnstein-Uhlenbeckprocess.Suchmodels,however, cannot
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capturecorrectlythesubtlefeaturesof the N-particledynamicssuchasthestatisticalconservation

laws.

1. Absolute and relative evolution of particles

As for many-body problemsin otherbranchesof physics,e.g. in kinetic theoryor in quan-

tum mechanics,multiparticledynamicsbringsaboutnew aspectsdueto cooperative effects. In

turbulence,sucheffectsare mediatedby the velocity fluctuationswith long space-correlations.

Considerthejoint PDF’s of theequal-timepositionsR ~�x R1 yi�����$y RN z of N fluid trajectories� N

∏
nÇ 1

p x rn y s; Rn y t � vz � � � N x r; R; t } sz/y (65)

with the averageover the velocity ensemble,seeFig. 3. More generally, one may study the

different-timeversionsof (65). SuchPDF’s, called multiparticle Greenfunctions,accountfor

theoverallstatisticsof themany-particlesystems.

For statisticallyhomogeneousvelocities,it is convenientto separatetheabsolutemotionof the

particlesfrom therelative one,asin othermany-bodyproblemswith spatialhomogeneity. For a

singleparticle,thereis nothingbut theabsolutemotionwhich is diffusiveat timeslongerthatthe

Lagrangiancorrelationtime (Sect.II.A). For N particles,we maydefinethe absolutemotion as

thatof themeanpositionR ~ ∑
n

Rn � N. Whentheparticlesseparatebeyondthevelocitycorrelation

length,they areessentiallyindependent.Theabsolutemotionis thendiffusivewith thediffusivity

N timessmallerthanthatof asingleparticle.Therelativemotionof N particlesmaybedescribed

by theversionsof thejoint PDF’s (65)averagedover rigid translations:�� N x r; R; t z¸~ � � N x r; R { ρ; t z dρ y (66)

whereρ ~çx ρ y������$y ρ z . ThePDFin (66)describesthedistributionof theparticleseparationsRnm ~
Rn } Rm or of therelativepositions�R ~�x R1 } Ry��i���7yi�RN } Rz .

As for two particles,we expectthatwhenκ © 0 themultiparticleGreenfunctions � N tendto

(possiblydistributional) limits thatwe shall denoteby thesamesymbol. The limiting PDF’s are

againexpectedto show a differentshort-distancebehavior for smoothandnonsmoothvelocities.
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For smoothvelocities,the existenceof deterministictrajectoriesleadsfor κ ~ 0 to the collapse

property

lim
rN ª rN � 1

� N x r; R; t z¸~ � N � 1 x r � ; R� ; t z δ x RN � 1 } RN z/y (67)

whereR�F~ x R1 y��i���7y RN � 1 z and similarly for the relative PDF’s. If all the distancesamongthe

particlesaremuchsmallerthanthe viscouscutoff, the velocity differencesareapproximatedby

linearexpressionsand�� N x r; R; t zØ~ � � N

∏
nÇ 1

δ x Rn { ρ } W x t z rn z � dρ � (68)

The evolution matrix W x t z wasdefinedin (16) andthe above PDF’s clearly dependonly on its

statisticswhich hasbeendiscussedin Sect.II.B.

2. Multiparticle motion in Kraichnan velocities

Thegreatadvantageof theKraichnanmodelis thatthestatisticalLagrangianintegralsof mo-

tion canbefoundaszeromodesof explicit evolution operators.Indeed,thecrucialsimplification

lies in the Markov characterof the Lagrangiantrajectoriesdue to the velocity time decorrela-

tion. In other words, the processesRx t z and �Rx t z are Markovian and the multiparticle Green

functions � N and �� N give, for fixed N, their transitionprobabilities.TheprocessRx t z is charac-

terizedby its second-orderdifferentialgenerator
û

N , whoseexplicit form maybe deducedby a

straightforward generalizationof the path integral representation(52) to N particles. The PDF� N x r; R; t z¸~ e ù t � sù
ú N x r; Rz withû
N ~ N

∑
n òmÇ 1

Di j x rnmz ∇r i
n
∇r j

m
{ κ

N

∑
nÇ 1

∇2
rn
� (69)

For therelative process�Rx t z , theoperator
û

N shouldbereplacedby its translation-invariantver-

sion �û
N ~ } ∑

n � m 	 di j x rnmz�{ 2κδi j 
 ∇r i
n
∇r j

m
y (70)
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with di j relatedto Di j by (47). Notethemultibodystructureof theoperatorsin (69)and(70). The

limiting PDF’sobtainedfor κ © 0 definetheheatkernelsof theκ ~ 0 versionof theoperatorsthat

aresingularelliptic andrequiresomecarein handling(Hakulinen,2000).

As we have seenpreviously, theKraichnanensemblemaybeusedto modelbothsmoothand

Hölder continuousvelocities. In the first case,onekeepsthe viscouscutoff η in the two-point

correlation(46) with the result that di j x r z�~ ºjx r2 z for r ¥ η as in (29), or one setsξ ~ 2 in

(48). The latter is equivalentto theapproximation(68) with W x t z becominga diffusionprocess

on the groupSL x d z of unimodularmatrices,with an explicitly known generator, asdiscussedin

Sect.II.B.2(i). Theright handsideof (68)maythenbestudiedby usingtherepresentationtheory

(ShraimanandSiggia,1995and1996;Bernardetal., 1998),seealsoSect.II.E.5 below. It exhibits

thecollapseproperty(67).

Fromtheform (70) of thegeneratorof theprocess�Rx t z in theKraichnanmodel,we infer that

N fluid particlesundergo aneffective diffusionwith thediffusivity dependingon theinterparticle

distances.In the inertial interval andfor a smallmoleculardiffusivity κ, theeffective diffusivity

scalesas the power ξ of the interparticledistances.Comparingto the standarddiffusion with

constantdiffusivity, it is intuitively clearthat theparticlesspendlongertime togetherwhenthey

arecloseandseparatefasterwhenthey becomedistant.Bothtendenciesmaycoexist anddominate

themotionof differentclustersof particles.It remainsto find amoreanalyticandquantitativeway

to capturethosebehaviors. Theeffective short-distanceattractionthatslows down theseparation

of closeparticlesis a robustcollectivephenomenonexpectedto bepresentalsoin time-correlated

andnon-Gaussianvelocity fields. We believe that it is responsiblefor the intermittency of scalar

fieldstransportedby highReynoldsnumberflows,asit will bediscussedin thesecondpartof the

review.

As for asingleparticle,theabsolutemotionof N particlesis dominatedby velocityfluctuations

on scalesof orderL. In contrast,the relative motion within the inertial rangeis approximately

independentof thevelocitycutoffs andit is convenientto takedirectly thescalinglimit η ~ 0 and

L ~ ∞. We shallalsosetthemoleculardiffusivity to zero. In theselimits,
�û

N hasthedimension
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lengthξ � 2, implying thattimescalesaslength2 � ξ and�� N x λr; R; t zØ~ λ � ¼ N � 1¿ d �� N x r; λ � 1R; λξ � 2t z6� (71)

The relative motion of N fluid particlesmay be testedby tracing the time evolution of the La-

grangianaverages �
f x Rx t z�z � ~ � f x Rz �� N x r; R; t z dR� (72)

of translation-invariantfunctions f of thesimultaneousparticlepositions.Think abouttheevolu-

tion of N fluid particlesasthatof a discretecloudof markedpointsin physicalspace.Thereare

two elementsin theevolution of thecloud: thegrowth of its sizeandthechangeof its shape.We

shalldefinetheoverall sizeof thecloudasR ~�x 1
N ∑

n � m
R2

nmz 1� 2 andits “shape”as �R ~ �R� R. For

example,threeparticlesform a trianglein space(with labeledvertices)andthe notion of shape

that we areusingincludesthe rotationaldegreesof freedomof the triangle. The growth of the

sizeof thecloudmightbestudiedby lookingat theLagrangianaverageof thepositivepowersR
ζ
.

More generally, let f bea scalingfunctionof dimensionζ, i.e. suchthat f x λRz�~ λζ f x Rz . The

changeof variablesR �© t
1

2 � ξ R, the relation(71) andthescalingpropertyof f allow to tradethe

LagrangianPDF �� N in (72) for thatat unit time t
ζ

2 � ξ �� N x t � 1
2 � ξ r; Ry 1z . As for two points,thelimit

of �� N whentheinitial pointsapproacheachotheris nonsingularfor nonsmoothvelocitiesandwe

infer that �
f x Rx t z�z � ~ t

ζ
2 � ξ � f x Rz �� N x 0; R; 1z dR� { o x t ζ

2 � ξ z6� (73)

In particular, we obtain the N-particle generalizationof the Richardson-typebehavior (39):� Rx t z ζ � ∝ t
ζ

2 � ξ . Hence,in theKraichnanmodelthesizeof thecloudof Lagrangianpointsgrows

superdiffusively ∝ t
1

2 � ξ . Whataboutits shape?

3. Zero modes and slow modes

In order to test the evolution of the shapeof the cloud onemight comparethe Lagrangian

averagesof differentscalingfunctions.Therelation(73)suggeststhatat largetimesthey all scale
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dimensionallyas t
ζ

2 � ξ . Actually, all do but thosefor which the integral in (73) vanishes.The

latter scalingfunctions,whoseevolution violatesthedimensionalprediction,may thusbe better

suitedfor testingtheevolution of theshapeof thecloud. Do suchfunctionsexist? Supposethat

f is a scalingfunction of non-negative dimensionζ annihilatedby
�û

N , i.e. suchthat
�û

N f ~
0. Its Lagrangianaverage,ratherthan obeying the dimensionallaw, doesnot changein time:�

f x Rx t z�z � ~ f x r z . Indeed,∂t �� N x r; R; t zY~ �û
N �� N x r; R; t z . Therefore,the time-derivative of

the right handside of (72) vanishessince it brings down the (Hermitian) operator
�û

N acting

on f . Thus, the zero modesof
�û

N are conserved in meanby the Lagrangianevolution. The

importanceof suchconserved modesfor the transportpropertiesby δ-correlatedvelocitieshas

beenrecognizedindependentlyby Shraimanand Siggia (1995), Chertkov et al. (1995b),and

Gawȩdzki andKupiainen(1995and1996).

The above mechanismmay be easily generalized(Bernardet al., 1998). Supposethat fk

is a zero modeof the x k { 1z st power of
�û

N (but not of a lower one),with scalingdimension

ζ {¹x 2 } ξ z k. Then,its Lagrangianaverageis a polynomialof degreek in time sinceits x k { 1z st

time derivative vanishes.Its temporalgrowth is slower thanthedimensionalpredictiont
ζ

2 � ξ Á k if

ζ ã 0 sothattheintegralcoefficient in (73)mustvanish.Weshallcall suchscalingfunctionsslow

modes.Theslow modesmaybeorganizedinto “towers”with thezeromodesat thebottom5. One

descendsdown the tower by applying the operator
�û

N which lowers the scalingdimensionbyx 2 } ξ z . Thezeroandtheslow modesarenaturalcandidatesfor probesof theshapeevolution of

theLagrangiancloud. Thereis animportantgeneralfeatureof thosemodesdueto themultibody

structureof theoperators:thezeromodesof
�û

N � 1 arealsozeromodesof
�û

N andthesamefor

theslow modes.Only thosemodesthatdependnon-trivially on all thepositionsof theN points

may of coursegive new informationon the N-particleevolution which cannotbe readfrom the

evolutionof asmallernumberof particles.Weshallcall suchzeroandslow modesirreducible.

To get convinced that zero and slow modesdo exist, let us first considerthe limiting case

5Notethat  �� N ¢ k fk is azeromodeof scalingdimensionζ.
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ξ © 0 of very roughvelocity fields. In this limit di j x r z reducesto D1 x d } 1z δi j , see(48), and

the operator
�û

N becomesproportionalto ∇2, the x Nd z -dimensionalLaplacianrestrictedto the

translation-invariantsector. The relative motion of the particlesbecomesa purediffusion. If R

denotesthesize-of-the-cloudvariablethen

∇2 ~ R� dN Á 1 ∂R RdN � 1∂R { R� 2 �∇2 y (74)

wheredN
� x N } 1z d and �∇2

is the angularLaplacianon the x dN } 1z -dimensionalunit sphere

of shapes�R. The spectrumof the latter may be analyzedusing the propertiesof the rotation

group. Its eigenvaluesare } j x j { dN } 2z/y where j ~ 0 y 1 y������ is the angularmomentum. The

functions f j ò 0 ~ Rjφ j x��Rz , whereφ j is an angularmomentum j eigenfunction,are zero modes

of the Laplacianwith scalingdimension j. The contributions coming from the radial and the

angularpartsin (74) indeedcancelout. The polynomials f j ò k ~ R2k f j ò 0 form thecorresponding

(infinite) tower of slow modes.All thescalingzeroandslow modesof theLaplacianareof that

form. Themechanismbehindthespecialbehavior of their Lagrangianaveragesis thatmentioned

at the beginning of the section. Besidethe constant,the simplestzero modehasthe form of

the differenceR2
12 } R2

13. Both termsare slow modesin the tower of the constantzero mode

and their Lagrangianaveragesgrow linearly in time with the sameleadingcoefficient. Their

differenceis thusconstant.A similar mechanismstandsbehindthenext example,thedifference

2 x d { 2z R2
12R

2
34 } d x R4

12 { R4
34 z , whoseLagrangianaverageis conserveddueto thecancellationof

linearandquadratictermsin time,andsoon.

It wasarguedby Bernardet al. (1998)that theslow modesexist alsofor generalξ andshow

up in theasymptoticbehavior of themultiparticlePDF’s whentheinitial pointsgetclose:�� N x λr; R; t z¸~ ∑
a

∞

∑
kÇ 0

λζa Á9¼ 2 � ξ ¿ k fa ò k x r z ga ò k x Ry t z/y (75)

for small λ. The first sumis over the zeromodes fa ò 0 � fa with scalingdimensionsζa, while

higherk give thecorrespondingtowersof slow modes.Thefunctionsin (75) maybenormalized

sothat fa ò k � 1 ~ �û
N fa ò k andga ò k Á 1 ~ �û

Nga ò k ~ ∂tga ò k. The leadingtermin theexpansioncomes

from theconstantzeromodef0 ò 0 ~ 1. Thecorrespondingg0 ò 0 coincideswith thePDFof N initially
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overlappingparticles.Theasymptoticexpansion(75) is easyto establishfor vanishingξ andfor

N ~ 2 with arbitrary ξ . In the generalcase,it hasbeenobtainedundersomeplausible,but yet

unproven, regularity assumptions.Note that, dueto (71), the expansion(75) describesalsothe

asymptoticsof the multiparticlePDF’s whenthe final pointsget far apartandthe timesbecome

large. The useof (75) allows to extract the completelong-timeasymptoticsof the Lagrangian

averages: �
f x Rx t z�z � ~ ∑

a

∞

∑
kÇ 0

t
ζ � ζa
2 � ξ � k fa ò k x r zA� f x Rz ga ò k x Ry 1z dR� y (76)

which is a detailedrefinementof (73), correspondingjust to the first term. Note that the pure

polynomial-in-timebehavior of theLagrangianaveragesof theslow modesimpliespartialorthog-

onality relationsbetweentheslow modesandtheg modes.

4. Shape evolution

The qualitative mechanismbehind the preservation of the Lagrangianaverageof the zero

modesis the compensationbetweenits increasedueto the sizegrowth andits depletiondueto

the shapeevolution. The sizeandthe shapedynamicsaremixed in the expansion(75) that, to-

getherwith (71),describesthelong-timelong-distancerelativeevolutionof theLagrangiancloud.

To getmoreinsight into thecooperative behavior of theparticlesandthegeometryof their con-

figurations,it is usefulto separatetheshapeevolution following GatandZeitak (1998),seealso

(Arad andProcaccia,2000).Thegeneralideais to tradetime in therelative N-particleevolution�Rx t z for thesizevariable Rx t z . This may be doneasfollows. Let us startwith N particlesin a

configurationof sizer andshape�r. Denoteby �Rx Rz the shapeof the particleconfigurationthe

first time its sizereachesR É r. VaryingR, oneobtainsadescriptionof theevolutionof theshape

of the particlecloud with its size(which may be discontinuousif the sizedoesnot grow at all

momentsof time). For scaleinvariantvelocity fields,thePDFof theshapes�Rx Rz , i.e. of thefirst

passagesof �Rx t z throughthesphereof sizeR, dependsonly on theratio R� r. We shalldenoteit

by PN x �r; �R; r � Rz . The shapeevolution �Rx Rz is still a Markov process:in orderto computethe

probabilityof thefirst passagethroughthesphereof sizeR, onemayconditionwith respectto the
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first passagethroughasphereof anintermediatesize.As aresult,thePDF’s PN obey asemigroup

Chapman-Kolmogorov relation.As observedby GatandZeitak(1998),theeigenmodeexpansion

of the(generallynon-Hermitian)Markov semigroupPN x λ z involvesthezeromodes fa :

PN x �r; �R;λ zÞ~ ∑
a

λζa fa x �r z ha x �Rz6� (77)

Theformal reasonis asfollows. Thestatisticsof thefirst passagethrougha givensurfacemaybe

obtainedby imposingtheDirichlet boundaryconditionon thesurfacein thedifferentialgenerator

of the process.For the caseat hand,if GN x r y Rz denotesthe kernelof the inverseof } �û
N and

GDir
N

refersto its versionwith theDirichlet conditionsat R ~ 1, then

PN x �r; �R;λ z¸~ 1
2

N

∑
n òmÇ 1

�
∇

Ri
n
R� � di j x Rnmz ∇

R
j
m
GDir

N
x λ�r y Rz � y (78)

with thederivativestakenonthesphereof unit radius.Thepotentialtheoryrelation(78)expresses

thesimplefactthattheprobabilityof afirst passagethroughagivensurfaceis thenormalcompo-

nentof theprobabilitycurrent(theexpressionin secondparenthesison the right handside). On

theotherhand,by integratingtheasymptoticexpansion(75),oneobtainstheexpansion

GN x λr y RzÞ~ ∞�
0

�� N x λr;R; t z dt ~ ∑
a

λζa fa x r z g̃a x Rz6y (79)

whereg̃a ~ ∞�
0

ga ò 0dt. Notethattheslow modesdonotappearsincega ò k Á 1 is thetimederivativeof

ga ò k, thatvanishesattheboundaryof theintegrationinterval for nonzeroR. TheDirichletboundary

conditionat R ~ 1 shouldnot affect thedependenceon theasymptoticallyclosepositionsλr. An

expansionanalogousto (79) shouldthenhold for GDir
N

with the samezeromodesandmodified

functions g̃. The potentialtheory formula (78) togetherwith the Dirichlet versionof (79) give

(77).

Let usnow considerthe“shapeonly” versionof theLagrangianaverage(72). Substitutingthe

expansion(77),weobtain�
f ý �Rx Rziÿ � ~ ∑

a
x R� r z � ζa fa x �r z � f x��Rz ha x��Rz d �R � (80)
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Theinterpretationof (80) is simple:whenthesizeincreases,theaverageof a genericfunctionof

the shaperelaxesasa combinationof negative powersof R to a constant,with the zeromodes

fa x �r z giving the modesof relaxation(Gat andZeitak, 1998). On the otherhand,dueto the or-

thogonalityof the left andright eigenfunctionsof the semigroupPN x λ z , the shapeaveragesof

the zeromodesdecay:
�

fa ý �Rx Rziÿ � ~æx R� r z � ζa fa x �r z . Sincethe sizegrows ast
1

2 � ξ , this quan-

titatively illustratesthedecreaseof theshapeaverageresponsiblefor theconservation in time of

theLagrangianaverageof thezeromodes.A vivid andexplicit exampleof thecompensationis

providedby thecaseof threeparticles.Thecontourlinesof therelevantzeromodeasa function

of theshapeof thetriangleareshown in Fig. 4. Thefunctiontendsto decreasefor configurations

whereall theinterparticledistancesarecomparable.It is thenclearthatthedecreasein theshape

averageis simplydueto particleevolving towardsymmetricalconfigurationswith aspectratiosof

orderunity (Pumir, 1998;CelaniandVergassola,2001).

Therelativemotionof theparticlesin thelimit ξ © 0 becomesapurediffusion.It is theneasy

to seethat thezeromodesof theLaplacianplay indeedtherole of relaxationmodesof theξ ~ 0

shapeevolution. Purediffusionis theclassicalcaseof potentialtheory: GN x r y Rz ∝
�
r } R

� � dN Á 2

is thepotentialinducedat r by a unit chargeplacedat R (theabsolutevalueis takenin thesense

of the sizevariable). The Dirichlet version GDir
N

correspondsto the potentialof a unit charge

insideagroundedconductingsphereandit is obtainedby theimagechargemethod:GDir
N
x r y RzA~

GN x r y RzG} R� dN Á 2GN x r y R� R2 z . The potentialtheoryformula (78) givesthenfor the shape-to-

shapetransitionprobability PN x �r; �R;λ z ∝ x 1 } λ2 z � �R } λ �r � � dN , with theproportionalityconstant

equalto the inversevolumeof the sphere.On the otherhand,calculatingGDir
N

in eachangular

momentumsectorby (74), oneeasilydescribesthe generatorof the Markov semigroupPN x λ z .
It is the pseudo-differentialHermitianoperatorwith the sameeigenfunctionsφ j asthe angular

Laplacian �∇2
but with eigenvalues } j. The expansion(77) with ha ~ fa follows (recall that

the functions Rjφ j form the zeromodesof the Laplacian). The Markov process�Rx Rz liveson

distributionalrealizations(andnot oncontinuousones).

It is instructive to comparethe shapedynamicsof the Lagrangiancloud to the imaginary-

timeevolutionof aquantummechanicalmany-particlesystemgovernedby theHamiltonianHN ~
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∑
n

p2
n

2m { ∑
n � m

V x rnmz . The(Hermitian)imaginary-timeevolution operatorse� t HN decomposein the

translation-invariantsectoras∑
a

e� t EN þ a �ψN þ a � � ψN þ a � . Thegroundstateenergy is EN þ 0 andthesumis

replacedby anintegralfor thecontinuouspartof thespectrum.An attractivepotentialbetweenthe

particlesmay leadto thecreationof boundstatesat thebottomof thespectrumof HN. Breaking

the systeminto subsystemsof Ni particlesby removing the potentialcoupling betweenthem

would thenraisethegroundstateenergy: EN þ 0 � ∑
i

ENi þ 0. A verysimilarphenomenonoccursin the

stochasticshapedynamics.Considerindeedanevennumberof particlesanddenoteby ζN þ 0 the

lowestscalingdimensionof the irreduciblezeromodeinvariantundertranslations,rotationsand

reflections.For twoparticlesthereis noinvariantirreduciblezeromodeandits roleis playedby the

first slow mode∝ r2 � ξ and ζ2 þ 0 ~ 2 } ξ. Supposenow thatwe breakthesysteminto subsystems

with an even number Ni of particlesby removing in
�û

N the appropriateterms d x rnmz ∇rn∇rm

couplingthesubsystems,see(70). For Ni É 4, the irreduciblezeromodefor thebrokensystem

factorizesinto theproductof suchmodesfor thesubsystems.If Ni ~ 2 for somei, thefactorization

still holdsmodulotermsdependenton lessvariables.In any case,thescalingdimensionssimply

add up. The crucial observation, confirmedby perturbative and numericalanalysesdiscussed

below, is that the minimal dimensionof the irreduciblezeromodesis raised: ζN þ 0 � ∑
i

ζNi þ 0. In

particular, ζN þ 0 is smallerthanN
2 x 2 } ξ z . Oneevenexpectsthat ζN þ 0 is aconcavefunctionof (even)

N andthat for N § d its dependenceon N saturates,seeSects.III.C.2, III.D.2, III.F. By analogy

with the multibody quantummechanics,we may saythat the irreduciblezeromodesarebound

statesof theshapeevolutionof theLagrangiancloud.Theeffect is at therootof theintermittency

of apassivescalaradvectedby nonsmoothKraichnanvelocities,asweshallseein Sect.III.C.1. It

is acooperativephenomenonexhibiting ashort-distanceattractionof closeLagrangiantrajectories

superposedon the overall repulsionof the trajectories.Thereareindicationsthat similar bound

statesof theshapeevolution persistin morerealisticflows andthat they arestill responsiblefor

thescalarintermittency, seeSect.III.D.2 and(CelaniandVergassola,2001).
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5. Perturbative schemes

The incompressibleKraichnanmodelhastwo parametersd � �
2 y ∞ z andξ � �

0 y 2� . It is then

naturalto askif theproblemis simplifiedattheir limiting valuesandif perturbativemethodsmight

beusedto get thezeromodesnearthe limits. No significantsimplificationhasbeenrecognized

for d ~ 2 at arbitraryξ. Theotherlimits do allow for a perturbative treatmentsincetheparticle

interactionis weakand the anomalousscalingdisappearsthere. The perturbationtheory is es-

sentiallyregular for ξ © 0 andd © ∞. Conversely, theperturbationtheoryfor ξ © 2 is singular

for two reasons.First, theadvectionby a smoothvelocity field preservestheconfigurationswith

theparticlesalignedon a straightline. A small roughnessof the velocity haslittle effect on the

particlemotion almosteverywherebut for quasi-collineargeometries.A separatetreatmentof

thoseregionsanda matchingwith the regular perturbationexpansionfor a generalgeometryis

thusneeded.Second,for almostsmoothvelocities,closeparticlesseparatevery slowly andtheir

collective behavior is masked by this effect which leadsto an accumulationof zeromodeswith

very closescalingdimensions.We shall startby themoreregular casesof small ξ andlarge d.

Thescalingof theirreduciblefour-pointzeromodewith thelowestdimensionwasfirst calculated

to thelinearorderin ξ by Gawȩdzki andKupiainen(1995)by a versionof degenerateRayleigh-

Schr̈odingerperturbationtheory. In parallel,a similar calculationin the linear orderin 1� d was

performedby Chertkov etal. (1995b).Bernardetal. (1996)streamlinedthesmall ξ analysisand

generalizedit to any even order, following a similar generalizationby Chertkov andFalkovich

(1996)for the1� d expansion.Wesketchherethemainlinesof thosecalculations.

As wediscussedin SectionII.E.3, theoperator
�û

N is reducedto theLaplacian(74) for ξ ~ 0.

Thezeromodesof theLaplaciandependon thesizeof theparticleconfigurationasRj andon its

shapeasthe eigenfunctionsof �∇2
with angularmomentumj. The zeromodesinvariantunder

d-dimensionaltranslations,rotationsandreflectionscanbe reexpressedaspolynomialsin R2
nm.

For even N, theirreduciblezeromodeswith thelowestscalingdimensionhave theform

fN þ 0 x Rz¸~ R2
12

R2
34
����� R2ë N � 1ì N { � �����0� (81)

where
� ���i�Ä� denotesacombinationof termsthatdependon thepositionsof x N } 1z or lessparti-
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cles.For four particles,thezeromodeis 2 x d { 2z R2
12R

2
34 } d x R4

12 { R4
34 z , our recurrentexample.

Theterms
� �����"� arenotuniquelydeterminedsinceany degreeN zeromodefor a smallernumber

of pointsmightbeadded.Furthermore,permutationsof thepointsin fN þ 0 giveotherzeromodesso

thatwemaysymmetrizetheaboveexpressionsandlook only at thepermutation-invariantmodes.

The scalingdimensionζN þ 0 of fN þ 0 is clearly equalto N. This linear growth signalsthe absence

of attractiveeffectsbetweentheparticlesdiffusingwith aconstantdiffusivity (no particlebinding

in the shapeevolution). As we shall seein Sect.III.C.1, this leadsto the disappearanceof the

intermittency in theadvectedscalarfield, thatbecomesGaussianin thelimit ξ © 0.

To the linear order in ξ, the operator
�û

N will differ from the Laplacianby a secondorder

differentialoperator} ξV, involving logarithmicterms∝ ln x rnmz . Thezeromodeandits scaling

dimensionareexpandedas f0 { ξ f1 andN { ξζ1, respectively. Thelowestorderterm f0 is given

by thesymmetrizationof (81). As usualin suchproblems,thedegeneracy hiddenin
� �����0� maybe

lifted by theperturbationthatfixes f0 for eachzeromode,seebelow. At thefirst orderin ξ, the

equationsthatdefinethezeromodesandtheir scalingdimensionreduceto therelations

∇2 f1 ~ V f0 y x R∂R } N z f1 ~ ζ1 f0 � (82)

Givenanarbitraryzeromode f0, oneshows that thefirst equationadmitsa solutionof the form

f1 ~ h { ∑
n � m

hnm ln x rnmz with O x d z -invariant,degreeN polynomialshnm and h, the latter be-

ing determinedup to zeromodesof ∇2. Note that the function x R∂R } N z f1 ~ ∑
n � m

hnm is also

annihilatedby theLaplacian:

∇2 x R∂R } N z f1 ~ x R∂R } N { 2z ∇2 f1 ~ x R∂R } N { 2z V f0~ x �R∂R y V ��{ 2V z f0 { V x R∂R } N z f0 ~ 0 � (83)

Thelastequalityfollowsfrom thescalingof f0 andthefactthatthecommutatorsof R∂R with
�û

N

andV are x ξ } 2z �û N and } ∇2 } 2V, respectively. Oneobtainsthis way a linearmap Γ on the

spaceof thedegreeN zeromodesof theLaplacian:Γ f0 ~çx R∂R } N z f1. Thesecondequationin

(82)statesthat f0 mustbechosenasaneigenstateof themapΓ. Furthermore,thefunctionshould

not belongto the subspaceof unit codimensionof the zeromodesthatdo not dependon all the
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points.It is easyto seethatsuchsubspaceis preservedby themapΓ. As theresult,theeigenvalue

ζ1 is equalto theratio betweenthecoefficientsof R2
12

R2
34
����� R2ë N � 1ì N in Γ f0 andin f0. The latter

is easyto extract,see(Bernardetal., 1996)for thedetails,andyieldstheresult ζ1 ~ } N ¼ N Á d ¿
2 ¼ d Á 2¿ or,

equivalently,

ζN þ 0 ~ N
2
x 2 } ξ zg} N x N } 2z

2 x d { 2z ξ { ºjx ξ2 z/y (84)

giving the leadingcorrectionto thescalingdimensionof the lowestirreduciblezeromode.Note

that to that orderζN þ 0 is a concave function of N. Higher-order termsin ξ have beenanalyzed

in (Adzhemyanet al., 1998) (the secondorder)and in (Adzhemyanet al., 2001) (the third or-

der). The latter papersuseda renormalizationgroup resummationof the small ξ perturbative

seriesfor thecorrelationfunctionsof thescalargradientsin conjunctionwith anoperatorproduct

expansion,seeSec.III.C.1. The expression(84) may be easilygeneralizedto the compressible

Kraichnanensembleof compressibilitydegree℘. Thecorrectionζ1 for thetracerexponentpicks

upanadditionalfactor x 1 { 2℘z (Gawȩdzki andVergassola,2000).Higherordercorrectionsmay

be found in (Antonov andHonkonen,2000). The behavior of the densitycorrelationfunctions

wasanalyzedin (AdzhemyanandAntonov, 1998;Gawȩdzki andVergassola,2000;Antonov and

Honkonen,2000).

For largedimensionalityd, it is convenientto usethevariablesxnm ~ R2 � ξ
nm astheindependent

coordinates6 to make thed-dependencein
�û

N explicit. Up to higherordersin 1� d, theoperator�û
N ∝ � } 1

d U , where �æ~ d � 1 ∑
n � m

� x d } 1z ∂xnm
{ x 2 } ξ z xnm∂2

xnm
� and U is a secondorder d-

independentdifferentialoperatormixing derivativesover different xnm. We shall treat � asthe

unperturbedoperatorand } 1
d U asaperturbation.Theinclusioninto � of thediagonalterms∝ 1

d

makestheunperturbedoperatorof thesame(second)orderin derivativesastheperturbationand

renderstheperturbativeexpansionlesssingular. Theirreduciblezeromodesof � with thelowest

dimensionaregivenby anexpressionsimilar to (81):

fN þ 0 x Rzm~ x12 x34 ����� xë N � 1ì N { � �����0��y (85)

6Their valuesarerestrictedonly by thetriangleinequalitiesbetweentheinterparticledistances.
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and the permutationsthereof. Their scalingdimensionis N
2 x 2 } ξ z . For N ~ 4, one may for

exampletake f4 ò 0 ~ x12x34 } d � 1
2 ¼ 2 � ξ ¿ x x2

12
{ x2

34
z . As in theξ-expansion,in orderto takeinto account

theperturbationU , onehasto solve theequations� f1 ~ U f0 y ý ∑
n � m

xnm∂xnm
} N

2 ÿ f1 ~ ζ1

2 � ξ f0 � (86)

Onechecksagainthat Γ f0
� x ∑

n � m
xnm∂xnm

} N
2 z f1 is annihilatedby � . In orderto calculateζ1, it

remainsto find thecoefficient of x12 ����� xë N � 1ì N in Γ f0. In its dependenceon the x’s, thefunction

U f0 scaleswith power x N2 } 1z . Onefinds f1 by applyingtheinverseof theoperator� to it. Γ f0

is thenobtainedby gatheringthecoefficientsof thelogarithmictermsin f1, see(Chertkov et al.,

1995b)for thedetails.Whend © ∞, theoperator� reducesto thefirst orderone � � � ∑
n � m

∂xnm
.

This signalsthat the particle evolution becomesdeterministicat d ~ ∞, with all xnm growing

linearly in time. If oneis interestedonly in the 1
d correctionto thescalingexponentandnot in the

zeromode,thenit is possibleto usedirectly themorenatural(but moresingular)decomposition�û
N ∝ �u�_} 1

d U � . The leadingzeromodesof �u� also have the form (85). Noting that �u� is a

translationoperator, thezeromodeΓ � f0 maybeobtainedasthecoefficient of thelogarithmically

divergenttermin � ∞

0
U � f0 x xnm } t z dt , see(Chertkov andFalkovich, 1996). In bothapproaches,

thefinal resultis

ζN þ 0 ~ N
2
x 2 } ξ zl} N x N } 2z

2d
ξ { ºjx 1

d2 z6y (87)

which is consistentwith thesmallξ expression(84).

The non-isotropiczero modes,as well as thosefor odd N, may be studiedsimilarly. The

zeromodesof fixedscalingdimensionform a representationof the rotationgroup SO x d z which

maybedecomposedinto irreduciblecomponents.In particular, onemayconsiderthecomponents

correspondingto thesymmetrictensorproductsof thedefiningrepresentationof SO x d z , labeled

by theangularmomentum j (themultiplicity of the tensorproduct). For two particles,no other

representationsof SO x d z appear. The2-pointoperator
�û

2 becomesin eachangularmomentum

sectoranexplicit second-orderdifferentialoperatorin theradialvariable.It is thenstraightforward

to extractthescalingdimensionsof its zeromodes:
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ζ j
2 þ 0 ~ } d } 2 { ξ

2
{ 1

2
x d } 2 { ξ z 2 { 4 x d } 1 { ξ z j x j { d } 2z

d } 1
� (88)

Notethatζ1
2 þ 0 ~ 1 in any d correspondingto linearzeromodes.For the3-pointoperator, thelowest

scalingdimensionsare ζ0
3 þ 0 ~ 4 } 2 ¼ d � 2¿

d � 1 ξ {�º*x ξ2 z (Gat et al., 1997a,b)and ζ1
3 þ 0 ~ 3 } d Á 4

d Á 2 ξ {ºjx ξ2 z (Pumir, 1996and1997)or ζ1
3 þ 0 ~ 3 } ξ } 2ξ

d { ºjx 1
d2 z (GutmanandBalkovsky, 1996). For

even N and j, Arad,L’vov et al. (2000)haveobtainedthegeneralizationof (84) in theform

ζ j
N þ 0 ~ N

2
x 2 } ξ z } ý N x N } 2z

2 x d { 2z } j x j { d } 2z�x d { 1z
2 x d { 2z�x d } 1z ÿ ξ { ºjx ξ2 z6� (89)

The effective expansionparameterin thesmall ξ or large d approachturnsout to be Nξ¼ 2 � ξ ¿ d
so that neitherof them is applicableto the region of the almostsmoothvelocity fields. This

region requiresa differentperturbative techniqueexploiting the numeroussymmetriesexhibited

by themultiparticleevolution in thelimiting caseξ ~ 2. Thosesymmetrieswerefirst noticedand

employed to derive an exact solution for the zeromodesby ShraimanandSiggia (1996). The

expressionof themultiparticleoperatorsat ξ ~ 2 reads�û
N ~ D1 	 dH2 }�x d { 1z J2 
 y (90)

with H2 ~ ∑
i j

Hi jH j i and J2 ~�} ∑
i � j

J2
i j denotingtheCasimiroperatorsof thegroup SL x d z andof

its SO x d z subgroupactingon theindex i ~ 1 yi�����$y d of theparticlepositionsr i
n. Thecorrespond-

ing generatorsaregivenby Hi j ~ ∑
n ý } r i

n∇r j
n
{ 1

dδi j x rk
n∇rk

n
z ÿ and Ji j ~ Hi j } H j i . Therelation

(90), thatmaybeeasilycheckeddirectly, is consistentwith theexpression(68) for theheatkernel

of
�û

N. As mentionedin Sect.II.B(i), the right handsideof (90) is indeedthe generatorof the

diffusionprocessW x t z on thegroup SL x d z . In their analysis,ShraimanandSiggia(1995)em-

ployedanalternative expressionfor themultiparticleoperators,exhibiting yet anothersymmetry

of thesmoothcase:�û
N ~ D1 ý dG2 }�x d { 1z J2 { d � N Á 1

N � 1 Λ x Λ { dN ziÿ¸y (91)

where G2 ~ N � 1
∑

n òmÇ 1
GnmGmn is the quadraticCasimir of SL x N } 1z acting on the index n ~

1 y����i�7y N } 1 of the differencevariablesr i
nN

and Λ ~ ∑
i ò nr i

n∇r i
n

is the generatorof the overall di-

lations. For threepoints,onemaythendecomposethescalingtranslationallyinvariantfunctions
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into the eigenfunctionsof G2, L2 andothergeneratorscommutingwith the latter andwith Λ.

The zeromodesof
�û

3 at ξ ~ 2 have the lowestscalingdimensionequalto unity andvanish-

ing in theangularmomentumsectors j ~ 1 and j ~ 0, see(Pumiret al., 1997)and(Balkovsky

et al., 1997a). They have infinite multiplicity sincetheir spacecarriesan infinite-dimensional

representationof SL x 2z . Similar zeromodesexist for any higherscalingdimension.In 2d, for

example,the scalingdimensionof a three-particlezeromodemay be raisedmultiplying it by a

power of detx r i
n3
z . Thecontinuousspectrumof thedimensionsandtheinfinite degeneracy of the

zeromodesin thesmoothcaseis onesourceof thedifficulties. Anotherrelateddifficulty is that

for ξ ~ 2 theprincipalsymbolof
�û

3 loosespositive-definitenessnotonly whentwo of thepoints

coincide,but alsowhenall the threepointsbecomecollinear. That leadsto the dominationfor

quasi-collineargeometriesof theperturbative termsin
�û

3 over theunperturbedones.Theprob-

lemrequiresaboundarylayerapproachdevelopedfirst by Pumiretal. (1997)for the j ~ 1 sector

with theconclusionthattheminimalscalingdimensionof thezeromodebehavesas1 { o x 2 } ξ z .
Similar techniquesled Balkovsky et al. (1997a)to arguefor a ºjx Ý 2 } ξ z behavior of themin-

imal scalingdimensionof the isotropiczeromodes.The three-particlezeromodeequationwas

solvednumericallyfor thewholerangeof valuesof ξ by Pumir(1997)for j ~ 1 andd ~ 2 y 3 and

by Gatet al. (1997a,b)in theisotropiccasefor d ~ 2 y 3 y 4. Their resultsarecompatiblewith the

perturbative analysisaroundξ ~ 0 and ξ ~ 2, with a smoothinterpolationfor the intermediate

values(no crossingbetweendifferentbranchesof the zeromodes).Analytical non-perturbative

calculationsof thezeromodeswereperformedfor thepassive scalarshellmodels,wherethede-

greesof freedomarediscrete.We refer the interestedreaderto the original works (Benziet al.,

1997;AndersenandMuratore-Ginanneschi,1999)andto (Bohr et al., 1998)for an introduction

to shellmodels.

III. PASSIVE FIELDS

Theresultsonthestatisticsof Lagrangiantrajectoriespresentedin ChapterII will beusedhere

to analyzethepropertiesof passivelyadvectedscalarandvectorfields.Thequalification“passive”
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meansthatwedisregardtheback-reactionof theadvectedfieldsontheadvectingvelocity. Weshall

treatbothascalarperunit mass(a tracerfield), satisfyingtheequation

∂tθ { v | ∇θ ~ κ∇2θ y (92)

andthedensityperunit volume,whoseevolution is governedby

∂tn { ∇ |�x nvz9~ κ∇2n � (93)

For incompressibleflows,thetwo equationsareobviouslycoinciding.Examplesof passivevector

fieldsareprovidedby thegradientof a tracerω ~ ∇θ, obeying

∂tω { ∇ x v | ω zA~ κ∇2ω y (94)

andthedivergencelessmagneticfield evolving in incompressibleflow accordingto

∂tB { v | ∇B } B | ∇v ~ κ∇2B � (95)

Two broadsituationswill bedistinguished: forcedandunforced.Theevolution equationsfor the

latterare(92)-(95). They will beanalyzedin Sect.III.A. For the former, a pumpingmechanism

suchasa forcing term is presentandsteadystatesmight beestablished.The restof theChapter

treatssteadycascadesof passive fields underthe actionof a permanentpumping. As we shall

seebelow, the advectionequationsmay be easilysolved in termsof the Lagrangianflow, hence

the relationbetweenthe behavior of the advectedfields andof the fluid particles. In particular,

the multipoint statisticsof the advectedfields will appearto be closely linked to the collective

behavior of theseparatingLagrangianparticles.An introductionto thepassiveadvectionproblem

maybefoundin (ShraimanandSiggia,2000).

A. Unforced evolution of passive scalar and vector fields

Thephysicalsituationof interestis thattheinitial passivefield or its distribution is prescribed

and the problemis to determinethe field distribution at a later time t. The simplestquestion

to addressis which fields have their amplitudesdecayingin time andwhich growing, assuming
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the velocity field to be statisticallysteady. A tracerfield alwaysdecaysbecauseof dissipative

effects,with thelaw of decaydependingon thevelocity properties.Thefluctuationsof a passive

densitymaygrow in acompressibleflow, with this growth saturatedby diffusionaftersometime.

The fluctuationsof both ω andB may grow exponentiallyas long asdiffusion is unimportant.

After diffusioncomesinto play, their destiniesaredifferent: ω decays,while themagneticfield

continuesto grow. Thisgrowth is known asdynamoprocessandit continuesuntil saturatedby the

back-reactionof themagneticfield on thevelocity. Anotherimportantissuehereis thepresence

or absenceof a dynamicself-similarity: for example,is it possibleto presentthetime-dependent

PDF ��x θ; t z asa functionof a singleargument?In otherwords,doestheform of thePDFremain

invariantin time apartfrom a rescalingof thefield? We shallshow that for largetimesthescalar

PDFtendsto a self-similarlimit whentheadvectingvelocity is nonsmooth,while self-similarity

is brokenin smoothvelocities.

1. Backward and forward in time Lagrangian description

If the advectingvelocitiesaresmoothand if the diffusive termsarenegligible,7 the advec-

tion equationsmaybeeasilysolved in termsof theLagrangianflow. To calculatethevalueof a

passively advectedfield at a given time onehasto tracethefield evolution backwardsalongthe

Lagrangiantrajectories.This is to becontrastedwith thedescriptionof theparticlesin theprevi-

ousChapter, which wasdevelopedin termsof theforwardevolution. Thetracerθ staysconstant

alongtheLagrangiantrajectories:

θ x r y t zÅ~ θ x Rx 0;r y t z/y 0z@y (96)

where Rx_| ; r y t z denotesthe Lagrangiantrajectorypassingat time t throughthe point r. The

density n changesalong the trajectoryas the inverseof the volumecontractionfactor. Let us

considerthematrixW̃ x t; r z�~ W x t;Rx 0;r y t z�z , whereW x t; r z is givenby (13) anddescribesthe

7Recallthat theSchmidtnumberν � κ, alsocalledPrandtlnumberwhenconsideringtemperatureor mag-

neticfields,is assumedto belarge.
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forwardevolution of smallseparationsof theLagrangiantrajectoriesstartingat time zeronearr .

Thevolumecontractionfactoris detx W̃ x t; r z�z and

n x r y t z¸~ �
detx W̃ x t; r z�z$� � 1 n x Rx 0;r y t z/y 0z6� (97)

NotethatthematrixW̃ x t; r z is theinverseof thebackward-in-timeevolutionmatrix W �Äx t; r z with

thematrix elements∂Ri x 0;r y t z�� ∂r j . This is indeedimplied by the identity Rx t;Rx 0;r y t z/y 0z9~ r

andthechainrule for differentiation.Thesolutionof theevolutionequationfor thegradientof the

traceris obtainedby differentiating(96):

ω x r y t zÅ~ x W̃ x t; r z � 1 z T ω x Rx 0;r y t z@y 0z6� (98)

Finally, themagneticfield satisfies

B x r y t zÅ~ W̃ x t; r z B x Rx 0;r y t z/y 0z6� (99)

Therelations(96) to (99) give, in theabsenceof forcing anddiffusion,thesolutionsof theinitial

valueproblemfor theadvectionequationsin agivenrealizationof asmoothvelocity.

For non-zeroκ, the solutionsof the scalarequationsaregiven essentiallyby the sameex-

pressions.However, Rx_| ; r y t z denotesnow anoisyLagrangiantrajectorysatisfyingthestochastic

equation(5) andpassingthroughr at time t andtheright handsidesof theequations(96) to (99)

shouldbe averagedover the noiseusingthe Itô formula of stochasticcalculusdiscussedin Ap-

pendix. Thesesolutionsmayberewritten usingthe transitionPDF’s p x r y s;Ry t � vz introducedin

Sect.II.C, see(43) anddescribingthe probability densityto find the noisy particleat time t at

positionR, givenits time s position r. Onehas

θ x r y t zT~Ð� p x r y t;Ry 0 � vz θ x Ry 0z dR y n x r y t zT~Ð� p x Ry 0;r y t � vz n x Ry 0z dR � (100)

The two PDF’s appearingin theseformulae,onebackward andthe otherforward in time, coin-

cidefor incompressiblevelocitiesbut they aregenerallyunequalfor thecompressiblecases.For

nonsmoothvelocities,thosePDF’s continueto make senseandwe shall use(100) to definethe

solutionsof the scalaradvectionequationsin that case.As for the vectorfields, their properties
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dependboth on the noisy Lagrangiantrajectoryendpointsandon the matricesW̃ x t; r z , that are

well definedonly in smoothvelocities.The formal procedurefor nonsmoothvelocitiesis to first

imposea viscouscutoff, smoothingthe velocity behavior at small scales,andthenremoving it.

Whenthis is done,somepropertiesof thefield remainwell definedandmaybeanalyzed(see,for

instance,SectionIII.C.3).

In randomvelocity fields,theadvectedquantitiesbecomerandomfieldswhosestatisticsmay

be probedby consideringthe equal-timecorrelationfunctions. In particular, thoseof a tracer

evolveaccordingto

CN x r y t z � �
θ x r1 y t za�i��� θ x rN y t z � ~ � � N x r; R; } t z θ x R1 y 0z������ θ x RN y 0z dR � (101)

Here,asin Sect.II.C, theGreenfunctions � N arethe joint PDF’s of theequal-timepositionsof

N fluid particles,see(65). For thecorrelatorsof thedensityn, thebackwardpropagatorin (101)

shouldbereplacedby its forwardversion,in agreementwith (100). If theinitial dataarerandom

andindependentof thevelocities,they maybeeasilyaveragedover. For a tracerwith aGaussian,

meanzeroinitial distribution:

C2n x r y t z¸~ � � 2n x r; R; } t z � C2 x R12 y 0z������ C2 	 R¼ 2n � 1¿ 2n y 0
 { ���i� � dR y (102)

where,accordingto theWick rule, thedotsstandfor theotherpairingsof the2n points.

Let usnow briefly discussthecompressiblecase,wherethestatisticsof thematricesW̃ and

W generallydo not coincide.As we havealreadydiscussedin SectionII.D, every trajectorythen

comeswith its own weight determinedby the local rateof volumechangeandexhibited by the

Lagrangianaverageof a function f x W̃ z :
� f x W̃ x t; r z�z dr

V ~ � f x W x t;Rz�z detx W x t;Rz�z dR
V � (103)

The relation in (103) simply follows from the definition of W̃. The volume changefactor

detx W z&~ exp∑ρi , with the samenotationas in Sect.II.B. Recall that only the averageof the

determinantis generallyequalto unity for compressibleflow. Theaveragesof theSO x d z -invariant

functionsof W̃ aredescribedfor largetimesby thelarge-deviation function H̃ ~ H } ∑ρi � t, with
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the last termcomingfrom thevolumefactor. ThecorrespondingLyapunov exponentsλ̃i arede-

terminedby theextremumof H̃ (Balkovsky et al., 1999a).The exponentsgenerallydependon

theform of theentropy function H andcannotbeexpressedvia theLyapunov exponentsλi only.

Sincethematrix W � of thebackwardevolution is the inverseof W̃, thebackwardLyapunov ex-

ponentsaregivenby } λ̃d � i Á 1 andnot by thenäıveguess} λd � i Á 1. In particular, theinterparticle

distancedivergesbackward in time with theexponent } λ̃d. Thesameway aswe have shown in

Sect.II.Dthat∑λi Ö 0 in acompressibleflow, oneshowsthat∑λ̃i É 0 (implying λ̃1 É 0). For the

forwardLagrangianevolution we thushave anaveragecompressionof volumes,whereaspassive

fields ratherfeel an averageexpansion.Indeed,aswe go away from the momentwherewe im-

poseda uniform Lagrangianmeasure,therateof changeof thevolumeis becomingnegative in a

fluctuatingcompressibleflow.

Theforwardandbackwardin timeLyapunov exponentscoincideif thestatisticsof theveloci-

tiesis time-reversible,i.e. if v x r y t z and } v x r y�} t z areidenticallydistributed.More generally, the

entiredistributionsof theforwardandthebackwardin timestretchingratescoincidein thatcase:

H x ρ1 � t } λ1 y������7y ρd � t } λd zÞ~ H x7} ρd � t } λ1 y������7y�} ρ1 � t } λd zK{ ∑
i

ρi � t � (104)

This is anexampleof thetime-reversibility symmetryof thelargedeviation entropy functionthat

wasdescribedby Gallavotti andCohen(1995).Thesymmetryholdsalsofor aδ-correlatedstrain,

althoughtheabovefinite-volumeargument(103)doesnotapplydirectlyto thiscase.Recallthatin

that instancetheentropy function(59) describesthelargedeviationsof thestretchingratesof the

matrix W x t z givenby theItô versionof (16). For theinverseevolution, thestrain σ x sz shouldbe

replacedby σ �Äx szl~ } σ x t } sz andthematrix W �0x t z hasthesamedistributionasW x t z . Thematrix

W̃ x t zW~ W �0x t z � 1 is thengivenby (16)with theanti-Itô regularizationandtherelationbetweenthe

conventions(seeA4) implies W̃ x t z&~ W x t z e� 2∑λit � d . Realisticturbulent flows are irreversible

becauseof the dissipationso that the symmetry(104), that was confirmedin an experimental

situation(CilibertoandLaroche,1998),maybeat mostapproximate.
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2. Quasi-Lagrangian description of the advection

Importantinsightsinto theadvectionmechanismsareobtainedby eliminatingglobalsweep-

ing effectsanddescribingtheadvectedfields in a framewhoseorigin moveswith thefluid. This

pictureof the hydrodynamicevolution, known underthe nameof quasi-Lagrangiandescription,

is intermediatebetweenthestaticEulerianandthedynamicLagrangianones(Monin, 1959;Be-

linicherandL’vov, 1987).Specifically, quasi-Lagrangianfieldsaredefinedas

ψ̃ x r y t zÅ~ ψ x r { Rx t; r0 y 0z/y t z/y (105)

where ψ standsfor any Eulerianfield, scalaror vector, introducedpreviously and Rx t; r0 y 0z is

theLagrangiantrajectorypassingthroughr0 at timezero.Thequasi-Lagrangianfieldssatisfythe

sameevolutionequationsastheEulerianonesexceptfor thereplacementof theadvectivetermby�
ṽ x r y t z�} ṽ x 0 y t z��Ë| ∇. If the incompressiblevelocity andtheinitial valuesof theadvectedfield are

statisticallyhomogeneous,theequal-timestatisticsof thequasi-LagrangianandtheEulerianfields

coincide. Theequal-timestatisticsis indeedindependentof the initial point r0. Theequalityof

theequal-timeEulerianandquasi-Lagrangiandistributionsfollowsthenby averagingfirst over r0

andthenover thevelocity andby changingthevariablesr0 �© Rx t; r0 y 0z . Theequalitydoesnot

hold if theinitial valuesof theadvectedfieldsarenon-homogeneous.

It will bespeciallyconvenientto usethequasi-Lagrangianpicturefor distancesr muchsmaller

thantheviscousscale,i.e. in theBatchelorregime(Falkovich andLebedev, 1994).Thevariations

in the velocity gradientsmay thenbe ignoredso that ṽ x r y 0z�} ṽ x 0 y t zK· σ x t z r. In this case,the

velocity field entersinto the advectionequationsonly throughthe time dependentstrainmatrix.

For thetracer, oneobtainsthentheevolutionequation

∂t θ̃ {Âx σ r zl| ∇θ̃ ~ κ∇2θ̃ � (106)

This maybesolvedasbeforeusingnow thenoisyLagrangiantrajectoriesfor a velocity linear in

thespatialvariables:

θ̃ x r y t zÅ~ θ ý W x t z � 1r } � 2κ � t

0
W x sz � 1dβ x sz/y 0ÿ�y (107)
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whereW x t z is theevolutionmatrixof (16). Theoverlinedenotestheaverageoverthenoisewhich

is easilyperformedfor incompressiblevelocityfieldsusingtheFourierrepresentation:

θ̃ x r y t z¸~ � θ̂ x W x t z Tk y 0z exp
�
i k | r } k | Q x t z k � dk¼ 2π ¿ d (108)

with Q x t z*~ κ � t

0
W x t z �W x sz TW x sz�� � 1W x t z T � (109)

3. Decay of tracer fluctuations

For practicalapplications,e.g. in thediffusionof pollution, themostrelevantquantityis the

average � θ x r y t z � . It follows from (101) that the averageconcentrationis relatedto the single

particle propagationdiscussedin Sect.II.A. For times longer than the Lagrangiancorrelation

time, theparticlediffusesand � θ � obeys theeffectiveheatequation

∂t

�
θ x r y t z � ~ Di j

e ∇i∇ j

�
θ x r y t z � y (110)

with the effective diffusivity Di j
e given by (9). The decayof higher-ordermomentsandmulti-

point correlationfunctionsinvolvesmultiparticlepropagationandit is sensitive to the degreeof

smoothnessof thevelocity field.

The simplestdecayproblemis that of a uniform scalarspotof size Ê releasedin the fluid.

Anotherrelevant situationis that wherea homogeneousstatisticswith correlationsdecayingon

thescaleÊ is initially prescribed.Thecorrespondingdecayproblemsarediscussedhereafterfor

thetwo casesof smoothandnonsmoothincompressibleflow.

i) Smoothvelocity. Let usconsideran initial scalarconfigurationgivenin the form of a single

spotof size� . Its averagespatialdistributionat latertimesis givenby thesolutionof (110)with the

appropriateinitial condition.On theotherhand,thedecayof thescalarin thespotasit is carried

with theflow correspondsto theevolutionof θ̃ , definedby (105).WeassumetheSchmidt/Prandtl

numberν � κ to be large so that the viscousscaleη is much larger than the diffusive scalerd.

We shall be consideringthe 3d situation,wherethe diffusive scalerd ��� κ ���λ3 � andλ3 is the

mostnegative Lyapunov exponentdefinedin SectionII.B.1. As shown there,for timest � td �
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�λ3 ��� 1 ln ��� � rd ! , thediffusionis unimportantandthevaluesof thescalarfield insidethespotdonot

change.At later times,thewidth in thedirectionof thenegativeLyapunov exponentλ3 is frozen

at rd, while the spotkeepsgrowing exponentiallyin the other two directions8. The freezingof

thecontractingdirectionat rd thusresultsin anexponentialgrowth of thevolume∝ exp � ρ1 " ρ2 ! .
Hence,the scalarmomentof orderα measuredat locationsinsidethe spotwill decreaseasthe

averageof exp #%$ α � ρ1 " ρ2 !'& . The resultingdecaylaws exp �($ γαt ! may be calculatedusingthe

PDF (27) of the stretchingvariablesρi . More formally, the scalarmomentsinsidethe spotare

capturedby thequasi-Lagrangiansingle-pointstatistics.FollowingBalkovsky andFouxon(1999),

let ustake in (108)aGaussianinitial configurationθ̂ � k ) 0! � exp #*$ 3
4 ��� k! 2 & . As a result,

θ̃ � 0 ) t ! �,+ exp -.$ 3
4 � 2k / I � t ! k 0 dk1

2π 2 3 ∝ detI � t ! � 13 2 � e� ∑ ρi ) (111)

whereI � t ! is themeantensorof inertia introducedin Sect.II.B.1, see(25). UsingthePDF(27),

oneobtainsthen4
θ̃

α � t !65 ∝ + exp #*$ α � ρ1 " ρ2 ! $ tH � ρ1 � t $ λ1 ) ρ2 � t $ λ2 !'& dρ1dρ2 7 (112)

At largetimes,theintegralisdeterminedby thesaddlepoint. At smallα, it lieswithin theparabolic

domainof H andthedecayrateγα increasesquadraticallywith theorderα. At largeenoughor-

ders,theintegral is dominatedby therarerealizationswherethevolumeof thespotdoesnotgrow

in time andthegrowth ratesbecomeindependentof theorder(ShraimanandSiggia,1994;Son,

1999;Balkovsky andFouxon,1999).Thatconclusionis confirmedexperimentally(Groismanand

Steinberg, 2000).

An alternative way to describethe decayof 8 θ̃N � t !:9 is to take N fluid particlesthat cometo

thegivenpoint r at time t andto trackthembackto theinitial time. Therealizationscontributing

to themomentsarethosefor which all theparticleswereinitially insidetheoriginal spotof size� , see(107). Looking backward in time, we seethat the molecularnoisesplits the particlesby

8As in SectionII.B, we considerthe caseof two non-negative Lyapunov exponents;the argumentsare

easilymodifiedfor two non-positive exponents.
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small separationsof order ;<� rd ! during a time interval of the order td � r2
d � κ =>� λ � 1

3 � neart.

After that, theadvectiontakesover. Therealizationscontributing to themomentsarethosewith

theinterparticleseparationsalmostorthogonalto the(backward)expandingdirectionρ3 of W̃ � 1.

More exactly, they shouldform anangle ?@ ��� � rd ! eρ3 with theplaneorthogonalto theexpanding

direction. Suchseparationsoccupy a solid anglefractionof thesameorder. Sincewe now track

particlesmoving dueto theadvection(themolecularnoiseis accountedfor by thefinite splitting)

then∑ρi � 0 and(112)follows.

The samesimpleargumentsleadto the resultfor thecaseof a randominitial conditionwith

zeromean.Let usfirst considerthecasewhenit is Gaussianwith correlationlength � . It follows

from (102)thattherealizationscontributing to 8 θ̃2n 9 � 8 θ2n 9 arethosewheren independentpairs

of particlesareseparatedby distancessmallerthan � at time t � 0. The momentsaretherefore

givenby 4
θ2n � t ! 5 ∝ + exp #A$ n � ρ1 " ρ2 ! $ tH � ρ1 � t $ λ1 ) ρ2 � t $ λ2 !'& dρ1dρ2 7 (113)

Note that the result is in fact independentof the scalarfield initial statistics. Indeed,for a non-

Gaussianfield we shouldaverageover theLagrangiantrajectoriesthe initial correlationfunction

C2n � R� 0! ) 0! thatinvolvesa non-connectedanda connectedpart.Thelatteris assumedto beinte-

grablewith respectto the2n $ 1separationvectors(andthusto dependonthem).Eachdependence

bringsan exp #%$ ρ1 $ ρ2 & factorand the connectedpart will thusgive a subleadingcontribution

with respectto the non-connectedone. The above resultswerefirst obtainedby Balkovsky and

Fouxon(1999)usingdifferentarguments(seeSectionsIII.4 andIII.5). Remarkthe squareroot

of the volumefactorappearingin (113) asdistinct from (112). In the languageof spots,this is

explainedby the mutualcancellationsof the tracerfrom differentspotsandthe ensuinglaw of

largenumbers.Indeed,differentblobsof size � with initially uncorrelatedvaluesof thescalarwill

overlapat time t andther.m.s.valueof θ will beproportionalto thesquareroot of thenumberof

spots∝ exp � ρ1 " ρ2 ! . Thesamequalitativeconclusionsdrawn previouslyaboutthedecayratesγα

maybeobtainedfrom (113). In particular, Balkovsky andFouxon(1999)performedtheexplicit

calculationfor theshort-correlatedcase(28). Theresultis
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γα � $ lim
t B ∞

1
t

ln
4 � θ � α 5 ∝ α C 1 $ α

8 D ) (114)

for α ? 4 and γα � const7 for α E 4. An importantremarkis that the PDF of the decaying

scalaris not self-similarin a smoothvelocity field. ThePDFis indeedbecomingmoreandmore

intermittentwith time, assignaledby thegrowth of thekurtosis
4 � θ � α 5 � 4 θ2 5 α 3 2

for α E 2. The

previousargumentsmaybeeasilygeneralizedto thecaseof compressibleflow.

ii) Nonsmoothvelocity. For thedecayin incompressiblenonsmoothflow, we shall specifically

considerthecaseof a timereversibleKraichnanvelocityfield. Thecommentson thegeneralcase

are reserved to the endof the section. The simplestobjectsto investigateare the single-point

moments
4

θ2n � t ! 5 andwe areinterestedin their long-timebehavior t FG� 2 � ξ � D1. Here, � is the

correlationlengthof therandominitial field andD1 entersthevelocity2-pointfunctionasin (48).

Using(101)andthescalingproperty(71)of theGreenfunctionweobtain4
θ2n � t !65 � +IH 2n � 0; R; $ 1! C2n C t 1

2 J ξ R) 0D dR7 (115)

Therearetwo universalityclassesfor this problem,correspondingto eithernon-zeroor vanish-

ing valueof the so-calledCorrsin integral J0 �IK C2 � r ) t ! dr. Note that the integral is generally

preservedin timeby thepassivescalardynamics.

We concentratehereon thecaseJ0 L� 0 andrefertheinterestedreaderto theoriginal paperby

Chavesetal. (2001)for moredetails.For J0 L� 0, thefunction t
d

2 J ξ C2 � t 1
2 J ξ r ) 0! tendsto J0δ � r ! in

thelong-timelimit and(115)is reducedto8 θ2n � t !:9 = � 2n $ 1! !! Jn
0

t
nd

2 J ξ
+IH 2n � 0; R1 ) R1 ) 7:7:7 Rn ) Rn; $ 1! dR) (116)

for aGaussianinitial condition.A few remarksarein order. First, thepreviousformulashowsthat

the behavior in time is self-similar. In otherwords,the singlepoint PDF H � t ) θ ! takesthe form

t
d

2 M 2 J ξ N Q � t d
2 M 2 J ξ N θ ! . That meansthat the PDF of θ �PO ε̄ is asymptoticallytime-independentaswas

hypothetizedby SinaiandYakhot(1989),with ε̄ � t ! � κ 8Q� ∇θ ! 2 9 beingtime-dependent(decreas-

ing) dissipationrate. This shouldbecontrastedwith the lack of self-similarity foundpreviously

for the smoothcase.Second,the result is asymptoticallyindependentof the initial statistics(of
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course,within theuniversalityclassJ0 L� 0). As in theprevioussubsection,this follows from the

fact that theconnectednon-Gaussianpartof C2n dependson morethann separationvectors.Its

contribution is thereforedecayingfasterthan t � nd
2 J ξ . Third, it follows from (116) that the long-

time PDF, althoughuniversal,is generallynon-Gaussian.Its Gaussianitywould indeedimply the

factorizationof the probability for the 2n particlesto collapsein pairsat unit time. Due to the

correlationsexistingamongtheparticletrajectories,this is generallynot thecase,exceptfor ξ � 0

wheretheparticlesareindependent.Thedegreeof non-Gaussianityis thusexpectedto increase

with ξ, asconfirmedby thenumericalsimulationspresentedin (Chavesetal., 2001).

Otherstatisticalquantitiesof interestarethestructurefunctionsS2n � r ) t ! � 8Q# θ � r ) t ! $ θ � 0) t !'& 2n 9
relatedto thecorrelationfunctionsby

S2n � r ) t ! � + 1

0
7:7:7�+ 1

0
∂µ1 7:7:7 ∂µ2n

C2n � µ1r ) 7:7:7 ) µ2nr ) t ! ∏dµi R ∆ � r ! C2n �(/ ! 7 (117)

To analyzetheir long-time behavior, we proceedsimilarly as in (115) and usethe asymptotic

expansion(75) to obtain

S2n � r ) t ! � + ∆ � t � 1
2 J ξ r ! H 2n �S/ ; R; $ 1! C2n � t 1

2 J ξ R) 0! dR= ∆ � r ! f2n T 0 �(/ !
t

ζ2n U 0
2 J ξ

+ g2n T 0 � R):$ 1! C2n � t 1
2 J ξ R) 0! dR ∝ V r�W� t !.X ζ2n 8 θ2n 9 � t ! 7 (118)

Here, f2n T 0 is the irreduciblezeromodein (75) with the lowestdimensionandthescalarintegral

scale�Y� t ! ∝ t
1

2 J ξ . As we shallseein Sect.III.C.1, thequantitiesζ2n � ζ2n T 0 give alsothescaling

exponentsof thestructurefunctionin thestationarystateestablishedin theforcedcase.

Let usconcludethissubsectionby briefly discussingthescalardecayfor velocityfieldshaving

finite correlationtimes.Thekey ingredientfor theself-similarityof thescalarPDFis therescaling

(71)of thepropagator. Suchpropertyis generallyexpectedto hold(atleastfor largeenoughtimes)

for self-similarvelocity fields regardlessof their correlationtimes. This hasbeenconfirmedby

thenumericalsimulationsin (Chaveset al., 2001).For anintermittentvelocity field thepresence

of variousscalingexponentsmakesit unlikely that thepropagatorpossessesa rescalingproperty

like (71). Theself-similarityin timeof thescalardistributionmight thenbebroken.
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4. Growth of density fluctuations in compressible flow

The evolution of a passive densityfield n � r ) t ! is governedby the equation(93). In smooth

velocitiesandin theabsenceof diffusion, its solutionis readfrom (97), wherewe shall take the

initial field on theright handsideto beuniform. Thisgivesn � r ) t ! � # det� W̃ � t; r !:!'& � 1. Performing

thevelocityaverageandrecallingthelong-timeasymptoticsof theW̃ statistics,weobtain8 nα � t !:9 ∝ + exp ZP� 1 $ α ! ∑
i

ρi $ tH � ρ1 � t $ λ1 ) 7Q7:7 ) ρd � t $ λd !\[ ∏dρi 7 (119)

Themomentsat long timesmaybecalculatedby thesaddle-pointmethodandthey aregenerally

behaving as ∝ exp � γαt ! . The growth rate function γα is convex, due to Hölder inequality, and

vanishesbothat theorigin andfor α � 1 (by thetotal massconservation). This leadsto thecon-

clusion that γα is negative for 0 ? α ? 1 and is otherwisepositive: low-ordermomentsdecay,

whereashigh-orderandnegative momentsgrow. For a Kraichnanvelocity field, the largedevia-

tions function H is givenby (59) andthe densityfield becomeslognormalwith γα ∝ α � α $ 1!
(Klyatskin andGurarie,1999).Notethattheasymptoticrate 8 lnn9 � t is givenby thederivativeat

theorigin of γα andit is equalto $ ∑λ̃i ] 0. Thedensityis thusdecayingin almostany realization

if thesumof theLyapunov exponentsis nonzero.Sincethemeandensityis conserved, it hasto

grow in some(smallerandsmaller)regions,which impliesthegrowth of high moments.Theam-

plificationof negativemomentsis dueto thegrowth of low densityregions.Thepositivequantity$ ∑λi hastheinterpretationof themean(Gibbs)entropy productionrateperunit volume.Indeed,

if we definetheGibbsentropy S� n! as $ K � lnn! ndr then,by (103), S� n! � K ln det� W � t; r !:! dr.

Sinceln det� W ! � ∑ρi, theentropy transferedto theenvironmentperunit time andunit volume

is $ ∑ρi � t andit is asymptoticallyequalto $ ∑λi E 0, see(Ruelle,1997).

Thebehavior of thedensitymomentsdiscussedabove is theeffect of a linearbut randomhy-

perbolicstretchingandcontractingevolution (13)of thetrajectoryseparations.In afinite volume,

the linear evolution is eventuallysuperposedwith non-linearbendingandfolding effects. In or-

der to capturethecombinedimpactof the linearandthenon-lineardynamicsat long times,one

mayobserve at fixed time t the densityproducedfrom an initially uniform distribution imposed

at muchearlier times t0. When t0 ^ $ ∞ and if λ1 E 0, the densityapproachesweakly, i.e. in
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integralsagainsttest functions,a realization-dependentfractal densityn_.� r ) t ! in almostall the

realizationsof thevelocity. Theresultingdensityfield is theso-calledSRB(Sinai-Ruelle-Bowen)

measure,seee.g. (Kif fer, 1988). The fractal dimensionof theSRB measuresmay bereadfrom

thevaluesof theLyapunov exponents(Frederiksonet al., 1983). For theKraichnanensembleof

smoothvelocities,the SRBmeasureswerefirst discussedby (Le Jan,1985). In 2d, they have a

fractaldimensionequalto 1 " 1 � 2℘
1̀ 2℘ if 0 ? ℘ ? 1

2 . In 3d, thedimensionis 2 " 1 � 3℘
1̀ 2℘ if 0 ? ℘ ] 1

3

and1 " 3 � 4℘
5℘ if 1

3 ] ℘ ? 3
4, where℘ is thecompressibilitydegree.

Theabove considerationsshow that,aslong asonecanneglectdiffusion,thepassive density

fluctuationsgrow in a randomcompressibleflow. Oneparticularcaseof theabove phenomenais

theclusteringof inertialparticlesin anincompressibleturbulentflow, see(Balkovsky etal., 2001)

wherethe theoryfor a generalflow andtheaccountof thediffusioneffectsthateventuallystops

thedensitygrowth werepresented.

5. Gradients of the passive scalar in a smooth velocity

For thepassivescalargradientsω � ∇θ in anunforcedincompressiblesituation,theequation

to be solved is (94). The initial distribution is assumedstatisticallyhomogeneouswith a finite

correlationlength. As discussedpreviously, onemaytreatdiffusioneitherby addinga Brownian

motion to thebackwardLagrangiantrajectoriesor by usingtheFourier transformmethod(108).

For pedagogicalreasons,we chooseherethe latter andsolve (94) by simply taking the gradient

of the scalarexpression(108). The long-timelimit is independentof the initial scalarstatistics

(Balkovsky andFouxon,1999)andit is convenientto take it Gaussianwith the2-point function

∝ exp #%$ 1
2d � r �.� ! 2& . The averagingover the initial statisticsfor the generatingfunction ab� y! �8 exp # iy / ω &�9 reducesthento Gaussianintegralsinvolving thematrix I � t ! determinedby (25). The

inverseFourier transformis givenby anotherGaussianintegral over y andonefinally obtainsfor

thePDFof ω :

H � ω ! ∝
4 � detI ! d 3 4̀ 13 2 exp - $ const7 O detI � ω ) Iω ! 0 5 7 (120)
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As maybeseenfrom (25),duringtheinitial periodt ? td � �λ � 1
d � ln �c�d� rd ! , thediffusionis unim-

portant,thecontribution of thematrix Q to I is negligible, thedeterminantof the latter is unity

andω2 grows asthe traceof I � 1. In otherwords,the statisticsof lnω andof $ ρd coincidein

theabsenceof diffusion. Thestatisticsof thegradientscanthereforebe immediatelytakenover

from SectionII.B. Thegrowth rate � 2t ! � 1 8 lnω2 9 approaches�λd � while thegradientPDFdepends

on the entropy function. For the Kraichnanmodel(28), the PDF is lognormalwith the average

D1d � d $ 1! t andthe variance2D1 � d $ 1! t readdirectly from (32). This resultwasobtainedby

Kraichnan(1974)usingthe fact that,without diffusion,ω satisfiesthesameequationasthedis-

tancebetweentwo particles,whosePDFis givenby (23).

As time increases,thewavenumbers(evolving as k̇ � σTk) reachthediffusive scaler � 1
d and

the diffusive effectsstartto modify the PDF, propagatingto lower andlower valuesof ω. High

momentsfirst andthenloweroneswill startto decrease.Thelaw of decayatt F td canbededuced

from (120). Consideringthis expressionin the eigenbasisof the matrix I , we observe that the

dominantcomponentof ω coincideswith thelargesteigendirectionof the I � 1 matrix, i.e. theone

alongthe ρd axis.Recallingfrom theSectionII.B thatthedistributionof ρd is stationary, weinfer

that
4 �ω � α � t !65 ∝

4 � detI ! � α 3 4 5 . Thecomparisonwith (113)shows that thedecaylaws for the

scalarandits gradientscoincide(Son,1999;Balkovsky andFouxon,1999). This is qualitatively

understoodby estimatingω @ θ �.� min, where � min is thesmallestsizeof thespot. Noting thatθ

and � min areindependentandthat � min = eρd � atlargetimeshasastationarystatisticsconcentrated

aroundrd, it is quiteclearthatthedecreaseof ω is dueto thedecreaseof θ.

6. Magnetic dynamo

In thisSection,weconsiderthegenerationof inhomogeneousmagneticfluctuationsbelow the

viscousscaleof incompressibleturbulence.Thequestionis relevantfor astrophysicalapplications

asthemagneticfieldsof starsandgalaxiesarethoughtto havetheirorigin in theturbulentdynamo

action(Moffatt, 1978;Parker, 1979;Zeldovich et al., 1983;ChildressandGilbert, 1995). In this

problem,the magneticfield canbe treatedaspassive. Furthermore,the viscosity-to-diffusivity
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ratio is often large enoughfor a sizableinterval of scalesbetweenthe viscousandthe diffusive

cut-offs to be present.That is the region of scaleswith the fastestgrowth ratesof the magnetic

fluctuations.Their dynamics,modeledby thepassiveadvectionof magneticfield by a large-scale

(smooth)velocityfield, will bedescribedhere.

Thedynamoprocessis causedby thestretchingof fluid elementsalreadyextensivelydiscussed

aboveandthemajornew point to benotedis theroleof thediffusion.In aperfectconductor, when

thediffusionis absent,themagneticfield satisfiesthesameequationastheinfinitesimalseparation

betweentwofluid particles(12): dB� dt � σB. Any chaoticflow wouldthenproducedynamo,with

thegrowth rate

γ̄ � lim
t B ∞

� 2t ! � 1 8 lnB2 9 ) (121)

equalto the highestLyapunov exponentλ1. Recall that the gradientsof a scalargrow with the

growth rate $ λ3 duringthediffusionlessstage.In fact,any realfluid hasanonzerodiffusivity and,

eventhoughit canbevery small, its effectsmaybedramatic.Thelong-standingproblemsolved

by Chertkov, Falkovich et al. (1999)waswhetherthepresenceof a small, yet finite, diffusivity

couldstopthedynamogrowth processat largetimes(asit is thecasefor thegradientsof ascalar).

Our startingpoint is (99), expressingthe magneticfield in termsof the stretchingmatrix W̃

andthe backward Lagrangiantrajectory. In incompressibleflow, matricesW̃ andW are identi-

cally distributedandwe do not distinguishthemhere.For example,thesecond-ordercorrelation

functionis givenbye i j
2 � r12 ) t ! R 4

Bi � r1 ) t ! B j � r2 ) t ! 5f� 4
Wil W jm e lm

2 � R12 � 0;r12 ) t ! ) 0! 5 ) (122)

with theaveragetakenover thevelocity andthemolecularnoise. For thesake of simplicity, we

assumethat the initial statisticsof B is homogeneous,Gaussian,of zeromeanandof correlation

length� . Weconcentrateonthebehavior atscalesr12 �>� . For timeslessthantd � �λ3 �g� 1 ln �c�d� rd ! ,
the LagrangianseparationsR12 �h� andthe magneticfield is stretchedby theW matrix asin a

perfectconductor, see(122). For longertimes,theseparationR12 canreach� , irrespective of its

originalvalue.Thisis thelong-timeasymptoticregimeof interest,wherethedestiniesof thescalar

gradientsandthemagneticfield aredifferent.
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It follows from (122)that thecorrelationsaredueto thoserealizationswhereR12 � 0! ?@ � . As

in theSectionIII.A.3, theinitial separationr12 shouldthenbequasi-orthogonalto theexpanding

directionρ3 of W � 1 andthefractionof solidangleoccupiedby thoserealizationsis ∝ ��� � r12! eρ3.

Togetherwith the e2ρ1 factorcomingfrom theperfectconductoramplification,we thusobtainfor

thetraceof thecorrelationfunction:

tr
e

2 � r ) t ! ∝ +IH � ρ1 ) ρ2 ) t ! eρ1 � ρ2 dρ1dρ2 ) (123)

with H � ρ1 ) ρ2; t ! asin (21). The integrationis constrainedby $ ln ��� � r12! ?@ ρ2, requiredfor the

separationalong ρ2 to remainsmallerthan � . Notethatthegradientsof ascalarfield arestretched

by the sameW � 1 matrix that governsthe growth of the Lagrangianseparations.It is therefore

impossibleto increasethestretchingfactorof thegradientandkeeptheparticleseparationwithin

thecorrelationlength � at thesametime. That is why diffusioneventuallykills all thegradients

while thecomponentBi that pointsinto the directionof stretchingsurvivesandgrows with ∇Bi

perpendicularto it. Thissimplepicturealsoexplainstheabsenceof dynamoin 2d incompressible

flow, wherethestretchingin onedirectionnecessarilymeansthecontractionin theotherone.

Let us now considerthe single-pointmoments 8 B2n 9 � t ! . The 2n particles,all at the same

point at time t, are split by the moleculardiffusion by small separationsof length ;i� rd ! in a

time of the order td � r2
d � κ neart. For the subsequentadvectionnot to stretchthe separations

beyond � , the “dif fusive” separationsat time t $ td shouldbe quasi-orthogonalto the expanding

directionρ3. More exactly, they shouldform anangle ?@ �c�d� rd ! eρ3 with theplaneorthogonalto

theexpandingdirection.Togetherwith thepureconductorstretchingfactor, we arethusleft with

a contribution ∝ exp # n � 2ρ1 " ρ3 !'& . Two possibleclassesof Lagrangiantrajectoriesshouldnow

bedistinguished,dependingon whethertheangleformedby the“dif fusive” separationswith the

ρ2 direction is arbitraryor constrainedto be small (seealso Molchanov et al., 1985). For the

former, thecontribution is simply givenby theaverageof theexpressionexp # n � ρ1 $ ρ2 !\& derived

previously, with theconstraint$ ln �d� rd ?@ ρ2 ensuringthecontrolof theparticleseparationalong

ρ2. For thelatter, thecontribution is proportionalto theaverageof exp # n � ρ1 " 2ρ2 !'& . Indeed,the

conditionof quasi-orthogonalityto the ρ2 directioncontributesa nρ2 term in the exponentand

74



theremaining2nρ2 termis comingfrom thesolenoidalitycondition∇ / B � 0. Themagneticfield

correlationis in factproportionalto thesolenoidalprojectorandthecomponentstretchedby theW

matrix, see(122),is
e 11

2 ∝ � 1 $j� ∇2 ! � 1∇2
1 ! e � r ! . Therealizationshaving theparticleseparations

preciselyalignedwith theρ1 directionwill thereforenotcontribute.For separationsalmostaligned

to ρ1, onemayshow thatthesquareof theanglewith respectto ρ1 appearsin
e 11

2 , thusgiving the

additionalsmallfactor ��� � rd eρ2 ! 2.

Which oneof thetwo previousclassesof Lagrangiantrajectoriesdominatesthemomentsde-

pendson the specificform of the entropy function. For the growth rate (121), the situationis

simplerastheaverageis dominatedby the region aroundρi � λi . Theaverageof the logarithm

is indeedobtainedby taking the limit n ^ 0 in 8 B2n $ 19 � 2n andthe saddlepoint at large times

sitsat theminimumof theentropy function. Thetwo previousclassesof Lagrangiantrajectories

dominatefor positiveandnegativeλ2, respectively. Usingtheidentity ∑λi � 0, wefinally obtain

γ̄ � min kl� λ1 $ λ2 ! � 2 )m� λ2 $ λ3 ! � 2 n 7 (124)

Thevalidity of this formulais restricted,first, by theconditionthat � exp � λ1t ! is still lessthanthe

viscousscale.Thestretchingin thethird directionalsoimposesa restriction:thefinitenessof the

maximalpossiblesize � 0 of theinitial fluctuationsgivestheconstraint� 0exp � λ3t ! E rd. At larger

time, 8 log �B � 2 9 decays.

The most importantconclusioncoming from (124) is that the growth rate is always non-

negative for a chaoticincompressibleflow. Note that thegrowth ratevanishesif two of theLya-

punov exponentscoincide,correspondingto theabsenceof dynamofor axially symmetriccases.

For time-reversibleandtwo-dimensionalflows,theintermediateLyapunov exponentvanishesand

γ̄ � λ1 � 2. Note that 3d magneticfield doesgrow in a 2d flow; when, however, both the flow

andthefield aretwo-dimensional,onefinds γ̄ � $ λ1 � 2. For isotropicNavier-Stokesturbulence,

numericaldatasuggestλ2 = λ1 � 4 (Girimaji andPope,1990)andthelong-timegrowth rateis then

γ̄ = 3λ1 � 8.

Themomentsof positiveorderall grow in a randomincompressibleflow with anonzeroLya-

punov exponent. Indeed,the curve En � ln 8 B2n 9 � 2t is a convex function of n (due to Hölder
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inequality)andit vanishesat theorigin, whereits derivativecoincidesby definitionwith thenon-

negative growth rate. Even when γ̄ � 0, the growth ratesfor n E 0 are positive if the entropy

function hasa finite width. For n � 1 this wasstatedin (Gruzinov et al., 1996). As discussed

previously, thebehavior of thegrowth ratecurveEn is nonuniversalandit dependson thespecific

form of theentropy function. For theKraichnancase,we canusethe result(32) for theentropy

functionandthecalculationis elementary. Thedominantcontribution is comingfrom theaverage

of exp # n � ρ1 $ ρ2 !\& and the ρ2 integration is dominatedby the lower bound $ ln �d� rd. The an-

swer E2 � 3λ1 wasfirst obtainedby Kazantsev (1968).Thegeneralresultis En � λ1n � n " 4! � 4,

to be comparedwith the perfectconductorresult λ1n � 2n " 3! � 2. The differencebetweenthem

formally meansthat the two limits of large timesandsmall diffusivity do not commute(what is

called“dissipativeanomaly”,seenext Section).Multipoint correlationfunctionswerecalculated

by Chertkov, Falkovich et al. (1999). They reflectthe prevailing strip structureof the magnetic

field. An initially sphericalblob evolvesindeedinto a strip structure,with the diffusive effects

neutralizingoneof thetwo directionsthatarecontractedin a perfectconductor. Thestripsinduce

strongangulardependencesandanomalousscalingssimilar to thosedescribedin Sect.III.B.3 be-

low.

7. Coil-stretch transition for polymer molecules in a random flow

At equilibrium,a polymermoleculecoils up into a spongyball whosetypical radiusis kept

at R0 by thermalnoise. Being placedin a flow, suchmoleculeis deformedinto an elongated

ellipsoid which canbe characterizedby its end-to-endextensionR. As long as the elongation

is muchsmallerthan the total lengthof the molecule,the entropy is quadraticin R so that the

moleculeis broughtbackto its equilibriumshapeby a dampinglinearin R. Theequationfor the

elongationis asfollows (Hinch,1977)

∂tR " v / ∇R � R / ∇v $ 1
τ

R " η 7 (125)

The left handside describesadvection of the moleculeas a whole, the first term on the right

handside is responsiblefor stretching,τ is the relaxationtime andη is the thermalnoisewith
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8 ηi � t ! η j � 0!:9 � δi jδ � t ! R2
0 � τ. Sincethe size of the moleculesis always much smaller than the

viscouslengththen∇v � σ andonecansolve (125)usingtheevolution matrixW introducedin

Sect. II.B.1. At long enoughtimes(whenthe initial condition is forgotten)the statisticsof the

elongationis given by R �oK ∞
0 dsW � s! η � s! exp #%$ t � τ & . We are interestedin the tail of the PDFH � R! at R F R0. The eventscontributing to it are relatedto the realizationswith a long-time

historyof stretchingwherethevariableρ1 (correspondingto thelargestLyapunov exponentλ1) is

large. Thetail of thePDFis estimatedanalyzingthebehavior of R� R0 �pK ∞
0 exp � ρ1 � s! $ s� τ ! ds.

Therealizationsdominatingthetail arethosewhereρ1 � s! $ s� τ takesa sharpmaximumat some

time s_ beforerelaxing to its typical negative values. The probability of thoseeventsis read

from thelargedeviation expression(21): ln H @ $ s_ H � s_q� 1ρ1 � s_ ! $ λ1 ! , whereH is theentropy

function. With logarithmicaccuracy onecanthenreplaceρ1 � s_ ! � ln � R� R0 ! " s_r� τ andwhat is

left is just to find themaximumwith respectto s_ . TheextremumvalueX_ R � s_ ! � 1 ln � R� R0 ! is

fixedby thesaddle-pointconditionthatH $ X_ H s shouldvanishatX_ " τ � 1 $ λ1. Thefinal answer

for thePDFis asfollows

H � R! ∝ Rα
0 R� 1 � α with α � H sSt X_ " τ � 1 $ λ1 uv7 (126)

Theconvexity of theentropy functionensuresthatα is positive if λ1 ? 1� τ.

In accordancewith (126),theexponentα decreaseswhenλ1 increasesandit tendsto zeroas

λ1 ^ 1� τ. In this region, theentropy function is quadraticandtheexponentis expressedvia the

averagevalueof ρ1 andits dispersiononly: α � 2 � 1 $ λ1τ ! � τ∆. Theintegral of thePDFdiverges

at large R asα tendsto zero. The transitionat λ1 ^ 1� τ is calledthe coil-stretchtransitionas

themajority of thepolymermoleculesgotstretched.Thisstretchingcanbestoppedby non-linear

elasticeffectsor by the backreactionof the polymersonto the flow. The understandingof the

coil-stretchtransitiongoesbackto theworksby Lumley (1972,1973). Thepower-law tail (126)

hasbeenderivedby Balkovsky et al. (2000). Theinfluenceof non-lineareffectson thestatistics

of theelongationwasexaminedby Chertkov (2000).
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B. Cascades of a passive scalar

This Sectiondescribesforcedturbulenceof apassive tracerstatisticallystationaryin time and

homogeneousin space.Weconsidertheadvection-diffusionequation

∂tθ " � v / ∇ ! θ � κ∇2θ " ϕ (127)

with the pumping ϕ assumedstationary, homogeneous,isotropic,Gaussian,of zeromeanand

with covariance 4
ϕ � r ) t ! ϕ � 0 ) 0!q5 � δ � t ! Φ � r �.� ! 7 (128)

Thefunction Φ is takenconstantfor r �.� ] 1 anddecayingrapidly for largeratios.Thefollowing

considerationsarevalid for a pumpingfinite-correlatedin time provided its correlationtime in

theLagrangianframeis muchsmallerthanthestretchingtime from a givenscaleto thepumping

correlationscale� . Note that in mostphysicalsituationsthe sourcesdo not move with the fluid

sothattheLagrangiancorrelationtime of thepumpingis theminimumbetweenits Euleriancor-

relationtime and �d� V, whereV is the typical fluid velocity. Most of the generalfeaturesof the

advectionarehowever independentof thedetailsof thepumpingmechanismandits Gaussianity

andδ-correlationarenota veryseriousrestriction,asit will beshown in SectionIII.C.1.

Equation(127) implies for incompressiblevelocitiesthe balancerelationfor the “scalaren-

ergy” densitye � θ2 � 2:

∂te " ∇ / j � $ ε " φ ) (129)

whereε � κ � ∇θ ! 2 is therateof dissipation,φ � ϕθ is thatof energy injection,and j � 1
2 θ2v $ κθ∇θ

is theflux density. In a steadystate,the injectionmustbebalancedby thediffusive dissipation,

while thestretchingandthecontractionby thevelocity provide for a steadycascadeof thescalar

from thepumpingscale� to thediffusionscalerd (wherediffusionis comparableto advection).

Theadvection-diffusiondynamicsinducestheHopf equationsof evolution for theequal-time

correlationfunctions.For awhite-in-timepumping,oneobtains
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∂t

4
θ1 7:7Q7 θN 5 " N

∑
nw 1

4
θ1 7:7:7 vn / ∇nθn 7:7Q7 θN 5� κ

N

∑
nw 1

4
θ1 7:7:7 ∇2

n
θn 7:7:7 θN 5 " ∑

n Tm 4
θ1 7Q7:7:7'7x

n
x
m

θN 5 Φnm (130)

in theshorthandnotationθn R θ � rn ) t ! ) Φnm R Φ � rnm�.� ! etc.Theseequationsareclearlynotclosed

sincethe left handside involvesthe mixed correlatorsof the advectedfields andthe velocities.

An exceptionis provided by the caseof the Kraichnanensembleof velocitieswherethe mixed

correlatorsmaybeexpressedin termsof thosecontainingonly theadvectedfields,seeSect.III.C.1

below. Thestationaryversionof the2-pointHopf equationmaybewritten in theform4 � v1 / ∇1 " v2 / ∇2 ! θ1θ2 5 " 2κ
4

∇1θ1 / ∇2θ2 5 � Φ12 7 (131)

Therelativestrengthof thetwo termsontheleft handsidedependsonthedistance.For velocities

scalingas ∆rv ∝ rα , theratio of advectionanddiffusiontermsPe� r ! � ∆rvr � κ maybeestimated

as rα ` 1 � κ. In particular, Pe R Pe��� ! is calledthe Pécletnumber, andthe diffusion scale rd is

definedby therelationPe� rd ! � 1.

In the“dif fusiveinterval” r12 � rd , thediffusiontermdominatesin theleft handsideof (131).

Taking the limit of vanishingseparations,we infer that the meandissipationrateis equalto the

meaninjection rate ε̄ R 8 κ � ∇θ ! 2 9 � 1
2Φ � 0! . This illustratesthe aforementionedphenomenonof

the “dissipative anomaly”: the limit κ ^ 0 of the meandissipationrate is non-zerodespitethe

explicit κ factorin its definition. The“convective interval” rd � r12 �y� widensup at increasing

Pécletnumber. There,onemaydropthediffusivetermin (131)andthusobtain4 � v1 / ∇1 " v2 / ∇2 ! θ1θ2 5 = Φ � 0! 7 (132)

Theexpression(4) maybederivedfrom thegeneralflux relation(132)by theadditionalassump-

tion of isotropy. Therelation(132)statesthat themeanflux of θ2 staysconstantwithin thecon-

vective interval andexpressesanalyticallythedownscalescalarcascade.For thevelocity scaling

∆rv ∝ rα , dimensionalargumentssuggestthat ∆rθ ∝ r
1
1 � α 2z3 2 (Obukhov, 1949; Corrsin,1951).

This relationgivesa properqualitative understandingthat thedegreesof roughnessof thescalar
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andthevelocity arecomplementary, yet it suggestsa wrongscalingfor thescalarstructurefunc-

tionsof orderhigherthanthesecondone,seeSect.III.C.1.

Let usnow derive theexactLagrangianexpressionsfor thescalarcorrelationfunctions. The

scalarfield alongtheLagrangiantrajectoriesR� t ! changesas

d
dt

θ � R� t ! ) t ! � ϕ � R� t ! ) t ! 7 (133)

TheN-th orderscalarcorrelation
4 N

∏
pw 1

θ � rn ) t ! 5 R CN � r ) t ! is thengivenby

CN � r ) t ! � 4 + t

0
ϕ � R1 � s1 ! ) s1 ! ds1 7:7:7 + t

0
ϕ � RN � sN ! ) sN ! dsN 5 ) (134)

with the Lagrangiantrajectoriessatisfyingthe final conditionsRn � t ! � rn. For the sake of sim-

plicity, we have written down theexpressionfor thecasewherethescalarfield wasvanishingat

the initial time. If someof the distancesamongthe particlesget below the diffusive scale,the

molecularnoisesin theLagrangiantrajectoriesbecomerelevantandtheaveragingof (134)over

their statisticsis needed.

Theaverageover theGaussianpumpingin (134)givesfor thepair correlationfunction:

C2 � r12 ) t ! �G{ + t

0
Φ � R12 � s! �.� ! ds| 7 (135)

ThefunctionΦ essentiallyrestrictsthe integrationto thetime interval whereR12 is smallerthan

theinjectionlength � . If theLagrangiantrajectoriesseparate,thepair correlationreachesat long

timesthestationaryform givenby thesameformulawith t � ∞. Simply speaking,thestationary

pair correlationfunctionof a traceris proportionalto theaveragetime that two particlesspentin

the pastwithin the correlationscaleof the pumping(Falkovich andLebedev, 1994). Similarly,

thepair structurefunction S2 � r ! � 8:� θ1 $ θ2 ! 2 9 � 2 #C2 � 0! $ C2 � r !'& is proportionalto the time it

takesfor two coincidingparticlesto separateto a distancer. This is proportionalto r1 � α for a

scale-invariantvelocity statisticswith ∆rv ∝ rα, see(38), so that S2 � r ! is in agreementwith the

Obukhov-Corrsindimensionalprediction.

Higher-orderequal-timecorrelationfunctionsareexpressedsimilarly by usingtheWick rule

to averageover theGaussianforcing:
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C2n � r ) t ! � 4 + t

0
Φ � R12 � s1 !:! ds1 7:7Q7 + t

0
Φ � R1

2n � 12 2n � sn !:! dsn 5 "}7Q7:7 ) (136)

wherethe remainingaverageis over thevelocity andthemolecularnoiseensembleandthedots

standfor theotherpossiblepairingsof the2n points. Thecorrelationfunctionsmaybeobtained

from thegeneratingfunctional4
exp - i + θ � r ) t ! χ � r ! dr 0 5 � exp -.$ 1

2 + t

0
ds +~+ Φ � R12 � s!:! χ � r1 ! χ � r2 ! dr1dr2 0 7 (137)

They probethestatisticsof timesspentby fluid particlesat distancesRi j smallerthan � . In nons-

moothflows, thecorrelationfunctionsat smallscales,r i j �}� , aredominatedby thesingle-point

contributions,correspondingto initially coincidingparticles.This is thesignatureof theexplosive

separationof thetrajectories.To pick up a strongdependenceon thepositionsr, onehasto study

thestructurefunctionswhicharedeterminedby thetimedifferencesbetweendifferentinitial con-

figurations.Conversely, thecorrelationfunctionsat scaleslargerthan � arestronglydependenton

thepositions,asit will beshown in Sect.III.B.3.

1. Passive scalar in a spatially smooth velocity

In therestof SectionIII.B, all thescalesaresupposedmuchsmallerthantheviscousscaleof

turbulencesothatwemayassumethevelocityfield to bespatiallysmoothandusetheLagrangian

descriptiondevelopedin Sects.II.B andII.D. In theBatchelorregime,thebackwardevolutionof

theLagrangianseparationvectoris givenby R12 � 0! � W̃ � t ! � 1r12 (if we ignorediffusion)andit

is dominatedby thestretchingrateρd at long times.Theequation(135)takesthentheasymptotic

form

C2 � r ) t ! = t+
0

ds + Φ C e� ρ̃d
1
s2 r �.� D��H � ρ1 ) 7Q7:7 ) ρd;s! dρ1 7Q7:7 dρd 7 (138)

The behavior of the interparticledistancecrucially dependson the sign of λ̃d. For λ̃d ? 0, the

backward-in-timeevolution separatestheparticlesandleadsin the limit t ^ ∞ to a well-defined

steadystatewith thecorrelationfunction
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8 θ � t ) 0! θ � t ) r !:9 =�� λ̃d � � 1Φ � 0! ln ��� � r ! ) (139)

for r ?@ � . This correspondsto thedirectcascade.Conversely, if λ̃d E 0 theparticlescontractand

thepair correlationfunctiongrows proportionallyto t. Note that thegrowing part is independent

of r. This meansthat, in a flow contractingbackwardsin time, tracerfluctuationsgrow at larger

andlargerscales,which is asignatureof theso-calledinversecascadeof apassive tracer.

If the velocity ensembleis time-reversible,as it is the casefor the δ-correlatedmodel (57),

then λ̃i � $ λd � i ` 1 andλ1 andλ̃d haveoppositesign.They will thusbothchangesignat thesame

valueof thedegreeof compressibility℘ � d � 4, see(60). This is peculiarfor a short-correlated

caseanddoesnot hold for an arbitraryvelocity statistics.There,the changefrom stretchingto

contractionin the forward Lagrangiandynamicsdoesnot necessarilycorrespondto the change

in thedirectionof thecascadefor thepassive tracer, relatedto thebackward in time Lagrangian

dynamics.

2. Direct cascade, small scales

We considerherethecasẽλd ? 0 (thatincludessmoothincompressibleflows)whentheparti-

clesdo separatebackward in time anda steadystateexists. We first treattheconvective interval

of distancesbetweenthediffusionscalerd andthepumpingscale� . Deepinsidetheconvective

interval wherer ��� , the statisticsof the passive scalartendsto becomeGaussian.Indeed,the

reduciblepartin the2n-pointcorrelationfunction
4

Φ � e� ρ̃d
1
s1 2 r12�.� ! 7:7Q7 Φ � e� ρ̃d

1
tn 2 r 1 2n � 12 2n �.� ! 5 ,

see(136)and(138),dominatesthe irreducibleonefor n � ncr =��r� λ̃d � τs! � 1 ln ��� � r ! . Thereason

is that the logarithmic factorsaresmallerfor the irreduciblethanfor the reduciblecontribution

(Chertkov et al., 1995a).Thecritical orderncr is givenby theratio betweenthetime for thepar-

ticles to separatefrom a typical distancer to � andthe correlationtime τs of thestretchingrate

fluctuations.Since��F r, thestatisticsof thepassive traceris Gaussianup to ordersncr F 1. For

thesingle-pointstatistics,thescaleappearingin theexpressionof thecritical orderncr shouldbe

takenasr � rd. Thestructurefunctionsaredominatedby theforcedsolutionratherthanthezero

modesin theconvectiveinterval: S2n � 8:# θ � 0! $ θ � r !\& 2n 9 ∝ lnn � r � rd ! for n � ln � r � rd ! . A complete
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expression(theforcedsolutionplusthezeromodes)for thefour-point correlationfunctionin the

Kraichnanmodelcanbefoundin Balkovsky, Chertkov et al. (1995).

Let us show now that the tails of the tracerPDF decayexponentially (Shraimanand Sig-

gia, 1994; Chertkov et al., 1995a;Bernardet al., 1998; Balkovsky and Fouxon, 1999). The

physicalreasonsbehindthis aretransparentandmostlikely they applyalsofor a nonsmoothve-

locity. First, large valuesof the scalarcan be achieved only if during a long interval of time

the pumpingworks uninterruptedby stretchingeventsthat eventuallybring diffusion into play.

We are interestedin the tails of the distribution, i.e. in intervals much longer than the typical

stretchingtime from rd to � . Thoserareeventscanbe thenconsideredasthe resultof a Pois-

son randomprocessand the probability that no stretchingoccursduring an interval of length

t is ∝ exp �($ ct ! . Second,the valuesachieved by the scalarin thoselong intervals are Gaus-

sian with varianceΦ � 0! t. Note that this is also valid for a non-Gaussianand finite-correlated

pumping,provided t is larger thanits correlationtime. By integratingover the lengthof theno-

stretchingtime intervalswith the pumping-produceddistribution of the scalarwe finally obtain:H � θ ! ∝ K dt exp �($ ct $ θ2 � 2Φ � 0! t ! ∝ exp �($ θ � 2c� Φ � 0!Q! . This is valid for t ? L2 � κ that is for

θ ? � cΦ � 0! L2 � κ. Interval of exponentialbehavior thusincreaseswith thePecletnumber. For a

smoothcase,thecalculationshave beencarriedout in detailandtheresultagreeswith theprevi-

ousarguments.Experimentaldatain (Jullien et al., 2000)confirm both the logarithmicform of

thecorrelationfunctionsandtheexponentialtailsof thescalarPDF. In someexperimentalset-ups

the aforementionedconditionsfor the exponentialtails arenot satisfiedanda differentbehavior

is observed,seefor example(JayeshandWarhaft,1991).Thephysicalreasonis simpleto grasp.

Theinjectioncorrelationtime in thoseexperimentsis givenby L � V, whereL is thevelocity inte-

gral scaleandV is the typical velocity. Theno-stretchingtimesinvolved in the tail of thescalar

distribution areof theorderof W � V, whereW is thewidth of thechannelwheretheexperiment

is performed. Our previous argumentsclearly requireW F L. As the width of the channelis

increased,thetails indeedtendto becomeexponential.

For a δ-correlatedstrain,thecalculationof thegeneratingfunctionalof thescalarcorrelators

may be reducedto a quantummechanicalproblem. In the Batchelorregime andin the limit of
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vanishingκ , theexponentin thegeneratingfunctional(137)mayindeedberewrittenas$ + t

0
Vχ � W̃ � s!:! ds � $ 1

2 + t

0
ds +�+ Φ � W̃ � 1 � s! r12! χ � r1 ! χ � r2 ! dr1dr2 7 (140)

Recall that the matricesW̃ form a stochasticprocessdescribinga diffusion on GL � d ! (or on

SL � d ! in theincompressiblecase)with ageneratorM̃. Theaboveformulamaythusbeinterpreted

as the Feynman-Kacexpressionfor the integral + et
1
M̃ � Vχ 2 � 1 ) W̃ ! dW̃ of the heatkernel of M̃

perturbedby thepositive potentialVχ. As long asthetrajectoriesseparatebackward in time, i.e.

for λ̃d ? 0, thegeneratingfunctionalhasa stationarylimit, givenby (140)with thetime integral

extendingto infinity. The Feynman-Kacformula may be usedto find the exponentialrate of

decayof thePDF H � θ ! ∝ e� b � θ � . As shown by Bernardet al. (1998),this involvesthequantum-

mechanicalHamiltonian $ M̃ $ a2Vχ , wherethepositiveoperator$ M̃ hasits spectrumstartingat

a strictly positivevalueandthenegativepotentialtendsto produceaboundstateastheparameter

a is increased.In the incompressiblecase,thedecayrateb is characterizedby thepropertythat

the groundstateof the Hamiltonianhaszero energy. For isotropic situations,the potential is

only a functionof thestretchingratesof W̃ andthequantum-mechanicalproblemreducesto the

perturbationof theCalogero-SutherlandHamiltonianby apotential,seeSect.II.B.2.

3. Direct cascade, large scales

We considerherethescalesr F�� in thesteadystateestablishedunderthecondition λ̃d ? 0

(Balkovsky et al., 1999b). From a generalphysicalviewpoint, it is of interestto understandthe

propertiesof turbulenceat scaleslarger thanthepumpingscale.A naturalexpectationis to have

therean equilibrium equipartitionwith the effective temperaturedeterminedby the small-scale

turbulence(Forsteretal., 1977;Balkovsky, Falkovich etal., 1995).Thepeculiarityof ourproblem

is that we considerscalarfluctuationsat scaleslarger thanthat of pumpingyet smallerthanthe

correlationlengthof the velocity field. This providesfor an efficient mixing of the scalareven

at thoselarge scales.Although onecanfind the simultaneouscorrelationfunctionsof different

orders,it is yet unclearif sucha statisticscanbe describedby any thermodynamicalvariational

principle.
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The correlationfunctionsof the scalarareproportionalto the time spentby the Lagrangian

particleswithin thepumpingscale.It follows thatthestatisticsat r FG� is relatedto theprobabil-

ities of initially distantparticlesto comeclose.For spatiallysmoothrandomflow, suchstatistics

turnsout to bestronglyintermittentandnon-Gaussian.Anotherunexpectedfeaturein this regime

is a total breakdown of scaleinvariance:not only the scalingexponentsareanomalousanddo

not grow linearly with the orderof the correlationfunction,but even fixed correlationfunctions

aregenerallynot scaleinvariant.Thescalingexponentsdependindeedon theanglesbetweenthe

vectorsconnectingthepoints.Notethatthelarge-scalestatisticsof a scalaris scale-invariantin a

nonsmoothvelocity, see(Balkovsky et al., 1999b)andSect.III.C.1 v.

What is the probability for the vectorR12 � t ! , that wasoncewithin the pumpingcorrelation

length � , to comeexactly to the prescribedvaluer at time t? The advectionmakesa sphereof

“pumping” volume � d evolve into anelongatedellipsoidof thesamevolume. Ergodicity maybe

assumedprovidedthat thestretchingtime λ̄ � 1 ln � r �.� ! is largerthanthestraincorrelationtime. It

followsthattheprobabilityfor two pointsseparatedby r to belongto a“piece” of scalaroriginated

from the samepumpingspherebehaves as the volume fraction ��� � r ! d. That gives the law of

decreaseof thetwo-pointfunction:C2 ∝ r � d.

The advectionby spatiallysmoothvelocitiespreservesstraightlines. To determinethe cor-

relation functionsof an arbitraryorderwhenall the points lie on a line, it is enoughto notice

that the history of the stretchingis the samefor all the particles.Looking backward in time we

may say that whenthe largestdistanceamongthe pointswassmallerthan � , thenall the other

distanceswereaswell. It follows that thecorrelationfunctionsfor a collineargeometrydepend

on the largestdistancer amongthe pointsso that C2n ∝ r � d. This is true alsowhendifferent

pairsof pointslie on parallellines.Notethattheexponentis n-independentwhich correspondsto

a strongintermittency andan extremeanomalousscaling. The fact that C2n F Cn
2 is dueto the

strongcorrelationof thepointsalongtheir commonline.

Theoppositetakesplacefor non-collineargeometries,namelythestretchingof differentnon-

parallelvectorsis generallyanti-correlatedin the incompressiblecasedueto thevolumeconser-
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vation. The d-volume εi1i2 ����� id Ri1
12 7:7:7 Rid

1d is indeedpreserved for � d " 1! Lagrangiantrajectories

Rn � t ! and,for d � 2 andany threetrajectories,theareaεi j Ri
12R

j
13 of the triangledefinedby the

threeparticlesremainsconstant.The anti-correlationdueto the areaconservation may thenbe

easilyunderstoodandthescalingfor non-collineargeometriesatd � 2 maybedetermined.Since

theareaof any triangleis conserved,threepointsthatform a trianglewith areaA Fy� 2 will never

comewithin the pumpingcorrelationlength. In thepresenceof a triple correlatorΦ3 for a non

Gaussianδ-correlatedpumping,thetriple correlationfunctionof ascalar4
θ � r1 ! θ � r2 ! θ � r3 !65 � 4 + ∞

0
Φ3 � R12 � s! ) R13 � s!:! ds5 (141)

is determinedby theasymptoticbehavior of Φ3 at r i j F�� . For example,if Φ3 hasaGaussiantail,

thenC3 ∝ exp �($ A�.� 2 ! . Ontheotherhand,thecorrelationfunctionsdecreaseasr � 2 for acollinear

geometry. We concludethatC3 asa functionof theanglebetweenthevectorsr12 and r13 hasa

sharpmaximumat zeroandrapidlydecreaseswithin aninterval of width of theorder � 2 � r2 � 1.

Similarconsiderationsapplyfor thefourth-ordercorrelationfunction.Notethat,unlikefor the

3-point function,therearenow reduciblecontributions.Consider, for instance,thatcomingfrom4 ∞K
0

∞K
0

Φ � R12 � s1 !:! Φ � R34 � s2 !:! ds1ds2 5 . Sincetheareaof thepolygondefinedby thefour particles

is conserved throughoutthe evolution, the answeris againcrucially dependenton the relation

betweentheareaand � 2. Theeventscontributing to thecorrelationfunction C4 arethosewhere,

during the evolution, R12 becameof the order � and then,at someother momentof time, R34

reached� . The probability for the first event to happenis � 2 � r2
12. Whenthis happens,the area

preservationmakes R34
@ r12r34 �.� . Theprobability for this separationto subsequentlyreduceto� is ∝ � 4 � r2

12r
2
34. Thetotal probabilitycanbethusestimatedas � 6 � r6 , wherer is thetypical value

of theseparationsr i j . Remarkthatthenaive Gaussianestimation � 4 � r4 is muchsmallerthanthe

collinearanswerandyet muchlargerthanthenon-collinearone.

Thepreviousargumentscanbereadilyextendedto anarbitrarynumberof non-collinearpairs.

In accordancewith (136),therealizationscontributing to thecorrelationarethosewherethesep-

arationsRi j reducedown to � during the evolution process.Supposethat this happensfirst for

R12. Suchprocesswasalreadyexplainedin theconsiderationof thepair correlationfunctionand
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occurswith probability ��� � r12! 2. All theremainingseparationswill thenbelargerthantheir initial

valuesby a factor r12 �.� , dueto theconservation law of thetriangularareas.Next, we shouldre-

duce,say, R34 from r34r12 �.� down to theintegralscale � . Suchaprocessoccurswith probability��� 2 ��� r12r34!:! 2. Whenthis happens,all theotherseparationsarelarger thantheir initial valuesby

a factor r34�.� . Repeatingtheprocess,we cometo the final answerC2n ∝ ���d� r ! 4n � 2, wherer is

againthetypical valueof theseparationsr i j .

Theabove analysisis easyto generalizefor arbitrarygeometries.Thepointsaredividedinto

setsconsistingof the pairs of points with parallel separationsr i j (more precisely, forming an-

glessmallerthan � 2 � r2). The pointswithin a givensetbehave asa singleseparationduring the

Lagrangianevolution. Theordern in thepreviousformulaeshouldthenbereplacedby the(min-

imal) numberof sets.Theestimatesobtainedabove aresupportedby therigorouscalculationsin

(Balkovsky et al., 1999b).

In 2d, theareaconservationallowedto get thescalingwithout calculations.This is relatedto

thefact that thereis a singleLyapunov exponent.Whend E 2, we have only theconservationof

d-dimensionalvolumesandhencemorefreedomin thedynamics.For example,theareaof a tri-

anglecanchangeduringtheevolution andthethree-pointcorrelationfunctionfor a non-collinear

geometryis not necessarilysuppressed.Nevertheless,the anti-correlationbetweendifferentLa-

grangiantrajectoriesis still presentandthe3-pointexponentis expectedto belargerthanthenaive

estimate2d. The answerfor the Kraichnanmodeld " � d $ 1! � d ��� d $ 2! is determinedby the

whole hierarchyof the Lyapunov exponents(Balkovsky et al., 1999b). In the limit of large di-

mensions,the anti-correlationtendsto disappearandthe answerapproaches2d. The four-point

correlationfunction is alsodeterminedby the joint evolution of two distances,which resultsfor

larged in thesamevalueof theexponent.

To concludethis section,we briefly commenton thecasẽλd E 0 whentheparticlesapproach

ratherthan separatebackward in time. Here, an inversionof what hasbeendescribedfor the

directcascadetakesplace:thescalarcorrelationfunctionsarelogarithmicandthePDFhasawide

Gaussiancoreat r E�� , while thestatisticsis stronglynon-Gaussianat small scales(Chertkov et
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al., 1998). Sincethe scalarfluctuationsinjectedat � propagateupscale,small-scalediffusion is

negligible andsomelarge-scaledamping(say, by friction) is neededto provide for a steadystate,

seealsoSect.III.E below.

4. Statistics of the dissipation

We now describethePDF’s of thescalargradientsω � ∇θ andof thedissipationε � κω2 in

thesteadystateof adirectcascadearisingundertheactionof a large-scalepumping.Weconsider

a smoothvelocity field, i.e. both theSchmidt/PrandtlandthePécletnumbersareassumedlarge.

As we remarkedin Sect.III.A.5, thescalargradientscanbeestimatedas θe� ρd �.� , whereθ is the

scalarvalueandeρd � is thesmallest(diffusive)scale.Thetailsof thegradientPDFarecontrolled

by the largevaluesof θ and $ ρd. Thestatisticsof the formerdependsbothon thepumpingand

the velocity andthat of the latter only on the velocity. The key remarkfor solving the problem

was madeby (Chertkov et al., 1997 and1998): since θ and $ ρd fluctuateon very separated

timescales( � λd ��� 1 ln ��� � rd ! andλ � 1
d , respectively), theirfluctuationsmaybeanalyzedseparately.

ThePDFof thescalarhasbeenshown in Sect.III.B.2 to decayexponentially. On theotherhand,

largenegative valuesof ρd aredeterminedby the tail of its stationarydistribution, see(27). For

aGaussianshort-correlatedstrainthis tail is ∝ exp #%$ const7 e� 2ρd & (Chertkov et al., 1998)andthe

momentsof thegradientsare 8 ωn 9 ∝ 8 θn 9 8 exp �($ nρd !:9 ∝ n3n3 2. Theensuingbehavior 8 εn 9 ∝ n3n

correspondsto astretched-exponentialtail for thePDFof thedissipation

ln H � ε ! ∝ $ ε13 3 7 (142)

The detailedcalculationfor the Kraichnanmodelas well asa comparisonwith numericaland

experimentaldatacanbefound in (Chertkov, Kolokolov et al., 1998;Chertkov, Falkovich et al.,

1998;Gamba& Kolokolov, 1998).Thegeneralcaseof asmoothflow with arbitrarystatisticswas

consideredin (Balkovsky andFouxon,1999).

It is instructiveto comparethestretched-exponentialPDFof thegradientsin asteadystatewith

the lognormalPDF describedin Sect.III.A.5 for the initial diffusionlessgrowth. Intermittency

builds up during the initial stage,i.e. the higher the moment,the fasterit grows. On the other
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hand,thehigherthemoment,theshorteris thebreakdown timeof thediffusionlessapproximation.

This time behavesfor exampleas � n " 2! � 1 in theKraichnanmodel.Sincehighermomentsstop

growing earlier than lower ones,the tails of the PDF becomesteeperand the intermittency is

weaker in thesteadystate.

C. Passive fields in the iner tial inter val of turb ulence

For smoothvelocities,the single-pointstatisticsof the advectedquantitiescould be inferred

from theknowledgeof thestretchingratescharacterizingtheLagrangianflow in theinfinitesimal

neighborhoodof afixedtrajectory. Thiswasalsotruefor themultipointstatisticsaslongasall the

scalesinvolvedweresmallerthanthe viscousscaleof the velocity, i.e. in the Batchelorregime.

In this Sectionwe shall analyzeadvectionphenomena,mostly of scalars,in the inertial interval

of scaleswherethe velocitiesbecomeeffectively nonsmooth. As discussedin Sect.II.C, the

explosiveseparationof thetrajectoriesin nonsmoothvelocitiesblows up interparticleseparations

from infinitesimal to finite valuesin a finite time. This phenomenonplaysan essentialrole in

maintainingthedissipationof conservedquantitiesnonzeroevenwhenthediffusivity κ ^ 0. The

statisticsof theadvectedfieldsis consequentlymoredifficult to analyze,aswediscussbelow.

1. Passive scalar in the Kraichnan model

TheKraichnanensembleof Gaussianwhite-in-timevelocitiespermitsanexactanalysisof the

nonsmoothcaseanda deeperinsight into subtlefeaturesof theadvection,like intermittency and

anomalousscaling. Thoseaspectsaredirectly relatedto the collective behavior of the particle

trajectoriesstudiedin thefirst partof the review. Importantlessonslearnedfrom themodelwill

bediscussedin next Sectionsin amoregeneralcontext.

i). Hopf equations. Thesimplifying featureassociatedto theKraichnanvelocitiesis a reduction

of thecorrespondingHopf equationsto aclosedrecursivesysteminvolving only correlatorsof the

advectedfields. This is dueto thetemporaldecorrelationof thevelocity andtheensuingMarkov

propertyof theLagrangiantrajectories.Let usconsiderfor exampletheevolution equation(127)
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for a scalarfield. For the Kraichnanmodel, it becomesa stochasticdifferential equation. As

mentionedin Sect.II.B.2, onemayview white-in-timevelocitiesasthescalinglimit of ensembles

with shorttime correlations.Thevery fact that v � t ! dt tendsto becomeof theorder � dt ! 13 2 calls

for a regularization.For velocity ensemblesinvariantundertime reversal,therelevantconvention

is thatof Stratonovich (seetheAppendix).Interpreting(127)within this conventionandapplying

the rules of stochasticdifferential calculus,one obtainsthe equationfor the scalarcorrelation

functions:

∂t CN � r ! ��� N CN � r ! " ∑
n � m

CN J 2 � r1 ) 7:7:7:7'7x
n
x
m

) rN ! Φ � rnm�.� ! 7 (143)

Here,thedifferentialoperator � N is thesame9 asin (69) andit maybe formally obtainedfrom

the secondterm on the left handsideof (130) by a Gaussianintegrationby parts. Note the ab-

senceof any closureproblemfor the triangularsystemof equations(143): oncethe lower-point

functionshave beenfound, theN-point correlationfunctionsatisfiesa closedequation.For spa-

tially homogeneoussituations,the operators � N may be replacedby their restrictions �� N to

the translation-invariantsector. It follows from their definition (70) andthe velocity correlation

function(48) thattheequations(143)aretheninvariantwith respectto therescalings

r ^ λ r ) � ^ λ ��) t ^ λ2 � ξ t ) κ ^ λξ κ ) θ ^ λ � 2 J ξ
2 θ 7 (144)

This straightforward observation implies scaling relationsbetweenthe stationarycorrelators:

CN � λr;λξκ ) λ � ! � λ
N M 2 J ξ N

2 CN � r;κ )�� ! .
ii). Pair correlator. For theisotropicpaircorrelationfunction,theequation(143)takestheform:

∂tC2 � r ! $ r1 � d ∂r -\� d $ 1! D1 rd � 1̀ ξ " 2κ rd � 1 0 ∂r C2 � r ! � Φ � r �.� ! ) (145)

see(53). Theratio of theadvectiveandthediffusive termsis of orderunity at thediffusionscale

rd R # 2κ ��� d $ 1! D1 & 13 ξ. For theKraichnanmodel,thePécletnumberPe R � d $ 1! D1 � ξ � 2κ F 1

aswe assumethe scaleof pumpingmuch larger thanthat of diffusion. The stationaryform of

9Then � m termswoulddropoutof theexpressionfor � N in theItô conventionfor (127).

90



(145)becomesanordinarydifferentialequation(Kraichnan,1968)thatmaybeeasilyintegrated

with thetwo boundaryconditionsof zeroat infinity andfinitenessat theorigin:

C2 � r ! � 11
d � 12 D1

∞+
r

x1 � d dx

xξ " rξ
d

x+
0

Φ � y�.� ! yd � 1dy 7 (146)

Even without knowledgeof the explicit form (146), it is easyto draw from (145) general

conclusions,asfor time-correlatedvelocities.Takingthelimit r ^ 0 for κ E 0,weinfer themean

scalarenergy balance

∂t ē " ε̄ � Φ � 0! � 2 ) (147)

whereē � 8 θ2 9 � 2 andε̄ � 8 κ � ∇θ ! 2 9 . In thestationarystate,thedissipationbalancestheinjection.

Ontheotherhand,for r F rd (or for any r E 0 in theκ ^ 0 limit) wemaydropthediffusiveterm

in the Hopf equation(145). For r �h� , we thusobtainthe Kraichnanmodelformulationof the

Yaglomrelation(132)expressingtheconstancy of thedownscaleflux:$�� d $ 1! D1
1

rd � 1 ∂r rd � 1̀ ξ ∂r C2 � r ) t ! = Φ � 0! 7 (148)

To obtainthebalancerelation(147)for vanishingκ asthe r ^ 0 limit of (145),onehasto define

thelimiting dissipationfield by theoperatorproductexpansion

lim
κ B 0

κ � ∇θ ! 2 � r ! � 1
2 lim

r ��B r
di j � r $ r s ! ∇iθ � r ! ∇ jθ � r s ! 7 (149)

Therelation(149),encodingthedissipativeanomaly, holdsin generalcorrelationfunctionsaway

from otherinsertions(Bernardetal., 1996).

Let us discussnow the solution (146) in more detail. Thereare threeintervals of distinct

behavior. First,at largescalesr F�� , thepair correlationfunctionis givenby

C2 � r ! = 11
d ` ξ � 22 1 d � 12 D1

Φ̄ � d r2 � ξ � d ) (150)

where Φ̄ ��K ∞
0 yd � 1Φ � y! dy. This may be thought of as the Rayleigh-Jeansequipartition8 θ � k! θ � ks !:9 � δ � k " ks ! Φ̄ � d � Ω � k ! with Ω � k ! ∝ k2 � ξ and the temperatureproportional to

Φ̄ � d. Note that the right hand side of (150) is a zero mode of �� 2 away from the origin:
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r1 � d∂r rd � 1̀ ξ∂r r2 � ξ � d ∝ δ � r ! . Second,in theconvective interval rd � r �}� , thepair correlator

is equalto a constant(thegenuinezeromodeof �� 2) plusaninhomogeneouspart:

C2 � r ! =G� 2 � 2 � ξ $ 11
2 � ξ 2 d 1 d � 12 D1

Φ � 0! r2 � ξ ) (151)

where� 2 � Φ � 0! ��� 2 $ ξ ! � d " ξ $ 2! � d $ 1! D1. Theleadingconstanttermdropsout of thestruc-

turefunction:

S2 � r ! � 2 #C2 � 0! $ 2C2 � r !\& = 21
2 � ξ 2 d 1 d � 12 D1

Φ � 0! r2 � ξ 7 (152)

Notethatthelastexpressionis independentof both κ and � andit dependsonthepumpingthrough

the meaninjection rateonly, i.e. S2 � r ! is universal. Its scalingexponentζ2 � 2 $ ξ is fixed by

thedimensionalrescalingproperties(144)or, equivalently, by thescalingof theseparationtimeof

theLagrangiantrajectories,see(55). As remarkedbefore,thedegreesof roughnessof thescalar

andthe velocity turn out to be complementary:a smoothvelocity correspondsto a roughscalar

andviceversa. Finally, in thediffusiveinterval r � rd, thepair correlationfunctionis dominated

by a constantandthestructurefunction S2 � r ! = 1
2κd Φ � 0! r2. NotethatS2 � r ! is not analyticat the

origin, though.Its expansionin r containsnonintegerpowersof orderhigherthanthesecond,due

to thenon-smoothnessof thevelocity down to thesmallestscales.Theanalyticity is recoveredif

wekeepafinite viscouscutoff for thevelocity.

In the limit κ ^ 0, the diffusive interval disappearsandthe pair correlatoris givenby (146)

with the diffusion scalerd set to zero. The meansquareof the scalarC2 � 0! remainsfinite for

finite � but divergesin the � ^ ∞ limit that exists only for the structurefunction. Recall from

Sect.III.B.1 thatC2 � r ! hasthe interpretationof the meantime that two Lagrangiantrajectories

take to separatefrom distancer to � . The finite valueof the correlationfunction at theorigin is

thereforeanothermanifestationof theexplosiveseparationof theLagrangiantrajectories.

Thesolution(146) for thepair correlatorandmostof theabove discussionremainvalid also

for ξ � 2, i.e. for smoothKraichnanvelocities.A notabledifferenceshouldbestressed,though.

In smoothvelocitiesandfor κ ^ 0, themeantimeof separationof two Lagrangiantrajectoriesdi-

vergeslogarithmicallyastheir initial distancetendsto vanish.Thepaircorrelatorhasalogarithmic
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divergenceat theorigin, implying that 8 θ2 9 is infinite in thestationarystatewith κ � 0. Indeed,it

is the∂tC2 � 0! termthatbalancestheright handsideof (145)atfinite timesandr � 0. As thediffu-

sivity vanishes,thevariance8 θ2 9 keepsgrowing linearly in time with therateΦ � 0! andthemean

dissipationtendsto zero: no dissipative anomalyis presentat finite times. The anomalyoccurs

only in thestationarystatethat takeslongerandlongerto achieve for smallerr. In mathematical

terms: lim
t B ∞

lim
κ B 0

ε̄ L� lim
κ B 0

lim
t B ∞

ε̄ , with the left handsidevanishingandtheright handsideequal

to themeaninjectionrate.Thephysicsbehindthisdifferenceis clear. Thedissipativeanomalyfor

nonsmoothvelocitiesis dueto the non-uniquenessof the Lagrangiantrajectories,seeSect.II.C.

Theincompressibleversionof (100)impliesthat,in theabsenceof forcing anddiffusion,

+ θ2 � r s ) 0! dr s $ + θ2 � r s ) t ! dr s ��+ dr + p � r ) t;R) 0 � v! - θ � R) 0! $ θ � r ) t ! 0 2
dR � 0 7 (153)

Theequalityholdsif andonly if, for almostall r, thescalaris constanton thesupportof themea-

sure p � r ) t;R) 0 � v! dR giving thedistribution of theinitial positionsof theLagrangiantrajectories

endingat r at time t. In plain language,K θ2dr is conservedif andonly if theLagrangiantrajecto-

riesareuniquelydeterminedby thefinal condition.This is thecasefor smoothvelocitiesandno

dissipationtakesplacefor κ � 0 aslong as K θ2dr is finite. Whenthe latterbecomesinfinite (as

in thestationarystate),theabove inequalitiesbecomevoid andthedissipationmaypersistin the

limit of vanishingκ evenfor asmoothflow.

For ξ � 0, the equation(146) still gives the stationarypair correlationfunction if d � 3.

Thedistinctionbetweenthebehavior in theconvectiveandthediffusive regimesdisappears.The

overallbehavior becomesdiffusivewith thestationaryequal-timecorrelationfunctionscoinciding

with thoseof the forced diffusion ∂tθ � � 1
2 � d $ 1! D1 " κ ! ∇2θ " ϕ (Gawȩdzki andKupiainen,

1996).In d � 2, thepair correlationfunctionhasa constantcontributiongrowing logarithmically

in timebut thestructurefunctiondoesstabilize,asin forceddiffusion.

iii). Higher correlators and zero modes. Let usconsiderthe evolution of higher-orderscalar

correlationfunctionsCN , assumedto decayrapidly in the spacevariablesat the initial time. At

long times,thecorrelationfunctionswill thenapproacha stationaryform givenby therecursive

relation
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CN � r ! � + GN � r ) R! ∑
n � m

CN J 2 � R1 ) 7:7:7Q7(7x
n
x
m

) RN ! Φ � Rnm �.� ! dR (154)

for even N andvanishingfor odd N (by the θ �^ $ θ symmetry).Here, GN � ∞K
0

et �� N dt arethe

operatorsinverseto $ �� N . The above formulaegive specificsolutionsof the stationaryHopf

equations(143) that, alone,determinesolutionsonly up to zero modesof operators � N . We

areinterestedin thescalingpropertiesof thestationarycorrelationfunction CN in theconvective

interval. If thecorrelationfunctionswerebecomingindependentof κ and � in this interval (math-

ematically, if the limits κ ^ 0 and � ^ ∞ of the functionsexisted),thescalingbehavior would

follow from thedimensionalrelation(144):

CN � λ r ! � λ
M 2 J ξ N N

2 CN � r ! 7 (155)

ThiswouldbetheKraichnan-modelversionof thenormalKolmogorov-Obukhov-Corrsinscaling

(Obukhov, 1949; Corrsin,1951). The κ ^ 0 limit of the stationarycorrelationfunctionsdoes

exist andthe κ-dependencedropsout of theexpressionsin theconvective interval, asfor thepair

correlator. The limit is givenby the formulae(154)with the κ � 0 versionsof GN (Hakulinen,

2000). Note in passingthat the advectionpreservesany power of the scalarso that dissipative

anomaliesarepresentalsofor ordershigherthanthesecond.Theexistenceof thezerodiffusivity

limit meansthat possibleviolations of the normal scalingin the convective interval may only

comefrom a singularityof the limit � ^ ∞. In fact, this wasalreadythecasefor C2, dominated

by the constantterm that divergedas � increases.The constantdroppedout, however, from the

pair structurefunction (152) that did not dependon � and,consequently, scaleddimensionally.

Concerninghigher-order scalarstructurefunctions,Kraichnan(1994) was the first to argue in

favor of their anomalousscaling. His papersteereda renewed interestin theproblemwhich led

to thediscovery by Chertkov et al. (1995b),Gawȩdzki andKupiainen(1995)andShraimanand

Siggia(1995)of a simplemechanismto avoid normalscaling: thedominationof thecorrelation

functionsby scalingzeromodesof the operators �� N . For small ξ , Gawȩdzki andKupiainen

(1995)andBernardet al. (1996)showedthatin theconvective interval

CN � r ! � � N � ∆N fN U 0 � r ! " Cs
N
� r ! " o �c� ! " # 7:7:7 & 7 (156)

94



Above, fN U 0 is the irreducibleisotropiczeromodeof scalingdimensionζN U 0 � N
2 � 2 $ ξ ! $ ∆N ,

seeSectII.E.3, the term Cs
N

is scalingwith the normal dimension N
2 � 2 $ ξ ! , and # 7:7:7 & stands

for reduciblecontributions dependingonly on a subsetof points. The anomalouscorrections

∆N � N
1
N � 22

2
1
d ` 22 ξ " ;i� ξ2 ! arepositive for small ξ , see(84). A similar result ∆N � N

1
N � 22
2d " ;i� 1

d2 !
wasestablishedby Chertkov et al. (1995b)andChertkov andFalkovich (1996) for large space

dimensionalities.For ∆N E 0, the first term on the right handside of (156) is dominatingthe

secondonefor large � or, equivalently, at shortdistancesfor κ � 0. The analyticorigin of the

zero-modedominanceof the stationarycorrelationfunctions(154) lies in the asymptoticshort-

distanceexpansion(79)of thekernelsof GN (Bernardetal., 1998).Thedominantzeromode fN U 0
is the irreducibletermin (79) with thelowestscalingdimension.Thereducibleterms # 7:7:7 & drop

out of thecorrelatorsof scalardifferences,e.g. in the N-point structurefunctions.Thelatterare

dominatedby thecontribution from fN U 0 :

SN � r ! � 8:# θ � r ! $ θ � 0!'& N 9 ∝ � ∆N rζN ) (157)

with ζN � ζN U 0. The physicalmeaningof zero-modedominanceis transparent.Any structure

functionis a differencebetweenthetermswith differentnumberof particlescomingat thepoints

1 and2attimet, like,for instance,S3 � 3 8 θ2
1θ2 $ θ1θ2

2 9 . Underthe(backward-in-time)Lagrangian

evolution,this differencedecreasesas � r �.� ! ζN U 0 becauseof shaperelaxationwith theslowestterm

dueto theirreduciblezeromode.Thestructurefunctionis thusgivenby thetotal temporalfactor� N
1
2 � ξ 2z3 2 multipliedby � r �.� ! ζN U 0.

Thescalingexponentsin (157)areuniversalin thesensethatthey do notdependon theshape

of the pumpingcorrelationfunctionsΦ � r ! . The coefficients � N in (156), aswell asthe propor-

tionality constantsin (157),are,however, non-universal.Numericalanalysis,seeSect.III.D.2, in-

dicatesthatthepreviousframework appliesfor all 0 ? ξ ? 2 atany spacedimensionality, with the

anomalouscorrections∆N continuingto bestrictly positivefor N E 2. Thatimpliesthesmall-scale

intermittency of thescalarfield: theratiosS2n � Sn
2 grow asr decreases.At ordersN F,� 2 $ ξ ! d � ξ,

thescalingexponentsζN tendto saturateto aconstant,seeSects.III.C.2 andIII.D.2 below.

In many practicalsituationsthe scalaris forcedin an anisotropicway. ShraimanandSiggia
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(1994,1995)haveproposedasimpleway to accountfor theanisotropy. They subtractedfrom the

scalarfield an anisotropicbackgroundby defining θ s�� r ! � θ � r ! $ g / r , with g a fixedvector. It

follows from theunforcedequation(92) that

∂tθ s " v / ∇θ s $ κ∇2θ s � $ g / v ) (158)

with the term on the right handsidegiving the effective pumping. In Kraichnanvelocities,the

translationinvarianceof the equal-timecorrelatorsof θ s is preserved by the evolution with the

Hopf equationstakingtheform

∂t CN � r ! � �� N CN � r ! " 2 ∑
n � m

CN J 2 � r1 ) 7:7Q7:7(7x
n
x
m

) rN ! gi g j D
i j � rnm!$ ∑

n Tm gi di j � rnm! ∇r j
m

CN J 1 � r1 ) 7:7:7x
n
) rN ! (159)

in the homogeneoussector. The stationarycorrelationfunctionsof θ s which ariseat long times

if theinitial correlationfunctionsdecayin thespacevariables,maybeanalyzedasbefore.In the

absenceof the θ s �^ $ θ s symmetry, theoddcorrelatorsarenot anymoreconstrainedto bezero.

Still, thestationary1-pointfunctionvanishessothatthescalarmeanis preimposed:8 θ � r !:9 � g / r.
For the 2-point function, the solution remainsthe sameas in the isotropic case,with the forc-

ing correlationfunctionsimply replacedby 2gig j Di j � r ! andapproximatelyequalto theconstant

2D0g2 in theconvective interval. The3-pointfunctionis

C3 � r ! � $ + G3 � r ) R! ∑
n Tmgi di j � Rnm! ∇Rj

m
C2 � R1 ) 7:7:7x

n
) R3 ! dR 7 (160)

The dimensionalscalingwould imply that C3 � λr ! � λ3 � ξC3 � r ! in the convective interval since

∇C2 � r ! scalesthereas r1 � ξ. Instead,for ξ closeto 2, the 3-point function is dominatedby

theangularmomentum j � 1 zeromodeof � 3 with scalingdimension2 " o � 2 $ ξ ! , asshown

by Pumir et al. (1997). A similar picture arisesfrom the perturbative analysisaround ξ � 0

(Pumir, 1996and1997),aroundd � ∞ (GutmanandBalkovsky, 1996),andfrom thenumerical

studyof thewhole interval of ξ valuesfor d � 2 and d � 3 (Pumir, 1997),seeSect.II.E.5. As

will be discussedin SectionIII.F, the zeromodemechanismis likely to be responsiblefor the

experimentallyobservedpersistenceof theanisotropies,seee.g.(Warhaft,2000).
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It is instructive to analyzethe limiting casesξ � 0 ) 2 and d � ∞ from the viewpoint of the

statisticsof the scalar. Sincethe field at any point is the superpositionof contributionsbrought

from d directions,it follows from the CentralLimit Theoremthat the scalarstatisticsbecomes

Gaussianasthe spacedimensionalityd increases.In thecaseξ � 0, an irregular velocity field

actslike Brownian motion. The correspondingturbulent transportprocessis normal diffusion

andtheGaussianityof thescalarstatisticsfollows from thatof the input. What is generalin the

both previous limits is that the degreeof Gaussianity, asmeasured,say, by the flatnessS4 � S2
2 ,

is scale-independent.Conversely, we have seenin Sect.III.B.1 that ln ��� � r ! is the parameterof

Gaussianityin theBatchelorlimit with thestatisticsbecomingGaussianat smallscaleswhatever

the input statistics. The key hereis in the temporalratherthan the spatialbehavior. Sincethe

stretchingin asmoothvelocityfield is exponential,thecascadetime is growing logarithmicallyas

thescaledecreases.Thatleadsto theessentialdifference:at smallyet nonzeroξ � d thedegreeof

non-Gaussianityincreasesdownscales,while at small � 2 $ ξ ! it first decreasesdownscalesuntil

ln �c�d� r ! = 1��� 2 $ ξ ! and then it startsto increase.Note that the interval of decreasegrows as

theBatchelorregimeis approached.Alreadythatsimplereasoningsuggeststhattheperturbation

theoryis singularin thelimit ξ ^ 2, which is formally manifestedin thequasi-singularitiesof the

many-pointcorrelationfunctionsfor collineargeometries(Balkovsky, Chertkov etal., 1995).

The anomalousexponentsdeterminealso the momentsof the dissipationfield ε � κ � ∇θ ! 2.

A straightforwardanalysisof (154) indicatesthat 8 εn 9 � cn ε̄n ��� � rd ! ∆2n (Chertkov et al., 1995b;

Chertkov andFalkovich,1996),whereε̄ is themeandissipationrate.Thedimensionlessconstants

cn are determinedby the fluctuationsof the dissipationscaleand, most likely, they are of the

form nqn with yet unknown q. In the perturbative domain n � � 2 $ ξ ! d � ξ, the anomalies∆2n

area quadraticfunction of the orderandthe correspondingpart of the dissipationPDF is close

to lognormal(Chertkov andFalkovich, 1996). The form of the distanttails of the PDF arestill

unknown.

iv). Operator product expansion. While the irreduciblezeromodedominatesthe respective

structurefunction,all thezeromodesmaybenaturallyincorporatedinto anoperatorproductex-

pansion(OPE)of thescalarcorrelationfunctions.Therehasbeenmany attemptsto usethis pow-
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erful tool of quantumfield theory(Wilson, 1969)in thecontext of turbulence,see(Eyink, 1993;

Adzhemyanet al., 1996;Polyakov, 1993and1995).We briefly describeherea generaldirection

for accomplishingthatfor theproblemof scalaradvection(Chertkov andFalkovich,1996;Adzhe-

myanet al., 1998;Zamolodchikov et al., 2000). Let k�; a n be a setof local observables(which

containsall spatialderivativesof any field alreadyincluded).Theexistenceof OPEpresumesthat; a � r ! ; b � r s ! � ∑
k

Cc
ab � r $ r s ! ; c � r s ! ) (161)

which is understoodasthefollowing relationsamongthecorrelationfunctions8r; a � r ! ; b � r s ! 7:7:7 9 � ∑
k

Cc
ab � r $ r s ! 8r; c � r s ! 7Q7:7 9 7 (162)

Thesumrepresentsthecorrelationfunctionin theleft-handsideif � r $ r s�� is smallenough.Renor-

malizationsymmetryϕ ^ Λϕ, θ ^ Λθ allowsoneto classifytheoperators(fluctuatingfields)by

degrees: ; 1
n2 hasdegreen if ; 1

n2 ^ Λn ; 1
n2 under the transformation. The OPE conserves

the degreeand is supposedto be scaleinvariant in the convective interval. This meansthat

onemay choosea basisof the observablesin sucha way that ; a has“dimension” da, and the

OPE is invariantunderthe transformation ; a � r ! ^ λda ; a � λ r ! so that its coefficient functions

scale:Cc
ab � λ � r $ r s !:! � λdc � da � dbCc

ab � r $ r s ! . Besides,functionsCc
ab aresupposedto bepumping-

independentwith thewholedependenceonpumpingcarriedby theexpectationvalues 8 ; c 9 ∝ �.� dc.

Thescaleinvariancecanbe(“spontaneously”)brokenat thelevel of correlationfunctionsif some

of thefieldswith nonzerodimensiondevelopnonzeroexpectationvalues.Thedimensionof θN

is N � ξ $ 2! � 2. The operatorscanbe organizedinto strings,eachwith the primary operatorΘa

with thelowestdimensionda andits descendantswith thedimensionalitiesda " n � 2 $ ξ ! . A natu-

ral conjectureis thatthereis one-to-onecorrespondencebetweentheprimaryoperatorsof degree

N andthe zeromodesof �MN . The dimensionsof suchprimariesareminusthe anomalousdi-

mensions∆’s of the zeromodes fa andarethereforenegative. By fusing N $ 1 timesonegets

θ1 7:7:7 θN � ∑ fa � r1 ) 7:7:7 ) rN ! Θa � rN ! "¡7:7:7 , wherethedotsincludethederivativesanddescendantsof

Θa.

For n � 2, onehasonly oneprimaryfield θ2, andits descendents�∇mθ � 2. For n � 4, thereis an

infinity of primaries.Only θ4, ε2 andεθ∇2θ $ d2ε ��� d2 " 2! havenonzeroexpectationvalues.The
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operatorswith zeroexpectationvaluescorrespondto theoperatorswith morederivativesthantwice

thedegree(thatis with theorderof theangularharmonicin therespectivezeromodebeinglarger

thanthenumberof particles,in termsof Sect.II.E). Building anOPEexplicitly andidentifying its

algebraicnatureremainsa taskfor thefuture.

v). Lar gescales. Thescalarcorrelationfunctionsat scaleslargerthanthatof thepumpingdecay

by power laws. Thepair correlationfunctionis givenby (150).Recallthatapplying � 2 on it, we

obtaina contactterm∝ δ � r ! . Concerninghigher-ordercorrelationfunctions,straightlinesarenot

preservedin anonsmoothflow andnostrongangulardependenciesof thetypeencounteredin the

smoothcasearethusexpected.To determinethescalingbehavior of thecorrelationfunctions,it is

thereforeenoughto focuson a specificgeometry. Considerfor instancetheequation �� 4C4 � r ! �
∑χ � r i j ! C2 � rkl ! for the fourth orderfunction. A convenientgeometryto analyzeis thatwith one

distanceamongthepoints,sayr12, muchsmallerthantheotherr1 j , whosetypical valueis R. At

the dominantorder in r12 � R, the solutionof the equationis C4 ∝ C2 � r12! C2 � R! @ � r12R! 2 � ξ � d.

Similar argumentsapply to arbitrary orders. We concludethat the scalarstatisticsat r F � is

scale-invariant,i.e. C2n � λr ! � λn
1
2 � ξ � d 2 C2n � r ! asλ ^ ∞. Notethatthestatisticsis generallynon-

Gaussianwhenthedistancesbetweenthepointsarecomparable.As ξ increasesfrom zeroto two,

thedeviationsfrom theGaussianitystartsfrom zeroandreachtheirmaximumfor thesmoothcase

describedin Sect.III.B.3.

vi). Non-Gaussianand finite correlatedpumping. Thefactthatthescalarcorrelationfunctions

in theconvectiveintervalaredominatedbyzeromodesindicatesthatthehypothesesof Gaussianity

andδ-correlationof thepumpingarenotcrucial.Thepurposeof thisSectionis to givesomemore

detailson how they might berelaxed. Thenew point to betakeninto accountis thatthepumping

hasnow a finite correlationtime τp andirreduciblecontributionsarepresent.Thesituationwith

thesecondorderis quite simple. The injection rateof θ2 is 8 φθ 9 andits valuedefinesthemean

dissipationrateε̄ at thestationarystate.Theonly differenceis that its valuecannotbeestimated

a priori asΦ � 0! . Let usthenconsiderthebehavior at higherorders,whosetypical exampleis the

fourth. Its generalflux relation,derivedsimilarly as(131),reads

99



4 � v1 / ∇1 " v2 / ∇2 ! θ2
1θ2

2 5 " κ
4

θ1θ2 - ∇2
1 " ∇2

2
0 θ1θ2 5 � 8 ϕ1θ1θ2

2 " ϕ2θ2θ2
1 9 7 (163)

Taking the limit of coincidingpoints,we get the productionrateof θ4. It involvesthe usualre-

duciblecontribution3ε̄C2 � 0! andanirreducibleone.Theratioof thetwo is estimatedasC2 � 0! � τp.

Thenon-Gaussianityof thepumpingis irrelevantaslongasτp is smallerthanthetimefor thepar-

ticles to separatefrom thediffusive to the integral scale.Thesmoothandnonsmoothcasesneed

to bedistinguished.For theformer, theseparationtime is logarithmicallylargeandtheprevious

conditionis alwayssatisfied.Indeed,the reduciblepartof the injection ratein (163)necessarily

contains2 8 θ1θ2 9 #¢8 ϕ1θ2 9 " 8 ϕ2θ1 9'&�£ 2ε̄2λ̃ � 1
d ln �c�d� r12! . Sincethe correlationfunction grows as

r12 decreases,onecanalwaysneglecttheconstantirreduciblecontribution for smallenoughsepa-

rations.Similarly, theinput rateof all evenmomentsup to N £ ln ��� � rd ! is determinedby ε̄. The

fact that the fluxesof higher integralsarenot constantin the convective interval wascalledthe

effectof “distributedpumping”in (Falkovich, 1994;Falkovich andLebedev, 1994).

In the nonsmoothcase,the cascadetime is finite andthe irreduciblecontributionsmight be

relevant. They affect thestatisticsof thescalaryet, of course,not thescalingof thezeromodes.

Thefourth ordercorrelationfunctionC4 acquiresfor exampleextra termsproportionalto ∑ r2 � ξ
i j .

They contributeto thefourthordercumulantbut not to thestructurefunctionS4. Theexistenceof

thoseextra termsin thecorrelationfunctionaffectsthematchingconditionsat thepumpingscale,

though.We concludethatthenumericalcoefficients � N in thestructurefunctionsSN � � NrζN � ∆N

generallydependon all theirreduciblepumpingcontributionsof orderm ] N.

2. Instanton formalism for the Kraichnan model

Sincetheperturbative approachesin SectionII.E.5 areall limited to finite orders,it is natural

to look for alternative methodsto capturethe scalingexponentsin the non-perturbative domain

Nξ F � 2 $ ξ ! d. As in many other instancesin field theory or statisticalphysics,sucha non-

perturbative formalism is expectedto result from a saddle-pointtechniqueappliedto the path

integral controlling the statisticsof the field. Physically, that would correspondto finding some

optimal fluctuationresponsiblefor a givenstructurefunction. Not any structurefunction canbe
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found by this approachbut only thosewith N F 1, relatedto the PDF tails which are indeed

controlledby rareevents. This is a generalideaof the instantonformalism(see,e.g.,Coleman,

1977)adaptedfor turbulenceby Falkovich et al. (1996). Thecasein questionis socomplicated

thoughthat an effective analysis(carriedout by Balkovsky andLebedev, 1998)is possibleonly

with yet anotherlargeparameter, � 2 $ ξ ! d F 1, which guaranteesthattheLagrangiantrajectories

arealmostdeterministic.The relationbetweenNξ and � 2 $ ξ ! d is now arbitraryso oneis able

to describeboth theperturbative andnon-perturbative domains.Unfortunately, a straightforward

applicationof this approachto thepathintegral over thevelocity field doesnot work becauseof

a usualproblemin saddle-pointcalculations:the existenceof a soft modemakesthe integrand

non-decayingin somedirection in the functional space. One ought to integrateover the soft

modebeforethesaddle-pointapproximationis made.Balkovsky andLebedev identifiedthesoft

modeasthatresponsiblefor theslow variationsof thedirectionof themainstretching.Sincethe

structurefunctionsaredeterminedonly by themodulusof thedistancethenaneffectiveintegration

over the soft modesimply correspondsto passingfrom the velocity to the absolutevalueof the

Lagrangianseparationasthe integrationvariablein the path integral. This canbe conveniently

doneby introducingthescalarvariable

η12 R � 2 $ ξ ! � 1∂tR
2 � ξ
12 � R� ξ

12 Ri
12 � vi

1 $ vi
2 ! 7 (164)

For theKraichnanvelocity field, η12 hasthenonzeromean 8 η129 � $ D andthevariance8Q8 η12 � t1 ! η34 � t2 !Q9:9 � 2D
d

q12T 34δ � t1 $ t2 ! 7 (165)

The explicit dependenceof the q12T 34 function on the particledistanceswill not be neededhere

andcanbe found in the original paper(Balkovsky andLebedev, 1998). Any averageover the

statisticsof theLagrangiandistancescanbewritten in termsof aMartin-Siggia-RosepathintegralKv¤ R ¤ mexp � ı ¥ R! , with theaction

¥ R � 0+� ∞

dt + dr1dr2m12 Z�¦ ∂tR
2 � ξ
12

2 $ ξ " D § " iD
d

dr3dr4q12T 34m34[ 7 (166)
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Theauxiliaryfield conjugatedto R12 is denotedby m12 R m� t ) r1 ) r2 ! . Notethatthesecond(nonlin-

ear)termin (166)vanishesbothas � 2 $ ξ ! d ^ ∞ andξ ^ 0. Themomentsof any linearfunctional

of thescalarϑ � K drβ � r ! θ � r ! arethenexpressedas8 �ϑ �N 9 � + dydϑ
2π + ¤ R ¤ mei ¨ R �ª© λ � iyϑ ` N ln �ϑ � ) (167)

where « λ � y2

2 K dt dr1dr2 χ � R12! β � r1 ! β � r2 ! . To obtain the structurefunctions,one should in

principle take for β differencesof δ functions. This would however bring diffusive effects into

thegame.To analyzethescalingbehavior, it is in factenoughto considerany observablewhere

the reduciblecomponentsin the correlationfunctionsare filtered out. A convenientchoiceis

β � r1 ! � δΛ t r1 $ r
2 u $ δΛ t r1 " r

2 u , wherethesmearedfunctionδΛ � r ! hasawidth Λ � 1 andsatisfies

thenormalizationcondition K dr δΛ � r ! � 1. Thediffusiveeffectsmaybedisregardedprovidedthe

width is takenmuchlargerthanrd.

Thesaddle-pointequationsfor theintegral (167)are

∂tR
2 � ξ
12 � $b� 2 $ ξ ! D ¬ 1 " 2i

d + dr3dr4q12T 34m34 ) (168)$ iR1 � ξ
12 ∂tm12 � 2D

d + dr3dr4
∂q12T 34

∂R12
#m12m34 " 2m13m24& " y2

2
χ s � R12! β � r1 ! β � r2 ! ) (169)

with thetwo extremalconditionson theparametersϑ andy:

ϑ � iy + dt dr1dr2 χ � R12! β � r1 ! β � r2 ! ) iy � N � ϑ 7 (170)

The two boundaryconditionsareR12 � t � 0! � � r1 $ r2 � andm12 ^ 0 ast ^ $ ∞. Thevariables

R12 andm12 area priori two fields, i.e. they dependon both t and r. In fact, the problemcan

be shown to reduceeffectively to two degreesof freedom:R� , describingtheseparationof two

points,andR̀ , describingthespreadingof acloudof sizeΛ aroundasinglepoint. It followsfrom

theanalysisin (Balkovsky andLebedev, 1998)thattherearetwo differentregimes,dependingon

theorderof themomentsconsidered.At N ? � 2 $ ξ ! d ��� 2ξ ! thevaluesof R̀ andR� areveryclose

during mostof the evolution anddifferentfluid particlesbehave similarly. For highermoments,

R̀ andR� differ substantiallythroughoutthe evolution. The fact that differentgroupsof fluid
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particlesmove in a verydifferentway might beinterpretedasthesignatureof thestrongfrontsin

thescalarfield thatarediscussedin SectionIII.F. Thefinal resultfor thescalingexponentsis:

ζN � N � 2 $ ξ ! � 2 $ 2ξN2 � 2d at N ? � 2 $ ξ ! d ��� 2ξ ! ) (171)

ζN � � 2 $ ξ ! 2d ��� 8ξ ! at N Ef� 2 $ ξ ! d ��� 2ξ ! 7 (172)

Theseexpressionsarevalid whenthe fluctuationsaroundinstantongive negligible contribution

which requiresN F 1 and � 2 $ ξ ! d F 1, while the relationbetweend andN is arbitrary. The

exponentsdependquadraticallyon the orderandthensaturateto a constant.The saturationfor

theKraichnanpassive scalarmodelhadbeenpreviously inferredfrom a qualitative argumentby

Yakhot (1997)andfrom an upperboundon ζN by Chertkov (1997). The relevanceof the phe-

nomenonof saturationfor genericscalarturbulenceis discussedin SectionIII.F.

3. Anomalous scaling for magnetic fields

Magneticfields transportedby a Kraichnanvelocity field displayanomalousscalingalready

at the level of thesecond-ordercorrelationfunctions.For a scalar, 8 θ2 9 is conservedandits flow

acrossthescalesfixesthedimensionalscalingof thecovariancefound in SectionIII.C.1 ii) . For

a magneticfield, this is not the case. The presenceof an anomalousscalingfor the covariancee i j
2 � r ) t ! � 8 Bi � r ) t ! B j � 0 ) t !Q9 becomesquite intuitive from the Lagrangianstandpoint. We have

seenin SectionII.E thatthezeromodesarecloselyrelatedto thegeometryof theparticleconfig-

urations.For ascalarfield, thesingledistanceinvolvedin thetwo-particleseparationexplainsthe

absenceof anomaliesat thesecondorder. Themagneticfield equation(95) for κ � 0 is thesame

asfor a tangentvector, i.e. theseparationbetweentwo infinitesimally closeparticles.Althoughe i j
2 involvesagaintwo Lagrangianparticles,eachof themis now carryingits own tangentvector.

In otherwords,we aresomehow dealingwith a four-particleproblem,wherethetangentvectors

bring thegeometricdegreesof freedomneededfor theappearanceof nontrivial zeromodes.The

compensationmechanismleadingto therespective two-particleintegral of motion is now dueto

the interplaybetweenthe interparticledistanceand the angularcorrelationsof the vectorscar-
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ried by theparticles.Theattractive featureof theproblemis that theanomalycanbecalculated

nonperturbatively.

Specifically, considerthe equation(95) for the solenoidalmagneticfield B � r ) t ! andassume

theKraichnancorrelationfunction(48) for theGaussianincompressiblevelocity. Wefirst analyze

the isotropic sector(Vergassola,1996). The first issueto be addressedis the possibility of a

stationarystate. For this to happen,thereshouldbe no dynamoeffect, i.e. an initial condition

shouldrelaxto zeroin theabsenceof injection. Let usshow that this is thecasefor ξ ? 1 in 3d.

As for a scalar, theδ-correlationof thevelocity leadsto a closedequationfor thepair correlation

function∂t
e i j

2 �p� kl
i j

e kl
2 . Theisotropy andthesolenoidalityof themagneticfield permitto writee i j

2 � r ) t ! in termsof its traceH � r ) t ! only. This leadsto animaginarytimeSchr̈odingerequationfor

the“wave function” ψ � r ) t ! � κ ` D1 rξ

r K r
0 H � ρ ) t ! ρ2dρ (Kazantsev, 1968). Theenergy eigenstates

ψ � r ! e� Et , into which ψ � r ) t ! maybedecomposed,satisfythestationaryequation

d2ψ � r !
dr2 " m� r ! #E $ U � r !'& ψ � r ! � 0 (173)

of aquantumparticleof variablemassm� r ! in thepotentialU � r ! . Thepresenceof adynamoeffect

is equivalentto theexistenceof negative energy levels. Sincethemassis everywherepositive, it

is enoughto look for boundstatesin theeffective potentialV � mU . Thedetailedexpressionsof

themassandthepotentialcanbe found in (Vergassola,1996). Here,it is enoughto remarkthat

V � r ! is repulsive at small scalesandhasa quadraticdecayin the inertial rangewith a prefactor

2 $ 3� 2ξ $ 3� 4ξ2. It is known from quantummechanicstextbooksthat the thresholdfor bound

statesin anattractivepotential $ c� r2 is c � 1� 4. Theabsenceof adynamoeffectfor ξ ? 1 follows

immediatelyfrom theexpressionof thepotentialprefactor.

The stability just describedimplies that, in the presenceof a forcing term in (95), the mag-

netic field covariancewill relax to a time-independentexpressionat long times. We may then

studythe spatialscalingpropertiesat the stationarystate. The energy E in (173) shouldbe set

to zeroandwe shouldaddthe correspondingforcing term in thefirst equation.Its preciseform

is not importanthereasany anomalousscalingis known to comefrom the zeromodesof the

operatorM � d2 � dr2 $ V � r ! . The behavior $ c� r2 of the potentialin the inertial rangeimplies
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that theoperatoris scale-invariantandits two zeromodesbehave aspower laws with exponents

1� 2 ® 1 ¯ O 1 $ 4c° . Thezeromodewith thesmallerexponentis not acceptabledueto a singular

behavior in thedissipationrangeof the correspondingcorrelationfunction. The remainingzero

modedominatestheinertial-rangebehavior H � r ! ∝ rγ2 with

γ2 � $b� 3 " ξ ! � 2 " 3� 2 ± 1 $ ξ � ξ " 2! � 3 7 (174)

Notethatdimensionalargumentsbasedon aconstantflux of A2 (with thevectorpotentialdefined

by B � ∇ ² A) would give γ2 � $ ξ. This is indeedthe result in the limits of small ξ andlarge

spacedimensionalityandfor the2d case.For the latter, thevectorpotentialis reducedindeedto

a scalarwhoseequationcoincideswith theadvection-diffusionequation(92). Notethatγ2 ] $ ξ,

thatis thezeromodeprovidesfor correlationfunctionsthatare ��� � r ! � γ2 � ξ timeslargerthanwhat

dimensionalargumentswouldsuggest.

The zeromodedominatingthe stationary2-point function of B is preservedby theunforced

evolution. In otherwords,if
e i j

2 � r ) 0! is takenasthezeromodeof � thenthecorrelationfunc-

tion doesnot changewith time. A counterpartto that is theexistenceof a statisticalLagrangian

invariantthat containsboth the distancebetweenthe fluid particlesandthe valuesof the fields:

I � t ! � 8 Bk � R1 ! Bl � R2 ! Zk̀l � R12 !:9 (CelaniandMazzino,2000). HereZk̀l is a zeromodeof theop-

eratoradjoint to � . The scalingdimensionof suchzeromodeis γ2 " 2 E 0. The appearance

of theadjointoperatorhasa simplephysicalreason.To calculatethecorrelationfunctionsof the

magneticfield, thetangentvectorsattachedto theparticlesevolveforwardin timewhile, asfor the

scalar, their trajectoriesshouldbetracedbackwardin time. Adjoint objectsnaturallyappearwhen

we look for invariantswhereall thequantitiesrun in thesamedirectionof time. Theconservation

of I � t ! is dueto thepower-law growth of Z ` with time beingoffsetby thedecorrelationbetween

thedirectionsof theB vectorsalongtheseparatingtrajectories.

Up to now, wehavebeenconsideringthecovariancein theisotropicsector. Thescalingexpo-

nentsin thenonisotropicsectorscanalsobecalculatednonperturbatively (LanotteandMazzino,

1999;Arad,Biferaleetal., 2000).Theproblemis analogousto thatfor thescalarin SectionII.E.5,

solvedby theexpression(88). Here,thecalculationis moreinvolvedsincein eachsector j ) m of
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SO(3)therearenine independenttensorsinto which
e i j

2 maybedecomposed.Their explicit ex-

pressionmaybefoundin (Arad et al., 1999).As in theisotropiccase,it is shown thatnodynamo

takesplacefor ξ ? 1 andthescalingpropertiesat thestationarystatecanthenbecalculated.For

odd j, onehasfor example:

γ j
2 � $³� 3 " ξ ! � 2 " 1� 2 ± 1 $ 10ξ " ξ2 " 2 j � j " 1! � ξ " 2! 7 (175)

Theexpressionfor theothersectorscanbefoundin (LanotteandMazzino,1999;Arad, Biferale

et al., 2000). An importantpoint (we shallcomebackto it in SectionIII.F) is that theexponents

increasewith j: themoreanisotropicthecontribution, thefasterit decaysgoingtowardthesmall

scales.

Higher-order correlationfunctionsof the magneticfield also obey closedequations. Their

analysisproceedsalongthesamelinesasfor thescalar, with theadditionaldifficulty of thetenso-

rial structure.Theextra-termsin theequationsfor thecorrelationfunctionsof themagneticfield

comefrom thepresenceof thestretchingtermB / ∇v. Sincethegradientof thevelocity appears,

they areall proportionalto ξ. On theotherhand,thestabilizingeffective-diffusivity termsdo not

vanishasξ ^ 0. Weconcludethattheforcedcorrelationfunctionsatany arbitraryyetfinite order

will relax to time-independentexpressionsfor sufficiently small ξ. It makesthensenseto con-

sidertheir scalingpropertiesat thestationarystate,asit wasdonein (AdzhemyanandAntonov,

1998). For the correlationfunctions 8:� B � r ) t ! / B � 0 ) t !:! N 9 ∝ rγN , the perturbative expressionin ξ

readsγN � $ Nξ $ 2N
1
N � 12 ξ
d ` 2 " ;<� ξ2 ! , demonstratingtheintermittency of themagneticfield distri-

bution.

Let us concludeby discussingthe behavior of the magnetichelicity 8 A / B9 , consideredin

(BorueandYakhot,1996).This quantityis conservedin theabsenceof themoleculardiffusivity,

ascanbeeasilyverifiedusing(95)andtheequationfor A:

∂tA � v ² B $ ∇φ " κ∇2A 7 (176)

Thefunctionφ maybefixedby thechoiceof aspecificgauge,e.g.∇ / A � 0. Thespatialbehavior

of thehelicity correlationfunctions 8 A � r ) t ! / B� 0 ) t !:9 is derivedusing(95)and(176)andaveraging
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over theGaussianvelocity with thevariance(48). Theresultingequationcoincideswith that for

the scalarcovariance(145), implying the dimensionalscalingr2 � ξ anda constanthelicity flux.

We concludethat it is possibleto havecoexistenceof normalandanomalousscalingfor different

componentsof the correlationtensorof a given order. Note also that the helicity correlation

functionsrelax to a stationaryform evenfor ξ E 1, i.e. whenthemagneticcorrelationfunctions

do not. Theincreaseof themagneticfield magnitudeis indeedaccompaniedby a modificationof

its orientationandthequasi-orthogonalitybetweenA andB ensuresthestationarityof thehelicity

correlationfunctions. For a helical velocity, consideredin (Rogachevskii andKleeorin, 1999),

themagneticandthehelicity correlatorsarecoupledvia theso-calledα-effect, seee.g. (Moffatt,

1978),andthesystemis unstablein thelimit κ ^ 0 consideredhere.

D. Lagrangian numerics

Thebasicideaof theLagrangiannumericalstrategy is to calculatethescalarcorrelationfunc-

tionsusingtheparticletrajectories.Theexpressions(101)and(134)naturallyprovide for sucha

LagrangianMonte-Carloformulation: theN Lagrangiantrajectoriesaregeneratedby integrating

thestochasticequations(5), theright handsideof (101)and(134)is calculatedfor a largeensem-

bleof realizationsandaveragedover it. If weareinterestedin correlationfunctionsof finite order,

theLagrangianprocedureinvolvesthe integrationof a few differentialequations.This is clearly

moreconvenientthanhaving to dealwith thepartialdifferentialequationfor thescalarfield. The

drawbackis thatquantitiesinvolving a large numberof particles,suchasthe tails of thePDF’s,

arenotaccessible.Oncethecorrelationfunctionshavebeenmeasured,theirappropriatecombina-

tionswill givethestructurefunctions.For thesecond-orderS2 � r ) t ! two differentconfigurationsof

particlesareneeded.Onecorrespondingto 8 θ2 9 , wheretheparticlesareat thesamepoint at time

t, andanotheronecorrespondingto 8 θ � r ! θ � 0!:9 , wherethey arespacedby r. For the2n-th order

structurefunction,n " 1 particleconfigurationsareneeded.

Another advantageof the Lagrangianmethodis that it givesdirect accessto the scalingin� of the structurefunctions(157), that is to the anomalousdimensions∆N � Nζ2 � 2 $ ζN . The
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quantities(101) and (134) for various � ’s can indeedbe calculatedalong the sameLagrangian

trajectories.Thatis moreefficient thanmeasuringthescalingin r, i.e. changingthefinal positions

of theparticlesandgeneratinganew ensembleof trajectories.

1. Numerical method

The Lagrangianmethodaspresentedup to now might be appliedto any velocity field. The

situationwith theKraichnanmodelis simplerin two respects.First, thevelocitystatisticsis time-

reversibleandtheLagrangiantrajectoriescanbegeneratedforward in time. Second,thevelocity

fields at different times are independent.Only � N $ 1! d randomvariablesare neededat each

time step,correspondingto thevelocity incrementsat the locationof theN particles.Themajor

advantageis that thereis no needto generatethewholevelocity field. Finite-sizeeffects,suchas

thespaceperiodicityfor pseudo-spectralmethods,arethusavoided.

The Lagrangiantrajectoriesfor the Kraichnanmodelareconvenientlygeneratedasfollows.

The relevant variablesarethe interparticleseparations,e.g. RnN � Rn $ RN for n � 1 ) 7Q7:7 N $ 1.

Theirequationsof motionareeasilyderivedfrom (5) andconvenientlydiscretizedby thestandard

Euler-Itô schemeof order1� 2 (KloedenandPlaten,1992)

RnN � t " ∆t ! $ RnN � t ! � O ∆t C Vn " O 2κWn D ) (177)

where∆t is the time step. The quantitiesVn andWn ared-dimensionalGaussian,independent

randomvectorsgeneratedat eachtime step. Both have zeromeanandtheir covariancematrices

follow directly from thedefinition(48)of theKraichnanvelocity correlation:8 V i
nV

j
m 9 � di j � RnN ! " di j � RmN ! $ di j � RnN $ RmN ! ) 8 Wi

nW
j

m 9 � � 1 " δnm! δi j 7 (178)

The most convenientnumericalprocedureto generatethe two setsof vectorsis the classical

Cholesky decompositionmethod(RalstonandRabinowitz, 1978). The covariancematricesare

triangularizedin the form M MT andthe lower triangularmatrix M is thenmultiplied by a setof� N $ 1! d Gaussian,independentrandomvariableswith zeromeanandunit variance.Theresulting

vectorshave theappropriatecorrelations.
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Variouspossibilitiesto extracttheanomalousscalingexponentsareavailablefor theKraichnan

model.Thestraightforwardone,usedin (Frischetal., 1998),is to taketheforcingcorrelationclose

to a stepfunction(equalto unity for r �.� ? 1 andvanishingotherwise).Thecorrelationfunctions

(134)involve thentheproductsof theaverageresidencetimesof couplesof particlesat distances

smallerthan � . An alternative methodis basedon the shapedynamicsdiscussedin Sect.II.E.4.

Measuringfirst-exit timesandnot residencetimesgivesan obvious advantagein computational

time. As stressedin (Gat et al., 1998), the numericalproblemhereis to measurereliably the

contributionsof theirreduciblezeromodes,maskedby thefluctuationsof thereducibleones.The

latter were filtered out by Celani et al. (1999) taking variousinitial conditionsand combining

appropriatelythecorrespondingfirst-exit times.A relevantcombinationfor thefourthorderis for

example ´Pµ6� 0 ) 0 ) 0 ) 0! $ 4́Pµ � r0 ) 0 ) 0 ) 0! " 3́Pµ � r0 ) r0 ) 0 ) 0! , where ´Pµ is thefirst time thesizeof the

particleconfigurationreaches� .
2. Numerical results

Weshallnow presenttheresultsfor theKraichnanmodelobtainedby theLagrangiannumeri-

calmethodsjustdiscussed.

Thefourth-orderanomaly2ζ2 $ ζ4 vstheexponentξ of thevelocityfield is shown in Fig. 5 for

both2d and3d (Frischet al., 1998and1999).A few remarksarein order. First, thecomparison

betweenthe3d curve andtheprediction4ξ � 5 for smallξ’s providesdirectsupportfor thepertur-

bationtheorydiscussedin Sect.II.E.5. Similar numericalsupportfor the expansionin 1� d has

beenobtainedin (MazzinoandMuratore-Ginanneschi,2001). Second,the curve closeto ξ � 2

is fitted with reasonableaccuracy by a � 2 $ ξ ! " b � 2 $ ξ ! 33 2 for a � 0 7 06 andb � 1 7 13. That is

compatiblewith anexpansionin powersof � 2 $ ξ ! 13 2 (ShraimanandSiggia,1996),wherethefirst

termis ruledout by theSchwartz inequalityζ4 ] 2ζ2 � 2 � 2 $ ξ ! . Third, remarkthat theanoma-

lies arestrongerin 2d thanin 3d andtheir maximumshifts towardssmallerξ asthe dimension

decreases.The former remarkis in agreementwith the generalideawhich emergedin previous

Sectionsthat intermittency is associatedwith the particlesstayingcloseto eachother for times
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longer thanexpected. It is indeedphysicallyquite sensiblethat thoseprocessesare favoredby

loweringthespacedimensionality. Thesecondremarkcanbequalitatively interpretedasfollows

(Frischet al., 1998).Considerscalarfluctuationsat a givenscale.Thesmaller-scalecomponents

of thevelocity act like aneffective diffusivity whilst its larger-scalecomponentsaffect thescalar

asin theBatchelorregime. Neitherof themleadsto any anomalousscalingof thescalar. Those

non-localinteractionsaredominantasξ ^ 0 andξ ^ 2, respectively. For intermediatevalues

of ξ thevelocity componentshaving a scalecomparableto thatof thescalarfluctuationsbecome

importantandintermittency is produced.Thestrongestanomaliesareattainedwhentherelevant

interactionsaremostly local. To qualitatively explain how themaximumof theanomaliesmoves

with the spacedimensionality, it is then enoughto note that the effective diffusivity increases

with d but not thelarge-scalestretching.As for thedependenceon theorderof themoments,the

maximummovestowardsmallerξ asN increases,seethe3d curvesfor thesixth-orderanomaly

3ζ2 $ ζ6 (MazzinoandMuratore-Ginanneschi,2001). It is indeednaturalthat highermoments

aremoresensitive to multiplicativeeffectsdueto large-scalestretchingthanto additiveeffectsof

small-scaleeddydiffusivity.

Let us now discussthe phenomenonof saturation,i.e. the fact that ζN tendto a constantat

largeN. Theorderswheresaturationis takingplaceareexpectedto increasewith ξ anddiverge

asξ ^ 0. It is thenconvenientto considersmallvaluesof 2 $ ξ. On theotherhand,approaching

theBatchelorlimit too closelymakesnon-localeffectsimportantandtherangeof scalesneeded

for reliablemeasurementsbecomeshuge.A convenienttrade-off is thatconsideredin (Celaniet

al., 2000a)with the3d cases2 $ ξ � 0 7 125) 0 7 16and0 7 25. For thefirst valueof ξ it is foundthere

that the fourth andthe sixth-orderexponentsarethe samewithin the error bars. The curvesfor

the otherξ valuesshow that the orderof saturationincreaseswith 2 $ ξ, asexpected. How do

thosedataconstraintheζN curve?It follows from theHölderinequalitiesthatthecurve for N E 6

mustlie below thestraightline joining ζ4 andζ6. Furthermore,from theresultsin SectionIII.A.3

we know thatthespatialscalingexponentsin theforcedandthedecayingcasesarethesameand

independentof thescalarinitial conditions.For theunforcedequation(92), themaximumvalue

of θ cannotincreasewith time. Takinganinitial conditionwith a finite maximumvalue,we have
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theinequalitySN � r ) t ! ] � 2maxθ ! pSN � p � r ) t ! . WeconcludethattheζN curvecannotdecreasewith

theorder. Thepresenceof errorbarsmakesit, of course,impossibleto staterigorouslythattheζN

curvestendto aconstant.It is howeverclearthatthecombinationof thenumericaldatain (Celani

et al., 2000a)andthe theoreticalargumentsdiscussedin SectionIII.C.2 leaveslittle doubtabout

thesaturationeffect in theKraichnanmodel. Thesituationwith anarbitraryvelocity field is the

subjectof SectionIII.F.

E. Inverse cascade in the compressib le Kraic hnan model

Theuniquenessof theLagrangiantrajectoriesdiscussedin SectionII.D for thestronglycom-

pressibleKraichnanmodelhasits counterpartin an inversecascadeof thescalarfield, that is in

the appearanceof correlationsat larger and larger scales.Moreover, the absenceof dissipative

anomalyallows to calculateanalyticallythestatisticsof scalarincrementsandto show that inter-

mittency is suppressedin the inversecascaderegime. In otherwords,the scalarincrementPDF

tendsat long timesto ascale-invariantform.

Let usfirst discussthesimplephysicalreasonsfor thoseresults.Theabsenceof a dissipative

anomalyis animmediateconsequenceof theexpression(101)for thescalarcorrelationfunctions.

If thetrajectoriesareunique,particlesthatstartfrom thesamepointwill remaintogetherthrough-

out theevolution andall themoments8 θN 9 � t ! arepreserved. Notethat theconservation laws are

statistical:themomentsarenotdynamicallyconservedin every realization,but theiraverageover

thevelocityensembleare.

In thepresenceof pumping,fluctuationsareinjectedanda flux of scalarvariancetowardthe

large scalesis established.As explainedin SectionIII.B.3, scalarcorrelationfunctionsat very

largescalesarerelatedto theprobability for initially distantparticlesto comeclose. In strongly

compressibleflow, the trajectoriesare typically contracting,the particlestend to approachand

thedistanceswill reduceto the forcing correlationlength � (andsmaller)for long enoughtimes.

Strongcorrelationsat largerandlargerscalesarethereforeestablishedastime increases,signaling

theinversecascadeprocess.
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The absenceof intermittency is dueto the fact that the N-th orderstructurefunction is dy-

namicallyrelatedto a two-particlesprocess.Correlationfunctionsof theN-th orderaregenerally

determinedby theevolutionof N-particleconfigurations.However, thestructurefunctionsinvolve

initial configurationswith just two groupsof particlesseparatedby a distancer. Theparticlesex-

plosively separatein theincompressiblecaseandwe areimmediatelybackto anN-particleprob-

lem. Conversely, theparticlesthatareinitially in thesamegroupremaintogetherif thetrajectories

areunique.Theonly relevantdegreesof freedomarethengivenby theintergroupseparationand

wearereducedto a two-particledynamics.It is thereforenotsurprisingthatthescalingbehaviors

at thevariousordersaresimply relatedin theinversecascaderegime.

Specifically, let us considerthe equationsfor the single-pointmoments 8 θN 9 � t ! . Sincethe

momentsareconservedby theadvective term,see(101), their behavior in the limit κ ^ 0 (non-

singularnow) is thesameasfor theequation∂tθ � ϕ. It follows that thesingle-pointstatisticsis

Gaussian,with 8 θ2 9 coincidingwith thetotal injectionΦ � 0! t by theforcing.

Theequationfor thestructurefunctionsSN � r ) t ! is derivedfrom (143).Thatwasimpossiblein

the incompressiblecasesincethediffusive termscouldnot beexpressedin termsof SN (another

signof thedissipative anomaly).No suchanomalyexistsheresowe candisregardthediffusion

termandsimplyderivetheequationfor SN from (143).This is thecentraltechnicalpointallowing

for the analyticalsolution. The equationsat thevariousordersarerecastin a compactform via

thegeneratingfunctionZ � λ ; r ) t ! � 8 eiλ∆rθ 9 for thescalarincrements∆rθ � θ � r ) t ! $ θ � 0) t ! . The

equationfor thegeneratingfunctionis

∂tZ � λ ; r ) t ! � M Z � λ ; r ) t ! " λ2 � Φ � 0! $ Φ � r �.� !:! Z � λ ; r ) t ! ) (179)

wheretheoperatorM wasdefinedin (62)andZ � 1 attheinitial time. NotethatM is therestriction

of � 2, signalingthetwo-particlenatureof thedynamicsat any order. Thestationarysolutionfor

Z dependson thepumping,but two differentregionswith auniversalbehavior canbeidentified.

i). Lar gescalesr F>� . In thisregion,Φ � r ! in (179)canbeneglectedandthegeneratingfunctionis

aneigenfunctionof M with eigenvalueλ2Φ � 0! . Introducinga new variabler
1
2 � ξ 2z3 2, theequation

(179)is transformedinto aBesselformandsolvedanalytically. Thesolutiontakesascale-invariant
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form Z �r�λ � r 1 2 � ξ 2¢3 2 ! whosedetailedexpressionmaybefoundin (Gawȩdzki andVergassola,2000).

It follows thatS2 � r ! ∝ r2 � ξ. Theassociatedscalarflux is calculatedasin (148)andturnsout to

be constantin the upscaledirection, the footprint of the inversecascade.The scale-invariant

form of thegeneratingfunctionsignalsthatnoanomalousscalingis presentin theinversecascade

regime.As weshalldiscussin SectionIV.B.2,thephenomenonis notaccidentalandotherphysical

systemswith inversecascadessharethesameproperty. Notethat,despiteits scale-invariance,the

statisticsof the scalarfield is strongly non-Gaussian.The expressionfor the scalarincrement

PDFis obtainedby theFourier transformof thegeneratingfunction. Thetails of thePDFdecay

algebraicallywith thepower $b� 2b " 1! , whereb � 1 " � γ $ d ! ��� 2 $ ξ ! andγ wasdefinedin (62).

Theslow decayof thePDFrendersmomentsof orderN E 2b divergent(astN 3 2 � b rb
1
2 � ξ 2 ) when

time increases.A specialcaseis thatof smoothvelocitiesξ � 2, consideredin (Chertkov et al.,

1998). The PDF of scalarincrementsreducesthento the sameform asin the direct cascadeat

smallscales.For amplitudessmallerthanln � r �.� ! thePDFis Gaussian.Thereasonis thesameas

in SectionIII.B.2: thetime to reachtheintegral scale� from aninitial distancer F}� is typically

proportionalto ln � r �.� ! ; the fluctuationsof the travel time areGaussian.For larger amplitudes,

thePDFhasanexponentialtail whoseexponentdependson thewholehierarchyof theLyapunov

exponents,asin thesmoothincompressiblecase.

ii). Small scalesr �¶� . Contraryto large scales,the scalarincrementsarenow stronglyinter-

mittent. The structurefunctionsof integer ordersareall dominatedby the zeromodeof the M

operatorscalingasrb
1
2 � ξ 2 , with b definedin thepreviousparagraph.Theexponentof theconstant

flux solution∝ r2 � ξ crossesthatof thezeromodeat thethresholdof compressibilityb � 1 for the

inversecascade.

Let usnow considertheroleof aninfraredcutoff in theinversecascadedynamics.Thenatural

motivationis thequasi-stationarityof thestatistics:dueto theexcitationof largerandlargerscales,

someobservablesdo not reacha stationaryform. It is thereforeof interestto analyzetheeffects

of physicalprocesses,suchasfriction, actingat very largescales.Thecorrespondingequationof

motionis
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∂tθ " v / ∇θ " αθ $ κ∇2θ � ϕ ) (180)

andwe areinterestedin thelimit α ^ 0. For nonsmoothvelocities,thefriction andtheadvection

balanceat a scaleη f
@ α � 13 1 2 � ξ 2 , muchlargerthan � asα ^ 0. Thesmoothcaseξ � 2 is special

asno suchscaleseparationis presentand it will be consideredat the endof the Section. For

nonsmoothflows, theenergy is injectedat the integral scale� , transferredupwardsin theinertial

rangeandfinally extractedby friction at thescaleη f .

Thefriction termin (180) is takeninto accountby notingthat thefield exp � α t ! θ satisfiesthe

usualpassive scalarequationwith a forcing exp � α t ! f . It follows that the previous Lagrangian

formulaecanbecarriedoverby just introducingtheappropriateweights.Theexpression(154)for

theN-point correlationfunctionbecomes,for instance,

CN � r ) t ! � + t

0
ds + e� 1 t � s2 Nα Pt T s

N � r; r s ! ∑
n � m

CN � 2 � r �1 ) 7:7Q7(7:7Q7x
n

x
m

) r �N ;s! Φ � � r �n $ r �m ���.� ! dr � 7 (181)

From (181), one can derive the equationsfor 8 θN 9 � t ! and the structurefunctionsSN � r ) t ! and

analyzethem (Gawȩdzki and Vergassola,2000). The single-pointmomentsare finite and the

scalardistribution is Gaussianwith 8 θ2 9 � Φ � 0! � 2α. The structurefunctionsof orderN ? 2b

arenot affectedby friction. The ordersthat werepreviously diverging arenow finite andthey

all scaleasrb
1
2 � ξ 2 in the inertial range,with a logarithmiccorrectionfor N � 2b. Thealgebraic

tails thatexistedwithout friction arereplacedby anexponentialfall off for amplitudeslargerthan� Φ � 0! � α. Thesaturationof theexponentscomesfromthefactthatthemomentsof orderN � 2 � b

areall dominatedby thecontributionnearthecut.

Let us concludeby consideringthe smoothcaseξ � 2, wherethe velocity incrementsscale

linearly with thedistance.Theadvective termv / ∇ haszerodimension,like thefriction term. As

first notedby Chertkov (1998,1999),this naturally leadsto an anomalousscalingandintermit-

tency. Let usconsiderfor examplethesecond-ordercorrelationfunctionC2 � r ) t ! � 8 θ � r ) t ! θ � 0 ) t !:9 .
Its governingequationis derivedfrom (181):

∂t C2 � MC2 " Φ � r ! C2 $ 2αC2 ) (182)

with thesameM operatorasin (179).At largescalesr Fy� , theforcing termis negligible andwe
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look for a stationarysolution. Its nontrivial decayC2 ∝ � r �.� ! � ∆2 is dueto thezeromodearising

from thebalancebetweenthe M operatorandthefriction term:

∆2 � 1
2

Z � γ $ d ! 2 " 8α� d $ 1! � 1 " 2℘! $·� γ $ d ! [ ) (183)

whereγ is asin (62)and℘ is thecompressibilitydegreeof thevelocity. Thenotation∆2 is meant

to stressthatdimensionalargumentswouldpredictanexponentzero.Higher-orderconnectedcor-

relationfunctionsalsoexhibit anomalousdecaylaws. Similar mechanismsfor anomalousscaling

andintermittency for the2d directenstrophycascadein thepresenceof friction arediscussedin

SectionIV.B.1.

F. Lessons for general scalar turb ulence

Theresultsfor spatiallynonsmoothflows have mostlybeenderivedwithin the framework of

the Kraichnanmodel. Both the forcing and the velocity wereGaussianandshort-correlatedin

time. As discussedin SectionIII.C.1, theconditionsontheforcingarenotcrucialandmaybeeas-

ily relaxed.Thescalingpropertiesof thescalarcorrelationfunctionsareuniversalwith respectto

theforcing, i.e. independentof its details,while theconstantprefactorsarenot. Thesituationwith

thevelocity field is moreinterestingandnontrivial. Eventhougha short-correlatedflow might in

principlebeproducedby anappropriateforcing,all thecasesof physicalinteresthaveafinite cor-

relationtime. Theveryexistenceof closedequationsof motionfor theparticlepropagators,which

we heavily relied upon,is thenlost. It is thereforenaturalto askaboutthe lessonsdrawn from

theKraichnanmodelfor scalarturbulencein thegenericsituationof finite-correlatedflows. The

existingnumericalevidenceis thatthebasicmechanismsfor scalarintermittency arequiterobust:

anomalousscalingis still associatedwith statisticallyconservedquantitiesandtheexpansion(75)

for themultiparticlepropagatorseemsto carryover. Thespecificstatisticsof theadvectingflow

affectsonly quantitativedetails,suchasthenumericalvaluesof theexponents.Thegeneralconse-

quencesfor theuniversalityof thescalarstatisticsandthedecayof theanisotropiesarepresented

in what follows. We alsoshow that thephenomenonof saturation,discussedin SectionsIII.C.2

andIII.D.2 for theKraichnanmodel,is quitegeneral.
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A convenientchoiceof thevelocityv to investigatethepreviousissuesis a2d flow generatedby

aninverseenergy cascade(Kraichnan,1967).Theflow is isotropic,it hasaconstantupscaleenergy

flux andis scale-invariantwith exponent1� 3, i.e. without intermittency correctionsasshown both

by experimentsandnumericalsimulations(ParetandTabeling,1998;Smith andYakhot,1993;

Boffetta et al., 2000). The inversecascadeflow is thusakin to the Kraichnanensemble,but its

correlationtimesarefinite.

Let usfirst discussthepreservedLagrangianstructures.Thesimplestnontrivial caseto analyze

anomalousscalingis the third-ordercorrelationfunction C3 � r ! � 8 θ � r1 ) t ! θ � r2 ) t ! θ � r3 ) t !:9 . The

functionis non-zeroonly if thesymmetryθ �^ $ θ is broken,whichoftenhappensin realsystems

via thepresenceof ameanscalargradient8 θ 9 � g / r. ThefunctionC3 � r ! dependsthenonthesize,

theorientationwith respectto ĝ andtheshapeof thetriangledefinedby r1, r2 andr3. For ascalar

field advectedby the2d inverseenergy cascadeflow, thedependenceon thesizeR of thetriangle

is a power law with anomalousexponentζ3 � 1 7 25, smallerthanthedimensionalprediction5� 3

(Celanietal., 2000a).To look for statisticalinvariantsundertheLagrangiandynamics,let ustake

atranslation-invariantfunction f � r ! of theN pointsrn anddefineits Lagrangianaverageasin (72),

i.e. astheaverageof thefunctioncalculatedalongtheLagrangiantrajectories.In the2d inverse

energy cascade,thedistancesgrow as � t � 33 2 andtheLagrangianaverageof a scalingfunctionof

positive degreeσ is expectedto grow as � t � 3σ 3 2. The numericalevidencepresentedin (Celani

andVergassola,2001)is thattheanomalousscalingis againdueto statisticalintegralsof motion:

the Lagrangianaverageof the anomalouspart of the correlationfunctionsremainsconstantin

time. The shapeof the figuresidentifiedby the tracerparticlesplaysagaina crucial role: the

growth ∝ � t � 3ζ3 3 2 of thesizefactorRζ3 in C3 � r ! is compensatedby its shapedependence.As we

indicatedin SectionII.E.4, anomalousscalingreflectsslowed-down separationsamongsubgroups

of particlesandthe fact that triangleswith largeaspectratioslive muchlongerthanexpected.It

is alsoimmediateto provide an exampleof slow mode,see(75), for the two particledynamics.

TheLagrangianaverageof � g / r12 ! is obviously preservedasits time derivative is proportionalto8:� v1 $ v2 !:9 � 0. Its first slow modeis givenby � g / r12 ! r23 3
12 , whoseLagrangianaverageis found

to grow as � t � (that is muchslower than � t � 53 2) at large times. In thepresenceof a finite volume
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andboundaries,the statisticalconservation laws hold as intermediateasymptoticbehaviors, as

explicitly shown in (Aradet al., 2001).

An importantconsequenceis aboutthedecayrateof theanisotropies.As alreadymentioned,

isotropy is usuallybrokenby thelarge-scaleinjectionmechanisms.Oneof theassumptionsin the

Oboukhov-Corrsinreformulationof theKolmogorov 1941theoryfor thepassivescalaris thatthe

statisticalisotropy of thescalaris restoredatsufficiently smallscales.Experimentsdonotconfirm

thoseexpectations.Consider, for example,the casewherea meanscalargradientg is present.

A quantitative measureof the degreeof anisotropy is providedby odd-orderstructurefunctions

or by odd-ordermomentsof ĝ / ∇θ. All thesequantitiesareidentically zerofor isotropicfields.

Thepredictionsof theOboukhov-Corrsintheoryfor theanisotropicsituationsarethe following.

Thehyperskewnessof thescalarincrementsS2ǹ 1 � r ! � Sǹ 13 2
2 � r ! shoulddecaywith theseparation

as r23 3. The correspondingbehavior of the scalargradienthyperskewnesswith respectto the

Péclet numbershouldbe Pe� 13 2. In fact, the previous quantitiesare experimentallyfound to

remainconstantor even to increasewith the relevant parameter(Gibsonet al., 1977;Mestayer,

1982; Sreenivasan,1991; Mydlarski and Warhaft, 1998). Thereis thereforeno restorationof

isotropy in theoriginal Kolmogorov senseandthe issueof the role of anisotropiesin thesmall-

scalescalarstatisticsis naturallyraised(Sreenivasan,1991;Warhaft,2000). Theanalysisof the

sameproblemin theKraichnanmodelis illuminating andpermitsto clarify the issuein termsof

zeromedesand their scalingexponents. For isotropicvelocity fields, the correlationfunctions

may be decomposedaccordingto their angularmomentumj, asin SectionII.E.5 Eachof those

contributions is characterizedby a scalingexponentζ j
N
. The generalexpectation,confirmedin

all thesituationswheretheexplicit calculationscouldbeperformed,is thatζ j ¸w 0
N

E ζ j w 0
N

andthat

theexponentsincreasewith j. As their degreeof anisotropy increases,thecontributionsareless

andlessrelevantat smallscales.Notethat,in thepresenceof intermittency, theinequalityζ j ¸w 0
N ?

N
2 ζ2 is still possibleand anisotropiesmight then have dramaticeffects for observableswhose

isotropicdominantcontribution is vanishing,suchasS2ǹ 1 � Sǹ 13 2
2 . Ratherthantendingto zero,

they maywell increasewhile goingtowardthesmallscales,blatantlyviolating therestorationof

isotropy in theoriginalKolmogorov sense.Remarkthatnoviolationof thehierarchyin j is implied
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though.In otherwords,thedegreeof anisotropy of every givenmomentdoesnot increaseasthe

scaledecreases;if however onemeasuresoddmomentsin termsof theappropriatepower of the

secondone(asis customaryin phenomenologicalapproaches)thenthedegreeof anisotropy may

grow downscales.Thepreviousargumentsarequitegeneralandcompatiblewith all theexisting

experimentalandnumericaldatafor passive scalarturbulence.For Navier-Stokesturbulence,the

useof the rotationsymmetriesandtheexistenceof a hierarchyamongtheanisotropicexponents

wereput forwardandexploited in (Arad et al. 1998,1999). Numericalevidencefor persistence

of anisotropiesanalogousto thoseof thescalarfieldswasfirst presentedin (PumirandShraiman,

1995).

Let us now discussthe phenomenonof saturation. A snapshotof the scalarfield advected

by the2d inversecascadeflow is shown in Fig. 6. A clearfeatureis thatstrongscalargradients

tendto concentratein sharpfrontsseparatedby largeregionswherethevariationsareweak.The

scalarjumpsacrossthe fronts areof the orderof θrms � � 8 θ2 9 , i.e. comparableto the largest

valuesof thefield itself. Furthermore,theminimalwidth of thefrontsreduceswith thedissipation

scale,pointing to their quasi-discontinuousnature. If the probability of having suchθrms jumps

acrossa separationr decreasesasrζ∞ , thenphenomenologicalargumentsof themultifractal type

suggestasaturationto theasymptoticvalueζ∞, see(Frisch,1995).Thepresenceof frontsin scalar

turbulenceis a very well establishedfact, both in experiments(Gibsonet al., 1977; Mestayer,

1982;Sreenivasan,1991;MydlarskiandWarhaft,1998)andin numericalsimulations(Holzerand

Siggia,1994;Pumir, 1994).It is shown in thelatterwork thatfrontsareformedin thehyperbolic

regionsof the flow, wheredistantparticlesarebroughtcloseto eachother. Theotherimportant

remarkis that fronts appearalso in the Kraichnanmodel (Fairhall et al., 1997; Vergassolaand

Mazzino,1997;ChenandKraichnan,1998),despitetheδ-correlationof thevelocity. Whatmatters

for bringing distantparticlescloseto eachotherare indeedthe effectscumulatedin time. The

integral of a δ-correlatedrandomprocessbehavesasa Brownian motion in time, whosesign is

known to have strongpersistenceproperties(Feller, 1950). Evena δ-correlatedflow might then

efficiently compresstheparticles(locally) andthis naturallyexplainshow frontsmaybe formed

in theKraichnanmodel. It is alsoclearfrom thepreviousargumentsthata finite correlationtime
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favorstheformationof frontsandthattheKraichnanmodelis somehow themostunfavorablecase

in thisrespect.Thefactthatfrontsstill form andthatthesaturationtakesplacepointsto generality

of thephenomenonfor scalarturbulence.Theorderof themomentsandthevaluewherethe ζN

curve flattensout might dependon thestatisticsof theadvectingvelocity, but thesaturationitself

shouldgenerallyhold. Direct evidencefor theadvectionby a 2d inversecascadeflow is provided

in (Celaniet al., 2000a,b).Saturationis equivalentto thescalarincrementPDF taking the formH � ∆rθ ! � rζ∞q � ∆rθ � θrms! for amplitudeslarger thanθrms. The tails at variousr canthusbe all

collapsedby plotting r � ζ∞ H , asshown in Fig. 7. Note finally that the saturationexponentζ∞

coincideswith thefractalcodimensionof thefronts,see(Celaniet al., 2001)for a moredetailed

discussion.

As farasthecompressibleKraichnanmodelis concerned,applyingevenqualitativepredictions

requiresmuchmorecarethanin theincompressiblecase.Indeed,thecompressibilityof theflow

makesthesumof theLyapunov exponentsnonzeroandleadsto thepermanentgrowth of density

perturbationsdescribedin Sect.III.A.4. In arealfluid, suchgrowth is stoppedby theback-reaction

of the densityon the velocity, providing for a long-timememoryof the divergence∇ / v of the

velocity alongtheLagrangiantrajectory. This shows thatsomecharacteristicsof theLagrangian

velocitymaybeconsideredshort-correlated(liketheoff-diagonalcomponentsof thestraintensor),

while otherarelong correlated(like thetraceof thestrain).

In summary, thesituationwith theKraichnanmodelandgeneralpassive scalarturbulenceis

much like the motto at the beginning of the review. The interestwasoriginally stirred by the

closedequationsof motionfor thecorrelationfunctionsandthepossibilityof deriving anexplicit

formulafor theanomalousscalingexponents,thatarequitespecificfeatures.Actually, themodel

turnedout to be much richer and capableof capturingthe basicpropertiesof the Lagrangian

tracerdynamicsin genericturbulentflow. Themajor lessonsdrawn from themodel,suchasthe

statisticalintegralsof motion,thegeometryof theparticleconfigurations,thedynamicsin smooth

flow, the importanceof multipoint correlations,the persistenceof anisotropies,all seemto have

quitegeneralvalidity.
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IV. BURGERS AND NAVIER-STOKES EQUATIONS

All theprevioussectionswerewritten undertheassumptionthat thevelocity statistics(what-

ever it is) is given. In this Chapter, we shall describewhat onecanlearnaboutthe statisticsof

thevelocity field itself by consideringit in theLagrangianframe.Westartfrom thesimplestcase

of Burgersturbulencewhoseinviscidversiondescribesa freepropagationof fluid particles,while

viscosityprovidesfor a local interaction.We thenconsideran incompressibleturbulencewhere

thepressurefield providesfor anonlocalinteractionbetweeninfinitely many particles.

A. Bur gers turb ulence

Thed-dimensionalBurgersequation(Burgers,1974)is a pressurelessversionof theNavier-

Stokesequation(1):

∂tv " v / ∇v $ ν∇2v � f (184)

for irrotational(potential)velocityv � r ) t ! andforce f � r ) t ! . It is usedto describeavarietyof phys-

ical situationsfrom theevolutionof dislocationsin solidsto theformationof largescalestructures

in the universe,seee.g. (Krug andSpohn,1992;ShandarinandZel’dovich, 1989). Involving a

compressiblev, it allows for a meaningful(andnontrivial) one-dimensionalcasethat describes

small-amplitudeperturbationsof velocity, densityor pressuredependingon a singlespatialcoor-

dinatein the framemoving with soundvelocity, seee.g. (LandauandLifshitz, 1959). Without

force, the evolution describedby (184) conserves total momentumK vdr. By the substitutions

v � ∇φ and f � ∇g theBurgersequationis relatedto theKPZ equation

∂tφ " 1
2
� ∇φ ! 2 $ ν∇2φ � g 7 (185)

governinganinterfacegrowth (Kardaretal., 1986).

Alreadytheone-dimensionalcaseof (184)illustratesthethemesthatwediscussedin previous

Chapters:turbulentcascade,Lagrangianstatisticsandanomalousscaling. Undertheactionof a

large-scaleforcing (or in freedecayof large-scaleinitial data)acascadeof kineticenergy towards
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the small scalestakesplace. The nonlinearterm provides for steepeningof negative gradients

andtheviscoustermcausesenergy dissipationin the fronts thatappearthis way. In the limit of

vanishingviscosity, theenergy dissipationstaysfinite dueto theappearanceof velocity disconti-

nuitiescalledshocks.TheLagrangianstatisticsis peculiarin suchanextremelynonsmoothflow

andcanbe closelyanalyzedeven thoughit doesnot correspondto a Markov process.Forward

andbackwardLagrangianstatisticsaredifferent,asit hasto bein anirreversibleflow. Lagrangian

trajectoriesstick to the shocks.That providesfor a stronginteractionbetweenthe particlesand

resultsin anextremeanomalousscalingof thevelocity field. A tracerfield passively advectedby

suchaflow undergoesaninversecascade.

At vanishingviscosity, theBurgersequationmaybeconsideredasdescribingagasof particles

moving in a force field. Indeed,in the Lagrangianframedefinedfor a regular velocity by Ṙ �
v � R) t ! , relation(184)becomestheequationof motionof non-interactingunit-massparticleswhose

accelerationis determinedby theforce:

R̈ � f � R) t ! 7 (186)

In orderto find theLagrangiantrajectoryR� t; r ! passingat time zerothroughr it is thenenough

to solve thesecondorderequation(186)with the initial conditionsR� 0! � r andṘ� 0! � v � r ) 0! .
For sufficiently shorttimessuchtrajectoriesdo not crossandtheLagrangianmap r �^ R� t; r ! is

invertible. Onemaythenreconstructv at time t from therelation v � R� t ! ) t ! � Ṙ� t ! . Thevelocity

stayspotentialif the force is potential. At longer times,however, the particlescollide creating

velocitydiscontinuities,i.e. shocks.Thenatureandthedynamicsof theshocksmaybeunderstood

by treatingthe inviscid equationasthe limit of the viscousone. Positive viscosityremovesthe

singularities. As is well known, the KPZ equation(185) may be linearizedby the Hopf-Cole

substitutionZ � exp #*$ φ � 2ν & thatgivesriseto theheatequationin anexternalpotential:# ∂t $ ν∇2 " 1
2ν g& Z � 0 7 (187)

Thesolutionof the initial valueproblemfor the lattermaybewritten astheFeynman-Kacpath-

integral
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Z � r ) t ! � +
R
1
t 2zw r

exp -�$ 1
2ν S� R! 0 Z � R� 0! ) 0! ¤ R 7 (188)

with theclassicalaction S� R! � tK
0

- 12Ṙ2 " g � τ ) R! 0 dτ of a pathR� τ ! . The limit of vanishingvis-

cosityselectstheleast-actionpath:

φ � r ) t ! � min
R: RM t Nº¹ r » S� R! " φ � R� 0! ) 0!d¼ 7 (189)

Equatingto zerothe variationof the minimizedexpression,oneinfers that the minimizing path

R� τ ! R R� τ; r ) t ! is a solutionof (186)suchthat Ṙ� 0! � v � R� 0! ) 0! . Taking thegradientof (189),

onealsoinfersthatv � r ) t ! � Ṙ� t ! . Theaboveprocedureextendstheshort-timeconstructionof the

solutionsof the inviscid Burgursequationto all timesat thecostof admittingshockswherev is

discontinuous.Thevelocitystill evolvesalongthesolutionsof (186)with Ṙ� 0! givenby theinitial

velocity field, but if therearemany suchsolutionsreachingthesamepoint at thesamemoment,

the onesthat do not realizethe minimum (189) shouldbe disregarded. The shocksarisewhen

thereareseveral minimizing paths. At fixed time, shocksare,generically, hypersurfaceswhich

may intersect,have boundaries,corners,etc. (Vergassolaet al., 1994;Frischet al., 1999;Frisch

andBec,2000).This maybebestvisualizedin thecasewithout forcing wheretheequation(189)

takestheform

φ � r ) t ! � min
r � » 1

2t � r $ r s ! 2 " φ � r s ) 0! ¼ (190)

with a clear geometricinterpretation: φ � r ) t ! is the height C of the invertedparaboloidC $
1
2t � r $ r s ! 2 touchingbut not overpassingthe graphof φ � r s ) 0! . The points of contactbetween

theparaboloidandthegraphcorrespondto r s in (190)on which theminimumis attained.Shock

loci arecomposedof thoser for which thereareseveralsuchcontactpoints.

Thesimplestsituationoccursin onedimensionwith r R x. Here,shocksarelocatedat points

xi wherethevelocity jumps,i.e. wherethetwo-sidedlimits v½�� x ) t ! R lim
ε B 0

v � x ¯ ε ) t ! aredifferent.

Thelimits correspondto thevelocitiesof two minimizingpathsthatdonotcrossexceptatxi . The

shockheightsi � v̀ � xi ) t ! $ v� � xi ) t ! hasto benegative. Oncecreatedshocksneverdisappearbut

they maymerge so that they form a treebranchingbackward in time. For no forcing, theshock
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positionsxi correspondto theinverseparabolasC $ 1
2t � xi $ xs ! 2 thattouchthegraphof φ � xs�) 0! in

(at least)two pointsxsi ½ , xsi ` E xsi � , suchthat v½¾� xi ) t ! � xi � x�i ¿
t , seeFig. 8. Below, we shall limit

our discussionto theone-dimensionalcasethatwasmostextensively studiedin theliterature,see

(Burgers,1974;Woyczyński, 1998;E andVandenEijnden,2000a).In particular, theasymptotic

long-timelarge-distancebehavior of freely decayinginitial datawith Gaussianfinitely correlated

velocitiesor velocity potentialshasbeenintensively studied. In the first case,the asymptotic

solution for x33 2t � 1 � ;<� 1! hasthe form (190) with φ � xs ) 0! representinga Brownian motion.

In the secondcase,the solutionsettlesunderthe diffusive scalingwith a logarithmiccorrection

x2t � 1 ln13 4x � ;i� 1! to theform

φ � x ) t ! � min
j » 1

2t � x $ y j ! 2 " φ j ¼ ) (191)

where � y j ) φ j ! is thePoissonpoint processwith intensityeφ dydφ. In bothcasesexplicit calcula-

tionsof thevelocity statisticshave beenpossible,see,respectively, (Burgers,1974;Frachebourg

andMartin, 2000)and(Kida, 1979;Woyczyński, 1998). Otherasymptoticregimesof decaying

Gaussianinitial datawereanalyzedin (Gurbatov et al., 1997).

Theequationof motionof theone-dimensionalshocksxi � t ! is easyto obtainevenin thepres-

enceof forcing. To this aim, notethatalongtheshocktherearetwo minimizing solutionsdeter-

mining thesamefunctionφ andthat

d
dt

φ � xi ) t ! � ∂tφ � xi ) t ! " ẋi∂xφ � xi ) t ! � $ 1
2

v½ � xi ) t ! 2 " g � xi ) t ! " ẋiv½ � xi ) t ! 7 (192)

Equatingboth expressions,we infer that ẋi � 1
2 # v̀ � xi ) t ! " v� � xi ) t !\& R v̄ � xi ) t ! R v̄i , i.e. that the

shockspeedis themeanof thevelocitieson bothsidesof theshock.Thecrucialquestionfor the

Lagrangiandescriptionof theBurgersvelocitiesis whathappenswith thefluid particlesafterthey

reachshockswheretheir equationof motion ẋ � v � x ) t ! becomesambiguous.Thequestionmay

be easilyansweredby consideringthe inviscid caseasa limit of the viscousonewhereshocks

becomesteepfronts with large negative velocity gradients.It is easyto seethat the Lagrangian

particlesaretrappedwithin suchfronts andkeepmoving with them. We shouldthendefinethe

inviscid Lagrangiantrajectoriesassolutionsof theequationẋ � v̄ � x ) t ! , with ẋ understoodasthe
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right derivative. Indeed,thesolutionsof thatequationclearlymovewith theshocksafterreaching

them. In otherwords,thetwo particlesarriving at theshockfrom theright andtheleft at a given

momentaggregateupon the collision. Momentumis conserved so that their velocity after the

collision is themeanof theincomingones(recallthattheparticleshaveunit mass)andis equalto

thevelocityof theparticlesmoving with theshockthathavebeenabsorbedat earliertimes.Note

that in the presenceof shocksthe Lagrangianmap becomesmany-to-one,compressingwhole

space-intervalsinto theshocklocations.

It is notdifficult to write field evolutionequationsthattakeinto accountthepresenceof shocks

(Vol’pert, 1967;BernardandGawȩdzki, 1998;E andVandenEijnden,2000a).We shalldo it for

local functionsof thevelocityof theform eλv
1
x T t 2 . For positiveviscosity, thesefunctionsobey the

equationof motion � ∂t " λ∂λ λ � 1∂x $ λ f ! eλv � $ λ2ε � λ ! ) (193)

whereε � λ ! � ν #¢� ∂xv! 2 $ λ � 2∂2
x & eλv is thecontribution of theviscousterm in (184). In the limit

ν ^ 0 thedissipationbecomesconcentratedwithin theshocks.Usingtherepresentationeλv
1
x T t 2 �

eλvÀ 1 x T t 2 θ � x $ xi � t !:! " eλv J 1 x T t 2 θ � xi � t ! $ x! aroundthe shocks,it is easyto checkthat (193) still

holdsfor ν � 0 with

ε � λ;x ) t ! � ∑
i

F � v̄i ) si ! δ � x $ xi � t !:! ) (194)

concentratedat shocklocations.The“form-factor” F � v̄ ) s! � $ 2eλ v̄ λ � 1 ∂λ λ � 1sinhλs
2 .

When the forcing and/orinitial dataare random,the equationof motion (193) inducesthe

Hopf evolution equationsfor the correlationfunctions. For example,in the stationaryhomoge-

neousstate 8 f eλv 9 � λ 8 ε � λ !:9 . Upon expandinginto powersof λ, this relatesthe single-point

expectations 8 vn 9 to the shockstatistics.The first of theserelationssaysthat the averageforce

shouldvanishandthesecondgivestheenergy balance8 f v9 � ε̄v , wherethemeanenergy dissipa-

tion rate ε̄v � 8 ε � 0!Q9 � $ ρ 8 s3 9 � 12andρ � 4
∑
i

δ � x $ xi � t !:! 5 is themeanshockdensity. Similarly,

for thegeneratingfunctionof thevelocity increments8 exp � λ∆v!:9 with ∆v � v1 $ v2, oneobtains

λ2∂λ λ � 2∂1

4
eλ∆v 5 $ λ

4
∆ f eλ∆v 5 � $ λ2

4
ε � λ ! 1e� λv2 " eλv1 ε �'$ λ ! 2 5 7 (195)
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ForaGaussianforcewith 8 f � x ) t ! f � 0 ) 0!:9 � δ � t ! χ � x� L ! , whereL is theinjectionscale,8 ∆ f eλ∆v 9 �# χ � 0! $ χ � ∆x� L !'& 8 eλ∆v 9 . For aspatiallysmoothforce,thesecondtermin (195)tendsto zerowhen

the separation∆x (taken positive) shrinks. In the samelimit, the quantityinsidethe expectation

valueon theright handsidetendsto a localoperatorconcentratedonshocks,asin (194),but with

theheight-dependentform-factor $ 4eλs3 2λ � 1∂λλ � 1sinhλs
2 � $ ∂λλ � 2 � eλs $ 1 $ λs! . Comparing

theterms,oneinfersthatfor N � 3 ) 4 7Q7:7 ,
lim

x2 B x1
∂1

4 � ∆v! N 5 � ρ 8 sN 9 7 (196)

The first of theseequalitiesis the one-dimensionalversionof the Kolmogorov flux relation(2).

The higheronesexpressthe fact that, for small ∆x, the highermomentsof velocity increments

aredominatedby thecontribution from asingleshockof heightsoccurringwith probability ρ∆x.

Thatimpliestheanomalousscalingof thevelocitystructurefunctions

SN � ∆x! R 4 � ∆v! N 5 � ρ 8 sN 9 ∆x " o � ∆x! ) (197)

thatis asignatureof anextremeintermittency. In fact,dueto theshockcontributions,all moments

of velocity incrementsof order p � 1 scalewith exponentsζp � 1. In contrast,for 0 ] p ] 1,

ζp � p sincethefractionalmomentsaredominatedby theregularcontributionsto velocity. Indeed,

denotingby ξ theregularpartof thevelocitygradient,oneobtains(E etal., 1997;E, Khaninetal.

2000;E andVandenEijnden,2000a)8Q�r�∆v � ! p 9 � 8r� ξ � p 9 � ∆x! p " o �:� ∆x! p ! 7 (198)

Theshockcontributionproportionalto ∆x is subleadingin thatcase.

The Lagrangianinterpretationof theseresultscanbe basedon the fact that the velocity is a

Lagrangianinvariantof theunforcedinviscidsystem.In thepresenceof theforce,

v � x ) t ! � v � x � 0! ) 0! " t+
0

f � x � s! ) s! ds ) (199)

alongtheLagrangiantrajectories.Thevelocity is anactive scalarandtheLagrangiantrajectories

areevidentlydependentontheforcethatdrivesthevelocity. Onecannotwrite aformulalike(135)
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obtainedby two independentaveragesover the forceandover the trajectories.Nevertheless,the

maincontributionto thedistance-dependentpartof the2-pointfunction 8 v � x ) t ! v � xsz) t !:9 is due,for

small distances,to realizationswith a shockin betweentheparticles.It is insensitive to a large-

scaleforceandhenceapproximatelyproportionalto thetime thatthetwo Lagrangiantrajectories

endingat x andxs take to separatebackwardsto theinjectionscaleL. With a shockin betweenx

andxs at time t, theinitial backwardseparationis linearsothatthesecondorderstructurefunction

becomesproportionalto ∆x, in accordancewith (197).Otherstructurefunctionsmaybeanalyzed

similarly and give the samelinear dependenceon the distance(all termsinvolve at most two

trajectories).This mechanismof theanomalousscalingis similar to thatof thecollinearcasein

Sect.III.B.3.

Following numericalobservationsof Chekhlov andYakhot(1995,1996),aconsiderableeffort

hasbeeninvestedto understandthe shapeof the PDF’s H � ∆v! of the velocity incrementsandH � ξ ! of theregularpartof ∂xv. Thestationaryexpectationof theexponentialof ξ satisfiesfor a

white-in-timeforcing therelationt λ∂2
λ $ ∂λ $ Dλ2 u 4

eλξ 5 � 8 ρλ 9 (200)

that may establishedthe sameway as (195). Here D � $ 1
2 χ s�sc� 0! L � 2 and ρλ is an operator

supportedonshockswith theform-factor s
2 � eλξ À " eλξ J ! . For thePDFof ξ thisgivestheidentity

(E andVandenEijnden,1999,2000a):C D∂2
ξ " ξ2∂ξ " 3ξ D H � ξ ! " + dλ

2πi e� λξ 8 ρλ 9 � 0 7 (201)

Variousclosuresfor this equationor for (195) have beenproposed(Polyakov, 1995; Bouchaud

and Mézard,1996; Boldyrev, 1997; Gotoh and Kraichnan,1998). They all give the right tail

∝ e� ξ3 3 1 3D 2 of thedistribution,asdeterminedby thefirst two termswith derivativesin (201),with

thepower-law prefactorsdependingon thedetailsof theclosure.Thatright tail wasfirst obtained

by Feigel’man(1980)andalsoreproducedfor H � ∆v! by aninstantoncalculationin (Gurarieand

Migdal, 1996). The instantonappearsto be a solutionof a deterministicBurgersequationwith

a force linear in space,seealso(Balkovsky et al., 1997b).Theright tail maybealsounderstood
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from the stochasticequationalong the trajectory d2

dt2 ∆x � ∆ f . For ∆x much smaller than the

injectionscaleL, theforceincrementmaybelinearized∆ f � σ � t ! ∆x. In thefirst approximation,

σ � t ! is a white noiseandwe obtaina problemfamiliar from theone-dimensionallocalizationin

a δ-correlatedpotential.In particular, z � d
dt � ∆x!:Á ∆x satisfiesż � σ � t ! $ z2. This is a Langevin

dynamicsin the unboundedfrom below potential∝ z3 (Bouchaudand Mézard,1996). Upon

conditioningagainstescapeto z � $ ∞, onegetsa stationarydistribution for z with theright tail

∝ e� z3 3 1 3D 2 andthe left tail ∝ z� 2. In reality, dueto the shockcreation,∆ f � ∆x = ∂x f � x � t ! ) t !
is a white noiseonly if we fix thevalueof v at theendpoint of theLagrangiantrajectory. This

introducessubtlecorrelationswhich effect thepower-law factorsin H � ξ ! , in particularits left tail

∝ � ξ � � α. Large negative valuesof ξ appearin thevicinity of preshocks,asstressedin (E et al.,

1997)wherethevalueα � 7� 2 wasarguedfor, basedonageometricanalysisof thepreshocks,the

birth pointsof theshockdiscontinuities.E andVandenEijnden(2000a),have provedby analysis

of realizabilityconditionsfor thesolutionsof (201)thatα E 3 andmadeastrongcasefor α � 7� 2,

assumingthatshocksarebornwith vanishingheightsandthatpreshocksdo not accumulate.The

exponentα � 7� 2 wassubsequentlyfound in the decayingcasewith randomlarge scaleinitial

conditionsbothin 1d(BecandFrisch,2000)andin higherdimensions(Frischetal., 2001),andin

theforcedcasewhenthe forcing consistsof deterministiclargescalekicks repeatedperiodically

(Becetal., 2000).In thosecases,thestatisticsof theshocksandtherecreationprocessareeasierto

controlthanfor theδ-correlatedforcing. Thenumericalanalysisof thelattercaseclearlyconfirms,

however, thepredictionα � 7� 2. As to thePDF H � ∆v! of thevelocity incrementin thedecaying

caseand,possibly, in the forcedcase,it exhibits a crossover from thebehavior characteristicfor

thevelocity gradientsto theonereproducingthebehaviors (197)and(198). Notethatthesingle-

point velocity PDFalsohascubictails ln H � v! ∝ $Â� v � 3 (Avellanedaet al., 1995;Balkovsky et al.,

1997b). Thesameis true for white-drivenNavier-Stokesequationandmaybe generalizedfor a

non-Gaussianforce(Falkovich andLebedev, 1997).

TheLagrangianpictureof theBurgersvelocitiesallows for a simpleanalysisof advectionof

scalarquantitiescarriedby the flow. In the inviscid anddiffusionlesslimit, the advectedtracer
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satisfiestheevolutionequation

∂tθ " v̄∂xθ � ϕ ) (202)

where ϕ representsan external source. As usual, the solution of the initial value problemis

given in termsof the PDF p � x ) t;y) 0 � v! to find the backward Lagrangiantrajectoryat y at time

0, given that at later time t it passedby x, see(100). Exceptfor thediscretesetof time t shock

locations,the backward trajectoriesareuniquelydeterminedby x. As a result,a smoothinitial

scalarwill developdiscontinuitiesat shocklocationsbut no strongersingularities.Sincea given

setof points � x1 ) 7Q7:7 ) xN ! R x avoidstheshockswith probability1, thejoint backwardPDF’s of N

trajectoriesH N � x;y; $ t ! , see(65),shouldberegularfor distinctxn andshouldpossessthecollapse

property(67). This leadsto theconservationof 8 θ2 9 in theabsenceof scalarsourcesandto the

linearpumpingof thescalarvarianceinto a soft modewhena stationarysourceis present.Such

behavior correspondsto an inversecascadeof thepassive scalar, asin thestronglycompressible

phaseof theKraichnanmodeldiscussedin Section(III.E).

TheBurgersvelocityitself andall itspowersconstituteanexampleof advectedscalars.Indeed,

theequationof motion(193)maybealsorewrittenas� ∂t " v̄∂x $ λ f ! eλv � 0 (203)

from which therelation(202)for θ � vn andϕ � nf vn � 1 follows. Of course,vn areactivescalars

sothat in therandomcasetheir initial data,thesourceterms,andtheLagrangiantrajectoriesare

not independent,contraryto the caseof passive scalars. That correlationmakes the unlimited

growth of 8 v2 9 impossible:the larger thevalueof local velocity, the fasterit createsa shockand

dissipatestheenergy. Thedifferencebetweenactiveandpassivetracersis thussubstantialenough

to switch thedirectionof theenergy cascadefrom inversefor thepassive scalarto direct for the

velocity.

As usualin compressibleflows, theadvecteddensityn satisfiesthecontinuityequation

∂tn " ∂x � v̄n! � ϕ (204)
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differentfrom (202) for the tracer. The solutionof the initial valueproblemis givenby the for-

ward LagrangianPDF p � y) 0;x ) t � v! , see(100). Sincethe trajectoriescollapse,a smoothinitial

densitywill becomesingularundertheevolution, with δ-functioncontributionsconcentratingall

the massfrom the regionscompressedto shocksby the Lagrangianflow. Sincethe trajectories

aredeterminedby theinitial point y, thejoint forwardPDF’s H N � y;x; t ! shouldhave thecollapse

property(67) but they will alsohave contacttermsin xn’s whenthe initial pointsyn aredistinct.

Suchtermssignala finite probabilityof thetrajectoriesto aggregatein theforwardevolution, the

phenomenonthat we have alreadymet in the stronglycompressibleKraichnanmodeldiscussed

in Sect.(II.D). Thevelocity gradient∂xv is anexampleof an(active) densitysatisfyingequation

(204)with ϕ � ∂x f .

In (BernardandBauer, 1999),thebehavior of theLagrangianPDF’s andtheadvectedscalars

summarizedabovehavebeenestablishedby adirectcalculationin freelydecayingBurgersveloc-

itieswith randomGaussianfinitely-correlatedinitial potentialsφ.

B. Incompressib le turb ulence from a Lagrangian viewpoint

As we learnedfrom the studyof passive fields, treatingthe dissipationis rathereasyasit is

a linear mechanism.The main difficulty residesin properunderstandingadvection. For incom-

pressibleturbulence,theproblemis evenmorecomplicatedthanfor theBurgersequationdueto

spatialnonlocalityof thepressureterm.TheEulerequationmayindeedbewrittenastheequation

R̈ � f � R) t ! $ ∇P ) (205)

for theLagrangiantrajectoriesR � t; r ! where f is theexternalforceandthepressurefield is deter-

minedby theincompressibilitycondition∇2P � $ ∇ / # v / ∇v& with v � Ṙandthespatialderivatives

takenwith respectto R. The inversionof theLaplaceoperatorin theprevious relationbringsin

nonlocalityvia thekerneldecayingasapowerlaw. Wethushaveasystemof infinitely many parti-

clesinteractingstronglyandnonlocally. In suchasituation,any attemptat ananalyticdescription

looks unavoidably dependenton possiblesimplificationsin limiting cases.The naturalparame-

ter to exploit for the incompressibleEulerequationis thespacedimensionality, varyingbetween
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two andinfinity. The two-dimensionalcaseindeedpresentsimportantsimplificationssincethe

vorticity is a scalarLagrangianinvariantof the inviscid dynamics,aswe shall discusshereafter.

The oppositelimit of the infinite-dimensionalEuler equationis very temptingfor somekind of

mean-fieldapproximationto the interactionamongthe fluid particlesbut nobodyhasderived it

yet. The level of discussionin this sectionis thusnaturallydifferentfrom therestof the review:

asa consistenttheoryis absent,we presenta setof particularargumentsandremarksthat,on one

hand,makecontactwith thepreviouslydiscussedsubjects,and,onotherhand,mayinspirefurther

progress.

1. Enstrophy cascade in two dimensions

The Euler equationin any even-dimensionalspacehasan infinite setof integralsof motion

besidesenergy. Onemayindeedshow thatthedeterminantof thematrix ωi j � ∇ jvi $ ∇iv j is the

nonnegative densityof an integral of motion, i.e. K F � detω ! dr is conserved for any function F .

The quadraticinvariant K � detω ! 2dr is calledenstrophy. In the presenceof an externalpumping

φ injectingenergy andenstrophy, it is clearthatboth quantitiesmay flow throughoutthe scales.

If both cascadesarepresent,they cannotgo in the samedirection: the differentdependenceof

energy andenstrophyon the scalepreventstheir fluxesto be both constantin the sameinterval.

A finite energy dissipationwould imply an infinite enstrophydissipationin the limit ν ^ 0. The

naturalconclusionis that, given a singlepumpingat someintermediatescaleandassumingthe

presenceof two cascades,theenergy andtheenstrophyflow towardthelargeandthesmallscales,

respectively (Kraichnan,1967;Batchelor, 1969).This is indeedthecasefor thetwo-dimensional

case.

In this Section,we shall focuson the 2d direct enstrophycascade.The basicknowledgeof

theLagrangiandynamicspresentedin SectionsII.B.1 andIII.B is essentiallyeverythingneeded.

Vorticity in 2d is a scalarand the analogybetweenvorticity andpassive scalarwasnoticedby

BatchelorandKraichnanalreadyin thesixties.Vorticity is notpassive thoughandsuchanalogies

may be very misleading,asit is the casefor vorticity andmagneticfield in 3d andfor velocity
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andpassivescalarin 1dBurgers.Thebasicflux relationfor theenstrophycascadeis analogousto

(132): 8:� v1 / ∇1 " v2 / ∇2 ! ω1ω2 9 � 8 ϕ1ω2 " ϕ2ω1 9 � P2 7 (206)

The subscriptsindicatethe spatialpoints r1 andr2 andthe pumpingis assumedto be Gaussian

with 8 ϕ � r ) t ! φ � 0) 0!:9 � δ � t ! Φ � r � L ! decayingrapidly for r E L. The constantP2 R Φ � 0! , having

dimensionalitytime� 3, is theinput rateof theenstrophyω2. Equation(206)statesthattheenstro-

phy flux is constantin theinertial range,that is for r12 muchsmallerthanL andmuchlargerthan

theviscousscale.A simplepowercountingsuggeststhatthevelocitydifferencesandthevorticity

scaleasthefirst andthezerothpower of r12, respectively. Thatfits theideaof a scalarcascadein

a spatiallysmoothvelocity: scalarcorrelationfunctionsareindeedlogarithmicin thatcase,asit

wasdiscussedin Sect.III.B.

Eventhoughonecanimaginehypotheticalpower-law vorticity spectra(Saffman,1971;Mof-

fatt, 1986; Polyakov, 1993), one can argue that they are structurallyunstable(Falkovich and

Lebedev, 1994). Indeed,imaginefor a momentthat the pumpingat L producesthe spectrum8:� ω1 $ ω2 ! p 9 ∝ r
ζp
12 at r12 � L. Regularity of the Euler equationin 2d requiresζp E 0, see,

e.g., (Eyink, 1995) and referencestherein. In the spirit of the stability theory of Kolmogorov

spectra(Zakharov et al., 1992),let us addan infinitesimalpumpingat some� in the inertial in-

terval producinga smallyet nonzeroflux of enstrophy. Smallperturbationsδω obey theequation

∂tδω " � v∇ ! δω " � δv∇ ! ω � ν∇2δω. Here, δv is the velocity perturbationrelatedto δω. The

perturbationδω hasthe typical scale � while vorticity ω, associatedwith the main spectrum,is

concentratedat L whenζ2 E 0. Thethird termcanbeneglectedasit is ��� � L ! 2 timessmallerthan

thesecondone.Therefore,δω behavesasa passive scalarconvectedby mainturbulence,i.e. the

Batchelorregimefrom SectionIII.B takesplace.Thecorrelationfunctionsof thescalarareloga-

rithmic in this casefor any velocity statistics.Theperturbationin any vorticity structurefunction

thusdecreasesdownscalesslower thanthe contribution of the main flow. That meansthat any

hypotheticalpower-law spectrumis structurallyunstablewith respectto the pumpingvariation.

Stability analysiscannotof coursedescribethe spectrumdownscaleswherethe perturbationsis
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gettingcomparableto the main flow. It is logical thoughto assumethat sinceonly the logarith-

mic regimemaybeneutrallystable,it representstheuniversalsmall-scaleasymptoticsof steady

forcedturbulence. Experiments(Rutgers,1998;Paretet al., 1999; Jullien et al., 2000)andnu-

mericalsimulations(Borue,1993;Gotoh,1998;Bowmanet al., 1999)arecompatiblewith that

conclusion.

Thephysicsof theenstrophycascadeis thusbasicallythesameasthat for a passive scalar:a

fluid blobembeddedinto a larger-scalevelocityshearis extendedalongthedirectionof apositive

strainandcompressedalongits negativeeigendirection;suchstretchingprovidesfor thevorticity

flux toward the small scales,with the rate of transferproportionalto the strain. The vorticity

rotatestheblob deceleratingthestretchingdueto therotationof theaxesof positiveandnegative

strain.Onecanshow thatthevorticity correlatorsareindeedsolelydeterminedby theinfluenceof

largerscales(thatgiveexponentialseparationof thefluid particles)ratherthansmallerscales(that

wouldleadto adiffusivegrowthasthesquarerootof time). Thesubtledifferencesfromthepassive

scalarcasecomefrom theactive natureof thevorticity. Considerfor exampletherelation(135)

expressingthe fact that the correlationfunction of a passive scalaris essentiallythe time spent

by the particlesat distancessmallerthanL. The passive natureof the scalarmakesLagrangian

trajectoriesindependentof scalarpumpingwhich is crucial in deriving (135)by two independent

averages.For anactive scalar, thetwo averagesarecoupledsincetheforcing affectsthevelocity

andthustheLagrangiantrajectories.In particular, thestatisticsof theforcingalongtheLagrangian

trajectoriesφ � R� t !:! involvesnonvanishingmultipoint correlationsat different times. Falkovich

and Lebedev (1994) arguedthat, as far as the dominantlogarithmic scalingof the correlation

functionsis concerned,the active natureof vorticity simply amountsto the following: the field

canbetreatedasa passive scalar, but thestrainactingon it mustberenormalizedwith thescale.

Their argumentsarebasedon the analysisof the infinite systemof equationsfor the variational

derivativesof the vorticity correlationfunctionswith respectto the pumpingand the relations

betweenthe strain and the vorticity correlationfunctions. The law of renormalizationis then

establishedasfollows, alongthe line suggestedearlierby Kraichnan(1967,1971,1975). From

(12), onehasthe dimensionalrelationthat timesbehave as ω � 1 ln � L � r ! . Furthermore,by using
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the relation(135) for the vorticity correlationfunction, onehas 8 ωω 9 ∝ P2 ² time. Combining

the two previous relations,the scaling ω @ # P2 ln � L � r !'& 13 3 follows. The consequencesare that

thedistancebetweentwo fluid particlessatisfies:ln � R� r ! @ P13 2
2 t33 2, andthatthepair correlation

function 8 ω1ω2 9 @ � P2 ln � L � r12 !Q! 23 3. Note that thefluxesof higherpowersω2n arenot constant

in the inertial rangedueto the samephenomenonof “distributedpumping” discussedin (vi) of

Sect.III.C.1. Thevorticity statisticsis thusdeterminedby theenstrophyproductionratealone.

It is worth stressingthat the logarithmicregimedescribedabove is a small-scaleasymptotics

of a steadyturbulence.Dependingon theconditionsof excitationanddissipation,differentother

regimescanbeobservedeitherduringanintermediatetimeor in anintermediateinterval of scales.

First,aconstantfriction thatprovidesfor thevelocitydecayrateα prevails(if present)overviscos-

ity at scaleslarger than � ν � α ! 13 2. At suchscales,thevorticity correlationfunctionsareexpected

to behave aspower laws ratherthanlogarithmically, very muchlike for thepassive scalarasde-

scribedin (Chertkov, 1999)andin SectionIII.E. Indeed,theadvectiveandthefriction termsv / ∇v

and $ αv have againthe samedimensionfor a smoothvelocity. Nontrivial scalingis therefore

expected,includingfor thesecond-ordercorrelationfunction(andhencefor theenergy spectrum).

The difficulty is of coursethat the systemis now nonlinearandexact closedequations,suchas

thosein SectionIII.E, arenot available. For theoreticalattemptsto circumvent thatproblemby

someapproximations,not quite controlledyet, see(Bernard,2000;Nam et al., 2000). Second,

stronglarge-scalevorticesoftenexist with their (steeper)spectrummaskingtheenstrophycascade

in someintermediateinterval of scales(Legraset al., 1988).

2. On the energy cascades in incompressible turbulence

Thephenomenologyof theenergy cascadesuggeststhat theenergy flux ε̄ is a majorquantity

characterizingthe velocity statistics. It is interestingto understandthe differencebetweenthe

direct andthe inverseenergy cascadesfrom the Lagrangianperspective. The meanLagrangian

timederivativeof thesquaredvelocitydifferenceis asfollows{ d � ∆v! 2
dt

| � 2
4

∆v∆ f " ν � 2v / ∇2v $ v1 / ∇2v2 $ v2 / ∇2v1 !65 7 (207)
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Theright handsidecoincideswith minustwicetheflux andthisgivestheLagrangianinterpretation

of the flux relations. In the 2d inverseenergy cascade,thereis no energy dissipative anomaly

and the right handside in the inertial rangeis determinedby the injection term 4 8 f / v9 . The

energy flux is negative (directedupscale)andthemeanLagrangianderivative is positive. On the

contrary, in the3d directcascadetheinjectiontermscancelandtheright handsidebecomesequal

to $ 4ν 8:� ∇v! 2 9 . The meanLagrangianderivative is negative while the flux is positive (directed

downscale). This is naturalas a small-scalestirring causesoppositeeffects with respectto a

small-scaleviscousdissipation.Thenegative signof themeanLagrangiantime derivative in 3d

doesnot contradictthe fact that any coupleof Lagrangiantrajectorieseventuallyseparatesand

their velocity differenceincreases.It tells however that the squaredvelocity differencebetween

two trajectoriesgenerallybehavesin a nonmonotonicway: the transversecontractionof a fluid

elementmakesinitially the differencebetweenthe two velocitiesdecrease,while eventuallythe

stretchingalongthetrajectoriestakesover (PumirandShraiman,2000).

The Eulerianform of (207) is the generalizationof 4� 5-law (2) for the d-dimensionalcase:8:� ∆rv! 3 9 � $ 12ε̄r � d � d " 2! if ∆rv is the longitudinalvelocity incrementand ε̄ is positive for the

directcascadeandnegative for the inverseone. Sincetheaveragevelocity differencevanishes,a

negative 8Q� ∆rv! 3 9 meansthat small longitudinalvelocity differencesarepredominantlypositive,

while largeonesarenegative. In otherwords,in 3d if the longitudinalvelocitiesof two particles

differ stronglythentheparticlesarelikely to attracteachother;if thevelocitiesareclose,thenthe

particlespreferentiallyrepeleachother. Theoppositebehavior takesplacein 2d, wherethethird-

ordermomentof the longitudinal velocity differenceis positive. AnotherLagrangianmeaning

of the flux law in 3d canbe appreciatedby extrapolatingit down to the viscousinterval. Here,

∆rv = σr andthepositivity of theflux is likely to berelatedto thefactthatthenegativeLyapunov

exponentis thelargestone(in absolutevalue)in 3d incompressibleturbulence.

If oneassumes(afterKolmogorov) that ε̄ is theonly pumping-relatedquantitythatdetermines

the statisticsthen the separationbetweenthe particlesR12 � R� t; r1 ! $ R� t; r2 ! hasto obey the

alreadymentionedRichardsonlaw: 8 R2
129 ∝ ε̄t3. The equationfor the separationimmediately

follows from the Euler equation(205): ∂2
t R12 � f 12 $ ∇P12. The correspondingforcing term
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f 12 R f � R� t; r1 !Q! $ f � R� t; r2 !Q! hascompletelydifferentpropertiesfor an inverseenergy cascade

in 2d than for a direct energy cascadein 3d. For the former, R12 in the inertial rangeis much

largerthantheforcingcorrelationlength.Theforcingcanthereforebeconsideredshort-correlated

both in time andin space.Wasthe pressureterm absent,onewould get the separationgrowth:8 R2
129 � ε̄t3 � 4� 3. Theexperimentaldataby Jullienet al. (1999)give a smallernumericalfactor£ 0 7 5, which is quitenaturalsincethe incompressibilityconstrainsthemotion. What is however

importantto noteis thatalreadytheforcing termprescribesthelaw 8 R2
129 ∝ t3 consistentwith the

scalingof theenergy cascade.Conversely, for thedirectcascadetheforcing is concentratedat the

largescalesand f12 ∝ R12 in the inertial range.The forcing term is thusnegligible andeventhe

scalingbehavior comesentirely from theadvective terms(theviscoustermshouldbeaccounted

aswell). Anotheramazingaspectof the2d inverseenergy cascadecanbeinferredif oneconsiders

it from theviewpoint of vorticity. Enstrophyis transferredtowardthesmallscalesandits flux at

thelargescales(wheretheinverseenergy cascadeis takingplace)vanishes.By analogywith the

passive scalarbehavior at thelargescalesdiscussedin Sect.III.C.1, onemayexpectthebehavior8 ω1ω2 9 ∝ r1 � α � d
12 , whereα is the scalingexponentof the velocity. The self-consistency of the

argumentdictatedby therelationω � ∇ ² v requires1 $ α $ d � 2α $ 2 which indeedgivesthe

Kolmogorov scalingα � 1� 3 for d � 2. Experiments(ParetandTabeling,1997,1998)aswell

asnumericalsimulations(SmithandYakhot,193; Boffettaet al., 2000)indicatethat the inverse

energy cascadehasa normalKolmogorov scalingfor all measuredcorrelationfunctions.No con-

sistenttheory is availableyet, but the previous argumentsbasedon the enstrophyequipartition

might give an interestingclue. To avoid misunderstanding,notethat in consideringthe inverse

cascadesoneoughtto have somelarge-scaledissipation(like bottomandwall friction in theex-

perimentswith afluid layer)to avoid thegrowth of condensatemodesonthescaleof thecontainer.

Anotherexampleof inversecascadeis that of the magneticvectorpotentialin two-dimensional

magnetohydrodynamics,wherethenumericalsimulationsalsoindicatethat intermittency is sup-

pressed(BiskampandBremer, 1994). Thegeneralityof theabsenceof intermittency for inverse

cascadesandits physicalreasonsis still anopenproblem.Theonly inversecascadefully under-

stoodis that of the passive scalarin SectionIII.E, wherethe absenceof anomalousscalingwas
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relatedto the uniquenessof the trajectoriesin stronglycompressibleflow. That explanationap-

pliesneitherto 2d Navier-Stokesnor to magnetohydrodynamicssincethescalaris active in both

cases.Qualitatively, it is likely that thescale-invarianceof an inversecascadeis physicallyasso-

ciatedto thegrowth of thetypical timeswith thescale.As thecascadeproceeds,thefluctuations

haveindeedtimeto getsmoothedoutandnotmultiplicatively transferredasin thedirectcascades,

wherethetypical timesdecreasein thedirectionof thecascade.

An interestingphenomenologicalLagrangianmodelof 3d turbulencebasedon theconsider-

ationof four particleswasintroducedby Chertkov, Pumiret al., (1999). As far asananomalous

scalingobserved in the 3d energy cascadeis concerned,the primary target is to understandthe

natureof the statisticalintegralsof motion responsiblefor it. Note that the velocity exponent

σ3 � 1 andexperimentsdemonstratethat σp ^ ap as p ^ 0 with a exceeding1� 3 beyond the

measurementerror, see(SreenivasanandAntonia,1997)andthereferencestherein.Theconvex-

ity of σp meansthenthatσ2 E 2� 3. In otherwords,alreadythepair correlationfunctionshould

bedeterminedby somenontrivial conservationlaw (like for magneticfieldsin Sect.III.C.3).

V. CONCLUSIONS

This review is intendedto bring hometo the readertwo main points: the power of the La-

grangianapproachto fluid turbulenceand the importanceof statisticalintegrals of motion for

systemsfar from equilibrium.

As it was shown in Sects.II and III, the Lagrangianapproachallows for a systematicde-

scription of most importantaspectsof particle and field statistics. In a spatially smoothflow,

Lagrangianchaosandexponentiallyseparatingtrajectoriesaregenerallypresent.Theassociated

statisticsof passivescalarandvectorfieldsis relatedto thestatisticsof largedeviationsof stretch-

ing and contractionratesin a way that is well understood.The theory is quite generaland it

finds a naturaldomainof applicationin the viscousrangeof turbulence. The most important

openproblemhereseemsto be the understandingof the back-reactionof the advectedfield on

the velocity. That would includean accountof the buoyancy force in inhomogeneouslyheated
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fluids, thesaturationof thesmall-scalemagneticdynamoandthepolymerdragreduction.In non-

smoothvelocities,pertainingto theinertial interval of developedturbulence,themainLagrangian

phenomenonis the intrinsic stochasticityof the particletrajectoriesthat accountsfor the energy

depletionat shortdistances.This phenomenonis fully capturedin theKraichnanmodelof non-

smoothtime-decorrelatedvelocities.To exhibit it for morerealisticnonsmoothvelocitiesandto

relateit to thehydrodynamicalevolution equationsgoverningthevelocity field remainsanopen

problem. The spontaneousstochasticityof Lagrangiantrajectoriesenhancesthe interactionbe-

tweenfluid particlesleadingto intricatemulti-particlestochasticconservation laws. Here,there

areopenproblemsalreadyin the framework of theKraichnanmodel. First, thereis the issueof

whetheronecanbuild an operatorproductexpansion,classifyingthe zeromodesandrevealing

their possibleunderlyingalgebraicstructure,bothat largeandsmall scales.Thesecondclassof

problemsis relatedto a consistentdescriptionof high-ordermomentsof scalar, vectorandtensor

fields. In thesituationswheretheamplitudesof thefieldsaregrowing, thiswouldbeanimportant

steptowardsadescriptionof feedbackeffects.

Our inability to derive theLagrangianstatisticsdirectly from theNavier-Stokesequationsof

motionfor thefluid particlesis relatedto thefactthattheparticlecouplingis strongandnonlocal

dueto pressureeffects. Somesmall parameterfor perturbative approaches,like thosediscussed

for theKraichnanmodel,hasoftenbeensoughtfor. We would like to stress,however, thatmost

stronglycoupledsystems,even if local, arenot analyticallysolvableandthatnot all measurable

quantitiesmay be derived from first principles. In fluid turbulence,it seemsmoreimportantto

reachbasicunderstandingof theunderlyingphysicalmechanisms,thanit is to find out thenumer-

ical valuesof thescalingexponents.Suchan understandinghasbeenachieved in passive scalar

andmagneticfieldsthroughthestatisticalconservationlaws. We considerthenotionof statistical

integralsof motionto beof centralimportancefor fluid turbulenceandgeneralenoughto applyto

othersystemsin non-equilibriumstatisticalphysics.Indeed,non-dimensionallyscalingcorrelation

functionsappearingin suchsystemsshouldgenerallybedominatedby termsthatsolvedynamical

equationsin the absenceof forcing (zeromodes). As we explainedthroughoutthe review, for

passively advectedfields,suchtermsdescribeconservation laws thatarerelatedto thegeometry
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eitherof the configurationof particles(for thescalar)or of theparticle-plus-fieldconfigurations

(for themagneticfield). It is a majoropenproblemto identify theappropriateconfigurationsfor

active andnonlocalcases.New particle-trackingmethods(La Portaet al., 2001)openpromis-

ing experimentalpossibilitiesin this direction. An investigationof geometricalstatisticsof fluid

turbulenceby combinedanalytical,experimentalandnumericalmethodsaimedat identifying the

underlyingconservationlaws is a challengefor futureresearch.
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Gawȩdzki, K., 1998,in Advancesin TurbulenceVII, ed.Frisch,U., Kluwer Acad.Publ.,p. 493.
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FIGURES

FIG. 1. An illustrationof thebreakdown of theLagrangianflow in spatiallynon-smoothflows: infinitesi-

mally closeparticlesreachafinite separationin a finite time. Theconsequenceis thecloudobservedin the

figure. Theparticlesevolve in a fixedrealizationof thevelocity field andin theabsenceof any molecular

noise.

FIG. 2. Theimplosionof Lagrangiantrajectoriesin astronglycompressibleflow. Particlesthatareinitially

releaseduniformly acrossa sizablespanof the interval are compressedand tend to producea singular

densityfield.

FIG. 3. An exampleof Lagrangiantrajectoriesof threeparticles.Theprobabilitydensityof thepositions

R, conditionalto the r ’s, is describedby thePDF p Ã r Ä s;RÄ t Å vÆ (in a fixedrealizationof thevelocity). Its

averageover thestatisticsof thevelocityfield givestheGreenfunctionsÇÈÃ r ; R; t É sÆ .
FIG. 4. Thecontourlinesof a threeparticlezeromodeasa functionof theshapeof thetriangledefinedby

theparticles.

FIG. 5. Thefourth-orderanomalousexponent2ζ2 É ζ4 of thescalarfield vs theroughnessparameterξ of

thevelocity field in theKraichnanmodel. Thecirclesandthestarsrefer to the three-dimensionalandthe

two-dimensionalcases,respectively. Thedashedlinesaretheperturbative predictionsfor smallξ and2 É ξ

in 3d.

FIG. 6. A typical snapshotof ascalarfield transportedby a turbulentflow.

FIG. 7. ThePDF’s ÇÊÃ ∆rθ Æ of thescalarincrements∆rθ � θ Ã r Æ.É θ Ã 0Æ for threevaluesof r insidetheinertial

rangeof scales,multiplied by thefactorr Ë ζ∞ . Theobservedcollapseof thecurvesimpliesthesaturationof

thescalingexponentsof thescalarstructurefunctions.
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FIG. 8. Geometricconstructionof theHopf-Coleinviscidsolutionof the1DBurgersequation.Theinverted

parabolaC É 1
2t Ã r É r Ì%Æ 2 is movedupwardsuntil thefirst contactpointwith theprofileof theinitial potential

φ Ã r Ì Ä 0Æ . ThecorrespondingheightC givesthepotentialφ Ã r Ä t Æ at time t. Shockscorrespondto positionsr

wherethereareseveralcontactpointsr Ì , asfor thefirst parabolaon theleft.
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APPENDIX A: REGULARIZATION OF STOCHASTIC INTEGRALS

For the δ-correlatedstrain,the equation(12) becomesa stochasticdifferentialequation.Let

uspresentherea few elementaryfactsaboutsuchequationsfor thatsimplecase.Thedifferential

equation(12) is equivalentto theintegralequation

R� t ! � R� 0! " t+
0

σ � s! dsR� s! ) (A1)

whereR R R12. The right handside involvesa stochasticintegral whosedistinctive featureis

that σ � t ! dt is of order � dt ! 13 2, asindicatedby therelation
4 C K t

0 σi j � s! dsD 2 5 ∝ t. Suchintegrals

requiresecond-ordermanipulationsof differentialsand,in general,arenotunambiguouslydefined

without thechoiceof a definingconvention. Themostpopulararethe Itô, theStratonovich and

theanti-Itô ones.Physically, differentchoicesreflectfiner detailsof thestraincorrelationswiped

out in the white-noisescalinglimit, like the presenceor the absenceof time-reversibility of the

velocity distribution. TheItô, Stratonovich andanti-Itô versionsof thestochasticintegral in (A1)

aregivenby thelimits overpartitionsof thetime interval of differentRiemannsums:

t+
0

σ � s! dsR� s! �
ÍÎÎÎÎÎÎÎÏ ÎÎÎÎÎÎÎÐ

lim ∑
n

tnÀ 1K
tn

σ � s! dsR� tn ! )
lim ∑

n

tnÀ 1K
tn

σ � s! ds 1
2 # R� tn ! " R� tǹ 1 !'& )

lim ∑
n

tnÀ 1K
tn

σ � s! dsR� tǹ 1 ! ) (A2)

respectively, where0 � t0 ? t1 ? /:/:/ ? tN � t. It is not difficult to comparethedifferentchoices.

For example,thedifferencebetweenthesecondandthefirst oneis

1
2 lim ∑

n

tnÀ 1Ñ
tn

σ � s! ds # R� tǹ 1 ! $ R� tn !'& � 1
2 lim ∑

n
C tnÀ 1Ñ

tn
σ � s! dsD 2

R� tn !� tÑ
0

C̃R� s! ds) (A3)

whereC̃i µ � Ci j j µ (sumover j) andthelastequalityis aconsequenceof theCentralLimit Theorem

that suppressesthe fluctuationsin lim ∑
n
C tnÀ 1K

tn
σ � s! dsD 2

. Similarly, the differencebetweenthe

anti-Itô andtheItô procedureis twice the latterexpression.In otherwords,theStratonovich and

anti-Itô versionsof (12)areequivalent,respectively, to theItô stochasticequations
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dR � Ò # σ � t ! dt " C̃dt & R )# σ � t ! dt " 2C̃dt & R 7 (A4)

Giventhestochasticequation(12)with afixedconvention,its solutioncanbeobtainedby iteration

from(A1) andhastheform(13)with W � t ! givenby (16)andtheintegralsinterpretedwith thesame

convention.Notethatthevalueof
4 tK

0
σ � s! ds

sK
0

σ � ss ! dss 5 dependsonthechoiceof theconvention:

it vanishesfor theItô oneandis equaltoC̃t for theStratonovichandtwicethatfor theanti-Itô ones.

The conventionsareclearly relatedto the time-reversibility of the finite-correlatedstrainbefore

the white-noisescaling limit is taken. For example, time-reversiblestrainshave even 2-point

correlationfunctionsandproducetheStratonovich valuefor theaboveintegralsin thewhite-noise

scalinglimit. Most of thesestochasticsubtletiesmay be forgottenfor the incompressiblestrain

whereC̃ � 0 asfollows from (30) so that the differencebetweendifferentconventionsfor (12)

disappears.

Weshalloftenhaveto considerfunctionsof solutionsof stochasticdifferentialequationssoone

shouldbeawarethat the latterbehave undersuchoperationin a somewhatpeculiarway. For the

Itô convention,this is thecontentof theso-calledItô formulawhich resultsfrom straightforward

second-ordermanipulationsof thestochasticdifferentialsandtakesin thecaseof (12) theform:

d f � R! � C σ � t ! dt RD / ∇ f � R! " Ci jkµ Rj R
µ ∇i∇k f � R! dt 7 (A5)

Note the extra second-orderterm absentin the normal rulesof differentialcalculus. The latter

are,however, preservedin theStratonovich convention.Notethatthelatterdifferencemayappear

evenfor theincompressiblestrain.

More generalstochasticequationsmay be treatedsimilarly. For example,(5) for Kraichnan

velocitiesmayberewrittenasanintegralequationinvolving thestochasticintegral
tK

0
v � R� s! ) s! ds.

Thelatteris definedas

lim ∑
n

tnÀ 1+
tn

1
2
# v � R� tn ! ) s! " v � R� tǹ 1 ! ) s!'& ds (A6)

in the Stratonovich convention,with the last tǹ 1 (tn) replacedby tn (tǹ 1) in the (anti-)Itô one.

Thedifferenceis
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¯ 1
2 lim ∑

n

tnÀ 1Ñ
tn

tnÀ 1Ñ
tn

� v � R� tn ! ) ss ! / ∇ ! v � R� tn ! ) s! dss ds � ¯ ∇ jD
i j � 0! t ) (A7)

wheretheleft handsidewasreplacedby its meanby virtueof theCentralLimit Theorem.Thelast

termvanishesif thevelocity2-pointfunctionis isotropicandparity invariant.Hencethechoiceof

theconventionis unimportanthereevenfor thecompressiblevelocities.

It mayseembizarrethat thechoiceof conventionin compressiblevelocitiesdoesnot matter

for individual trajectoriesbut it doesfor theequation(12) which describestheevolution of small

trajectorydifferences.It is not difficult to explain this discrepancy (Horvai, 2000).Thestochastic

equationfor R12 R R leads(in theabsenceof noise)to theintegralequation

R� t ! � R� 0! " t+
0

# v � R� s! " R2 � s! ) s! $ v � R2 � s! ) s!Ó& ds 7 (A8)

ThedifferencebetweentheStratonovich andtheItô conventionsfor thelatterintegral is

1
2 lim ∑

n

tnÀ 1Ñ
tn

tnÀ 1Ñ
tn Ô # v � R� tn ! " R2 � tn ! ) ss ! $ v � R2 � tn ! ) ss !'& / ∇ Õ v � R� tn ! " R2 � tn ! ) s!" 1

2 lim ∑
n

tnÀ 1Ñ
tn

tnÀ 1Ñ
tn

v � R2 � tn ! ) ss ! / ∇ ! # v � R� tn ! " R2 � tn ! ) s! $ v � R2 � tn ! ) s!\& ds

� t+
0

# ∇ jD
i j � R� s!:! $ ∇ jD

i j � 0!'& ds " t+
0

# ∇ jD
i j � 0! $ ∇ jD

i j � R� s!:!'& ds � 0 ) (A9)

where the two first lines that canceleachother are due to the time dependenceof R and R2,

respectively. If we replaceR by εR then,whenε ^ 0, theright handsideof (A8) is replacedby

the right handsideof (A1) if we usethe Itô conventionfor thestochasticintegrals. The similar

limiting procedureappliedto the (vanishing)difference(A9) doesnot reproducethe difference

betweenthe valuesof the integral (A1) for differentconventions. The latter correspondsto the

limit of thefirst line of (A9) only anddoesnot reproducethelimit of thetermof (A9) dueto the

R2-dependence.Theapproximation(12) is thenvalid only within theItô convention.

As for thePDF(43), it maybeviewedasa (generalized)functionof thetrajectoryR� t ! . The

advectionequation(45) resultsthenfrom theequationfor R� t ! by applyingthestandardrulesof

differentialcalculuswhich hold whentheStratonovich conventionis used.TheItô rulesproduce

theequivalentItô form of theequationwith anadditionalsecondordertermcontainingtheeddy

diffusiongeneratorD0∇2
R
.
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