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Paschen's law for a hollow cathode discharge 
H. Eichhorn,al K. H. Schoenbach, and T. Tessnow 
Physical Electronics Research Institute, Old Dominion University, Norfolk. Virginia 23508 

(Received 5 October 1992; accepted for publication 23 August 1993) 

An expression for the breakdown voltage of a one-dimensional hollow cathode discharge has 
been derived. The breakdown condition which corresponds to Paschen's law contains, in 
addition to the tlrst Townsend coefficient, and the secondary electron emission coefficient two 
parameters which characterize the reflecting action of the electric field and the lifetime of the 
electrons in the discharge. The breakdown voltage for a hollow cathode discharge in helium was 
calculated and compared to that of a glow discharge operating under similar conditions. 

Hollow cathode discharges break down at lower volt­
age,g and carry order of magnitude higher currents com­
pared to conventional glow discharges of similar dimen­
sions and gas parameters. There are several mechanisms 
which may be responsible for these hollow cathode effects. 1 

Among them are the secondary emission due to cathode 
bombardment by photons and by metastables, the enhance­
ment of ionization due to stepwise ionization, the presence 
of sputtered particles, and the pendulum motion of fast 
electrons. Their relative importance is still under discus­
sion. Experimental and numerical studies, however, indi­
cate that the pendulum effect plays a major role in the 
electrical breakdown and the sustainment of a hollow cath­
ode discharge.2

-
6 Based on this premise, we have derived 

an expression for the breakdown voltage of hollow cathode 
discharge between plane parallel electrodes. The analytical 
model allows us to predict trends and approximate magni­
tudes of gas discharge parameters, and can therefore be 
used to explore the parameter range of hollow cathode 
discharges before using a more sophisticated numerical ap­
proach." 

The effect of pendulum electrons on charge generation 
can be understood by considering the various processes 
which are related to the pendulum motion in a one­
dimensional hollow cathode geometry ( Fig. 1 ) . In this 
structure, two plane parallel cathodes are separated by a 
distance 2d. The anode, located directly in the middle be­
tween the cathodes, consists of a grid with a transmission, 
T. For T=O, the geometry resembles two glow discharges 
back to back. In this geometry, electrons which have tra­
versed one cathode sheath and crossed the anode plane are 
reflected back by the opposite cathode sheath and so forth. 
They are able to ionize as long as their energy exceeds the 
ionization energy. If the secondary electrons are generated 
in a region of high electric field strength, they may gain 
sufficient energy to produce ternary electrons. The deeper 
the electrons penetrate into the opposite sheath, i.e., the 
larger their mean-free path, the more likely the effect. 
Therefr)re, the effectiveness increases with decreasing pres­
sure. The effectiveness of the hollow cathode effect is also 
dependent on the lifetime of the high-energy electrons 
within the discharge which is determined by electron cap­
ture at the electrodes and through losses in directions per­
pendicular to the hollow cathode field. In the one-

•lneceased. 

dimensional system ( Fig. 1), only capture of electrons at 
the anode needs to be considered. 

According to this model, the electron current in the 
hollow cathode consists of two components: The current 
density of electrons moving towards the anode, j 1 , super­
imposed by a current density of electrons reflected back 
from the opposite cathode layer, jz. The spatial depen­
dence of the two currents is described by 

d' 
ft )" {3" )" dx =ai(x It+ lX h, (la) 

(lb) 

where x is the distance from the cathode, with Q,;;,x~;d. 
Townsend's first ionization coefficients for the two electron 
currents are a I and a 2 • The reflecting action of the electric 
field is characterized by the parameter {3. The ratio of the 
electron currents at the anode is determined by the anode 
transmission T: 

h<d)=Th(d). (2) 

The distortion of the electrical field E due to space 
charges can be neglected during breakdown, meaning that 
E is constant. The ionization and reflection coefficients, 
however, are varying with position, due to the nonequilib­
rium behavior of the electrons. For only slight spatial vari­
ations, the coefficients a 1(x), a 2(x), and {3(x) can be re­
placed by their spatial averages, a1, a1 , and b, then the 
solutions of Eq. ( 1) are 

I 
L :--~:Cl--- -T 

l_ ___ ► • -• □ :=: •;-=r 
I 
-◄ C •--• 

l+-------d-----~ .1 
Cathode Grid Anode 

FIG. L Processes contributing to the hollow cathode effect, such as re­
flection of electrons in the sheath electric field, generation of secondary 
and ternary electrons, and capture of electrons at the anode grid are 
shown schematically for the left-hand part of the hollow cathode system. 
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hCx) =exp(a1x)U1 CO)+ h(d)(blb*) 

>(exp[ -(b-a2)d][exp(b*x)-11}, (3a) 

h(x) = h(d)exp[ - (b-a2 )(d-x)], (3b) 

with b* =b-(a1 +a2 ). For breakdown to occur, the elec­
trons emitted from the cathode through ion impact need to 
generate a sufficient number of ions through ionization in 
the gas space to at least sustain their t1ux at the cathode. 
This condition reads 

jeCO) =yj;(O) =y(M- I )je(O). (4) 

where y is the secondary electron emission and j eC O) and 
j,.(0) are the electron and ion current, respectively, at the 
cathode. The electron multiplication M is defined as the 
number of electrons leaving the discharge at the electrodes 
per electron emitted at the cathode: 

M=je,out/jJO) =l+ 1/y. (5) 

1- (bib*) T[ 1-exp( -b*d) l 

For T=O, describing a glow discharge, the electron cur­
rent leaving the discharge, j .,1ut, is the forward electron 
current at the anode, j 1 (d). In the case of a transmission T 
different from zero, which is characteristic for a hollow 
cathode discharge configuration, the electron multiplica­
tion is determined by the electron current into the anode, 
j 1 (d) - h(d), plus the current carried by electrons which 
reach the cathode against the retarding force of the electric 
field. The multiplication for the planar hoUow cathode ge­
ometry therefore reads 

Jf =Mhc= [jl (d)- h(d) + h(O) J/j1 (0). 

With Eqs. (2), (3), and (6), we obtain 

( 1-T)exp(a1d) + Texp( -b*d) 

1- (bib*) T[ 1-exp( -b*d)] . 

(6) 

(7) 

Combining Eqs. (5) and (7) yields the breakdown condi­
tion for a one-dimensional hollow cathode discharge: 

y (1-T)exp(a1d)+Texp(-b*d)-l+(blb*)T[l-exp("-b*d)]. (8) 

This breakdown condition contains five parameters instead 
of two, a and y, for a glow discharge. Two additional 
parameters are the transmission of the anode T, a measure 
for the lifetime of the electrons in the discharge, and b, the 
reflection coefficient for electrons entering the opposite 
cathode layer. The reflection coefficient b can be inter­
preted as the reciprocal of the average penetration depth of 
pendulum electrons into the opposite cathode sheath. Also, 
instead of one ionization coefficient for the glow discharge, 
two coefficients, a1 and a 2 , are needed to describe the ion­
ization due to the forward and reverse electron flux in the 
hollow cathode structure. 

The coefficients, a 1(x), a 2(x), and f3(x), were com­
puted by means of a Boltzmann code. Two coupled Boltz­
mann equations for the electrons moving in and opposite to 
the anode direction were solved using a finite difference 
method for helium as working gas. 7 The pendulum effect 
was considered by introducing a reflection term in the 
right-hand side of the Boltzmann equations. The reflection 
term contains the number of electrons which enter the 
linear volume element dx ( or are generated in dx through 
ionization) with an energy less than eEdx, and therefore 
are reflected due to the effect of the electric field E; e is the 
electron charge. For all collisional processes, only forward 
scattering was considered. 

The results of this calculation are shown in Fig. 2 for 
helium at a pressure of p= 1 Torr. The gap distanced is 1 
cm, and the applied voltage is 400 V. The anode transmis­
sion was assumed to be T =0.5. The spatially averaged 
values of a 1 (x), a 2(x), and #(x) are a 1 =0.740, a2 =0.552, 
and b=2.238 cm- 1

• The root-mean-square deviations of 
a1, a2, and b, from a 1, a 2, and are /3 are approximately 
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20%. The error introduced by averaging is largest near the 
anode because of the larger density of electrons at this 
electrode compared to the cathode region. 

It was shown 7 
( for voltages below 1 kV at a gap dis­

tance of 1 cm) that the pressure p and electric field E 
dependence of the spatially averaged parameters a 1 , a2 , 

and b can be expressed similarly as for glow discharges:8 

Y1=c1,1P exp[ -··C2.J JjJIE]; y1=a1,a2,b,ao. (9) 

The subscript G refers to the glow discharge. In the pres­
sure range of 0.5-2.0 Torr, the coefficients c1, 1 and c2, j are 
only slightly dependent on pressure: The root-mean­
square-deviation of yip) from the computed values is less 
than 10%. The deviation increases with pressure. The cal­
culated mean values for helium as a working gas are 1.84, 
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FIG. 2. The ionization coefficients, a 1 (x) and az(xl, for electrons mov­
ing into, and opposite to the direction of the anode, respectively, and the 
reflection coefficient, f3(x). The anode grid is at the position x= I. 
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FIG. 3. Paschen curves for a one-dimensional hollow cathode discharge 
and a glow discharge in helium. The anode-to-cathode distance 
is d=l cm. 

2.00, 3.65, and 1.94 (cm Torr)- 1 for C\ p and 16.93, 24.71, 
9.90, and 15.54 ✓v /cm Torr for c2,i for pressures of 0.5 
Torr,'.;;p,,;;;2 Torr. The deviation of c1,6 [1.94 (cm Torr)-·'] 
from the corresponding value given in Ref. 8 [4.4 
( cm Torr) - 11 is probably due to our assumption of for­
ward scattering only; c2,6 differs from the given value 14.0 
✓v /cm Torr in Ref. 8 by only approximately 10%. 

By combining Eqs. (8) and (9), we obtaLn an expres­
sion for the breakdown voltage of a hollow cathode dis­
charge, Vb,h,::=E d, as a function of pressure p times dis­
tance d. The equation, which contains the breakdown 
voltage implidty in the ionization and reflection coeffi­
cients [Eq. (9)], can be considered as Paschen's law for a 
hollow cathode discharge. 

In Fig. 3, the breakdown voltages for a hollow cathode 
discharge and a glow discharge in helium are plotted ver­
sus pressure for a gap length of d = 1 cm. The secondary 
electron emission coefficient was assumed to be 0.3. Both 
curves have the typical Paschen curve shape: A linear in­
crease of the breakdown voltage with pressure above a 
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pressure times distance value of several Torr cm., and a 
steep increase in breakdown voltage at pressures below the 
Paschen minimum. However, for the hollow cathode ge­
ometry, this Paschen minimum is shifted towards lower 
pressure. Also, the absolute value of the breakdown voltage 
for the hollow cathode discharge is over the pressure range 
up to 20 Torr less than that for a glow discharge. The 
computed shift of the hollow cathode Paschen curve agrees 
with experimental observations.9 With increasing pressure, 
the pendulum motion is suppressed-the hollow cathode 
discharge behaves more and more like a glow discharge. 

The error introduced by the parameterization of the 
ionization and reflection coefficients is lowest for the pres­
sure range between 0.5 and 2 Torr and for breakdown 
voltages below 1 kV. The spatial averaging of the coeffi­
cients and the assumption of forward scattering causes an 
overestimate of the breakdown voltage. However, even 
with all of these assumptions, the computed sparking po­
tential for glow discharges at the critical point deviates 
from experimental values only by a factor of 1.5. 10 

This work was supported by the Max-Kade­
Foundation and by BMDO, managed by ONR. The pro­
gram monitor for the BMDO Program is Gabriel Roy. 
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