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Patch Alignment for Dimensionality Reduction
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Abstract—Spectral analysis based dimensionality reduction algorithms are important and have been popularly applied in data
mining and computer vision applications. To date many algorithms have been developed, e.g., principal component analysis,
locally linear embedding, Laplacian eigenmaps, and local tangent space alignment. All of these algorithms have been designed
intuitively and pragmatically, i.e., on the base of the experience and knowledge of experts for their own purposes. Therefore, it
will be more informative to provide a systematic framework for understanding the common properties and intrinsic difference in
different algorithms. In this paper, we propose such a framework, named “patch alignment”, which consists of two stages: part
optimization and whole alignment. The framework reveals that: i) algorithms are intrinsically different in the patch optimization
stage; and ii) all algorithms share an almost-identical whole alignment stage. As an application of this framework, we develop a
new dimensionality reduction algorithm, termed Discriminative Locality Alignment (DLA), by imposing discriminative information
in the part optimization stage. DLA can: i) attack the distribution nonlinearity of measurements; ii) preserve the discriminative
ability; and iii) avoid the small sample size problem. Thorough empirical studies demonstrate the effectiveness of DLA compared

with representative dimensionality reduction algorithms.

Index Terms—Dimensionality reduction, spectral analysis, patch alignment, discriminative locality alignment.

1 INTRODUCTION

IMENSIONALITY reduction based on spectral

analysis is the process of transform measurements

from a high-dimensional space to a low-dimensional
subspace through the spectral analysis on specially con-
structed matrices [28]. It aims to reveal the intrinsic struc-
ture of the distribution of measurements in the original
high-dimensional space and plays an important role in
data mining, computer vision, and machine learning to
deal with “curse of dimensionality” [4] for various appli-
cations, e.g., biometrics [29], [31], [35], [36], multimedia
information retrieval [1], [16], [17], [30], document cluster-
ing [8], [14], and data visualization [23]. Representative
spectral analysis based dimensionality reduction algo-
rithms can be classified into two groups: i) conventional
linear dimensionality reduction algorithms and ii) mani-
fold learning based algorithms.

Representative conventional linear dimensionality re-
duction algorithms include principal component analysis
(PCA) [20] and linear discriminant analysis (LDA) [13].
PCA maximizes the mutual information between original
high-dimensional Gaussian distributed measurements
and projected low-dimensional measurements. PCA,
which is unsupervised, does not utilize the class label
information. While, LDA finds a projection matrix that
maximizes the trace of the between-class scatter matrix
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and minimizes the trace of the within-class scatter matrix
in the projected subspace simultaneously. LDA is super-
vised since it utilizes class label information. The global
linearity of PCA and LDA prohibit their effectiveness for
non-linear distributed measurements.

Representative manifold learning based dimensional-
ity reduction algorithms include locally linear embedding
(LLE) [26], ISOMAP [32], Laplacian eigenmaps (LE) [3],
Hessian eigenmaps (HLLE) [11], and local tangent space
alignment (LTSA) [39]. LLE uses linear coefficients, which
reconstruct a given measurement by its neighbours, to
represent the local geometry, and then seeks a low-
dimensional embedding, in which these coefficients are
still suitable for reconstruction. ISOMAP, a variant of
MDS [12], preserves global geodesic distances of all pairs
of measurements. LE preserves proximity relationships
by manipulations on an undirected weighted graph,
which indicates neighbour relations of pairwise meas-
urements. LTSA exploits the local tangent information as
a representation of the local geometry and this local tan-
gent information is then aligned to provide a global coor-
dinate. HLLE obtains the final low-dimensional represen-
tations by applying eigen-analysis to a matrix which is
built by estimating the Hessian over neighbourhood. All
of these algorithms suffer from the out of sample problem
[5]. One common response to this problem is to apply a
linearization procedure to construct explicit maps over
new measurements. Examples of this approach include
locality preserving projections (LPP) [19], a linearization
of LE; neighbourhood preserving embedding (NPE) [18],
a linearization of LLE; orthogonal neighbourhood pre-
serving projections (ONPP) [22], a linearization of LLE
with the orthogonal constraint over the projection matrix;
and linear local tangent space alignment (LLTSA) [38], a
linearization of LTSA.

XXXX-XXXX/0x/$xx.00 © 200x |EEE



2 IEEE TRANSACTIONS ON KNOWLEDGE AND DATA ENGINEERING, MANUSCRIPT ID

TABLE 1
IMPORTANT NOTATIONS USED IN THE PAPER
Notation | Description Notation Description
X given dataset in a high-dimensional space L representation of part optimization
Y dimension-reduced dataset S, selection matrix
N size of the dataset X F indices for the i" patch
m dimension of original measurements Iy dxd identity matrix
d reduced dimension g [1,---,1]T cR'
R™ m -dimensional Euclidean space C; reconstruction coefficients in LLE
Cc number of classes W, weighting vector in LE
X, i patch Ry centralization matrix
X; given measurement in X H, Hessian matrix
N, number of measurements in i" class k number of neighbours
S; total scatter matrix g scaling factor
Sw within-class scatter matrix @, coefficients vector in DLA
Sg between-class scatter matrix U projection matrix

The above analysis shows that all the aforementioned
algorithms are designed according to specific intuitions
and solutions are given by optimizing intuitive and
pragmatic objectives. That is, these algorithms have been
developed based on the experience and knowledge of
field experts for their own purposes. As a result, common
properties and intrinsic differences of these algorithms
are not completely clear. Therefore, it is essential and
more informative to provide some a systematic frame-
work for better understanding the common properties
and intrinsic differences in algorithms.

In this paper, we propose such a framework termed
“patch alignment” to unify spectral analysis based di-
mensionality reduction algorithms. This framework con-
sists of two stages: part optimization and whole align-
ment. For part optimization, different algorithms have
different optimization criteria over patches, each of which
is built by one measurement associated with its related
ones. For whole alignment, all part optimizations are in-
tegrated to form the final global coordinate for all inde-
pendent patches based on the alignment trick, originally
used by Zhang and Zha [39]. This framework discovers
that: i) algorithms are intrinsically different in the patch
optimization stage; and ii) all algorithms share an almost
identical whole alignment stage. As an application of this
framework, we also develop a new dimensionality reduc-
tion algorithm, termed Discriminative Locality Alignment
(DLA), by imposing discriminative information in the
part optimization stage. Benefits of DLA are threefold: i)
because it takes into account the locality of measurements,
it can deal with the nonlinearity of the measurement dis-
tribution; ii) because the neighbour measurements of dif-
ferent classes are considered, it well preserves discrimin-
ability of classes; and iii) because it obviates the need to
compute the inverse of a matrix, it avoids the small sam-
ple size problem.

The rest of the paper is organized as follows: Section 2

introduces the proposed framework. In Section 3 we use
this framework to explain existing spectral analysis based
dimensionality reduction algorithms. In Section 4, DLA,
the new algorithm, is described. In Section 5 we evaluate
DLA in comparison with popular dimensionality reduc-
tion algorithms and Section 6 concludes.

For convenience, Table 1 lists important notations used
in the rest of the paper.

2 PATCH ALIGNMENT FRAMEWORK

Consider a dataset X , which consists of N measure-
ments X, (1<i<N) in a high-dimensional space R". That
is X =[%,-+, %, ]e R™" . The objective of a dimensionality
reduction algorithm is to compute the corresponding low-
dimensional representations Y =[¥,,--,y,]e R*" , where
d <m, of X . For the linear dimensionality reduction, it is
necessary to find a projection matrix U e R™, such that
Y =UTX . For the non-linear dimensionality reduction, it
is usually difficult to provide a explicit mapping to trans-
form measurements from a high-dimensional space to a
low-dimensional subspace.

In this framework, we first build N patches for each
measurement in the dataset. Each patch consists of a
measurement and its related ones, which depend on both
characteristics of the dataset and the objective of an algo-
rithm. Two cases are given in Fig. 1. As shown in Fig. 1a,
global patches should be built based on each measure-
ment and all the others, because measurements in this
case are Gaussian distributed. In Fig. 1b, measurements
are sampled at random from the S-curve manifold em-
bedded in a 3-dimensional space. In this case, local
patches should be built based on a given measurement
and its nearest neighbours to capture the local geometry
(locality). Global patches are usually built for conven-
tional linear algorithms, e.g., PCA and LDA, while local
patches are usually formed in manifold learning based
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global patch

Fig. 1. Framework lllustration

ones, e.g., LLE and LE. Section 3 gives details of building
patches for various algorithms. It is worth reminding that
each measurement is associated with a patch. For better
representation, we show only one patch for both Figs. 1a
and 1b. With these built patches, optimization can be im-
posed on them based on an objective function, and then
alignment trick [39] can be utilized to form a global coor-
dinate.

2.1 Part optimization

Considering an arbitrary measurement X, and its K re-
lated ones (e.g., nearest neighbours) Xil""'XiK , the matrix
X =[%,% % le R™ ™ is formed to denote the patch.
For X; , we have a part mapping f:X;—Y, and
Y, =[yi,yil,---,yik]eR““K”). The part optimization is de-
fined as

arg mYln tr(Y. LY, ) , 1)

where tr(-) is the trace operator; L, e REDKD encodes

the objective function for the ith patch; and L; varies with
the different algorithms.

2.2 Whole alighment

For each patch X;, there is a low-dimensional representa-
tion Y;. All Y; s can be unified together as a whole one by

assuming that the coordinate for the ith patch
Y, =[¥,¥,,, Y, ] is selected from the global coordinate
Y =[,,-+, Yy |, such that

Y, =YS,, )
where S, e R"** is the selection matrix and an entry is
defined as:

1 ifp=F{a}

S. — i

( ')"q {0 else, @)
where F ={i,ij,--,ii} denotes the set of indices for i

patch which is built by the measurement X; (or y;) and
its K related ones. Then, (1) can be rewritten as:

- TyT
arnglntr(YS.L.S. YT). 4)

By summing over all the part optimizations described
as (4), we can obtain the whole alignment as:

local patch
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=arg inntr(Y (ZSiLiSiTJYTJ ®)
i=1

_ . T

=argmintr(YLY"),

N
where L= ZS-L-S-T e RV
i=1

is the alignment matrix [39]. It

is obtained based on an iterative procedure:

L(F.F) < L(R.F)+L, (6)
for i=1---,N with the initialization L=0 . Note that
L(F,F) is a submatrix constructed by selecting certain
rows and columns from L according to the index set F,.

To uniquely determine Y , the constraint YY' =1, is
imposed on (5), where |, is a d xd identity matrix. The

objective function is then defined as:
: T T_
argmin tr(YLY ) StYYT=1,. )

For linearization [19], we can consider Y =U"X and (7)
is deformed as:

: T T T T —
agmintr(U'XLX'U) st UTXX'U=1,.  (8)

In addition, we can impose U'U = I, as another way to
uniquely determine the projection matrix U such that
Y =U"X . So, the objective function can be written as:

; T T T —
argmulntr(U XLX U) stuu=lI,. )

Equations (7), (8), and (9) are basic optimization prob-
lems which can be solved by using Lagrangian multiplier
method [21] and their solutions can be obtained by con-
ducting the generalized or standard eigenvalue decompo-
sition on XLX', ie, La=4a , XLX'@=AXX"a , and
XLX'@ = Aa, respectively. The optimal solution for (7),
(8), or (9) is the d eigenvectors associated with d small-
est eigenvalues.

3 UNIFYING VARIOUS ALGORITHMS OF
DIMENSIONALITY REDUCTION

Based on the proposed framework, in this section, we
unify various spectral analysis based dimensionality re-
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duction algorithms, e.g.,, LLE/NPE/ONPP, ISOMAP,
LE/LPP, LTSA/LLTSA, HLLE, PCA and LDA.

The proposed framework identifies that these algo-
rithms intrinsically differ in how to build patches and the
corresponding optimizations on patches. All algorithms
use an almost identical whole alignment procedure.
Therefore, for each algorithm, we mainly provide how to
build the patch X; and the part optimization L, .

3.1 LLE/NPE/ONPP

LLE represents the local geometry by using the linear
coefficients which reconstruct a given measurement X, by
its k nearest neighbours )—(gv"'l)—(. . Therefore, the patch is
X, —[ X ,)”(ikT and X, can be linearly reconstructed
from X, % as:

% =), % +(C),% ++(C), % +&, (10
where C; is a k -dimensional vector to encode reconstruc-
tion coefficients and &, is the reconstruction error. Mini-

mizing the error yields:
2

X - Zk:(éi )j X,

argmin| | = argmin
G Gi -1

(11)

=

With the sum-to-one constraint: Z(
computed in a closed form as: =t

ZGE
(Cu): E
S5

-X ) (X - %;) is called the local Gram ma-

: —1, C, can be

, 12)

where G =(X;

trix [27].

LLE assumes that C reconstructs both X, from
7(11' % in the high-dimensional space and Y, from
Y., Y, in the low-dimensional subspace. Based on this

point, the cost function can be reformulated as:

Ji —g(ﬁ)j Y,
e €

=arg mJntr(Y LY, )

2

- — 12 .
arg rrl>|n||ai [ =arg min

(13)

ol

where, L, :{ 41}[—1 ¢ ] :{ { MT} With L, (6), and
G -G GG
(7), we can obtain the low-dimensional representations

under the proposed framework.
In our framework, NPE [18] is the case that LLE
changes its objective function to (8) and it is the lineariza-
tion of LLE. ONPP [22] can be seen as the orthogonal lin-

earization of LLE and its objective function is given by (9).

3.2 ISOMAP

ISOMAP preserves the pairwise geodesic distances [32]
and its objective function is defined as

arg minZ(dG m, n)—d'(m,n))2 ,

where dg(m,n) is an approximated geode51c distance
between the m" measurement and the N measurement

(14)

in the high-dimensional space and d'(m,n) is the corre-
sponding Euclidean distance in the low-dimensional sub-
space. According to [32], these distances can be converted
to inner products [12]. Denoting Dg [d (m,n) :| as the
matrix whose entrles are appr0x1mated geode51c dis-
tances between the M" measurement and the N meas-
urement in the high-dimensional space, the inner product
matrix 7(Dg) is obtained by T(DG):—RNSGRN 12, where
(Se); =(Dg); ; Ry=1y-66,/N 1is the centralization
matrix; €, :[1 1] e]RN ; and Iy is an NxN identity
matrix. Therefore, the objective function of ISOMAP de-
scribed in (14) can be converted to:

argmin||z(D; ) - 7(Dy - (15)
Equation (15) can be further transformed to
. 2
arg mYln"r( D) —YTY"
(16)

=argmintr(7(Dg)7(Dg) —2Y7(Dg )Y +YYYTY),

Assuming that Y'Y is a constant matrix, (16) can be re-
formulated to

argmaxtr(Y (D )Y")

1
=argmax N tr[Y WT(DG)YTJ

_argm'?\thr( l}l (DGi)YiTj,

where D' (Ed })] , ds(F{m},F{n}) is the
approximate geode51c dlstance between the Fi{m}m
measurement and the F, {n}th measurement both of which
are on the i patch, and Y, =[y,,y,,---V; ] denotes the i*h
patch which is built by the given measurement ¥, and all
the rest ones y,,---y; . The patch is global because it
contains all measurements.

Equation (17) stands for the whole alignment for all
measurements. For each measurement, we have the part
optimization: argmaxtr(YLY ), where L, =(I/N)- ( )
With L, and (6), we can form the ahgnment rnatr1x L
which is equivalent to 7(Dg).

Note that ISOMAP is different from other non-linear
algorithms which have the constraint YY" =1, in (7). In
ISOMAP [32], the imposed constraint is
YY" =diag([4,.4]) , where 4 is the corresponding
eigenvalue of L and diag(-) is the diagonalisation opera-
tion.

3.3 LE/LPP

LE preserves the local geometry based on manipulations
on an undirected weighted graph, which indicates
neighbour relations of pairwise measurements. The objec-
tive function of LE is:

argmmZZ"yI ¥ || W (i j),

i=1 j=

(17)

(18)

where W e R™" is the relation matrix weighted by the
heat kernels [25]: W (i, j) exp(l ||X —X; | /t if X, is one of
the k nearest nelghbours of 'X; or X; 1s one of the k
nearest neighbours of X, otherwise O and t is a tuning
parameter.

To unify LE into the proposed framework, we rewrite
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(18) as
argmin 3355, () )
) j=1
where, yij , 1=1---,1, are | connected measurements of

the given measurement y; in the graph and W, is the | -

dimensional vector weighted by
(W) —expz x % " "'j“ Therefore, (19) can be reformu-
lated to
‘ (Yi - Yil)
argmin > tr P9, e 9, |diag(w,)
[y -
_( yi - yi, )
=arg mantr { }dlag(v”v)[ g II]YITJ (20)
K i=1 1
. N T
=argmin ;tr(Yi LY"),
where

" ) W

L = { :a }dlag -& nL]=|= ;
: -w  diag(W)

Y, :[yi,yill...’yil] i § :[1,.,,,1]T cR'

identity matrix.

Equation (20) serves as the whole alignment for all
measurements. For each measurement, we have the part
optimization: arg mlntr(Y L|YT) Therefore, the patch X, is
built by the givert measurement X and its connected
measurements x,l, . ,XII , which consist i) the k nearest
neighbours of the given measurement and ii) measure-
ments which see the given measurement as one of the k
nearest neighbours. With L; and (6), we can construct the
alignment matrix L which is equal to the Laplacian ma-
trix [3] used in LE. Finally, we can obtain the low-
dimensional representations by using (7). Note that in LE
[3], the imposed constraint is YDY' =1, ‘ where D is the
diagonal weighting matrix and D; Zj_l (i,j). In our
framework, D;=>"" (W ), +1.

In the proposed flramework LPP [19] is the lineariza-
tion of LE by using (8) as the objective function.

3.4 LTSA/LLTSA

LTSA uses tangent coordinates to represent the local ge-
ometry. The patch X, is defined the same as that in LLE.
To obtain the optimal tangent coordinates, LTSA has the
objective function on each patch:

arg min||X.Rk+1 -Q0,

and I, is an IxI

", (21)

where, R, =1,,,— emek+1 / k+1) denotes the centraliza-
tion matrix; &, =[1- 1J RM, Iy is a (k+1)x(k+1)
identity matrix; Q, e R™" is an orthonormal basis matrix
of the tangent space; and ©, e R”** is the tangent coor-
dinates corresponding to Q. The optimal Q, is the matrix
of d left singular vectors of X;R,,, corresponding to its
d largest singular values and the optimal tangent coor-
dinates ®, are defined as

0, :QiTXiRk+1~ (22)

Assume that there is an affine projection matrix, which
projects tangent coordinates ®; to the low-dimensional
coordinates Y; . Then, we have:

YR, =Ti®; +E;, (23)

where T, is the projection matrix and E; is the error term.

To preserve the local geometry in the low-dimensional
space, LTSA finds Y, and T, by minimizing the error E;:

. 2 - 2
arg TITP |E| =arg rlle':'"Yu Re.~TO (24)
Therefore, the optimal affine projection matrix
T, =Y,R,0; , where ©; is the Moore-Penrose generalized
inverse of ©,. Equation (24) can be written as:

arg nl,m ||Yi Rk+1( I k+l ®i+®i )"2 . (25)

Let V, denote the matrix of d right singular vectors of
X,R,; corresponding to its d largest singular values, (25)
can be converted to:

argmm"YRK+1 AN "

(26)

=arg n’lln tr(Y'Rk+1( Ik+1 _ViViT )(Ik+1 _ViViT ) Rk+1Y )

=arg mJntr(Y LYT),

where, L = Rk+1(|k+1 _ViViT )( I _ViViT )T Rea =R _ViViT .
With L, (6), and (7), we can obtain the low-dimensional
representations under the proposed framework.

LLTSA [38] is the linearization of LTSA and its objec-

tive function is defined by (8).

3.5HLLE

HLLE assumes the low-dimensional representations can
be obtained from a (d +1) -dimensional null-space of H
which indicates the curviness of the manifold M, if the
manifold is locally isometric to an open connected subset
of R".

H can be measured by averaging the Frobenius Norm
of the Hessians on the manifold as

)=J, IR (m

where f:X Y describes the smooth functions and H,
denotes the Hessian of f .

To define the Hessian, HLLE uses orthogonal coordi-
nates on the tangent planes of M“. Suppose that tangent
coordinates of X; are given by ©,, where X, is the patch
built by the given measurement and its nearest
neighbours. Let g((© ) )— f(x define a function on
g:U,—» R, where U, is the nelghbourhood formed by
the components of tangent coordinates of X;. The Hes-
sian of f at X in tangent coordinates can be defined as a
matrix, whose each entry is defined by:

(M7 (), =507 307 9(@)

7)),

| |-dm, 27)

©),=0"

(28)
p.q :]_,...,d .
HLLE uses Gram-Schmidt orthonormalization to esti-

mate each tangent Hessian, and one can refer to [11] for
the details. Using these tangent Hessians, H can be con-
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structed based under our framework as follows. For each
patch X,, we have L, =H,H,", where H, is the Hessian
matrix. With L; and (6), we can obtain the alignment ma-
trix L which is equivalent to H and on which the final
solutions can be found through the eigenvalue decompo-
sition as described in (7).

3.6 PCA
PCA maximizes the trace of total scatter matrix in the pro-
jected subspace, that is:
N
argmaxtr(S; ) =arg max tr(Z(Vi -y" )(Yi -y" )T J , (29
i i=1
where y" is the centroid of all measurements. To unify
PCA into the proposed framework, we rewrite (29) as:
N-1 N-1

arg mgxﬁ;tr[%[z;(yi -, )J[Z(yi -, )U (30)

= i1

where, V, , j=1---,N-1, are the rest measurements for

Vi . Equatjion (30) reduces to

(L))

(31)
N

_ T

=arg mYzlaxiZ:l:tr(YiLiYi ).
where,

1[N-1 ~ 1] (N-1 —(N-1)&,
s e e,

N _eN—l N _(N_l)eN—l eN—leN—l

\ :[yiinll"'vyiN,J;and €y :[l""'l]T eR".

Equation (31) can be seen as the whole alignment for all
measurements, each of which has the part optimization:
arg maxtr(Yi LiYiT). It is clear that the patch X, is built by
the given measurement X and all the rest ones X ,---,X .
It is global since it contains all measurements.

Under our framework, we can build the alignment ma-
trix L, with L, and (6). Because PCA is an orthogonal
linear algorithm, we can form its objective function based
on (9).

3.7 LDA

LDA tries to find the subspace that discriminates different
classes by minimizing the trace of the within-class scatter
matrix S, , while maximizing the trace of the between-
class scatter matrix S .

For S, , it has:

argmintr(S,)

=arg n;l(lp t{ii(?f” — yim)(yfn - yim)TJ ,

i-1 j-1

(32)

where, C is the number of classes; N; is the number of
measurements in the ith class; Vi( ) is the j measurement
in the it class; and y," is the centroid of the ith class. To
unify LDA into the proposed framework, we rewrite (32)
as:

N, -1

sorpon( 324509 S-)] | 9

i1 Ny U= =1

where, yij , j=L---,N, -1, are N, —1 rest measurements in

the same class of y; . Equation (33) reduces to

oSl ))

=arg nlinitr(Yi LiWYiT ),
-

where,

L %’N.J]:Nl{_(m AN —1)%;}

i N1 Ni _1) éN, E} éN, —1éN, —1T

(34)

Y=[ 99,09, |rand &, =[t 2] eRME

Equation (34) can be seen as the whole alignment for all
measurements, each of which has the part optimization:
argmintr (Yi LiWYiT) . Clearly, the patch X; is built by a
given measurement X, and the rest ones in the same class
%% . Itis global since it contains all measurements
in one class.

With L," and (6), we obtain the whole alignment under
the proposed framework:

H Wy T
arg mYlntr(YL Y ), (35)
which is equivalent to (32).
For S, it has:
argmaxtr(S; )
(36)

-argmaxt{ SN, (3 -97)(5-9°) |
i i=1

It is shown that we can only exploit the centroids of dif-
ferent classes to represent the between-class scatter. Equa-
tion (36) can be rewritten as:

argmax tr[g N, é(jzj(yim - Vﬁ)}(ii(yim - VT)) J/ (37)

where, )7:? , j=1---,C-1, are centroids of the different
classes from y,". Equation (37) reduces to

s 2l

S m m T
:,'jlr‘qrrlgxi;tr(Yi L®(v") )

where,

2
) R S )
C*| €., C*|—(C-1)e.,
Y =[ynyreyp, ] and &, =[1- 1] RO
Equation (38) can be seen as the whole alignment for all
centroids, each of ; which has the part optimization:
arg max tr(zYi'“LiB(Yim) . The patch X," is built by a given
centrbid X" and the rest centroids of different classes
)—(iT""inT,l . It is also global since it does not take the local
geometry into account.
With L® and (6), we can obtain the whole alignment:

(38)

-(c —1)éc1T} _

5 5 T
€€

arg max tr (Y mLe (Y " )T ) , (39)

—=m =

where Y™ :[yl,y'z“,m, yg] The above equation is equiva-

lent to (36).
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TABLE 2
SUMMARY OF THE MANIFOLD LEARNING ALGORITHMS

Algorithms | Patch: X; Representation of part optimization : L; | Objective function
LLE/ &7 Non-linear/
NPE/ Given measurement and its neighbours . } linear/
ONPP 76 GG orthogonal linear
ISOMAP Given measurement and the rest ones (YN)-z ( Dg' ) Non-linear
I - T
LE/ Given measurement and its connected Z_l(wi) i W, Non-linear/
LPP ones in the undirected graph = o linear
-W,  diag(W)
LTSA/ . . . Ri.s —ViV", where V; denotes d largest | Non-linear /
Given measurement and its neighbours . . .
LLTSA right singular vectors of X;R,; linear
HLLE Given measurement and its neighbours | H;H a Non-linear

Note that one can refer to Table 1 for the explanations of the notations in this table.

TABLE 3
SUMMARY OF THE CONVENTIONAL LINEAR ALGORITHMS
Algorithms | Patch: X; Representation of part optimization: L; | Objective function
| [ (N-1 -(N-De, ) -
PCA Given measurement and the rest ones — ~ L Orthogonal linear
N*|-(N-1)&,, & &,
2 —
Given measurement LY = i (Ni _1) _( N; _1) eN.—lT
Within-class | and the rest ones of a | " N?| (N, -1)g, , & & .
LDA same class ‘ o Dual-objective
p - optimization
Between- Given centroid of one . N[ (C _1)2 —(C-1)&.)
class class and the rest ones | L =7 (C-1)e & & T
of different classes c-1 C-1¥C-1

Note that one can refer to Table 1 for the explanations of the notations in this table.

Considering (35) and (39) together, we get the special
dual-objective optimization model which is different from
the other algorithms in our framework:

arg rrLintr(UTXLW X"U)
. stuu’ =1, (40)
arg mL?xtr(UTXmLB(Xm) U )
where, X" = [le Xavee, XQJ corresponds to Y". According
to the fashion of the original LDA, we have the following
criterion:

tr(UTXmLB(Xm)TU)
argmax
alt tr(UTXLYXU)
The above optimization can be converted to solving the
generalized eigenvalue problem as follows:

stuu’ =1, . (41)

X"LE(X") a=aXL"X"a, (42)

and the optimal solutions are the d eigenvectors associ-
ated with d largest eigenvalues.

3.7 Discussions

Discovered by the proposed unifying framework, all al-
gorithms have an almost identical whole alignment stage

and intrinsic differences of them are how to build patches
and the associated optimization, as shown both in the
above sub-sections 3.1-3.6 in detail and in Tables 2 and 3
briefly. Based on this point of view, we have the follow-
ing observations, which are helpful: i) to understand ex-
isting dimensionality reduction algorithms; and ii) to
guide us to design new algorithms with specific proper-
ties for dimensionality reduction.

Observation 1: patches in manifold learning algorithms
consider local geometry of measurements, while conven-
tional linear algorithms do not. In detail, LLE, LTSA, and
HLLE build each patch by a measurement and its nearest
neighbours. Each patch of LE consists of two parts: i) a
measurement x; and its nearest neighbours and ii) meas-
urements which deem X, as their nearest neighbours.
Each patch in PCA is built by all measurements in a data-
set. For LDA, there are two types of patches: i) each first
type patch is built by all measurements in a class and ii)
each second type patch is built by all centroids of differ-
ent classes. PCA and LDA build patches globally without
considering the local geometry so they cannot discover
the non-linear structure hidden in high-dimensional data.
ISOMAP builds global patches each of which contains all
the measurements like PCA. However, local geometry is
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still considered by ISOMAP since geodesic distances used
in the algorithm contain the neighbourhood information.

Observation 2: different types of geometry are pre-
served in patches. LLE preserves reconstruction coeffi-
cients, which are obtained in the original high-
dimensional space for patch representation, in the low-
dimensional subspace. LE preserves the nearby relations
of a patch. Both LTSA and HLLE preserve local geometry
represented by tangent coordinates of a patch. LTSA uses
the linear transformation on tangent coordinates, while
HLLE employs the quadratic form. ISOMAP preserves
pairwise geodesic distances of measurements on patches.
Among the manifold learning algorithms, LE has less
computational cost than others because it only minimizes
the sum of distances on local patches. PCA and LDA pre-
serve the global geometry by minimizing or maximizing
scatters of each patch.

4 DLA: DISCRIMINATIVE LOCALITY ALIGNMENT

In this section, a new linear discriminative dimensionality
reduction algorithm termed Discriminative Locality
Alignment (DLA) is developed as an application of the
proposed framework. In DLA, the discriminative infor-
mation, i.e., labels of measurements, is imposed on the
part optimization stage and then the whole alignment
stage constructs the global coordinate in the projected
low-dimensional subspace.

4.1 Part optimization

For a given measurement ¥;, according to the label in-
formation, we can divide the other measurements into
two groups: measurements in the same class with X, and
measurements from different classes with X;. We select
k, nearest neighbours with respect to X, from measure-
ments in the same class with X and term them
Neighbour Measurements of a Same Class: X,,---,X,, . We
select k, nearest neighbours with respect to X, from
measurements in different classes with X, and term them
Neighbour Measurements of Different Classes denoted by
)“(i1,~-~,)“(ik . By putting X, Xy Xy s and )”(il,m,)"(ikz together,
we can build the local patch for the measurement X, as
Xi = %Xy K X %
For each patch, the corfesponding output in the low-
dimensional space is denoted by
Y, =[yi,yil,---,yikl,yil,---,yikz] In the low-dimensional
space, we expect that distances between the given meas-
urement and the Neighbour Measurements of a Same
Class are as small as possible, while distances between
the given measurement and the Neighbour Measure-
ments of Different Classes are as large as possible. Fig. 2
illustrates this idea. The left part of the figure shows the
it patch in the original high-dimensional space and the
patch consists of X, Neighbour Measurements of a Same
Class (i.e., Xil , )?iz , and X ), and Neighbour Measure-
ments of Different Classes (i.e., X, and X ). The expected
results on the patch in the low-dimensional space are
shown as the right part of the figure. Low-dimensional
measurements yi1 P Viz , and Vig are as close as possible to
¥, while low-dimensional measurements y; and Y, are

local patch

Fig. 2. Part optimization of DLA. The measurements with the same
shape and color come from the same class.

as far as possible away from Y, .

For each patch in the low-dimensional subspace, we
expect that distances between Y, and the Neighbour
Measurements of a Same Class are as small as possible, so
we have:

A

kl
argmin . (43)
Yi j=1
Meanwhile, we expect that distances between y; and
the Neighbour Measurements of Different Classes are as
large as possible, so we have:
k2
Since the patch formed by the local neighbourhood can
be regarded approximately linear [27], we formulate the

part discriminator by using the linear manipulation as
follows:
2)

ke ky
arg myin[Z"Vi AR S
oUj=tL p=1

where S is a scaling factor in [0,1] to unify different
measures of the within-class distance and the between-

class distance. Define the coefficients vector
T

Vi - yip ||2 .

arg max
Y

(44)

(45)

Ky ky

—_—— ———
CT)i: 1, Ty 11 _ﬂy ] _ﬂ 4 (46)
then, (45) reduces to:
ky ka 2
arg mjn[Z"Vi -, ||2(67)i)j + Z"Yi - " (@i)ka
Yi j=1 p=1
. ky +ky 2
:argmy_ln( 2 V60 = Yeim (5%)1]
A 47)
_ intrl v _ékl*KzT diag(a )| =& | Y"
maromn | 0@ e Y
=arg rnY_intr(Yi LY"),
where
ky +k,
- T
@), O
L=l = (@), ; (48)
-, diag(@)

F :{i,il,“-,i'“,il,-“,ikz} is the set cT)f indices for measure-
ments on the patch; &, =[1---1] eR"“";and I, isa
(k, +k;)x(k +k,) identity matrix.
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4.2 Whole alighment

With the constructed part optimization L;, the matrix L
can be built to achieve the whole alignment by (6). To
obtain the linear and orthogonal projection matrix U
with d columns, the objective function is designed as (9)
and then the problem is converted to a standard eigen-
value problem. Different from algorithms, e.g., LDA, LPP,
and Marginal Fisher Analysis (MFA) [37], which lead to a
generalized eigenvalue problem, DLA successfully avoids
the matrix singularity problem since it has no inverse op-
eration over a matrix. However, the PCA step is still rec-
ommended to reduce noise. The procedure of the pro-
posed DLA is listed as follows:

1. Use PCA to project the dataset X to the subspace by
eliminating useless information. To keep it simple,
we still use X to denote the dataset in the PCA sub-
space in the following steps. We denote by U, the
PCA projection matrix. Note that this step is optional.

2. For each measurement X in dataset X , i=1---,N,
search k; Neighbour Measurements of a Same Class
and k, Neighbour Measurements of Different
Classes, and then build the patch
Xi :[Xiliil'...’Xik1'x.i1"..’iik ] .

3. Compute the matrix L, 2by (48), construct the align-
ment matrix L by the iterative procedure described
as (6).

4. Solve the standard eigenvalue  problem:
XLX'G =AU to obtain the DLA projection matrix
Upia =[0,,0,--+,U, ], whose vectors are the eigenvec-
tors corresponding to the d smallest eigenvalues.
The final projection matrix is as follows:

u=u PCAU DLA * (49)

5 EXPERIMENTS

This section evaluates the performance of the proposed
DLA in comparison with six representative algorithms,
i.e, PCA [34], Generative Topographic Mapping (GTM)
[6], [7] Probabilistic Kernel Principal Components Analy-
sis (PKPCA) [33], [40], LDA [2], SLPP (LPP1 in [10]) and
MFA [37], on three face image databases, i.e., YALE [2],
UMIST [15], and FERET [24]. Among these algorithms,
PCA, PKPCA and GTM are unsupervised algorithms
which do not consider the class label information. A semi-
linear GTM described in [7] is used, since the standard
GTM [6] grows exponentially with number of latent di-
mensions and lead to a high computational complexity in
real applications. SLPP and MFA are recently proposed
manifold learning based algorithms. All face images from
three databases were cropped with reference to the eyes
and cropped images were normalized to the 40x40 pixel
arrays with 256 gray levels per pixel. Each image was
reshaped to one long vector by arranging its pixel values
in a fixed order.

All datasets constructed from each database were ran-
domly divided into three separate sets: training set, valida-
tion set and testing set. Training set was used to learn the
low-dimensional subspace along with the projection ma-
trix. Validation set was used to determine the optimal
parameters in algorithms. For the proposed DLA algo-

Fig. 3. Sample images from YALE.

rithm, the important parameters include k; (the number
of Neighbour Measurements of a Same Class), k, (the
number of Neighbour Measurements of Different Classes),
and d (the subspace dimension). Testing set was used to
report the final recognition accuracy. During both valida-
tion and testing phases, the Nearest Neighbour (NN) rule
was used in classification.

For all algorithms but PCA itself, the first step is the
PCA projection. Because the number of measurements is
often much smaller than the dimension of measurements,
ie, N <<m, we retain N —C dimensions in the PCA step
to ensure S, (referring to [2]) in LDA and
X (D P-W?* ) XT (referring to [37]) in MFA nonsingular for
both LDA and MFA algorithms. Since DLA has no singu-
larity problem, in the algorithm PCA subspace is set N —1
dimensions and all the energies can be preserved in this
step. The same is true of KPCA and GTM. In SLPP, we
only need to ensure XXT is full rank, so we can retain

N -1 (referring to [10]) dimensions in PCA subspace.

5.1 YALE

The YALE database [2] contains face images collected
from fifteen individuals, eleven images for each individ-
ual and showing varying facial expressions and configu-
rations. Fig. 3 shows the image set for one individual. For
training, we randomly selected different numbers (3, 5, 7,
9) of images per individual, used 1/2 of the rest images
for validation, and 1/2 of the rest images for testing. Such
trial was independently performed ten times, and then
the average recognition results were calculated. Fig. 4
shows the average recognition rates versus subspace di-
mensions on the validation sets, which help to select the
best subspace dimension. Table 4 reports the final recog-
nition rates (%) on the testing sets. It can be seen that
DLA outperforms the other algorithms. Table 4 also pro-
vides the optimal values of the parameters k, and k, for
DLA, which are crucial because they have the special
sense for building the local patches. In Section 5.5, we will
describe how to determine k, and k, for DLA.

5.2 UMIST

The UMIST database [15] consists of a total of 564 face
images of twenty people. The individuals are a mix of
race, sex and appearance and are photographed in a
range of poses from profile to frontal views. Fig. 5 shows
some images of an individual. For each individual, differ-
ent number (3, 5, 7, 9) of images were randomly selected
for training, 1/2 of the rest were used for validation and
1/2 of the rest were used for testing. We repeated these
trials ten times and computed the average results. Fig. 6
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Fig. 4. Recognition rate vs. subspace dimension on the validation sets of YALE. (a) three measurements for training. (b) five measurements
for training. (c) seven measurements for training. (d) nine measurements for training.

TABLE 4
BEST RECOGNITION RATES (%) OF SEVEN ALGORITHMS ON THE TESTING SETS OF YALE

Number of Training 3 5 7 9

PCA 50.50 (44) 56.44(21) 64.00 (46) 62.67 (19)
GIM 52.00 (34) 60.22 (71) 65.33 (74) 66.00 (64)
PKPCA 53.50 (44) 60.44 (71) 66.67 (58) 67.33 (51)
LDA 61.33 (12) 73.11 (14) 76.67 (13) 80.00 (14)
SLPP 64.17 (13) 74.00 (14) 80.67 (14) 80.67(14)
MFA 61.00 (13) 74.67 (14) 79.67 (21) 82.00 (35)
DLA 66.83 (15,2,2) | 78.89(23,2,1) 81.33 (13,4, 2) 85.33 (30, 4, 4)

For PCA, PKPCA, GTM, LDA SLPP, and MFA, the numbers in the parentheses are the selected subspace dimensions. For DLA, the
first numbers in the parentheses are the selected subspace dimensions, the second and the third numbers are the parameters K, and

k, , respectively.

Fig. 5. Sample images from UMIST.

shows the recognition rates versus subspace dimensions
on the validation sets and Table 5 lists the final recogni-
tion rates (%) on the testing sets. Again, DLA performs
better than the other algorithms.

5.3 FERET

The FERET database [24] contains a total of 13,539 face
images of 1,565 subjects. The images vary in size, pose,
illumination, facial expression and age. We randomly
selected 100 individuals, having seven images. Fig. 7
shows images of one individual. We randomly chose dif-
ferent number (3, 5) of images per individual for training,
1/2 of the rest were used for validation and 1/2 of the
rest were used for testing. All the trials were repeated ten
times, and we then calculated the average recognition
results. The recognition rates versus subspace dimensions
on the validation sets are given in Fig. 8 and the final rec-
ognition rates (%) on the testing sets are list in Table 6.
DLA outperforms the other algorithms.
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Fig. 6. Recognition rate vs. subspace dimension on the validation sets of UMIST. (a) three measurements for training. (b) five measure-
ments for training. (c) seven measurements for training. (d) nine measurements for training.

TABLE 5

BEST RECOGNITION RATES (%) OF SEVEN ALGORITHMS ON THE TESTING SETS OF UMIST
Number of Training 3 5 7 9
PCA 71.13 (58) 82.86 (99) 90.62 (71) 93.79 (69)
GIM 73.17 (49) 84.08 (74) 90.93 (112) 94.98 (98)
PKPCA 74.04(58) 84.82 (99) 93.16 (110) 95.02 (112)
LDA 78.23 (16) 88.24 (19) 93.82 (19) 95.10 (19)
SLPP 75.58(19) 85.92 (19) 91.91 (19) 93.36 (19)
MFA 79.55 (20) 90.00 (17) 94.76 (31) 96.05 (27)
DLA 84.04 (40,2,1) | 93.35(44,2,2) 96.76 (33,4, 5) 98.58 (24, 6, 5)

For PCA, PKPCA, GTM, LDA SLPP, and MFA, the numbers in the parentheses are the selected subspace dimensions. For DLA, the
first numbers in the parentheses are the selected subspace dimensions, the second and the third numbers are the parameters K, and

k, , respectively.

Fig. 7. Sample images from FERET.

5.4 Building patches

In this subsection, we study effects of k; (the number of
Neighbour Measurements of a Same Class) and k, (the
number of Neighbour Measurements of Different Classes)
on the recognition rates in the validation phase based on
the YALE database with nine measurements in each class
for training. The selected subspace dimension was fixed

to 30.

By fixing Kk, to an arbitrary value and varying k; from
1to N; -1 (= 8), we can obtain the recognition rate curve
with respect to k; as shown in Fig. 9a. There is a peak on
the curve when k, =4. By fixing k, =4 and varying kK,
from 0 to N—N,; (= 126), another recognition rate curve
with respect to k, can be obtained as shown in Fig. 9b.
There is a peak on the curve when k, =4. By varying k,
from 1 to 8 and k, from 0 to 126 simultaneously, the rec-
ognition rate surface can be obtained as shown in Fig. 10.
In this figure, there is a peak which corresponds to k =4
and k, =4, so, the local neighbourhood in DLA character-
izes the discriminability better than global structure.

11
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Neighbour Measurements of Different Classes.

TABLE 6
BEST RECOGNITION RATES (%) OF SEVEN ALGORITHMS ON
THE TESTING SETS OF FERET

Number of Training | 3 5

PCA 41.45 (88) 51.20 (78)
GTM 43.15 (114) 52.90 (67)
PKPCA 43.65 (94) 53.10 (114)
LDA 50.05 (38) 54.50 (52)
SLPP 48.95 (99) 55.10 (99)
MFA 55. 05 (48) 57.20 (41)
DLA 87.90 (17,1, 6) | 93.00 (30, 2, 6)

For PCA, PKPCA, GTM, LDA SLPP, and MFA,
parentheses are the selected subspace dimensions. For DLA, the first
numbers in the parentheses are the selected subspace dimensions, the
second and the third numbers are the parameters kK, and K, , respectively.

the numbers in the

5.5 Discussion

Based on the experimental results in the subsections 5.1-

5.4, we have the following observations:

1. DLA considers both the discriminative information
and the locality of measurements. Therefore it works
better that LDA, PCA, and SLPP. Although MFA
takes these two aspects into account, it might not be

2.

Recognition rates

a joout
e\ es
. 0 b 0(“;\ erent C1oSS
3 o

Fig. 10. Recognition rates vs. the number of Neighbour
Measurements of a Same Class and the number of
Neighbour Measurements of Different Classes.

as good as DLA in terms of classification accuracy.
This is because some discriminative information is
discarded by the PCA step in MFA;

in experiments on building patches, by setting k =8

and k,=126 , DLA is similar to LDA because the
global structure is considered. With this setting, DLA
ignores the local geometry and performs poorly for
classification. Therefore, by setting k, and k, suitably,
DLA captures both the local geometry and the dis-
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criminative information of measurements. It is not
necessary to traverse all possible values of k; and k,
for parameter selection because k; and k, are usually
small to represent the locally Euclidean property; and

3. it is demonstrated by Figs. 4a, 4b, 4c, 6a, and 6b:
when an optimal value of DLA subspace dimension
is achieved (i.e., classification error is minimized), the
classification accuracy decreases fast while the di-
mension of DLA subspace is increased. This is be-
cause the effective DLA subspace is determined by
the rank of XLX' (as described in (9)), which de-
pends on the cardinality of the training set (N ) if
m>> N . In Figs. 4a, 4b, 4c, 6a, and 6b, cardinalities of
training sets are 45, 75, 105, 60, and 100, respectively.
These low cardinalities limit the dimension of effec-
tive DLA selected subspaces and thus the classifica-
tion accuracies drop quickly after the dimension of
DLA subspace achieves an optimal value.

6 CONCLUSIONS

In this paper, a unifying framework, “patch alignment”,
was proposed as a powerful analysis and development
tool for dimensionality reduction. It implements the idea,
“part optimization and whole alignment”. The proposed
framework was first applied to reformulate various exist-
ing spectral analysis based dimensionality reduction al-
gorithms into a unified form, allowing the different algo-
rithms to be analyzed and compared. Different algo-
rithms were shown to construct whole alignment matri-
ces (for global coordinate construction in the subspace) in
an almost identical way, but vary with patch optimiza-
tions (associated with different measurements and have
different objectives on these built patches).

Based on this framework, we developed a new dis-
criminative dimensionality reduction algorithm, Dis-
criminative Locality Alignment (DLA). DLA can be seen
as a special case of the framework and it: 1) overcomes
the nonlinear distribution of measurements; 2) preserves
the discriminative ability; and 3) avoids the matrix singu-
larity problem. Experimental results show the effective-
ness of DLA on YALE, UMIST, and FERET face image
databases in comparison with popular dimensionality
reduction algorithms.
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