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Abstract. Path-following methods for primal-dual active set strategies requiring a regulariza-
tion parameter are introduced. Existence of a primal-dual path and its differentiability properties
are analyzed. Monotonicity and convexity of the primal-dual path value function are investigated.
Both feasible and infeasible approximations are considered. Numerical path-following strategies are
developed and their efficiency is demonstrated by means of examples.
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1. Introduction. Primal-dual active set strategies or, in some cases equiva-
lently, semismooth Newton methods, were proved to be efficient methods for solving
constrained variational problems in function space [1, 9, 10, 11, 12, 13]. In certain
cases regularization is required, resulting in a family of approximating problems with
more favorable properties than those of the original one, [12, 13]. In previous work [13]
convergence, and in some cases rate of convergence, with respect to the regularization
parameter was proved. In the numerical work the adaptation of these parameters was
heuristic, however. The focus of the present investigation is on an efficient control
of the regularization parameter in the primal-dual active set strategy for a class of
constrained variational problems. To explain the involved issues we proceed mostly
formally in this section and consider the problem

min J(v) over v € X

1

) s.t. Gu <,
where 7 is a quadratic functional on a Hilbert space X, and G: X — Y. It is assumed
that Y C L?(Q) is a Hilbert lattice with ordering < induced by the natural ordering
of L?(2). We note that (1) subsumes problems of very different nature. For example,
for the control constrained optimal control problem

rnin%|y—z|%2 + Slul3,
st. —Ay=wu in Q, y=0 on 09,
u <1 ae. in €,

with  a bounded domain in R", z € L*(Q), a > 0, one can use y = (—A)~1u, where
A denotes the Laplacian with homogenous Dirichlet boundary conditions, and arrive
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at

min%|(—A)_1u -z + %|u|2
s.t. u < a.e. in

which is clearly of the form (1). For J(v) = 3 [, |Vv[?dz — [, fv, X = H}(Q),
and G = I we obtain the classical obstacle problem. For state constrained control
problems with y < i one has

min%|(—A)_1u -z + %|u|2
s.t. (=A)"tu <9 ae. in Q,

which is also of the form (1). From the point of view of duality theory these three
problems are very different. While it is straightforward to argue the existence of a
Lagrange multiplier in L2(2) for the control constrained optimal control problem, it is
already more involved and requires additional assumptions to guarantee its existence
in L%(Q) for obstacle problems, and for state constrained problems the Lagrange
multiplier is only a measure. If we resort to a formal discussion, then in either of
these cases we arrive at the optimality system of the form

@) J'(0) + G*A =0,
A =max(0, A + ¢(G(v) — ) )
for any fixed ¢ > 0. Here, G* denotes the adjoint of G. The second equation in (2) is
equivalent to A > 0, G(v) < v, and A(G(v) —¢) = 0.
Continuing formally, the primal-dual active set strategy determines the active set
at iteration level k by means of

Ary1 = A{z € Q: A(2) + (G (or)(z) — ¥ (2)) > 0},
assigns the inactive set Zp11 = Q\ Ag41, and updates (v, A) by means of

3) T (Vg+1) + G*XAgy1 =0,
M+1 =0 on Zyi1, (G(ogs1) —¥)(x) =0 for = € Agyq.

These auxiliary problems require special attention. For obstacle problems the con-
straint vi41 = ¥ on Ag41 induces that the associated Lagrange multiplier A\g41 is in
general less regular than the Lagrange multiplier associated with v < 9 for the original
problem; see, e.g., [13]. For problems with combined control and state constraints it
may happen that due to the assignment on Z;41 and Ag41, (3) has no solution while
the original problem does. For these reasons in, e.g., [9, 12, 13] the second equation
in (2) was regularized, resulting in the family of equations

J'(v)+ G*X =0,
(4) {

A = max(0, A +v(G(v) — ¥)),

where ) is fixed, possibly A = 0, and v € R*. In the above-mentioned references it

was shown that under appropriate conditions the solutions (v, Ay) to (4) exist, the

quantity A, enjoys extra regularity, and (v, Ay) converge to the solution of (2) as
+

v — oo™,
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In previous numerical implementations the increase of v to infinity was heuristic.
As the system (4) becomes increasingly ill-conditioned as «y tends to oo, in this paper
a framework for a properly controlled increase of y-values will be developed in order to
cope with the conditioning problem. In fact, in a typical algorithmic regime for solving
(1) one uses the solution (v, A,) to (4) for some ~y as the initial guess for the solution to
(4) for the updated y-value v > ~. Typically, if v+ > ~, then (v,, A,) is only a poor
approximation of (v,+, Ay+), which in addition to numerical linear algebra issues (like
ill-conditioned system matrices) causes severe stability problems for iterative solvers
for (4) such as semismooth Newton methods. Together with developing a new ~-
update strategy, we aim at solving the auxiliary problems (4) only inexactly to keep
the overall computational cost low. To this end we define neighborhoods of the path
which allow inexact solutions and which contract in a controlled way towards the
path as the iteration proceeds. Our work is inspired by concepts from path-following
methods in finite dimensional spaces [4, 5, 16, 18, 19]. We first guarantee the existence
of a sufficiently smooth path v — (v,,Ay), with v € (0,00) in appropriately chosen
function spaces. Once the path is available it can be used as the basis for updating
strategies of the path parameter. Given a current value v, with associated primal and
dual states (v+,, Ay, ), the y-update should be sufficiently large to make good progress
towards satisfying the complementarity conditions. On the other hand, since we are
not solving the problems along the path exactly, we have to use safeguards against
steps which would lead us too far off the path. Of course, these goals are impeded by
the fact that the path is not available numerically. To overcome this difficulty we use
qualitative properties of the value function, like monotonicity and convexity, which can
be verified analytically. These suggest the introduction of model functions which will
be shown to approximate the value functional along the path very well. We use these
model functions for our updating strategies of v. In the case of exact path-following we
can even prove convergence of the resulting strategy. In the present paper the program
just described is carried out for a class of problems corresponding to contact problems.
State constrained optimal control problems require a different approach that will be
considered independently. As we shall see, the (infinite dimensional) parameter A can
be used to guarantee that the iterates of the primal variable are feasible. Further, it
turns out that the numerical behavior of infeasible approximations is superior to the
feasible ones from the point of view of iteration numbers.

Interior point methods also require an additional parameter, which, however,
enters into (2) differently. For the problem under consideration here, the interior-
point relaxation replaces the second equation in (2) by

(5) Mz) (4 — G(v))(z) = % for z € Q.

Path-following interior-point methods typically start strictly feasible, with iterates
which are required to stay strictly feasible during the iterations while satisfying, or
satisfying approximately, the first equation in (2) and (5). Path-following interior-
point methods have not received much attention for infinite dimensional problems
yet. In fact, we are aware of only [17], where such methods are analyzed for optimal
control problems related to ordinary differential equations. For the problem classes
that we outlined at the beginning of this section, the primal-dual active set strategy
proved to be an excellent competitor to interior-point methods, as was demonstrated,
for example, in [1] comparing these two methods.

This paper is organized as follows. Section 2 contains the precise problem for-
mulation and the necessary background on the primal-dual active set strategy. The
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existence and regularity of the primal-dual path is discussed in section 3. Properties
of the primal-dual path value functional are analyzed in section 4. Section 5 contains
the derivation of the proposed model functions for the primal-dual path value func-
tional. Exact as well as inexact path-following algorithms are proposed in section 6,
and their numerical behavior is discussed there as well.

2. Problem statement, regularization, and its motivation. We consider

min § a(y,y) — (f,y) over ye H}(Q)
sty <,

(P)

where f € L*(Q2), ¢ € H'(Q), with ¢9q > 0, where Q is a bounded domain in
R™ with Lipschitz continuous boundary 9€2. Throughout, (-,-) denotes the standard
Ly(Q)-inner product, and we assume that a(-,-) is a bilinear form on H}(Q) x H}(Q2)
satisfying

(6) a(v,v) > V‘Uﬁv{% and a(w, z) < plw|g|z|m

for some v > 0, p > 0 independent of v € H}(Q) and w,z € H'(Q2). Here and
throughout we use |v|y1 = [Vv|g2 for v € Hj(Q), which defines a norm on Hg ()

due to Friedrichs’ inequality, and |w|g: = (|w|2. + [Vw|2,)*/? denotes the standard
H'-norm; see, e.g., [2]. Moreover, let A: Hi(2) — H~1(Q) be defined by

a(v,w) = (Av,w)g-1 gz forall v,w € Hi(Q).

It is well known that (P) admits a unique solution y* € H}(Q) with associated
Lagrange multiplier \* = —Ay* + f, satisfying the optimality system

(7) Cl(y*J)) + </\*aU>H*1,H6 = (fv U)a
Ny =g g =0, y* <9, (A", v) <0 forall v<0.

This also holds with f € H~1(Q2). Under well-known additional requirements on a, 1,
and (Q, as for example

®) a(v,w) = [o(X aijvg,we, +dvw), with a;; € CHQ),d € L=(9),
d>0, € H?*(Q),00 is CH or Q isa convex polyhedron,

we have (y*, \*) € H2(2) x L?(Q2), and the optimality system can be expressed as
(©) Ay*+ X =f in  L*Q),
A= (N +c(y* — )T for some ¢ >0,

where (v)T = max(0,v); for details see, e.g., [14].

Our aim is the development of Newton-type methods for solving (7) or (9), which
is complicated by the system of inequalities in (7) and the nondifferentiable max-
operator in (9). In the recent past significant progress was made in the investigation
of semismooth Newton methods and primal-dual active set methods for coping with
nondifferentiable functionals in infinite dimensional spaces; see, for instance, [10, 15].
A direct application of these techniques to (9) results in the following algorithm.
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ALGORITHM A.
(i) Choose ¢ >0, (yo,Xo); set k= 0.
(i) Set Axi1 = {z € Q: Ap(z) + c(yr(z) — ¥(x)) > 0}.
iii) Compute yj41 = argmin {5 a(y,y) — (f,y): y = ¢ on A1}
) Let Agt1 be the Lagrange multiplier associated with the constraint in (iii),
with Ak:—i—l =0on \ Ak+1.
(v) Set k:=k+1 and go to (ii).
The optimality system for the variational problem in (iii) is given by

v

(
(

o) { a(yrs1,0) + e, 0) s gy = (fo0) for all v € HY(Q),

Yer1 =¥ on Apgp1, App1 =0 on Ty = Q\ Apyr.

This corresponds to (3) in our introductory discussion. The Lagrange multiplier
associated with the constraint y = ¥ on Ag41 is in general only a distribution in
H~1(Q) and is not in L?(Q2). In fact, A\py; is related to the jumps in the normal
derivatives of y across the interface between Aji1 and Zp4q [13]. This complicates
the convergence analysis for Algorithm A since the calculus of Newton (or slant)
differentiability [10] does not apply. We note that these difficulties are not present
if (7) or (9) is discretized. However, they are crucial for the treatment of infinite
dimensional problems, and as such they are generic. Analogous difficulties arise for
state constrained optimization problems, for inverse problems with BV-regularization,
and for elasticity problems with contract and friction, to mention a few. This suggests
the introduction of regularized problems, which in our case are chosen as

(P ming aly) = (F)+ 5 [ 1G+9= )P overy € HY(®),

where v > 0 and A € L2(Q2), A > 0 are fixed. For later use we denote the objective
functional of (P,) by J(y;7). The choice of A will be used to influence the feasibility
of the solution y, of (P,). Using Lebesgue’s bounded convergence theorem to dif-
ferentiate the max under the integral in J(y;~), the first order optimality condition
associated with (P,) is given by

(0C.) a(yy,v) + (Ay,v) = (f,v) for all ve H}(Q),
! Ay =A+(yy —¥)7T,
where (y, \y) € H(Q) x L*(Q). With (8) holding, we have y, € H*(2). The primal-
dual active set strategy, or equivalently the semismooth Newton method, for (Py) is
given next. For its statement and for later use we introduce x 4x+1, the characteristic
function of the set AFt1 C Q.

ALGORITHM B.

(i) Choose A >0, (yo,Ao); set k = 0.

(ii) Set Agpy1 ={z € Q: Az) +y(yr(z) — (2)) > 0}, Ty = @\ Agy1.

(i) Solve for g1 € HA(): alyes1,0)+ (A+1(gks1 — )Xy s 0) = (fo0) for

all v e H}HQ).
(iv) Set

A\ _ { Q on Zy41,
i A+ Y(Yry1 —¥)  on Ay
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Algorithm B was analyzed in [13], where global as well as locally superlinear con-
vergence for every fixed v > 0 were established. However, the choice and adaptation
(increase) of 4 was heuristic in [13] and earlier work. The focus of the present in-
vestigation is the automatic adaptive choice of 7. We shall utilize the following two
results, which we recall from [13] where the proofs can also be found.

PROPOSITION 2.1. The solutions (y,,Ay) to (OCy) converge to (y*, \*) in the
sense that y, — y* strongly in H}(Q) and A\, — \* weakly in H=1(2) as v — oo.

We say that a satisfies the weak maximum principle if for any v € H}(£2)

(11) a(v,v") <0 implies v = 0.

PROPOSITION 2.2. Assume that (1}) holds and let 0 < 1 < v9 < 00.
(a) In the infeasible case, i.e., for A =0, we have y* <y, <y, .
(b) In the feasible case, i.e., if

(12) A>0 and (A= f+ A, v) -1 gz >0 for all v e Hy(),
with v > 0, then Yy, < yy, <y* <.

3. The primal-dual path. In this section we introduce the primal-dual path
and discuss its smoothness properties.

DEFINITION 3.1. The family of solutions C = {(y,\y): v € (0,00)} to (OC,),
considered as subset of H}(Q) x H~Y(Q), is called the primal-dual path associated with
(P).

For r > 0 we further set C, = {(y,,A,): v € [r,00)}, and with some abuse of
terminology we also refer to C, as a path. In the following lemma we denote by g the
solution to the unconstrained problem

(P) min J(y) = 3 aly.y) — (f.y)  over y € HY(Q).

Subsequently, in connection with convergence of a sequence in function space we
use the subscript “weak” together with the space to indicate convergence in the weak
sense.

LEMMA 3.2. For each r > 0 the path C, is bounded in H}(Q) x H=Y(Q), with
iy o0 (s Ay ) = (y*, A*) in Ha (Q) x H™Y(Q)wear- For X = 0 the path Cq is bounded
in Hy(Q) x H™1(Q), with lim,_ g+ (yy, \y) = (§,0) in Hj(Q) x L*(1).

Proof. From (OC,) we have for every v > 0

(13) a(yy Yy = ¥") + Ay uy —y7) = (fy7 —¥7).
Since A, = max(0, A +v(y, — 1)) > 0 and ¢ — y* > 0 we have

. A D
()"yay'y*y ): ()"ya,yJFy'yijwy '7)

uwﬁ+w%—w»—§uwm

v

1
v
1

= ~ [‘)‘7‘%2 - ()‘775\)} :

Combined with (13) this implies that

1 . 1 s
(14) a(Yrs yy) + S A 72 < alyy, y) + (foyy —y") + 5 (AN A).
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This estimate, (6), (OC,), and the Poincaré-Friedrichs inequality imply that C, is
bounded in H{(Q) x H1(Q) for every r > 0. In fact, for w > 0 satisfying w|y|%;; <
ly|2,., we have

0

1
W|y’y|H1 + = |)‘ ‘LZ < a(y%y’y) ; |)"y‘%2

* 1 A}
< plyy e [y w1 fla— (Yl + |y ) + 5 [Alzz [Ay ]2

w

1
< Syl + = i+ 2 Sl 4+ oo T

1 1< \
+ §|>\v|%2 + %MFLQ + [ fla= 1y,
and hence
w 1 7 1 . JR.
Z|y~/|§{1 + 2 Ay 172 < ;|y %1 + % |fla— + 1 fla— [y |a + % A7

This estimate implies that {y, : v > r} is bounded in H{ () for every r > 0. The
first equation of (OC,) implies that {\, : v > r} is bounded in H () as well. From
Proposition 2.1 we have that limy . (yy, Ay) = (y*, A*) in H{(Q) x H Q) wear- If
A = 0, then from (14), (6), and (OC,) the path C, is bounded in H}(Q2) x H~1(f)

and A\, — 0 in L?(2) for v — 0. From (OC,) and the optimality condition for (P)
we have

a(y’y *Q,y'y *ZJ) =+ ()"yay'y *:‘7) =0,

and hence lim, o+ y, =7 in Hj(Q). 0O

PROPOSITION 3.3. The path C,. is globally Lipschitz in Hi () x H=Y(Q) for every
r>0. If\=0, then Cy is globally Lipschitz continuous.

Proof. Let 7,7 € [r,00) be arbitrary. Then

Alyy —y5) + A+ — )" = (A +7(ys — )+ =0.

Taking the inner-product with y, — y5 and using the monotonicity and Lipschitz
continuity (with constant L = 1) of = + max(0, =), we find

a(yy — vy,

ININS

Y =~ Y5)
(N0 — 0 = (30 — 93y — 5)|
v =71 |y~

= Plr2lyy — y5lLe.

By Lemma 3.2 the set {y, },>, is bounded in H}(f2). Hence there exists K; > 0 such
that

v|yy — y’?ﬁ—[é < Kily =30+ lyy = w512,
and by Poincaré’s inequality there exists Ko > 0 such that

Yy —yv|Hé < Koly—%] forall ~y>ray>r.
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Let us recall here that |y[g1 = [Vy|z2. Lipschitz continuity of v ~— A, from [r, c0)
to H=1(Q) follows from the first equation in (OC,). For A = 0 the set {y,},>0 is
bounded in Hg (). The remainder of the proof remains identical. d

LEMMA 3.4. For every subset I C [r,00), > 0, the mapping v — Ay is globally
Lipschitz from I to L*(Q).

Proof. For 0 < 1 < 2 we have by (OC,)

‘A’Yl - )‘72|L2 = I(;\ +71(y’h - ¢))+ - (;\ + 72(972 - w))+|L2
< (Ksm + Ki 4 [9]r2) [ — 72

for some constant K3 > 0. 0
We shall use the following notation:

Sy = {z € Q: Mx) +7(y, — ¥)(x) > 0}
Further we set

(15) 9(v) = A +(yy — ).

Since v — y, € H{ () is Lipschitz continuous by Proposition 3.3, there exists a weak
accumulation point §(= ¢,) of %(yﬁ —y,) as 7 — v > 0, which is also a strong
accumulation point in L?(§2). Further ﬁ(g("y) —g(y)) has §(v): =y, — ¥+ vy, as
a strong accumulation point in L?(f2) as 4 — 7. In case 4 approaches « from above
(or below), the associated accumulation points g (or yfy) satisfy certain properties
which are described next. In what follows we use §”(v) or ¢'(y) whenever 7., in g(v)
is replaced by ¢’ and yg, respectively.

PROPOSITION 3.5. Let v > 0, and denote by y’, any weak accumulation point of

2 (yy —yy) in Hy(Q) as 7 | v. Set

Sy =85 U{z: A@) + 7y () — (@) = 0A §"(7)(x) > O}

Then g7, satisfies

(16) a(ys,v) + ((yy = ¥ +795)x g+, v) =0 for all v e Hy(Q).
Proof. By (OC,) we have for every v € Hj(Q)
(17) a(ys = y7,0) + (A +3(y7 —¥)" = (A +7(yy =) ,v) =0.

We multiply (17) by (¥ —v)~! and discuss separately the two terms in (17). Clearly,
we have

1

lim(y — )" a(ys — yy,v) = a(y7,v).

v
Here and below the limit is taken on the sequence of y-values, which provides the
accumulation point. Lebesgue’s bounded convergence theorem allows us to consider
the pointwise limits of the integrands. Considering separately the cases g(v)(z)< 0,
g(7)(x) >0, and g(7)(x) = 0, we have

=7 g = (g()) T, v)
(18)
= ((4y =¥ +795)xg1.v) as 717,
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which ends the proof. ]
As a consequence of the proof we obtain the following result.
COROLLARY 3.6. Let v > 0, and denote by yl7 any weak accumulation point of

L (gy —yy) i HYQ) as 4 1. Set Sy = 8, U {w: M) + 1(y(2) — 9(2)) =
0Ag'(y)(x) > 0}. Then 4, satisfies

(19) a(gy,v) + ((yy =¥ +79)xg-,v) =0 for all ve Hy(Q).

Another corollary of Proposition 3.5 treats the case A=0.
COROLLARY 3.7. Let A = 0, and assume that (11) holds. Then the right- and
left- derivatives g7, and yfy of Y+ yy, v € (0,00), exist and are given by

(20) a(gh, ) + ((yy =¥ + 795Xy, 5wy, 0) =0 forall v e Hy(Q),
(21) a(g,0) + ((yy = ¥ + 785Xy, 2wy, ) =0 for all v € Hy(Q).
Proof. Let 4 | v. By Proposition 2.2 any accumulation point g, of (’?—’y)_l(gﬁ —
Yy, ) satisfies g, < 0 and hence
§F = {a € iy, (1) > (@)} U fo € Q: gy (2) = () A (2) = O},
Observe that
(y =¥ +795)Xsr = Uy — ¥ + V95X (g, >0} -

This implies that every accumulation point 7 satisfies (20). Since the solution to
(20) is unique, the directional derivative from the right exists.

Similarly, if 4 T 7, by Proposition 2.2 we have ST = {z € Q: y,(z) > ¢¥(z)}, and
(21) follows. a

Henceforth we set

S5 ={z € Q: M) +7(y, — ¥)(z) = 0}.

COROLLARY 3.8. If meas(S3) = 0, then v+ y, € HLY(Q) is differentiable at v,
and the derivative 3., satisfies

(22) a(?J’Y?U) + ((y’Y -+ 'Yy'y)XSa,aU) =0 forallve Hé(Q)

Proof. Let z denote the difference of two accumulation points of (¥ — )~ !(y5 —
yy) as 7 — . As a consequence of (16) and (19)

a(z,v) +y(2xs,,v) =0 for all v e Hy(Q).

This implies that z = 0 by (6). Consequently, accumulation points are unique, and
by (16), (19) they satisfy (22). 0

The assumption meas(S9) = 0 in Corollary 3.8 reflects the lack of differentiability
of the max-operation in (OC,).

4. The primal-dual path value functional. In this section we investigate
the value function associated with (P,) and study its monotonicity and smoothness
properties.

DEFINITION 4.1. The functional

1= V) = T0ni7) = 5a,7) = (o) + 5o+ 2, = 0) s
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defined on (0,00) is called the primal-dual path value functional.
Let us start by studying first order differentiability properties of V.
PROPOSITION 4.2. The value function V is differentiable with

W)Z—Tig/QW\JFW(%—W)ﬂZ + %/ﬂ(ﬂv(yw—w)ﬁ(yw—w).

COROLLARY 4.3. For A =0 we have V() = 1 [ |(yy —¢)* > >0 and V(y) > 0
unless y is feasible. For A satisfying (12) and with (11) holdmg, we have y, <1 and
hence V() < 0 for~ € (0,00).

In either of the two cases V() = 0 implies that y., solves (P).

Proof. We show only that V(v) = 0 implies that y, solves (15) The rest of the
assertion follows immediately from Proposition 4.2.

If X = 0, then V() = 0 yields y, < t. Thus, A, = 0, and hence ., solves (P).

If (11) and (12) are satisfied, then y, < ¢ and V(y) = 0 implies y(y, — 1) <
A +7(yy — %) < 0. As a consequence A\, = 0, and y,, solves (f’) d

Proof of Proposition 4.2. For 4, € (0,00) we find

1
(23) 5 W5 vy =) = (Fiyy —4)
+3((A+ 3 =)+ A3y = )T w5 — ) =0,

and consequently

V) - V() = salyvs) - 3 5. yy) = (f 9y = 95)
o [10+3ts =0t E = 5 [ 1G4, =) P
—/|A+m— )P+ 5 [ 0t — o)
3 [ G = )+ Rl = 0) s~ 90)
Q

:/ Z—|—/ Z—|—/ 221-1+1-2+I3,
PyNP, PyNN, P,NNy

where z stands for the sum of the kernels on the left of the above equalities,

Pvz{z:j‘+7(wa¢)>0}a N’Y:{‘T:S‘+’Y(y’>’7¢)<0}v

and Py, N5 are defined analogously. For Z; we have

(X + 3y —)* + X +3(ys — )| ly5 — s

and hence by Proposition 3.3

1
(24) lim —— [Ty =0.
=1 Y=
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Analogously one verifies that

1
(25) lim —— [Z3] = 0.

=Y =

On P5 N P, we have

2= 5 (0 =)
- % A+ gy —9))* = % A+ 7(ys — %) + 7y — ) (Y5 — v5)
=5 (s —v)?
+ 3 [2AG —9) = oy = )+ 7005 = 9 =27, — 0
5 A — )+ — )~ 1)
=T Gt — 0 + 5 s — ) =2l — )

(=) = g (3 = )+ 20— )
#5250+ = 0l - )]

By Lebesgue’s bounded convergence theorem,

1 1
lim —— 7Z; = lim 7/ 2 XPynp,
Q

Y YTy Yy =
= _i \ _ +)2 l 3 _ + o
=53 (Ol =00+ 2 [ oty =) (0 — )

Together with (24) and (25), this implies the claim. ad

Remark 4.1. Note that V is characterized without recourse to Uy -

The boundedness of {'yQV('y)}WZO is established next. In what follows we use
(v)” = —min(0,v).

PROPOSITION 4.4. If X = 0 and a(vt,v™) = 0 for all v € H}(), then
{(Y2V(7)}y>0 is bounded. If (11) and (12) hold, then again {v*V (v)},>0 is bounded.

Proof. In the case A = 0 we have

alyy —.0) + (g, — ), 0) = () — a(w,v)  for all v € H(Q).

Since (y, —¢) € HJ(Q) and a((y, — ¥)*, (yy — ¥)7) = 0 we have, using (6) with
U= (y’Y - ¢)+a

vl(yy = ) ) + 1@y =0 1L < fleel(yy — )y + uldlalyy — Ol
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This implies the existence of a constant K, depending on |1/1| H and \ f | r2 but inde-
pendent of y > 0, such that v|(y, — ¢)¥|r2 < K. Since V(y) = 3 [, [(yy — ¥)*|? the
claim follows.

Turning to the feasible case with (11) and (12) holding, we have that y, < 1 for
every v > 0, and hence (A + v(y, — ¢))(x) > 0 if and only if A(z) > v(¢ — y,)(z).
Consequently,

O % / A+, — )+ %/Q@ gy — ) — u)

< ﬁm%%

which again implies the claim. a

Before we investigate V, we state a result which connects YV (7), |y* —y,| a1, and
V* —V(y), where V* = lim,_ V(7). It will be used in section 6.1 for designing a
~v-update strategy.

PROPOSITION 4.5. In the feasible and infeasible cases the following estimate holds
true:

* 2 2 * )
Y =l < (V -V —W(v)) :
Proof. We have V* —V(y) = J(y*) — J(y4;7) and
v

J*) = J(yy;7) = §\y ~yla +alyy v —y0) = (Fy" —y,)

- gl(x +y(yy — 0D 2,
where we have used (6). From (OC,) we have

a(Yy,y" = yy) = (Fy" = 4y) = ~(A+ (Y =) y" —yy),

and hence

v * Y *
§|y _yvﬁlg_(()""’)/(yw_(ﬁ))_‘_»y _yv)

1 -
- gl(A +v(yy — )t 7s

1 _
2 51" — vl — 51O+ 2 — ) s
(A — )Ty, — )

14 « .
=5 ly" = aliyy 9V ()

This completes the proof. 0
Below we shall assume that y, — ¢ € C(Q). Recall that for dimension n < 3 and
with (6) and (8) holding, we have y., € H%(Q) C C(f).
PROPOSITION 4.6. Let ¢, denote any accumulation point of (§ — ) (ys — y-)
asy — .
(a) If A = 0, y, — ¢ € C(), and (8) is satisfied, then v — V(v) is twice
differentiable at v with

(26) V7(y) = /Q 4y — ¥) 5.
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(b) For arbitrary X, if meas(S3) = 0, then v — V(y) is twice differentiable at ~

with
1 3 2
OB / |5+ (s — )]
(27) — 2 [ Ry — ) s — )
7 Ja

1
+;/Q(y'y — V) (Wy =¥ +7Yy)Xs, -

Proof. (a) On the subsequence =, realizing the accumulation point, we have
that 1imy, oo (Y0 —7) " (V (1) — V(7)) equals the right-hand side of (26). The claim
will be established by verifying that the accumulation points g, restricted to S, =
{z: y,(x) —¥(x) > 0} are unique. Let z denote the difference of two accumulation

points. By (16) and (19) we have
a(z,v) +7(z,0) =0 for all ve€ Hy(Q) with v=0 on Q\S,.

Using (8) and the fact that S, is an open set relative to © due to the continuity of
Yy — ¢, we find that z = 0 in 5, as desired.

(b) Let g, denote any accumulation point of (¥ — ) *(ys — yy) as ¥ | v, and
recall the notation g(y) = A + v(y, — %) and S+ from section 3. On the subsequence
realizing the accumulation point we find

lim —— (V3) = V) = =5 [ 13+0, =) F
(28) -5 [ G -0 - o)
7" Ja

1 .
+2 [ =0 =0+ i)t

By assumption, meas(S5) = 0 and, hence the right-hand sides of (27) and (28) coin-
cide. Since g, is unique by Corollary 3.8 the claim is established. 0

5. Model functions. In this section we derive low-parameter families of func-
tions which approximate the value functional V' and share some of its qualitative
properties. We will make use of these models in the numerics section when devising
path-following algorithms.

5.1. Infeasible case. Throughout this subsection we assume (8) and
(29) A=0,y, —¢€C(Q) forall ve(0,00).

Observe that (8), together with the general assumption (6), implies (11). In fact, for
any v € H}(Q) we have a(v,vt) > y|v*|2, and hence 0 > a(v,v*) implies v+ = 0.

PROPOSITION 5.1. The value function V' satisfies V(’y) >0 and V("y) <0 for
v € (0,00).

Proof. Proposition 4.2 implies that V() > 0. Moreover, y,, < ., fory2 >y >0
and hence g, < 0 a.e. on S,. Consequently V('y) < 0 by Proposition 4.6. 0

A model function m for the value function V' should reflect the sign properties
of V and its derivatives. Moreover, V(0) gives the value of (P), and hence we shall
require that m(0) = V(0). Finally from Lemma 3.2 we conclude that V' is bounded
on [0,00). All these properties are satisfied by functions of the form

Cy
(30) m(y) =C — E+~
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with C; € R. Here Cy > 0, E > 0 satisfy

(31) m(0) =V (0) = Cy — %

Other choices for model functions are also conceivable, for example, v — Cy — ﬁ

with » > 1. Note, however, that the asymptotic behavior of the model in (30) is
such that y%m(y) is bounded for v — co. This is consistent with the boundedness of
’yQV('y) for v — oo asserted in Proposition 4.4.

Another reason for choosing (30) is illustrated next. Choosing v = (y, — )" in
(OC,), we find

(32) a(ir, (yy =) ) + 1y =) 1L+ [ (3 =) 9y =0.
Q

For the following discussion we

(33) replace a(-,) by E(-,-) with E > 0 a constant, and V by m.

By Proposition 4.2 and (26) the following ordinary differential equation is obtained
for m:

(34) (E+ ) m(y) +2m(y) =0.

The solutions to (34) are given by (30). To get an account for the quality of our model
in (30) we refer to the left-hand plot of Figure 4 in section 6.

5.2. Feasible case. Throughout this subsection we assume
(35) (11), A satisfies (12), and meas (S3) =0 for all ~ € (0, 00).

PROPOSITION 5.2. The value function V' satisfies V(’y) <0 and V(’y) >0 for
v € (0,00). .

Proof. By Proposition 2.2 we have y, < 9 and hence V(y) < 0 by Proposition
4.2. A short computation based on (27) shows that

.. 1 - . 1 .
(36) V(v)= 7,/ XA? +/ X(Yy — )Yy = f/ X(yy —¥)° +/ X (Yy = )3y,
7" Ja Q T Ja Q
where Yy is the characteristic function of the set S, = {\ +~v(y, — 1) > 0}. From (22)
we have

YNinylL2(s,) < 1 = yylL2s,),

and hence V() > 0. 0

An immediate consequence is stated next.

LEMMA 5.3. If the solution to the unconstrained problem is not feasible, then
lim, o V(y) = .

Proof. Assume that lim o V' (7) is finite. Then, using (P), there exists a sequence
Y — 0 and § € Hg(Q) such that y,, — § weakly in H}(2), with y.,, the solution to
(P.,.), and A, = max(0, A+, (yn — 1)) — 0 in L?(£2). Consequently § < ¢. Taking
the limit with respect to n in (OC,,), it follows that § < ® is the solution to (P),
which contradicts our assumption. 1]
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From Lemmas 3.2 and 5.3 and Proposition 5.2 it follows that v — V(v), v €
(0, 00), is a monotonically strictly decreasing convex function with lim., o+ V() = oc.
All these properties are also satisfied by functions of the form

Cs B

37 m(y) =C1 — + —,
(37) () 1 E+- ~
provided that C; e R, Cy >0, E >0, B >0, and Cy < B.

We now give the motivation for choosing the model function m for V' as in (37).
From (22) with v = (y, — ¢)x we get

a(y, (Y = V)X) + V(X Yy — V) + (Y — V)X, ¥y — ¥) =0,

where x = xs,. As in the infeasible case we replace a(, -) by E(,-), with £ a constant,
and using (22), we arrive at

(B +7)(@yxv) + (3 = ¥)x,0) = 0.

The choice v = y,, — % implies
(38) (B + )06 yy =) + ((4y = )X y7 — ¥) = 0.

Note that V() can be expressed as

. . 1
- )\2 - o 2 .
(39) Vo) =gz [ Vx|
Using (36) and (39) in (38), and replacing V' by m, due to the substitution for a(-,-),
we find

(E+7)m+2m—E7—3/XX2=o.
Q

We further replace fQ A2, which is a bounded quantity depending on ~, by 2B, and
obtain, as the ordinary differential equation that we propose for the model function
m in the feasible case,

(40) (E+~y)m+2m -2y 32EB=0.

The family of solutions is given by (37). In the right-hand plot of Figure 4 in section 6
we depict the approximation quality of m(7).

6. Path-following algorithms. In this section we study the basic Algorithm
B together with a variety of adjustment schemes for the path parameter . For this
purpose recall that, depending on the shift parameter X, the elements 1y~ along the
primal-dual path are feasible or infeasible. As we have seen in the previous section,
this implies different models for approximating the value function V. We will see,
however, that for v > 0 in both cases similar strategies for updating v may be used.
When referring to the infeasible or feasible case, (29), respectively (35), is assumed
to hold.

The subsequent discussion is based on the following two-dimensional test prob-
lems. We point out that the bound % in problem P1 below does not satisfy ¢ € H!(Q).
However, as we shall see, the feasible and infeasible primal-dual path as well as the al-
gorithms introduced subsequently still perform satisfactorily. We include this example
since discontinuous obstacles are of practical relevance.
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Test problem P1. We consider (8) with a;; = §;;, with 6;; the Kronecker symbol,

d =0, and Q = (0,1)2. We choose

f(x1,22) = 5001 sin(5z1) cos(z2)
and Yy =10on Q\ K,and¢y=1on K with K ={z € Q: % <|z—(1,1)T|. < 2}

272

The solution y*, the obstacle v, and the active set A* at the solution are shown in

Figure 1.

o2 3 02
L]

Active sel P1

| -

1]
1]

1

Fic. 1. Optimal solution y* (upper left plot), obstacle v (upper right plot), and the active set

A* (lower plot) for test problem P1.

Test problem P2. Again we consider

(8), with a;j;, d, and  as before, and define

1 onT):={z€Q:xs<a1 N2y <1—21},
(41) b l—xzy onTh:={zeQ:aa<wz Axg>1—121},
y = l—az onTy:={ze€Q: x>z Nag >1—11},

Ta onTy:={xe€Q:x>x1 Ny <1—a1}.

The obstacle ¢ is defined by » = yf on S :={z € Q: |z — (3,.3) [ < 3}, ¥ =1

on SQ \ Sl, and

2371
T I

%—2(1’1 —

211,‘2

on T3 N(Q\ S2),
g) on ToN(Q\ S2),
5—75) on T5N(Q\ S2),
on Ty N(Q\ S2),

with Sp :={z € Q: |z — (5,3) " |loo < £}. The forcing term is given by

(Foe= [ oldst (st [ olds  forall o e HY(©),

1Nt
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where QT :={z € Q: 2y =21 }U{zr € Q: 29 = 1 —x1}. Werecall that for ¢ € H}(Q),
Q C R?, the traces along smooth curves are well defined. The solution y* is given
by y* = y. The active or coincidence set at the solution is A* = S;. The Lagrange
multiplier \* = f + Ay* is in H~1(Q) and enjoys no extra regularity. In Figure 2 we
display the optimal solution y*, the obstacle 1, and the active set A*.

Active sel P2

o
1] 1

Fia. 2. Optimal solution y* (upper left plot), obstacle v (upper right plot), and the active set
A* (lower plot) for test problem P2.

Test problem P3. For this test problem (8) is satisfied. We therefore obtain
y* € H2(Q) and \* € L*(Q). The coefficients a;; and d as well as Q are as before. The
volume force f is given by f = —Awv with v(z1, 22) = sin(37xz1) sin(37zy). Further, we
have ¢ = § — 15 sin(mz1) sin(7@2). The optimal solution y*, the Lagrange multiplier
A*, and the active set at y* are displayed in Figure 3.

Unless specified otherwise, the subsequent algorithms are initialized by yg =
(—A)~1f, where —A denotes the Laplacian with homogeneous Dirichlet boundary
conditions. The initial Lagrange multiplier is chosen as Ao = YoX{yo>v} (Yo — ).

The discretization of —A is based on the classical five-point finite difference sten-
cil. We denote the mesh size by h, which we occasionally drop for convenience. The
forcing term f in P2 is discretized by f = —Ay" + x5, + x5, (—Ay'), where e is the
vector of all ones and xg, represents a diagonal matrix with entry (xs, )i = 1 for
grid points z; € S; and (xs, )i = 0 otherwise. Above y! denotes the grid function
corresponding to (41).

6.1. A strategy based on model functions—exact path-following. As
outlined in section 5, there are good reasons to trust our model functions (30) and
(37) in the infeasible and feasible cases, respectively. Let us start by focusing on the
infeasible case. The model is given by m(y) = C; — Co(E + v)~!. For determining
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Solution y'

Obstacle
=,

025 gl

02

015

08

05 \ 08
- 04
02

Active set P3

0 1

0

Fic. 3. Optimal solution y* (upper left plot), obstacle v (upper right plot), and the active set
A* (lower plot) for test problem P3.

the three parameters C1, C2, and E, we use the information V'(0), V(v), V(v), which,
by Proposition 4.2, is available from one solve of the unconstrained problem (P) and
one solve for (Pv). The conditions

(42) m(0) =V (0), m(y)=V(y), () =V(y)

yield

E=~*V(y) (V(v) - V(0) - W(v)>_1 ,
(43) Cy=7"E(E+7)(V(y)—V(0),
C = V(O) + CQE_l.

We could have used an alternative reference value ~, € (0,v) and computed m(v,) =
V(7,) instead of m(0) = V(0). In Figure 4 we compare V(v) to m(y) for different
values of the coefficients (Cy,C2, E). These coefficients depend on different values
yy for v (in (42)) produced by Algorithm EP (see below) for problem P1. The solid
line corresponds to V(y). The corresponding «-values ¢ for (42) are depicted in the
legend of the left plot in Figure 4. The dotted and dashed line belong to rather small
v-values, and the dashed-dotted and the circled lines to large ¢ in (42). As we can
see, the dotted line is accurate in the range of relatively small vy, while the other lines
are more accurate for large vs. From now on we consider only the choices v, = 0 and
v = 7k in (42) when updating 7.

Next we discuss properties of the model parameters E, Cy, Cs according to (43).

For this purpose assume that the solution § to (P) is not feasible for (P). Then
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Model m(y) vs V(y) (solid); infeasible case Im(y) - V(y)l; feasible case

0.07

.
— vy 110
Y=1.3563 [ - - 171.56E2
o yFT3ES | ] 0.06 - - yeat1Es | |
- . 1=7.55E8 — 1711965
o 11.93ET 005 Lo o e |
= = 004
= 3 !
> 1 :
£ g g
£ E o003 i
f
! i
i 0.02 !
" 1
I
I
87 0.01
6
88 n 5 5 o 10° 10° 10°
10 10 10 10 10
Y Y

Fic. 4. Left: Model m(~) vs. V(v) (solid) in the infeasible case for P1. Right: Model m(v) vs.
V(v) in the feasible case.

by Corollary 4.3 we have V(v) > 0 for all ¥ > 0. Consequently V(v) > V(0) and
V(7) = V(0) = 4V(v) = - J) [7V(s)dods > 0, and hence E > 0 and C5 > 0 for all
v € (0,400). This implies m(vy) < Cy and m(y) — C for v — +o0.

We propose the following update strategy for v: Let {1} satisfy 74 € (0,1) for
all k € Nand 74 | 0 as k — oo, and assume that V(7y) is available. Then, given ~y,
the updated value 41 should ideally satisfy

(44) V* =Vl < mlVE = V)l

Since V* and V(yx4+1) are unknown, we use Cj and our model my(y) = Ci —
Cok/(Er +7) at v = yi41 instead. Thus, (44) is replaced by

(45) |C1 k= mi(Ver1)| < 7%|Crx — V()| =: B

Solving the equation Cy  — my(Vk+1) = Bk, we obtain

C!
(46) Ve+1 = 2k _ By
Bk

In Theorem 6.1 we shall show that yx41 > kg, with k > 1, independently of k£ € N.

Before we turn to the feasible case, we interpret (44) in view of Proposition 4.5
in the infeasible case. Recall that V* > V(y), and observe that |[V* — V(y)| =
O(ly* = yy|u)- Proposition 4.5 yields

2 *
v — iy < - (V= V()
since V(v) > 0. Setting 7, = w}|V* — V(y1)|, with wg — 0, in (44) yields
1Y = Y By < Crly™ — Yl -
Consequently, we obtain

|y)k - y’Yk+1 ‘H(} S

— C‘rwka
Y = Yy 2
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which implies g-superlinear convergence of {y,, } in H}(Q).

In the feasible case, i.e., when \ satisfies (12), we use the model m(y) = C; —
Co(E+7v)~t+ By~! with Cy > 0 and E, B > 0; see (37). Let 7, > 0, 7, # 7, denote
a reference y-value; then we use the conditions

m(y,) =V(y), mlw)=Vn), m@y)=V(y), mH)=V(>)

for fixing B, C'1, C2, E. Solving the corresponding system of nonlinear equations, we
get

(G =DV )2 + V(09 + 203V (3) = Vi) ) )
(V7 + V) =) + (e + NV (1) = V()

and

292 (V) = V)2 = VoV () (= )?)

B =
((r =32V ()22 + V()2) + 200 = 3337 (V () = V()

Then the parameters C; and Cy are given by

Oy = (E 1) (f " Vm) ,
Cy B

E+y v

Ci=V(y)+

In the right plot of Figure 4 we show |m(vy) — V(v)| with m(y) produced by the
iterates of Algorithm EP for P1 similar to the infeasible case. Again we can see that
our model yields a close approximation of the value function V.

If we require that (45) be satisfied in the feasible case, then we obtain the following
update strategy for ~:

Dy, D,% BLEp
4 . /
(7) Ve+1 9 + 4 + B )

where Dy, = Ey, + (Ca,, — Bi)/Bk- In Theorem 6.1 we shall establish ;11 > sy, for
all k € Ny with k > 1 independent of k.

Next we describe an exact path-following version of Algorithm B, which utilizes
the update strategy (45) for updating ~.

ALGORITHM EP.

(i) Select 7,. Compute V(,), and choose vy > max(1,,); set k = 0.

(ii) Apply Algorithm B to obtain y., .

(iii) Compute V (%), V(7&), and 7441 according to (46) in the infeasible case or

(47) in the feasible case.

(iv) Set k =k + 1, and go to (ii).

Concerning the choice of 7, note that in the infeasible case we have . > 0, and
in the feasible case 7, > 0. Convergence of Algorithm EP is addressed next.

THEOREM 6.1. Assume that the solution to (P) is not feasible for (P). Then the
iterates i, of Algorithm EP tend to oo as k — 00, and consequently limy_.oc (Y, , Ay, ) =
(y*, A*) in HH(Q) x H™ Q) weak-
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Proof. Let us consider the infeasible case. Then (45) is equivalent to
(48) 0 < C1 i — me(Yet1) < 7e(Cre — mu(Yk)).

Since v — my(y) is strictly increasing and 7, € (0,1), it follows that vy > i for
every k =0,1,.... If limy_,o v = 00, then limy_ o0 (Y, , Ay, ) = (¥*, A*). Otherwise
there exists 4 such that limy_.o & = 7. Since v — V() and v — V (v) are continuous
on (0,00), it follows from (42) and (43) that limy_o By = E(¥), limg_oo C1x =
C1(7), and limy_.o Co = C2(7), where E(7), C1(%), Ca(7) are given by (43) with

replaced by 4. Taking the limit with respect to k in (48), we arrive at

C2(7)
E®) +7 7
which is impossible, since Cy(3) > 0 and E(5) > 0 if the solution to (P) is not feasible
for (P). Thus limg_ o & = co. The feasible case is treated analogously. o

Numerically we stop the algorithm as soon as || (ri’h, r,z’h, rz’h)T ll2 < \/€ar, where

h _
=k CAM TS = S /L s
2,h
ot = ||)\;Lk - maux(O,)\QL]c +y§k — ") g=1m,
" = [lmax(0, 45, — ™)Ly,

and e); denotes the machine accuracy. Here | |g-1.» denotes the discrete version of
| - |;z-1. For some vector v it is realized as |v|g-1 = |Vh(—Ah)*1v|L;2L with |- [, the
discrete L?-norm and V" a forward difference approximation of the gradient operator;
see [8]. The inner iteration, i.e., Algorithm B for v = 4¥, is terminated if successive
active sets coincide or

| = Ayl 4 NE— R i
(Fad Fre

Here the superscript | = (k) denotes the iteration index of Algorithm B for fixed k.
For a discussion and numerical results in the case where the approximation errors due
to the discretization of the underlying function space problems are incorporated into
the algorithmic framework, e.g., when stopping the algorithm, we refer to the next
section 6.2.

The initialization of v is as follows: In the infeasible case we propose a choice of
~o based on the deviation of the linearization of V() at v = 4, from the objective
value of the unconstrained problem (15) at the projection of y,, onto the feasible set.
In our realization of this heuristic we choose 7, = 0 and compute §, V(0), and V(0).
Then we set

S\/€M-

(19) 0= max{l,c‘](yb)v(o)v(m},

where ¢ € (0,1] is some fixed constant, y,(z) = min(g,%(z)), and J denotes the

objective function of (P). Note that ¢ is the minimizer of the unconstrained problem

(P). For the examples below we use ¢ = 1. In the feasible case we choose a reference
value 7,, e.g., 7 = 1, and solve the path problem (P.). Then we choose
J(g) — V(’Vr)

(50) 0=t T o
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where § denotes the minimizer of the discretized unconstrained problem (P). If § is
not feasible for (P), then one has J(§) < V(v,) and hence 79 > 7.

When applied to P1, P2, and P3 for h = 1/128 and with 7, = 0.01**!, we obtain
the results shown in Figure 5 and Table 6.1.

inner iterations P1 inner iterations P2 inner iterations P3

# inner iterations
P

inner iterations
# inner iterations

1 2

3 4 2 3 2
outer iteration outer iteration outer iteration
Fic. 5. Number of inner iterations (vertical axis) per outer iteration for P1 (left plot), P2

(middle plot), and P3 (right plot); solid line — infeasible case, dashed line — feasible case.

TABLE 6.1
Comparison of iteration counts.

P1 P2 P3
Version # outer [ # inner # outer [ # inner [ # outer [ # inner
Feasible 5 44 4 10 4 31
Infeasible 4 15 4 11 4 16

From our test runs, also for other test problems, we observe the following char-
acteristics:

e For the feasible version the number of inner iterations exhibits an increasing
tendency until a saturation value is reached, and then, unless the algorithm
stops at an approximate solution, it starts to decrease. For the infeasible
version we typically observe that the first couple of iterations require several
inner iterations. As the outer iterations proceed the number of inner iterations
drops eventually to one. We also tested less aggressive y-updates compared
to the ones used here, e.g., updates based on v511 = &v; with € > 1 fixed.

e The numerically observable convergence speed of y,, towards y* in Hg(Q) is
typically superlinear. This can be seen from Figure 6, where the plots for the
discrete versions q,’; of the quotients

o |y’7k+1 - y*|H(}

Qe = 1 .
Y — Y* |z

are shown. Note that the vertical axis uses a logarithmic scale. In the first
row, for P1 we depict the behavior of q{c‘ for h = 27% i = 5,6,7,8, for the
infeasible case (left plot) and the feasible case (right plot). We observe that
the convergence rate is stable with respect to decreasing mesh size h. In the
second row we see the behavior of ¢} for P2 and P3, with h = 277, Again,
we observe a superlinear rate of convergence. With respect to decreasing h
the same conclusion as for P1 holds true. These stability results provide a
link between our function space theory and the numerical realization of the
algorithms.
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o Convergence behavior of cc P{infeasible path folowng) , Convergence behawor of q: P1 (feasible path following)
2 10

132 -

- BE1B4

oot ileralion ‘outr foraticns

Convergence behavior of q:; P2 Convergence behavior of cC; P3

"""""""""""" N ~~ Teasible Tl — infeasible
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1 2 3 h 2 3
outer teration outer teration

FiG. 6. Discrete quotients qZ” for P1 and various mesh sizes h (upper row) and for P2 (lower

left) and P3 (lower right) for h = 1/128.

case.

Difference of active sets Déferance of actve sets

number of grid points

number of grid ponts.
BB 8 85 83888

0 5 10 15 20 2 30 35 ] 5
outer iteration

Fic. 7. Difference in active sets for P1 and P2; solid line — infeasible case, dashed line — feasible

e In connection with the convergence speed it is of interest how the detection

process of the correct active set works. For the rather aggressive y-updates
used in Algorithm EP the difference between two successive active sets is zero
typically only in the last iteration. However, if a less aggressive strategy for
updating -y is used, then it is to be expected, that the difference of active sets
might become zero earlier along the iteration. In Figure 7, for the strategy
Yi+1 = 27k, we show the difference of successive active sets; i.e., the vertical
axis relates to the number of grid points that are in Agy; but not in A
and vice versa. We detect that for the infeasible case there exists an iteration
index k after which the difference is constantly zero. This behavior is a strong
indication that the correct active set was detected. It suggests that we fix this
set Ay and set g4, = Yja;, I = 2\ A, and 5\1,5 = 0. Then one computes
iz, and Ag, such that a(y,v) + (A, v) g1 g2 = (f,v) for all v € H} (), and

checks whether (7, A) satisfies (7). If this is the case, then the solution is
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found; otherwise vz is updated and the iteration continued. If we apply this
technique for P1 in the infeasible case, then the algorithm stops at iteration
15 (35 inner iterations) with the exact discrete solution, as compared to 28
outer and 47 inner iterations without the additional stopping rule. There were
four iterations where the additional system solve was necessary but without
obtaining the numerical solution. Hence, with respect to system solves, the
amount of work drops from 47 solves to 39 (= 35+4). A similar observation
is true for P2 and P3. In the feasible case, however, this strategy yields no
reduction of iterations. Here, typically the correct active set is determined in
the last iteration (for large enough 7).

The dependence of the iteration number on the mesh size of the discretiza-
tion for P1 is depicted in Table 6.2 (those for P2 and P3 are similar). In
parenthesis we show the number of inner iterations. The results clearly in-
dicate that the outer iterations are mesh independent, while the number of
inner iterations increases as the mesh size decreases. In the third row we
display the results obtained by applying Algorithm A for the solution of the
unregularized problem (P) with data according to P1. If we compare these
results with those of the infeasible exact path-following algorithm, we find
that for sufficiently small mesh sizes h the infeasible version of Algorithm EP
requires significantly fewer iterations than does Algorithm A, which is also an
infeasible algorithm. Also, the number of iterations required by Algorithm
A exhibits a relatively strong dependence on h when compared to Algorithm
EP in the infeasible case. Similar observations apply also to P2 and P3. This
shows that taking into account the function space theoretic properties when
regularizing problem (P) results in an algorithmic framework which performs
stably with respect to decreasing mesh size of the discretization.

TABLE 6.2
Comparison of iteration counts for different mesh sizes.

Mesh size h

Version 1/16 | 1/32 [ 1/64 | 1/128 [ 1/256
EP feasible 5(19) [ 5(23) [ 5(30) [ 5(44) [ 5(72)
EP infeasible || 4(8) | 4(11) | 4(13) | 4(15) | 4(19)
[Algorithm A 4 [ 8 [ 14 [ 26 | 48 |

y-values; P1 Y-values; P2 ; y-values; P3

25 3 2
outer iteration outer fteration

25 3 35
outer teration

Fic. 8. y-updates; solid line — infeasible case, dashed line — feasible case.

e From the plots in Figure 8, where the y-axis again has a logarithmic scale,

it can be seen that our strategy (45) produces a rapidly increasing sequence
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{7&}. The plots in Figure 8 depict the increase of 74 as a function of the
iteration number. The question arises of whether one could increase v more
rapidly. Numerical examples employing an ad hoc strategy show that if ~ is
increased too quickly, then the numerical error may prevent the residuals of
the first order system from dropping below ,/ep;. This effect is due to the
ill-conditioning of the linear systems for large v. On the other hand, small
increases in 7 result in a slow convergence speed of Algorithm EP. Further,
in our test runs and as can be seen from Figure 8, the feasible version of
Algorithm EP is less aggressive in enlarging 7.

6.2. Inexact path-following. While exact path-following is primarily of the-
oretical interest, the development of inexact path-following techniques that keep the
number of iterations as small as possible is of more practical importance. The strat-
egy in the previous section relies on the fact that for every «; the corresponding point
on the primal-dual path is computed. This, however, is not the case for inexact tech-
niques and, as a consequence, a different update strategy for the path parameter -
is necessary. A common concept in inexact path-following methods is based on the
definition of an appropriate neighborhood of the path; see, e.g., [3] and the references
therein for a noninterior neighborhood-based path-following method, or [5, 16, 18, 19]
for path-following techniques related to interior point methods. It is typically re-
quired that the primal-dual iterates stay within the neighborhood of the path, with
the goal to reduce the computational burden while still maintaining convergence of
the method.

We define
(51a) Ay, A) = = Ay + A= fllg-1,
(51b) r%(y,)\) = |A — max(0, A + v(y — V)| g-1,

and the neighborhood

(52)  N(y) = {<y,x> € HA(Q) x L2(9) : (A (5. 0,72 (5. M) T2 < ﬁ}

in the infeasible case and

N(v) = {(%A) € Hy(Q) x L*(Q) :[|(r3 (3 A), 75 (. A) T2 < —=

(53) A %J(yw) < 0}

in the feasible case. Above, 7 > 0 denotes some fixed parameter. Note that adding
the condition %J (y;7v) > 0 in (52) yields no further restriction, since this condition
is automatically satisfied by the structure of J(y;vy). We also point out that the
conditions on the derivative of J(y;7) are included in (52) and (53), respectively,
in order to qualitatively capture (up to first order) the analytical properties of the
primal-dual path.

Next we specify our framework for an inexact path-following algorithm.

ALGORrITHM IP.

(i) Initialize o according to (49) in the infeasible case or (50) in the feasible

case; set k:= 0.
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(ii) Apply Algorithm B to find (yxi1, Aer1) € N (k).

(iii) Update 7y, to obtain ~yg1.

(iv) Set k =k + 1, and go to (ii).

Note that if in step (ii) the path-problem (P ) is solved, then 71 (y, Ay) = 72 (y,, A,) =
0.

As is the case with primal-dual path-following interior point methods, the update
strategy for 7 in step (iii) of Algorithm IP is a delicate issue. If the increase of ~
from one iteration to the next is rather small, then we follow the path closely, and the
convergence speed is slow. If the y-update is too aggressive, then step (ii) requires
many iterations of Algorithm B to produce iterates in the neighborhood. We propose
the following strategy, which performed very well in our numerical tests.

We introduce the primal infeasibility measure p* and the complementarity mea-
sure p© as follows:

(54) kaJrl = /Q(ykﬂ - 1/J)+d$»
(55) Py = / (Yrt1 — ¥) Tda +/ (Ye+1 — ) de,
Tht1 Ak+1
where (-)” = —min(0,-) and () = max(0, -). Note that at the optimal solution both

measures vanish. Further, we point out that p¢ is related to the duality measure well
known from primal-dual path-following interior point methods. These measures are
used in the following criterion for updating ~:

F
Pr+1 1
(56) Vi1 > max | yp max [ 7
’ pkc+1 ’ (max(p£+17 pkc+1>)q

with 74 > 1 and ¢ > 1. The first term in the outermost max-expression is used
because of our observation that pf 41> kaH in the infeasible case. If p© is small
compared to p’’, we find that the iterates primarily lack feasibility as compared to
complementarity. Therefore, a strong increase in 7y, which aims at reducing constraint
infeasibility, is favorable. If both measures are of almost the same size and rather
small, then the second term in the outer max-expression should yield a significant
increase in . Typically ¢ € [2,2] is chosen, which induces growth rates for .

If there is still a significant change in the active sets from one iteration to the next
and the update 7,11 based on (56) would be too large compared to g, then many
inner iterations would be necessary to keep track of the path, or very conservative
~y-updates in the following iterations have to be chosen. We safeguard the y-updates
by utilizing our model function m(~), which was found to be a reliable tool. In fact,
in updating v, large deviations from m(y) are prohibited by comparing the value of
the tangent to J(y;7) at v = 7, with the actual model value. If necessary and as long
as Vg1 is much larger than v, we reduce the actual y-value until

(57) tr(Ver1) — mue (Vo) < 73| (Yrr15v8) — J (Yr; V1)

with 0 < 73 < 1, tx(v) = J(Wkt1;7) + %(yk+1;7k)(7 — &), and mg(7y) the model
related to v;. Recall that my(vx) = J(yk+1;7%)- The motivation of this strategy
utilizes the good approximation qualities of our models. Indeed, for small ~ the
distance between t; and my might be large, but so is |J(yx+1; &) — J (yk; Yk—1)| since
the change in the function value is expected to be relatively large for small . For
large 7y, however, both difference measures tend to be small.
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Concerning the numerical realization of Algorithm IP in the discrete setting we
point out that by an a posteriori analysis of the discretization errors one finds that the
norm of the residuals in (51a) and (51b) can be approximated typically to the order
of h. This can be used as an upper bound for v in the discrete versions of (52) and
(53), respectively. However, since, on a fixed grid, our discrete versions of (P) and
(P.,) are consistent (as vy — 00) and admit unique solutions in RV where N;, € N
depends on the mesh size of discretization h, it is of interest to consider v — oco. On
a fixed grid, this allows us also to study the behavior of our discretized algorithms
as finite dimensional solvers for problems similar to the discrete versions of the ones
under consideration. With respect to the latter aspect, below we report on test runs
of Algorithm IP when applied to our test problems P1, P2, and P3. The parameters
had values ¢ = 1.5, ;; = 10, 73 = 0.999, 7 = 1e6. The stopping rule for the outer
iteration is as before.

P1. The infeasible version of Algorithm IP requires 9 outer iterations and at most
2 inner iterations per outer iteration. In particular, in many iterations the criterion
(Yk+1, \e+1) € N (k) was satisfied within 1 inner iteration. The feasible version of
Algorithm IP stops after 11 iterations. With respect to inner iterations in the feasible
case we note that more than 1 or 2 inner iterations were necessary only in the last
3 outer iterations with 3, 4, and 6 inner iterations, respectively. For both runs, the
behavior of the measures p" and p© is shown in Figure 9. Note that the vertical scale
is a logarithmic one. The left plot corresponds to the infeasible case. The feasibility
measure p! and the complementarity measure p© are both convergent at a superlinear
rate. In the feasible case, which is depicted in the right plot, we observe that p¢ is
only linearly convergent. In some iterations we have ka > 0. However, the constraint
violation is of the order of the machine precision and thus negligible.

o (solid) and p® (dashed); P1 (infeasible) 4 o (sokd) and o€ (dashed); P (feasbile)
w -
10° . ;
10
10°
10"
1w
107"
w™
—
10 /\/
W
1 2 3 4 5 6 7 8 9 E 4 6 8 L
outer feration cuter eration

FIG. 9. Behavior of the measures p* (solid) and p€ (dashed) for P1, left plot — infeasible case,
right plot — feasible case.

P2. For this test problem the infeasible version of Algorithm IP required 11
iterations with one inner iteration per outer iteration. The feasible version needed 6
outer iterations and 9 inner iterations.

P3. The behavior of Algorithm IP for solving P3 is comparable to its behavior
for P1 and P2. In fact, the infeasible version required 11 outer iterations and 11
inner iterations for solving the discrete problem. The feasible variant of Algorithm
TP stopped successfully after 9 outer and 19 inner iterations. For the latter run, in
the next-to-last iteration 5 inner iterations were necessary; otherwise at most 2 inner
iterations were needed. With respect to the behavior of the decrease of the measures
p¢ and pf, an observation similar to the one obtained from Figure 9 for P1 holds
true. We remark only that in the feasible case p® exhibits an almost superlinear
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convergence behavior.

Compared to the exact path-following strategy of Algorithm EP, the inexact path-
following concept of Algorithm IP is in many cases more efficient. In Table 6.3 we pro-
vide the number of outer and inner iterations for exact versus inexact path-following.
In parenthesis we write the number of inner iterations.

TABLE 6.3
Comparison of iteration counts between exact and inexact path-following.

Infeasible case Feasible case
P1 [ P2 | P3 Pi1 [ P2 | P3
EP | 4 (15) 4 (11) 4 (16) 5 (44) 4 (10) | 4 (31)
P | 9(12) | 11 (11) | 11 (11) 11 (25) 6 (9) 9 (19)

Finally we address the issue of how to incorporate the approximation error due
to the discretization of function space quantities; see [6, 7]. First note that with (8)
holding (which is the case for P3), the discretization of the residual in the definition of
the neighborhoods (52), respectively (53), approximates the original one to the order
of h. Hence, in our discrete version of Algorithm IP the neighborhood criterion

T

7,1 7A2 T 5 <
10 (, A)s 5 (1, M) 2 < 7

becomes

-
H(?“}/’h(y, )‘)7 7n?y)h(ya )‘))THQ < max { VEM, Kinh, \ﬁ} )

with some constant x;; > 0. We stop the outer iteration as soon as the discrete
residual drops below max{routh, /€rr}, Where Koyt > 0 is fixed. In our tests we use
Kin = 1 and Koyt = 10. Applying this strategy for the solution of P3, we obtain
(outer) iteration numbers as displayed in Table 6.4. Here, in parenthesis we give the
total number of inner iterations.

TABLE 6.4
Inexact path-following with h-dependent stopping of inner and outer iterations.

Version Mesh size
1/16 | 1/32 | 1/64 | 1/128 | 1/256 1/512
P 1(1) | 4(4) | 5(5) 8 (8) 9 (10) | 10 (10)
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