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1 Introduction

The AdS/CFT correspondence provides a strong evidence that gravitational spacetimes

can emerges from microscopic quantum theories [1–3]. Usually, the extra radial coordinate

in an AdS is identified with a length scale in the sense of a renormalization group flow [4–9].

One basic way to study the origin of the radial coordinate is to investigate quantum wave

functionals in holographic CFTs at a fixed time. Recently, it was proposed that in the

Euclidean path-integral description of wave functionals, the radial direction in the bulk

AdS emerges by optimizing the path-integral for each quantum state [10].

– 1 –
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The optimization procedure can be done as follows. First, imagine that we discretize

the Euclidean path-integral into a lattice theory. Then we change the UV cut off scale

(i.e. lattice spacing) locally [11]. The position dependence of the cut off is systematically

described by introducing a metric such that a unit area corresponds to a single lattice

site [10]. The basic requirement is that the wave functional in this non-trivial metric is

proportional to the wave functional in a trivial metric with a normalization factor which

only depends on the metric and couplings of the theory. As we will see, this requires

position dependent couplings. The optimization, which makes computation of the path-

integral most efficient, is realized by minimizing the overall normalization factor of the

wave functional for the quantum state that we want (such as a CFT vacuum state) when

we change the metric. The main new idea is that after such optimization procedure, the

metric coincides with that of a time slice of holographic dual spacetime, e.g. a hyperbolic

space for a CFT vacuum.

The idea of the path-integral optimization is closely related to the conjecture first pro-

posed in [12] that MERA tensor networks [13–16] may describe gravity duals and therefore

explain the mechanism behind the AdS/CFT. Since then, there have been many improve-

ments in constructions of tensor networks related to AdS/CFT, such as cMERA [17–19],

perfect tensor networks [20] and random tensor networks [21]. Indeed, quantum states ob-

tained from the path-integral optimization manifestly realize the surface/state correspon-

dence [22], which is the one of the most basic properties when we interpret holographic

spaces as tensor networks. Moreover, the path-integral optimization approach has an ad-

vantage over tensor network approaches that we can take into account backreactions due

to various excitations in a systematic way.

Recently, a very interesting and important problem in the AdS/CFT correspondence

is to estimate complexity of quantum states. In two dimensional CFTs, the logarithm of

the normalization factor of the wave functional is given by the Liouville action and can

be naturally regarded as a path-integral definition of computational complexity for CFT

states [10]. Moreover, the minimization of the Liouville action in various setups leads to

optimal metrics which coincide with time slices of dual AdS/CFT geometries linking the

dynamics of gravity with complexity. A higher dimensional generalization of the path-

integral complexity in CFTs has been given in [23]. Further support and explanations on

the connection between the Liouville action and complexity were given in [24]. On the

gravity side, the holographic complexity in AdS/CFT have been proposed and formulated

in [25–27, 29]. Refer also to [30–34] for evaluations of the circuit complexity in free quantum

field theories.

The main aim of this paper is to extend this path-integral analysis of holographic

emergent space to non-conformal examples. In particular we are interested in a relevant

perturbation of a given CFT by a primary scalar operator and we generalize our optimiza-

tion procedure to such examples. In order to keep the ground state wave functional for

a perturbed CFT proportional to that in a flat metric, we allow the coupling constant of

the perturbation to locally vary when we optimize the path-integral by tuning the metric.

The position dependent coupling constant is naturally identified with the bulk scalar field.

From this prescription we can determine the generalized path-integral complexity action

– 2 –
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for perturbed CFT that now depends on the metric as well as the couplings. Finally, we

can estimate the metric after the optimization which corresponds to a perturbation of the

hyperbolic space metric as expected from the AdS/CFT.

This paper is organized as follows. In section two, we explain a general formulation of

our path-integral optimization. In section three, we study the path-integral optimization of

two dimensional CFTs and their relevant perturbations. In section four, we present exam-

ples of free scalar and fermion field theories. In section five, we give supports of the idea of

the path-integral optimization by studying local RG flow. Moreover, we explicitly perform

the path-integral optimization for two dimensional CFTs with relevant perturbations and

calculate the path-integral complexity. In section six, we compare our results with those in

AdS/CFT. In section seven, we summarize our conclusions and discuss future problems.

In appendix A, we study the path-integral optimization of a massive scalar field theory to

the leading order in the mass deformation.

2 General formulation of path-integral optimization

Let us start by reviewing our conventions and a general procedure of the path-integral op-

timization for quantum field theories (QFTs) in d dimensions [10, 11]. Consider a quantum

field theory in the d dimensional flat space Rd. We write the Euclidean time coordinate

and d − 1 dimensional space coordinates by τ and x, respectively. It is useful to define

the coordinate z = −τ , which is later, in comparison with holography, identified with that

of the extra dimension in AdS. In the actual computations, we will set d = 2 later. We

represent all quantum fields in the QFT by ϕ(x, z) and represent all coupling constants in

this QFT by λ0.

The wave functional Ψ of the QFT vacuum state can be computed by an Euclidean

path-integral on a flat half space −∞ < τ < −ε (or equally ε < z <∞) as

Ψg0,λ0 [ϕ(x)] =

∫ ∏
x

∏
ε<z<∞

[Dϕ(x, z)] e−Sg0,λ0
[ϕ]
∏
x

δ(ϕ(x, ε)− ϕ(x)), (2.1)

where g0 denotes the flat space metric on which we perform the path-integration

ds2 =
1

µε2
(dx2 + dz2). (2.2)

Here
√
µ is an energy scale. The infinitesimally small parameter ε is the UV cut off (lattice

spacing) and we introduce the rule that there is a single lattice site in a unit area of the

background metric. For the flat metric (2.2), we can take a square lattice such that there

are Ld/εd lattice sites in the square 0 < x, z < L. We also chose the end point of the path-

integral to be z = ε instead of z = 0 just for convenience. In the following we will make a

choice of units, setting µ = 1. The action with this metric and the coupling constant λ0 is

denoted by Sg0,λ0 [ϕ].

2.1 Optimization procedure

Now we are in a position to state our optimization procedure. We allow the metric g0 and

coupling constants λ0 to non-trivially depend on the coordinates (x, z). Namely, we write

– 3 –
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them as g(x, z) and λ(x, z) and impose the boundary conditions

g(x, ε) = g0, λ(x, ε) = λ0. (2.3)

At z = ε the metric remains same as the original metric and thus the fields are not

rescaled. So we need to impose this boundary condition which is same as what is used for

the original wavefunctional, so that after the rescaling of the metric (and the fields) the

new wavefunctional will be same as the original one.

In general, the wave functional obtained from the Euclidean path-integral on this

curved space with the position dependent coupling constants

Ψg(x,z),λ(x,z)[ϕ(x)] =

∫ ∏
x

∏
ε<z<∞

[Dϕ(x, z)] e−Sg(x,z),λ(x,z)[ϕ]
∏
x

δ(ϕ(x, ε)− ϕ(x)), (2.4)

differs from the original one Ψg0,λ0 [ϕ(x)] (2.1) in a nontrivial fashion. However, if we

fine tune g(x, z) and λ(x, z), then we can find non-trivial functions g(x, z) and λ(x, z)

which, in the path integral approach, give rise to wave functionals proportional to the one

computed with their boundary values Ψg(x,z),λ(x,z)[ϕ(x)] ∝ Ψg0,λ0 [ϕ(x)]. This means that

they describe the same quantum state. More precisely, for these functions we can write

Ψg(x,z),λ(x,z)[ϕ(x)] = eN [g,λ]−N [g0,λ0] ·Ψg0,λ0 [ϕ(x)]. (2.5)

The optimization procedure can be completed by minimizing the normalization factor, or

equivalently minimizing the functional N [g, λ] with respect to g(x, z) and λ(x, z). The

position dependent metric and coupling constants which minimize N [g, λ] are written as

gmin and λmin and later we will suggest that they correspond to the metric and bulk fields on

a time slice of AdS for holographic CFTs. In addition, we define the quantity N [gmin, λmin]

as the path-integral complexity (denoted by C[λ0]) for the vacuum state in the QFT, given

by the wave functional Ψg0,λ0 [ϕ(x)]:

C[λ0] ≡ Ming(x,z),λ(x,z) N [g(x, z), λ(x, z)]. (2.6)

It is also straightforward to extend the path-integral optimization to general excited states.

This is because once we have a path-integral description of a quantum state, which we want

to consider (e.g. inserting local operators in the middle of the path-integral) is given, in

principle, the optimization by locally deforming the metric and coupling constants can

be performed.

2.2 Interpretation

Before we go on to explicit examples, let us explain an intuitive idea behind our prescription.

First, consider a numerical computation of path-integral to calculate Ψg0,λ0 [ϕ(x)] (2.1). We

normally fine-grain both z and x coordinate for the metric (2.2) such that the size of each

cell is given by ∆z = ∆x = ε. What we have in our mind here is that, we perform the

discretization of the path-integral in a way, such that each unit area square corresponds

to a tensor Ta1,a2,...,an . For example, in figure 1 we can interpret each square cell as a

– 4 –
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tensor with 4 indices (n = 4). When two cells are attached along an edge, we contract the

corresponding indices. The path-integral is then approximated by all of such contraction of

all these tensors.1 However, if we think about the path-integral in an early time τ → −∞,

we do not need such fine grained information of the wave functional at that time as we

path-integrate for a long time afterwards, as explained in [10, 11, 23]. This means that we

can coarse-grain the cells in the past. In order to reproduce the correct wave functional

Ψg0,λ0 [ϕ(x)], we need to reduce the amount of coarse-graining as the time evolves, ending

up with the fined grained lattice at z = ε. In terms of the tensors, we have to recombine

the initial tensors and replace them by fewer numbers effective tensors. The righthand side

of the figure 1 shows this coarse grained geometry where again each of cells is interpreted

as a tensor with 5 indices (n = 5). Again contractions of all indices of these tensors

give the discretized path-integral. This coarse-graining procedure can be systematically

described by locally changing the metric and coupling constants as g(x, z) and λ(x, z) with

the boundary condition (2.3).

Next, we want to make the numerical computation of the path-integral the most effi-

cient; the process which we call the optimization of the path-integral. Notice that here we

do not want to change the dependence of the final wave functional on the field configuration

after the path-integration, which gives the constraint (2.5). We minimize the amount of

algebraic computations in a lattice regularization to obtain the correct ground state wave

functional. We argue this can be performed by minimizing the overall normalization of

wave functional, given by eN [g,λ] in (2.5). This is because N [g, λ] is an obvious measure

which estimates the number of path-integral operations to obtain a given quantum state.

This argument was also justified in [24] from the viewpoint of complexity of MERA tensor

networks [13, 14], which describe ground states of CFTs in two dimensions.

3 Path-integral optimization of 2D CFTs and relevant peturbations

A class of QFTs where the optimization procedure is tractable is given by two dimensional

conformal field theories [10]. Here first we would like to briefly review an explicit optimiza-

tion procedure for two dimensional CFTs, focusing on the vacuum state. Refer to [23] for

more detailed computations as well as generalization to excited states. In addition, we will

present an argument which provides an extra support of our procedure. Next we turn to

the main aim of this work i.e. the path-integral optimizations of QFTs defined by relevant

perturbations of two dimensional CFTs.

3.1 Path-integral optimization of 2D CFTs

For conformal field theories, to optimize the path-integral, we only need to change the

background metric locally. Therefore we can suppress the dependence on coupling constants

λ0. In two dimensions, the metric can be chosen to be conformally flat,

ds2 = e2φ(x,z)(dz2 + dx2). (3.1)

1Intuitively we can think that we have written the total path-integral as a product of transfer matrices

and each of these tensors represents these transfer matrices.

– 5 –
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As we already explained, we arrange a lattice regularization for any given φ(x, z) such that

each lattice cell has the unit area in the metric ds2 given by (3.1). Thus, increasing φ

means a fine-graining. In the original UV theory, we take the flat metric (2.2) i.e

eφ(x,z) = 1/ε ≡ eφ0 . (3.2)

The advantage of considering CFTs is that the Weyl rescaling (3.1) does not change the

quantum state owing to the local scale invariance. Therefore the vacuum wave functional

computed by (2.4) coincides with the original one up to the normalization factor given by

an exponential of Liouville action [35, 36]

Ψg=e2φ [ϕ(x)] = eSL[φ]−SL[0] ·Ψg=e2φ0 [ϕ(x)], (3.3)

where SL is the Liouville action

SL[φ] =
c

24π

∫
dxdz

[
(∂xφ)2 + (∂zφ)2 + e2φ

]
, (3.4)

where c stands for the central charge of the CFT. This way, the path-integral complex-

ity (2.5) is simplify identified with the Liouville action N [g = e2φ] = SL[φ]. Note that if

we restore units the potential term in the action will attain the standard form µe2φ.

The optimization can be achieved by minimizing the Liouville action SL[φ] with the

boundary condition (2.3) at z = ε i.e.

φ(x, ε) = φ0 = − log ε. (3.5)

Assuming the space coordinate x is non-compact −∞ < x < ∞, this minimization leads

to the following simple solution

eφ(x,z) =
1

z
. (3.6)

Thus the optimized metric coincides with that of a two dimensional hyperbolic space H2,

which agrees with the time slice of AdS3 [10].

We would also like to point out the property of wave functional in CFTs (3.3) follows

from the well-known scaling property of primary operators in any CFTs (see e.g. [37]):

〈O(x1, z1)O(x2, z2) · · ·O(xn, zn)〉g=e2φ

=

(
n∏
i=1

e−∆i(φ(xi,zi)−φ0)

)
〈O(x1, z1)O(x2, z2) · · ·O(xn, zn)〉g=e2φ0 , (3.7)

where ∆i = hi + h̄i is the conformal dimension of each operator Oi. If we set z1 = z2 =

· · · = ε, then the condition (3.5) tells us the overall factor in the r.h.s. of (3.7) is one and

thus the correlation functions at z = ε does not change under the optimization. On the

other hand, we can calculate this correlation function from the path-integration

〈O1(x1)O2(x2) · · ·〉 =

∫
Dϕ |Ψg=e2φ [ϕ]|2 ·O1O2 · · ·∫

Dϕ |Ψg=e2φ [ϕ]|2
. (3.8)

– 6 –
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O1 O2 O3 O1 O2 O3
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Z

Z
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a2
a3

a4
a1

a2 a3
a4

a5

Figure 1. The sketch of the scale transformation and the correlation function. The left and right

picture corresponds to the path-integral representation of correlation function before and after the

optimization, respectively. A tensor is attached on the face of each of these cells. In the left

picture there are tensor with 4 legs (Ta1,a2,a3a4) attached on the faces of the cells. After the coarse

graining procedure these tensors are replaced by some effective tensors (Ta1,a2,a3,a4,a5
) as shown in

the right picture.

Here we regard the correlation functions as the path-integration over a space defined by a

double copy of (3.1) with Oi inserted on the center line. Refer to figure 1 for a sketch of

this identity. The fact that the correlation functions is invariant under the optimization

shows that the wave functional should be proportional to the original one as in (3.3). This

provides another derivation of the claim (3.11) for 2d CFTs.

3.2 Path-integral optimization of perturbed 2D CFTs

In this subsection we consider a deformation of a two dimensional CFT by a primary

operator O(x) with a position dependent coupling λ(x, z) and a nontrivial metric. The

action in flat space is

Sg0,λ0 [ϕ] = SCFT
g0

[ϕ] + ε2−∆λ0

∫
dxdz

√
g0 O(x, z), (3.9)

where ϕ(x, z) represent all dynamical fields in the given CFT; ∆ is the conformal dimension

of the primary scalar operator O(x, z). The path-integration (2.1) gives the wave functional

Ψg=e2φ0 ,λ0
for the perturbed CFT vacuum.

Next we allow the metric and coupling λ0 to depend on coordinates x and z in order

to optimize the path-integral. This way, the new deformed action looks like

Sg,λ[ϕ] = SCFT
g [ϕ] + ε2−∆

∫
dxdz

√
gλ(x, z)O(x, z). (3.10)

Next, we would like to focus on a special choice of λ(x, z), written as λφ(x, z), such that

the wave functional Ψg=e2φ,λφ
, computed as in (2.4), remains the same as the original one

– 7 –
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Ψg=e2φ0 ,λ0
up to a normalization factor:

Ψg=e2φ,λφ
[ϕ(x)] = eN [e2φ,λφ]−N [e2φ0 ,λ0] ·Ψg=e2φ0 ,λ0

[ϕ(x)]. (3.11)

This condition fixes λ(x, z) in terms of the function φ(x, z) and the initial condition λ0 ≡
λ(x, ε) (recall (2.3)). Note also that we clearly have λφ=φ0 = λ0 by definition. We will give

a general argument how to choose λ(x, z) which satisfies the relation (3.11) in section 5.

The optimization can now be completed by minimizing the functional N [e2φ, λφ] with

respect to φ(x, z). We will present explicit calculations of this procedure below in pertur-

bation theory.

The claim (3.11) is essentially equivalent to the following identity for any correlation

functions at z = ε via the expression (3.8):

〈O1(x1, ε)O2(x2, ε) · · ·On(xn, ε)〉
λφ
g=e2φ

= 〈O1(x1, ε)O2(x2, ε) · · ·On(xn, ε)〉λ0

g=e2φ0
. (3.12)

Here we again defined the correlation function by the path-integration over a space defined

by a double copy of (3.1) with Oi inserted on the time slice z = ε (refer to figure 1 again).

We can derive (3.12) from (3.11) by noticing that the correlation functions can be computed

by taking derivatives with respect to sources λ, where we neglect contact terms which come

from the derivatives of N [e2φ, λφ] at z = ε (this will be explained in section 5.3).

4 Free field examples

In order to provide a support to our proposal, below we begin by analyzing our optimization

procedure for the simplest models: free massive scalar field theory and free massive fermion

theory in two dimensions.

4.1 Massive free scalar

Consider the action of a massive free scalar in a two dimensional space with a general

metric (3.1)

Sscalar
g,λ =

1

2

∫
dxdz

√
g(gab∂aϕ∂bϕ) +

1

2
ε2
∫
dxdz

√
gλ(x, z)ϕ(x, z)2, (4.1)

where λ(x, z) is the square of a position dependent mass. Let us choose λφ as follows

λ(x, z) = λφ(x, z) = λ0e
−2(φ(x,z)−φ0), (4.2)

where we assume λ0 is a constant. In this case, even when φ is non-trivial, we have

Sscalar
g,λφ

=
1

2

∫
dxdz

(
(∂xϕ)2 + (∂zϕ)2

)
+

1

2

∫
dxdzλ0ϕ(x, z)2, (4.3)

which is just the action of a massive free scalar in the flat space.

To compute the wave functional we decompose the field into

ϕ(x, z) = ϕ̄(x, z) + η(x, z), (4.4)

– 8 –
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where ϕ̄ is the classical solution to equation of motion with the boundary condition ϕ̄(x, z =

0) = ϕ(x). It is explicitly written using Fourier transform as follows

ϕ̄(x, z) =

∫ ∞
−∞

dkϕ(k)eikx−
√
k2+λ0(z−ε). (4.5)

The function η(x, z) (with vanishing boundary condition at z = ε) describes quantum

fluctuations around the classical solution. Then we get the wave functional

Ψg=e2φ,λφ
[ϕ(x)]

= e
−Sscalar

g0,λ0
[ϕ] ×

∫ ∏
x,z

[Dη(x, z)]e−
1
2

∫
dxdz[(∂η)2+λ0η2] ·

∏
x

δ [η(x, z = 0)] , (4.6)

where Sscalar
g0,λ0

[ϕ] gives the classical contribution (we performed the Fourier transformation)

Sscalar
g0,λ0

[ϕ] = π

∫
dk
√
k2 + λ0 ϕ(−k)ϕ(k). (4.7)

It is obvious that this classical part does not depend on the Weyl factor φ(x, z). The

other factor is the partition function of η with the Dirichlet boundary condition η(x, z =

0) = 0 and does not depend on the field ϕ(x). The latter gives an overall normalization

factor which depends on φ and λ0:

eN [e2φ,λφ] =

∫ ∏
x,z

[Dη(x, z)]g=e2φ e
− 1

2

∫
dxdz[(∂η)2+λ0η2]

∣∣∣∣∣
η(x,z=0)=0

. (4.8)

Note that the above path-integration over η non-trivially depends on φ because the path-

integration is performed with an integration measure with a UV cut off which is specified

by the metric g = e2φ. If we set λ0 = 0, then N [e2φ, 0] agrees with the Liouville action

SL[φ] as the theory gets conformally invariant. For general values of λ0, the full evaluation

of N [e2φ, λφ] is not straightforward. We will discuss results to the first order perturbation

of the mass square m2
0 = λ0 in the appendix A, employing the calculations in [38]. In

this analysis, however, we find non-standard results with logarithmic terms because the

operator ϕ2 in the massless scalar CFT is not a primary operator in two dimensions.

4.2 Massive free fermions

The derivation for massive free fermion is analogous to the scalar case. We start with the

two dimensional action in metric (3.1)

Sfermion
g,m =

∫
dxdz

√
gψ̄γµ∇µψ − ε

∫
dxdz

√
gm(x, z)ψ̄ψ. (4.9)

Then, in the Weyl rescaled metric (3.1), fermion fields are transformed as

ψ(z, x)→ e−
1
2
φ(z,x)ψ(z, x), ψ̄(z, x)→ e−

1
2
φ(z,x)ψ̄(z, x), (4.10)

however, the covariant derivative with spin connection renders the kinetic term Weyl in-

variant (free fermion CFT).
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On the other hand, we fine-tune the space dependent mass to

mφ(x, z) = m0e
−(φ(x,z)−φ0), (4.11)

and cancel the additional Weyl factor from the metric determinant. This way, the full

classical action in our Weyl-rescaled metric becomes the free massive fermion in flat space

Sfermion
g,mφ

=

∫
dxdzψ̄ (γµ∂µ −m0)ψ. (4.12)

Now, when computing the wave functional, we have to be a bit more careful than for

bosons. Namely, the equations of motion for fermions read

γµ∂µψ −mψ = 0, ∂µψ̄γ
µ +mψ̄ = 0. (4.13)

Then, in the computation of the wave functional, we split the field into the classical part

with a given boundary condition and a quantum part that vanishes at the boundary

ψ̄ = ψ̄c + η̄, ψ = ψc + η. (4.14)

If we now impose equations (4.13) for ψ̄c and ψc, the classical action vanishes. To cure

this problem we follow Wilczek and Larsen [39] that discussed a similar issue for the mass

less case. Their main point is that, for uniqueness of the classical fermion fields with fixed

boundary conditions, it is enough to impose the Klein-Gordon equation (and not Dirac)

obtained by application of the conjugate operators to (4.13)(
∂µ∂µ −m2

0

)
ψc =

(
∂µ∂µ −m2

0

)
ψ̄c = 0. (4.15)

From there, with analogy to the free massive boson, we perform the path integral over η̄

and η that leaves us with the ratio of the wave functionals

Ψ[ψ̄, ψ]g=e2φ

Ψ[ψ̄, ψ]g0=e2φ0

≡ eN [g,mφ]−N [g0,m0] =
det [γµ∂µ −mφ]

det [γµ∂µ −m0]
. (4.16)

Clearly, as for bosons, this ratio will depend on the field φ that we use in the computation

of the determinant in the numerator (UV regulator specified by the rescaled metric).

Note that for fermions the mass term is a primary operator so this example satisfies the

requirements of our perturbative computations. It would also be very interesting to gen-

eralize Mabuchi action approach [38] to fermions.

5 Optimizing relevant perturbations in 2D CFTs

In this section we would like to explicitly analyze the path-integral optimization procedure

in general two dimensional CFTs with relevant perturbations. We will analyze leading con-

tributions in perturbation theory in a position dependent coupling. For earlier arguments

on RG flows with the position dependent couplings (local RG flows) refer to e.g. [40–42].
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5.1 Wilsonian RG flow

As we explained, the key idea of the path-integral optimization was that we keep the same

quantum state even if we Weyl-rescale the metric by e2φ, by locally changing the coupling

constants. Let us interpret this in terms of RG flows. In RG flows, we change the energy

scale without changing the physics. In particular, we take Λ to be the cut off scale in the

Wilsonian sense and consider the coupling constant at this scale λ(Λ). The theory does

not change if λ(Λ) satisfies the RG equation

Λ
dλ(Λ)

dΛ
= β (λ(Λ)) , (5.1)

where β is the beta function. The partition function Z and correlation function satisfy the

Callan-Symanzik equation(
Λ
d

dΛ
+ β(λ)

d

dλ
+ ξ(λ)

)
Z[Λ, λ] = 0, (5.2)

where ξ(λ) represents extra contributions which break the conformal symmetry, such as

the conformal anomaly.

5.2 Local RG flow

In our setup with the metric (3.1), our rule was that the size of a single lattice site is the

unit area in this metric. Therefore if we write the size of lattice in the coordinate x and z,

we have

∆x = ∆z = e−φ. (5.3)

Remember that the original fine-grained lattice corresponds to eφ = 1/ε ≡ eφ0 or equiva-

lently ∆x = ∆z = ε. The regularization (5.3) can be identified with the cut off scale Λ in

the Wilsonian RG flow via the relation

Λ = eφ. (5.4)

The large/small φ corresponds to the UV/IR limit. Therefore, in order not to change the

theory, we need to take λ = λφ such that

dλφ
dφ

= β(λφ). (5.5)

The beta function for the operator O(x) with the dimension ∆ is given in a standard way

β(λ) = (∆− 2)λ+O(λ2). (5.6)

Now, for our path-integral optimization, we need to introduce a position dependent

cut off as we already explained before. Thus we need to regard Λ = eφ as a function of

coordinates (x, z). Accordingly, we need to consider a local version of the beta function

equations (5.5), (5.6) which look like

δλφ(x, z)

δφ(x′, z′)
= β [λφ]

(x,z)
(x′,z′) , (5.7)
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where

β [λ]
(x,z)
(x′,z′) = (∆− 2)λ(x, z) · δ(x− x′)δ(z − z′) +O(λ2). (5.8)

Even though the higher order terms O(λ2) are expected to be non-local in general, we can

neglect such higher order contributions in our leading order analysis below. By solving (5.7)

with the boundary condition λφ|φ=φ0 = λ0, we obtain the form of λφ to the leading order

of λ expansion as follows

λφ = e(∆−2)(φ−φ0) · λ0 +O(λ2
0). (5.9)

Similarly, the Callan-Symanzik equation (5.2) is locally written as(
δ

δφ(x, z)
+

∫
dx′dz′β [λ]

(x′,z′)
(x,z) ·

δ

δλ(x′, z′)
+ ξ[λ](x,z)

)
Z[φ, λ] = 0. (5.10)

In particular, when the relevant perturbation is turned off, λ = 0, we have ξ(x, z) =
c

12π (∂2
x+∂2

z )φ(x, z) and the solution is given in terms of the Liouville action as Z[φ] = eSL[φ]

as expected to be true for any two dimensional CFTs.

More generally, if we focus on the partition function Z[φ, λφ], which only depends on

φ and λ0, we can rewrite (5.10) into(
δ

δφ(x, z)
+ ξ[λφ](x,z)

)
Z[φ, λφ] = 0, (5.11)

where δ
δφ(x,z) should be interpreted as the total derivative as opposed to the partial deriva-

tive in (5.10). This is formally solved as

Z[φ, λφ]

Z[φ0, λ0]
= exp

[
−
∫
dxdz

∫ φ(x,z)

φ0

δφ(x, z)ξ[λφ](x,z)

]
. (5.12)

Now if we consider the path-integral for the vacuum wave functional (2.4) with the

boundary condition (2.3), the above property (5.12) leads to the relation (3.11) for the

choice of λφ given by (5.7) and (5.9).

5.3 Evaluation of the normalization N [e2φ, λφ]

In this subsection we use perturbation theory to calculate the normalization functional

N [e2φ, λφ] in (3.11), which measures the path-integral complexity. For simplicity we focus

on the case where the coupling λ0 is constant. In this case we can assume that λφ only

depends on z.

In perturbation expansion in λ0 the normalization can be written in terms of correlators

in the CFT defined on the upper half plane with a boundary at z = ε.

N [e2φ, λφ] = SL[φ] +N1pt[e
2φ, λφ] +N2pt[e

2φ, λφ] +O(λ3
φ) (5.13)

where the first order contribution is

N1pt[e
2φ, λφ] = −ε2−∆

∫
dxdze2φ(x,z)λφ(z)〈O(x, z)〉 (5.14)
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while the second order contribution is

N2pt[e
2φ, λφ] =

1

2
ε4−2∆

(
2∏
i=1

∫
dxidzi

√
g

)
λφ(z1)λφ(z2)

×
(
〈O(x1, z1)O(x2, z2)〉 − 〈O(x1, z1)〉〈O(x2, z2)〉

)
. (5.15)

Notice that at this order, λφ is proportional to λ0 as in (5.9).

Consider first N1pt[e
2φ, λφ]. This is non-vanishing because the CFT correlator has

to be evaluated on the upper half plane whose boundary is at z = ε. The full answer

depends on the boundary condition. On the other hand, if we assume the relation (3.11),

the functional N [e2φ, λφ] should not depend on the boundary condition.2 Therefore, to

analyze this boundary contribution, we can take the simplest boundary condition e.g.

a conformal boundary condition for the basic field. Then, one point function with our

appropriately prescribed cut off is given by

〈O(x, z)〉 = b0 ·
e−∆φ(x,z)

(z2 + e−2φ(x,z))∆/2
, (5.16)

for some constant b0. This leads to

N1pt[e
2φ, λφ] = −ε2−∆

∫
dxdz e2φ(x,z)λφ(z)〈O(x, z)〉

' −b0
∫
dx

∫ ∞
ε

dz
λ0

(z2 + e−2φ(x,z))∆/2

' −bλ0

∫
dx e(∆−1)φ(x,ε)

= −bλ0ε
1−∆

∫
dx, (5.17)

where b is a constant proportional to b0 up to a O(1) positive constant, which depends

on the detail of the UV regularization; we again ignored O(λ2
0) terms in (5.9) because the

integral is localized at z = ε, where we have λφ = λ0. Also we have assumed ∆ > 1 while

performing the integral in (5.17) to avoid IR divergence. Notice that in principle, the sign

of b depends on the choice of the relevant perturbation. If we consider a mass perturbation

of scalar field theories, it is obvious that we have b > 0 (and b0 > 0). If the operator O has

a Z2 symmetry λ0 ↔ −λ0, then a Z2 symmetric boundary condition leads to b = b0 = 0,

for example in the case of free fermion theories.

Note that this contribution does not depend on the metric φ. As we will see soon

the one point function does not contribute to our optimization procedure, but it gives a

constant divergent term for the total complexity (see below), assuming 1 < ∆ < 2.

Let us now consider the O(λ2
0) contribution, N2pt[e

2φ, λφ]. We will first evaluate this

ignoring the boundary at z = ε, denoting this by Nplane
2pt [e2φ, λφ]. We will then consider the

effect of the boundary. If we use the formula (3.7) for CFTs (for that we need to take the

2Indeed explicit calculations in free scalar field theory show that the divergent contributions are inde-

pendent of the boundary conditions.
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CFT point λ = 0) then we immediately find that if the integrals over x1,2 and z1,2 converged,

then we would find that this contribution to N [e2φ, λφ] −N [e2φ0 , λ0] = SL[φ] − SL[0], i.e.

coincide with the conformally invariant case. However, there are actually UV divergences

when x1, z1 and x2, z2 get closer in the integrals, which we have to regulate.

For this, we introduce a position dependent UV cut off such that we define the full plane

two-point function of the operators on the Weyl rescaled background (3.1) to be

〈O(x1, z1)O(x2, z2)〉planeφ =
e−∆φ(x1,z1)−∆φ(x2,z2)(

|x1 − x2|2 + |z1 − z2|2 + e−φ(x1,z1)−φ(x2,z2)
)∆ , (5.18)

where ∆ = h+ h̄ is the conformal dimension of the primary field O. Note that at the UV

point eφ = 1/ε we have the fine-grained regularization ∼
(
|x1 − x2|2 + |z1 − z2|2 + ε2

)−∆
as

usual. For more general values of φ, the above choice follows from the position dependent

cut off (5.3).

This way, by performing the regularized integrals, the quadratic term in (5.15) is

evaluated as follows:3

Nplane
2pt =

1

2
ε4−2∆

∫
dx1dz1e

2φ(x1,z1)

∫
dx2dz2e

2φ(x2,z2)λφ(z1)λφ(z2)〈O(x1, z1)O(x2, z2)〉

' 1

2

∫
dx1dz1

∫
dx2dz2

λ2
0(

|x1 − x2|2 + |z1 − z2|2 + e−φ(x1,z1)−φ(x2,z2)
)∆

' λ2
0

4(∆− 1)

∫
dxdz e(2∆−2)φ(x). (5.19)

In the above computation we kept only terms which do not vanish in the continuum limit

ε→ 0. We neglect the derivative terms because they accompany positive power of ε ∼ e−φ

for example, λ2
0e

(2∆−4)φ(∂zφ)2 ∼ ε4−2∆. Also note that we need to impose 1 < ∆ < 2 so

that the term (5.19) satisfies this non-vanishing condition in the ε → 0 limit. This range

of conformal dimension corresponds to the standard quantization (∆+ quantization) in the

AdS/CFT [43]. It will be an interesting future problem to work out how the alternative

quantization (∆− quantization) can be realized in our formalism.

The expression for N2pt[e
2φ, λφ] in (5.19) needs modification due to the presence of the

boundary at z = ε. Pretty much like the one point function, we expect that the divergent

terms do not depend on the boundary values of the basic fields of the CFT and we can use

conformal boundary conditions. This is because the divergence arises only either when two

bulk points get closer or when at least one of them get closer to the boundary. The latter

contributions have been already taken into account in the one point function contribution

N1pt[e
2φ, λφ] (5.17). We also expect that the answer is independent of the Liouville mode.

In this way, we find that N2pt[e
2φ, λ] is given by Nplane

2pt [e2φ, λ] i.e. (5.19). Clearly, this

shows that the normalization factor eN [e2φ,λφ] depends on the coupling λ non-trivially.

Nevertheless, if we take functional derivatives of N [e2φ, λφ] with respect to λφ(x, z =

ε) = λ0(x, z = ε), this extra contributions from N [e2φ, λφ] are all delta functional terms

3We used the formula
∫∞

0
rdr

(r2+a2)∆
= 1

2(∆−1)
a2−2∆, when ∆ > 1.
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δ(x1 − x2) · · · , which we can neglect. This supports the derivation of (3.12) as well as our

claim (3.11).

In principle, we can proceed with perturbative expansion to higher orders and, if we

keep only terms which survive the UV limit ε→ 0, we expect the following structural form

of the normalization functional

N [e2φ, λφ] = SL[φ] +N1pt[e
2φ, λφ] +

∫
dxdz

∞∑
n=2

hn · (λ0)ne(2+(∆−2)n)φ, (5.20)

where hn are numerical coefficients related to the n point function contribution.

5.4 Complexity functional

Based on [10], we regard the normalization functional N [e2φ, λφ] as a measure of complexity

of each wave functional. As stated in (2.6), the minimum of this functional with respect

to the variations of the metric gives a measure of complexity of the given quantum state,

called the path-integral complexity.

As we have already stressed, we assume that the dimension of O is in the range

1 < ∆ < 2. Then, our perturbative results up to the quadratic order lead to the following

complexity functional4

N [e2φ, λφ] ' SL[φ] +N2pt[e
2φ, λφ] +N1pt[e

2φ, λφ]

=
c

24π

∫
dxdz

[
(∂φ)2 + e2φ + λ2

0e
(2∆−2)φ

]
− bε1−∆λ0

∫
dx, (5.21)

which only depends on φ and λ0.

The path-integral complexity C[λ0], as given in (2.6), is obtained by minimizing

N [e2φ, λφ] by varying the function φ(z), imposing the boundary condition φ(z = ε, x) = φ0

and the relation (5.9). The value of the coefficent b (and b0) is expected to be O(c) in

general as in the holographic dual of BCFT [44, 45].

Let us now consider the solution of the minimization procedure that gives the condition

δN [e2φ, λφ]

δφ
= 0. (5.22)

Given our path integral general complexity functional (5.21), we can now find the pertur-

bative correction around the λ0 = 0 solution (3.6) as follows

eφ(z) = z−1

(
1− λ2

0

2(5− 2∆)
z−2∆+4 + · · ·

)
. (5.23)

This result agrees with our intuitive expectations. Namely, the presence of a relevant

perturbation reduces the degrees of freedom in the IR region and we can coarse-grain the

path-integral more in the IR region. Indeed, the function eφ(z) of (5.23) is reduced in the

IR region.

4it is convenient to redefine λ0 as 1
4(∆−1)

λ2
0 → c

24π
λ2

0.
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Next, from the optimized metric, we can estimate a perturbative correction to the path

integral complexity from the relevant perturbation. Notice that we can expand

(∂φ)2 + e2φ ' 2z−2 +
3− 2∆

5− 2∆
λ2

0z
2−2∆ + · · · ,

λ2
0e

(2∆−2)φ ' λ2
0z

2−2∆ + · · · . (5.24)

Therefore the change of the path-integral complexity is finally evaluated as

C[λ0]− C[0] ' Lλ2
0

∫ ∞
ε

dz
4(2−∆)

5− 2∆
z2−2∆ − bLλ0ε

1−∆, (5.25)

where L =
∫
dx is the total length of the spatial direction.

When 3
2 < ∆ < 2, the first contribution in (5.25) gets UV divergent as

C[λ0]− C[0] ' 4(2−∆)

(5− 2∆)(2∆− 3)
Lλ2

0ε
3−2∆ − bLλ0ε

1−∆. (5.26)

It is worth noting that the bulk contribution (i.e. the first term in (5.26) on the r.h.s.)

is always positive. The reason for this positive bulk contribution is obvious because the

additional perturbative term is quadratic with the positive coefficient. Also note that, in

particular when ∆ = 3/2, we expect a logarithmic contribution ∼ −Lλ2
0 log ε.

On the other hand, if 1 < ∆ < 3
2 , we need to remember that the expansion (5.23)

breaks down when z gets larger such that λ0z
−∆+2 ∼ 1. Thus the first term in (5.25) is

estimated to the following finite contribution:

∼
∫ (λ0)

1
∆−2

ε
dz

4(2−∆)

5− 2∆
z2−2∆ =

4(2−∆)

(5− 2∆)(3− 2∆)
(λ0)

3−2∆
∆−2 , (5.27)

which leads to the behavior

C[λ0]− C[0] ∼ L(λ0)
1

2−∆ − bLλ0ε
1−∆. (5.28)

In both the cases the leading contribution to (C[λ0]−C[0]) comes from the one-point

function due to the presence of the boundary (i.e. the second term in (5.25) on the r.h.s.),

however the sign of this contribution depends on the choice of the relevant perturbation.

6 Comparison with AdS/CFT

Finally we would like to explore a possible connection between our path-integral optimiza-

tion result for the relevant perturbation and known results in the AdS/CFT correspon-

dence. For that, we consider the setup of Einstein gravity coupled to a single massive

scalar field Φ with the mass M in d+ 1 dimensions

Igravity =
1

16πGN

∫
dd+1x

√
−G

[
R− 1

2
(∂Φ)2 +

d(d− 1)

R2
AdS

− 1

2
M2Φ2

]
. (6.1)

We will set RAdS = 1 below. The conformal dimension of the operator O dual to Φ is given

by the holographic dictionary ∆ = d
2 +
√

d2

4 +M2. When we add the external perturbations
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given by (3.10), accordingly to the standard bulk to boundary relation, the solution of the

scalar field Φ looks like

Φ(z, x) = zd−∆λ0(x) + z∆〈O(x)〉+ · · · . (6.2)

This motivates us to identify the bulk scalar in AdS as our running coupling constant (5.9).

Namely, to the leading order

Φ(z, x) ∼ εd−∆λφ(z, x) = λ0(x)e(∆−d)φ +O(λ2
0). (6.3)

Now let us focus on the AdS3/CFT2 (i.e. d = 2) and aim to solve the Einstein equations

for the back-reacted metric from the scalar field. We can refer to [46] for the perturbative

solution to the Einstein equation. We assume λ(x) is a constant λ0. It takes the form5

ds2 =
1

y2

(
dy2 + f(y)(−dt2 + dx2)

)
,

f(y) = 1− λ2
0

4
y4−2∆ +

∞∑
k=1

ak
(
λ0y

2−∆
)k+2

, (6.4)

where ak are numerical coefficients, which are computable.

If we take the time slice t = 0 and redefine the coordinate y into z = z(y) so that the

metric takes the conformal gauge form (3.1), then we find

eφ(z) ' z−1

(
1− 2−∆

4(5− 2∆)
λ2

0z
4−2∆

)
, (6.5)

where we used the perturbative map between z and y

z(y) ' y
(

1 +
λ2

0

8(5− 2∆)
y4−2∆

)
. (6.6)

This metric agrees with (5.23) up to a numerical O(1) factor, which depends on the details

of UV regularization and normalization of the operator O. It is also intriguing to note that

the form of f(z) (6.4) w.r.t. λ0 perturbation agrees with the general form (5.20).

Last but not the least, this match supports our proposal that the space obtained

from the path-integral optimization (via the minimization of the path-integral complexity)

describes the canonical time slice in the gravity dual.

7 Conclusions and discussions

In this work, we explored the path-integral optimization and the path-integral complexity

for two dimensional CFTs with relevant perturbations. We pointed out the invariance

of correlation functions (3.12) under the optimization is essentially equivalent to the basic

condition (3.11) of optimization for wave functionals. Since the former follows from the con-

formal invariance, we could derive the latter, which is the basic assumption of path-integral

optimization, for CFTs. We gave an argument based on local RG flows that supports our

5Here, we neglect the expansions from the normalizable mode f(y) = · · ·+ y2(b1 + . . .).
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condition (3.11) for two dimensional CFTs with a relevant perturbation by a primary op-

erator O. This allowed us to formulate the path-integral optimization and complexity for

two dimensional CFTs with relevant perturbations. We explicitly calculated the leading

perturbative contribution to path-integral complexity as well as the optimized metric.

Our path-integral complexity has two contributions in the leading order of the relevant

perturbation λ0: the bulk term ∆Cbulk and the boundary term ∆Cbdy. The latter comes

from the one point function of the CFT in the presence of a boundary. This leads to the

divergent term ∆Cbdy = −bLε1−∆, where L is the spatial length of our two dimensional

spacetime. The sign of b depends on the choice of O. The sign of b depends on the field

theory we consider. For example, b is positive for the mass deformation
∫
λ0ϕ

2 in the free

scalar field theory. In the free fermion theory, we expect b = 0 due to the chiral symmetry.

The bulk term ∆Cbulk is quadratic in the leading order of λ0. When the conformal

dimension ∆ of the primary operator O is in the range 3
2 < ∆ < 2, we find the positively

divergent contribution ∆Cbulk ∝ Lε3−2∆λ2
0 as in (5.26). When ∆ = 3

2 , this becomes a

logarithmic divergence ∆Cbulk ∝ −Lλ2
0 log ε. When 1 < ∆ < 3

2 , we only find a finite

contribution ∆Cbulk ∝ (λ0)
1

2−∆ to the path-integral complexity as in (5.28). By comparing

this with the AdS/CFT analysis, we find a matching between our optimized metric and the

back-reacted metric of time slice on an asymptotically AdS with a scalar field perturbation.

It is also intriguing to compare our results with holographic complexity. Firstly, the

holographic complexity equals volume conjecture [25, 26], which is equivalent to the holo-

graphic quantum information metric [47, 48], corresponds to the choice of different com-

plexity functional CV [φ, λ0] =
∫
dxdze2φ in our formulation, where the optimization is

done by minimizing the action (5.21). It is obvious in this calculation that the complexity

decreases under relevant perturbations because the metric gets reduced (see also [49, 50]).

The contribution proportional to V λ2
0ε
d+1−2∆ was found in [51, 52] for AdSd+1/CFTd

setup, whose form coincides with our ∆Cbulk.

Secondly, the holographic complexity equals action conjecture [27, 29] looks analogous

to our formulation presented in this paper based on the action (5.21) at first sight. For

example, the perturbative contribution of the form V λ2
0ε
d+1−2∆ was observed in a specific

example in [53]. However, we find two open issues. In our formulation, the leading UV

divergence follows volume law ∼ ε−(d−1) as it follows from the Liouville action, while

the holographic action proposal leads to the logarithmic enhancement ∼ ε−(d−1) log ε [54].

Another point is that for the relevant perturbation
∫
λ0O, we have a boundary contribution

∆Cbdy which is linear with respect to λ0, while we do not expect such a term in the

holographic complexity as the bulk supergravity action does not include any liner term.

This term might be related to contributions from null boundaries.

It will be also interesting to estimate the circuit complexity for perturbed conformal

field theories and compare with our answers [55]. Refer to [30–34] for computations in mas-

sive free field theories. To compare with results in the actual AdS/CFT, we need to study

special features of holographic CFTs, which have a large central charge and are strongly

coupled. We expect that they will appear at higher orders of perturbation theory in our

path-integral optimization approach. Finally, it remains to be a very important direction

to work out how to estimate the path-integral complexity for time-dependent states.
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A Analysis of massive free scalar

Here we present a perturbative analysis of path-integral optimization for a free scalar in

two dimensions by employing the results in [38]. We regard the mass term as a relevant

perturbation λ = m2 and calculate its contribution to the normalization factor N [e2φ, λφ].

Note that since the mass term
∫
m2φ2 is not a primary operator in two dimensions, our

results below do not match with our analysis in section 5. Indeed the leading contribution

to N [e2φ, λφ] is at O(m2), i.e. the linear order of λ.

A.1 Conventions

Let us first summarize the conventions in this appendix. Consider a free scalar in a two

dimensional space with the metric

ds2 = e2φ(x)(dx2
1 + dx2

2), (A.1)

which is also written as gab = e2φδab. We set the reference metric g0 to be the flat met-

ric φ = 0.

The standard free massive scalar action is given by

Sscalar =

∫
dx2√g

[
gab∂aϕ∂bϕ+m2ϕ2

]
. (A.2)

We define the Laplacian as

∆g = −e−2φ∂a∂a. (A.3)

Note also that the flat space Laplacian is expressed as ∆0 = −∂a∂a. The Green function

G(x, y; g) is defined by

∆gG(x, y; g) = δ(x− y)/
√
g. (A.4)

It is useful to consider the limit x→ y of this Green function:

GR(x; g) = lim
y→x

[
G(x, x; g) +

1

2π
log

Dg(x, y)

L

]
, (A.5)

where L is a renormalization scale and Dg(x, y) is the geodesic distance between x and y.
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Now we introduce the potential Φ(x) for the metric (A.1):

e2φ =
A

A0
− 1

2
A∆0Φ, (A.6)

where A and A0 are the areas for the metric g and g0 = 1, respectively.

It is useful to introduce Aubin-Yau action

SAY (g0,Φ) = −
∫
dx2

[
1

4
Φ∆0Φ− Φ

A0

]
. (A.7)

As shown as eq. (3.40) in [38], we find the helpful relation:

GR(x; g)−GR(x; g0) = Φ(x) +
φ(x)

2π
− SAY (g0,Φ). (A.8)

A.2 Constant mass

We assume that the mass m in (A.2) is a non-zero constant. We can evaluate the partition

function Zm as follows

− logZm =
1

2
log det(∆ +m2)

' 1

2
Tr log ∆ +

m2

2
Tr[∆−1] +O(m4). (A.9)

Therefore the first order massive correction is given by the difference:

∆m2S =
m2

2

∫
dx2√gGR(x; g)− m2

2

∫
dx2GR(x; g0). (A.10)

As shown in [38], we find (by using (A.6), (A.7), (A.8))

1

A

∫
dx2√gGR(x; g)− 1

A0

∫
dx2GR(x; g0)

= −1

4

∫
dx2Φ∆0Φ +

1

2πA

∫
dx2φe2φ − 1

2

∫
dx2Φ∆0GR(x; g0)

≡ 1

8π
SM (g; g0), (A.11)

where the final action is called Mabuchi action.

In this way we can evaluate ∆m2S as follows [38]

∆m2S =
m2A

16π
SM (g; g0) +

m2

2
(A−A0)

∫
dx2GR(x; g0) +

m2

4π
(A−A0) logL, (A.12)

where the final term comes from the renormalization.
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A.3 Path-integral optimization: position dependent mass

For our purpose of path-integral optimizations, the mass is chosen to depend on the space

coordinate such that (as in (4.2))

m2 = m2
0e
−2φ(x), (A.13)

so that the action is invariant under the scale transformation. In this case we find that the

first order change of effective action is given by

∆m2
0
S =

m2
0

2

∫
dx2GR(x; g)− m2

0

2

∫
dx2GR(x; g0). (A.14)

By using (A.6), (A.7), (A.8), we find

∆m2
0
S =

m2
0

2

∫
dx2

[
φ(x)

2π
− 1

4
Φ∆0Φ

]
. (A.15)

Note that logL term cancels out in the above difference.

In this way, for the position dependent mass perturbation, the path-integral optimiza-

tion can be denoted by minimizing the action (notice the relative sign)

N [e2φ, λφ] = SL−∆m2
0
S =

∫
dx2

[
∂aφ∂aφ+ e2φ

]
− m

2
0

2

∫
dx2

[
φ(x)

2π
− 1

4
Φ∆0Φ

]
. (A.16)

The full equation of motion is given by the following non local expression

∂a∂aφ(x) = e2φ(x)
(

1− m2
0

2A
(Φ(x)− 1

A

∫
d2yΦ(y)e2φ(y))

)
− m2

0

8π
. (A.17)

Let us solve this equation of motion perturbatively in m2
0. We expand

e2φ =
1

z2
+m2

0

2f(z)

z
(A.18)

assuming background metric is Poincare patch. Expanding Φ = Φ(0) + m2
0Φ(1) + · · · and

A = A(0) +m2
0A

(1) + · · · , we have

∂a∂aΦ
(0) =

1

A0
− 1

zA(0)
(A.19)

so we have

Φ(0) =
1

2A0
z2 + Cz − z log z

A(0)
+D. (A.20)

Assuming boundary of AdS has infinite volume, and C and D are order O(vol0), then we

can simplify the equation of motion significantly

(zf)′′ =
2f

z
− 1

8π
. (A.21)

The general solution is

f(z) = − 1

24π
z log

z

a
, (A.22)

– 21 –



J
H
E
P
0
7
(
2
0
1
8
)
0
8
6

where a is an arbitrary positive constant. By imposing boundary condition

e2φ|z=ε =
1

ε2
, (A.23)

we can fix a = ε. Therefore the perturbative solution is

e2φ =
1

z2

(
1− m2

0

12π
z2 log

z

ε
+O(m4

0)

)
. (A.24)

It clearly shows that the space is squeezed compared with the massless case m0 = 0. Let

us estimate our path-integral complexity. For simplicity we assume integration range of

our path-integral complexity can be limited to the range

ε ≤ z ≤ ã (A.25)

where ã is defined by the condition

e2φ|z=ã = 0. (A.26)

In the first order approximation in m2
0, we have

1 =
m2

0

12π
ã2 log

ã

ε
. (A.27)

Using these assumptions, we can see our path-integral complexity indeed decreases. The

change of our path-integral complexity is

∆C = −m
2
0ãL

12π

(
3 + log

1

εã2

)
. (A.28)

This is negative, when 1
εã2 is large enough. This is realized for example when m2

0 = O(ε2).

Although these results are expected behavior of metric and path-integral complexity, it is

difficult to compare the above behavior with the AdS/CFT because we are considering a

free scalar field theory, which is not holographic and because the mass perturbation is not

a primary operator in two dimensions.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

References

[1] J.M. Maldacena, The large N limit of superconformal field theories and supergravity, Int. J.

Theor. Phys. 38 (1999) 1113 [hep-th/9711200] [INSPIRE].

[2] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from noncritical

string theory, Phys. Lett. B 428 (1998) 105 [hep-th/9802109] [INSPIRE].

[3] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253

[hep-th/9802150] [INSPIRE].

– 22 –

https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1023/A:1026654312961
https://doi.org/10.1023/A:1026654312961
https://arxiv.org/abs/hep-th/9711200
https://inspirehep.net/search?p=find+EPRINT+hep-th/9711200
https://doi.org/10.1016/S0370-2693(98)00377-3
https://arxiv.org/abs/hep-th/9802109
https://inspirehep.net/search?p=find+EPRINT+hep-th/9802109
https://doi.org/10.4310/ATMP.1998.v2.n2.a2
https://arxiv.org/abs/hep-th/9802150
https://inspirehep.net/search?p=find+EPRINT+hep-th/9802150


J
H
E
P
0
7
(
2
0
1
8
)
0
8
6

[4] J. de Boer, E.P. Verlinde and H.L. Verlinde, On the holographic renormalization group,

JHEP 08 (2000) 003 [hep-th/9912012] [INSPIRE].

[5] K. Skenderis, Lecture notes on holographic renormalization, Class. Quant. Grav. 19 (2002)

5849 [hep-th/0209067] [INSPIRE].

[6] S.R. Das and A. Jevicki, Large N collective fields and holography, Phys. Rev. D 68 (2003)

044011 [hep-th/0304093] [INSPIRE].

[7] I. Heemskerk and J. Polchinski, Holographic and Wilsonian Renormalization Groups, JHEP

06 (2011) 031 [arXiv:1010.1264] [INSPIRE].

[8] T. Faulkner, H. Liu and M. Rangamani, Integrating out geometry: Holographic Wilsonian

RG and the membrane paradigm, JHEP 08 (2011) 051 [arXiv:1010.4036] [INSPIRE].

[9] S.-S. Lee, Quantum Renormalization Group and Holography, JHEP 01 (2014) 076

[arXiv:1305.3908] [INSPIRE].

[10] P. Caputa, N. Kundu, M. Miyaji, T. Takayanagi and K. Watanabe, Anti-de Sitter Space

from Optimization of Path Integrals in Conformal Field Theories, Phys. Rev. Lett. 119

(2017) 071602 [arXiv:1703.00456] [INSPIRE].

[11] M. Miyaji, T. Takayanagi and K. Watanabe, From path integrals to tensor networks for the

AdS/CFT correspondence, Phys. Rev. D 95 (2017) 066004 [arXiv:1609.04645] [INSPIRE].

[12] B. Swingle, Entanglement Renormalization and Holography, Phys. Rev. D 86 (2012) 065007

[arXiv:0905.1317] [INSPIRE].

[13] G. Vidal, A class of quantum many-body states that can be efficiently simulated, Phys. Rev.

Lett. 101 (2008) 110501 [quant-ph/0610099].

[14] G. Vidal, Entanglement Renormalization, Phys. Rev. Lett. 99 (2007) 220405

[cond-mat/0512165] [INSPIRE].

[15] G. Evenbly and G. Vidal, Tensor Network Renormalization, Phys. Rev. Lett. 115 (2015)

180405 [arXiv:1412.0732].

[16] G. Evenbly and G. Vidal, Tensor network renormalization yields the multi-scale entanglement

renormalization ansatz, Phys. Rev. Lett. 115 (2015) 200401 [arXiv:1502.05385].

[17] J. Haegeman, T.J. Osborne, H. Verschelde and F. Verstraete, Entanglement Renormalization

for Quantum Fields in Real Space, Phys. Rev. Lett. 110 (2013) 100402 [arXiv:1102.5524]

[INSPIRE].

[18] M. Nozaki, S. Ryu and T. Takayanagi, Holographic Geometry of Entanglement

Renormalization in Quantum Field Theories, JHEP 10 (2012) 193 [arXiv:1208.3469]

[INSPIRE].

[19] A. Mollabashi, M. Nozaki, S. Ryu and T. Takayanagi, Holographic Geometry of cMERA for

Quantum Quenches and Finite Temperature, JHEP 03 (2014) 098 [arXiv:1311.6095]

[INSPIRE].

[20] F. Pastawski, B. Yoshida, D. Harlow and J. Preskill, Holographic quantum error-correcting

codes: Toy models for the bulk/boundary correspondence, JHEP 06 (2015) 149

[arXiv:1503.06237] [INSPIRE].

[21] P. Hayden, S. Nezami, X.-L. Qi, N. Thomas, M. Walter and Z. Yang, Holographic duality

from random tensor networks, JHEP 11 (2016) 009 [arXiv:1601.01694] [INSPIRE].

– 23 –

https://doi.org/10.1088/1126-6708/2000/08/003
https://arxiv.org/abs/hep-th/9912012
https://inspirehep.net/search?p=find+EPRINT+hep-th/9912012
https://doi.org/10.1088/0264-9381/19/22/306
https://doi.org/10.1088/0264-9381/19/22/306
https://arxiv.org/abs/hep-th/0209067
https://inspirehep.net/search?p=find+EPRINT+hep-th/0209067
https://doi.org/10.1103/PhysRevD.68.044011
https://doi.org/10.1103/PhysRevD.68.044011
https://arxiv.org/abs/hep-th/0304093
https://inspirehep.net/search?p=find+EPRINT+hep-th/0304093
https://doi.org/10.1007/JHEP06(2011)031
https://doi.org/10.1007/JHEP06(2011)031
https://arxiv.org/abs/1010.1264
https://inspirehep.net/search?p=find+EPRINT+arXiv:1010.1264
https://doi.org/10.1007/JHEP08(2011)051
https://arxiv.org/abs/1010.4036
https://inspirehep.net/search?p=find+EPRINT+arXiv:1010.4036
https://doi.org/10.1007/JHEP01(2014)076
https://arxiv.org/abs/1305.3908
https://inspirehep.net/search?p=find+EPRINT+arXiv:1305.3908
https://doi.org/10.1103/PhysRevLett.119.071602
https://doi.org/10.1103/PhysRevLett.119.071602
https://arxiv.org/abs/1703.00456
https://inspirehep.net/search?p=find+EPRINT+arXiv:1703.00456
https://doi.org/10.1103/PhysRevD.95.066004
https://arxiv.org/abs/1609.04645
https://inspirehep.net/search?p=find+EPRINT+arXiv:1609.04645
https://doi.org/10.1103/PhysRevD.86.065007
https://arxiv.org/abs/0905.1317
https://inspirehep.net/search?p=find+EPRINT+arXiv:0905.1317
https://doi.org/10.1103/physrevlett.101.110501
https://doi.org/10.1103/physrevlett.101.110501
https://arxiv.org/abs/quant-ph/0610099
https://doi.org/10.1103/PhysRevLett.99.220405
https://arxiv.org/abs/cond-mat/0512165
https://inspirehep.net/search?p=find+EPRINT+cond-mat/0512165
https://doi.org/10.1103/PhysRevLett.115.180405
https://doi.org/10.1103/PhysRevLett.115.180405
https://arxiv.org/abs/1412.0732
https://doi.org/10.1103/PhysRevLett.115.200401
https://arxiv.org/abs/1502.05385
https://doi.org/10.1103/PhysRevLett.110.100402
https://arxiv.org/abs/1102.5524
https://inspirehep.net/search?p=find+EPRINT+arXiv:1102.5524
https://doi.org/10.1007/JHEP10(2012)193
https://arxiv.org/abs/1208.3469
https://inspirehep.net/search?p=find+EPRINT+arXiv:1208.3469
https://doi.org/10.1007/JHEP03(2014)098
https://arxiv.org/abs/1311.6095
https://inspirehep.net/search?p=find+EPRINT+arXiv:1311.6095
https://doi.org/10.1007/JHEP06(2015)149
https://arxiv.org/abs/1503.06237
https://inspirehep.net/search?p=find+EPRINT+arXiv:1503.06237
https://doi.org/10.1007/JHEP11(2016)009
https://arxiv.org/abs/1601.01694
https://inspirehep.net/search?p=find+EPRINT+arXiv:1601.01694


J
H
E
P
0
7
(
2
0
1
8
)
0
8
6

[22] M. Miyaji and T. Takayanagi, Surface/State Correspondence as a Generalized Holography,

PTEP 2015 (2015) 073B03 [arXiv:1503.03542] [INSPIRE].

[23] P. Caputa, N. Kundu, M. Miyaji, T. Takayanagi and K. Watanabe, Liouville Action as

Path-Integral Complexity: From Continuous Tensor Networks to AdS/CFT, JHEP 11 (2017)

097 [arXiv:1706.07056] [INSPIRE].

[24] B. Czech, Einstein Equations from Varying Complexity, Phys. Rev. Lett. 120 (2018) 031601

[arXiv:1706.00965] [INSPIRE].

[25] D. Stanford and L. Susskind, Complexity and Shock Wave Geometries, Phys. Rev. D 90

(2014) 126007 [arXiv:1406.2678] [INSPIRE].

[26] L. Susskind, Computational Complexity and Black Hole Horizons, Fortsch. Phys. 64 (2016)

44 [arXiv:1403.5695] [INSPIRE].

[27] A.R. Brown, D.A. Roberts, L. Susskind, B. Swingle and Y. Zhao, Holographic Complexity

Equals Bulk Action?, Phys. Rev. Lett. 116 (2016) 191301 [arXiv:1509.07876] [INSPIRE].

[28] A.R. Brown, D.A. Roberts, L. Susskind, B. Swingle and Y. Zhao, Complexity, action and

black holes, Phys. Rev. D 93 (2016) 086006 [arXiv:1512.04993] [INSPIRE].

[29] L. Lehner, R.C. Myers, E. Poisson and R.D. Sorkin, Gravitational action with null

boundaries, Phys. Rev. D 94 (2016) 084046 [arXiv:1609.00207] [INSPIRE].

[30] S. Chapman, M.P. Heller, H. Marrochio and F. Pastawski, Toward a Definition of

Complexity for Quantum Field Theory States, Phys. Rev. Lett. 120 (2018) 121602

[arXiv:1707.08582] [INSPIRE].

[31] R. Jefferson and R.C. Myers, Circuit complexity in quantum field theory, JHEP 10 (2017)

107 [arXiv:1707.08570] [INSPIRE].

[32] J. Molina-Vilaplana and A. Del Campo, Complexity Functionals and Complexity Growth

Limits in Continuous MERA Circuits, arXiv:1803.02356 [INSPIRE].

[33] R. Khan, C. Krishnan and S. Sharma, Circuit Complexity in Fermionic Field Theory,

arXiv:1801.07620 [INSPIRE].

[34] L. Hackl and R.C. Myers, Circuit complexity for free fermions, arXiv:1803.10638 [INSPIRE].

[35] A.M. Polyakov, Quantum Geometry of Bosonic Strings, Phys. Lett. B 103 (1981) 207

[INSPIRE].

[36] P.H. Ginsparg and G.W. Moore, Lectures on 2-D gravity and 2-D string theory,

hep-th/9304011.

[37] K. Gawedzki, Lectures on Conformal Field Theory, in Quantum Fields and Strings: A

Course for Mathematicians, Vol. 2, American Mathematical Society, (1999),

https://pdfs.semanticscholar.org/cca2/78b7cf71c3e9730852d3bf5f64233aa1db9e.pdf .

[38] F. Ferrari, S. Klevtsov and S. Zelditch, Gravitational Actions in Two Dimensions and the

Mabuchi Functional, Nucl. Phys. B 859 (2012) 341 [arXiv:1112.1352] [INSPIRE].

[39] F. Larsen and F. Wilczek, Geometric entropy, wave functionals and fermions, Annals Phys.

243 (1995) 280 [hep-th/9408089] [INSPIRE].

[40] H. Osborn, Weyl consistency conditions and a local renormalization group equation for

general renormalizable field theories, Nucl. Phys. B 363 (1991) 486 [INSPIRE].

– 24 –

https://doi.org/10.1093/ptep/ptv089
https://arxiv.org/abs/1503.03542
https://inspirehep.net/search?p=find+EPRINT+arXiv:1503.03542
https://doi.org/10.1007/JHEP11(2017)097
https://doi.org/10.1007/JHEP11(2017)097
https://arxiv.org/abs/1706.07056
https://inspirehep.net/search?p=find+EPRINT+arXiv:1706.07056
https://doi.org/10.1103/PhysRevLett.120.031601
https://arxiv.org/abs/1706.00965
https://inspirehep.net/search?p=find+EPRINT+arXiv:1706.00965
https://doi.org/10.1103/PhysRevD.90.126007
https://doi.org/10.1103/PhysRevD.90.126007
https://arxiv.org/abs/1406.2678
https://inspirehep.net/search?p=find+EPRINT+arXiv:1406.2678
https://doi.org/10.1002/prop.201500093
https://doi.org/10.1002/prop.201500093
https://arxiv.org/abs/1403.5695
https://inspirehep.net/search?p=find+EPRINT+arXiv:1403.5695
https://doi.org/10.1103/PhysRevLett.116.191301
https://arxiv.org/abs/1509.07876
https://inspirehep.net/search?p=find+EPRINT+arXiv:1509.07876
https://doi.org/10.1103/PhysRevD.93.086006
https://arxiv.org/abs/1512.04993
https://inspirehep.net/search?p=find+EPRINT+arXiv:1512.04993
https://doi.org/10.1103/PhysRevD.94.084046
https://arxiv.org/abs/1609.00207
https://inspirehep.net/search?p=find+EPRINT+arXiv:1609.00207
https://doi.org/10.1103/PhysRevLett.120.121602
https://arxiv.org/abs/1707.08582
https://inspirehep.net/search?p=find+EPRINT+arXiv:1707.08582
https://doi.org/10.1007/JHEP10(2017)107
https://doi.org/10.1007/JHEP10(2017)107
https://arxiv.org/abs/1707.08570
https://inspirehep.net/search?p=find+EPRINT+arXiv:1707.08570
https://arxiv.org/abs/1803.02356
https://inspirehep.net/search?p=find+EPRINT+arXiv:1803.02356
https://arxiv.org/abs/1801.07620
https://inspirehep.net/search?p=find+EPRINT+arXiv:1801.07620
https://arxiv.org/abs/1803.10638
https://inspirehep.net/search?p=find+EPRINT+arXiv:1803.10638
https://doi.org/10.1016/0370-2693(81)90743-7
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B103,207%22
https://arxiv.org/abs/hep-th/9304011
https://pdfs.semanticscholar.org/cca2/78b7cf71c3e9730852d3bf5f64233aa1db9e.pdf
https://doi.org/10.1016/j.nuclphysb.2012.02.003
https://arxiv.org/abs/1112.1352
https://inspirehep.net/search?p=find+EPRINT+arXiv:1112.1352
https://doi.org/10.1006/aphy.1995.1100
https://doi.org/10.1006/aphy.1995.1100
https://arxiv.org/abs/hep-th/9408089
https://inspirehep.net/search?p=find+EPRINT+hep-th/9408089
https://doi.org/10.1016/0550-3213(91)80030-P
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B363,486%22


J
H
E
P
0
7
(
2
0
1
8
)
0
8
6

[41] D. Friedan and A. Konechny, Gradient formula for the β-function of 2d quantum field theory,

J. Phys. A 43 (2010) 215401 [arXiv:0910.3109] [INSPIRE].

[42] Y. Nakayama, Canceling the Weyl anomaly from a position-dependent coupling, Phys. Rev.

D 97 (2018) 045008 [arXiv:1711.06413] [INSPIRE].

[43] I.R. Klebanov and E. Witten, AdS/CFT correspondence and symmetry breaking, Nucl. Phys.

B 556 (1999) 89 [hep-th/9905104] [INSPIRE].

[44] T. Takayanagi, Holographic Dual of BCFT, Phys. Rev. Lett. 107 (2011) 101602

[arXiv:1105.5165] [INSPIRE].

[45] M. Fujita, T. Takayanagi and E. Tonni, Aspects of AdS/BCFT, JHEP 11 (2011) 043

[arXiv:1108.5152] [INSPIRE].

[46] L.-Y. Hung, R.C. Myers and M. Smolkin, Some Calculable Contributions to Holographic

Entanglement Entropy, JHEP 08 (2011) 039 [arXiv:1105.6055] [INSPIRE].

[47] M. Miyaji, T. Numasawa, N. Shiba, T. Takayanagi and K. Watanabe, Distance between

Quantum States and Gauge-Gravity Duality, Phys. Rev. Lett. 115 (2015) 261602

[arXiv:1507.07555] [INSPIRE].

[48] M. Miyaji, Butterflies from Information Metric, JHEP 09 (2016) 002 [arXiv:1607.01467]

[INSPIRE].

[49] D. Carmi, More on Holographic Volumes, Entanglement and Complexity, arXiv:1709.10463

[INSPIRE].

[50] M. Flory, A complexity/fidelity susceptibility g-theorem for AdS3/BCFT2, JHEP 06 (2017)

131 [arXiv:1702.06386] [INSPIRE].

[51] M. Alishahiha and A. Faraji Astaneh, Holographic Fidelity Susceptibility, Phys. Rev. D 96

(2017) 086004 [arXiv:1705.01834] [INSPIRE].

[52] P. Rath, Holographic Complexity, Perimeter Scholars International essay (unpublished)

(2016).

[53] M. Moosa, Divergences in the rate of complexification, Phys. Rev. D 97 (2018) 106016

[arXiv:1712.07137] [INSPIRE].

[54] D. Carmi, R.C. Myers and P. Rath, Comments on Holographic Complexity, JHEP 03 (2017)

118 [arXiv:1612.00433] [INSPIRE].

[55] A. Bhattacharyya, A. Sinha and A. Shekar, Complexity in an interacting QFT, to appear.

– 25 –

https://doi.org/10.1088/1751-8113/43/21/215401
https://arxiv.org/abs/0910.3109
https://inspirehep.net/search?p=find+EPRINT+arXiv:0910.3109
https://doi.org/10.1103/PhysRevD.97.045008
https://doi.org/10.1103/PhysRevD.97.045008
https://arxiv.org/abs/1711.06413
https://inspirehep.net/search?p=find+EPRINT+arXiv:1711.06413
https://doi.org/10.1016/S0550-3213(99)00387-9
https://doi.org/10.1016/S0550-3213(99)00387-9
https://arxiv.org/abs/hep-th/9905104
https://inspirehep.net/search?p=find+EPRINT+hep-th/9905104
https://doi.org/10.1103/PhysRevLett.107.101602
https://arxiv.org/abs/1105.5165
https://inspirehep.net/search?p=find+EPRINT+arXiv:1105.5165
https://doi.org/10.1007/JHEP11(2011)043
https://arxiv.org/abs/1108.5152
https://inspirehep.net/search?p=find+EPRINT+arXiv:1108.5152
https://doi.org/10.1007/JHEP08(2011)039
https://arxiv.org/abs/1105.6055
https://inspirehep.net/search?p=find+EPRINT+arXiv:1105.6055
https://doi.org/10.1103/PhysRevLett.115.261602
https://arxiv.org/abs/1507.07555
https://inspirehep.net/search?p=find+EPRINT+arXiv:1507.07555
https://doi.org/10.1007/JHEP09(2016)002
https://arxiv.org/abs/1607.01467
https://inspirehep.net/search?p=find+EPRINT+arXiv:1607.01467
https://arxiv.org/abs/1709.10463
https://inspirehep.net/search?p=find+EPRINT+arXiv:1709.10463
https://doi.org/10.1007/JHEP06(2017)131
https://doi.org/10.1007/JHEP06(2017)131
https://arxiv.org/abs/1702.06386
https://inspirehep.net/search?p=find+EPRINT+arXiv:1702.06386
https://doi.org/10.1103/PhysRevD.96.086004
https://doi.org/10.1103/PhysRevD.96.086004
https://arxiv.org/abs/1705.01834
https://inspirehep.net/search?p=find+EPRINT+arXiv:1705.01834
https://doi.org/10.1103/PhysRevD.97.106016
https://arxiv.org/abs/1712.07137
https://inspirehep.net/search?p=find+EPRINT+arXiv:1712.07137
https://doi.org/10.1007/JHEP03(2017)118
https://doi.org/10.1007/JHEP03(2017)118
https://arxiv.org/abs/1612.00433
https://inspirehep.net/search?p=find+EPRINT+arXiv:1612.00433

	Path Integral Complexity for Perturbed CFTs
	Repository Citation

	Path Integral Complexity for Perturbed CFTs
	Digital Object Identifier (DOI)
	Notes/Citation Information
	Authors

	Introduction
	General formulation of path-integral optimization
	Optimization procedure
	Interpretation

	Path-integral optimization of 2D CFTs and relevant peturbations
	Path-integral optimization of 2D CFTs
	Path-integral optimization of perturbed 2D CFTs

	Free field examples
	Massive free scalar
	Massive free fermions

	Optimizing relevant perturbations in 2D CFTs
	Wilsonian RG flow
	Local RG flow
	Evaluation of the normalization N[e**(2 phi),lambda(phi)]
	Complexity functional

	Comparison with AdS/CFT
	Conclusions and discussions
	Analysis of massive free scalar
	Conventions
	Constant mass
	Path-integral optimization: position dependent mass


