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Abstract
We prove pathwise uniqueness for stochastic differential equations driven by non-

degenerate symmetric a-stable Lévy processes with values in R? having a bounded
and B-Holder continuous drift term. We assume g > 1 — «/2 and « € [1, 2). The
proof requires analytic regularity results for the associated integro-differential opera-
tors of Kolmogorov type. We also study differentiability of solutions with respect to
initial conditions and the homeomorphism property.

1. Introduction

In this paper we prove a pathwise uniqueness result for the following SDE
t
(1.1) X,:x+/ b(X)ds+L,, xeR% >0,
0

where b: RY — R? is bounded and B-Holder continuous and L = (L,) is a non-
degenerate d-dimensional symmetric «-stable Lévy process (Lo =0, P-a.s.) and d > 1.

Currently, there is a great interest in understanding pathwise uniqueness for SDEs
when b is not Lipschitz continuous or, more generally, when b is singular enough so
that the corresponding deterministic equation (1.1) with L = 0 is not well-posed. A
remarkable result in this direction was proved by Veretennikov in [25] (see also [28] for
d = 1). He was able to prove uniqueness when b: R — R is only Borel and bounded
and L is a standard d-dimensional Wiener process. This result has been generalized in
various directions in [9], [13], [27], [6], (7], [5], [8].

The situation changes when L is not a Wiener process but is a symmetric «-stable
process, « € (0, 2). Indeed, when d = 1 and o« < 1, Tanaka, Tsuchiya and Watanabe
prove in [24, Theorem 3.2] that even a bounded and B-Holder continuous b is not
enough to ensure pathwise uniqueness if o« + < 1 (they consider drifts like b(x) =
sign(x)(Jx|? A 1) and initial condition x = 0). On the other hand, when d = 1 and
o > 1, they show pathwise uniqueness for any continuous and bounded b.

2010 Mathematics Subject Classification. Primary 60H10, 34F05; Secondary 60J75, 35B65.
Supported by the M.I.LU.R. research project Prin 2008 “Deterministic and stochastic methods in
the study of evolution problems”.



422 E. PRIOLA

In this paper we prove pathwise uniqueness in any dimension d > 1, assuming
that « > 1 and b is bounded and B-Holder continuous with 8 > 1 —a/2. Our proof is
different from the one in [24] and is inspired by [7]. The assumptions on the «-stable
Lévy process L which we consider are collected in Section 2 (see in particular Hypoth-
esis 1). Here we only mention two significant examples which satisfy our hypotheses.
The first is when L = (L;) is a standard «-stable process (symmetric and rotationally
invariant), i.e., the characteristic function of the random variable L, is

(1.2) E[e/{trt)] = 7ty e RY, 1 >0,
where ¢, is a positive constant. The second example is L = (L}, e Lf), where
L', ..., LY are independent one-dimensional symmetric stable processes of index c.

In this case
(1.3) E[ei(L”")] — e—lku(\ul\“+-"+|ud\“), ue Rd, t>0,

where k, is a positive constant. Martingale problems for SDEs driven by (L}, ..., L%)
have been recently studied (see [3] and references therein).
We prove the following result.

Theorem 1.1. Let L be a symmetric «-stable process with o € [1, 2), satisfy-
ing Hypothesis 1 (see Section 2). Assume that b € Cf ®R?; RY) for some B € (0, 1)
such that
o
>1—-—.
p 2
Then pathwise uniqueness holds for equation (1.1). Moreover, if X* = (X;) denotes
the solution starting at x € R, we have:

(i) for any t =0, p = 1, there exists a constant C(t, p) > 0 (depending also on «, B
and L = (L,)) such that

(1.4) E[ sup | X7 — Xﬁl”} <C plx—yl’, x,yeR%

0=s=t

(ii) for any t = 0, the mapping: x +— X is a homeomorphism from R? onto RY,
P-a.s.;
(iii) for any t = 0, the mapping: x + X} is a C'-function on R, P-a.s.

All these assertions require that L is non-degenerate. Estimate (1.4) replaces the
standard Lipschitz-estimate which holds without expectation E when b is Lipschitz
continuous. Assertion (ii) is the so-called homeomorphism property of solutions (we
refer to [1], [19] and [14]; see also [20] for the case of Log-Lipschitz coefficients).
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Note that existence of strong solutions for (1.1) follows easily by a compactness argu-
ment (see the comment before Lemma 4.1). On the other hand, existence of weak solu-
tions when b is only measurable and bounded is proved in [15]. Since C f ,(Rd, RY) C
Cf (R?, RY) when 0 < B8 < f/, our uniqueness result holds true for any o > 1 when
B € (1/2,1). Theorem 1.1 implies the existence of a stochastic flow (see Remark 4.4).

The proof of the main result is given in Section 4. As in [7] our method is based
on an It6-Tanaka trick which requires suitable analytic regularity results. Such results
are proved in Section 3. They provide global Schauder estimates for the following re-
solvent equation on R?

(1.5) A—Lu—b-Du =g,

where A > 0 and g € Cf(Rd) are given and we assume « > 1 and o+ > 1. Here L is
the generator of the Lévy process L (see (2.5), [1] and [22]). If L satisfies (1.2) then £
coincides with the fractional Laplacian —(—A)*/? on infinitely differentiable functions
f with compact support (see [22, Example 32.7]), i.e., for any x € R?,

(1.6) —(=0) f(x) = /R @+ = f@) = Tgyizny - Df(x))wa‘”w dy.

It is simpler to prove Schauder estimates for (1.5) when « > 1. In such a case, assum-
ing in addition that £ = —(—A)“/z, i.e.,, L is a standard o-stable process, these esti-
mates can be deduced from the theory of fractional powers of sectorial operators (see
[16]). We also mention [2, Section 7.3] where Schauder estimates are proved when
a > 1 and £ has the form (1.6) but with variable coefficients, i.e., ¢, = Cy(x, y). The
limit case o = 1 in (1.5) requires a special attention even for the fractional Laplacian
L = —(—A)"2. Indeed in this case £ is of the “same order” of b-D. To treat o = 1,
we use a localization procedure which is based on Theorem 3.3 where Schauder esti-
mates are proved in the case of b(x) = k, for any x € R, showing that the Schauder
constant is independent of k (the case o < 1 is discussed in Remark 3.5).

In order to prove Theorem 1.1, in Section 4 we apply Itd’s formula to u(X,),
where u € CZ+ﬂ comes from Schauder estimates for (1.5) when g = b (in such case
(1.5) must be understood componentwise). This is needed to perform the It6—Tanaka
trick and find a new equation for X; in which the singular term fot b(X,)ds of (1.1) is
replaced by more regular terms. Then uniqueness and (1.4) follow by L”-estimates for
stochastic integrals. Such estimates require Lemma 4.1 and the condition «/2+ 8 > 1.
In addition, properties (ii) and (iii) are obtained transforming (1.1) into a form suitable
for applying the results in [14].

We will use the letter ¢ or C with subscripts for finite positive constants whose
precise value is unimportant; the constants may change from proposition to proposition.

2. Preliminaries and notation

General references for this section are [1], [21, Chapter 2], [22] and [26].
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Let (u,v) (or u-v) be the euclidean inner product between u and v € RY, for any
d > 1; moreover |u| = {(u,u)'/?. If D C RY we denote by 1, the indicator function of
D. The Borel o-algebra of R will be indicated by B(R?). All the measures considered
in the sequel will be positive and Borel. A measure ¥ on R? is called symmetric if
y(D) = y(=D), D € BR?).

Let us fix o € (0, 2). In (1.1) we consider a d-dimensional symmetric a-stable
process L = (L;), d > 1, defined on a fixed stochastic basis (2, F, (F;);=0, P) and
F-adapted; the stochastic basis satisfies the usual assumptions (see [1, p.72]). Recall
that L is a Lévy process (i.e., it is continuous in probability, it has stationary incre-
ments, cadlag trajectories, L, — L is independent of F;, 0 <s <, and Ly = 0) with
the additional property that the characteristic function of L, verifies

Q1) E[tm) =V )y = — [ () =1 —iu, y) = (0))v(dy),
]R"

u € RY, t >0, where v is a measure such that

o d
22) v(D) = /g p(dg) /O (). D € B®RY,

for some symmetric, non-zero finite measure u concentrated on the unitary sphere S =
{y e R%: |y| = 1} (see [22, Theorem 14.3]).

The measure v is called the Lévy (intensity) measure of L and (2.1) is the Lévy—
Khintchine formula. The measure v is a o-finite measure on R? such that v({0}) = 0
and fRd(l Aly|)v(dy) < oo, with 1 A|-| = min(l,]|-|). Formula (2.2) implies that (2.1)
can be rewritten as

V) = — / (cos((u, y)) — 1)v(dy)

—1
f w(d) / o “lii) / G, €)1 1(d8), u € R?

(see also [22, Theorem 14.13]). The measure w is called the spectral measure of the
stable process L. In this paper we make the following non-degeneracy assumption
(cf. [23] and [22, Definition 24.16]).

(2.3)

HYPOTHESIS 1. The support of the spectral measure p is not contained in a
proper linear subspace of R?.

It is not difficult to show that Hypothesis 1 is equivalent to the following assertion:
there exists a positive constant C, such that, for any u € R?,

2.4) Y(u) = Colul®.
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Condition (2.4) is also assumed in [11, Proposition 2.1]. To see that (2.4) implies Hy-
pothesis 1, we argue by contradiction: if Supp(n) C (M N'S) where M is the hyper-
plane containing all vectors orthogonal to some uy # 0, then ¥ (up) = 0. To show
the converse, note that Hypothesis 1 implies that for any v € R? with |v| = 1, we
have ¥(v) > 0 (indeed, otherwise, we would have u({& € S: |(v, &)| > 0}) = 0 and
so Supp(u) C {€ € S: (v, &) = 0} which contradicts the hypothesis). By using a com-
pactness argument, we deduce that (2.4) holds for any u € RY with |u| = 1. Then,
writing, for any u € RY, u # 0, [q|(u,&)[*u(dg) = |ul® [s|{u/|u],)|* 1(d&), we obtain
easily (2.4).
The infinitesimal generator £ of the process L is given by

25 Lfx)= /Rd(f(x + ) = f@) = Ly {y, DFONEy), [ € CERY,

where C®°(RY) is the space of all infinitely differentiable functions with compact sup-
port (see [1, Section 6.7] and [22, Section 31]). Let us consider the two examples of
a-stable processes mentioned in Introduction which satisfy Hypothesis 1. The first is
when L is a standard a-stable process, i.e., ¥(u) = c,|u|*. In this case v has density
Cy/|x|9t% with respect to the Lebesgue measure in R?. Moreover the spectral measure
W is the normalized surface measure on S (i.e., u gives a uniform distribution on S;
see [21, Section 2.5] and [22, Theorem 14.14]).

The second example is L = (L/,...,L?), see (1.3). In this case ¥ (u) = ko(|u1|* +
<o« 4 |ug|*) and the Lévy measure v is more singular since it is concentrated on the
union of the coordinates axes, i.e., v has density

1 1
Cq (1{):2_0 ..... deO}W +-+ l{xl_o,...,x,jl_O}W)

with respect to the Lebesgue measure. The spectral measure p is a linear combination
of Dirac measures, i.e. £ = Zle(éek + 6_¢,), where (e;) is the canonical basis in R,
The generator is

d
Lfx) =) / [fCx + se) = f(x) = Tygj=nys axkf(xn% ds, feCX®".
k=1 'R

|s

Let us fix some notation on function spaces. We define C,(R?; RY), for integers k,d > 1,
as the set of all functions f: RY — R¥ which are bounded and continuous. It is a Banach
space endowed with the supremum norm || f|lo = sup, ga| f(x)|, f € Cp(R?; R¥). More-
over, C,‘f (R?; R¥), B €(0,1), is the subspace of all f-Hélder continuous functions f, i.e.,
S verifies

(2.6) [fls:= sup lf0) — Ol _

x,yeRIx#y |x - y|ﬁ
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Cf(]Rd; R¥) is a Banach space with the norm || - |lg = || - o + [ 1. If k = 1, we
set C/(RY; R) = C/(RY). Let COR?, R¥) = C,(RY, R¥) and [- ]y = || - [|lo. For any
n=>1,ac€l0,1), we say that f € C;T*[R?) if f € C"(R?) N CZ(R?) and, for all
j=1,...,n, the (Fréchet) derivatives D’ f € C¥(R?; (R?)®). The space C;"*(R?)
is a Banach space endowed with the norm | f|lu4a = | fllo + > goi I1D* fllo + [D" flas
f e CZ+“(Rd). Finally, we will also consider the Banach space Co(RY) C Cp(RY) of

all continuous functions vanishing at infinity endowed with the norm || - |o.
REMARK 2.1. Hypothesis 1 (or condition (2.4)) is equivalent to the following

Picard’s type condition (see [17]): there exists o € (0, 2) and C, > 0, such that the
following estimate holds, for any p > 0, u € RY with |u| = 1,

/ (i, ) Po(dy) = Cop® ™
[{u,y)|<p}

The equivalence follows from the computation

/ [, y)Po(dy) = / (i, €) () / e dr
{[{u.y)<p}

/ [, €)P1(dg) / i / [, €)1 ().

The Picard’s condition is usually imposed on the Lévy measure v of a non-necessarily
stable Lévy process L in order to ensure that the law of L,, for any # > 0, has a
C°-density with respect to the Lebesgue measure.

3. Some analytic regularity results

In this section we prove existence of regular solutions to (1.5). This will be achieved
through Schauder estimates and will be important in Section 4 to prove uniqueness
for (1.1).

We will use the following three properties of the a-stable process L (in the sequel
u; denotes the law of L,, t > 0).

@) u(A) = pi(t77*A), for any A € B@®R?), t > 0 (this scaling property follows from
(2.1) and (2.3));

(b) w, has a density p, with respect to the Lebesgue measure, ¢ > 0; moreover p; €
C'(RY) and its spatial derivative Dp, € L'(R?, R?) (this is a consequence of Hypoth-
esis 1);

(c) for any o > «, we have by (2.2)

3.1 / [x|°v(dx) < oc.
{lx|=1}
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The fact that (b) holds can be deduced by an argument of [23, Section 3]. Actually,
Hypothesis 1 implies the following stronger result.

Lemma 3.1. For any o € (0,2), t > 0, the density p; € C®°(R?) and all deriva-
tives D¥p, are integrable on RY, k > 1.

Proof. We only show that p, € C*(R?) and Dp, € L'(RY, R?), following [23];
arguing in a similar way one can obtain the full assertion. By (2.4), we know that

e™VW < o=Cutlul” "y e R, and so by the inversion formula of Fourier transform (see
[22, Proposition 2.5]) i, has a density p, € L'(R?) N Cy(RY),

1 .
(3.2) pi(x) = W/ eV g x eRY, 1> 0.
R4

Note that (a) implies that p,(x) = t~%®p,(t~'/%x). Thanks to (2.4) one can differentiate
infinitely many times under the integral sign and verifies that p, € C®(R?). Let us fix
J =1,....d and check that the partial derivative d,, p, € L'(R?). By the scaling property
(a) it is enough to consider r = 1. By writing ¢ = ¥ + ¥,

Vi(u) = — /{l ‘ 1}(COS((M, y)—=Dv@y), vo=1v—1y,
y=

1 .
Ty / e_l(X’Z)((—l'Zj)e_w](Z))e_‘le(Z)dZ, x e RY.
JT R4

0y, p1(x) =
We find easily that ¥, € C*(R?) and so, using also (2.4) we deduce that —izje V1)
is in the Schwartz space S(RY). In particular, there exists f; € L'(R?) such that the
Fourier transform fl () = (—iz j)e"/"(Z). On the other hand (see [22, Section 8]), there
exists an infinitely divisible probability measure y on R? such that the Fourier trans-
form $(z) = e~¥2@. By [22, Proposition 2.5] we infer that f; * y = f, - 7. By the
inversion formula we deduce that 9, pi(x) = (f1 * y)(x) and this proves that 9y, p; €
LY(RY). O

Remark that (c) implies that the expression of L£f in (2.5) is meaningful for any
f e C;+V(Rd) if 1 +y > «. Indeed £f(x) can be decomposed into the sum of two
integrals, over {|y| > 1} and over {|y| < 1} respectively. The first integral is finite since
f is bounded. To treat the second one, we can use the estimate

(v + %) — F()— v - D)
3.3) 1 .
s/o IDF(x + )= DFCOIlyl dr < [DFL Y7, Iyl < 1.

Note that Lf € C,(R?) if f € C,™'(R?) and 1+ y > a.
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The next result is a maximum principle. A related result is in [10, Section 4.5].
This will be used to prove uniqueness of solutions to (1.5) as well as to study existence.

Proposition 3.2. Let a € (0,2). If u € C,”"(RY), 1 +y > a, is a solution to
Mt—Lu—b-Du=g, with A >0 and g € C,(R?), then

1
(3.4) llullo = Xllgllo, A >0.

Proof. Since —u solves the same equation of u with g replaced by —g, it is
enough to prove that u(x) < ||gllo/A, x € RY. Moreover, possibly replacing u by
u —inf,cge u(x), we may assume that u > 0.

Now we show that there exists ¢; > 0 such that, for any € > 0 we can find u, €
C;JFV(R") with |luello = max,cga|ue(x)| and also

lu —uelli+y < €ct.

To this purpose let x, € R? be such that u(x.) > |jullo — € and take a test function
¢ € CX(R?) such that ¢(x.) =1, 0 < ¢ < 1, and ¢(x) = 0 if |[x — x| = 1. One
checks that u.(x) = u(x) + 2e¢(x) verifies the assumptions. Let us define the operator
L1 =L+ b-D and write

Mte(x) = Lyne(x) = g(x) + Mue(x) —u(x)) — Li(ue — u)(x).

Let y. be one point in which u, attains its global maximum. Since clearly £yu.(y.) <0,
we have (using also (3.3))

Muello = Aue(ye) = llgllo + Cllu —uellivy = lIgllo + Cere.
Letting € — 07, we get (3.4). O

Next we prove Schauder estimates for (1.5) when b is constant. The case of b €
Cf (R4, RY) will be treated in Theorem 3.4. We stress that the constant ¢ in (3.6) is
independent of b = k.

The condition o + 8 > 1 which we impose is needed to have a regular C'-solution
u. On the other hand, the next result holds more generally without the hypothesis o +
B < 2. This is assumed just to simplify the proof and it is not restrictive in the study
of pathwise uniqueness for (1.1). Indeed since Cf/(Rd, RY) C Cf (R4, R?) when 0 <
B < pB’, it is enough to study uniqueness when S satisfies f <2 —«.

Theorem 3.3. Assume Hypothesis 1. Let o € (0,2) and B € (0, 1) be such that
1 <a—+pB <2 Then, for any . >0, k € R, g€ Cf(]Rd), there exists a unique solution
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_ a+B md :
u=u, € C, "(R?) to the equation
(3.5) M—Lu—k-Du=g

on R? (L is defined in (2.5)). In addition there exists a constant ¢ independent of g,
u, k and » > 0 such that

(3.6) Mlullo + AT~V Dullg 4+ [Dulesp—1 < cllgllp.

Proof. Equation (3.5) is meaningful for u € CZ‘+5 (R?) with o + B > 1 thanks to
(3.3). Moreover, uniqueness follows from Proposition 3.2.

To prove the result, we use the semigroup approach as in [4]. To this purpose,
we introduce the «-stable Markov semigroup (P;) acting on Cp(R?) and associated to
L +k-Du, ie.,

P f(x) =/ fZ+th)p(z—x)dz, t>0, feCyRY, x eRY,
Rd

where p, is defined in (3.2), and Py, = I. Then we consider the bounded function
U =1u,,

(3.7) u(x):/ e MPg(x)dt, xeR?.
0

We are going to show that u belongs to CZ+ﬂ(Rd), verifies (3.6) and solves (3.5).

PART 1. We prove that u € C§+ﬁ (R?) and that (3.6) holds. First note that A|ju|o <
llgllo since (P;) is a contraction semigroup. Then, using the scaling property p,(x) =
=4/ p(t~"/*x), we arrive at

t—l/a
td/a

collfllo

e 2

(3.8) |IDP, f(x)] = / |fz+ thl|Dpy ™4z =17 *x)| dz <
R4

t >0, f € CyR?), where ¢y = || Dp; |1 ®ay, and so we find the estimate
Co
(3.9) IDPifllo = 571 f o f € CoRD, 1> 0.

By interpolation theory we know that (C,»(R?), CL(R?))p.00 = Cf(Rd)’ B € (0, 1), see for
instance [16, Chapter 1]; interpolating the previous estimate with the estimate | D P, f o <
IDfllo, t =0, f € CLR?), we obtain

1
(3.10) IDPfllo < g I f . 1> 0. f € CJRY,
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with ¢; = c(cg, B). In a similar way, we also find
(&)
(3.11) ID*Pfllo = g IFlls 1> 0. f € CI®R.

Using (3.10) and the fact that (1 — 8)/a < 1, we can differentiate under the integral
sign in (3.7) and prove that there exists Du(x) = Du,(x), x € RY. Moreover Du; is
bounded on R? and we have, for any A > 0 with ¢ independent of A, u, k and g,

AV DUy < &gl

(we have used that [, e %'t 7 dt =c/A'"°, for 0 <1 and A > 0).
It remains to prove that Du € Cf(R?, R?), where 6 = a — 1+ B € (0, 1). We

proceed as in the proof of [2, Proposition 4.2] and [18, Theorem 4.2].
Using (3.10), (3.11) and the fact that 2— B > «, we find, for any x,x’ € RY, x # X/,

7X"°(

D Du(x)| < C 1, R St
|Du(x) — Du(x)| = Cliglls ; pa At e 107

9
< aslgllplx —x"I",

and so [Duly_14p =< c3llgllg, where c3 is independent of g, u, k and A.

PART II. We prove that u solves (3.5), for any A > 0. We use the fact that the
semigroup (P;) is strongly continuous on the Banach space Co(R?); see [1, Section 6.7]
and [22, Section 31].

Let A: D(A) C Co(R?) — Co(RY) be its generator. By [22, Theorem 31.5]) CZ(R?) C
D(A) and moreover Af = Lf + k- Df if f € C2(RY) (we say that f belongs to C3(R)
if f € CZ(R?) N Co(R?) and all its first and second partial derivatives belong to Co(R?)).

We first show the assertion assuming in addition that g € Cg(]Rd). It is easy to
check that u belongs to Cg(Rd) as well. To this purpose, one can use the estimates
| D*P,gllo < ||D*gllo, t =0, k = 1,2, and the dominated convergence theorem. On the
other hand, by the Hille-Yosida theorem we know that u € D(A) and Au — Au = g.
Thus we have found that u solves (3.5).

Let us prove the assertion when g € CZ(RY). Note that also u € C3(R?). We con-
sider a function ¥ € CZ?O(]R") such that ¢(0) = 1 and introduce g,(x) = ¥ (x/n)g(x),
x €RY n>1. It is clear that 8n,Up € Cg(]Rd) (u, 1s given in (3.7) when g is replaced
by g,). We know that

(3.12) Aty (x) — Luy(x) —k - Duy(x) = go(x), x € R.
It is easy to see that there exists C > 0 such that ||g,|» < C, n > 1, and moreover g,

and Dg, converge pointwise to g and Dg respectively. It follows that also ||u,||> is
uniformly bounded and moreover u, and Du, converge pointwise to u and Du re-



SINGULAR SDES DRIVEN BY STABLE PROCESSES 431

spectively. Using also (3.3), we can apply the dominated convergence theorem and
deduce that

lim Lu,(x) = Lu(x), x €R<.

Passing to the limit in (3.12), we obtain that u is a solution to (3.5).

Let now g € Cf(]Rd). Take any ¢ € CCOO(Rd) such that 0 <¢ <1 and fR(, ¢(x)dx =1.
Define ¢,(x) = n’¢(xn) and g, = g * ¢,. Note that (g,) C Ci°(R?) = (=, CR?)
and ||g.llg < llgllg, n = 1. Moreover, possibly passing to a subsequence still denoted
by (g.), we may assume that

(3.13) gn—g in CP(K).

for any compact set K C R? and 0 < B’ < B (see p.37 in [12]). Let u, be given in
(3.7) when g is replaced by g,. By the first part of the proof, we know that

lunllasp = Cligallp = Cligllp,

where C is independent of n. It follows that, possibly passing to a subsequence still
denoted with (u,), we have that u, — u in C**F(K), for any compact set K C R?
and B’ > 0 such that 1 < o + 8 < o + B. Arguing as before, we can pass to the
limit in Au,(x)— Lu,(x)—k- Du,(x) = g,(x) and obtain that u solves (3.5). The proof
is complete. O

Now we extend Theorem 3.3 to the case in which b is Holder continuous. We
can only do this when o > 1 (see also Remark 3.5). To prove the result when o =1
we adapt the localization procedure which is well known for second order uniformly
elliptic operators with Holder continuous coefficients (see [12]). This technique works
in our situation since in estimate (3.6) the constant is independent of k € R¢.

We also need the following interpolatory inequalities (see [12, p. 40, (3.3.7)]); for any
1 €[0,1),0 <s <r < 1, there exists N = N(d,k,r,) such that if f € C;"(R?,RF), then

(3.14) [Flswe < NUFELLALT,

where [f];4, is defined as in (2.6) if 0 <s+17 <1, [flo = | fllo, [f11 = | Dfllo, and
[fls4: = [Dfls4i—1 if 1 <5 +1t < 2. By (3.14) we deduce, for any € > 0,

(3.15) [flove < NE[flrps + Ne*[f1i, f € C3T(RY, RE).

Theorem 3.4. Assume Hypothesis 1. Let « > 1 and B € (0, 1) be such that 1 <
o+ B < 2. Then, for any A >0, g € Cf(Rd), there exists a unique solution u = u; €
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CZHB (RY) to the equation
(3.16) M—Lu—b-Du=yg

on R Moreover, for any w > 0, there exists ¢ = c(w), independent of g and u,
such that

(3.17) Mullo + [Dulatp-1 < cligllp, = w.
Finally, we have lim;_. || Du; ||o = 0.

Proof. Uniqueness and estimate A||u|o < ||gllo, » > 0, follow from the maximum
principle (see Proposition 3.2). Moreover, the last assertion follows from (3.17) using
(3.14). Indeed, with t =0, s =1, r = o + B, we obtain, for A > w,

1 1-1 ~ _
[Duzlo = [uz]i < N[Dup1y G sy @ < Nea- b=Vt g,

where ¢ = ¢(w). Letting A — 0o, we get the assertion.

Let us prove existence and estimate [Dulqip—1 < c||gllg, for A > @, with @ > 0
fixed. We treat o > 1 and o = 1 separately.

PART I (the case @ > 1). In the sequel we will use the estimate

(3.18) £ lle < Mlloll flle + 1 £ llollTes L f € CLR?), 6 € (0, 1).

Writing Au(x)— Lu(x) = g(x) + b(x)- Du(x), and using (3.6) and (3.18), we obtain the
following a priori estimate (assuming that u € CZ‘H; (R%) is a solution to (3.16))

[Dulas+p-1 = Cligllg + Cllb - Dul|g
=Cliglg + ClibligllDullo + Clibllo[Dulg,

(3.19)

where C is independent of A > 0. Combining the interpolatory estimates (see (3.15)
witht =0, s=1+8,r=a+p)

[Duls < Ne® ' [Dulyspr + Ne P llull, € >0,

and |Dullg < Ne® "' [Dulysp 1 + Ne ullo (recall that @ 4+ 8 > 1 + B) with the
maximum principle, we get for € small enough the a priori estimate

[Dulatp1 = ci(liglls + C(@llullo)

(3.20) C(e) C(e)
< Cl(”g”ﬁ + Tllgllo) < Cl(”g”ﬁ + Tllgllo) < Cillglls.
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for any A > w. Now to prove the existence of a C,;HB -solution, we use the continuity
method (see, for instance, [12, Section 4.3]). Let us introduce

(3.21) au(x) — Lu(x) — 8b(x) - Du(x) = g(x),

x € R?, where § € [0,1] is a parameter. Let us define I' = {6 € [0, 1]: there is a unique
solution u = u; € CZH}(]R”’), for any g € Cf(Rd)}.
Clearly T" is not empty since 0 € I'. Fix 8y € I' and rewrite (3.21) as

Au(x) — Lu(x) — 8ob(x) - Du(x) = g(x) + (8 — 8p)b(x) - Du(x).

Introduce the operator S: CZ“Lﬁ (RY) — C,‘f+ﬂ (R%). For any v € CZ‘+5 RY, u = Sv is
the unique CZ+’3-solution to Au(x)—Lu(x)—8ob(x) Du(x) = g(x)+ (8 —38¢)b(x)- Dv(x).

By using (3.20), we get [Svi — Svslluss < 218 — 8ol - éllBllgllvs — vallars. By
choosing |§ — §p| small enough, S becomes a contraction and it has a unique fixed
point which is the solution to (3.21). A compactness argument shows that T = [0, 1].
The assertion is proved.

PART II (the case @ = 1). As before, we establish the existence of a C;J’ﬂ (RY)-
solution, by using the continuity method. This requires the a priori estimate (3.20) for
oa=1.

Let u € C, " (R?) be a solution. Let r > 0. Consider a function £ € C*(R?) such
that £(x) = 1 if |x| <r and &(x) =0 if |x| > 2r.

Let now xo € R? and define p(x) = £(x —xp), x € R, and v = up. One can easily
check that

Lo(x) = p(x)Lu(x) + u(x)Lop(x)

(3.22)

+ | (o(x +y) — p)ux + y) —u(x)v(dy), x € R
R‘I

We have
Av(x) — Lu(x) — b(xo) - Du(x) = fi(x) + fr(x) + f5(x) + fa(x), x €RY,

where

fix) = p(x)gx),  fo(x) = (b(x) — b(xg)) - Dv(x),
f3(x) = —u(x)[Lp(x) + b(x) - Dp(x)],

7)== [ o+ 3) = putr + ) = iy x € R
R4
By Theorem 3.3 we know that

(3.23) [Dvlg = Cillfillg + I f2llg + 1f3llp + 1l fallg)
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where the constant C; is independent of xy and A. Let us consider the crucial term f5.
By (3.18) we find

I2llg = ( sup |b(x)_b(x0)|)[DU]ﬁ + 1Dvollbllp-

X€E€B(xp,2r)

Let us fix » small enough such that Cy sup, g, 2,)|b(x) —b(xo)| < 1/2. We get

(3.24) [Dvlg = 2C (I fill + [IDvllollbllp + 11 f3llp + Nl fallp)-

Note that || fillg = C(r)|lgllg- By the interpolatory estimates (3.15) and the maximum
principle, arguing as in (3.20), we arrive at

[Dvls = Ca(llgllp + 1 f3llp + 1 fall p)s

for any A > w. Let us estimate f;. To this purpose we introduce the following non-
local linear operator T

Tf(x)= / (p(x + ) — pCO(f(x +y) — fF)V(dy), f € CLHR?), x € RY.
Rd

One can easily check that T is continuous from C}(R¢) into Cj(R?) and from C, " (R¢)
into C}/(R?). To this purpose we only remark that, for any x € R,

yPudy) + [

{Iy[>1}

IDTF) < Sllolall £ ( / v(dy))

{Iyl=1}
+5lollill f Il (/ v u(dy) +[ v(dy)), fec,P®Y.
{lyl=1} {ly|>1}
By interpolation theory we know that
2
(CyRY), C PR 00 = €, ®RY),

see [16, Chapter 1], and so we get that T is continuous from C;Jrﬁ 2(]R”Z) into Cf (R%)
(see [16, Theorem 1.1.6]). Since f; = —Tu, we obtain the estimate

||f4||ﬁ =< C3||”||1+,32.
We have || fallp + [ f3lls = e3(r)[lufl14p> and so
[Dvlg = Ca(llgllp + llulli+p2),

where Cy is independent of A > w. It follows that [Dulcs g, ) < Ca(llgllp+ lulli4p2)s
where B(xg, r) is the ball of center xy and radius » > 0. Since C, is independent of
X, we obtain

[Dulp = Cadllgllp + llulli+42),
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for any A > w. Using again (3.15) and the maximum principle, we get the a priori
estimate (3.20) for « = 1. The proof is complete. L]

REMARK 3.5. In contrast with Theorem 3.3, in Theorem 3.4 we can not show
existence of CZW -solutions to (3.16) when o < 1. The difficulty is evident from the
a priori estimate (3.19). Indeed, starting from

[Dularpr = Cligls + ClIblls 1Dullo + Cllbllo[Dul,

we cannot continue, since o < 1 gives Du € Cj with = a + B — 1 < B. Roughly
speaking, when « < 1, the perturbation term b - Du is of order larger than £ and so
we are not able to prove the desired a priori estimates.

4. The main result

We briefly recall basic facts about Poisson random measures which we use in the
sequel (see also [1], [14], [19], [26]). The Poisson random measure N associated with
the «-stable process L = (L) in (1.1) is defined by

N0, 1] x U) = Z 1y(ALy) =#{0 <s <t: AL, € U},

O<s=<t

for any Borel set U in RY \ {0}, i.e., U € B(RY \ {0}), t > 0. Here AL, = L, — L,
denotes the jump size of L at time s > 0. The compensated Poisson random measure
N is defined by N((0, 1] x U) = N((0, t] x U) — tv(U), where v is given in (2.2) and
0 ¢ U. Recall the Lévy—Itd decomposition of the process L (see [1, Theorem 2.4.16]
or [14, Theorem 2.7]). This says that

t t
4.1) L, = bt + / / xN(ds, dx) + // xN(ds,dx), t=>0,
0 J{x|=1} 0 J{|x|>1}

where b = E[L; — [, J;
we have b = 0.
The stochastic integral f; |,

2= 1) xN(ds,dx)]. Note that in our case, since v is symmetric,

xN(ds,dx) is the compensated sum of small jumps
xN(ds,dx) = f(o,z] f[‘x|>” xN(ds,dx) =
2 0<s<.|aL,j>1 DL is a compound Poisson process.

Let T > 0. The predictable o-field P on @ x [0, T'] is generated by all left-
continuous adapted processes (defined on the same stochastic basis fixed in Section 2).
Let U € B(R¢ \ {0}). In the sequel, we will always consider a P x B(U)-measurable
mapping F: [0, T] x U x Q — R<.

If 0 ¢ U, then fOT Jy F(s, x)N(ds,dx) =Y,y F(s, AL)1y(ALj) is a random
finite sum.

|x]=<1}

and is an L?-martingale. The process fot f{\x|>1}
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If E fOT ds [,|F(s, x)|?v(dx) < oo, then one can define the stochastic integral

Z,=// F(s, x)N(ds, dx), te€][0,T]
0JU

(here we do not assume 0 ¢ U). The process Z = (Z,) is an L?-martingale with a cadlag
modification. Moreover, E|Z,|> = E [, ds S| F(s,x)*v(dx) (see [14, Lemma 2.4]). We
will use the following L7”-estimates (see [14, Theorem 2.11] or the proof of Propos-
ition 6.6.2 in [1]); for any p > 2, there exists c¢(p) > 0 such that

t p/2
E|:sup |Zs|p} Sc(p)E|:(/ ds/|F(s, x)|2v(dx)) }
O<s=t 0 U

+ c(p)E|:/[ ds / | F(s, x)|pv(dx)], t €0, T]
0 U

4.2)

(the inequality is obvious if the right-hand side is infinite).

Let us recall the concept of (strong) solution which we consider. A solution to the
SDE (1.1) is a cadlag F;-adapted process X* = (X7) (defined on (€2, F, ()0, P)
fixed in Section 2) which solves (1.1) P-a.s., for t > 0.

It is easy to show the existence of a solution to (1.1) using the fact that b is
bounded and continuous. We may argue at o fixed. Let us first consider ¢ € [0, 1].
By introducing v(t) = X; — L;, we get the equation

v(t) =x + / b(v(s) + Ly) ds.
0

Approximating b with smooth drifts b, we find solutions v, € C([0, 1]; RY). By the
Ascoli—Arzela theorem, we obtain a solution to (1.1) on [0, 1]. The same argument
works also on the time interval [1, 2] with a random initial condition. Iterating this
procedure we can construct a solution for all # > 0.

The proof of Theorem 1.1 requires some lemmas. We begin with a determinis-
tic result.

Lemma 4.1. Let y €[0,1] and f € C;ﬁ/(Rd). Then for any u,v € RY, x € RY,
with |x| < 1, we have

|f+x) = f@) = f+0)+ fO] = ¢ flliaylu—vllx]", with ¢, =37
Proof. For any x € RY, |x| < 1, define the linear operator 7,: C}(R?) — C}(R?),

T.f(u) = fu+x)— fw), feCLRY), ueR’
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Since || Ty fllo < IIDfllolx| and || D(Tx fHllo < 2||Df o, it follows that 7 is continuous
and |T.fli < @+ [xDIIflli, f € CLR?). Similarly, 7, is continuous from C3(R)
into C}(RY) and

1T fll < % fll2s f € CERY.
By interpolation theory (Cl} (R%), C;(Rd))y,oo =C ;H(Rd), see for instance [16, Chap-
ter 1]; we deduce that, for any y € [0,1], T, is continuous from C;+V(Rd) into C}/(RY)
(cf. [16, Theorem 1.1.6]) with operator norm less than or equal to (2 + |x|)'™"|x|".

Since |x| < 1, we obtain that ||T, f|l; < ¢, |x|” | fll14y. f € Co77(RY). Now the
assertion follows noting that, for any u, v € R?,

|f+x)=f)— f+x)+ f)] =T fw) - T f)] < [ DT fllolu —v].
The proof is complete. O
In the sequel we will consider the following resolvent equation on R?
4.3) Au—Lu—Du-b=0>b,

where b: R? — R? is given in (1.1), £ in (2.5) and A > 0 (the equation must be un-
derstood componentwise, i.e., Au; — Lu; —b - Du; = b;, i =1, ...,d). The next two
results hold for SDEs of type (1.1) when b is only continuous and bounded.

Lemma 4.2. Let « € (0,2) and b € C,(R?, RY) in (1.1). Assume that, for some
A > 0, there exists a solution u € C£+V(Rd, RY) to (4.3) with y € [0, 11, and moreover

1+y>a.
Let X = (X,) be a solution of (1.1) starting at x € R¢. We have, P-a.s., t > 0,

u(X;) — u(x)

4.4 ! -
@9 =x—X,+L,+A f u(Xs)ds + f / [u(Xs— + x) —u(X,_)IN(ds, dx).
0 0 JRI\{0}

Proof. First note that the stochastic integral in (4.4) is meaningful thanks to the
estimate

t
E/ ds/ lu(Xs— + x) — u(X,_)|*v(dx)
4.5) 0 R
< 4t||u||%/ v(dx) + t||u||%/ |x|2v(dx) < 00.
{lx|>1} {lx|=1}
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The assertion is obtained applying Itd6’s formula to u(X,) (for more details on Itd’s
formula see [1, Theorem 4.4.7] and [14, Section 2.3]).

Letus fix i =1,...,d and set u; = f. A difficulty is that Itd’s formula is usu-
ally stated assuming that f € C*(R?). However, in the present situation in which L
is «-stable, using (3.1), one can show that Itd’s formula holds for f(X;) when f €
CbHV(Rd). We give a proof of this fact.

We assume that y > 0 (the proof with y = 0 is similar). By convolution with
mollifiers, as in (3.13) we obtain a sequence (f,) C Cgo(Rd) such that f, — f in
C'*7'(K), for any compact set K C R? and 0 < y' < y. Moreover, || fulli+y < [l f]1+,
n > 1. Let us fix r > 0. By It6’s formula for f,(X;) we find, P-a.s.,

fn(Xt) - fn(x)

- / / L (Xoe + 2) — fu(X,IN(ds. dx)
0 Jra\(0)
4.6) t
+ / ds f L (Xoe - 3) = fa(Xsn) = Lueny - Df(Xs)0(d)
0 R4
+/ b(Xs)Dfn(Xs)ds
0

It is not difficult to pass to the limit as n — oo; we show two arguments which are
needed. To deal with the integral involving v, one can apply the dominated conver-
gence theorem, thanks to the following estimate similar to (3.3),

| fu(Xs— 4+ X) = fu(Xs2) —x - Df(X,0)| < [DF] x|, x| <1

(recall that f{m <1}

stochastic integral with respect to N, one uses the isometry formula

|x|1+?’v(dx) < oo since 1 + y > «). To pass to the limit in the

2
E

/ / (X + ) — fo(Xo) = F(Xoe )+ F(XoIN(ds, dx)
0 JRI\{0}
(47) = / dS / E|fn(Xsf + .X) - f(Xsf + x) - fn(Xsf) + f(Xs7)|2V(d-x)
0 {lx|=1}
T / ds / Elfo(Xse 4+ ) — F(Xee 4 2) — fulXs) + F(Xe)Pr(dx).
0 (lx|=1}

Arguing as in (4.5), since || fylli+y < [ flli4y. 7 = 1, we can apply the dominated con-
vergence theorem in (4.7). Letting n — oo in (4.7) we obtain 0. Finally, we pass to
the limit in probability in (4.6) and obtain Itd’s formula when f € C,1+V(Rd).

Noting that, for any i =1, ...,d,

Lui(y) = | [ui(y +x) — u;(y) = Ljyj=n)x - Duy(»)v(dx), y € RY,
R"
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and using that u solves (4.3), i.e., Lu + b - Du = Au — b, we can replace in the Itd
formula for u(X,) the term

/L'u(Xs)ds—}—/ Du(X)b(X,)ds
0 0

d ' 1
=2 ( | ewccras+ Du,-(xs)-b(xods)e,-
i=1 0

0

with —fot b(X,)ds —l—)\fot w(X)ds =x—X,+1L, +)\f0tu(XS)ds and obtain the assertion.
O

The proof of Theorem 1.1 will be a consequence of the following result.

Theorem 4.3. Let « € (0,2) and b € C,(RY, R?) in (1.1). Assume that, for some

A > 0, there exists a solution u = u; € C;+V(Rd, RY) to the equation (4.3) with y €
[0, 11, such that c; = ||Duy|lo < 1/3. Moreover, assume that

2y > a.

Then the SDE (1.1), for every x € RY, has a unique solution (X7).
Moreover, assertions (i), (ii) and (iii) of Theorem 1.1 hold.

Proof. Note that 2y > « implies the condition 1 + y > o of Lemma 4.2.

We provide a direct proof of pathwise uniqueness and assertion (i). This uses Lem-
mas 4.2 and 4.1 together with L”-estimates for stochastic integrals (see (4.2)). State-
ments (ii) and (iii) will be obtained by transforming (1.1) in a form suitable for apply-
ing the results in [14, Chapter 3].

Let us fix t > 0, p = 2 and consider two solutions X and Y of (1.1) starting at
x and y € RY respectively. Note that X, is not in L” if p > o (compare with [14,
Theorem 3.2]) but the difference X; — Y; is a bounded process. Pathwise uniqueness
and (1.4) (for any p > 1) follow if we prove

(4.8) E[ sup | X, — Yslp] SCOx—yl”, x,yeR,

0=s=t

with a positive constant C(¢) independent of x and y. Indeed in the special case of
x =y estimate (4.8) gives uniqueness of solutions.
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We have from Lemma 4.2, P-a.s.,
X; =Y =[x =yl + [u(x) —u(y)] + [u(Y;) —u(X,)]

+ / / [(Xs— +x) —u(X;_) — u(Yy_ + x) + u(Y;_)|N(ds, dx)
(4.9) 0 JRA\(0}
+ k/ [u(Xs) —u(Y)] ds.
0

Since ||Du|lop < 1/3, we have |u(X,) — u(Y;)| < (1/3)|X, — Y;|. It follows the estimate
| X = Yi[ = B/2)A1(1) + (3/2)A2(1) + (3/2)A3(1) + (3/2) A4, where

A(t) =

)

/ / (X + x) — u(X,) — (Yo + x) + u(¥, )IN(ds, dx)
0 J{xl>1)

As(t) = )»/ lu(Xs) — u(Yy)| ds,
0

As(t) =

/ / [(X,— + 3) — u(Xs_) — (Yo + %) + u(Y,)IN (s, dx)
0 J{lx|=1}

4
Ay =|x —y| + [ulx) —u@y)| < glx =yl

Note that, P-a.s.,

3
sup | X, — Y|P = Cplx —y|? + C) Z sup Ag(s)P.

0<s=<t k=1 0<s=<t

The main difficulty is to estimate Aj3(t). Let us first consider the other terms. By the
Holder inequality

t
sup Aa(s)? < ci(p)P! / sup | X, — Y,|? dr.
0

0=<s=<t 0=<s=r

By (4.2) with U = {x e RY: |x| > 1} we find

E|: sup Al(s)p]
0=<s=t
t r/2
= C(P)E[(/ ds / lu(Xs— +x) —u(Ys— +x) + u(¥s-) — M(Xs—)|zv(dx)) i|
0 {Ix|>1}

+c(p)E / ds / [u(Xs— +x) —u(Ys— +x) + u(Y; ) — u(X,)|"v(dx).
0 (Jx|>1}

Using |u(X;— +x) —u(Yy— +x)+u¥s ) —u(X;-)| < (2/3)|X;- — Y,_| and the Holder
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inequality, we get

E[ sup Al(sﬂ’] < Ci(p)(1 + tP/*7h

0=<s=<t
p/2 t
. / v(dx) + (/ v(dx)) / E|: sup | X; — Ys|”] dr.
{|x|>1} {|x]>1} 0 0=<s=<r

Let us treat A;(r). This requires the condition 2y > «. By using (4.2) with U = {x €
R?: |x| <1, x # 0} and also Lemma 4.1, we get

t r/2
E[ sup A3(s)1’] < c(p)||u||f+yE|:(/ ds / |X, — Ys|2|x|2yv(dx)) :|
0<s=<t 0 {lx|=1}

t
el [ ds [ X = vl @,
0 {lx|=1}
We obtain

E[ sup A3(s)”}

0<s<t

< C(p)A + "2 Hullf,

p/2 t
. (/ |x|2Vv(dx)) + / [x|"Pv(dx) / E|: sup | X, — Ys|f’i| dr,
{lx|=1} {Ix|=1} 0 0<s<r

where f{\xl -
estimates, we arrive at

}|x|va(dx) < 400, since p > 2 and 2y > «. Collecting the previous

t
E[ sup | X — Ysl”} < Cplx —yIP + Cu(p)(d + t”’l)/ E[ sup | X, — Ysl”} dr.
0

0<s<t 0<s<r

Applying the Gronwall lemma we obtain (4.8) with C(¢) = C, exp(C4(p)(1 + tP=h).
The assertion is proved.

Now we establish the homeomorphism property (ii) (cf. [14, Chapter 3], [1, Chap-
ter 6] and [19, Section V.10]).

First note that, since || Du||o < 1/3, the classical Hadamard theorem (see [19, p. 330])
implies that the mapping ¥: RY — RY, ¥(x) = x +u(x), x € R?, is a C'-diffeomorphism
from R onto R?. Moreover, Dy~ is bounded on R? and || Dy ~'|o < 1/(1 —c;) < 3/2
thanks to

(4.10) DY) =+ Du@ ' ONI" =) _(~Duy (). yeR

k=0
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Let r € (0, 1) and introduce the SDE
t ~
Y,=y +/ b(Yy) ds
0

t t
/ / g(YS—’ Z)N(ds’ dz) + / / g(YS—7 Z)N(ds’ dZ)7 t Z 0’
0 J{lz|=r} 0 J{[z[>r}

where b(y) = u(y ' (y)) - Sieon @) + 2 = u(@ ' (»)v(dz) and

.11

gD =u@W ' M +2)+z—u@ (), yeR? zeR

Note that (4.11) is a SDE of the type considered in [14, Section 3.5]. Due to the
Lipschitz condition, there exists a unique solution Y = (¥}") to (4.11). Moreover, using
(4.4) and the formula

t t
L, = // xN(ds, dx) + // xN(ds,dx), t>0
0 J{|x|=r} 0 J{|x|>r}

(due to the fact that v is symmetric) it is not difficult to show that
(4.12) y(XH=Y'Y xeR? >0

Thanks to (4.12) to prove our assertion, it is enough to show the homeomorphism prop-
erty for ¥;. To this purpose, we will apply [14, Theorem 3.10] to equation (4.11). Let
us check its assumptions.

Clearly, bis Lipschitz continuous and bounded. Let us consider [14, condition (3.22)].
Forany y € RY, z € R%, |g(y, 2)| < |z|(1 + [ Dullo) < K(2), with K (2) = (4/3)|z] (recall
that fIZIEI |z|>v(dz) < oo); further by Lemma 4.1 and (4.10) we have, for any y, y’ € R,

z € R? with |z] <1,
1g(y.2) =gy, DI = L)y —y'| where L(z) = Cillulli4ylz]”,

with flz\SI L(z)*v(dz) < oo, since 2y > «. Note that we may fix r > 0 small enough
in (4.11) in order that K(r) + L(r) < 1 (according to [14, Section 3.5], this con-
dition is needed to study the homeomorphism property for equation (4.11) without
Jo Jieor Y5y DIN(ds, d2); see also [14, Remark 1, Section 3.4]).

By [14, Theorem 3.10] in order to get the homeomorphism property, it remains to
check that, for any z € R?, the mapping:

(4.13) y >y +g(y,z) is a homeomorphism from R? onto RY.

Let us fix z. To verify the assertion, we will again apply the Hadamard theorem.
We have

Dyg(y, 2) = [Du(¥™'(y) + 2) — Du(y " (Y)IDY ™ ()]
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and so by (4.10) (since || Dullo < 1/3) we get || Dyg(-,2)|lo < 2¢:/(1—c;) < 1. We have
obtained (4.13). By [14, Theorem 3.10] the homeomorphism property for ¥; follows
and this gives the assertion.

Now we show that, for any t > 0, the mapping: x v XF is of class C' on RY,
P-a.s. (see (iii)).

We fix + > 0 and a unitary vector e, of the canonical basis in RY. We will show
that there exists, P-a.s., the partial derivative lim,_o(X; "% — X¥)/s = D, X{ and,
moreover, that the mapping x +> D, X* is continuous on R?, P-as.

Let us consider the process Y = (¥;) which solves the SDE (4.11). If we prove
that the mapping y + Y; is of class C! on R, P-as., then we have proved the as-
sertion. Indeed, P-a.s.,

D, X =Dy '/ NDY 1D, v (x), x € R

We rewrite (4.11) as
t t ~
4.14) Y,=y+ A/ u(y (Y, dr + / / h(,_,z2)N(dr,dz) + L,,
0 0 JRI\{0}

t >0, yeRY where

h(y,2) =u®@ ') +2) —u@ () = gy, ) — 2,

and note that the statement of [14, Theorem 3.4] about the differentiability property
holds for SDEs of the form (4.14), provided that the coefficients Auoy~! and 4 satisfy
[14, conditions (3.1), (3.2), (3.8) and (3.9)]. Indeed the presence of L, in the equation
does not give rise to any difficulty. To check this fact, remark that, for any r > 0,
y € RY, s # 0, we have the equality

ytser _ vy t —1 yytseny _ 1y
Y Y; =ek+(A/ u(p Yy ) —u((Y))) dr

N 0 N
! h Yryf+xek, - h Yryf, =
+ / / ( D=h¥ ) G dz)),
0 Jri\(0) s

where L, is disappeared. Thus we can apply the same argument which is used to prove

[14, Theorem 3.4] (see also the proof of [14, Theorem 3.3]), i.e., we can provide esti-
mates for

P p
E| sup and E| sup ,
0<t<T 0<I<T

p>2 525 #0, v,y €R? by using (4.2) and the Gronwall lemma (remark that in
[14] the term s~'(¥; "% —¥;") is denoted by N,(y,s)), and then apply the Kolmogorov
criterion in order to prove that y — Y, is of class C' on R, P-as.

)+se
Yt) ko Yzy

N

y+se, y ' +s'e !
Yt) ko Yt) B Yt} ko Yly

s s’
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Let us check that Auoy~! and & satisfy the assumptions of [14, Theorem 3.4] (i.e.,
respectively, [14, conditions (3.1), (3.2), (3.8) and (3.9)]). Conditions (3.1) and (3.2)
are easy to check. Indeed Au(y~'(-)) is Lipschitz continuous on R? and, moreover,
thanks to Lemma 4.1 and to the boundeness of D!,

lh(y, 2) = h(y', )| < Cllullisy(Lyz=ny |zl + Lygg=1Dly — ¥, z € RY,

y, v € R, with Jra(Lzi<nylz” + 1(z=1))Pv(dz) < oo, for any p > 2. In addition,
|h(y, 2)| < Lo(z), z € RY, y € R, where, since ||Dulo < 1/3,

1 .
Lo(z) = 31{\z|51]|2| +2|lullolyz>1y with /l Lo(z)’v(dz) < 00, p=>2.
RL

Assumptions [14, (3.8) and (3.9)] are more difficult to check. They require that there
exists some & > 0 such that (setting /(x) = Au(y ' (x)))

(1) sup|DI(y))| < oo; |DI(y)— DI <Cly—y'’, y,y €eR%
(4.15) yeR
() |Dyh(y, 2)| = Ki(2);  |Dyh(y, 2) — Dyh(Y', 2)| < K2(2)|y — V'],

for any y, y’ € RY, 7 € R4, with fRd Ki(z)Pv(dz) < oo, for any p > 2, i = 1,2. Such
estimates are used in [14] in combination with the Kolmogorov continuity theorem to
show the differentiability property.

Let us check (1) with § = y, ie., DI € CZ(R", RY). Since, for any y € RY,
DI(y) = ADu(y¥ ' (y))Dy~'(y), we find that DI is bounded on R?. Moreover, thanks
to the following estimate (cf. (3.18))

[DI], < A|Dullo[DY "1, + A[Dul, | DY)+,

in order to prove the assertion it is enough to show that [Dl//"]y < 00. Recall that for
d xd real matrices A and B, we have / +A)"'—(I+B)"' = +A)"(B—A)I+B)™!
(if (I + A) and (I + B) are invertible). We obtain, using also that Dy~ is bounded,

DY '(y) = DY )| = I + Duy ' NI — I + Du(y ' (NI
<clDul,ly—y1, y, Yy eR?

and the proof of (1) is complete with y = §. Let us consider (2). Clearly,
Dyh(y, 2) = [Du(p™" (y) + 2) = Du@™' ()IDY ™' ()
verifies the first part of (2) with K;(z) = c2l|Du|l, (Ljz<iy|zl” + Liz=1))-

Let us deal with the second part of (2). We choose y’ € (0, ) such that 2y’ > «
and first show that, for any f € C} (RY, RY), we have

(4.16) (T.f1,— < CLf1,Ix]", xeRY,
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where (as in Lemma 4.1) for any x € R?, we define the mapping 7, f: RY — R? as
T f(u) = f(x +u)— f(u), u € RY. Using also (3.14), we get

[T fly—y < N[Txf](yV*V’)/V[Txf](')*(V*V’)/V < cN[f]V|x|V(1*(V*V')/V) < CN|x|V'[f]y7

for any x € R, By (4.16) we will prove (2) with § =y —y’ > 0.
First consider the case when |z| < 1. By (4.16) with Du = f, we get

|D)h(y» Z) - Dyh(y/, Z)|

= |Du(y ' (y) + 2) — Du(¥ ' (») — Du(¥ ' (Y) + 2) + Du(y ' GDIIDY o
< C\[Dulyly = y'°|z|”,

for any y, y’ € RY. Let now |z| > 1; we find, for y, y’ € R? with |y —y/| < 1,
|Dyh(y, 2) = Dyh(y', 2)| < Co[Dul, |y — y'|" < Co[Dul, |y — Y

On the other hand, if |y—y'| > 1, |z| > 1, |Dyh(y,2)—Dyh(y',2)| = 4| Dullo|y—y'|7~"".
In conclusion, the second part of (2) is verified with § =y —y’ and

K»(2) = C3]| Dull, (1y=plzl” + Lijz=1))-

(note that [p, K»(z)"v(dz) < oo, for any p > 2, since 2y’ > a). Since C} (R, R?) C
CZ_V’(]R", R?), we deduce that both (1) and (2) hold with § = y — .

Arguing as in [14, Theorem 3.4], we get that y > Y, is C', P-a.s., and this proves
our assertion. We finally note that [14, Theorem 3.4] also provides a formula for H, =
DY/, ie.,

t
H =1 —|—A/ Du(y~'(Y)) Dy~ (Y))H? ds
0
1
[ oo onnNas @, 10y ere
0 JRY\{0}

The stochastic integral is meaningful, thanks to (2) in (4.15) and to the estimate
supg<,<; E[|H|"’] < oo, for any t > 0, p > 2 (see [14, assertion (3.10)]). The proof
is complete. O

Proof of Theorem 1.1. We may assume that 1 —«/2 < f < 2—«. We will deduce
the assertion from Theorem 4.3.

Since o > 1, we can apply Theorem 3.4 and find a solution u, € C;JFV(Rd, RY)
to the resolvent equation (4.3) with y = o — 1+ g € (0, 1). By the last assertion of
Theorem 3.4, we may choose A sufficiently large in order that || Dullo = || Duy|lo < 1/3.
The crucial assumption about y and « in Theorem 4.3 is satisfied. Indeed 2y = 2« —
2+ 2B >« since B > 1—«/2. By Theorem 4.3 we obtain the result. O
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REMARK 4.4. Thanks to Theorem 1.1 we may define a stochastic flow associ-
ated to (1.1). To this purpose, note that by (ii) we have X; = &(x), t = 0, x € R,
P-a.s., where & is a homeomorphism from R? onto R?. Let £ be the inverse map.
As in [14, Section 3.4], we set & ,(x) =& OES’I(x), 0<s=<t, xeR?

The family (&) is a stochastic flow since verifies the following properties (P-a.s.):
(i) for any x € R4, (&,(x)) is a cadlag process with respect to ¢ and a cadlag process
with respect s;

(i) &.,:RY — R? is an onto homeomorphism, s < ¢;
(iii) &,(x) is the unique solution to (1.1) starting from x at time s;
(iv) we have & ,(x) = &, (&, (x)), forall 0 <s <u <1, x € R?, and & s(x) = x.
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