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Patterson-Sullivan Distributions
and Quantum Ergodicity

Nalini Anantharaman and Steve Zelditch

Abstract. This article gives relations between two types of phase space dis-
tributions associated to eigenfunctions ¢, of the Laplacian on a compact
hyperbolic surface Xr:
e Wigner distributions fs*xp a dWir; = (Op(a)pir;, dir;) 2%y, Which
arise in quantum chaos. They are invariant under the wave group.
e Patterson-Sullivan distributions PSirj, which are the residues of the
—sL
" T T
runs over closed geodesics) at the poles s = % + ir;. They are invariant
under the geodesic flow.

We prove that these distributions (when suitably normalized) are asymp-
totically equal as r; — co. We also give exact relations between them. This
correspondence gives a new relation between classical and quantum dynamics
on a hyperbolic surface, and consequently a formulation of quantum ergodicity
in terms of classical ergodic theory.

dynamical zeta-functions Z(s;a) := > f% a (where the sum

1. Introduction, statement of results.

The purpose of this article is to relate two kinds of phase space distributions
which are naturally attached to the eigenfunctions ¢;., of the Laplacian A on
a compact hyperbolic surface Xrp. The first kind are the Wigner distributions
Wi, € D'(S*Xr) (1.1) of quantum mechanics. The second kind are what we call
normalized Patterson-Sullivan distributions ﬁgm € D'(S*Xr) (1.3). In Theorem
1.3, we prove that the Patterson-Sullivan distributions are the residues of classical
dynamical zeta functions at poles in the ‘critical strip’, and therefore have a purely
classical definition. Yet in Theorem 1.1, we prove that there exists an ‘intertwining
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operator’ L, (1.6) which transforms ﬁgirj into W;,.; and which induces an asymp-

totic equality Wi, ~ I/DF,;TJ, between them. It follows that some of the principal
objects and problems of quantum chaos on a compact hyperbolic surface have a
purely classical mechanical interpretation. The full nature of the intertwining rela-
tion between quantum and classical dynamics will be investigated further in [AZ].
It should generalize to finite volume hyperbolic manifolds of all dimensions, but
seems to be a special feature of locally symmetric manifolds related to uniqueness
of triple products (invariant trilinear functionals; see [BR, R]).

To state our results, we introduce some notation. We write G = PSU(1,1) :=
SU(1,1)/+£1 = PSL(2,R), K = PSO(2) and identify the quotient G/K with the
hyperbolic disc D. We let I" C G denote a co-compact discrete group and let Xp =
I'\D denote the associated hyperbolic surface. By “phase space” we mean the unit
cotangent bundle S*Xr, which may be identified with the unit tangent bundle
SXr and also with the quotient I'\G. By a distribution F € D’(Y') on a space Y’
we mean a continuous linear functional on D(Y') = C§°(Y'). We denote the pairing
of distributions £ and test functions f by (f, E)y or [, f(y)E(dy), depending on
convenience. We denote by A\g = 0 < A; < As... the spectrum of the Laplacian
on Xr, repeated according to multiplicity; with the usual parametrization \; =
sj(1 —s;) = i + rj2- (sj = % +ir;), we denote by {¢ir, }j=0,1,2,... an orthonormal
basis of real-valued eigenfunctions: A, = —A;dir; -

The Wigner distributions (microlocal lifts, microlocal defect measures...)
Wi, € D'(S*Xr) are defined by

<a7Wi7‘j> = /S*X a(g)WiTj (dg) == <Op(a)¢irj7¢irj>L2(XF)7 a € C*(S"Xr)

(1.1)
where Op(a) is a special quantization of a, defined using hyperbolic Fourier analysis
(Definition 3.4). The Wigner distribution W;,, depends quadratically on ¢;,,, has
mass one in the sense that (I, W) = 1, and has the quantum invariance property

(U Op(a)Usir, , ir,) = (OP(@)ir; s b)), (Us = exp(itVA));  (1.2)

hence by Egorov’s theorem Wj, is asymptotically invariant under the action of
the geodesic flow ¢g* on S*Xp, in the large energy limit r; — +oco. The Wigner
distribution W;,., is one of the principal objects in quantum chaos: it determines
the oscillation and concentration of the eigenfunction ¢;.; in the classical phase
space S*Xr (see §2). One of the main problems in quantum chaos is the quantum
unique ergodicity problem of determining which geodesic flow invariant probability
measures arise as weak™ limits of the Wigner distributions (cf. [Lin, RS, W, Sh,
SV, Z2] for a few articles on hyperbolic quotients).

The (non-normalized) Patterson-Sullivan distributions { PSSy, } associated to
the eigenfunctions {@;, } (cf. Definition 3.3) are defined by the expression

Tirj (db)Tirj (db/)

PSz'rj (dg) = PSirj (dblv dbﬂ dt) = |b _ b/|1+2i7’j

® |dt]. (1.3)
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In this definition, T, is the boundary values of ¢;,; in the sense of Helgason (cf.
Theorem 3.1 or [He, H].) The parameters (¥',b) (b # ') vary in B X B, where B =
0D is the boundary of the hyperbolic disc, and t varies in R; (¥,b) parametrize
the space of oriented geodesics, ¢ is the time parameter along geodesics, and the
three parameters (b',b,t) are used to parametrize the unit tangent bundle SD.

The Patterson-Sullivan distributions PSW]. are invariant under the geodesic
flow (¢') on SD, i.e.

(gt)*PSirj = PSirj~ (14)
The distributions PS;,; are also I'-invariant (cf. Proposition 3.3), hence they de-
fine geodesic-flow invariant distributions on SXr. We also introduce normalized
Patterson-Sullivan distributions
— 1

PS;, =
! <Ia PSirj>SXp

which satisfy the same normalization condition (I,fgirj) = 1 as W;, on the
quotient SXr. In Theorem 1.2, it is shown that (I, PSiTj>.2(1+2"J')MO(% +ir;) =1

Lyr(s— L
where po(s) = % Note that the normalizing factor does not depend on

the group T'.

Phase space distributions of this kind were associated to ground state eigen-
functions of certain infinite area hyperbolic surfaces by S. J. Patterson [Pat0,
Patl], and were studied further by D. Sullivan [Sul, Su2] (see also [N]). Ground
state Patterson-Sullivan distributions are positive measures, but our analogues
for higher eigenfunctions on compact (or finite area) hyperbolic surfaces are not
measures. To our knowledge, they have not been studied for higher eigenfunctions
before. -

Both families (Wy,,) and (PS;,;) are normalized, T-invariant bilinear forms
in the eigenfunctions ¢;., with values in distributions on SXr. But they possess
different invariance properties: the former are invariant under the quantum dy-
namics (the wave group) while the latter are invariant by the classical evolution
(the geodesic flow). The motivating problem in this article is to determine how
they are related.

The exact relation involves the operator L, : C§°(G) — C*°(G) defined by

Loalg) = /R(1 +u2)~ G+ a(gn. ) du (1.6)

which, we will see, mediates between the classical and quantum pictures. Here,

PS;y,, (1.5)

Ny = (; ?) acts on the right as the horocycle flow. We further introduce a cutoff

function x € C§°(D) which is a smooth replacement for the characteristic function
of a fundamental domain for I' (called a ‘smooth fundamental domain cutoff’, see
Definition 3.2).

Theorem 1.1. For any a € C*°(T'\G) we have the exact formula

(Op(a)bir,, Pir;) 5% = o(1+2ir;) /SD(LTJXG)(Q)PSirj (dg),
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and the asymptotic formula

[ aloWi, o) = [ alg)PS, (dg) + 007",
SXr SXrp

It follows that the Wigner distributions are equivalent to the Patterson-
Sullivan distributions in the study of quantum ergodicity. The operators L, in
a sense intertwine classical and quantum dynamics (the precise intertwining rela-
tion will be investigated in [AZ]). We note that, although the Wigner distributions
were defined by using the special hyperbolic pseudodifferential calculus Op, any
other choice of Op will produce asymptotically equivalent Wigner distributions
and hence Theorem 1.1 is stable under change of quantization.

When « is an automorphic eigenfunction, i.e. a joint eigenfunction of the
Casimir operator {2 and the generator W of K, we can evaluate the first expression
in Theorem 1.1 to obtain a very concrete relation:

Theorem 1.2. (0) The normalization of PSiy; is given by

irj 1 .
1= (Op(D)dir,, iz, ) = 2172 J)/io(§ +irj (L, PSir; )r\c

Lyp(s—1

where po(s) = %2)2)
More generally, if o is an eigenfunction of Casimir parameter T and weight
m in the continuous series, we have:
(i)
0PV, b)) = 205305, (34 ir)) (0, PSi, )y

+2(1+2irj)ﬂfgid(% +irj) <X+U7 PSm >F\G )

where iz, . and u;";,‘id

the horocycle flow.
(i) If o = ¢, is a lowest weight vector in the holomorphic discrete series, we have

i 1
<Op(1/}m)¢irj ) ¢irj> = 2(1+2”‘]),Ufn(§ + Z’f’j) <’l/)m, PS“”J’>F\G s
where pd, is defined in (5.7).

are defined in (5.6); X4 denotes the vector field generating

These exact formulae are based on the identity (cf. Proposition 6.4),

/ (Ly,x0)PSir,;(dg) = / (1+u2)*<%+"ﬂ1psﬂj (o) (u)du, (1.7)
SD R

where Ipg,, —: C% (T\G) — C(R) is the operator defined by

Irs,, (0)u) = [ o) PSin () (1.8)

When ¢ is a joint eigenfunction of the Casimir operator €2 and of the generator W
of the maximal compact subgroup K, the function Ipg,, (o)(u) is a special function
of hypergeometric type depending on r and the eigenvalue parameters of o (cf. §2
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for a review of the representation theory of L?(I'\G)). The integral on the right
side of (1.7) can then be evaluated to give the explicit formulae of Theorem 1.2.

In our subsequent article [AZ], we give generalizations of Theorems 1.1 and
1.2 to off-diagonal Wigner and Patterson-Sullivan distributions. The correspon-
dence between Wigner and Patterson-Sullivan distributions determines a type of
intertwining between classical and quantum mechanics. It is obvious that there
cannot exist an intertwining on the L? level, since the quantum dynamics has a
discrete L? spectrum and classical dynamics has a continuous L? spectrum, but
the correspondence establishes an intertwining on the level of distributions.

Our next result gives a purely classical dynamical interpretation of the
Patterson-Sullivan distributions in terms of closed geodesics. Given a € C*°(SXr),
we define two closely related dynamical zeta-functions

. e—(s—1L
() Zaes) = T, g ()
(1.9)
.. —sL~
(1) Z(s;a) =3 {15 (f% a) , (Res>1)
where the sum runs over all closed orbits, and =y is the primitive closed orbit
traced out by . The sum converges absolutely for e s > 1.

Theorem 1.3. Let a be a real analytic function on the unit tangent bundle. Then
Z(s;a) and Z5(s;a) admit meromorphic extensions to C. The poles in the critical
strip 0 < Re s < 1, appear at s = 1/2+ir, where as above 1/4+12 is an eigenvalue
of IA. For each zeta function, the residue is

Z <a71/3§irj>sxr,

jir2=r2
J:T;

where {I/DEW} are the normalized Patterson-Sullivan distributions associated to
an orthonormal eigenbasis {Pir, }-

In §7, the thermodynamic formalism is used to prove that Z5(s;a) has a
meromorphic extension, and we describe its poles and residues in Re s > 0 in
terms of “Ruelle resonances”. In particular, Patterson-Sullivan distributions arise
as the residues. Previously, this formalism has been used to locate the zeros of
Selberg’s zeta function [Pol]. We use the methods developed by Rugh in [Rugh92]
for real-analytic situations. The techniques are based on the Anosov property of
the geodesic flow, and apply in variable curvature. However, the relation between
Wigner and Patterson-Sullivan distributions is special to constant curvature.

The meromorphic extension of Z5(s;a) and the description of its resonances
implies the same result for Z(s;a). But in §9, we give a different kind of proof
using representation theory and the generalized Selberg trace formula of [Z]. It
seems to us to give a different kind of insight into the meromorphic extension and
it can be used to determine residues and poles outside of the critical strip. For
the sake of brevity, we only prove it for symbols a which have only finitely many
components in the decomposition of L?(I'\G) into irreducibles. As explained in §9,
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the extension of the proof to general analytic symbols is related to the estimates on
triple products in [BR2, Sa3], and indeed it seems to require non-trivial refinements
of them. Like Theorems 1.1- 1.2, the trace formula establishes an exact relation
between the Wigner distributions (which appear on the ‘spectral side’ of the trace
formula) and the geodesic periods f a on the ‘sum over I side. No such formula
can be expected in variable curvature, and the methods are specific to hyperbolic
surfaces.

In conclusion, the results of this paper develop to a new level the close relation
between classical and quantum dynamics on hyperbolic surfaces. On the level of
eigenvalues and lengths of closed geodesics, this close relation is evident from the
Selberg trace formula (cf. §8). As is well-known, the Selberg trace formula on a
compact hyperbolic manifold is a special case of the general wave trace formula on
a compact Riemannian manifold where the leading order approximation is exact.
The exactness of this stationary phase formula is somewhat analogous to the exact
stationary phase formula of Duistermaat-Heckman for certain oscillatory integrals,
but to our knowledge no rigorous link between these exact formulae is known.
An alternative explanation of the close relation between classical and quantum
dynamics was suggested by V. Guillemin in [G], who made a formal application of
the Lefschetz formula to the action of the geodesic flow on a non-elliptic complex.
The trace on chains gave the logarithmic derivative of the (Ruelle) zeta function,
while the trace on homology gave the spectral side of the Selberg trace formula.
For later developments in this direction (by C. Denninger, A. Deitmar, U. Bunke,
M. Olbrich and others) we refer to [J].

This paper develops the close relation on the level of eigenfunctions and in-
variant distributions rather than just eigenvalues and lengths of closed geodesics.
As mentioned above, the correspondence between Wigner and Patterson-Sullivan
distributions reflects the existence of a kind of intertwining operator between clas-
sical and quantum dynamics, which will be investigated further in [AZ]. It is hoped
that the intertwining relations will have applications in quantum chaos, e.g. to the
question of quantum unique ergodicity. It would also be interesting to relate our
constructions to the non-elliptic Lefschetz formulae of [G], to invariant trilinear
functionals [BR, R] and to other representation theoretic ones in [SV, W].

2. Background

Hyperbolic surfaces are uniformized by the hyperbolic plane H or disc D. In the
disc model D = {z € C,|z| < 1}, the hyperbolic metric has the form

4|dz|?
(1127
The group of orientation-preserving isometries can be identified with PSU(1,1)
acting by Moebius transformations; the stabilizer of 0 is K ~ SO(2) and thus we

will often identify D with SU(1,1)/K. Computations are sometimes simpler in the
H model, where the isometry group is PSL(2,R). We therefore use the general

ds® =
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notation G for the isometry group, and G/K for the hyperbolic plane, leaving it to
the reader and the context to decide whether G = PSU(1,1) or G = PSL(2,R).

In hyperbolic polar coordinates centered at the origin 0, the Laplacian is the
operator

0? 0 1 92
A= 92 + cothra + nZr 902

The distance on D induced by the Riemannian metric will be denoted dp. We
denote the volume form by dVol(z).

Let I' C G be a co-compact discrete subgroup, and let us consider the auto-
morphic eigenvalue problem on G/K:

Ap = =,

@(yz) = ¢(z) for all v € T and for all z.

(2.1)

In other words, we study the eigenfunctions of the Laplacian on the compact
surface Xr =T'\ G /K. Following standard notation (e.g. [V, O]), the eigenvalue
can be written in the form A = A\, = 1 + 7% and also A = A\, = s(1 — s) where
§= % +ar.

Notational remarks

(i) We denote by {)\; = + + 7,]2} the set of eigenvalues repeated according to
multiplicity, and (in a somewhat abusive manner) we denote a corresponding or-
thonormal basis of eigenfunctions by {¢s, }.

(ii) We follow the notational conventions used in [N] and [O], which differ from
those used in [H] by a factor 4. We caution that [L, Z] use the latter conventions,
and there the parameter s is defined so that 4\ = (s—1)(s+1) and so that s = 2ir.

2.1. Unit tangent bundle and space of geodesics

We denote by B = {z € C,|z| = 1} the boundary at infinity of D. The unit
tangent bundle SD of the hyperbolic disc D is by definition the manifold of unit
vectors in the tangent bundle T'D with respect to the hyperbolic metric. We may,
and will, identify SD with the unit cosphere bundle S*D by means of the metric.
We will make a number of further identifications:

e SD = PSU(1,1). This comes from the fact that PSU(1,1) acts freely and
transitively on SD. Similarly, if we work with the upper half plane model H,
we have SH = PSL(2,R). We identify a unit tangent vector (z,v) with a
group element g if g- (¢,(0,1)) = (z,v). We identify SD, SH, PSU(1,1), and
PSL(2,R). In general, we work with the model which simplifies the calcula-
tions best. According to a previous remark, SD, PSU(1,1) and PSL(2,R)
will often be designated by the letter G.

e SD =D x B. Here, we identify (z,b) € D x B with the unit tangent vector
(z,v), where v € S,D is the vector tangent to the unique geodesic through z
ending at b.
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The geodesic flow g* on SD is defined by g*(z,v) = (7,(t), v, (t)) where 7, (¢)
is the unit speed geodesic with initial value (z,v). The space of geodesics is the
quotient of SD by the action of g¢. Each geodesic has a forward endpoint b and
a backward endpoint &’ in B, hence the space of geodesics of D may be identified
with B x B\ A, where A denotes the diagonal in B x B: To (V/,b) € Bx B\ A
there corresponds a unique geodesic 7 ;, whose forward endpoint at infinity equals
b and whose backward endpoint equals b'.

We then have the identification

SD=(BxB\A)xR.

The choice of time parameter is defined — for instance — as follows: The point
(0',0,0) is by definition the closest point to 0 on vy, and (¥,b,¢) denotes the
point ¢ units from (b,d’,0) in signed distance towards b.

2.2. Non-Euclidean Fourier analysis

Following [H], we denote by (z, b) the signed distance to 0 of the horocycle through
the points z € D, b € B. Equivalently,

1—1z?
et = |2 |b|2 = Pp(2,b),

where Pp(z,b) is the Poisson kernel of the unit disc. (We caution again that e(**
is written e2(*%) in [H, Z2]). We denote Lebesgue measure on B by |db|, so that
the harmonic measure issued from 0 is given by Pp(z,b)|db|. A basic identity (cf.
[H]) is that
which implies
Pp(gz, gb) |d(gb)| = Pp(2,b) |db|. (2.3)

The functions e(zT){=:b) are hyperbolic analogues of Euclidean plane waves
¢“®€) and are called non-Euclidean plane waves in [H]. The non-Euclidean Fourier
transform is defined by

Fu(r,b) = / e(%_"xz’wu(z)d‘/ol(z).
D
The hyperbolic Fourier inversion formula is given by
u(z) = / / e(%+ir)<z’b>}"u(r, b)r tanh(27r)dr|db.
BJR

As in [Z3], we define the hyperbolic calculus of pseudo-differential operators Op(a)
on D by

Op(a)e(%+ir)<z7b> = a(z,b, r)e(%Jrir)(z,b).
We assume that the complete symbol a is a polyhomogeneous function of r in the
classical sense that

a(z,b,r) ~ Z a;j(z,byr—Itm
3=0
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for some m (called its order). By asymptotics is meant that

R
a(z,b,r) — Zaj(z,b)r7j+m e gm-i-t
=0

where o € S* if sup (1 + r)j7k|D§‘D5D£ o(z,b,7)| < +oo for all compact sets K
and for all o, 3, 7.

The non-Euclidean Fourier inversion formula then extends the definition of
Op(a) to C*(D):

Op(a)u(z):/ / a(z,b,r)e(%ﬂrxz’b)}"u(r,b)rtanh(?wr)dﬂdb\.
BJR

A key property of Op is that Op(a) commutes with the action of an element
v € G (Tyu(z) = u(yz)) if and only if a(yz,vb,7) = a(z, b, r). I'-equivariant pseu-
dodifferential operators then define operators on the quotient Xp. This will be seen
more clearly when we discuss Helgason’s representation formula for eigenfunctions.

2.3. Dynamics and group theory of G = PSL(2,R)

We recall the group theoretic point of view towards the geodesic and horocy-
cle flows on SXr. As above, it is equivalent to work with G = PSU(1,1) or
G = PSL(2,R); we choose the latter. Our notation follows [L, Z], save for the
normalization of the metric. The generators of s/(2,R) are denoted by

10 0 1 0 -1
H= =
0 -1 10 10

We denote the associated one parameter subgroups by A, A_, K. We denote the
raising /lowering operators for K-weights by

Et=H+iV, E-=H—iV. (2.4)

The Casimir operator is then given by 4 Q = H? + V2 — W?; on K-invariant
functions, the Casimir operator acts as the Laplacian A. We also put

0 1 0 0
X+: 5 X_ = )
0 0 1 0

and denote the associated subgroups by N, N_.
In the identification SD = PSL(2,R) the geodesic flow is given by the right
action of the group of diagonal matrices, A: g*(g) = ga; where
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0
By a slight abuse of notation, we sometimes write a for (Z . ) The action of the
a

geodesic flow is closely related to that of the horocycle flow (h*),cr, defined by
the right action of N, in other words by h*(g) = gn, where

1 wu
Ny =

0 1

Indeed, the relation a;n, = nyeta; shows that the horocyclic trajectories are the
stable leaves for the action of the geodesic flow.

The closed orbits of the geodesic flow ¢g* on T'\G are denoted {7} and are
in one-to-one correspondence with the conjugacy classes of hyperbolic elements of
I'. We denote by G, respectively I'y, the centralizer of v in G, respectively I'.
The group I'y is generated by an element -y which is called a primitive hyperbolic
geodesic. The length of « is denoted L, > 0 and means that v is conjugate, in G,
to

elr/2 0
ay = . (2.5)
0 €*L7/2

If v = ~§ where 7 is primitive, then we call L., the primitive length of the closed
geodesic 7.

2.4. Representation theory of G and spectral theory of A

Let us recall some basic facts about the representation theory of L?(I'\G) in the
case where the quotient is compact (cf. [K, L]).
In the compact case, we have the decomposition into irreducibles,

S oo o] 0o
o6 =P, ePrre P  wmdLe P wrm)D,,
j=1 7=0 m=2, m even m=2,m even

where C;., denotes the complementary series representation, respectively P;;., de-
notes the unitary principal series representation, in which —€ equals s;(1 —s;) =
% + 7']2». In the complementary series case, ir; € R while in the principal series
case ir; € {RT. These continuous series irreducibles are indexed by their K-
invariant vectors {¢;,, }, which is assumed to be the given orthonormal basis of
A-eigenfunctions. Thus, the multiplicity of P, is the same as the multiplicity of
the corresponding eigenvalue of A.

Further, D denotes the holomorphic (respectively anti-holomorphic) dis-
crete series representation with lowest (respectively highest) weight m, and pr(m)
denotes its multiplicity; it depends only on the genus of Xr. We denote by )y, ;
(j =1,...,ur(m)) a choice of orthonormal basis of the lowest weight vectors of

pr(m)D;t and write pur(m)D;, = 6952(17”)1):;,], accordingly.
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We will also use the notations Cirj » Pir; and D,jf% j for the orthogonal projec-
tion operators of L?(I'\G) onto these subspaces. Thus, for f € L? we write

f=2 Cins (N4 Pir, (N + 32 D (F): (2.6)

m,j,+
By an automorphic (7, m)-eigenfunction, we mean a I'-invariant joint eigen-
function
Qorm = —(i + 730 m
(2.7)
Worm=1imor m,.
of the Casimir €2 and the generator W of K = SO(2).

We recall that the principal series P;,. representations of PSL(2,R) are re-
alized on the Hilbert space L?(R) by the action

a b

, | —1-2ir ar —¢
el @i =t

The unique normalized K-invariant vector of P;;; is a constant multiple of
firo(@) = (1+a%)~ ("),

The complementary series representations are realized on L?*(R, B) with inner
product

_ F@f@)
Brp = [ s

and with action

a b

L . ar —c
Cu o flz)=]-bx+d| f(ibx+d)'

When asymptotics as |r;| — oo are involved, we may ignore the complementary
series representations and therefore do not discuss them in detail.
Let C; = {z € C: 3z > 0}. We recall (see [K], §2.6) that D;!, is realized on
the Hilbert space
H.\ = {f holomorphic on C,, / |f(2)Py™ 2dxdy < oo}
Cy

with the action

il 10 = oty (£55). (23)

The lowest weight vector of D in this realization is (z + ).
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We note that the K-weights in all irreducibles are even. Lowest weight vectors
of D}t correspond to (holomorphic) automorphic forms of weight m for I in the
classical sense of holomorphic functions on H satisfying

a b

fly-2)=(cz+d)"f(2), 7= , verl.
c d

A holomorphic form of weight m defines a holomorphic differential of type f(z)
(dz)% (cf. [Sa2]). Forms of weight n in P, C,, D always correspond to differen-
tials of type (dz)%. Forms of odd weight do not occur in L?(I'\PSL(2, R)).

2.5. Time reversibility

Time reversal refers to the involution on the unit cosphere bundle defined by
vz, &) = (x,—=¢). Under the identification T\G ~ S*Xr, the time reversal map

01
takes the form I'g — I'gw where w = (_ 0) is the Weyl element. For a € A one
has waw = a~*.
We say that a distribution is time-reversible if .*T = T'. The distributions of
concern in this article all have the property of time-reversibility, originating in the
fact that A is a real operator and hence commutes with complex conjugation. This

motivates the decomposition of P;, = P; @ P, into ‘even’ and ‘odd’ subspaces.

Proposition 2.1. We have:

e FEach principal (or complementary) series irreducible contains a one-
dimensional space of A-invariant and time-reversal invariant distributions.
In the realization on L2(R), it is spanned by & (z) = |z~ (2T,

o There exists a unique (up to scalars) A-invariant time-reversal invariant dis-
tribution in D, when m = 0(mod 4) and there exists no time reversal invari-

ant distribution when m = 2(mod 4). In the realization on M, it is z=™/2.
Similarly for D,.

Proof. (i) The complementary and principal series
Each principal (or complementary) series irreducible contains a two-

dimensional space of A-invariant distributions. In the model on L?(R) a basis
(3+ir)  —(5+in)
)

is given by x, . Indeed, A invariance is equivalent to

L
e ' BHNE (fr) = Gin ().
Setting z = £1 we find that
+ —(3+ir)
gir (LU) =Ty :
are invariant distributions supported on R.
The time reversal operator is given by

0 1

P, fla) = el 72 (), (29)
-1 0
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Hence, time reversal invariance is equivalent to

F2) = a2 f (),

Under time reversal

(L4, . 1 ir — (14
Pi (w)x+(2+“") — |x|—1—21rx£2+1 ) — $7(2+ZT‘).

Hence the unique time reversal invariant distribution is

& = |$|—(%+ir).

(i) The discrete series

Each holomorphic (or anti-holomorphic) discrete series irreducible D con-
tains a unique (up to scalar multiple) A-invariant distribution z~™/2. Indeed, to
solve

D, o Eh(z) = M2, (e'2) = & (2),
0 e

we put z = €' and obtain
Ghire®) =gk (),

and the only holomorphic solution is z~""/2.

In the holomorphic discrete series, the time reversal operator is given by

0 1 1
D}, 1) = =" H (=),
-1 0

We observe that z~™/2 is time-reversal invariant when m = 0 (mod 4) and is
anti-invariant when m = 2 (mod 4).
The anti-holomorphic discrete series is similar (by taking complex conju-
gates).
d

Definition 2.1. We denote the time reversal and geodesic flow invariant distribution
in D'(I'\G) N Pyr; by Eir;, normalized so that (¢, Zi,) = 1. We denote by
Ei ; the time reversal and geodesic flow invariant distribution in D'(I'\G) N Dt
normalized so that (Ym, j,Zm ;) = 1, where ||¢, ;|| = 1. Here, we assume m =
0(4).

We now consider the action of A, i.e. the geodesic flow, in each irreducible.

Proposition 2.2. The right action of A, i.e. the geodesic flow gt, has two invariant
subspaces in each irreducible C;., P;., namely the cyclic subspace generated by the
weight zero vector ¢;., and that generated by X1 ¢;-. The action of A is irreducible
in D
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Proof. In the principal series we have
et’? 0
P; f(@) = GH f(ela).
0 eft/2
The subspaces L?(R. ), L?(R_) are invariant, or alternatively the spaces of even
and odd functions. The action is irreducible in each subspace: the weight zero
vector (1 +x2)*(%+”) generates the former, and its derivative generates the latter.
In the discrete series we have
et’2 0
D, f(z) = ™2 f(e2).
0 e /2

The lowest weight vector is cyclic for the action of A.
O

A nice simplification occurring several times in the paper is that the series
{ X ir, } automatically has zero integrals against a time reversal invariant distri-
bution:

Lemma 2.3. If T € D/(T\G) is time-reversible, then (X ¢, T) =0 for all k.

Proof. We have
(X40ir, T) = (Xyir,*T)

= (X4 du). T)

= 7<X+¢ir7T>'
[l

The following is the main application of the representation theory. By the
above normalization, all denominators equal one, but we leave them in to empha-
size the normalization.

Proposition 2.4. Let v denote a time-reversal invariant and geodesic flow invariant
distribution on T\G. Let f € C*(I'\G). Then:

_ (Pir; (f):Eir)
(fiv) = Z;-szmw

o0 ;l,r(m) <'D7:s1jf,5i’j>
+ Zi,m:2,m£0(4) Ej:l m i BE ) (Wm,j, ).

Y, Em i)
Proof. Since ¢y, and X ¢, generate Py, un(jer the action of A, any element f in
this space may be expressed in the form [g feven(t)dir © g'dt + [g foada(t) X4 ¢ir 0
t

gtdt. .

If we pair with the invariant distribution v we obtain fR Jeven (t)dt {Dir,v).
On the other hand, if we pair f with Z;,. we obtain fR feven(t)dt (Piry Eir). Simi-
larly in the discrete series. The statement follows immediately.
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O

To apply the Proposition, we need to understand convergence of the series
and hence to have bounds on (P;.(f),Z;-) and <Di,j =% ) when the denom-

b ‘_'m7 ]
inator is normalized to equal one. Since the complementary] series sum is finite,
it is not necessary to analyze these terms. The following proposition shows that
the distributions are of order one. Here, we say that a distribution 7" has order
s if (f,T) < ||f|lws where W*(T'\G) is the Sobolev space of functions with s
derivatives in L2. The proposition also controls the dependence of the norms in

the Casimir parameters ir, m.

Proposition 2.5. We have:

o [(Pir(£),Er)] < Cr= 2 || Pir ()l
o (D ;f.Em)l < Cm= V2 {|DF S fllws

Proof. We prove the results by conjugating to the models above.
We begin with the continuous series and let

U - L2(T\G) — L*(R)

be the unitary intertwining operator from P;. C L?(I'\G) to its realization in
L?(R). Thus, U;Z;, = &, up to the normalizing constant.
To determine the normalizing constant, we recall (see [Z], p. 59) that

<uir¢irauir5ir> - fR(]' + $2)7(%+ir)|x|7(%7”)d$
— 9 fooo(1+$2)7(%+”)13(%+”)%
= 2 fooo(x_l + ) (atir) dz

. , I(L4ir)2
= 2B(3(3 +ir), 3(3 +ir)) =2 415(4 er))

Dl

Here, B(z,y) = %ﬂj’)) is the beta-function. From the asymptotics (cf. [GR]
8.328)

D(z +iy) ~ V2re EWly[*=3  (jy| — o0) (2.10)

of the I'-function along vertical lines in C, it follows that
LG+ %)

chl/Q .
Tlsiny O o)

-1
(ﬂr) =

Next we consider the order of §;. as a distribution in the model. We may
break up each function in L?(R) into its even and odd parts with respect to time

reversal invariance, and then we only need to consider (f,&;,) for a time reversal
invariant f. Let x4 (z) € C§°(R) with x4 = 1 for [z| < § and 0 for |z| > 2 and
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with the property that x+ (=) +x+(5t) = 1. Then (f, &) = ((x+ +x+ () [, &ir)
and (denoting the time reversal (2.9) operator by T')

(+ (G &) = (T (50)), Tr)
= <X+f7 §2r>

Hence we only need to estimate the y integral. We write 2~ 1/2+" = 1 d

—1/2+ir dz
2'/2T and integrate by parts. The result is bounded by C(1 + )~ (||f||z2 +
||Pir (X_) f||2). Here, we use that X is represented by .

It follows that for f € C*(I'\G),

LEi) | — (P (), Bl = Bl Ui Pir (), Eir)]

(bir,Eir)

< ﬁr”%uirpir(f)HL?(R)
= CB1+r) I X_Pur(NHllr2ma)

< V2P (Dl nva)-

We now consider the discrete series. The normalizing constant is now

1
=ty — N—mz—m/2 m72d du.
< ms ’m> H(Z“rl)_mH C+(Z+Z) z Yy ray

To calculate the constant, we use the isometry

1 —2i \"
T : + 2D 'm T = _.w+
i = D). Tofw) =1 (-2 ) (25)

where O%(D, dv,,) are the holomorphic functions on the unit disc which are L?
with respect to the measure dv,, = (1 — |w\2)m% (cf. [L] IX §3).

We have T}, = 1. Note that 1 is not normalized to have L? norm equal to
one. It follows that

($m,E5,) =

ms—m/ —

;/ (_iw—ﬂ)_m/g ( —2i )m (1— |w|2)mM
arfl(z+a=[ /Jp\ w-1 w—1 (1= |wl?)*

We write w = e’ and observe that the angular integral equals an 7-independent
constant times

/ 1+re®\ ™2 2 "o
g1 \1—ret? 1 —re? o
—m/2 . m
1+rz —2i dz
& omi(—2i)m
/2_1<1—rz> (1—r2> z mi(=2)™,
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—m/2 \m
since (H”) ( —2 ) is holomorphic in |z| < 1 for r < 1. Tt follows that

l1—rz rz—1
dwdw
(o =5 = [t ~ Cm 1)1
4m\| z+1)7"| (1= [w]?)?
_ /2
since the L?-norm of T,h, = 1 equals 52 (fD(l - |w|2)m%) and
o1 — |w|2)m% equals ——.

We then need to estimate
ELD = fR)z "y Pdady.
C+

As above, we let X+ be a radial function with compact support in R and with
X+(2) + x+ (=) = 1. By unitary of time reversal, we again have

<X+(_71)Em7f> = <X+E1-j)_'7,7f>7
and thus it suffices to estimate the x4 integral. We note that for m > 2, z
1—71n/2dxz_m/2+1 and that z~™/?*1 € L2(|z] < 1 ymdmy) The operator -+ =

D (X_) is skew symmetric with respect to the inner product. Partial integration
gives the bound ﬁ” f'llz2, hence after normalizing = we have

’ {(f,Em)
(Ym, Zm)

-m/2 _

< Cm V2| fllrz + 1D (X4) fllz2)-

O

Remark 2.1. The paper [A-P] studies related estimates in the discrete series from
a different point of view.

3. Patterson-Sullivan distributions and microlocal lifts

3.1. Patterson-Sullivan distributions

Let us first recall Helgason’s fundamental result about eigenfunctions of the Lapla-
cian on D. In the following theorem, ¢ is any solution of A¢ = —A¢ (A = % + 72
where A\,r € C). The function ¢, defined on D, is not necessarily automor-

phic. One says that ¢ has exponential growth if there exists C' > 0 such that
|p(2)| < CeCdp0:2) for all 2.

Theorem 3.1. ([H], Theorems 4.3 and 4.29; see also [He]) Let ¢; be an eigenfunc-
tion with exponential growth, for the eigenvalue A = % +72 € C. Then there exists
a distribution Ty, € D'(B) such that

¢M@=L4*WMEWAM,

for all z € D. The distribution is unique Zf% +ir#0,—-1,-2,---.
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The theorem extends the classical representation theorem for bounded har-
monic functions to the case of arbitrary eigenvalues. Note that the kernel
e(3+i)(z) that appears in the representation theorem for eigenfunctions for the

i
eigenvalue A, is the generalized Poisson kernel, P1(32 +”’)(z,b). The distribution
Tir.4,,. is called the boundary value of ¢;,. and may be obtained from ¢, in several
explicit ways. One is to expand the eigenfunction into the “Fourier series”,

ir(2) = Z an®, n(2), (3.1)

nez

in the disc model in terms of the generalized spherical functions @, , defined by
([H], Theorem 4.16)

eBHNEN = N L (206", be B. (3.2)
neZ

Then (cf. [H], p. 113)
Ti?ﬂ@'r (db) = Z anbn‘db|' (33)

nez

A second way is that, at least when R(ir) > 0, the boundary value is given by the
limit ([H], Theorem 4.27)

d(olgrloo e(%+ir)d(0’z)¢ir (2) = C(iT)TiTv¢ir7

where ¢ is the Harish-Chandra c-function and d(0, z) is the hyperbolic distance.
1

We note that A, = s(1—s) corresponds to both s = 3 +ir and 1 —s = § —ir.
Except when ir = 0, the two choices of s give a distinct boundary value and Poisson
representation formula. This explains why the notation Tj, 4, for boundary values
includes both ¢r and ¢;.. The irreducible representations corresponding to the
pair of parameters are equivalent, and the intertwining operator between them
intertwines the two boundary values [Schm]. The map taking one boundary value
to the other may also be viewed as a scattering operator (cf. [Ag]). In Theorem 1.3,
the Patterson-Sullivan residue corresponding to Re(ir) > 0 is constructed from the
boundary value with Re(ir) > 0, while the residue with Re(ir) < 0 corresponds
to the other boundary value. Since the boundary values are essentially equivalent,
we generally assume for simplicity of exposition that Re(ir) > 0.

For a fixed orthonormal basis {¢;.,} we denote Tir,.:,, With Re(ir;) > 0
more simply by Tj,,. As observed in [Z2], when ¢;,; is a I'-invariant eigenfunction,
the boundary values Tj,, (db) have the following invariance property:

bir, (vz2) = Gir, (2) = e(%ﬂm)(vzwb)j"irj (dnb) = e(%+im)<z,b>Tirj (db)
(3.4)
= Ty (dyb) = e~ T OT, (dh)
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This follows from the uniqueness of the Helgason representation (3.1) and by the
identities (2.2)-(2.3). Hence the distribution e;., € D'(PSL(2,R)) defined by

(f.eir)PsLier) = / e(%+irj)<z’b>f(zv b)Tir, (db)dV ol(z) (3.5)
DxB

is [-invariant, as well as horocyclic-invariant. Seen as a distribution on the quotient
\PSL(2,R), e; may be expanded in a K-Fourier series,
Cir; = Z ¢irj,n7
neZ
and it is easily seen (cf. [Z2]) that ¢i.; 0 = @i, and that ¢;,, , is obtained by
applying the nth normalized raising or lowering operator (Maass operator) to
¢ir;- More precisely, one applies (E*)" (2.4) and multiplies by the normalizing
factor Boir; n = @i, i ﬂn)?. CTESE=E The regularity of these distributions was

recently studied in [FF, Co].
At z =0, the K-Fourier series and B-Fourier series coincide and we get

Ty (db) = Boin ((EF)"ir, (0)) b™db. (3.6)

neZ

This gives a third way of obtaining the boundary values from ¢;;, .

We will only need some crude estimates on the regularity of the distributions
T}, . Rather than estimating the regularity of Tj,., (db) using (3.6), which would take
us too far afield, we will quote some estimates of Otal [O] which suffice (and indeed
are better than necessary) for our applications. Roughly, they say that T;,, (db)
is the derivative of a Holder continuous function Fj,.. . Since its zeroth Fourier
coefficient is non-zero, Tj,, (db) is not literally the derivative of a periodic function,
but it is the derivative of a function Fy,.; on R satisfying Fy,., (0+27) = F,, (0)+C;
for all # € R. We follow Otal in calling such a function 27-periodic.

For 0 < 0 <1 we say that a 27-periodic function F' : R — C is é-Hélder if
|F(0)—F(0')] < C|0—0']°. The smallest constant is denoted ||F||s and As denotes
the Banach space of -Holder functions, up to additive constants.

Theorem 3.2. ([O] Proposition 4) Suppose that s = % + ir with s > 0, and that
@ is an eigenfunction of eigenvalue s(1 — s) satisfying ||Vé||oo < oo. Then its
Helgason boundary value Ts ¢ is the derivative of a Rs-Hélder function.

In our case, the theorem says that Tj,, is the derivative of a Holder function,
of Holder exponent % if A; > i. Otal’s proof also shows that the Hoélder norm is
bounded by a power of r;. Related results can be found in [BR, C, MS, FF, Co].

We now introduce a “Patterson-Sullivan” distribution associated to each au-
tomorphic eigenfunction. Recall that we denote by A\g = 0 < A1 < ... the spectrum
of the Laplacian on Xp (\; = & + r7), and by (¢ir;) a given orthonormal basis of
eigenfunctions whose boundary values are denoted (T3, ).

Remark 3.1. We assume that these eigenfunctions are real to obtain time re-
versal invariant distributions. Aside from that, our results are valid for complex
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eigenfunctions with slight modifications. As mentioned above, we also assume for
simplicity that Rir > 0. The case Rir < is similar.

Definition 3.1. The Patterson-Sullivan distribution associated to a real eigenfunc-
tion ¢;,, is the distribution on B x B\ A defined by

TiT‘j (db)TZTJ (db/)

) / —
DSir; (db 7db) T |b _ b/|1+2irj

If ¢ir; is I'-automorphic, it is easy to check that ps;,; is invariant under the
diagonal action of I':

Proposition 3.3. Suppose that ¢;; is I'-invariant, and let T;., denote its radial
boundary values. Then the distribution on B x B\ A defined by

pSir, (db, db) := Tl(é (_dl;)),ﬁfzgibl)
is I'-invariant and time reversal invariant.
Proof. It follows from (3.4) that
Ty, (dyb) Ty, (db') = e*(%ﬂ'm)<v~0w-b>6*(%+irj)<v-0ﬁ~b’>Tirj (db)T;, (db').  (3.7)
We will also need the following identities (cf. [N] (1.3.2)):

(@) =) = ' @)]2 1 ()2 |z —y]

(3.8)
1= y(z)]? = [7/(2)|(1 = []*).
for every z,y € DU B, v € I'. Hence for b € B and v € I', we have
[7(0) =) = [¥ (0)[(1 = [7(0)[*). (3.9)
Furthermore,
Iy — |2 = e~ L7 0y D)y 0ty )2, (3.10)

Raising (3.10) to the power % + ir;j, taking the ratio with (3.7) and simplifying
completes the proof of I'-invariance.

Time-reversal invariance is invariance under b <= ', which is obvious from
the formula. O

We now construct from the distribution ps;,; a geodesic flow invariant dis-
tribution on SD as follows. As reviewed in §2, the unit tangent bundle SD can be
identified with (B x B\ A) x R: the set B x B\ A represents the set of oriented
geodesics, and R gives the time parameter along geodesics. We then define the
Radon transform:

R : Co(SD) — Co(B x B\ A), by Rf(V,b) = fdt. (3.11)
v/ b
Further, we need to define special cutoffs which have the property that

/deol(z):/ xfdVol(z) (3.12)
D D
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for any f € C(I'\D), where D is a fundamental domain for I" in D. In other words,
X is a smooth replacement for the characteristic function of D.

Definition 3.2. We say that x € C§°(D) is a smooth fundamental domain cutoff if
> x(vz) =1.
vel

We then make the basic definitions:

Definition 3.3. 1. On SD we define the Patterson-Sullivan distribution PS;,.; €
D'(SD) by:

PSi, (db', db, dt) = DSir; (db', db)|dt|
in the sense that
(a, PSir;)sp :/ (Ra)(b',b)psirj(db’,db).
BxB\A

2. On the quotient SXr = I'\SD = TI'\PSU(1,1), we define the Patterson-
Sullivan distributions P.S;,; € D'(SXr) by

(a, PSir;)sxr = (xa, PSi;;)sp = / R(xa)(b', b)psir, (db’, db),
BxB\A

where x is a smooth fundamental domain cutoff.
3. Asin the introduction (see 1.5), we also define normalized Patterson-Sullivan
distributions by

— 1

PS;. = ————— PS;..
Y (L PSi ) sxe
The following proposition is obvious from the definition, but important:

Proposition 3.4. PS;,., is a geodesic flow invariant and T'-invariant distribution
on SD =D x B; in the quotient, PS;,; is geodesic flow invariant on SXr.

The geodesic flow invariance of PS;,; on SD is trivial; on the quotient SXr
it is also easy, and results from the following principle:

Lemma 3.5. Let T € D'(SD) be a I'-invariant distribution. Let a be a I'-invariant
smooth function on SD. Then, for any a1, as € D(SD) such that 3 . ai(7.(2,0))
=a(z,b) (i =1,2) we have

(a1,T)sp = (a2, T)sp
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Proof. Let x be a function on C§°(D x B) such that >° . x(7.(2,0)) = 1 (in
general, we choose x to be independent of b). For any such y we have

(0, T)sp = /S ROSRCICONTICURTRYD

el

/SD > x(z,b)ai(y(z,b))T(dz, db)

vel

= / x(z,b)a(z,b)T(dz,db).
SD

If we look at the expression
(a,PSir,)sp = / b —b'| 7' 72" R(a) Ty, (db) Ty, (db'), (3.13)

and apply Otal’s theorem saying that T;., = Fi'rj for some Holder function Fj,.,
we easily derive:

For any a € C*°(SD) we have
82

(@, PSir;)sp| < ||Fir; |10 (5)- ”W'b — V[T PIR(a)|| L (BxB\A)

provided the left-hand side is well defined. A priori, the right side may be infinite.
For future reference, we state a sufficient condition to obtain a non-trivial
estimate:

Proposition 3.6. Assume that |b—b'|"1"*"R(a) € C*(B x B). Then (a, PSi,)sp
is well defined, and

82
oboy

A simple example where the condition holds is where a € C2(SD). In that
case, there exist C' > 0 and K > 0 such that:

[{a, PSir,)sp| < C(1+[r;)*lallc: (3.14)
for all j. If a € C*(SXr), [{a, PSir,) sxr| < C(1 + |r;])%]|al|c= for all j.

(@, PSir;)sp| < [|Fir, |70 5y b= [T R(a)] = (B B\A)-

3.2. Microlocal lift and Wigner distributions

We now give a precise definition of the matrix elements (Op(a)®ir;, ¢ir,) and hence
of the Wigner distributions. When « is a I'-invariant function on SD, then in the
non-Euclidean calculus §2.2 we have

Op(a)dir, ::/Ba(z,b)e(%+irf)<z’b>TiTj(db). (3.15)
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Definition 3.4. The Wigner measure of ¢ir, is the distribution Wy, on SXr =
I'\SD defined by:

/ a(g) Wi, (dg) = (Op(@)ir, . Bir, )12 0x0):
SXr

where Op(a) is given by (3.15).

To see that W, is a distribution of finite order, we note that (Op(a)dir,,
®ir,) 12(xr) is bounded by the operator norm of ||Op(a)|| and hence by a C* norm
of a. In fact, Otal’s regularity theorem shows that it is of order 1 at most.

We further note that Wiy, is quantum time reversible in the sense that
(COp(a)Coir,, Gir,) = (COp(a)Coir,, dir,), where Cf = f is the operator of
complex conjugation. Clearly, COp(a)C = Op(Ca) where Ca(z,b,\) = a(z,b, —\).
Then C*WZ‘” == Wirj-

Wigner distributions are fundamental in the theory of quantum ergodicity.
Let us recall the basic result:

Theorem 3.7. [Sh, Z] Let du denote Haar measure on SXr. Then
1 1

N 7Wir,v - ——{a, 2 . 07
N jr%:ﬂw /5% M(SXF)<a REY

where N (X) is the normalization factor 8{j : |r;| < A}.

It follows that a subsequence (W, ) of density one of the Wigner distribu-
tions tends to Liouville measure (which equals normalized Haar measure in this
case). The “quantum unique ergodicity” problem is to know whether there ex-
ist exceptional subsequences with other limits. E. Lindenstrauss proved that no
such exceptional sequences exist in the case of Hecke eigenfunctions on arithmetic
surfaces [L]. In constant curvature —1 but without any arithmeticity assumption,
Anantharaman—Nonnenmacher [AN] prove that the entropy of any quantum limit
must be greater that %; although the methods in [AN] are rather disjoint from
ours, it is no coincidence that the quantity % is the same as %e(% +ir;j).

4. Proof of Theorem 1.1
4.1. The operator L,

We begin the proof with a lemma giving the explicit expression of W, :
Lemma 4.1. We have
(Op(a)@ir; s Gir;) L2 (Xr)
Ty (db) T, (dV)

14-2ir; —(1+2ir;
= o(1+2iry) /BXB (/D xa(z,b)[cosh sy 4(2)] 1+ J)aﬂ/ol(z)> —\b— pirn
(4.1)
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where cosh sy, b, (2) is given by (4.2). The right hand side is independent of the
choice of x.

Proof. By the generalized Poisson formula and the definition of Op(a),
<Op(a’)¢er y ¢iTj> =
/ (/ xal(z, b)e(%“l‘i'f‘j)(z,b>e(%+i7‘j)<z,b/>dvol(2)) Ty, (db) Ty, ().
BxB \JD
We then use the following identity

Lemma 4.2. [N] Let z € D, let b1,ba € B and let sp, p,(2) denote the hyperbolic
distance from z to the geodesic yy, b, defined by (b1,b2). Then

2|z — b|z — bo|
coshisu0,(2) = = A TRy

Combined with (3.10) and (3.8), we get

e et — 4lcosh sy 4 (2)] 720 — b2

Raising both sides to the power % + ir; completes the proof. O

The next step is to analyze the integral operator
/ xa(z, b)ez TN GHNEY) qy/o) ()
D

_ olt42in) / xa(z B)[cosh sy »(2)]-OH20 b — i |~ 0420) gyg1(2). (4.2)
D

In this paragraph — and later in the paper — we sometimes drop the j-indices of
r;, indexing the eigenfunctions by r instead.

If we drop the factor 2(1+27)|p — v/|~(1+2) the right side of 4.2 defines the
operator L, : C.(D) — C(B x B) by

L, (xa)(b',b) = / xa(z,b)[cosh sy 4 (2)]"IHEI AV ol (2). (4.3)
D

We now rewrite the integral in terms of coordinates z = (¢, u) based on the geodesic

Yo' b, after which we can relate £, with the operator in (1.6).

Given a geodesic vy, we work with special coordinates on D or H, adapted
to Y as follows. We write z = (¢,u) where ¢t measures arclength on ~yy 5 and
u measures arclength on horocycles centered at b. More precisely, we denote by
g(b',b) the vector on 7y, which is closest to the origin, and the coordinates (¢, u)
parametrizing z are defined by (z,b) = g(¥',b)asn,. For any given (¥,b), the
volume element of z is dVol = dtdu. The computation is most easily checked
in the upper half plane, with b = oo,b’ = 0 and ¢(V',b) = e = (i,00). Then

drdy Setting y = ef,x = ue’ shows that the
y

atnyi = €'(i + u). The area form is
area form equals dtdu.
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‘We obtain

L, (xa)(®',b) = /cosh sy p(t,u) 2 va(g(b, b)agn, ) dudt. (4.4)

We further simplify as follows:

Lemma 4.3. We have

L (xa)(b, V') = / (1+u2) =G ya(g(b, b )agny, )dudt.
RxR
Proof. We recall that sy 5(t, u) is the distance from the basepoint of ga;n,, to the
geodesic generated by g in the hyperbolic plane H = G/K. That distance depends
only on u and has the value cosh sy (¢, u) = V1 + u?.
O

Next, we further rewrite the operator £, in terms of the operator L, in (1.6):

Lemma 4.4. We have:
<Op(a)¢i7‘a ¢ir>L2(Xr) = 2(1+2i7,) fG L, (Xa) (g)P‘S’zr (dg)
Proof. Lemma 4.3 states that

L(xa)bb) = /R L, (xa)(g(b, b )ar)dt
= R(L(xa)) (b, V).

Integrating against dps;. and using the formula in Definition 3.3 completes
the proof.
O

The next step is to apply the stationary phase method to L.(xa). The sta-
tionary phase set of (4.4) is the geodesic 7y from o’ to b or equivalently it is
the set v = 0 in the integral defining L, (xa). Since (log(1 + u?)") |u=o = 2, the
stationary phase method gives the asymptotic expansion

L, (xa)(g) = (=ir/m)2( 3 1" Lan(xa)(9)) (4.5)
n>0
where Lo, is a differential operator of order 2n on SD: Ly is the identity, the other
Lo, are differential operators in the stable direction, that is, in the direction n,,
generated by the vector field X .
If we now integrate (4.5) with respect to PS;,., and compare with Lemma
4.4, we get an asymptotic expansion,

(Op(a)dir, Gir) L2(xr) = 2(1+2")(—i7“/7f)_1/2(Z?‘_"/ Lan(xa)(9)PSir(dg))

"0 SD
(4.6)



26 N. Anantharaman and S. Zelditch Ann. Henri Poincaré

Because the distribution on the left-hand side, e(%””<z’b>e(%+”)<z’b/>dVol(z)
T (db) T, (dV'), is T-invariant (as a distribution in the triple (b, ', 2)), each of the
distributions obtained in the expansion,

SD

is [-invariant. In application of the principle 3.5, the functional

- / Lan(xa)(g)PSix (dg)
G

defines a distribution on I'\G, and the definition does not depend on the choice of
X- The first term (n = 0) is precisely the Patterson-Sullivan distribution PS;, as
defined in the quotient SXr.

4.2. Completion of Proof of Theorem 1.1

We now turn to the relation between W;,. and P.S;,.. It follows from the stationary
phase asymptotics above, (4.5), that

/ a(9) Wi, (dg) =
SXr

N
2(1+2iT)(_7;r/7T)—1/2 Z T;n / L2n(Xa)(g)PSirj (dg) + O(rijflJrK)
SD

n=0

where K was defined in 3.14. If we choose N > K then the remainder term goes
to zero. Since Lo = Id, the operator L(TN) = Zﬁf:
to O(r~~~1), that is, one can find differential operators M) = ZnN:() r~ " May,
(with My = Id) and R™) such that

o7 "La2p can be inverted up

LMY = 1d +r~N-1RMV),
We thus get

/ MM a(g) W, (dg) = / LMD a(g)PSs, (dg) + Oy V1K)
SXr SD

T

= /SD L(N)M,Ejv)xa(g)PSiTj (dg) + O(rj—N—1+K)

— [ alg)Psi, (o) + O N1
SXr

The second line is a consequence of Lemma 3.5. Since we know, from standard
estimates on pseudo-differential operators, that the Wigner measures are uniformly
bounded in (C*)* for some k, we have

MM a(g)Wir, (dg) = / a(9)Wir, (dg) + O(r;").

SXF SXF
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This shows that

2(1+2irj)(—2'7“j/7'r)71/2 /

a9)PSir,(dg) = [ alg)Wir, (dg) + 005
SXp

SXF
The left side must be asymptotically the same as (a,ﬁ?i,,]) since the leading
coefficients must match when a = 1. This completes the proof of Theorem 1.1.

Remark 4.1. One can directly show that the coefficient on the left side is asymp-
totically the same as the normalizing factor 2(1'*‘2”9')/%(% +ir;) by using properties
of the I" function. It suffices to show

, - 1
21"{‘217’)’(_2’70]_/,”-)—1/2 -~ 2(1+21Tj)u0(§ + 7;7-].)7
which follows from the standard fact that
I\ o
F(%)F(m) ~ T2 (i),
L(3 +ir))
The agreement is not surprising, since the last evaluation can be obtained by

applying the stationary phase method as in the proof of Theorem 1.1 to the integral
Jr@+u?) =G+ gy,

5. Integral operators and eigenfunctions

In this section, we give further results on the operators L, (1.6) and Ipg,. (1.8)
which will be needed in the proof of Theorem 1.3. With no extra work, we treat
general integral operators of the form

L(0)(w) = / clomantds). (5.1)

where o0 € C*°(I'\G) is an automorphic form and where p is an invariant distri-
bution for the geodesic flow on T'\G. In addition to g = PS;, the case where u
is a periodic orbit measure is also important in this article. In this case, we write
I, =1, with I,(0)(u) = f<LV>\A o(a;tan,)da. Here, a,, € G is an element conju-
gating v € T to an element of A. This expression arose in the trace formulae of [Z]
and will arise in §9. The similarity of these two kinds of integral operators may be
seen as one of the deus ex machina behind Theorem 1.3.

5.1. The integral operator I,
We can view I, as an integral operator from C*°(I'\G) — C*(N) ~ C*(R).
The following lemma shows that when o is a joint eigenfunction of the Casimir
operator and of W, then I,,(o) solves an ordinary differential equation in u. When
o is a (7, m)-eigenfunction in the complementary or principal unitary series, the
equation is

d*f daf

(u2+1)w+(2u—im)%+(i+72)f:0 (5.2)
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We denote by F; ., (’i;f) the even solution of (5.2) which equals 1 at u = 0,

and by G-, (ﬁ—g;) the odd solution whose derivative equals 1 at u = 0. In the

holomorphic discrete series, and when o is the lowest weight vector, the analogous
equation is the first order equation
df d
2i— = (—2— —m)f. 5.3

iS5 = (-2 —m)f (53)
A basis for its solutions is given by f(u) = (—4)~"/2(u+1i)~™/2. There are similar
equations for higher weights and for the anti-holomorphic discrete series, but for
simplicity we only discuss the lowest weight case.

Proposition 5.1. Let p be a geodesic flow invariant distribution on T\G.

o Let o be a (7,m)-eigenfunction in the principal or complementary series.
Then I,(c)(u) is a solution of (5.2). Hence,

uU—1 u—1
L)) = (o Fon (57 ) + (somiena G (57 ).

where F,G are the fundamental solutions of (5.2) defined in [Z] (2.3) (see
(5.7) for formulae in terms of hypergeometric functions).

o Let o be a (1,m)-eigenfunction in the discrete holomorphic or anti-
holomorphic series. For simplicity, assume o = 1, (the lowest weight vector
in D). Then:

(o) (u) = (o, p)r\a (—8) ™2 (w+ ) ~™/2

Proof. In the case of I, = I, the proof is given in [Z], Proposition 2.3 and Corol-

lary 2.4. We briefly verify that the same proof works for any invariant distribution.

First assume o is a (7, m)-eigenfunction in the continuous series. Since 4Q) =
H? +4X? —2H — 4X, W we find that

(1 = timegy 4G + 7)) D)) = = [ (02 =20 ma).

du? du
(5.4)

We write Ho(g) as 2%t=00(gat). Using that n,a; = atnye—+ and that p is an A-
invariant distribution, we find that [ Ho(ga:)p(dg) = —QU%IH(O’)(U). A similar
calculation replaces H? by the square of this operator. The final equation is as
stated above. We then evaluate I,,(0) and its first derivative at u = 0 to obtain
the expression in terms of F),G.

In the discrete holomorphic series, we use that E_o = 0 to get 21X 0 =
(H — m)o. This leads to equation (5.3) and to the solution given above.

O
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5.2. The integral [o (1 +u?) "I, (0)(u)du
In Theorems 1.2, 1.3 and elsewhere, we will need explicit formulae for the integrals

/ (1 +u*)"*I,(c)(u)du (5.5)
R

We assemble the results here for future reference.
In view of Proposition 5.1, we need explicit formulae for the integral of (1 +

u?)~% against the functions F ,, 71—5; ,Grm Z—EZ) ,and (=)™ 2 (u + )"/,
In fact, by Proposition 2.2 and Lemma 2.3, it will suffice for Theorems 1.2 and 1.3
to have explicit formulae just for Fy o and (—i)~"/2(u +i)~™/2.

We introduce the following notation:

fo(s) = [T (W +1)"%du,

M (5) = (WP F 1) TR+ 2 g = B g, —u)du,

pe () =[50 (U 4+ 1) F (Y5 )du, (5.:6)
pE(s) = [ (ut )G (25 du

pl(s) = fqluti) 2w+ 1)0du,

It is clear that the integrals defining po(s) and u? (s) converge absolutely for
Re s > 5 and Re(2s — %) < —1, respectively. We now show:

Proposition 5.2. The integral defining ju,, (s) converges absolutely for —2Res —
1/2 4+ Re(iry) < —1, and in this region we have:

0o
‘M?rk,(s)| < C / (|u| + 1)—2§Res—1/2+§Re(iTk) du,

for some constant C (independent of s,y ).

Proof. Indeed, as in [Z] (Proposition 2.7), the differential equation (5.2) is equiva-
lent, by a change of variables, to a hypergeometric equation, and a short calculation
shows that

(5.7)

Ginvo (45) = (20)F(§ + 22§ — 2,3, —2)
Classical estimates on hypergeometric functions (see also [Z], p. 50) show that
there exists C' > 0 (independent of rj) such that

PG+ 22,4 - 20, —0?)

< C (1 + |u|)71/2+ﬂ?eir;€’ (58)

‘uF(% 4 2irg 3 _ 2irk,%,7u2)‘
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These estimates follow immediately from the connection formulae for hypergeo-
metric functions:
F(a,b,c,z) = %(—z)f‘%—’(a, l+a—c,1+a—0bz1
+%(—z)_bﬁ’(b, 1+b—c,1+b—a;z71).

Since F(0) = 1, we obtain that (as |u] — o)

ir, ir D(—ar ir
P+ 2§ = 2 g —u?) ~ SR )b
(5.9)
F( )F(“"k) 77’”“
+F( +2'er)2| | k

The asymptotics (2.10) of the I" function on vertical lines shows that the ratios of
I" functions are uniformly bounded in ri. The decay rate |u|_(%_"’“) is sufficient
for the absolute convergence of the integral in (5.6) as long as %(% —irg) >0, ie.

if 4ry is not the parameter of the trivial representation.
O

Although we will not need them, we note that the estimates for G are similar.
Each of the above functions admits a meromorphic continuation to C. Since we will

not need the results for general ¢, (s), p<%%(s) we omit them in the following.

Proposition 5.3. We have:

1yr(s— 1
po(s) = 71“(2)1}“(?) 2 (Res> 3)
c (5) _ D(3)T(s—%+ 2”k )F(s_%_%;‘k) (§Re o> O)
Firy, - r( )2
4 _(—i)m/2p2st2om/2p(_ggym) m
pn(s) = —mrrmreanerm. (R2s—5) <-1).

The proof is given in [Z] (see pages 50-52).

6. Proof of Theorem 1.2.
The key objects in the proof of Theorem 1.2 are the closely related integrals
I(o) = Jp(l+u?)~GH{(ox)", PSi)sp du,
(6.1)
o) = [g(+ u?)~ G (0% PS;,) sx, du
where PS”J. is defined in Definition 3.3 as a distribution on SD or on the quotient
SXp, and where f%(g) = f(gny). Note that (6%, PS;y)sx,. = Ipg,.(0)(u) in the
notation of §5. It takes some work to prove that each integral is well-defined.

In Lemma 6.1 it is proved that the two integrals are well-defined and equal for
o € C*(T\G).
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Theorem 1.1 equates the Wigner distribution with the distribution ¢ —
(Ly,(x0), PSir;)sp for o € C>°(I'\G). In Proposition 6.4 we show that this func-
tional also equals I,.(o) = IL (). The explicit formulae for the Wigner distributions
in terms of the Patterson-Sullivan distributions follow from the identification with
IF' (o), which can be explicitly evaluated using the results of §5.

6.1. Convergence and equality of the integrals

In the following, we recall that Re(iry) = 0 in the unitary principal series but is
positive in the complementary series.

Proposition 6.1. We have:

1. If Py is in the unitary principal series and o € C*(I'\G) is orthogonal to
constant functions, then the integral IL (o) converges absolutely.
2. Under the same assumptions we have I,.(o) = IL (o).

6.1.1. Proof of (1). We give a representation theoretic proof that

[ @)y L ()@ (6.2
R

converges absolutely. We make no attempt at a sharp estimate but only one suffi-
cient for the purposes of this paper.

Lemma 6.2. Let PS;, be the Patterson-Sullivan distribution corresponding to ¢,..
Then:

(@) Ips,,, ($in)(w) < C (L4 ru) (14 Jry[) 5 (1 + u) 712 HRCr;

(i) Ips,,,(¥m) < C (L+m)* (1 + [r; )< (1 + [u])=m/2,
where K is the same as in (3.14).
Proof. (i) By Propositions 5.1 and 2.3,
Ips,, (bin)(w) = [p\ g Gir. (97)PSir,; (dg)

= (frvq in PSir, (d9)) Firo (25¢)
By (3.14), there exists K so that
[{irc, PSir )| < CL+ [rg]) ™ (14 [r])*.

Here, we used a crude estimate ||¢;r,||c2 < C(1 + |ri|)* (in fact, r}/logry is
true, but it is not necessary for our argument). We combine with the estimates
in Proposition 5.2 (cf. 5.9) on the hypergeometric factor to obtain the estimate
stated in (i).

(ii) We now have

Ips,,, (Ym)(u) = fF\G Ym(gna)PSir, (dg)
(6.4)
(Jovg ¥mPSir, (dg)) (u + i)~m/2,
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To complete the proof we note that |(u +4)~™/2| < C(1 + |u|)~™/2 and that (by
(3.14)),
(G, PSir,)] < O+ |ri ) (1 + [m])*.
t

Given a co-compact discrete group I' € SL(2,R) we denote by 7o = Re(irg)
the real part of the Casimir parameter corresponding to the lowest non-zero eigen-
value of A, i.e. the complementary series representation closest to the trivial rep-
resentation.

Lemma 6.3. If o0 € C*°(I'\G) has no component in the trivial representation, we
have:
Ips,, (o) (w) < O(1+ [P (1 4 ful)=1/2* 7.

Proof. Since PS;, is geodesic flow and time reversal invariant, we may write by
Proposition 2.4,

Irs, (0)0) = 32 2= g (00, )0) + z {0Z0)

szrj s =Ty > ms um>

Ips, (Yn)(1). (6.5)

Tj

It follows by Lemma 6.2 that

(0,Biry)

oL (L fuf /2R
<¢Z’l"J 3 :zr]>

[Ips, (o)(w)] < C(1+]|r|) X{Zl+|7‘]

=+
+ Z 1+ |m w mﬁ | (1 |u))™?} . (6.6)

< m»~m>
By Proposrclon 2.5,
’ (o, Hm>
{Biry» Zir;)

It follows that for any M > 0 there exists a constant C'y; so that

(0,Z5)
S| < IX_Dy (o).

(Vs Em)

<[ X-Pir; (o) 2, |

= +
N NI S M i R P C N B S
<¢irj ) :*irj> < ms h4'm>
Indeed,
Pir(g) == Z Uir,m¢ir,m7 with |Uir,m| S CJV](l + |Tj| + |m|)7M
meZ
hence

1X=Pir, (0)l1z2 < Car Y (14 [l 4 [ml) =M (1 + [y + [ml]),

where we bound || X_¢ir |2 < C(1+ |r;| + |m|).
Similarly,

(Di) Z Om 7n+2n¢7n m+2n» Wlth |U’m 7n+2n| < CvM(1 + |m| + |7’L|) )
n=0
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hence
IX_DE(0)l[z2 < Cur Y (L4 m| + [nf) ™™ (1 + |m| + |n]).

By (6.7) and Lemma (6.2), the sum (6.5) converges absolutely and the decay
estimates in © sum up to the stated rate. O

Completion of proof of Proposition 6.1 (1): It follows from Lemma 6.3 that

X (o) < [g+u?)"GHRem|pg (0)(u)|du (
6.8)
< OO+ Jo |(1 4 u?) =GR | (1 4 fu]) =1 /270,

Since P;, is in the unitary principal series, Re(ir) = 0 and so |(1 + u2)~(z 1| =
(1+u2)~ 2 and since —1/2+79 < 0 it follows that the last integral in (6.8) converges
absolutely.

We now move on to the assertion (2) of Proposition 6.1.

6.1.2. Proof of (2). By Proposition 3.5, we have

/ o (gn) X (g1) PSir (dg) = / o(g1.)x(9) PSir (dg). (6.9)
G G

Indeed, x(g) and x*“(g) := x(gn,) are both smooth fundamental cutoffs, so both
sides equal (o, PS;;)r\¢. Integrating against fR(1+u2)*(%+") completes the proof.

6.2. Continuity of PS;,

As mentioned above, the Wigner distribution equals the functional o — (L, (x0),
PSi;,)sp- To prove that this also equals I,(0) = I} (o) we need the following
continuity result for the functional PS;,..

Lemma 6.4. PS;. € D'(SD) has the following continuity property,
(Lr; (x0), PSir;)sD = / (14 u*)~E+ (o), PSir)sp du,
R
where f*(g) = f(gnu)-
Proof. By Definition 3.3,
((ex)", PSir)sp = (R(oX)",psir)BxB

/BXB’ {/Rt (xo)(g(b, b')atnu)dt} %

We first note that for all u, R(xo)* € C°(Bx B\A) since (xo)* € C*(SD).
It follows that ps;(R(ox)") is well-defined and smooth in u.
The continuity statement is equivalent to

(RL(x0),psir)pxi = [ (1+ )G (R(0X)"(b,6), psir) 5 du,  (6.10)
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or equivalently

< / (1+u?)~EHDR(x)" (b, b'>du,psz-r> =
R

BxB
/(1+u2)‘(%+")<7€(ox)“(b,b’),psir>3x3du- (6.11)
R

We must again check that both sides of (6.10) are well-defined. Clearly, R(L,(xo))
is well-defined because x has compact support. The problem is to prove that the
left-hand side is well-defined, since that ps;,. is only known to be a bounded linear
functional on |[b — V/|**2"C?(B x B) (cf. Proposition 3.6). We therefore have to
verify that

/R(l + 1)~ GHIR(x) (b, ¥ )du € |b— b ['T¥"C%(B x B).
By Lemma 4.3 and (4.3), we have
/Rﬂ +u?) "R (0x)" (b, b )du =
b — p/|(12im) /D (x0) (2, B)e FHINED (B+n W) qyon(2). (6.12)
and therefore the condition to be satisfied is that
/D (x0) (2, b)e TN E GHNEY) gy ol (2) € C%(B x B). (6.13)

This is clear due to the compact support of o in z, which is independent of (b, b').
We may then rewrite (6.11) as:

<(/ (XJ) (z7 b)e(%-‘rir)(z,b)e(%-&-i?")(z,b/)dVol(z)) ST ® Tir>
D BxB

:/ X((a(z,b)e(%+ir)<zvb>e(%+")<zvb’>)7Tir®TiT>BX3dVol(z). (6.14)
D

Le. we need to check that we can pass T;, ® T}, under the dVol(z) integral sign.

By Otal’s regularity theorem (see Theorem 3.2), T;,-(db) = F!.(b)db where F;,
is a continuous 27 periodic function in the sense that F;.(0 + 27) — F;,.(0) = C,.
Integration by parts then gives

(9T} = /B 9 () Tin(db) = — /B 6 () Fur (b)db + g(0) (Fir (2) — Fi(0)).

Applying this in each of the (b,b") variables to the pairing on B x B in (6.14)
produces four terms of which three involve the boundary term (Fj.(27) — F;-(0))
and the fourth is

2
/B B{ /D ﬁ ((xo)(z,b)e(%+”)<Z’b>e(%+"><z’b>dVol(z))}Fir(b)FiT(b’)dbdb'.
X
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By applying Fubini’s theorem to the fourth term, we obtain:
Jexs{/p #ﬁ?b’ ((XU)(Z>b)e(%J’“")<va>e(%+i7")(zab/>dV0l(Z>)}Fir(b)Fir(b/>dbdb/

= o XU g (0(2,0)eHHDE0GHD D) B (b);, (1) dbdb YV ol(2).
(6.15)
Fubini’s theorem applies in a similar way to the other terms. We then transfer the
b derivatives back to T;, and obtain (6.14).
O

As a corollary of Proposition 6.1, we obtain the following explicit formula:

Corollary 6.5. We have:

/Rﬂ ) EHIE (o) (u)du =

<Ua E’L'f‘> / . 1 .
7,_] qsi'rj PSZT dg M;’r 5 T
- Gy Bor) v ()i (5 + i)

+;< m,5$>( F\G¢mPSW(dg))um(2+ ). (6.16)

All integrals and series converge absolutely.

Proof. In fact, by Lemma 6.3 we may interchange the order of summation in (6.5)
and integration in (6.2). Using (6.3) and (5.6), we have

1 1
/ (1+ u2)7(§+”)111357;r (Sir;)(u)du = ( (ZSiTjPSir(dg))ﬂfrj (5 +ir),
R Vel

and thus obtain the first series of the stated formula. Using (6.4) and (5.6), we
have

) 1
R NG

and obtain the second series. O
6.3. Completion of Proof of Theorem 1.2
To complete the proof it suffices to explicitly evaluate IL (o) for the generating
automorphic forms.
Lemma 6.6. In the special cases when o = @iy, , Xy Gir,, 07 1V, we have the explicit
formulae:

L. In the case 0 = bir,, (OP(Dir,)Dir,» Gir,) = 1y, (5 +i15) <¢>irk7PSirj>er-

2. Foro = X+¢irk7 <Op(X+¢irk)¢irja¢irj> =0 fO’I” all j

3. For 0 = <Op(w77l)¢i7‘j7¢i'fj> = /u'rdn(% + Z.Tj) <¢'m’ PS"J’>SXF .

Here, the expressions S, (% + ir;), ud, (3 +ir;) are defined in (5.6).
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Proof. The statements (1) and (3) follow from the combination of Proposition 5.1
and Proposition 5.3. The case 0 = X1 ¢, follows from Proposition 2.3 and the
fact that the Patterson-Sullivan distributions are invariant under time-reversal (cf.
Proposition 3.3). More precisely, by Theorem 1.1

(OP(X 4 Giry ) Pir» i, ) = 207273) / (Lr, XX+ 0ir,, ) (9)PSir, (dg),
SD
and by (1.7)

[ (B PSiy ) = [ (14035 D (X))
D R :

with

Ins,,, (Xebun ) i= [ Xy0u (g PSir, (do).
NG
But X i, (gny) = %qﬁm (gn,,) and after integrating by parts we have

<Op(X+¢ZTk )QSM"J ) ¢i7‘j> =

. 1 3.
2(14-2”‘1‘)(5 +ir;) / (1+ u2)_(§+lr.j)(2u)lpsi7“ (Pir,, ) (w)du.  (6.17)
R !

By Proposition 5.1 with m = 0, and the weight zero calculation in (5.7), we see
that the even F' term makes no contribution to (6.17) since it is the integral of an
odd function times an even function. Hence, only the odd G term contributes and
we see that (Op(Xyir, )Pir,, Gir,;) is a constant multiple of (X4 @i, , PSir,). But
this vanishes since X ¢;, is odd under time reversal while PS;,, is even.

O

We note that these explicit formula give a new proof of Theorem 1.1:

Corollary 6.7. When o is a joint (Q,W)-eigenfunction, we find again that
(Op(0)bir, bir) is asymptotically the same as r~—/%(o, PSi)sxy.-

Proof. By definition, F;,,(1/2) = 1 whereas G- ,,(1/2) = 0,G'(1/2) = —2i. The
stationary phase method then shows that

/(1 +u?)"GHOE, (u 2'i> dure

—4l

whereas

/(1 +u2)—(%+ir)GT’m (u —2@) du o =312,

— 4

Here, we use the estimates in (5.8), which can be generalized in all weights.
O
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7. Dynamical zeta-functions: Thermodynamic formalism

In this part,we prove Theorem 1.3 for Z5, showing that it has a meromorphic
continuation to C, identifying the poles in the strip 0 < Re(s) < 1 and the
residues. We use the thermodynamic formalism introduced by Ruelle [Ru87] to
study the “resonances” of the geodesic flow.

Let us make a short digression to describe certain aspects of Ruelle’s work
[Ru87]. His aim was to study the Fourier transform of the correlation function,

prt) = [ F@)Glg'ado(s) - [ Fav [ Gao,

(t > 0), in the very general context of an Axiom A flow (g*) (for instance, when w is
the measure of maximal entropy). He showed, for smooth enough functions F' and
G, that the Fourier transform pr g has a meromorphic extension to a half-plane
of the form {Re(s) > h —e}, strictly beyond its half-plane of absolute convergence
{Re s > h} (where h represents, in a general context, the topological entropy). He
used the so-called “thermodynamic formalism” and showed that the poles of p(s)
occurred precisely for certain values s, linked with the existence of distributions
obeying specific transformation rules.

In the case of the geodesic flow on a compact surface of constant curvature —1,
and for C! functions F, G on I'\G, the Fourier transform p is an analytic function
in the half-plane {s,Res > 1} and has a meromorphic extension to {Res > 0}
with poles at values of s = % + 41 for which there exists a distribution e;,. on SXp
satisfying:

L4 gt~eir = e_(%—i_”)teir
e ¢, is invariant under the stable horocycle flow.

In the case of constant negative curvature, it follows that e;,. is given by:

(F,eir)sxp = / F(z,b)eHNENT, (db)dVol(z) = / Op(F)¢ir(2)dVol(z)

Xr
(7.1)
where T}, is the boundary values of an eigenfunction ¢;, of A of eigenvalue % + 72
(see equation (3.5), and [Z2] ) Hence the poles of p, i.e. the Ruelle resonances,
occur at s, = 1/2 + ir,. If the eigenvalue is simple, the residue of p,p at s, is
given, up to multiplicative normalization, by

R, (F,G) = < / F(z,b)et/2Fim)=b, (db)dVol(z))
X (/G o 1z, b)et/FHirn) =z (db)dVol(z))

Op(G o 1) iy, dVol(z))

= (F,eir, ) sxp (G o, e, )sxp,

_ ( 5 op<F)¢irndVol<z)) (

Xr
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where ¢ denotes time reversal. To see this, we observe that the residue R, (F,G)
is bilinear in F' and G, and its definition implies that it satisfies the identities

R, (Fog',G) =R, (F,Gog ') =e 1/2HmllR (FQ),

and
R, (Foh%,G)=R,, (F,Goh")=R, (FQG),

where h!} denotes the stable horocyclic flow and h* the unstable one. It follows
that it must equal (F,e;., Ysx, (G o t, e Ysx, if the eigenvalue 1/4 + r2 is sim-
ple. If the eigenvalue is not simple, the expression becomes more complicated, as
one has to form a linear combination of the functionals associated to the various
eigenfunctions.

In the same spirit, we now prove Theorem 1.3 concerning the meromorphic
continuation of Z;. We use the methods developed by Rugh [Rugh92, Rugh96] in
real-analytic situations.

Remark 7.1. Although the poles of Z5 will turn out to be the same as those of
p (the Ruelle resonances), the residues cannot be the same: the residues of 2
must define geodesic flow invariant distributions, whereas the residues of j define
horocyclic invariant distributions as explained above.

7.1. Markovian coding of the boundary.

The proof given here relates the function Z5 to the determinant of certain oper-
ators, called transfer operators. To define them, we need to recall from [Se] the
construction of Markov sections, using the Bowen-Series coding of the action of
T" on the boundary B. Series used this construction to study Poincaré series. We
apply it to the somewhat different objects Z,. For this application, we need some
further discussion of Markov coding which we could not find in the literature.

If we want to study the action of I' on the boundary, and the existence of
conformally invariant distributions — by this, we mean the property 3.4 — it is
enough to consider a set of generators of I'. In fact, it is even enough to work
with a single, well chosen transformation of the boundary: roughly speaking, this
transformation F(") will be defined by cutting the boundary B into a finite number
of closed intervals J;, and will act on each J; by the action of one of the chosen
generators of I'.

We will require the map F() : J = UJ; — J to have the following proper-
ties:

(i) F) is analytic, expanding (or at least, some power of F(") is expanding).

(ii) The Jis form a Markov partition for F("). This means that F(") sends
the boundary of J to itself.

(iii) The natural map J = UJ; — B gives a bijection between periodic points
of F(") and points at infinity of closed geodesics, except for the closed geodesics
ending on the boundary of an interval J;, that have exactly two preimages. If
F()"z = 2, and ~ is the closed geodesic corresponding to @, then |(F(")") x| = el

We recall briefly the construction of F(") proposed by Series [Se], when T
is cocompact: she chooses a symmetric generating set for I', called I'g. She then



Vol. 99 (9999) Patterson-Sullivan Distributions and Quantum Ergodicity 39

defines a notion of “admissible representation” of an element g € I' as a word
g = gi...gn, With g; € T'g, such that

— an admissible word is a shortest representation of g in the alphabet I'y.

—every g € I'g has a unique admissible representation.

Without going into details, admissible words are shortest word-
representations; and besides, whenever there is a choice of several such repre-
sentations, one chooses the one that “turns the furthest possible to the right” in
the Cayley graph of I' with respect to T'g (seen as a subset of the hyperbolic plane).

Let us denote ZSI) the set of finite admissible words; the notation is borrowed
from [Se] but we are adding an r to specify that we are choosing representations
that turn the most possible right in the Cayley graph — the same convention Series
used in her paper. Replacing “right” by “left” one would obtain another notion of
admissible words, and we denote ng) the set of left-admissible words. Note that

-1
E(fl) = Z(fr) . Now define X("), the set of infinite right-admissible words, as

200 = {(g;) €T, 959545 € E}”,W}k > 0}.
Series shows in [Se] that the map
E(fr) — H, g1..9n g1.--9n.0 (7.2)

can be extended to a continuous map j : £ — B. She denotes I(") (95)
the set of points in B that have a representation by a sequence in X(") starting
with the generator g;. The boundary B is thus divided into a finite number of
closed intervals, with disjoint interiors. One can define a map F(") that acts on
() by deleting the first symbol and shifting the sequence to the left; seen as
a map on B, it acts as g;l on each interval I(") (gj)- Actually, the map F() s
defined on I = LI (9;); when working on B one should always remember
that its definition is ambivalent on boundary points. The partition B = UI(") (95)
is not exactly a Markov partition for the action of F("): there is no reason that
boundary points should be sent to boundary points. But, by construction, the
images of these boundary points under iteration of F(") form a finite set. Cutting
the intervals I(") (gj) at these points, one can refine the partition B = ur (95)
into a new finite partition B = UJ; that is now Markov. This way we obtain a
transformation F(") satisfying all the conditions (i), (i), (iii). An element of B
may be coded either by a word in ¥("), as we have already seen, or by an element
of the subshift of finite type

A = {(in)ks0, F (J;,) Nint(J;,,, ) # 0 for all k > 0}.

Both codings are bijective except on a countable set (in fact the coding map is at
most 2 to 1).

To make the link with the geodesic flow, we now extend the expanding trans-
formation F(") to an invertible transformation F of a subset of B x B; in terms
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of symbolic dynamics, we want to work with two-sided subshifts. We consider
E(l) = (g]) S F§+7gj"'gj+k S ngl)avjvk > O}
and -
Sy ={(9;) €Ty, 9j—k-95 € E;T)ijk <0}
Formally, elements of ;) are inverses of elements of Y. By the same con-
sideration as before, we have a coding map j© : ) — B or equivalently
Jay + By — B; we denote [;)(g;) C B the interval formed by points whose
coding in ;) ends with g;. This gives a partition B = Ul(;y(g;) and a map F{;
on B, that corresponds to the right-shift on ;). We can refine the partition
B = Ul (g;) into a Markov partition B = UK, and code the dynamics by a

one-sided subshift of finite type A(.
Let us now introduce the two-sided subshift 3,

¥ is in natural bijection with a subset of ¥y x ("), and thus there is a coding
map from ¥ to a subset X C B x B:

j:x — X
iew ™) = (jn(ew)i” )

The shift to the left on ¥ gives an invertible transformation F on X; note,
as above, that F' is actually well defined on a subset of LiI(;(g;) x LI (gx) and
is defined ambivalently at certain points of X. If y is in I(")(g;) then F(z,y) =
(g;lx, g;ly), or in other words F(z,y) = (G(l)jx, F™y), where G(p), is the inverse
branch of F{;) taking values in I(;)(g;).

The partition of X into LI (;(g;) x LI (gy) is not a Markov partition for the
action of F, but X = U(K x J;) is Markov. The action of F is then semiconjugate
to the left-shift on the subshift of finite type

A= {(mkvnk)kEZ/F(Kmk X Jnk) n int(Kmk+1 X J,

nes) 7 0 for all k € Z}.
We can identify X C B x B with a transversal for the action of the geodesic
flow: we observe that, for each (z,y) in X, the geodesic 7., contains a unique
vector, denoted v ,, which is in the stable manifold of a vector based at 0. To
recover the action of the geodesic flow on the whole tangent bundle, one needs to
add a time parameter measuring the time it takes to go from (x,y) to F(x,y).
Because 7, and yp(s,,) represent the same geodesic in the quotient I'\G, there

exists 7(x,y) € R such that g"v,, = vF(I y)- More precisely, the function 7 is

defined without any ambiguity on UK X J and can be extended to a continuous
function on UK x J;. By construction, the function 7 is locally constant on stable
manifolds; i.e., it depends only on the variable y. It is analytic on each rectangle
K; x J;. We see 7 as a return time from the section X to itself; note however
that 7 may change sign: we are not exactly in the usual situation of a “first return
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time”. Nevertheless, when y is a periodic point of period n of F(), and ~ is the
_ k
corresponding closed geodesic, we have ZZ:S T(FM 7 y) = L,>0.
We have a surjection, almost one-to-one, from

X7 = {((z,y),t) € X xR, t € [0,7(2)]}

to the unit tangent bundle, defined by saying that the image of ((x,y), s) is g°vg,y,
the image of v,,, under time s of the geodesic flow. This surjection is not one-to-
one on boundary points; by definition of 7, ((x,y),7(y)) has the same image as
(F(z,y),0). On X7 the geodesic flow corresponds the translation of the parameter
t.

7.2. Transfer operators.

Let us first recall briefly how the main results of [Rugh92] or [Rugh96] read in our
context. We follow very closely the notations of these papers.

Consider two rectangles = K x J and @ = K’ x J' such that F(K x
J) N int K’ x J' # (. This means that there exists an element g in the gen-
erating set 'y such that ¢ 'K C K’ and gJ’ C J. The maps ¢g and ¢g~! are
Moebius transformations, hence analytic. Obviously, we can find complex sim-
ply connected compact neighbourhoods D(K), D(J), D(K'), D(J’) € C with
K c intD(K), J C intD(J), K ¢ imtD(K'), J C intD(J') such that
g 'D(K) C intD(K') and ¢gD(J') C intD(J). In the terminology of [Rugh92],
we obtain a real analytic hyperbolic map f between the rectangles € and €/
(with complex rectangles Q¢ = D(K) x D(J), Qg = D(K') x D(J')) by letting
flwi,we) = (21,22) = (g7 w1, g~ wy). In this context, the maps called ¢! and @L
by Rugh are very simple, they depend only on one coordinate : ¢! (w1, 25) = gza,
bu (w1, 22) = g~ .

Always following [Rugh92], we introduce the Banach space Ug of functions
which are analytic in (C \ D(K)) x D(J) with a continuous extension to the
boundary (endowed with the sup norm); Ugqs is defined similarly. The transfer
operator associated to the two rectangles £, Q' sends x € Ug to an element of Ug,,
as follows :

dw; dws 1 g'(z2)

Lgarx(21,2 :/ P w1, W3 ).
, x(z1, 22) D) 0D 9mi 270 21 — g—lwy wo 79'22X( 1, W2)

In other words, for every function ¢ analytic in D(K’) and continuous on the
boundary (which we denote ¢ € Hol(D(K"))), we have

dw1

dz dw
[ Leaxtuauegt = [ SR G e o) g
OD(K") 5 i

The full transfer operator is obtained by considering all possible pairs of rectangles
(2, Q). Because F(") is eventually expanding and the inverse branches Gy are
contracting, it is possible to choose complex discs D(K;), D(J;) which are suitable
for all pairs (Q = K; x J;, Q' = K x J;r). The transfer operator acts on U = &Ug,
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and is defined by (Lx)o = Y La,o'Xo. We have

dz
/ Lx (e, 2) g (21) 22 =
aD(K)

2mi
/ -1 dw1
Z gk0(22) ’(/}K(gko wl)X(wl’gkOZQ)T
k_1,ko OD(Kk_y) v

for every ¢ = (Yk,) € ®;Hol(D(K;)). The sum runs over all k_y, ko such that
the rectangle Kj_, x Ji, contains a point (wq,ws) with F(wy,ws) = (21, 22). The
notation gy, means the element of I'y such that F(wy,ws) = (g,;)lwl,ggolwg) if
(w1,ws) € Kj_, X Ji,. Rugh shows that this operator is nuclear and that

o 1
Tr(l") = Zw det(DF —1)|

Frw=
Note that a fixed point F"w = w corresponds to a closed geodesic represented
by v € T; and |det(DFy — 1) = |(vl, — 1) (7, = 1)| = [(e" = D)(e™ " — 1)| =
4sinh(L./2)2.
For our purposes we need a variant of Rugh’s transfer operators. Let a be an
analytic function on SXr. Let A be the real-analytic function on X = U(K; x J;),
defined by

7(w2)
A(wy,we) = / a(wy, wa, t)dt
0

if (w1, w2) € X C B X B. In other words, A is the Radon transform A = R(xa) de-
fined in (3.11), and x is the cut-off function x((w1,w2),s) := >, ; Ly, (w2) Ik, (w1)
L0,7(ws))(8)- If w = (w1, w2) is a periodic point of period n for F, and if v is the
corresponding closed geodesic, then

n—1
SpA(w) = Z A(F*w) = / a.
k=0 v

We introduce a family of transfer operators L; ., (s, z € C), acting on the Banach
space U defined above:

Ls,zX(Zh Z2) = Z

k_1,ko

/ dﬂ@ (g’;)l/(wl))sﬂ (9;60(2"2))8/2 ezA(wl,wz)X(Un wa).
OD(Ki_ ). 0D(Jiy) 2T 20 21 — gi lwy W2 = Gky-22 ’
In other words, we have
dz 1 2-1
Loax(21,2)0(21) 5 = D ghy(22)' T30
/6‘D(K) l 2mi k§0 ko
— z w z - S dw
/ w(gkolwl)X(wlagkoZQ)e A(wi,gk, 2)gk01/(w1) /2# (7.3)
OD(Ki_,) m
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for every v = (Vi) € ©;Hol(D(Kj})).

The operators L, , are bounded on U (they are even nuclear) and depend
analytically on (s, z), as is easily seen in the expression above.

We caution that the notation L, has nothing to do with the operators L,
used in the previous sections: this should cause no confusion, as this section is
rather disjoint from the others.

7.3. Determinants and zeta functions.

Apart from the introduction of the weight A, our transfer operator also differs
from Rugh’s by the terms 920(22)(8/271) and gk_ol’(wl)s/Z. All his arguments can
be adapted with obvious modifications to this situation, and we do not reproduce
them here. In paragraph 4.4 of [Rugh92], it is shown that L , is a nuclear (trace
class) operator. One can take the determinant of I — L, ,:

d(s,2) = det(I — Ls.) = [J(1 — A©)™"
where the product runs over the spectrum of L, ., and m® = mﬁ”z denotes the
multiplicity of A(). The eigenvalues do not necessarily depend analytically on
(s, 2), as the multiplicity may vary; the determinant d(s, z), however, is an analytic
function of (s, 2):
For given (s, z0), consider, for every i, a neighbourhood V; of )\gf))’z(), such that
the V;s are all pairwise disjoint. Let Pj)z be the spectral projector on V; for the
operator L .: P!, depends analytically on (s,z), in a neighbourhood of (s, zo).
Call B;Z = LS,ZPS(,Z-Z): these are operators of rank mgf,),z(), depending analytically
on (s, z) in a neighbourhood of (sg, z). By definition the spectrum of B (s, z) is
contained in V;. Of course,

det(1— B _ )= (1—AD_ )y,

50,20 50,20

One can write, in the neighourhood of (sg, 2o),
d(s,z) = [ [ det (1 — B{*)) (7.4)

This shows that the determinant d(s, z) is an entire function, and has zeros exactly
when L . has the eigenvalue 1.

Let us introduce the notations 7 (w) = —logg,;ol/(wl) and m(w) = log
gko(wg) if w = (wy,we) € X with wy € J,. Rugh shows that the following
remarkable identities hold; For all n, the trace of LY , is

ezSnA(w)—sSnn(w)+(1—s/2)Sn7'2(w)

det(DF™(w) — 1)]

Tr(Ly)=

w,Frw=w

(7.5)

It follows that
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Proposition 7.1.
1 ezSnA(w)—sSn‘rl (w)+(1—5/2)Sy, T2 (w)

n |det(DF™(w) — 1)

d(s,z) :==det(I — Ls,) =exp | — Z

w,Frw=w

(7.6)

In particular, the function

d.d 1 SpA(w)
T E0== ) n det| DF™(w) — 1]

w,Frw=w
has poles exactly when 1 is in the spectrum of L g.
Because periodic points of F' correspond to closed geodesics, we can express
(7.6) in terms of periodic geodesics. If Fw = w and + is the corresponding closed
geodesics, we have S, A(w) = fv a, Sy (w) = Spme(w) = L,,. Thus, d(s, z) is more
or less the same as

1ep( J a—(s—1)L4)

—_— an,a—(s m+n)L~
Z Zp |sinh(pL. /2)|? =TI IT a-e FmAn) Loy 7.7y

v p>1 vy m,neN

A “prime” following a sum or a product means we are summing over primitive
closed orbits. Otherwise, we sum or take the product over all closed geodesics.
The previous formula, however, is not exactly true, because certain periodic
geodesics correspond to several different periodic orbits of F'; namely, those going
through the boundary of X (there are a finite number of them). The precise
expression of d(s, z) in terms of closed geodesics is given in [Rugh96], or [Mo]:

=TI TI @—ehertrmimiy ps,z) (7.8)
v mmneN

where the correction term is

1 D)
Hc’ Hm n>0(1 —e —(s+m+n)l(c')+= f , a)
the products run over a finite number of periodic orbits that are counted several
times in the Markov coding. The correction factor on the right is analytic and
non-vanishing in {fe s > 0}, thus the zeros of the two functions (7.6) and (7.7)
are the same there.

P(s,z) = (7.9)

Remark 7.2. In the half-plane {fe s < 0}, the correction factor P(s, z) is more
difficult to analyze because it seems that its singularities could depend on the
choice of the Markov section X. It was, however shown in [Rugh96] that the
apparent singularities of (7.7), arising from the identity (7.8), are removable.

Remark 7.3. For z = 0 (which is the case treated in [Rugh96]) we obtain the
relation

=[] ¢s(s +n) P(s,0) (7.10)

neN
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where (g is the Selberg zeta function. In particular, d(s,0) has the same singular-
ities as (g in {Re s > 0}.

=4(s,0)
has the same singularities as

Z5(5,0) = </7 “) ﬁj‘zm

Y

This shows that the singularities of Z, appear when L, has 1 as an eigenvalue.
In the next paragraph, we show that this occurs for s = % +ir,. Then we identify
the residues.

Remark 7.4. In our conventions, r, > 0 and we have defined the boundary values
T;-, using this choice of sign. For simplicity, we will restrict our attention to
§ =5, = % + irp, but the analysis at s = (1 —s,,) = % — 4r,, would be similar.

7.3.1. Location of poles of Z, in the critical strip. For s = s,, one can check
directly that 1 is in the spectrum of L, ¢: the eigenspace is spanned by the func-
tionals

Lir, (dz1)

|21 — 2o]5n’

Xy (21, 22) = (7.11)

where T;,,, are the boundary values of eigenfunctions of the Laplacian ((z1,22) €
X = U(K; x J;)). The functionals Xz;j’L(Zl,ZQ) are analytic with respect to 29
and are distributions of order 1 with respect to z; : in particular, they belong to
the Banach space U. If ¢ = (vk,) € ©jHol(D(Kj})), it defines, of course, a C*

function on each interval K;. For x = le) , the integral on the right-hand side of

lT‘T,

(7.3) is nothing but the pairing between the distribution L, 0X (1) and the function

1. Identity (7.3) can be extended to ¢ € ©;C>(K;) (or even ¢ € &,;C'(K;), since
we know Tj,. is of order 1). Integrals should now be understood as the pairing
between distributions and C'*° functions.

To show that Lsn,O)(ZlT)"L = XZ), we need to check that

/ '(/} zrn le) _
|21 — 2|

s — — s E’f"n dw
Z 920(22) n/2/ w(gkolwl)gkoll(wl) n/2 ( 1)3”

)
K wy — z
k_1,ko k_1 | 1 = 9ko?2

for any ¢ € ®;C°(K;). Again, the integrals should be understood as a notation
for the pairing between distributions and functions. If ¢ is analytic, |, K 1S given,
as in the previous paragraph, by the integral on the contour D(K).
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Using the invariance properties of T}, , the last expression can be transformed
to

s - s Ern dg z
Z g;co(zz)l-‘r n/ w(zl)gkoll(‘gkozl) n/2 ( ko 1)

1 2 — 20|50
k_1.ko Iig K4 |gko 1 = Gk 2|

s - s s Tirn dz
- Z Iy (22) n/Z/ w(zl)gkoll(gkozl) "/2920(21) o Lir, (d21)

—1 21 — Zo|n
k_1,ko Giog Kr_y |21 2

— s —5 “‘n dZ
gkoll(zl) n/2 n/2 _ /w 1) ,

|Zl — Zzg5n

which is the desired property.

Remark 7.5. Similarly, the functionals

T (dZQ)

|21 — 22|

(T) "(z1,22) = (7.12)

are eigenvectors for the adjoint L .

Conversely, we need to know that 1 is in the spectrum of L o only if s is one of
the s,; and that the multiplicity of 1 is exactly the multiplicity of s,(1—s,) in the
spectrum of the Laplacian (this means that Ly, o has no Jordan block associated
to the eigenvalue 1). We can see no direct way of proving this last fact without
using the relation with the Selberg zeta-function (Remark 7.3). For the latter we
know indeed that the zeros occur when s(1—s) is in the spectrum of the Laplacian,
with the same multiplicity.

7.3.2. The residues. We are interested in the singularities of Z5 in {Re s > 0}, or
equivalently in the singularities of

0.d(s,0)
d(s,0) _Z

i

d.det (1 — BY)
det (1 — BY)

(7.13)

From the previous paragraph, we know that d(s,0) = 0 if and only if s = l +ry,

(where 1/4 + 72 is an eigenvalue of the Laplacian). For some i, the operator B, @ )

has 1 as an eigenvalue, and its multiplicity m; is the same as the multlphmty of
1/4+72 in the spectrum of the Laplacian. As in the previous paragraph, we treat
the case of s = s,, = % + ir,; the case of s = % — ir, would be similar except for
the choice of a different convention in the definition of boundary values. We will
see that the singularity of the function (7.13) at s = s,, is a pole; the residue must

then be given by
.97 Vdet (1 — B{" )
mi——— o) .
05"det (1 — By )

Theorem 1.3 will then follow directly from:
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Proposition 7.2.

8,07 det (1 — B ) 5 (xa, PSir,)sD
m, " = - - - . .
omdet (1 - B ) = (6 PSir;)sp

Proof. If 1/4 + 72 is an eigenvalue of the Laplacian of multiplicity m, we know
that 1 is an eigenvalue of L, o of multiplicity m. We also know — and this is rather
important — that the eigenvalue 1 corresponds to a diagonal block for L, o.

Let V' C C be a neighbourhood of 1 that does not meet the rest of the
spectrum of L, o. Let Ps ., be the spectral projector on V for the operator L, .. As
before, denote L ,P, . = B, .. Because we have a diagonal block, B, o = Fs, 0.
Using the previous notations, for some i, the operator B, o is one of the nglos;
it has 1 as an eigenvalue with multiplicity m; = m.

In the tensor product H ™, the projector P, is of rank 1. Let Vg, o € H"™
be the associated eigenvector; it also belongs to Ker(I — Ly, o). By pertur-
bation theory, we can find a family Vs ,, depending analytically on (s,z) in a
neighbourhood of (s, 0), such that PV, . =V ..

We have

(I —Ls.)"""Vs. = As.2Vs. (7.14)

with A . = det(I — By ).
Similarly there is a family 7; . in the dual H*™ depending analytically on
the parameters, such that

(I - L:,z)/\"bz,z = )‘s,zlz's,z (715)

Differentiating (7.14) once with respect to the parameters, and applying 7, o,
we get

O, 00Vs,,00 Ts, 0) + As0(0Vs, 0, Ts, 0) =
<(3(I — LSH,O)A’")VS”,O, 7, 0> + <(I — Lsmo)/\m)avgmo,'];m@ (7.16)

Because (I — L ()" 7,0 = As,.07s,,0, the second term on each side of (7.16)
are equal, and (7.16) amounts to

Ns,,0(Vs,05 T 0) = (O — L, 0)"™ WVs,0,0, T, 0) (7.17)

This last term vanishes if m > 1, and thus we see that O\, o = 0. Iterating this
procedure, we see that any derivative of order < m of A, , vanishes at (s, 0).

This proves, in particular, that the singularity of the function (7.13) at s,, is
at most a pole, and that the residue we are interested in is

-1
007" Xs, 0
8;71)‘87“0

as announced earlier.
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Iteration of this procedure (differentiate (7.14), then apply 7, o) gives after
m steps:

(aza;n_l)\s,,“())<vs",077'3”,0> = <(8za;n_1(l - Ls,,b,0>/\m)vs,”077;”,0)
m—1

= (=1)"(m =11 ((0:L)" AL A (D:L)" KV, 0, T, 0)  (7.18)
k=0
The terms where L is not been differentiated disappear, because 1 —L;  vanishes
on 7y, o. Similarly,
8;")\%70 = (—1)mm!<(8SL)AmV5mo, 7;”70>

We note that ,L = L o M4 (where M, denotes multiplication by A) and
0sL = L o M.. Remembering that L} (7,0 = 7s, 0 we can rewrite the last two
expressions as

m—1
0.07 N, 0= (=)™ (m = DY (MM A My AMM R, 0, T,, 0)
k=0

and
amA ( l)mm!<M‘l/'\mV5n7077;n;0>'

Now, we can choose to write 7,

Sn,

Sn,0
0 as

l’l"J

T 0= Arj=ra X (1)
and Vs, o as
747"7

Vsn,O = /\rj:rn (r)

where XZ)J ) Xz:’]) are associated to Tj,, by the formulae (7.11), (7.12).
For r; = r, = 1y, we have

< ir; 7’Tk:> / T(ZQ) Tirj (le)T“«k (dZQ)

X X () 21 — 20|

_ /(RI)(Z ) W](le) Wk(dZQ) — ,UO(Sn>_1<¢irj,¢irk>7

|Zl _ 22|25n

by the formulae of Part 5 (which could as well be applied for two different eigen-
functions of the same eigenvalue). Because the basis (¢;,) is orthonormal, this
coeflicient vanishes except for j = k.

Similarly,
iy i T”J (dz1)Tir,, (dz2)
< (l 7X(T’)c /A Z1722 ‘Zl — 22|25n

T, (dz1)Tir, (dz2)

|21 — 22|2g"'

= /(Ra)(zl, 29)

and if j = k this is exactly the Patterson-Sullivan distribution applied to a.
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We finally find the expression of the residue.
Tir, (dZI)TiT'j (dz2)

0:07"Xs0 _ 3 J(Ra)(21, z2) ==t
O Nond S [(R1) (21, 2g) sl P Tir, (022)

|21—22|2S"

which is what we expected in terms of Patteron-Sullivan distributions.

8. Classical Selberg trace formalism

We now begin the Selberg trace formalism proof of Theorem 1.3 (ii). To prepare
for the proof, we review the standard theory of the Selberg zeta function and trace
formula and then give a non-standard proof which will be generalized in the next
section.

As above, we denote by {¢;., } an orthonormal basis of A-eigenfunctions
on M\G/K, with associated eigenvalues A\, = s(1 — s;) with s, = % + irg. In
particular the trivial eigenvalue A\g = 0 corresponds to sy = 0,1 and rg = i%.

8.1. Standard Selberg zeta function

We now review the analytic continuation and polar analysis of the Selberg zeta
function. We refer to [V] for background.
The Selberg zeta function is defined by

Z(s) = I IR% (1 = N(P)™*7F), Res>1

where {P} runs over conjugacy classes of primitive hyperbolic elements and where
N(P) = &P where Lp is the length of the corresponding geodesic.

% (s) is defined

The logarithmic derivative of the Selberg zeta function
for Re s > 1 by the formula (see [V], (5.1.5))

Z(s;1) := b Z’(S) = Z &e—(s—l/Q)Lv.
7 s—1/2 Z sinh L, /2

1
s—1/2

In this formula, we sum over all closed orbits v of the geodesic flow and L, is the
(positive) length of ~.

Theorem 8.1. ZZI((SS)) admits a meromorphic continuation to C with poles at the

points s = s, together with the ‘trivial poles’ at s = —k, k=0,1,2,3,....

Proof. We review a few features of the standard proof to draw attention to some
important technical issues which might be confusing for the more general versions
to come. By definition, we have for e s > 1,

1 Z'(s) 1 Z'(a) _ Ly 1 —(s—1/2)L 1 _—(a—1/2)L
5172 Z(s)  a-1/2 Z(;) =2 sinhLO.,/2{237le (/2 — e (e t/2la),

See for instance [V], (5.1.5).
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To analytically continue the formula, one applies the Selberg trace formula
(cf. [V] Theorem 5.5.1) with the test function

1 1

1
h(=+7r%sa) = - .
( ) (s—%)2+7‘2 (a—%)2—|—r2

4

The Fourier transform of h(1 + r%;s;a) is

L P
e 2l —
25 —1 2a — 1
We note that the rate of decay of h(i +712;5;a) as 7 — oo reflects the singularity
of |u] at w = 0. In the case of a smooth compact quotient, the result is (see [V]
Theorem 5.1.1; see also [Sal])

1 Z'(s) 1 Z'(a) __  Vol(\G) ZZO—O( 1 1)

G-DZ6) @Dz = stk atk

2 2

g(us s10) = el

(8.1)

[e’s) 1 1
2o <(s—%)2+ri - <a—%>2+r3) '

We note that the eigenvalue series on the right side would diverge if we only
ZZ((;)7 but it converges (away from poles) if we subtract ZZ((;))
or take one derivative. ,

These formulae give a meromorphic continuation of ZZ ((Ss)) to C and show that
the poles occur at values of s for which there exists an eigenvalue \,, satisfying

An = s(1 — s), or at negative integers.

used the formula for

8.2. Convolution operator approach
As sketched above, the Selberg trace formula involves a Fourier transform duality.
We will need a more group theoretic approach for the generalizations in the next
section, namely the approach in [GGP] to the Selberg trace formula as a formula
for the trace of the convolution operator corresponding to a K-bi-invariant function
X-

We denote by Spo(G) the continuous functions satistying x(k1gk2) = ¢(g)
for all k1, ke € K. The associated convolution operator is defined by

Rx=/GX(g)Rgdg,

where Ry f(x) = f(zg). There exists a unique (up to scalars) eigenfunction ¥, of
2 of eigenvalue s(1—s) in Sy . The spherical transform S : C§°(G)NSp o — PW,y,
is defined by

5105 = [ 7(a).0)ds.
Its range is the subspace of the Paley-Wiener space
PW(C)={fcO(C):3kYN >0: |f(z +iy)| < Cell(1 + [y)~N}  (8.2)

with a certain symmetry which we will not need to recall here (see [Z], p.31). Here,
O(C) denotes the holomorphic functions on C.
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We also denote the Mellin transform M : C§°(A) — PW(C) by

—/ff(a)a da

where we identify f(a) as a function of the top diagonal entry of a. Note the
non-standard sign of the exponent, which is chosen to be consistent with [L, Z].

The basic Selberg trace formula for a smooth compact quotient (in the form
stated in [GGP]) states that

ZSX(QiTk = Vol(T\G)x(e) + Z/ x(g7*vg)dg, X € Soo (8.3)
{~}

where the sum runs over the principal and complementary series representations
(counted with multiplicity), where G is the centralizer of v in G (similarly for I')
For v # e, I',\G, is a closed geodesic.

The orbital integral on the right side of (8.3) may be expressed in terms of
the so-called Harish-Chandra transform as follows: If y € Sg, there exists y?
D = G/K such that x(g) = x”(g-0) where x” (re?) = xP(r). In the proof of [Z],
Proposition 2.6, it is shown that x(n, 'an,) = XD(‘ utt ‘) with w = 22— With

u+tiw

some routine manipulation ([Z], pages 55-56), we get

1/2
Hx(a) = la—a | fuxP((1+35)  du, (8.4)
and thus VolT,\G,)
O
/ x(g7"vg)dg = ——T~Hx(a,), (8.5)
G\G lay — a5y

where Vol(I',\G) is the length of the closed geodesic. We further have Sy =
M Hx, so we finally obtain

> MHx(2iry,) = Vol(T\G)x(0) + Z Smh L’y 7 Hx(a,). (8.6)

This approach leads most naturally to the zeta functlon

1Y . L ~2(s-1/2)
R(s;1) := %: (sinh Lw) (cosh L. /2) . (8.7)

In generalizations to non-constant automorphic forms, we begin with (8.7) and
then relate it (and its generalizations (9.5) to non-constant automorphic forms) to
the usual zeta functions Z(s; o).

9. Dynamical zeta functions and Selberg trace formalism

This section is concerned with the zeta functions

fv ods
N 0 —(5-1/2)|L, |
Z(s;0): % <sinh s e , Res>1). (9.1)
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Theorem 9.1. For each automorphic form o = Gir., X4 Giry s Um, Z(s;0) is ab-
solutely convergent in Re s > 1 and admits a meromorphic continuation to C.
Except for the trivial representation o = 1, the only poles in Re s > 0 occur at
values s = % +ir for which % + 72 is an eigenvalue of /\, and the residue is given
by
.
Res,_1 4 2(s30) = po(5 +ir) Z / odP Sy, .
: 2 22,2 T\G
=r

Jirj

This proves a special case of Theorem 1.3 in which the function a has com-
ponents in a finite number of irreducible representations. We briefly sketch the
extension to analytic symbols in the final section.

The proofs are based on a generalized Selberg trace formula introduced in [Z]
for the traces TroR, on L*(T'\G) of the composition of R, with multiplication
by o. Here, o is a Casimir eigenfunction of weight m and R, is a convolution
operator with kernel x € Sy, »(G), where S,, ,, denotes the functions x(g) on G
satisfying x(kygke) == ¢™¥e™?x(g), where kg = expdW € K. The eigenspaces
of Q on S, »n(G) are one-dimensional, spanned by the spherical function @, p s
of -eigenvalue s(1 — s). We will only be considering the case n = 0, and denote
the associated normalized spherical function by ®,, ;. Our normalization follows
[H, Z]. The spherical transform S, : C§°(G) N Spm,0 — PW,, is defined by

S f(s) = /G F(9)D—m.s(9)dy.

Its range is the subspace of the Paley-Wiener space (8.2) with a symmetry de-
pending on m which we will not need to recall here (see [Z], p.31).

We will also need a variety of Harish-Chandra transforms which depend on
the weight m and also on the type of representation P;,., D;}.. There is a canonical
one, defined as follows: Let x € S,, 0 and let (see [Z] page 57 for (i) and page 49
for (ii)):

Hpx(a) = la—a ' [7, XD(u“jiij)du, (w= ata” (9.2)

a—a—1

Here, if x € Sy, 0 then there exists x” on D = G/K such that x(g) = x”(g - 0)
where xP (re?) = ¢/ %y p(r). In the proof of [Z], Proposition 2.6, it is shown that

x(ngtan,) = XD(#:EZ,) = et20(au)y D( uu_;zj )
with
. N2 211/2 -1
etflan) — (u+ z)(u ) , where w = ata , v=w 2 (9.3)
(u+iw)(u? + 1)1/2 a—a?!

With some routine manipulation (see [Z], pages 55-56), we get

—1 4. D -1 1/2
J2+1)7m/ X ((1 + 1;02_;'_1) )du
(9.4)

Hux(v) = la—at|lwo™* [(1+
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From the Selberg trace formalism viewpoint, it turns out to be most natural
to work first with auxiliary dynamical zeta-functions R(s; o) that do not seem to
arise in the thermodynamic formalism. When o,,, has weight m we put

f’Yo o

: = e (I hL./2)™? (coshL./2)"2(6=1/2) .
R(s;0m) Z:(smth/Q) (tanh L. /2)"/" (cosh L. /2) (9.5)

We then express Z(s;o) in terms of R(s;0) to obtain results on the analytic
continuation of the latter. This somewhat circuitous route comes about because
the trace formula is on the ‘quantum level’ and therefore does not quite produce
the ‘classical’ zeta-function.

9.1. Forms of weight 0 in P;,

In this section, we prove Theorem 1.3 for the case 0 = ¢, .
In this case the auxiliary zeta function has the form

. ) J o Piri —2(s-1/2)
R(s; iry ) = ; (SH’;hW (cosh L. /2) : (9.6)

Theorem 9.2. R(s; ¢ir,) admits a meromorphic continuation to C with poles at
s = % +ir—k,k=0,1,2,..., where % + 12 is an eigenvalue of A, and with

. 1 1
Ress:%—i—ir R(S;d)im) = UO(ZT + 5) 4 ZQ: ] §<d)i'f‘k7PS'r‘j> .
Jiri=r
Proof. We assume throughout that ¢;,, L 1, so that the identity term on the

Z—yer side of the trace formula vanishes and so that the trivial representation
term with r = % also vanishes. After the proof, we remark on the case ¢;., = 1.
By Proposition 2.12 of [Z] (applied in the continuous series case), we have

= sinh Lv/g

Z<Op(¢irk)¢irnv¢ir71>MHOX(2irn) = Z <M> HicrkX(a’Y)v (97)

where Hj is defined by (9.2)-(9.4), and where (see [Z] page 57 for (i) and page 49
for (ii)):

Hf, x(a) = la—a™!| [7 Fir, o(*5)x" (3555 ) du. (9-8)

Here, a = eX/? and Fj,, o(%52) is defined in (5.7). We note that the identity term

on the right side vanishes by orthogonality.

Remark 9.1. (i) We note that we do not use Proposition 2.10 of [Z], which gives
a less convenient zeta function. Although Proposition 2.12 of [Z] is only stated
for symbols in the discrete series, it is valid for the continuous series as long as
we use the corresponding expressions (given in [Z] Corollary 2.4) for the integrals

I,(0)(ny,) in [Z](2.2).



54 N. Anantharaman and S. Zelditch Ann. Henri Poincaré

(ii) A priori, the right side of (9.8) should also contain the term

u+1
U+ w

_ o u—1
a=a [ Guol" 5 WP

u+1

but x? is a radial function since it has weight zero and y?( o

’) is even in u

while Gy, 0(%5¢) is odd. Hence this integral vanishes (cf. Proposition 2.7 of [Z]).

By (9.4), we have

1/2
Hox(v) = la—a Yol foxP((1+3555) du,
(9.9)
c -1 u—1i\., D v—1 /2
g, x(0) = Ja— a7l fy Finco(5 P (14 255) 7 )du,
We now define x5(g) € So,0 by the rule that
1— 2\s
X2 (r) ::(C—T), 0<r<1L
iu’irk (S)
Using (9.9) and the fact that |a — a7 !||w| = (a + a~1!), we obtain
(i) Hijpxs(a) = (a+a™t)726712),
ot (9.10)
.. S _ —z(8$—
(if) Hoxs(a) = 728 (a+a™!)

If we substitute s into the right side of the trace formula (9.7), we obtain the
desired zeta-function R(s; ¢y, ). Therefore, the left side of the trace formula (9.7)
gives a meromorphic continuation of R(s; @iy, ). By Theorem 1.3, we have

<Op(¢z7“k )qsi’r‘a ¢2T> = <¢Z’I"k 5 PS'LT>/1‘;,:T;C (% + l""),

hence
- c 1 4 .
R(s: Giri) = D_(Giras PSir, W, (5 +ir) MHox, (2ir). 9.11)
n=0
By (9.10(ii)) we have
MHyx,(2ir) = -Helh [ q2ir(q 4 q=1)=20-1/2) do
S

po(s) D(s=(3+im)I(s=(=ir)

HEr, (5) (25— 1)

For the last line we refer to [Z] (p. 60).
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In conclusion, we obtain (at least formally)

oo ¢ (1.4 1 1
po ()i, (5 +irn) T'(s = (3 +ir0))0(s = (5 — irn))
R S ¢i7‘ = (bir ;PSirn> Ck
(500) = 20 4y (5 K2s 1)
(9.12)
1. 1
We note that F(s_(5+13?;),81:(f)_(5_zr)) = B(s— (3 +ir),s — (3 —ir)). As above, we

assume that ¢;-, L 1, so that the trivial representation term vanishes. Regarding
the convergence of the right side, we note that by (5.6) and (2.10), as |r,| — oo,

. —1/2
/’Lgrk(% +iry) ~ /
L(s— (& +ir,))T(s — (3 —irn)) ~ e~ 5 (ISstrn|+|Ss—ral)
X|ry 4 Ss| 7RG = Lp, - Fg|Re() -1

Since (piry, s PSir,) = Or, (m%) as n — oo (or equivalently, (cﬁim,l/)?im) =0, (1)),
it follows that the series converges absolutely in the critical strip away from the
poles and defines a meromorphic function.

There are simple poles at s = % + ir, where i + 12 is an eigenvalue of A.
In the case where the multiplicity of the eigenvalue equals one, the residue at
s = % + ir, equals

po(g+irn)pug,, (F4+irn) T(2ir, .
(Girys PSir, ) == ,L;Tk(%ﬁr:) rgm;; = po(5 + irn){@ir, PSir,)
= <¢irk7PSirn>7

as stated. In the case of a multiple eigenvalue one sums over an orthonormal basis
of the eigenspace.

U
9.2. Z(S, (birk)
Now we deduce properties of Z(s; ¢y, ) from those of R(s; ¢ir,.)-
We introduce the measure
f (birk dS
Liéi) = D00 T S(L - L),
dO(L; ¢ir,) = Y (SmhLW 5( )
v
We note that
Z(s;0in,) = [y~ e dO(L; Giry),
(9.13)

o) L/2, —L/2 *(5*%)
R(‘S; (birk) = f() ((%)2) d®<L7 d)zrk)

Lemma 9.3. We have:

oo

Z(Sv ¢i7‘k) = Z Bm(S, n)R(S + n; ¢i7'k)7

n=0
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where

—s+ion =~ 25 —1 % %
By (s,n) =27°"22 Z . MY PR

Proof. By elementary manipulation, we have

Z(som) = [ (1+e )™ dO(Lisi ). (914)
0
where
dO(L, 5 bin) = 3 o fine ((cosh L,/2)?) "7 (L — L,).
R - sinh L. /2 v Y
We then change variables to y = (cosh L/2)?, and note that e~ /2 = | /fy — \/y —
to obtain,
25— 1
Z(s, i) = [y L+ (VI—Vy—17%)" d¥(y;si¢umn,)
- : (9.15)
= eyt (1= 1-3) av(ysien,)
where

¢i’l‘k — S—l
AV (y; s bir,) = <s£ﬁL7/2> ()" 3y — ).
vy

By repeated use of the binomial theorem, there exist coefficients B,,(s,n)

such that
2s—1

1 oo
(1 —4/1 - —) =y (27D Z B, (s,n)y~"™.

Y n=0
Canceling the factors of (251 we thus have

Z(&@Tk) = Zn 0 S n fo nd\l} y,s ¢'L7"k)

= ZZOZO B(s,n)R(s + n; Pir,,)-

Since the poles of R(s+n, ¢, ) are the shifts by —n of the poles of R(s, ¢ir, ),
and since the non-trivial poles of R(s,v,,) in fe s > 0 lie only at the points
s = % + ¢r, only the term n = 0 in the series contributes non-trivial poles to the

critical strip.
Writing out By, (s,0) asasum > o, o _ ., we see that the only

term has m =0 =k; (for all j =1,...,m). Thus,
Ress:%-ﬁ-irz(s; ¢i7‘k) = Ress:%—i—irR(s; ¢i7"k)'

This completes the proof of Theorem 9.1 in the case o = ¢;y, .

(9.16)
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Remark 9.2. As a check on (9.12), we observe that in the case ¢, = 1, (Gir,,
PS;.. ) =1 for all n, pr, (s) = po(s) and we get

R(s;1) = VOZS‘T\G) /R P(s - (5 +PZ(T2)2F_(81)_ (3 — ir))r(tanhﬂ'T)dr
_|_nz:% I(s—(3+ Z;E%;z]i(sl)_ (3 - ZTn)>. (9.17)

The series converges rapidly to a meromorphic function with simple poles at s =
% tr,—k (k=0,1,2,...), the residue at s = % + r, — k being (_kll)k. Thus,
Lemma 9.3 shows that Z(s;1) has simple poles in the critical strip with residues
equal to 1. The formula (9.17) also follows from the standard Selberg trace formula
(Fourier transform duality, [V] Theorem 4.3.6) by using the integral formula (cf.
[WW], Exercise 24)

1. 1 . 1 cos(2ir,u)du
B(s— - —irp,s — - +iry) = / ,
( 2 2 ) 45=3 Jr cosh®* !(u)

and the fact noted above that F(Si(%ﬁig)srjf;(%*”)) = B(s—(3+ir),s— (5 —ir)).

9.3. Forms of weight +2 in P,

In this case both sides of the trace formula equal zero due to time reversibility. By
Propositions 2.3 and 3.3, each side of the trace formula equals zero, noting that

(f’yg.xl:z)irkds) 4 <[’YO_1 f;(b”kd‘s) _ 0
1 v/2 sin v/2
9.4. Weight m in D
We now prove Theorem 9.1 for o = 4, € D}},. The anti-holomorphic discrete
series case is simply the complex conjugate and is omitted.

The proof is similar to the case Z(s; i) but involves the higher weight
analogue zeta-function:

md
R(s;%m) =Y <S{WHJ)T;> (tanh L. /2)™/? (cosh L, /2)~2¢=1/2)_ (9.18)
vy

We begin the proof with an analysis of its meromorphic continuation.
9.4.1. Meromorphic continuation of R(s; ¢, ).

Theorem 9.4. R(s;%,,) admits a meromorphic continuation to C. In the critical
strip, its poles occur at s = % + ir such that i + 172 is an eigenvalue of A\ , with

residuc io( +ir) . oy (Y, PSir).

Proof. We study R(s; ) using the trace formula given in [Z], Proposition 2.12:

sinh L, /o

n=0

> AOD(m)bir Giry ) M Hox(2i7) =Y <M> Hyx(ay),  (9.19)
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where (see [Z] page 57 for (i) and page 49 for (ii)):
(i) Hnx(a) = la—a™| [ xP (3555 )du,

(ii) Hix(a) = l|a—a™?| f (u + 1) "™/ 2P (2L Y du.

u+iw

(9.20)

We caution that in the definition of HZ (9.20)(ii) we follow a slightly different
notation convention in [Z] whereby we multiply the integral by |a —a ™| as for H,,

The integral uses the notation of (9.2)-(9.3). We simplify the expressions in
(9.20) by further using these identities to obtain (see also [Z], pages 55-56)

1/2
(i) Hpx(v) = la—a™Hjwlo™* [o(1+ %5)7m/ 4P ((1+ J’a‘fl) )dua
(i1) Hix(v) = |a — a7 |wlo™/* [ (u+4)~™/2(1+ 54)~m/

x yP ((1 + u2+1)1/2> du,

(9.21)
We now define x;s(g) € S0 by the rule that
2\s
y—m/2,,D _@=r9
Xs T bl 0 S r S 1)
AENTA®

where (see [Z], Proposition 3.6)

(_,L')m/2ﬂ.223+2—m/2r(_28+ %)
—(2s+1—-)0(=s)I'(—s+ %)

-1

m/2
Since (1 —v)* = (a+a" )72, and |a — a”||w|v"™/* = (a +a7!) (a_a, ) , we

ata—1
have
) HE a—a=t)"™/? —1y-2(s—1/2)
() Hixsta) = (s5=) (a+a) : (9.22)
_\m/2 .
(”) Hme(a) = 5,9((86)) (ZJ:Z*1> (a+a—1)—2(s—1/2)

It follows first that if we substitute y, into the right side of the trace formula
(9.19) is the desired zeta-function R(s;,,). Therefore, the left side of the trace
formula (9.19) gives a meromorphic continuation of R(s;%,,). By Theorem 1.3,
we have

hence
o0

1. )
R(siwm) = Y _(Wm, PSir, Yt (5 + irn) MHpxs(2ira).  (9:23)
n=0
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By (9.22(ii)) we have

MH (227") _ :U‘O(S) /OO a21'r a—a’ /2 (Cl + a—l)—2(s—1/2)d_a
mXs ol (s) Jo a+at a
oo
= ,u; (5) / et (tanh t)m/2 (cosht) 2=/ 2) gy,
H/HL(S) —0o0
Putting things together, we obtain the discrete series analogue of (9.12),
R(S'wm) = i<¢m PS;, >,ud (1 + Z"”n) MO(S)
’ o SRS 1 (5)
X / 2t (tanht)™? (cosh )26~ 1/2ar.  (9.24)

The integral is more complicated than its zero weight analogue, but as tanht =
1+ r(t) with r(t) = O(e~2!"), we may write

/ €2t (tanh ¢)™/? (cosh t) "2~/ gt =

— 00

/ 2t (cosh t) "2~V dt 4 Ry(s, ), (9.25)

— 00

where
oo

Ra(s,mn) = / e?mnty(t)(cosh t) 21/, (9.26)
The first term of (9.25) gives the expression in the weight zero case analyzed above.
Hence, the sum over r,, with this term converges, and the poles and residues of
R(8;%m) on Re s = 1/2 due to this term are the same as for

po(8)pd, (34irn) T(s—(F+irn)D(s—(3 —irn))
<'¢)m,PSirn> : P«fn(i) : T'(2s—1) s :
There are simple poles at s = % + ir, and the residue is (¢, PSi,)

1, d (L
MO(QZZ”(‘?E;(%—W") = (¥m, PSir, )pio(5 + iry). Summing over an orthonormal ba-
m\2 n

sis of lowest weight vectors of D, gives the stated expression.

To complete the proof, it is only necessary to observe that the second integral
Rs(s, ry,) is holomorphic in the region Re(s) > —3. It is also rapidly decaying in ry,.
Therefore it does not contribute any poles or residues to R(s;1;,) in the critical
strip.

O

9.5. Z(8;%Um)
Now we deduce properties of Z(s;t¢y,) from those of R(s;1m,).
As in the weight zero case, we introduce the measure

mds /2
dO(L; ) = Z <Sflﬂfyloh¢m> (tanhL7/2)m/ 6(L — Ly).
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We note that
Z(s39m) :f e~(s=3)L (tanhL/Q)—m/2 dO(L: ),
: (9.27)
R(si%m) = Jo~ ((M)g)%s—a) L),
Because the factor (tanh L/2)"™/? is somewhat inconvenient, we also con-
sider
Blsitm) = fyT eI dO(Liin),
Jog Ymde 1 (9.28)
= 2, (m) (tanhLv/Q)m/2 o= (5= )Ly
Lemma 9.5. We have:

Z(s53hm) = ZB 8, N)R(s + 13 9m),

where By, (s,n) is the same as in Lemma 9.3.

Proof. We use similar manipulations as in the weight zero case. We now have

Z(s,wm) = /OO (1 + e_L)Qs_l dO(L; s; ), (9.29)
0
where
J , Umds
4O(L, 53 9m) = ; (si;hL7/2>

(tanh L, /2)™? ((cosh L,/2)?) "7 6(L - L,).

We change variables as before to y = (cosh L/2)?, and obtain as in (9.15),

Z(s,0m) = [(2y) (1_ 1— %)25_1@@; 50m) (9.30)
where
o S Ymds m/2 (s 1)
AV (y; s;pm) = ; (m) (tanhL.y/Q) (y'y) Sy — y'v)~

As in the weight zero case, we then have

Z~(S7wm) = Zn O S n fo —nd\I] y75 ¢m)

= Yoneo B(s,n)R(s + n; ¥m).

Since the poles of R(s+ n,¥,,) are the shifts by —n of the poles of R(s, ¥m ),
and since the non-trivial poles of R(s,v,,) in Re s > 0 lie only at the points

(9.31)
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s = % + ¢r, only the term n = 0 in the series contributes non-trivial poles to the
critical strip, and as above this term has m =0 =k; (for all j = 1,...,m). Thus,

Resszéﬂ,.g(s;ipm) = Res,_11,R(8;%m).

O
To complete the proof of the theorem, we now observe that
- f Pmds 21 (a1
Z(s,¢m) — Z(s,¥m) = ; <s1¥fhW [1 — (tanh L, /2)™/ } e om2)hy
(9.32)
Since {1 — (tanh L7/2)m/2} = O(e %) and since
f,, mds 1

00— | elmsmita)ly R 0 9.33
;KsinhL,y/Q 2 2 < oo, Res>0, (9.33)

by the prime geodesic theorem, it follows that Z(s,,,) has the same poles and
residues in the critical strip as Z(¢.,).
This completes the proof of Theorem 9.4.

9.6. Meromorphic extension of Z: Proof of Theorem 1.3 for Z(s;0)

By Proposition 2.4, by a similar calculation as in Corollary 6.16, we have

Zls0)=2] <;Z:f;>,> 5 ;) + Z

Tj

(s:9%m), (Re(s) > 1).

(9.34)
Here, we interchanged the summation over v and over r;, which is justified by
Proposition 2.5 and the prime geodesic theorem.
Under the assumption that o has non-trivial projections in only finitely many
irreducible representions, the analytic continuation of the sums follows from that
of the individual terms, which has been proved in Theorems 9.2 and 9.4.

mw—*m>

Remark 9.3. Note that ¢ may have an infinite number of non-zero Fourier coef-
ficients relative to automorphic (7,m)- eigenfunctions; it is only in the 7 aspect
that we assume finiteness.

Remark 9.4. It is natural to ask for the precise conditions on o, specifically the
decay rate of the coefficients

(o, EiTj> (o, Ei>
<¢i7'j ’ Eirj> ’ <¢ma ~m>
to ensure that Z(s;0) admits a meromorphic continuation to C. In the intro-

duction, we said that this question is related to estimates on triple products in
[BR2, Sa3]. Let us briefly explain the connection.

(9.35)
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By Lemmas 9.3 and 9.5 it suffices to prove the meromorphic continuation of
the zeta functions

R(S; O.) B Z <(Z<SZT’ij’LkT>k> ¢Zrk + Z an) ( (S) )

Tk ms H77l>
(9.36)
Since )
(Op(Piry ) Piry s Pir,) = Nfrk(i + 1) (Biry s PSir, )
we have
&, (s) Tls = (A ir))T(s — (4 —ira)
R(S, ¢zrk) = nz::o<0p(¢zrk)¢wnv¢zrn>ugrk (S) F(2S — 1) .
(9.37)

Similarly in the discrete series.
The following is due to Sarnak [Sa3] and (in its stated form) Bernstein-
Reznikov [BR2]:

Lemma 9.6. |(Op(ir, )Gir,, dir, )| < Ce= "2 (log r])*/2.

It follows that C, |<Op(¢1;’<)¢g’“;’¢”" | < Csn(1+|rs])” 2Ms+3 where Cs,p is
S

uniform on compact sets of C. Thus, the rg-sum for fixed r,, converges absolutely
as long as the coefficients (9.35) decay rapidly enough, and certainly if o is real
analytic. However, there do not seem to exist estimates of the coefficients C,, in
Lemma 9.6, and hence no proof that the full (rg,7,) sum converges. It seems
reasonable at this time that the coefficients C,, could grow to order €™, which
would cancel the Gamma factors and leave the convergence unclear.
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