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Abstract—This paper analyzes the Peak-to-Average Power
Ratio (PAPR) problem in Multicode-Code Division Multi-
ple Access (MC-CDMA) systems. The statistical distribu-
tion of PAPR is derived and the achievable PAPR reduc-
tion for a given code rate is estimated. We show that the
PAPR in MC-CDMA communications systems can be re-
duced by Partial Transmit Sequence (PTS) and Selected
Mapping (SLM) approaches. In PTS, the subblocks are
multiplied by a set of phase factors that are optimized to
minimize PAPR. In SLM, several independent data frames
are generated and the data frame with the lowest PAPR is
selected for transmission. We also show that BER perfor-
mance improves when the PAPR-reduced MC-CDMA signal
is passed through a nonlinear amplifier. SLM reduces the
error floor caused by amplifier nonlinearities and offers an
SNR gain of 6 dB at 10−5 BER with an input back-off of
1dB.

I. Introduction

Third generation (3G) wireless systems aim of provid-
ing universal access and global roaming. Introduction of
wideband packet data services for wireless Internet up to
2 Mb/s will probably be the main attribute of 3G sys-
tems [1–3]. Multicode CDMA has been proposed for such
systems [4]. Unlike classical CDMA, a Walsh-Hadamard
transform (WHT) of input data is taken before spreading
in MC-CDMA. This allows rate adaptation. However, the
WHT output is not a binary signal, rather a multilevel sig-
nal. Thus a multicode signal can have a large variation in
the envelope and a nonlinearity can cause a problem. The
efficiency of a high power amplifier (HPA) is limited due to
high peak-to-average power ratio (PAPR).
Since this problem is clearly parallel to that of OFDM,

it is worthwhile to mention that the block coding approach
for PAPR reduction in OFDM was first proposed in [5, 6].
The basic idea is to not transmit OFDM symbols with large
PAPR values. This requires that both the transmitter and
the receiver keep a list of ”allowed” data frames (ie., a
codebook). Unfortunately, this implementation fails for
large n, where n is the size of the WHT. However, this fail-
ure motivates algebraic encoding/decoding for such block
codes. To this end, progress has been made on several
fronts. First, PAPR reduction codes using Golay com-
plementary sequences and second-order Reed-Muller codes
have been developed [7, 8]. This method ensures PAPR at
most 3 dB while allowing simple encoding and decoding
for binary, quaternary or higher-phase signalling together

with good error correction. However, these codes suffer
from vanishing code rate as n increases.
Similarly, for MC-CDMA several PAPR reduction

schemes have been proposed and investigated. In [9–11]
precoding techniques to reduce the signal envelope varia-
tions are developed, with precoder designs based on simu-
lated and analytical expressions. Constant amplitude cod-
ing techniques are also developed in [12–15], but these are
ad-hoc and valid for short lengths only. In [16, 17] the im-
pact of an amplifier nonlinearity is investigated for various
multicode systems. In [18, 19], PAPR reduction codes are
systematically studied. Codes which are distant(Hamming
sense) from the first-order Reed-Muller code will have small
PAPR. Bounds on the trade-off between rate, PAPR and
error-correcting capability of codes for MC-CDMA are also
derived. The connections between the code design problem,
bent functions and algebraic coding theory are exploited to
construct code families.
We add to the above contributions by proposing the use

of PTS [20, 21] and SLM [20] to reduce the PAPR in MC-
CDMA systems. Generating several statistically indepen-
dent OFDM frames for a data frame and selecting the one
with the lowest PAPR is a common approach in [20, 21].
This approach improves the statistics of the PAPR at the
expense of additional complexity. However, an advantage
is that this approach does not require much redundancy
compared to that of coding. That is to say, PAPR-reduced
coding can lead to very low code rates.

II. PAPR of multicode-CDMA

A. PAPR definition

The output of the WHT can be represented as

S = Hn(c0, c1, . . . , cn−1)T (1)

where ck ∈ {+1,−1} is a data symbol. The n×nHadamard
matrix Hn is a matrix whose entries are limited to ±1 and
can be defined recursively by H1 = (1) and

Hn =
(

Hn/2 Hn/2

Hn/2 −Hn/2

)
.

We shall write ordered n-tuples c = (c0, c1, . . . , cn−1) and
S = (S0, S1, . . . , Sn−1). The sequence {Sk} is a multilevel
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sequence, with levels varying from −n to +n. The trans-
mitted signal is obtained by multipling Sk by a spreading
sequence, filtering and frequency up conversion. Details of
these operations are omitted, as they do not greatly affect
the PAPR. A simplified block diagram of the transmitter
in MC-CDMA system is shown in Fig. 1.

Block
Encoder

S/P BPSK WHT P/S

               Spreading
               Sequence

User
Data

  c1

     c2

    cn

  s1

s2

 sn

Fig. 1. Simplified Block Diagram of the Transmitter in MC-CDMA
System

The peak-to-average-power ratio (PAPR) is defined as

PAPR(c) =
1
n

max
0≤k≤n−1

|Sk|2. (2)

The PAPR is a function of the data frame and there are 2n

distinct data frames. For any input data frame, we have

1 < PAPR(c) ≤ n. (3)

For example, for n = 256 the PAPR can be as high as 24
dB (10 log10(256)). Very high PAPR values are very rare
though. If n = 2m, all sequences that achieve PAPR(c) =
n must be codewords of RM(1,m) (first order Reed-Muller
code of length 2m). There are 2m+1 such codewords. For
randomly distributed data, the probability of an occurrence
of the highest peak is 2m+1/2n = 2m+1−n. This probability
is negligible when n is large, as is the case in practice.

B. CCDF of the PAPR

Since the input data is randomly distributed in many ap-
plications (if not, it can be made so by the use of a suitable
scrambling operation), PAPR(c) itself is a random vari-
able. The complementary cumulative distribution function
(CCDF), the probability that the PAPR of a MC-CDMA
symbol exceeds a certain threshold, is useful for many pur-
poses. The CCDF is defined as

Fc(ζ) = Pr (PAPR(c) ≥ ζ). (4)

In order to determine this distribution, we first evalu-
late the statistical distribution of Sk. The data sym-
bols ck are discrete random variables with Pr (ck = 1) =
Pr (ck = −1) = 1

2 . Since each row of Hn consists of +1
and −1, Sk can be modeled by the binomial distribution.
For example, the first row of Hn is [1, 1, . . . , 1] and thus
S0 =

∑n−1
k=0 ck. The magnitude of S0 is equal to 2l if n/2+l

ck’s are +1 and n/2− l ck’s are −1. The probability of this
occurance can be readily evaluated. Similar considerations
apply to other Sk as well. Consequently, the distribution
of the magnitude of Sk (0 ≤ k < n) is given by

Pr(|Sk| = 2l) =




1
2n

(
n

n/2

)
l = 0

1
2n−1

(
n

n+2l
2

)
0 < l ≤ n/2

(5)

The corresponding cumulative distribution function
(cdf) of |Sk| (0 ≤ k < n) is a staircase function and is
given by

F1(ζ) =




m∑
l=0

Pr(|Sk| = 2l) 2m ≤ ζ < 2m+ 2

1 n < ζ

(6)

The distribution of the PAPR relates to the distribu-
tion of max(|S0||S1|, . . . , |Sn−1|), which is simply the above
raised to the power n provided Sk (0 ≤ k < n) indepen-
dently distributed. We assume that they are independent.
As shown below using simulation results, this assumption
leads to an accurate expression for the distribution. The
CCDF of the PAPR is then given by

F (ζ) = 1− [F1(ζ)]
n

. (7)
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Fig. 2. CCDF of PAPR of Normal MC-CDMA System

Fig. 2 shows the CCDF of the PAPR as a function of
n. For n = 32, the PAPR exceeds 12.5 dB for only 1 out
104 of all data blocks and for 90% of all data blocks, the
PAPR is below 9 dB. Moreover, the theoretical results for
CCDF agree with simulation results.
The above CDF is an approximation, albeit a good one.

In fact, some probabilities can be computed exactly. Pa-
terson has shown that for any word c of length n [18],

PAPR(c) = n

(
1− 2d∗(c)

n

)2

(8)
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where d∗(c) := min{dH(c, w) : w ∈ RM(1,m)} denotes the
minimum Hamming distance between c and the first-order
Reed-Muller(RM) code of length 2m.
For each RM(1,m) codeword, we can find

(
n
l

)
binary

sequences at a Hamming distance l from it. Provided
l ≤ 2m−2, two sequences at distance l from two distinct
RM(1,m) codewords cannot be the same. Based on this
observation, we have

Pr
{
PAPR(c) =

(n − 2l)2
n

}
=
(

n

l

)
2m+1

2n
for 0 ≤ l ≤ 2m−2.

(9)
This exact probabilities may also be used to evaluate upper
tails of the PAPR distribution.

C. Achievable coding rate

Consider block coding to reduce the PAPR to ζ. This
can in principle be achieved by excluding all sequences with
PAPR over ζ. From (7), the achievable coding rate is

R(ζ) =
log2 [2n Pr (PAPR(c) ≤ ζ)]

n
= 1− log2[F1(ζ)].

(10)
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Fig. 3. Variation of Code Rate with PAPR

Fig. 3 shows the variation of code rate as a function of
PAPR. For n = 32, PAPR can be reduced below 3 dB with
a code rate of 0.7. However, finding low PAPR codes are
difficult for large n.

III. Reducing PAPR using multiple signal
generation

The basic idea behind this approach is to generate multi-
ple, independent symbols to represent an input data frame
and select the minimum PAPR symbol for transmission.
There are several techniques based on this idea and these
primarily differ in the way they generate the multiple sym-
bols. Another issue with this approach is the need for side

information to tell the receiver which one of the signals
has been used. Suppose M ≥ 1 ’independent’ MC-CDMA
symbols are generated for an information sequence. The
CCDF of the minimum of these is given by

Pr(PAPRmin ≥ ζ) = [Fc(ζ)]
M

. (11)
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Fig. 4. CCDF of PAPR of Multiple Signal Generated MC-CDMA
System for n = 64

Fig. 4 shows the CCDF of the multiple signal genera-
tion method as a function of M for n = 32. Both PAPR
reduction and complexity increase with M .

A. Partial Transmit Sequences (PTS)

In PTS, the input data block is partitioned into disjoint
subblocks or clusters which are combined to minimize the
peaks. We partition the data block c into M disjoint sub-
blocks, represented by the vectors {cm,m = 1, 2, ...,M},
such that c = [c1, c2, .., cM ]. It is assumed that each sub-
block consists of a contiguous set of data symbols and
the subblocks are of equal size. Then, each subblock is
multiplied by a weighting factor bm (m = 1, 2, ...,M).
PAPR can be reduced by optimizing the weighting fac-
tor b = [b1, b2, ..., bM ]. Finally, the optimal PAPR can be
found as

PAPRoptimal =
1
n

min
b1,...,bM


max |Hn

(
M∑

m=1

cmbm

)T

|2

 .

(12)
For simplicity, we select bm ∈ {+1,−1}. Moreover, the

receiver must know the multiplexed sequence b to recover
the data. Thus, a pointer to the phase factors must then
be transmitted to the receiver as side information [20, 21].
This requires at least log2 M bits to be transmitted as side
information. If these bits are embedded in the OFDM data
block, the loss in efficiency is log2 M

n . This is negligible for
large n. However, with differential modulation schemes,
side information need not be transmitted.
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Fig. 5. CCDF of PAPR of PTS MC-CDMA System with n = 64

Fig. 5 shows the CCDF of PTS for n = 32. For M = 8,
the PAPR exceeds 10 dB for only 1 out 104 of all data
blocks whereas that of normal case is for only 1 out 10.
There is about a 2.5 dB reduction in PAPR in PTS with
M = 8 over a normal system. This causes a negligible
code rate loss of 0.05. This agrees with the results in Fig.
3, where PAPR can be reduced below 10 dB with almost
unity code rate.
Fig. 5 also shows how the performance varies with M .

When M is large, the PAPR reduction is large. However,
the computational complexity also increases with M (the
optimized phase sequence requires 2M−1 computations of
PAPR). Thus, performance can be traded off against com-
plexity. For M ≥ 8, the full search of all possible b is not
implemented here. As suggested in [21], we randomly gen-
erate a number of phase sequences and choose the best in
reducing PAPR.

B. Selected Mapping (SLM)

M statistically independent alternative transmit se-
quences a(m) represent the same information. The se-
quence with lowest PAPR is selected for transmission. To
generate a(m), we define M distinct fixed vectors b(m) =
[b(m)

0 , ..., b
(m)
n−1] with b

(m)
k ∈ {+1,−1} 0 ≤ k < n, 1 ≤ m ≤

M . Then, each data symbol c = [c0, c1, ..., cn−1] is multi-
plied symbol-wise with the M vectors b(m), resulting in a
set of M different data symbols c(m) with components

c
(m)
k = ck × b

(m)
k for 0 ≤ k < n and 1 ≤ m ≤ M. (13)

Finally, the optimal PAPR can be found as

PAPRoptimal =
1
n

min
b(1),...,b(M)

[
max |Hn

(
c(m)

)T

|2
]

. (14)

In order to recover the data, a pointer to the multiplied
sequence has to be transmitted to the receiver as side in-
formation [20].
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Fig. 6. CCDF of PAPR of SLM MC-CDMA System with n = 64

Fig. 6 shows the CCDF of the PAPR as a function of M
for n = 32. For M = 4, only 1 out 104 of data frame
exceeds a PAPR of 10 dB whereas in the normal case,
1 out 10 of data frame exceeds a PAPR of 9 dB. That
amounts to a 3.5 dB reduction in PAPR, which is better
than that of the PTS approach. However, both the PAPR
reduction and computational complexity increase with M .
Consequently, as with PTS, performance can be traded off
against complexity.

IV. Impairments in the Presence of
Nonlinearities

The MC-CDMA signal is passed through a High Power
Amplifier (HPA) to obtain a sufficient power level required
for transmission. As mentioned previously, the HPA intro-
duces nonlinear distortion because of operating at or close
to saturation region. This causes out-of-band radiation and
Bit Error Rate (BER) degradation. However, out-of-band
radiation is not a significant problem since the MC-CDMA
signal occupies a wider bandwidth. Thus, BER degrada-
tion is of interest in this nonlinear studies [12–17]. The non-
linear distortion of MC-CDMA signals increases, when am-
plified with nonlinear power amplifiers operating at lower
back-offs. Thus, high PAPR of MC-CDMA signal requires
high back-offs at the amplifiers, which is inefficient.
The non-linearity present in the amplifier can be ex-

pressed by its AM/AM component F [ρ] and AM/PM com-
ponent Φ[ρ], where ρ is the magnitude of the signal and
AM and PM represent amplitude modulation and phase
modulation respectively. The input output relationship of
solid-state power amplifiers (SSPA) can be modelled as

F [ρ] =
ρ

[1 + ( ρ
A )

2β ]
1
2β

Φ[ρ] = 0
(15)

where the parameter β controls the smoothness of the tran-
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sition from the linear region to the limiting or saturation
region. These models satisfy the non-expansive property
and give a maximum output signal of A. The input back-
offs (IBO) of an amplifier can be expressed as

IBO = 10 log10

{
A2

E{|x|2}
}

(16)

where E{|x|2} is the average of the amplifier input power.
A. Simulation Results
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Fig. 7. BER of MC-CDMA signal passed through SSPA

Fig. 7 shows the BER of the MC-CDMA signal subject
to SSPA nonlinearities. We assume coherent symbol detec-
tion in an AWGN channel and perfect SI at the receiver.
With an input back-off of 3 dB, SLM offers an SNR gain
of 2 dB at 10−5 BER. When the back-off of the amplifier is
decreased, BER degradation is increased and resulting in
error floor. However, SLM reduces this error floor and of-
fers an SNR gain of 6 dB at 10−5 BER with input back-off
of 1 dB.
We have used SLM to show that PAPR reduction will

translate into BER improvement. Similar BER perfor-
mance improvement can be obtained for PTS as well.

V. Conclusion

This paper has analyzed the PAPR problem in MC-
CDMA systems. Theoretical expressions for the CCDF
of PAPR and achievable code rate are derived. PTS and
SLM methods have been used to reduce PAPR. They im-
prove the PAPR statistics of the MC-CDMA signal at the
expense of additional complexity, but with little loss in
data rate. For n = 32 and M = 8, PTS reduces PAPR
by 2.5 dB whereas that of SLM is 4.5 dB at the clipping
level of 10−4. We have also shown the BER performance
improvement by SLM. SLM reduces the error floor caused
by amplifier nonlinearities and offers an SNR gain of 6 dB
at 10−5 BER with an input back-off of 1 dB.
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